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KAEHLERIAN MANIFOLDS WITH VANISHING

BOCHNER CURVATURE TENSOR

BY YOSHIKO KUBO

§ 1. Introduction.

Let (M, F, g) be a Kaehlerian manifold of real dimension n with almost
complex structure F and Kaehlerian metric g. We cover M by a system of
coordinate neighborhoods {£/; xh}, where here and in the sequel the indices
h, i, j, k ••• run over the range {1, 2, -•• , n} and denote by gjit P19 Kkji

h, Kjit K
and Fj% local components of g, the operator of covariant differentiation with
respect to the Levi-Civita connection, the curvature tensor, the Ricci tensor, the
scalar curvature and F of M respectively.

The Bochner curvature tensor of M is defined to be [6]

where

Kgjί>

It is known that a Kaehlerian manifold with vanishing Bochner curvature ten-
sor is a complex analogue to a conformally flat Riemannian manifold and that
the Bochner curvature tensor has properties quite similar to those of Weyl
conformal curvature tensor.

Recently, S. I. Goldbreg [1] proved

THEOREM A. Let M be an n-dimensional (n^3) compact conformally flat
Riemannian manifold with constant scalar curvature. If the length of the Ricci

tensor is less than K/ Vn—1 , then M is a space of constant curvature.

Also, S. I. Goldberg and M. Okumura [2] proved

THEOREM B. Let M be an n-dimenswnal (n^3) compact conformally flat
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Riemannian manifold. If the length of the Ricci tensor is constant and less than

K/ A/ft— 1, then M is a space of constant curvature.

The purpose of the present paper is to prove the following theorems corre-
sponding to those of Goldberg-Okumura, replacing the vanishing of the Weyl
conformal curvature tensor of a Riemannian manifold by that of the Bochner
curvature tensor of a Kaehlerian manifold.

THEOREM 1. Let M be a Kaehlenan manifold of real dimension n (n^4)
with constant scalar curvature whose Bochner curvature tensor vanishes. If the

length of the Ricci tensor is not greater than K/ Vn—2 , then M is a space of
constant holomorphic sectional curvature.

THEOREM 2. Let M be a Kaehlenan manifold of real dimension n (n^4)
whose Bochner curvature tensor vanishes. If the length of the Ricci tensor is

constant and not greater than K/ -Vn— 2, then M is a space of constant holomor-
phic sectional curvature.

§ 2. Preliminaries.

In a Kaehlerian manifold, we have

FSFSg^gjt , F,Ft

Λ=0 , FWK^Kjt .

Under the assumption that the Bochner curvature tensor vanishes, we can
prove [7]

(2.1) ^//V^=-^[W#/^ +

M. Matsumoto [3] proved

LEMMA A. // a Kaehlenan space with vanishing Bochner curvature tensor
has constant scalar curvature, then its Ricci tensor is parallel.

The Ricci formula for Ricci tensor Kjt is given by

(2.2) VlVltKsi-V^lKίi^-Kl^Kr,-Kl^KΛr.

If M is a Kaehlenan manifold with constant scalar curvature whose Bochner
curvature tensor vanishes, we get, from Lemma A and (2.2),

(2.3)

Transvecting (2.3) with gklKJί, we find

(2.4) -K

Hence, using (2.1) we get, from (2.4),

(2.5) nKt K,rKr>-
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K. Yano and S. Ishihara [7] prove

LEMMA B. In a Riemannian manifold of dimension n, for Q defined by

-— _

we have

S. Tachibana [6] proved

LEMMA C. If the Bochner curvature tensor of a Kaehlenan manifold vanishes
and the manifold is an Einstein manifold, then the Kaehlenan manifold is of
constant holomorphic sectional curvature.

On the other hand, by a straightforward computation, we obtain

(2.6)
-K

In a Kaehlerian manifold M, put

(2.7)

Then, by a straightforward computation, we find [6]

(2.8) p

Using (2.7), (2.8) and the assumption that the Bochner curvature tensor vanishes,
we have, from (2.6),

(2.9) -,
ί-l

M. Okumura proved

LEMMA D. [5] Let alf i=l, 2, •••, n be n real numbers satisfying

n n

ι=l 1=1

for a certain k. Then we have

n O n γ, O
11 " Ί~Z^- \Π „ 3-- II L, T 3

Vn(n-l)



88 YOSHIKO KUBO

LEMMA E. [4] // a given set of n+1 (n^2) real numbers alt ••• , an and k
satisfies the inequality

tn— i t=1

, /6>r tmj; £αzr 0/ distinct i and j (ι,j = l, 2, ••• , n), w β Aαi e

§ 3. Proof of Theorem 1.

We put
κ

j ' - jι> 72 ' '

then we have SJ

lFl

l=FJ

lSi

ί, since KJ

lFl

l=FJ

lKz

l. Moreover we see that

trace S=Sί

t=0,
K
n

In the second inequality, the equality holds if and only if M is an Einstein
space. We put trace S2—/2. From the comutativity of S/ and F/, we can see
that every characteristic root of S/ is multiple one. Combining this fact with
Lemma D, we have

LEMMA 1. Put S^K^——gjί9 f2=SjiSjί and let alt i=l, 2, — , n be eigen-n
values of S3

l. Then we have

Using Lemma 1, we have

M(M— 4) f!t , M— 2 Kfϊ_fί[ n—2 κ n(n-4)
y "*" - Λy ~

K2

By the assumption of Theorem 1, that is, KjtK
ji^ - «-, if n^4, we see thatn z
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^0. This, together with (2.5) and Lemma B, implies P=Q and

So, if K*Q, we have

that is, M is an Einstein manifold. From Lemma C, we conclude that the
Theorem 1 holds if K^Q. If K=Q, since KjiK

3i=SjiS
}i=Q, we have #^=0 and

consequently Kkji

h=Q, that is, the Kaehlerian manifold M is of zero curvature.
Thus Theorem 1 has been proved.

§ 4. Proof of Theorem 2.

Under the assumption of Theorem 2, that is, KjiK
jί= constant, we have,

from (2.9),

(4.1)

Let aτ (ι=l, ••• , n) be the eigenvalues of K3\ From the commutativity /ί/ and
Fj\ we see that every characteristic root of Kf is multiple one. Therefore, the

K2 m ι m

assumption KjίK
jί= constant^-— — -~- implies the inequality Σ aλ< - γ-( Σ βj2.

n—Δ χ=ι m—L Λ = I

Using Lemma E for m— -ϊ- real numbers, we find 2aλaμ=Q (λ, μ=l, - , m), that

is, -ίί/ is definite. Since gjt is positive definite and in the proof of Theorem 1,
we already found Q^O, because of P^O, (4.1) implies 0=0, consequently P=Q.

So we can prove Theorem 2 by an argument similar to that used in the proof
of Theorem 1.
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