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Summary. This article proposes a class of kernel stick-breaking processes (KSBP) for un-
countable collections of dependent random probability measures. The KSBP is constructed
by first introducing an infinite sequence of random locations. Independent random probabil-
ity measures and beta-distributed random weights are assigned to each location. Predictor-
dependent random probability measures are then constructed by mixing over the locations,
with stick-breaking probabilities expressed as a kernel multiplied by the beta weights. Some
theoretical properties of the KSBP are described, including a covariate-dependent predic-
tion rule. A retrospective MCMC algorithm is developed for posterior computation, and the

methods are illustrated using a simulated example and an epidemiologic application.
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1. Introduction
This article focuses on the problem of choosing priors for an uncountable collection of random

probability measures, Gy = {Gx : x € X'}, where X is a Lesbesgue measurable subset of



P and Gy is a probability measure with respect to (€2, F), with Q the sample space and F
the corresponding Borel og-algebra. A motivating application is the problem of estimating
the conditional density of a response variable using the mixture specification f(y|x) =
[ f(y|x,0)dGx(¢), with f(y |x,®) a known kernel and Gy an unknown probability measure
indexed by the predictor value, x = (z1,...,2,)".

The problem of defining priors for dependent random probability measures has received
increasing attention in recent years. Most approaches focus on generalizations of the Fergu-
son (1973; 1974) Dirichlet process (DP) prior, with methods varying in how they incorpo-
rate dependency. One approach is to include a regression in the base measure (Cifarelli and
Regazzini, 1978), which has the disadvantage of capturing dependency only in aspects of the
distribution characterized by the base parametric model.

Much of the recent work has instead relied on generalizations of Sethuraman (1994)’s
stick-breaking representation of the DP. If GG is assigned a DP prior with precision o and
base measure Gy, denoted G ~ DP(aGy), then the stick-breaking representation of G is

o0 h—1

G = hz_jlphagh, ph =V Z_Hlu — V), Vi ¥beta(l,a), 6, % Gy, (1)
where dy is a probability measure concentrated at . MacEachern (1999; 2001) proposed the
dependent DP (DDP), which generalizes (1) to allow a collection of unknown distributions
indexed by x by assuming fixed weights p = (pn,h = 1,...,00) while allowing the atoms
0 = (0h,h = 1,...,00) to vary with x according to a stochastic process. The DDP has
been successfully applied to ANOVA (De Iorio et al., 2004), spatial modeling (Gelfand et
al., 2005), functional data (Dunson and Herring, 2006), and time series (Caron et al., 2006)
applications.

Noting limited flexibility due to the fixed weights assumption, Griffin and Steel (2006)

and Duan et al. (2006) have recently developed methods to allow p to vary with predictors.

Griffin and Steel’s (2006) approach is based on an innovative order-based DDP, which in-



corporates dependency by allowing the ordering of the random variables {V},h =1,..., 00}
in the stick-breaking construction to depend on predictors. Motivated by spatial applica-
tions, Duan et al. (2006) instead propose a multivariate extension of the stick-breaking
representation. An alternative to these approaches is to incorporate dependency through
weighted mixtures of independent DPs. Miiller et al. (2004) used this idea to allow depen-
dency across experiments, while Dunson (2006) and Pennell and Dunson (2006) considered
discrete dynamic settings.

A conceptually-related idea was proposed by Dunson, Pillai and Park (2006), who defined
a prior for Gy conditionally on a sample X = (x1,...,x,)" as follows:

%K<X7 Xj) *
Gy = e
Z <Z?:1 7K (x, Xl)> !

J=1

v ~ gamma(k,nk), G ~ DP(aGy), j=1,...,n, (2)

which expresses Gy as a weighted mixture of independent random probability measures
introduced at the observed predictor values. Here, v = (v1,...,7,)" is a vector of random
weights on the n different bases, located at x; for j = 1,...,n, K : R x §¥ — [0,1] is a
bounded kernel function, and G7 is a DP random basis measure. Because bases located close
to x are assigned higher weight, expression (2) accommodates spatial dependency.

Although prior (2) has had good performance in several applications, the sample depen-
dence is problematic from a Bayesian perspective and results in some unappealing properties.
For example, the specification lacks reasonable marginalization and updating properties. If
we define a prior of the form (2) based on a particular sample realization X, then we do not
obtain a prior of the same form based on S C X or S = [X/, X,;e0]’, With X,,c,, denoting
additional samples.

In developing a prior for Gy, we would also like to generalize the Dirichlet process
prediction rule, commonly referred to as the Blackwell and MacQueen (1973) Pélya urn

scheme, to incorporate predictors. Assuming ¢; ~ G, with G ~ DP(aG)), one obtains the



DP prediction rule upon marginalizing over the prior for G:

P(é1€) =Go(), Pdi€|on.. ) = (=5 )Gal) *2( ;

26,0

ati—1
The DP prediction rule forms the basis for commonly-used algorithms for efficient posterior
computation in DP mixture models (MacEachern, 1994).

