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Abstract
KernelPCA as a nonlinearfeatureextractorhasproven powerful asa
preprocessingstepfor classificationalgorithms.But it canalsobecon-
sideredasa naturalgeneralizationof linear principal componentanal-
ysis. This givesrise to the questionhow to usenonlinearfeaturesfor
datacompression,reconstruction,andde-noising,applicationscommon
in linearPCA. This is a nontrivial task,asthe resultsprovidedby ker-
nel PCA live in somehigh dimensionalfeaturespaceandneednot have
pre-imagesin inputspace.Thiswork presentsideasfor findingapproxi-
matepre-images,focusingonGaussiankernels,andshowsexperimental
resultsusingthesepre-imagesin datareconstructionandde-noisingon
toy examplesaswell asonrealworld data.

1 PCA and FeatureSpaces
Principal ComponentAnalysis (PCA) (e.g. [3]) is an orthogonalbasistransformation.
The new basisis found by diagonalizingthe centeredcovariancematrix of a data set�������	��

� ����������������� � , definedby � �������� "!	���#�%$'&(���" #!	���#�%$'&*)+$

. The coordi-
natesin theEigenvectorbasisarecalledprincipal components. Thesizeof anEigenvalue,

correspondingto anEigenvector - of � equalstheamountof variancein thedirection
of - . Furthermore,thedirectionsof thefirst . Eigenvectorscorrespondingto thebiggest. Eigenvaluescoverasmuchvarianceaspossibleby . orthogonaldirections.In many ap-
plicationsthey containthemostinterestinginformation:for instance,in datacompression,
wherewe projectonto thedirectionswith biggestvarianceto retainasmuchinformation
aspossible,or in de-noising,wherewedeliberatelydropdirectionswith smallvariance.

Clearly, onecannotassertthatlinearPCAwill alwaysdetectall structurein agivendataset.
By theuseof suitablenonlinearfeatures,onecanextractmoreinformation. KernelPCA
is verywell suitedto extractinterestingnonlinearstructuresin thedata[9]. Thepurposeof
this work is therefore(i) to considernonlinearde-noisingbasedonKernelPCA and(ii) to
clarify theconnectionbetweenfeaturespaceexpansionsandmeaningfulpatternsin input
space.KernelPCA first mapsthedatainto somefeaturespace/ via a (usuallynonlinear)
function 0 and thenperformslinear PCA on the mappeddata. As the featurespace/
might be very high dimensional(e.g. when mappinginto the spaceof all possible 1 -th
ordermonomialsof input space),kernelPCA employs Mercerkernelsinsteadof carrying



out the mapping 0 explicitly. A Mercerkernel is a function 2 �3�4��5+& which for all data
sets

�6�� � givesrise to a positive matrix 7  98:� 2 �3�� *�;�<8�& [6]. Onecanshow that using2 insteadof a dot productin input spacecorrespondsto mappingthe datawith some 0
to a featurespace/ [1], i.e. 2 ���4�'5=&
�>� 0 ���#&@? 0 ��5+&'& . Kernelsthat have provenuseful
includeGaussiankernels2 �3�4��5+&#�BA�CEDF��!HG(�
!I5JG�K�LNM�& andpolynomialkernels2 ���4�'5=&#����O?P5=&�Q

. Clearly, all algorithmsthatcanbeformulatedin termsof dotproducts,e.g.Support
VectorMachines[1], canbecarriedout in somefeaturespace/ withoutmappingthedata
explicitly. All thesealgorithmsconstructtheir solutionsasexpansionsin the potentially
infinite-dimensionalfeaturespace.

Thepaperis organizedasfollows: in thenext section,we briefly describethekernelPCA
algorithm. In section3, we presentan algorithmfor finding approximatepre-imagesof
expansionsin featurespace.Experimentalresultson toy andrealworld dataaregivenin
section4, followedby adiscussionof ourfindings(section5).

