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Abstract. Let D be an integral domain with quotient field K, X be an indeterminate

over D, and D[X] be the polynomial ring over D. A prime ideal Q of D[X] is called an

upper to zero in D[X] if Q = fK[X] ∩D[X] for some f ∈ D[X]. In this paper, we study

integral domains D such that every upper to zero in D[X] contains a prime element (resp.,

a primary element, a t-invertible primary ideal, an invertible primary ideal).

1. Introduction

LetD be an integral domain andX be an indeterminate overD. It is well known
that D is a UFD if and only if every nonzero prime ideal of D contains a nonzero
prime element [12, Theorem 5]. This is the so-called Kaplansky’s theorem. This type
of theorems was studied by Anderson and Zafrullah [3] and Kim [13] to characterize
GCD-domains, valuations domains, Prüfer domains, generalized GCD-domains, and
PvMDs. (Definitions will be reviewed in the sequel.) In [5, Proposition 2.7], it is
shown that D[X] is a GWFD if and only if D is a GWFD and each upper to zero
in D[X] contains a primary element. This work is motivated by the results ([12,
Theorem 5], [3], [13], [5, Proposition 2.7]). The purpose of this paper is to study an
integral domain D such that each upper to zero in D[X] contains a prime element
(resp., a primary element, a t-invertible primary ideal, an invertible primary ideal).
More precisely, we show that every upper to zero in D[X] contains a prime element
f with c(f) = D if and only if D is a Bézout domain; every upper to zero in D[X]
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contains a primary element f with c(f) = D if and only if D is a UMT-domain,
each maximal ideal of D is a t-ideal, and Cl(D[X]) is torsion; and if D is integrally
closed, then every upper to zero in D[X] contains an invertible (resp., t-invertible)
primary ideal if and only if D is an almost generalized GCD-domain (resp., PvMD).

We first introduce some definitions and notation. Let D be an integral domain
with quotient field K, X an indeterminate over D, and D[X] the polynomial ring
over D. For any polynomial f ∈ K[X], the content cD(f) (simply, c(f)) of f is the
fractional ideal of D generated by the coefficients of f . An upper to zero in D[X]
is a prime ideal Qf = fK[X] ∩ D[X] of D[X], where f ∈ D[X] is irreducible in
K[X]. Let I be a nonzero fractional ideal I of D. Then I−1 = {x ∈ K|xI ⊆ D},
Iv = (I−1)−1, and It =

∪
{Jv|J ⊆ I is a nonzero finitely generated ideal}. We say

that I is a v-ideal (resp., t-ideal) if I = Iv (resp., I = It). A fractional ideal I of D
is said to be t-invertible if (II−1)t = D. A maximal t-ideal is an ideal of D maximal
among proper integral t-ideals of D. Let t-Max(D) be the set of maximal t-ideals.
It is easy to see that if D is not a field, then t-Max(D) ̸= ∅ and D =

∩
t-Max(D)

DP .

An integral domain D is a UMT-domain if every upper to zero in D[X] is a
maximal t-ideal; D is a Prüfer v-multiplication domain (PvMD) if every nonzero
finitely generated ideal of D is t-invertible; D is a GCD-domain if for any 0 ̸=
a, b ∈ D, aD ∩ bD (equivalently, (a, b)v) is principal; D is an almost GCD-domain
(AGCD-doman) if for any 0 ̸= a, b ∈ D, there is a positive integer n = n(a, b) such
that anD ∩ bnD is principal; D is a generalized GCD-domain (GGCD-domain) if
aD ∩ bD (equivalently, (a, b)t) is invertible for any 0 ̸= a, b ∈ D; D is an almost
GGCD-domain (AGGCD-domain) if for 0 ̸= a, b ∈ D, there is a positive integer
n = n(a, b) such that anD∩bnD is invertible; and D is a generalized weakly factorial
domain (GWFD) if each nonzero prime ideal of D contains a primary element (a
nonzero nonunit x ∈ D is primary if xD is a primary ideal).