The DP prediction rule induces clustering of the subjects according to a Chinese Restau-
rant Process (CRP) (Aldous, 1985; Pitman, 1996). This clustering behavior is often exploited
as a dimensionality reduction device and a tool for exploring latent structure (Dunson et
al., 2006; Kim et al., 2006; Lau and Green, 2006; Medvedovic et al., 2004). The DP and
related approaches, including product partition models (Barry and Hartigan, 1992; Quintana
and Iglesias, 2003) and species sampling models (Pitman, 1996; Ishwaran and James, 2003),
assume exchangeability. In many applications, it is appealing to relax the exchangeability
assumption to allow predictor-dependent clustering.

Motivated by these issues, this article proposes a class of kernel stick-breaking processes
(KSBP) to be used as a sample-free prior for Gy, which induces a covariate-dependent
prediction rule upon marginalization. Section 2 proposes the formulation and considers basic
properties. Section 3 presents the prediction rule. Section 4 develops a retrospective MCMC
algorithm (Papaspiliopoulos and Roberts, 2006) for posterior computation. Section 5 applies
the approach to simulated examples. Section 6 contains an epidemiologic application, and

Section 7 discusses the results. Proofs are included in Appendices.

2. Predictor-Dependent Random Probability Measures

2.1 Formulation and Special Cases

Let Gy ~ P, with P a probability measure on (¥,C), where W is the space of uncountable
collections of probability measures on (€2, F) indexed by x € X and C is a corresponding

o-algebra. Our focus is on choosing P.



We first introduce a countable sequence of mutually independent random components,
{Fh, Vh,GZ,h == 1, ceey OO},

where I'y, “WH s a location, V}, ind beta(ay, by) is a probability weight, and G;, % Q is
a probability measure. Here, H is a probability measure on (L£,.A), where A is a Borel
o-algebra of subsets of £, and L is a Lesbesgue measurable subset of ” that may or may
not correspond to X. In addition, Q is a probability measure on the space of probability
measures on (2, F). For example, Q@ may correspond to a Dirac measure at a random
location, a Dirichlet process, or a species sampling model (Pitman, 1996; Ishwaran and
James, 2003).

Using these components, the kernel stick-breaking process (KSBP) is defined as follows:

Gx = D W0 Vi, Tn) [T{1 = W(x; Vi, I0)}Gy,

h=1 I<h
W(x; Vi, ) = VK(x,Th), VxeX, (4)
where K : #? x R — [0,1] is a bounded kernel function, which is initially assumed to
be known. Note that (4) formulates Gx as a predictor-dependent mixture over an infinite
sequence of basis probability measures, with Gj located at I'y, for h = 1,...,00. Bases
located close to x and having a smaller index, h, will tend to receive higher probability
weight. In this manner, the KSBP accommodates dependency between Gy and Gy .
Let 7 (x; Vi, Ty) = W(x; Vi, Tn) Tlien {1 = W(x; Vi, 1))}, for h =1,... 00, with V;, =
(Vi,..., Vi) and 'y, = (I'y,...,I',)". Then, the following Lemma must hold in order for Gy

to be a well defined probability measure for all x € X’:
Lemma 1. Y52, mp(x; Vp, T'y) =1 as. for all x € X if
> Ellog{l = V,K(x,T)}] = —o0, forallxe X.
h=1

For example, when V, % beta(a, b), E[log {1 — VoK (x,T},)}] = C(x), where C(x) < 0 is a

constant strictly less than 0, which implies that the conditional of Lemma 1 holds.
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To motivate the form chosen in (4), it is useful to first consider the special case in which
K(x,T) =1 for all (x,I') € XQL and G; ~ DP(aGy). In this case, Gx = G, with G
assigned a stick-breaking mixture of Dirichlet processes. Specifically, letting ¢; ~ G, ¢; is
drawn from G} with probability Vi, from G with probability V(1 — V}), and from G}, with
probability V3, IT;c,(1—=V}), for h =3, ..., 00. Here, [];.,(1 —V}) of the unit probability stick
remains to be allocated after assigning probabilities to the first A — 1 basis locations, and V},
is the proportion of this remaining piece allocated to location I'y.

By choosing a kernel, such as K(x,I') = exp(—¢||x — T'||) for ¢» > 0, we allow these
stick-breaking probabilities to depend on predictors. In particular, ¢; is drawn from G}
with probability V3 K (x,T";), which decreases monotonically from Vj to 0 as the distance
between x and I'y increases. Hence, if x is far from I'y, the location of the first basis, then
more of the stick will remain to be allocated to other basis locations. The resulting kernel
stick breaking process represents a fundamentally different approach than the order-based
approach of Griffin and Steel (2006) or the multivariate idea of Duan et al. (2006).

Although the kernel stick-breaking formulation is new, a number of previously proposed
formulations arise as special cases when K(x,I") = 1 for all (x,T") € X L. When G} =
g, O, id Gy, for h = 1,...,00, we obtain Gy = G, with G having a stick-breaking prior
in the class considered by Ishwaran and James (2001). In the further special case in which
ap = 1—a and b, = b+h a, we obtain a Pitman-Yor (1997) process for G, with G ~ DP(A\G))
when a = 0 and b = . If we instead let G, ~ DP(aG)y), ap, = 1,b, = A, G is assigned a DP
mixture of DPs, which is a two parameter generalization of the Dirichlet process. The DP

mixture of DPs reduces to a DP in the limiting case as either A — 0 or o — 0.