2 Kernel PCA and Reconstruction
To performPCA in featurespace,we needto find Eigenvalues

,SRUT
andEigenvectorsV � /#W �NX � satisfying

, V �ZY� V with
Y� �[� 0 ���#�%& 0 ���#�%& ) $ .1 Substituting

Y� into the
Eigenvectorequation,wenotethatall solutions

V
mustlie in thespanof 0 -imagesof the

trainingdata.This impliesthatwecanconsidertheequivalentsystem, � 0 ���"��&=? V &J�	� 0 �3�"�N&+?\Y� V & for all
�I�]�^���������*�

(1)

andthatthereexist coefficients _�` ��������� _Fa suchthat

V �Sb a  dc ` _  0 ���  & (2)

Substituting
Y� and(2) into (1), anddefiningan

�fe"�
matrix 7 by 7  g8ihg�j� 0 ���� k&�? 0 ���+8�&�&#�2 ���� ��'�<8�& , wearriveata problemwhich is castin termsof dotproducts:solve� ,ml � 7 l (3)

where
l �n� _+` �������F� _Fa &*) (for detailssee[7]). Normalizingthesolutions

V �
, i.e.

� V � ?V � &o�p�
, translatesinto

, �q� l � ? l � &o�p�
. To extract nonlinearprincipal components

for the 0 -imageof a testpoint
�

we computetheprojectiononto the
�
-th componentbyr � hg�j� V � ? 0 ���#&'&"�ts a Pc ` _

� 2 �3�4�'�  & . For featureextraction,wethushaveto evaluate
�

kernelfunctionsinsteadof adotproductin / , which is expensiveif / is high-dimensional
(or, asfor Gaussiankernels,infinite-dimensional).To reconstructthe 0 -imageof a vector�

from its projections
r �

onto the first . principal componentsin / (assumingthat the
Eigenvectorsareorderedby decreasingEigenvaluesize),we definea projectionoperatoru#v

by

u#v 0 �3�#&"�xwb�yc `
r � V �

(4)

If . is largeenoughto take into accountall directionsbelongingto Eigenvectorswith non-
zeroEigenvalue,wehave

u"v 0 ���� k&#� 0 �3�� 3& . Otherwise(kernel)PCAstill satisfies(i) that
theoverall squaredreconstructionerror

s  G u#v 0 ���� k&"! 0 ���� k&�G(K is minimal and(ii) the
retainedvarianceis maximalamongall projectionsonto orthogonaldirectionsin / . In
commonapplications,however, we areinterestedin a reconstructionin input spacerather
thanin / . Thepresentwork attemptsto achieve this by computinga vector z satisfying0 � z &{� u v 0 ���#& . The hopeis that for thekernelused,sucha z will be a goodapproxi-
mationof

�
in input space.However, (i) sucha z will not alwaysexist and(ii) if it exists,

1For simplicity, we assumethat the mappeddataarecenteredin | . Otherwise,we have to go
throughthesamealgebrausing }~@�����=� ��~@���<�f����~@��������� .



it needbenot unique.2 As anexamplefor (i), we considera possiblerepresentationof / .
Onecanshow [7] that 0 canbethoughtof asamap 0 ���#&#� 2 �3�4���9& into aHilbert space�o�
of functions

s  _  2 ���  ���9& with adotproductsatisfying
� 2 ���4��� &�? 2 ��5"��� &'&"� 2 ���4�'5=& . Then� � is calledreproducingkernelHilbert space(e.g.[6]). Now, for a Gaussiankernel, � �

containsall linearsuperpositionsof Gaussianbumpson
��


(plus limit points),whereas
by definitionof 0 only singlebumps 2 ���4���9& have pre-imagesunder 0 . Whenthe vectoru v 0 ���#& hasnopre-imagez we try to approximateit by minimizing� � z &#��G 0 � z &+! u"v 0 ���#&�G K (5)