Let T (D) be the group of t-invertible fractional t-ideals of D, and let Prin(D)
be its subgroup of principal fractional ideals. Then the quotient group Cl(D) =
T (D)/Prin(D) is an abelian group called the (t-)class group of D. It is known that
D is a GCD-domain if and only if D is a PvMD and Cl(D) = 0 [6, Proposition 2];
if D is integrally closed, then D is an AGCD-domain if and only if D is a PvMD
with Cl(D) torsion [15, Corollary 3.8]; and D is an AGGCD-domain if and only
if D is an AGCD-domain with Cl(D) torsion [14, Theorem 5.1]. Any undefined
terminology is standard, as in [8] or [12].

2. Kaplansky-type theorems for uppers to zero

Let D be an integral domain with quotient field K, D∗ = D \ {0}, X be an
indeterminate over D, and D[X] be the polynomial ring over D.

Lemma 2.1(4, Lemma 2.1). If f ∈ D[X] \D, then

(1) fK[X] ∩D[X] = fD[X] if and only if c(f)v = D;

(2) if f is a product of primary elements in D[X], then fK[X]∩D[X] = fD[X].
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It is well known that D is a UFD if and only if every nonzero prime ideal of D
contains a nonzero prime element of D [12, Theorem 5].

Theorem 2.2. Every upper to zero in D[X] contains a prime element if and only
if D is a GCD-domain.

Proof. (⇒) For any 0 ̸= a, b ∈ D, let f = aX + b. Then Qf = fK[X] ∩ D[X]
is an upper to zero in D[X], and so Qf contains a prime element g. Note that
ht(Qf ) = 1; so Qf = gD[X], and hence c(g)v = D by Lemma 2.1 and f = ug for
some u ∈ K (actually u ∈ D). Thus, (a, b)v = c(f)v = uc(g)v = uD.

(⇐) Suppose that D is a GCD-domain, and let h ∈ D[X] be such that Qh =
hK[X]∩D[X] is an upper to zero in D[X]. Recall that a GCD-domain is integrally
closed and c(h)−1 is principal, say, c(h)−1 = aD. Thus, ah is a prime element,
because Qh = hc(h)−1[X] [8, Corollary 34.9]. 2

Corollary 2.3. Every upper to zero in D[X] contains a prime element f with
c(f) = D if and only if D is a Bézout domain.

Proof. Let a, b ∈ D be nonzero, and assume that Qg = gK[X] ∩ D[X], where
g = aX + b, contains a prime element f with c(f) = D. Then g = uf for some
u ∈ K, and thus (a, b) = c(g) = uD, which means that D is a Bézout domain.
Conversely, assume that D is a Bézout domain, and let Q be an upper to zero in
D[X]. Then Q contains a prime element f by Theorem 2.2, and since D is a Bézout
domain, c(f) = aD for some a ∈ D. But, since f is a prime element, aD = D, and
thus c(f) = D. 2

Let S be a multiplicative subset ofD. We say that S is an almost splitting (resp.,
almost gd-splitting) set if, for each 0 ̸= r ∈ D, there is an integer n = n(r) ≥ 1 such
that rn = st for some s ∈ S and t ∈ D with (s′, t)v = D (resp., (s′, t) = D) for
all s′ ∈ S. Recall that D is a quasi-AGCD-domain if D∗ is an almost splitting set
in D[X]. The next theorem appears in [4, Theorem 2.4], which is a motivation for
this paper.

Theorem 2.4. The following statements are equivalent.

(1) Every upper to zero in D[X] contains a primary element.

(2) D is a quasi-AGCD-domain.

(3) D is a UMT-domain and Cl(D[X]) is torsion.