2.2 Conditional Properties
Returning to the general case, we first derive moments of Gy conditionally on the ran-

dom weights V and random locations I', but marginalizing out the random basis measures,



{G5,h=1,...,00}. Letting Go(B) = Eg{G7.(B)}, for all B € F, we obtain
E{Gx(B)| V.T} = ¥ m(x; Vi, TWEo{G}(B)} = Go(B), VB e F. 5)
h=1

Due to the lack of dependency on V and T', we also have Ep{G«(B)} = Go(B), so that the

prior is centered on the base measure Gy. In addition,
B{GK(B)* | V.T} = | Y- m(x; Vi, T Eo{G; (B}
h=1

[ 3 3w Vi T Vi, OB G (8) o (G (8)
h=11#h

= < i_oj ™ (%; Vi, Tn)? [Bo{ G} (B)*} — G0<B)2D + Go(B)?

= |In(x; V,D)|[*Vow) + Go(B)?, (6)

where Vg = Vo{G;(B)} and Var{Gx(B) | V,I'} = ||7(x; V,T)||*V o). Following a simi-
lar route, the correlation coefficient is

S (X Vi, Ty)mp (x5 Vi, T'y)

{ 2521 mu(x Vi, Fh)2}1/2{ S5y T Vi, )2 |

<7(x;V,I'),n(x; V,T') > ,
- =p(x,x; V.T). (7)
w6V, D) - [[w (x5 V, T

corr{Gy(B),Gx(B) | V,T} =

1/2

From the Cauchy-Schwarz inequality, p(x,x’; V,T') < 1, with the value — 1 in the limit as
x — X/, assuming limy . K(x,I') = K(x/,I'), for all I' € £. This expression is quite intu-
itive, being a simple normed cross product of the weight functions. An appealing property
is that the correlation coefficient is free from the set B, so that a single quantity can be
reported for each x,x’ pair. Interestingly, the correlation coefficient does not depend on the

choice of Q, the probability measure generating the bases at each of the locations.

2.3 Marginal Properties
To obtain additional insight into the properties of the KSBP, it is interesting to marginalize
out the random weights, V, and random locations, I'. Let Kj,(x) ~ Fx denote the random

variable obtained in the transformation from T'), ~ H to K(x,T'}). Because the random
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locations are iid, we have Kj(x) ~ Y F, for h=1,... 00. In addition, the random variables
K (x) and K, (x') are dependent, while K (x) and K;(x’) are independent, for h # .
Letting Uy (x) = V,Kp(x), for h = 1,...,00, and Py(x) = Up(x) [T1cn{1 — Ui(x)}, we

obtain the following alternative representation of the KSBP:
S RXG;, G~ Q, (8)
=1

with dependence in the random weights, P(x) = {P,(x),h = 1,...,00} and P(x') =
{P,(x'),h = 1,... 00}, arising through dependence between the components U,(x) and

Up(x'), for h = 1,...,00. In the sequel, we focus on the case in which V}, i beta(a, b), for

h=1,...,00

Theorem 1. Let u(x) = E{Ux(x)} and p(x,x") = E{U,(x)U,(x')}. Then, for

any Borel set B, we have

B{GH(B)Gw (B)) = - ANy Gy

The derivation is in the Appendix. From this expression, it is straightforward to show

u@)( )V o(5)
(%)’

ViGx(B)} =

(9)

where 1? (x) = p(x,x). In addition, the correlation coefficient has the simple form:

_ p(x, x') {20(x) — p@ (x)H2u(x') — p@(x')}11/2
COI“I"{Gx(B)y GX’(B)} - /IJ(X) + N(X/) _ M(X> X’)] [ IU(Q) (X)IU(Q) (X’) (10)

Note that this expression is free of B and only depends on the expectation of Uy (x) and
Un(x)Up(x'). Recalling that U, (x) = Vj,Kp(x) and focusing on Vj, ~ beta(1,\), we obtain

the modified expression:

k(X ){(2+/\ e — }1/2{ 24 )= @(x, 1}1/2
(L+X/2){k(x) + £(x)} — K(x,x')

where r(x) = E{K},(x)}, k2(x) = E{Kx(x)?} and r(x,x') = E{K}(x)K,(x')}. This expres-

corr{Gx(B), Gx (B)} =

, (11)

sion is useful in considering the correlation structure induced for different choices of H and
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K, as well as the impact of the hyperparameter \. For example, note that when the first

two moments of Uy (x) are free from x, expression (11) reduces to

corr{ G (B), G (B)} = [W _ 1] / [W _ 1], (12)

Ko K(x,x’)
dropping the dependency on x in x and ks.

For some special cases of H and K, the moments of Uy(x) and U, (x)Ux(x') can be
calculated in closed form, so that the above expressions are also available in closed form.
Theorem 2 focuses on rectangular kernels, with V}, ~ beta(1,\) and the predictor space X
assumed to be bounded, focusing on the unit hypercube without loss of generality. Similar
closed form results can be obtained for Gaussian kernels (details available from the authors

upon request).