This is a specialcaseof thereducedsetmethod[2]. Replacingtermsindependentof z by�
, weobtain � � z &#��G 0 � z &�G K !��q� 0 � z &+? u#v 0 �3�#&�&�� � (6)

Substituting(4) and(2) into (6), we arrive at an expressionwhich is written in termsof
dot products.Consequently, we canintroducea kernelto obtaina formulafor � (andthus��� � ) whichdoesnot rely oncarryingout 0 explicitly

� � z &#� 2 � z � z &�!���wb�(c `
r � ab  Pc ` _

� 2 � z �'�  &�� � (7)

3 Pre-Imagesfor GaussianKernels
To optimize(7)weemployedstandardgradientdescentmethods.If werestrictourattention
to kernelsof theform 2 ���4�'5=&"� 2 �;G(��!�54G(K�& (andthussatisfying2 ���4�'��&#� const.for all�

), anoptimal z canbedeterminedasfollows (cf. [8]): we deducefrom (6) thatwe have
to maximize

� � z &J�	� 0 � z &=? u"v 0 ���#&'&�� �4� �
ab  Pc `F�

 2 � z �;�� 3&�� �4� (8)

wherewe set �
 {� s w�(c ` r � _

� 
(for some

� �
independentof z ). For an extremum,the

gradientwith respectto z hasto vanish:
� � � � z &@� s a  dc ` �

 � � �;G z !��  G K &(� z !��  &4� T .
This leadsto a necessaryconditionfor the extremum: z �¡s  �¢  �  L#s 8F¢ 8

, with
¢  �

�
 £� � �'G z !��+ ;G�K�& . For a Gaussiankernel 2 ���4��5+&"�¤A�C¥D��*!HG��¦!§5@G�K�LNM�& weget

z �
s a  Pc ` �

 �A(C¥D��*!HG z !��� 'G�K�LNM�&*�� s a  Pc ` �
 �A(C¥D���!HG z !��� 'G K L%M�&

�
(9)

Wenotethatthedenominatorequals
� 0 � z &E? u v 0 �3�#&�& (cf. (8)). Makingtheassumptionthatu v 0 ���#&©¨�ªX , we have

� 0 ���#&J? u v 0 ���#&�&O�«� u v 0 ���#&"? u v 0 �3�#&�& R	T . As 2 is smooth,we
concludethatthereexistsaneighborhoodof theextremumof (8) in whichthedenominator
of (9) is

¨� T
. Thuswecandeviseaniterationschemefor z by

zf¬�­ ` �
s a  dc ` �

 A�CED<�*!HG z ¬ !§�  G(K6LNM�&��  s a  dc ` �
 A�C¥D��*!HG z ¬ !��  G K LNM�& (10)

Numericalinstabilitiesrelatedto
� 0 � z &F? u"v 0 ���#&'& beingsmallcanbedealtwith by restart-

ing the iterationwith a differentstartingvalue. Furthermorewe notethatany fixed-point
of (10) will bea linearcombinationof thekernelPCA trainingdata

�  
. If we regard(10)

in thecontext of clusteringwe seethat it resemblesaniterationstepfor theestimationof

2If thekernelallows reconstructionof thedot–productin input space,andundertheassumption
thata pre–imageexists,it is possibleto constructit explicitly (cf. [7]). But clearly, theseconditions
donot hold truein general.



thecenterof a singleGaussiancluster. Theweightsor ‘probabilities’ �
 

reflectthe(anti-)
correlationbetweentheamountof 0 �3�#& in Eigenvectordirection

V �
andthecontribution

of 0 ���  & to this Eigenvector. So the ‘clustercenter’ z is drawn towardstrainingpatterns
with positive �

 
andpushedawayfrom thosewith negative �

 
, i.e. for afixed-pointzF® the

influenceof trainingpatternswith smallerdistanceto
�

will tendto bebigger.

