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Abstract

Kernel PCA as a nonlinearfeatureextractor hasproven powerful asa
preprocessingtepfor classificationalgorithms.But it canalsobe con-
sideredas a naturalgeneralizatiorof linear principal componentnal-
ysis. This givesrise to the questionhow to usenonlinearfeaturesfor

datacompressionteconstructionandde-noisingapplicationsccommon
in linear PCA. Thisis a nontrivial task,asthe resultsprovided by ker-

nel PCAlivein somehigh dimensionafeaturespaceandneednot have
pre-imagesn input space.Thiswork presentsdeasfor finding approxi-
matepre-imagesfocusingon Gaussiarkernelsandshows experimental
resultsusingthesepre-imagesn datareconstructiorandde-noisingon

toy examplesaswell asonrealworld data.

1 PCA and Feature Spaces

Principal ComponentAnalysis (PCA) (e.g.[3]) is an orthogonalbasistransformation.
The new basisis found by diagonalizingthe centeredcovariancematrix of a dataset

{zr, € RN|k = 1,...,£}, definedby C' = {(z; — {xx))(x; — (zx))T). The coordi-

natesin the Eigervectorbasisarecalledprincipal componentsThe sizeof anEigervalue

A correspondingo an Eigernvectorv of C' equalsthe amountof variancein the direction

of v. Furthermorethe directionsof thefirst n Eigenvectorscorrespondingo the biggest
n Eigernvaluescoverasmuchvarianceaspossibleby n orthogonalirections.In mary ap-

plicationsthey containthe mostinterestingnformation:for instancejn datacompression,
wherewe projectonto the directionswith biggestvarianceto retainasmuchinformation

aspossibleprin de-noisingwherewe deliberatelydrop directionswith smallvariance.

Clearly, onecannotasserthatlinearPCAwill alwaysdetectall structuran agivendataset.
By the useof suitablenonlinearfeaturespnecanextractmoreinformation. KernelPCA
is very well suitedto extractinterestingnonlinearstructuresn thedata[9]. The purposeof
thiswork is therefore(i) to considemonlinearde-noisingbasedn KernelPCA and(ii) to
clarify the connectiorbetweerfeaturespacesxpansionsandmeaningfulpatternsn input
space KernelPCA first mapsthe datainto somefeaturespaceF via a (usuallynonlinear)
function @ andthen performslinear PCA on the mappeddata. As the featurespaceF
might be very high dimensional(e.g. when mappinginto the spaceof all possibled-th
ordermonomialsof input space)kernelPCA employs Mercerkernelsinsteadof carrying



out the mapping® explicitly. A Mercerkernelis a functionk(x, y) which for all data
sets{z;} givesriseto a positive matrix K;; = k(x;, ;) [6]. Onecanshawv thatusing
k insteadof a dot productin input spacecorrespond$o mappingthe datawith some®
to a featurespaceF [1], i.e. k(z,y) = (®(x) - ®(y)). Kernelsthathave provenuseful
includeGaussiarkernelsk(z, y) = exp(—||z — y||*/c) andpolynomialkernelsk(z, y) =
(x-y)?. Clearly, all algorithmsthatcanbeformulatedn termsof dotproductsge.g.Support
VectorMachines[1], canbecarriedoutin somefeaturespaceF without mappingthe data
explicitly. All thesealgorithmsconstructtheir solutionsas expansionsn the potentially
infinite-dimensionafeaturespace.

The paperis organizedasfollows: in the next section,we briefly describehekernelPCA
algorithm. In section3, we presentan algorithmfor finding approximatepre-imagesof
expansionsn featurespace.Experimentatesultson toy andrealworld dataaregivenin
sectiord, followedby a discussiorof ourfindings(section5).