Theorem 2. Suppose X = [0,1]” and £ = @"_,[—1;, 1 + ¢;], with 1; > 0 for
j=1,...,psothat X C L. Assume H is a uniform probability measure and let
K(x,I'y) = 1(|$j — Tyl <y,5 = 1,...,p). Then, for any x € X

E{Un(x)"} = <1_ﬁ1 Ail) ﬁ (lizz;j@/ﬁj)

J=1

(D ESED)

=1

E{Un(x)Un(x')}

where Aj(x;, 2) = max {0, min(z; + 1, 2 + ;) — max(x; — ¥, 25 — ;) }.

;From Theorem 2, it is apparent that the moments of Uy(x) are free from x, while the
expectation of Uy (x)Up(x") depends only on the distance between x and x’. Calculating the

variance, we obtain the simple expression

V{G(B)} = Yi“i) (13)

In addition, the correlation coefficient takes the form:

1+A
p(x = x5\, ) = corr{Gx(B), G (B)} = . ) (14)
(2+2) ?:1 Aj(ﬁ;]@}) -1




which is a function of the distance between x and x’. When (x—x') ¢ C’¢ = @'_1[—21y, 2¢],
p(x—x'; ;1) = 0. In addition, in the limit as x — x', Aj(w;, 7)) — 2¢; and p(x—x'; A, ) —
1. Hence, the correlation coefficient is bounded between 0 and 1, depending on the distance

between the predictor values.

2.4 Truncations
It is often useful to consider finite approximations to infinite stick-breaking processes. For
example, truncation approximations form the basis for commonly-used computational algo-
rithms for DP mixture models. For previous work on truncations of stick-breaking random
measures, refer to Muliere and Tardella (1998) and Ishwaran and James (2001) among others.
Our development follows that of Ishwaran and James (2001).
We focus on the following truncation approximation to (8):
N N
G =Y Pu(x)G; + (1 S Ph(x))G;;, Gi~Q h=0,... N, (15)

h=1 h=1

resulting in Gy ~ PV, where limy_.o, PV — P, with P a KSBP. Letting P(x) denote the

probability mass on G, we have 3 Py(x) = 1 for all x € X.

Theorem 3. Let P,(x),h =1,...,00, denote the infinite sequence of random
weights in expression (8). For each positive integer N > 1 and positive integer

m > 1, let

To(rm, %) = (f;v Ph<x>)m, Wit x) = >~ Py

It follows that

B{Tx(m,x)) = EH{L-Us ()", B{¥ig(m,x)) = S ST

Refer to the appendix for a proof. Both expectations decrease exponentially fast in N

suggesting that an accurate approximation may be obtained for moderate N.
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To compare this rate to that corresponding to the N-truncation of a Dirichlet process
prior, we recall that U,(x) = V,Kp(x), with V}, ~ beta(1,\), the stick-breaking random

weights from a DP(AH) random measure. It is straightforward to show that
E{l - Ui(x)}™] > E{(1 —V;)™}, for any x € X.

It follows that E{Ty(m,x)} for a KSBP(«a, Gy, A\, H) measure is bounded below by the
respective value for a DP(AH) measure. We use the KSPB(«a, Gy, A\, H) notation to refer
to the KSBP with Vj, ~ beta(1, A\) and G}, ~ DP(aGy). The tightness of the bound depends
on the measure H and the kernel K (-). In the case in which K (x,x') = exp(—||x—x[|?) it is
straightforward to show that E{Tx(m,x)} increases monotonically with increasing precision
v. This is intuitive, as high values of ¢ imply little borrowing of information across X,

necessitating a moderate to large number of random basis measures.

3. Clustering and Prediction Rules

As mentioned in Section 1, one of the most appealing and widely utilized properties of the
Dirichlet process is the simple prediction rule shown in expression (3). In this section, we
obtain a predictor-dependent prediction rule derived by marginalizing over the KSBP prior
for Gy shown in expression (4). For tractability, we focus on the special case in which
G} = de,, with ©5, ~ Gy, for h =1,...,00. In this case, there is a single atom, Oy, located
at I'j,, so that all subjects allocated to a given location will belong to the same cluster.

Consider the following hierarchical model:

(i %) ™ Gy, i=1,...,n

gx ~ P, (16)

where Gy = {Gx : x € X'}, P is a KSBP characterized in terms of a precision parameter,

A, a kernel, K, and a base measure, G, focusing on the case in which Ty, w beta(1, ), for
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h=1,...,00. Note that (16) can be equivalently expressed as:

(¢1|Z17X17@) lﬁzjd 5@zi7 izla'-'an

(Zi|x;, V,T) w Zﬂh(xi;vh,rh)(sh
h=1
iid

Vi, ~ beta(l, )

itd

r, ~ H
en “ Gy, (17)

where Z; indexes the (unobserved) location for subject i. It follows that Pr(¢; € -|x;) =
Go(+). As a notation to aid in describing marginal properties, we let
MIZE{HUh(Xz’)}> (18)
i€l
where X = (x1,...,X,) is an n X p matrix and Z C {1,...,n} is a subset of the integers
between 1 and n. In some important special cases, including rectangular and Gaussian ker-
nels, these moments can be calculated in closed form using a straightforward generalization

of Theorem 2.