4 Experiments
To test the feasibility of the proposedalgorithm,we run several toy and real world ex-
periments.They wereperformedusing(10) andGaussiankernelsof the form 2 �3�4��5=&i�A(C¥D���!{�'G��o!�54G(K�&;L¥� . M�&�& where. equalsthedimensionof inputspace.Wemainly focused
on theapplicationof de-noising, which differsfrom reconstructionby thefactthatwe are
allowedto makeuseof theoriginal testdataasstartingpointsin theiteration.

Toy examples:In thefirst experiment(table1), wegeneratedadatasetfrom elevenGaus-
siansin

� `*¯ with zeromeanandvariance° K in eachcomponent,by selectingfrom each
source100pointsasatrainingsetand33pointsfor a testset(centersof theGaussiansran-
domlychosenin ± !²������³ `*¯ ). ThenweappliedkernelPCAto thetrainingsetandcomputed
theprojections

r �
of thepointsin thetestset.With these,wecarriedoutde-noising,yield-

ing anapproximatepre-imagein
� `�¯ for eachtestpoint. This procedurewasrepeatedfor

differentnumbersof componentsin reconstruction,andfor differentvaluesof ° . For the
kernel,we used

M²��� ° K . We comparedtheresultsprovidedby our algorithmto thoseof
linearPCA via themeansquareddistanceof all de-noisedtestpointsto their correspond-
ing center. Table1 shows the ratio of thesevalues;hereandbelow, ratioslargerthanone
indicatethat kernelPCA performedbetterthan linear PCA. For almostevery choiceof. and ° , kernelPCA did better. Note that usingall

� T
components,linearPCA is just a

basistransformationandhencecannotde-noise.The extremesuperiorityof kernelPCA
for small ° is dueto thefactthatall testpointsarein this caselocatedcloseto theeleven
spotsin input space,andlinearPCA hasto cover themwith lessthantendirections.Ker-
nel PCA moveseachpoint to thecorrectsourceevenwhenusingonly a smallnumberof
components.

° . =1 2 3 4 5 6 7 8 9
0.05 2058.42 1238.36 846.14 565.41 309.64 170.36 125.97 104.40 92.23
0.1 10.22 31.32 21.51 29.24 27.66 23.53 29.64 40.07 63.41
0.2 0.99 1.12 1.18 1.50 2.11 2.73 3.72 5.09 6.32
0.4 1.07 1.26 1.44 1.64 1.91 2.08 2.22 2.34 2.47
0.8 1.23 1.39 1.54 1.70 1.80 1.96 2.10 2.25 2.39

Table1: De-noisingGaussiansin
� `*¯ (seetext). Performanceratioslargerthanoneindi-

catehow muchbetterkernelPCAdid, comparedto linearPCA,for differentchoicesof the
Gaussians’std.dev. ° , anddifferentnumbersof componentsusedin reconstruction.

To getsomeintuitiveunderstandingin a low-dimensionalcase,figure1 depictstheresults
of de-noisinga half circle anda squarein the plane,usingkernelPCA, a nonlinearau-
toencoder, principal curves, andlinearPCA. Theprincipalcurvesalgorithm[4] iteratively
estimatesa curve capturingthestructureof thedata.Thedataareprojectedto theclosest
point on a curve which thealgorithmtries to constructsuchthateachpoint is theaverage
of all datapointsprojectingontoit. It canbeshown that theonly straightlinessatisfying
the latter areprincipal components,so principal curvesarea generalizationof the latter.
Thealgorithmusesa smoothingparameterwhich is annealedduring the iteration. In the
nonlinearautoencoderalgorithm,a ‘bottleneck’5-layernetwork is trainedto reproducethe
inputvaluesasoutputs(i.e. it is usedin autoassociativemode).Thehiddenunit activations
in the third layer form a lower-dimensionalrepresentationof the data,closelyrelatedto