2 Kernel PCA and Reconstruction

To performPCA in featurespace we needto find Eigervalues\A > 0 andEigervectors
V € F\{0} satisfyingA\V = CV with C' = (®(x;)®(xx)T).! SubstitutingC into the
Eigervectorequationwe notethatall solutionsV' mustlie in the spanof ®-imagesof the
trainingdata.Thisimpliesthatwe canconsideithe equivalentsystem

AN®(z)- V) = (®(zp) -CV)forallk=1,... ¢ 1)
andthatthereexist coeficientsay, .. . , ay suchthat
¢
V= Zi:l o; ®(x;) 2

SubstitutingC' and(2) into (1), anddefininganéx ¢ matrix K by K;; := (®(z;)-®(x;)) =
k(x;, z;), wearrive ata problemwhichis castin termsof dot products:solve

ha=Ka 3)

wherea = (au, ... ,a;)T (for detailssee[7]). Normalizingthe solutionsV*, i.e. (V¥ -

V*) = 1, translatesnto A\, (a* - a*) = 1. To extractnonlinearprincipal components
for the ®-imageof atestpoint 2 we computethe projectiononto the k-th componenby
By = (VF. ®(x)) = Zle af k(z, z;). For featureextraction,we thushave to evaluate’
kernelfunctionsinsteadof adot productin F, whichis expensieif F is high-dimensional
(or, asfor Gaussiarkernels,infinite-dimensional)To reconstructhe ®-imageof a vector
x from its projectionsg, onto the first n principal componentsn F (assuminghatthe
Eigervectorsareorderedby decreasingeigernvaluesize), we definea projectionoperator

P, by
Pd(z) =Y BV* 4)
k=1

If n is largeenoughto take into accountall directionsbelongingto Eigernvectorswith non-
zeroEigervalue,we have P, @(x;) = ®(x;). Otherwise(kernel)PCAstill satisfieqi) that
the overall squaredeconstructiorerror }~, || Pr®(x;) — ®(x;)||* is minimal and (i) the
retainedvarianceis maximalamongall projectionsonto orthogonaldirectionsin F. In
commonapplicationshowever, we areinterestedn areconstructionn input spacerather
thanin F. The presentwork attemptsto achieve this by computinga vectorz satisfying
®(z) = P, ®(x). The hopeis thatfor the kernelused,sucha z will be a goodapproxi-
mationof x in input space However, (i) sucha z will notalwaysexist and(ii) if it exists,

For simplicity, we assumehatthe mappeddataare centeredn F. Otherwise we have to go
throughthe samealgebrausing®(x) := ®(xz) — (®(x;)).



it needbe not unique? As anexamplefor (i), we considera possiblerepresentatioof F.
Onecanshaw [7] that® canbethoughtof asamap®(x) = k(z, .) into aHilbert spaceH
of functions} ", a; k(z;, .) with adotproductsatisfying(k(x, .) - k(y, .)) = k(z,y). Then
Hy is calledreproducingkernel Hilbert space(e.g.[6]). Now, for a Gaussiarkernel,
containsall linear superposition®f Gaussiarbumpson RY (pluslimit points),whereas
by definition of ® only singlebumpsk(z, .) have pre-imagesinder®. Whenthe vector
P,®(x) hasno pre-imagez we try to approximatet by minimizing

p(z) = [|®(2) - Pud(2)|” (5)

Thisis a specialcaseof thereducedsetmethod[2]. Replacingermsindependenof z by
2, we obtain

p(z) = [|2(2)|I” = 2(2(2) - Prd(z)) + Q2 (6)

Substituting(4) and (2) into (6), we arrive at an expressionwhich is written in termsof
dot products.Consequentlywe canintroducea kernelto obtaina formulafor p (andthus
V . p) which doesnotrely on carryingout & explicitly

n 4
p(x) =k(z,2) =23 B Y ol k(z, @) + 0 @)
k=1 i=1

3 Pre-Imagesfor GaussianKernels

To optimize(7) weemployedstandardyradiendescenimethodslf werestrictourattention
to kernelsof theformk(z, y) = k(|| — y||?) (andthussatisfyingk(z, ) = const.for all

x), anoptimal z canbe determinedasfollows (cf. [8]): we deducefrom (6) thatwe have
to maximize

J2
p(z) = (3(2) - Pid(@) + Q' =Y vik(z, @) + @ (8)
i=1
wherewe sety; = >°7_, Bral (for someQ’ independenof z). For an extremum,the
gradientwith respecto z hasto vanish: V. p(z) = Y0, vk (||z — zi]|?)(z — 2;) = 0.
This leadsto a necessarygonditionfor the extremum: z = >, §;x;/ Ej d;, with §; =
vik'(]|z — x;]|*). For aGaussiarkernelk(z,y) = exp(—||z — y||?/c) we get