Lemma 2. The probability that subjects ¢ and j belong to the same cluster

conditionally on the subjects predictor values, but marginalizing out P, is

g ..
Pr(d = by |xx,) = — 9 Vije{l,....n),
’ ’ Hi = g — i

with g, pt5, pi; defined in (18).

Under the conditions of Theorem 2, the expression in Lemma 2 takes the form:

[T Aj(x, 2)

Prion= 05 1%:%0) = G TP, 20)) — [P (27

(19)

which reduces to 0 if x; — x; ¢ Cop = ®’_1[—2¢,2¢;], as x; and x; are not in the same
neighborhood in that case. In addition, as x; — x;, Pr(¢; = ¢;|x;,%x;) — 1/(1 + A), which

corresponds to the clustering probability for the DP prediction rule when ¢; ~ DP(AG)).
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Theorem 4. Let /\/’i(r’s) denote the set of possible r-dimensional subsets of
{1,...,s} that include i, let ./\/'Z(gs) denote the set of possible r-dimensional sub-

sets of {1,...,s} including 7 and j, and let

Zg(_l)t_l > JeT, MJ7

where #7 is the cardinality of set Z and Z; is the set of length ¢ subsets of Z.

(%

Then, the following prediction rule is obtained on marginalizing out P:

P(p;€ |1, 0im1,X1, ..., Xi1) =

(- Y w)at+ X (S X 0.

r=2 Ie/\/—i('mi) j=1 “r=2 IGN("?/L.)

Note that the resulting law of (¢1q,...,®,) is not dependent on the ordering of the sub-
jects, and one can obtain equivalent expressions to that shown in Theorem 4 for any order-
ing. For example, this allows one to obtain full conditional prior distributions for ¢; given
AR {61, ., Pi—1, Pit1, ..., ¢n} and X. Updating these conditional priors with the data,
the collapsed Gibbs sampler of MacEachern (1994) can be applied directly for posterior
computation.

Under the conditions of Theorem 2, we obtain the following simple expression for pz:

pr = E{ II Uh(Xz‘)} = E(Vi) / I1 ﬁ L(Jaij — Tnj| < 4;)dH(Tp)

i€l €T j=1

i)

=1

where A;(X7) = max [0, 2¢); + min;ez{z;;} — max;ez{z;;}]. From this result, one can show
that the prediction rule from Theorem 4 reduces to the DP prediction rule in the special

case in which x; =x, fori=1,...,4.

4. Posterior Computation

4.1 Background
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For DP mixture (DPM) models, there are two main strategies that have been used in develop-
ing algorithms for posterior computation: (1) the marginal approach; and (2) the conditional
approach. Letting ¢; ~ G, with G ~ DP(aG)), the marginal approach avoids computa-
tion for the infinite-dimensional G by relying on the Pélya urn scheme, which is obtained
marginalizing over the DP prior. The most widely used marginal algorithm is the generalized
Pélya urn Gibbs sampler of MacEachern (1994) and West, Miiller and Escobar (1994). Ish-
waran and James (2001) extend this approach to a general class of stick-breaking measures,
while Ishwaran and James (2003) consider species sampling priors.

The conditional approach avoids marginalizing over the prior, resulting in greater flex-
ibility in computation and inferences (Ishwaran and Zarepour, 2000). Conditional algo-
rithms typically rely on a truncation approximation to the stick-breaking representation in
(1). In particular, to avoid the impossibility of conducting posterior computation for the
infinitely-many parameters in (1), one approximates (1) by letting Viy = 1 and discarding
the N 4+ 1,...,00 terms. Refer to Ishwaran and James (2001) for a formal justification.
Although the approximation can be shown to be highly accurate for DPM models for N
sufficiently large, one must be conservative in choosing N, which may lead to unnecessary
computation. In addition, by using a finite approximation, one is essentially fitting a fi-
nite mixture model. To avoid these problems, Papaspiliopoulos and Roberts (2006) recently
proposed a retrospective MCMC algorithm, which avoids truncation.

In this section, we propose a conditional approach to posterior computation for KSBP
models, relying on a combined MCMC algorithm that utilizes retrospective sampling and

generalized Pdlya urn sampling steps.

4.2 MCMC' Algorithm
We focus on the general case in which Vj, ~ beta(ay, by), K and H have arbitrary forms, and

Q corresponds to a species sampling model. Let @ = (6y,...,6;) denote the k < n unique
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values of ¢ = (¢1,...,6,), let S; = hif ¢; = 0;, denote that subject i is allocated to the hth
unique value, with S = (Sy,...,8,)’, and let C;, = j denote that 0, is an atom from G, with
C=(Ci,....C0). Let ¢,09 8O €O and Z" correspond to the vectors ¢, 8, S, C, and
Z that would have been obtained without subject i’s contribution. The number of subjects
allocated to the jth location is n; = > 1(Z; = j), with 3222, n; = n. The index set for
locations, Z = {1,2,...,00}, consists of two mutually exclusive subsets: occupied locations,
Toe ={j € T : n; > 0}, and vacant locations, Z,. = {j € Z : n; = 0}, so that C;, € Z,, for
h=1,... k.