PCA (seefor instance[3]). Training is doneby conjugategradientdescent.In all algo-
rithms, parametervalueswereselectedsuchthat the bestpossiblede-noisingresultwas
obtained.Thefigureshows thaton theclosedsquareproblem,kernelPCA does(subjec-
tively) best,followedby principalcurvesandthenonlinearautoencoder;linearPCA fails
completely. However, notethatall algorithmsexceptfor kernelPCA actuallyprovide an
explicit one-dimensionalparameterizationof thedata,whereaskernelPCA only provides
uswith a meansof mappingpointsto their de-noisedversions(in this case,we usedfour
kernelPCA features,andhenceobtaina four-dimensionalparameterization).

kernelPCA nonlinearautoencoder PrincipalCurves linearPCA

Figure1: De-noisingin
�
-d (seetext). Depictedare the dataset (small points)and its

de-noisedversion(big points, joining up to solid lines). For linear PCA, we usedone
componentfor reconstruction,asusingtwo components,reconstructionis perfectandthus
doesnot de-noise. Note that all algorithmsexcept for our approachhave problemsin
capturingthecircularstructurein thebottomexample.

USPSexample: To testour approachon real-world data,we alsoappliedthe algorithm
to the USPSdatabaseof

�^´%µ
-dimensionalhandwrittendigits. For eachof the ten digits,

we randomlychose ¶ T�T examplesfrom the training set and
´ T

examplesfrom the test
set. We used(10) and Gaussiankernelswith

M�� T � ´ T
, equalingtwice the averageof

the data’s variancein eachdimensions.In figure 4, we give two possibledepictionsof

Figure2: Visualizationof Eigenvectors(see
text). Depictedarethe

� ¯ �������F�·�%¸ -th Eigen-
vector(from left to right). First row: linear
PCA,secondandthird row: differentvisual-
izationsfor kernelPCA.

the Eigenvectorsfound by kernelPCA, comparedto thosefound by linear PCA for the
USPSset. The secondrow shows the approximatepre-imagesof the Eigenvectors

V �
,�]��� ¯ �������F�·�%¸ , found by our algorithm. In the third row eachimageis computedas

follows: Pixel ¹ is theprojectionof the 0 -imageof the ¹ -th canonicalbasisvectorin input
spaceontothecorrespondingEigenvectorin featuresspace(upperleft 0 ��º ` &�? V � , lower
right 0 ��º K;»'¼ &+? V � ). In thelinearcase,bothmethodswouldsimplyyield theEigenvectors
of linearPCAdepictedin thefirst row; in thissense,they maybeconsideredasgeneralized
Eigenvectorsin input space.We seethatthefirst Eigenvectorsarealmostidentical(except
for signs).But we alsosee,thatEigenvectorsin linearPCA startto concentrateon high-
frequency structuresalreadyat smallerEigenvaluesize. To understandthis, notethat in
linearPCAweonly haveamaximumnumberof

��´�µ
Eigenvectors,contraryto kernelPCA

which givesus thenumberof trainingexamples(here ¶ T^T�T ) possibleEigenvectors.This



1.02 1.02 1.01 0.93 1.04 0.98 0.98 0.98 1.01 0.60 0.78 0.76 0.52 0.73 0.74 0.77 0.80 0.74 0.74 0.72

Figure3: Reconstructionof USPSdata.Depictedarethereconstructionsof thefirst digit
in thetestset(original in lastcolumn)from thefirst . �������������·� T componentsfor linear
PCA (first row) andkernelPCA (secondrow) case.Thenumbersin betweendenotethe
fractionof squareddistancemeasuredtowardstheoriginal example. For a smallnumber
of componentsboth algorithmsdo nearly the same. For morecomponents,we seethat
linearPCA yieldsa resultresemblingtheoriginaldigit, whereaskernelPCA givesa result
resemblingamoreprototypical‘three’

alsoexplainssomeof the resultswe found when working with the USPSset. In these
experiments,linearandkernelPCAweretrainedwith theoriginaldata.Thenweadded(i)
additive Gaussiannoisewith zeromeanandstandarddeviation ° � T �9´