_ Ty mep(=lz - @i/ ©)
Yicy viexp(=lz — zil2/c)
We notethatthedenominatoequals®(z) -P,®(x)) (cf. (8)). Makingtheassumptiothat
P, ®(x) # 0, we have (®(x) - P, ®(x)) = (P.®(x) - P.®(x)) > 0. As k is smooth,we
concludethatthereexistsa neighborhooaf theextremumof (8) in whichthedenominator
of (9) is # 0. Thuswe candeviseaniterationschemdor z by

£ 2
Zi = 2171 i exp( ”zt :I},H /C):E, (10)
S vexp(—llz - @il?/c)
Numericalinstabilitiesrelatedto (®(z) - P.®(x)) beingsmallcanbedealtwith by restart-
ing the iterationwith a differentstartingvalue. Furthermorewve notethatary fixed-point
of (10) will be alinearcombinationof thekernelPCA trainingdataz;. If we regard(10)
in the context of clusteringwe seethatit resemblegniterationstepfor the estimationof

2If the kernelallows reconstructiorof the dot—producin input space andunderthe assumption
thata pre—imageexists, it is possibleto constructit explicitly (cf. [7]). But clearly theseconditions
donotholdtruein general.



the centerof a singleGaussiartluster The weightsor ‘probabilities’ v; reflectthe (anti-)
correlationbetweerthe amountof & () in EigervectordirectionV* andthe contritution
of ®(x;) to this Eigervector Sothe ‘clustercenter’z is dravn towardstraining patterns
with positive v; andpushedaway from thosewith negative v;, i.e. for afixed-pointz », the
influenceof training patternswith smallerdistanceo x will tendto bebigger

4 Experiments

To testthe feasibility of the proposedalgorithm, we run several toy andreal world ex-
periments.They wereperformedusing(10) and Gaussiarkernelsof the form k(z,y) =
exp(—(||z — y||*)/ (nc)) wheren equalghedimensiorof input space We mainly focused
on theapplicationof de-noisingwhich differsfrom reconstructiorby thefactthatwe are
allowedto make useof the original testdataasstartingpointsin theiteration.

Toy examples:In thefirst experiment(tablel), we generate@ datasetfrom elevenGaus-
siansin R!? with zeromeanandvariances? in eachcomponentpy selectingfrom each
sourcel00pointsasatrainingsetand33 pointsfor atestset(centersof theGaussiansan-
domly choserin [—1, 1]19). Thenwe appliedkernelPCA to thetrainingsetandcomputed
theprojectionss;, of thepointsin thetestset. With these we carriedout de-noisingyield-
ing anapproximatepre-imagein R1° for eachtestpoint. This procedurevasrepeatedor
differentnumbersof componentsn reconstructionandfor differentvaluesof o. For the
kernel,we usedec = 202. We compareahe resultsprovided by our algorithmto thoseof
linear PCA via the meansquaredlistanceof all de-noisedestpointsto their correspond-
ing center Table1 shovs theratio of thesevalues;hereandbelow, ratioslargerthanone
indicatethat kernel PCA performedbetterthanlinear PCA. For almostevery choiceof
n ando, kernelPCA did better Notethatusingall 10 componentslinear PCAis just a
basistransformatiorand hencecannotde-noise. The extremesuperiorityof kernel PCA
for smallo is dueto thefactthatall testpointsarein this caselocatedcloseto the eleven
spotsin input spaceandlinear PCA hasto cover themwith lessthantendirections.Ker-
nel PCA moveseachpointto the correctsourceevenwhenusingonly a small numberof
components.

[0 [ n=l 2 3 4 5 6 7 8 9 |
0.05] 2058.42] 1238.36] 846.14] 565.41] 309.64] 170.36] 125.97] 104.40] 92.23
0.1 [ 10.22] 31.32] 21.51] 29.24] 27.66] 2353 29.64] 40.07]63.41
02 [ 099 1.12] 1.18] 150 2.11] 2.73] 3.72] 509] 632
04 [ 107] 1.26] 144] 164 191| 2.08| 2.22| 234 247
08 [ 123 1.39] 154] 1.70] 1.80] 1.96] 2.10] 225 2.39

Tablel: De-noisingGaussiangn R0 (seetext). Performanceatioslargerthanoneindi-
catehow muchbetterkernelPCA did, comparedo linearPCA, for differentchoicesof the
Gaussiansstd.dev. o, anddifferentnumbersof componentsisedin reconstruction.