Letting NV}, = {i : Z; = h,i = 1,2,...,00} denote the subset of the positive integers in-
dexing subjects allocated to location h, {¢;, j € N} is a species sampling sequence (Pitman,
1996). Hence, it follows from Pitman (1996) and Ishwaran and James (2003) that

P(¢i € -1 Z; = h, 8O, CD 0D X) = 11oGo(-) + Y. linjds, (), (21)

JEN?
where N,ﬁi) = NuN{1,...,n}\{i} and {l;,;} are the probability weights implied by the species
sampling prediction rule. For example, in the DP special case, we have l;,0 = a/ (a+ #N, ,51))
and l;p; = 1/(a+ #./\/',Ei)). We obtain the following from (21) by marginalizing out Z;, noting
Pr(Z; = h|x;,V,T) = m(x;; Vi, T) = my for h = 1,... 00, and grouping together the

subjects with the same unique value:

(4)
P(¢; € -| S(l)y C(Z), 0(1), X) = wioGo () + Z wijée(i)<') + wi7k(i)+1G0(')a (22)
j=1 !

with k@ the length of 8 and the weights defined as follows:

, i
wio =Y Tn ling, wi; = T, o0 ) Ly J = L. k9 Wiprg1 = Y, Tinlino.  (23)
. ™y X J .
hezl? g:8$=j hezl?

Assuming the likelihood contribution for subject i is f(y; | X;, ¢i), expression (23) can be
updated to obtain a conditional posterior distribution for ¢;. From this posterior, we obtain
P(S;=jly,89,CY,0".X) = g3, (24)
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where ¢;; = ¢; wij fo(yi | x;) for j =0, k@ +1, and ¢ij = ¢ wij [y | Xi,QJ@) for j=1,..., kW,
with fo(y; |x:) = [ f(yi|xi,¢)dGo(¢) and ¢; a normalizing constant. We update S; by
sampling based on (24). Sampling S; = 0 corresponds to assigning subject i to a new
atom at an occupied location, with Cgs, ~ ZheIf,? 75 0n, where 7l = mp/ Zzgf,? my. When
S; = k¥ +1, subject i is assigned to an atom at a new location. Because there are infinitely
many possibilities for this new location, we use a retrospective sampling approach, which
follows along similar lines to Papaspiliopoulos and Roberts (2006).

After updating S, C, we update 6, for h =1,..., k from

(Only,S,C K, X) o { ;_[hf(yz‘lxi, 0n)}Go(0h). (25)

Let M® correspond to the maximum element of Z,. across the first ¢ iterations of the
sampler. To update Vi, for h = 1,..., M®, we use a data augmentation approach. Let
Ay ™ Bernoulli(Vy,) and By, nd Bernoulli(K (x;,I'y)), with Z; = Cs, = min{h : A;, =
By, = 1}. Then, alternate between (i) sampling (A;x, Bi,) from their conditional distribution
given Z;; (ii) updating V}, by sampling from the conditional posterior distribution:

beta(ah + Z A, by + Z (1-— Aih)).
i Z;>h i Z;>h

Updating of T, for h =1, ..., M® can proceed by a Metropolis-Hastings step or Gibbs step

if H() =YL, a;or; (), with I = (T'], ..., T'%)" a grid of potential locations.

5. Simulation Examples

In this section, we use a KSBP mixture of normal linear regression models for conditional
density estimation. In particular, let f(y; | x;, &;) = (2m7~1)"Y2 exp{—7/2(y; — x,3,)}, with
¢; = B, ~ Gx, and Gy ~ P, with P a KSBP chosen so that a5, = 1, b, = A, Q is a
DP(aGj) random measure, and Gy follows a Gaussian law with mean 3 and variance 3. In
addition, we let K (x,x’) = exp(—||x — x/||?) and choose priors: 7(7) = gamma(T;a,,b,),

7(8) = N(B; By, Vi), m(Z5") = W(Z5"; (120) !, o), the Wishart density with degrees of
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freedom vy and E(X;") = 55, and 7(¢) = log-N(¥; iy, 03).
Following Dunson et al., (2006), we simulate data for n = 500 subjects from a mixture

of two normal linear regression models as follows:
F(yilxi) = e 2 N (yi;25,0.01) + (1 = >N (y;; 27, 0.04),

where x; = (1,z;)/, with p = 2 and z; ~ unifom(0,1). We let A = 1 and o = 1 to favor
few occupied basis locations and few clusters per location, p, = 2.5, ai = 0.5, B, = 0,
Vs, = (X'X)H/n, vy = p, X' = Lxp, and a, = b, = 0.1, and choose every point from
0 to 1 with increment of 0.02 as I'*, with 7" = 51 and probability weight a; = 1/7. The
MCMC algorithm described in Section 4 was run for 30,000 iterations, with a burn-in of
8,000 iterations discarded. Based on examination of trace plots, convergence and mixing
were good. Figure 1 plots the true density (dotted line) and estimated predictive density
(solid line), along with pointwise 99% credible intervals (dashed lines). An x-y plot of the
data along with the estimated and true mean curve is also provided. Even though the sample

size was only 500 the estimates are good.