Following [2], an integral domain D is called an almost Bézout domain (AB-
domain) if, for each a, b ∈ D, there is an integer n ≥ 1 such that (an, bn) is principal.
Obviously, if D is integrally closed, then D is an AB-domain if and only if D is a
Prüfer domain with Cl(D) torsion. It is known that D is an AB-domain if and only
if D is an AGCD domain and each maximal ideal of D is a t-ideal [2, Corollary 5.4].
So it is natural to call D a quasi-AB-domain if D is a quasi-AGCD-domain whose
maximal ideals are t-ideals. Clearly, a quasi-AB-domain is a quasi-AGCD-domain,
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but not vice versa (for example, if D is a GCD-domain, then D[X] is a GCD-
domain (hence a quasi-AGCD-domain) but not a quasi-AB-domain). However, if
D has (Krull) dimension one, then a quasi-AGCD-domain is a quasi-AB-domain.

Corollary 2.5. The following statements are equivalent.

(1) Every upper to zero in D[X] contains a primary element f with c(f) = D.

(2) D is a UMT-domain, each maximal ideal of D is a t-ideal, and Cl(D[X]) is
torsion.

(3) D is a quasi-AB-domain.

Proof. (1) ⇒ (2). By Theorem 2.4, D is a UMT-domain and Cl(D[X]) is torsion.
Assume that there is a maximal ideal which is not a t-ideal. Then there is an
f ∈ D[X] such that c(f)v = D but c(f) ( D. Let f = fe1

1 · · · fen
n be the prime

factorization of f in K[X] (note that K[X] is a UFD). Then fD[X] = fK[X] ∩
D[X] = (fe1

1 K[X] ∩ D[X]) ∩ · · · ∩ (fen
n K[X] ∩ D[X]) by Lemma 2.1 and each

fei
i K[X] ∩ D[X] is a Qi-primary ideal, where Qi = fiK[X] ∩ D[X](1 ≤ i ≤ n).
Since each Qi is an upper to zero in D[X], Qi contains a primary element gi with
c(gi) = D. Clearly, each geii ∈ fei

i K[X] ∩ D[X], and so if we set g := ge11 · · · genn ,
then g ∈ fD[X] and c(g) = D. Thus, c(f) = D, a contradiction.

(2) ⇒ (1). Let Q be an upper to zero in D[X]. Since D is a UMT-domain,
Q is t-invertible. Also, since Cl(D[X]) is torsion, there is an integer n ≥ 1 such
that (Qn)t = fD[X] for some f ∈ D[X]. Note that f is primary, and since Q is a
maximal t-ideal, c(f)t = D. Thus, f is a primary element with c(f) = D, because
each maximal ideal is a t-ideal.

(2) ⇔ (3). This follows from Theorem 2.4. 2

It is naturally asked that it follows from the definition that if D is a quasi-AB-
domain, then D∗ is an almost gd-splitting set in D[X]. However, (a,X) ̸= D[X] for
any nonunit a ∈ D. Hence D∗ cannot be an almost gd-splitting set in D[X].

Corollary 2.6. The following statements are equivalent for an integrally closed
domain D.

(1) Every upper to zero in D[X] contains a primary element f with c(f) = D.

(2) D is a Prüfer domain and Cl(D) is torsion.

(3) D is a quasi-AB-domain.

(4) D is an AB-domain.

Proof. (1) ⇔ (2). Note that an integrally closed domain is a Prüfer domain if and
only if it is a UMT-domain whose maximal ideals are t-ideals. Also, ifD is integrally
closed, then Cl(D[X]) = Cl(D) ([7, Theorem 3.6]). Thus, the result follows from
Corollary 2.5.

(1) ⇔ (3). This follows from Corollary 2.5.
(2) ⇔ (4). This is clear. 2
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Corollary 2.7. If D is a quasi-AB-domain, then each overring R of D is a quasi-
AB-domain. In particular, if R is integrally closed, then R is a Prüfer domain with
torsion class group.