To getsomeintuitive understandingn alow-dimensionatase figure 1 depictstheresults
of de-noisinga half circle anda squarein the plane,usingkernel PCA, a nonlinearau-
toencoderprincipal curves andlinearPCA. Theprincipalcurvesalgorithm[4] iteratively
estimates curve capturingthe structureof the data. The dataareprojectedto the closest
pointon a curve which the algorithmtriesto constructsuchthateachpoint is the average
of all datapointsprojectingontoit. It canbe shovn thatthe only straightlines satisfying
the latter are principal componentsso principal curvesare a generalizatiorof the latter
The algorithmusesa smoothingparametewhich is annealedluringtheiteration. In the
nonlinearautoencodealgorithm,a ‘bottleneck’5-layernetwork is trainedto reproducehe
inputvaluesasoutputs(i.e. it is usedin autoassociate mode).Thehiddenunit activations
in the third layer form a lower-dimensionarepresentationf the data,closelyrelatedto



PCA (seefor instance[3]). Trainingis doneby conjugategradientdescent.In all algo-
rithms, parametervalueswere selectedsuchthat the bestpossiblede-noisingresultwas
obtained. The figure shavs that on the closedsquareproblem,kernelPCA does(subjec-
tively) best,followedby principal curvesandthe nonlinearautoencoderinear PCA fails
completely However, notethatall algorithmsexceptfor kernelPCA actuallyprovide an
explicit one-dimensiongbarameterizatioof the data,whereaskernelPCA only provides
uswith a meansof mappingpointsto their de-noisedrersions(in this case we usedfour
kernelPCA featuresandhenceobtaina four-dimensionaparameterization).

kernelPCA nonlinearautoencodef PrincipalCurves linearPCA

Figure1: De-noisingin 2-d (seetext). Depictedarethe dataset(small points) andits
de-noisedversion(big points, joining up to solid lines). For linear PCA, we usedone
componenfor reconstructionasusingtwo componentsieconstructions perfectandthus
doesnot de-noise. Note that all algorithmsexceptfor our approachhave problemsin
capturingthe circularstructurein the bottomexample.

USPSexample: To testour approachon real-world data,we alsoappliedthe algorithm
to the USPSdatabasef 256-dimensionahandwrittendigits. For eachof the ten digits,
we randomly chose300 examplesfrom the training setand 50 examplesfrom the test
set. We used(10) and Gaussiarkernelswith ¢ = 0.50, equalingtwice the averageof
the datas variancein eachdimensions.In figure 4, we give two possibledepictionsof

i Figure?2: Visualizationof Eigervectors(see

OUVAGREERE text). Depictedarethe 20, ... , 28-th Eigen-

i ; . vector(from left to right). Firstrow: linear
OLVRERTES (from left to right). Fi i

PCA, secondandthird row: differentvisual-

m w L& ‘E ﬂ !’ ﬁ ﬁ izationsfor kernelPCA.

the Eigervectorsfound by kernel PCA, comparedo thosefound by linear PCA for the
USPSset. The secondrow shaws the approximatepre-imagef the EigervectorsV*,
E = 29,...,2% found by our algorithm. In the third row eachimageis computedas
follows: Pixel i is the projectionof the ®-imageof thei-th canonicabasisvectorin input
spaceonto the correspondingeigervectorin featuresspace(upperleft ®(e;) - V¥, lower
right ®(eas6) - V). In thelinear case bothmethodswould simply yield the Eigervectors
of linearPCA depictedn thefirst row; in this sensethey maybeconsidereésgeneralized
Eigervectorsin input space We seethatthefirst Eigervectorsarealmostidentical(except
for signs). But we alsosee thatEigervectorsin linear PCA startto concentraten high-
frequeng structuresalreadyat smallerEigervaluesize. To understandhis, notethatin
linearPCAwe only have amaximumnumberof 256 Eigervectorscontraryto kernelPCA
which givesus the numberof training examples(here3000) possibleEigervectors. This
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Figure3: Reconstructiof USPSdata. Depictedarethe reconstructionsf the first digit