6. Epidemiology Application

6.1 Background and Motivation

In epidemiology studies, a common focus is on assessing changes in a response distribution
with a continuous exposure, adjusting for covariates. For example, Longnecker et al. (2001)
studied the relationship between the DDT metabolite DDE and preterm delivery. DDT is
effective against malaria-transmitting mosquitoes, so is widely used in malaria-endemic areas
in spite of growing evidence of health risks. The Longnecker et al. (2001) study measured
DDE in mother’s serum during the third trimester of pregnancy, while also recording the
gestational age at delivery (GAD) and demographic factors, such as age. Data on DDE and
GAD are shown in Figure 2 for the 2313 children in the study, excluding the children having

GAD> 45 weeks, unrealistically high values attributable to measurement error.
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Following standard practice in reproductive epidemiology, Longnecker et al. (2001) di-
chotomized GAD using a 37 week cutoff, so that deliveries occurring prior to 37 weeks of
completed gestation were classified as preterm. Categorizing DDE into quintiles based on
the empirical distribution, they fitted a logistic regression model, reporting evidence of a
highly significant dose response trend. Premature deliveries occurring earlier in the < 37
week interval have greater risk of mortality and morbidity. Hence, from a public health and
clinical perspective, it is of interest to assess how the entire left tail of the GAD distribution

changes with DDE dose, with effects earlier in gestation more important.

6.2 Analysis and Results

We analyzed the Longnecker et al. data using the following semiparametric Bayes model:

Fluilx) = [ NyaxiB, )Gy, (8)
gX ~ 7)7 (26)

where Gy = {Gx : x € R}, y; is the normalized gestational age at delivery, x; = (1, dde;, age;)’,
dde; is the normalized DDE dose for child i, age; is the normalized age of the mother, and P
is a KSBP, with a Gaussian kernel and Q corresponding to a DP(aGy). Prior specification
and other details are as described in Section 5 for the simulation examples.

As in the simulation examples, convergence was rapid and mixing was good based on
examination of trace plots. Figure 3 shows the trace plots for mean parameters in Gg, the
number of occupied locations, the total number of clusters, and the smoothing parameter
1. Even though the sample size was 2313, the posterior mean number of occupied locations
was only 5.4, while the posterior mean number of clusters was 28.1.

Figure 4 shows the estimated conditional densities of gestational age at delivery for a
range of DDE values. Based on these plots, there is some suggestion of an increasing left
tail with dose, representing increasing risk of premature delivery at higher exposure values.

At very high exposures, data are sparse and the credible intervals are much wider. To more
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directly assess impact of DDE on the left tail, Figure 5 shows dose response curves for the
probability Y < T for different choices of cutoff T'. For early preterm birth at < 33 weeks,
the dose response curve is flat except at high doses where the credible interval is wide. As
the cutoff increases, the dose response becomes more significant. Hence, the Longnecker et
al. (2001) result can be attributed to an increasing risk of late preterm births with dose of
DDE.

Although model (26) is extremely flexible, a potential concern is that the prior structure
may lead to lack of fit. To assess model adequacy, we implemented a recently developed

pivotal statistic-based approach (Johnson, 2006), which showed excellent fit.

7. Discussion

The article proposed a class of kernel stick breaking processes, which should be widely useful
in settings in which there is uncertainty in an uncountable collection of probability measures.
We have focused on a density regression application in which one is interested in studying
how a response density changes with predictors. However, there are many other applications
that can be considered, including predictor-dependent clustering, dynamic modeling and
spatial data analysis.

The KSBP should provide a useful alternative to recently developed generalized stick-
breaking processes, which allow predictors and spatial dependence (Griffin and Steel, 2006;
Duan et al., 2005). An advantage of the KSBP formulation is that many of the tools devel-
oped for exchangeable stick-breaking processes, such as the Dirichlet process, can be applied
with minimal modification. This has allowed us to obtain some insight into theoretical prop-
erties and to develop computational algorithms, which are straightforward to implement.
We also obtained a predictor-dependent urn scheme, which generalizes the Polya urn scheme
(Blackwell and MacQueen, 1973). In future work, it will be interesting to use this urn scheme

for computation and clustering without need to explicitly consider the random weights and
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locations in the stick-breaking representation.
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Proof of Lemma 1.

Following a related approach to Ishwaran and James (2001), we first note that

’/Th<X; Vh> Fh) = {1 - %K(X, Fl)} tee {1 - VNflK(X, FNfl)}.

|
M

Then, taking logs on both sides and N — oo,
Z (x;Vy,Tp) =1 as iff Z log {1 -V, K(x,T'})} = -0 as.
h=1 h=1

The summation on the right is over independent random variables and by the Kolmogorov

three series theorem equals —oo a.s. iff 372, E[log {1 — V, K(x,T';)}] = —o0.

Proof of Theorem 1.