Proof. Let Q be an upper to zero in R[X]. Then there is an f ∈ K[X] such that
Q = fK[X]∩R[X], and henceQ∩D[X] = fK[X]∩D[X] is an upper to zero inD[X].
By Corollary 2.5, there is a primary element g ∈ Q ∩D[X] such that cD(g) = D.
Clearly, g ∈ Q and cR(g) = R; in particular, Q is a maximal t-ideal of R[X] [9,
Theorem 1.4]. Note that, since g is a primary element of D[X], there exist some
u ∈ K and an integer n ≥ 1 such that g = ufn. Hence

√
gR[X] = fK[X] ∩ R[X],

and thus g is a primary element of R[X] [5, Lemma 2.1]. Thus, R is a quasi-AB-
domain by Corollary 2.5. In particular, if R is integrally closed, then R is a Prüfer
domain with torsion class group by Corollary 2.6. 2

It is well known that if D is integrally closed, then D is a UMT-domain if and
only if D is a PvMD [9, Proposition 3.2]. Also, it is known that D is a Krull domain
if and only if every nonzero prime (t-)ideal contains a t-invertible prime ideal [11,
Theorem3.6] and D is a GGCD-domain if and only if each upper to zero in D[X]
is invertible [1, Theorem 15].

Theorem 2.8. If D is integrally closed, then

(1) every upper to zero in D[X] contains a t-invertible primary ideal if and only
if D is a PvMD;

(2) every upper to zero in D[X] contains an invertible primary ideal if and only
if D is an almost generalized GCD-domain.

Proof. (1) (⇒) Let Q be an upper to zero in D[X], and let I be a t-invertible
primary t-ideal contained in Q. Since ht(Q) = 1, we have

√
I = Q. Let Nv = {f ∈

D[X]|c(f)v = D}, and suppose Q ∩ Nv = ∅. Then INv ⊆ QNv ( D[X]Nv . Since
I is t-invertible, INv is invertible (cf. [10, Proposition 2.1(3)]), and hence INv is
principal [10, Theorem 2.14]. So QNv =

√
INv is a maximal t-ideal [5, Lemma 2.1].

This is contrary to the fact that Max(D[X]Nv ) = t-Max(D[X]Nv ) = {P [X]Nv |P ∈ t-
Max(D)} [10, Propositions 2.1 and 2.2]. So Q ∩Nv ̸= ∅, and thus Q is a maximal
t-ideal [9, Theorem 1.4]. Thus, D is a PvMD.

(⇐) Let Q be an upper to zero in D[X]. Then Q is a maximal t-ideal, because
a PvMD is a UMT-domain. Thus, Q is a t-invertible prime (hence primary) t-ideal
[9, Proposition 1.4].

(2) (⇒) We first note that D is a PvMD by (1). Let 0 ̸= a, b ∈ D, and put
f = aX + b. Then Qf = fK[X] ∩ D[X] is an upper to zero in D[X], and so Qf

contains an invertible primary ideal A. It is easy to see that Qf = fc(f)−1[X] [8,
Corollary 34.9] and A = ((Qf )

n)t for some positive integer n. Note that ((Qf )
n)t =

fnc(fn)−1[X] and c(fn)−1 = (c(f)n)−1 = ((a, b)n)−1. Thus, (an, bn)t is invertible,
because (a, b)t is t-invertible by (1), and so (((a, b)n)−1)−1 = ((a, b)n)t = (an, bn)t
[2, Lemma 3.3].
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(⇐) Let Qg = gK[X] ∩D[X], where g ∈ D[X], be an upper to zero in D[X].
Note that Qg = gc(g)−1[X] [8, Corollary 34.9], because D is integrally closed. Note
also that, since D is an almost GGCD-domain, there is a positive integer m such
that (c(g)m)t = c(gm)t is invertible by (1), [8, Proposition 34.8], and [14, Theorem
3.2]. Thus (Qm

g )t=gmK[X]∩D[X]=gmc(gm)−1[X] is an invertible primary ideal.2
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comments.
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