in thetestset(original in lastcolumn)from thefirstn = 1,... ;20 component$or linear
PCA (first row) andkernelPCA (secondrow) case. The numbersin betweendenotethe
fraction of squareddistancemeasuredowardsthe original example. For a smallnumber
of componentdoth algorithmsdo nearly the same. For more componentswe seethat
linearPCAYyieldsaresultresemblinghe original digit, whereasernelPCA givesaresult
resemblinga moreprototypical'three’

also explains someof the resultswe found whenworking with the USPSset. In these
experiments|inearandkernelPCA weretrainedwith the original data. Thenwe added(i)

additive Gaussiamoisewith zeromeanandstandarddeviation o = 0.5 or (ii) ‘speckle’
noisewith probabilityp = 0.4 (i.e. eachpixel flips to black or white with probability
p/2) to the testset. For the noisy testsetswe computedthe projectionsonto the first n

linearandnonlinearcomponentsandcarriedout reconstructiorfor eachcase.Theresults
werecompareddy takingthe meansquaredlistanceof eachreconstructedligit from the
noisy testsetto its original counterpart.As a third experimentwe did the samefor the
original test set (hencedoing reconstructionnot de-noising). In the latter case,where
the taskis to reconstructa given exampleas exactly as possible linear PCA did better
at leastwhen using more than about10 componentgfigure 3). This is dueto the fact
thatlinear PCA startsearlierto accountfor fine structuresput at the sametime it starts
to reconstrucnoise,aswe will seein figure 4. Kernel PCA, on the otherhand,yields
recognizableesultsevenfor a small numberof componentstepresenting prototypeof

thedesiredexample.Thisis onereasorwhy ourapproachdid betterthanlinearPCAfor the
de-noisingexample(figure4). Takingthe meansquarediistancaneasureaverthewhole
testsetfor the optimalnumberof componentén linearandkernelPCA, our approachdid

betterby afactorof 1.6 for the Gaussiamoise,and1.2 timesbetterfor the ‘speckle’noise
(the optimal numberof componentsvere 32 in linear PCA, and 512 and 256 in kernel
PCA, respectiely). Taking identicalnumbersof componentsn both algorithms,kernel
PCA becomeaupto 8 () timesbetterthanlinear PCA. However, notethatkernel PCA
comeswith a highercomputationatomplexity.

5 Discussion

We have studiedtheproblemof finding approximatere-image®f vectoran featurespace,
andproposedinalgorithmto solweit. Thealgorithmcanbeappliedto bothreconstruction
andde-noising. In the former case resultswere comparableo linear PCA, while in the
latter case we obtainedsignificantlybetterresults. Our interpretatiorof this finding is as
follows. LinearPCA canextractatmost/N componentswhereN is thedimensionalityof
thedata.Beingabasistransformall N componentsogetherfully describehedata.If the
dataarenoisy, this impliesthata certainfraction of the componentsvill be devotedto the
extractionof noise.KernelPCA, ontheotherhand allowstheextractionof upto £ features,
where/ is the numberof trainingexamples. Accordingly, kernelPCA canprovide alarger
numberof featurecarryinginformationaboutthestructuren thedata(in ourexperiments,
we had/ > N). In addition,if the structureto be extractedis nonlinear thenlinear PCA
mustnecessarilyail, aswe haveillustratedwith toy examples.

Thesemethodsalongwith depictionsof pre-imageof vectorsin featurespace provide
someunderstandin@f kernelmethodswvhich have recentlyattractedncreasingattention.
Openquestionsnclude (i) whatkind of resultskernelsotherthanGaussiansvill provide,
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Figure4: De-Noisingof USPSdata(seetext). Theleft half shaws: top: thefirst occurrence
of eachdigit in thetestset,secondow: theupperdigit with additve Gaussiamoise(c =
0.5), following five rows: the reconstructiorfor linear PCA usingn = 1,4, 16, 64,256
componentsand, last five rows: the resultsof our approachusingthe samenumberof
componentsin theright half we shav the samebut for ‘speckle’ noisewith probability
p=04.

(ii) whetherthereis a moreefficientway to solve either(6) or (8), and(iii) thecomparison
(andconnection}o alternatve nonlinearde-noisingmethoddcf. [5]).
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