or (ii) ‘speckle’
noisewith probability ½ � T � ¾

(i.e. eachpixel flips to black or white with probability½ L�� ) to the testset. For the noisy testsetswe computedthe projectionsonto the first .
linearandnonlinearcomponents,andcarriedout reconstructionfor eachcase.Theresults
werecomparedby takingthemeansquareddistanceof eachreconstructeddigit from the
noisy testset to its original counterpart.As a third experimentwe did the samefor the
original test set (hencedoing reconstruction,not de-noising). In the latter case,where
the task is to reconstructa given exampleasexactly aspossible,linear PCA did better,
at leastwhen using more than about

� T
components(figure 3). This is due to the fact

that linear PCA startsearlier to accountfor fine structures,but at the sametime it starts
to reconstructnoise,aswe will seein figure 4. KernelPCA, on the otherhand,yields
recognizableresultseven for a small numberof components,representinga prototypeof
thedesiredexample.Thisis onereasonwhyourapproachdid betterthanlinearPCAfor the
de-noisingexample(figure4). Takingthemeansquareddistancemeasuredoverthewhole
testsetfor theoptimalnumberof componentsin linearandkernelPCA,ourapproachdid
betterby a factorof

��� µ
for theGaussiannoise,and

���9�
timesbetterfor the‘speckle’noise

(the optimal numberof componentswere ¶ � in linear PCA, and
´¥�6�

and
��´�µ

in kernel
PCA, respectively). Taking identicalnumbersof componentsin both algorithms,kernel
PCA becomesup to ¿ (!) timesbetterthanlinear PCA. However, notethat kernelPCA
comeswith a highercomputationalcomplexity.

5 Discussion
Wehavestudiedtheproblemof findingapproximatepre-imagesof vectorsin featurespace,
andproposedanalgorithmto solve it. Thealgorithmcanbeappliedto bothreconstruction
andde-noising.In the former case,resultswerecomparableto linear PCA, while in the
lattercase,we obtainedsignificantlybetterresults.Our interpretationof this finding is as
follows. LinearPCA canextractatmost À components,whereÀ is thedimensionalityof
thedata.Beingabasistransform,all À componentstogetherfully describethedata.If the
dataarenoisy, this impliesthata certainfractionof thecomponentswill bedevotedto the
extractionof noise.KernelPCA,ontheotherhand,allowstheextractionof upto

�
features,

where
�

is thenumberof trainingexamples.Accordingly, kernelPCAcanprovidea larger
numberof featurescarryinginformationaboutthestructurein thedata(in ourexperiments,
we had

� R À ). In addition,if thestructureto beextractedis nonlinear, thenlinearPCA
mustnecessarilyfail, aswehave illustratedwith toy examples.

Thesemethods,alongwith depictionsof pre-imagesof vectorsin featurespace,provide
someunderstandingof kernelmethodswhich have recentlyattractedincreasingattention.
Openquestionsinclude(i) whatkind of resultskernelsotherthanGaussianswill provide,



Gaussiannoise ‘speckle’noise
orig.

noisy

. �	�¾
��µ
µ�¾
��´�µ

. �	�¾
��µ
µ�¾
��´�µ

Figure4: De-Noisingof USPSdata(seetext). Theleft half shows: top: thefirst occurrence
of eachdigit in thetestset,secondrow: theupperdigit with additiveGaussiannoise( ° �T �9´

), following five rows: the reconstructionfor linear PCA using . �����'¾�����µq�;µ%¾��·��´�µ
components,and, last five rows: the resultsof our approachusing the samenumberof
components.In the right half we show the samebut for ‘speckle’ noisewith probability½ � T � ¾ .
(ii) whetherthereis amoreefficientway to solveeither(6) or (8), and(iii) thecomparison
(andconnection)to alternativenonlinearde-noisingmethods(cf. [5]).
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