As shorthand notation, we let Q, = G, (B) and Qo = E{G},(B)}. Then, we have

E{G.(B)Gx (B
Y S ST T
= B( S 000 T - G} - ) )
+E(§°:ZU [H{l— ) H1 - 0,60 [0h6¢) — Uit )
xs’ﬁl{l_m }@@) B( 3= 3% 60| [0 - veopa - vl
<[V ) = Un(x ]51;[+1{1— }]@@)
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o0

= Z %, X {1 = u(x) — p(x') + p(x, x')}"E(Q])

+u(x){p(x) — ulx,x)} i i (1 — pu(x) = p(x') + plx, )1 — p(x) Q3

+u(x){pu(x) — p(x,x)} i _i {1 — p(x) — p(x) + p(x, x) 71— p(x) Q2
_ 1(x, x")Vos) Q2

() + a(x) — pu(x, )

with linearity of expectation and reordering justified as the series is absolutely convergent.

Proof of Theorem 2.

Under the assumption that V}, ~ beta(1, \), we have

m

BUG0™ = BB 60" = (TT 557 [ TT 1 = Dl < ) (m)

:< )\+Z>H/ L(lzj = Tasl <)) +1¢ dl'y;

- (,_ﬁAil)ﬁ(liﬁ@)

as required. The expression for E{U,(x)U,(x’)} follows trivially using the same approach.

Proof of Theorem 3.

The random measure G can be expressed as

Gx() = Uix)Gi() + {1 = Ui(x)}HUL(x)G1 () + {1 = Ui(x)}02(x)Ga() + -],
Ui(x)G1 () + {1 = Ui(3)}Gx(-),

9

where Gy is a KSBP measure, with U;(x), G* and Gy mutually independent. Using the
same trick, it can be shown that Wi (m,x) 2 Uy (x)™ + {1 — Uy (x)}™W;(m, x), with U (x)

and W (m,x) mutually independent. Taking expectations with x fixed,

E{U:(x)"}
EAWOm )} = T v oo
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For N > 2, we can obtain the expression
5 [N-t
Wi (m, x) 2 [ I1 {1 = Un() 3™ | Wi (m. x),
h=1

with Uy(x), ..., Uy_1(x), Wi(m, x) mutually independent, and the term in [-] equal to Ty (m, x).

Thus, taking expectations with x fixed

E{TN(m x)E{U:(x)™}
E{1-Ui(x)}m]

E{Wx(m,x)} = E[{1 - U1(x)}"]" "E{Wi(m,x)} =

Proof of Lemma 2.

Under formulation (17), we have
Pr(qbz = ¢j | X, Xj) = /PI'(ZZ = Zj | Xiy X4, V, F)d’ﬂ'(V) dﬂ'(I‘)

_ E( 3 [Uh<xi>Uh<xj) IT{1 - tixi) {1 - UKX”H)

h=1 I<h

= Mijin(l_ﬂi_ﬂj+ﬂij>
h=1I<h

h
= ;) (1—Mi—ﬂj+ﬂij>
h=0
Hij
M+ = i
Proof of Theorem 4.

Letting Z denote an arbitrary subset of {1,...,i} that includes i € Z, we have

E(iHP<Zj:h)) = iE(HUh(XJ 1:[ {1-U(x;) )

h=1jeT h=1 \jez =1
00 h—1
= (I vn6s) ITB(IT 0 - Uit}
= JET = JET
h—1
= Mz ZE(H{l—Ul X }>
JjET
_ Kz _ Kz — Wy
1— S (-1 ger, s (=) S e, g

where Z; denotes the set of all possible subsets of Z of length .
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Let K denote a arbitrary subset of {1,...,i} that includes ¢ and j, and let K = {1,...,i}\
K. Then, letting Z; = Z; for all j € K\ {i} and Z; # Z; for all j € K, the probability of

observing K and K in a sample from the prior is:

E(i [[PZ.=h)]][{1-PZ= h)})

h=1kek kex
0o : #K
- B(S e -n{ S ¥ =)
h=1 kek s=0 LR, lEL
#K o #K
- Sy S E(S T PG -n) =20 Y vy
s=0 Lek, “Nh=lkeLlJkK 5=0 LEKs

where IC; is the set of subsets of K of length s. The probability of Z; = Z; is then:
i #K i
Z Z Z(—l)s Z WeUk = Z(—l)r Z wr.

t=2 /CE./\/;-(tj’i) s=0 EEES r=2 Iejvi(;’i)

Here, r — 1 indexes the cardinality of the set {j : ¢; = ¢,}, and we obtain the expression in

Theorem 4 through normalization.
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Figure 1: Results for the simulation example.
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Figure 2: DDE vs gestational age at delivery in days for 2313 women in the Longnecker et

al. (2001) study. The solid line is the conditional predictive mean, while the dotted lines are

99% pointwise credible intervals. Vertical dashed lines are DDE quintiles.
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Figure 3: Trace plots for mean parameters in Gy, the number of unique values over all

loations, the number of occupied locations, and the kernel precision parameter.
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Figure 5: Estimated probability that gestational age at delivery is less than T' (33,35,37,40)
weeks versus DDE dose. Solid lines are posterior means, while dashed lines are pointwise

99% credible intervals.
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