
Kerr black holes with self-interacting scalar hair: Hairier but not heavier

Carlos A. R. Herdeiro, Eugen Radu, and Helgi Rúnarsson
Departamento de Física da Universidade de Aveiro and CIDMA, Campus de Santiago,

3810-183 Aveiro, Portugal
(Received 14 September 2015; published 28 October 2015)

The maximal Arnowitt-Deser-Misner (ADM) mass for (mini)boson stars (BSs)—gravitating solitons of
Einstein’s gravity minimally coupled to a free, complex, mass μ, Klein-Gordon field—is Mmax

ADM ∼M2

Pl=μ.
Adding quartic self-interactions to the scalar field theory, described by the Lagrangian LI ¼ λjΨj4, the
maximal ADM mass becomesMmax

ADM ∼
ffiffiffi

λ
p

M3

Pl=μ
2. Thus, for mini-BSs, astrophysically interesting masses

require ultralight scalar fields, whereas self-interacting BSs can reach such values for bosonic particles with
Standard Model range masses. We investigate how these same self-interactions affect Kerr black holes with
scalar hair (KBHsSH) [C. A. R. Herdeiro and E. Radu, Kerr Black Holes with Scalar Hair, Phys. Rev. Lett.
112, 221101 (2014).], which can be regarded as (spinning) BSs in stationary equilibrium with a central
horizon. Remarkably, whereas the ADMmass scales in the sameway as for BSs, the horizon massMH does
not increases with the coupling λ, and, for fixed μ, it is maximized at the “Hod point,” corresponding to the
extremal Kerr black hole obtained in the vanishing hair limit. This mass is always Mmax

H ∼M2

Pl=μ.
Thus, introducing these self-interactions, the black hole spacetimes may become considerably “hairier” but
the trapped regions cannot become “heavier.” We present evidence that this observation also holds in a
model with LI ¼ βjΨj6 − λjΨj4; if it extends to general scalar field models, KBHsSH with astrophysically
interesting horizon masses require ultralight scalar fields. Their existence, therefore, would be a smoking
gun for such (beyond the Standard Model) particles.
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I. INTRODUCTION

Boson stars (BSs)—see [1,2] for reviews—were origi-
nally discovered in Einstein’s gravity minimally coupled
to a massive (mass μ), free, complex scalar field [3,4].
They are often described as macroscopic quantum states,
or Bose-Einstein condensates, which are prevented from
collapsing byHeisenberg’s uncertaintyprinciple.But a purely
macroscopic interpretation can be obtained by regarding the
scalar field as a perfect fluid, which, generically, has pressure
(see e.g. [5]).Naturally, the pressure can only prevent collapse
into a black hole (BH) up to some maximal mass, as it is also
the case for fermionic compact stars, where one obtains the
Tolman-Oppenheimer-Volkoff limit. From generic argu-
ments, the maximum Arnowitt-Deser-Misner (ADM) mass
of BSs supported by a free complex scalar field is of the order
of the Compton wavelength of the scalar field:

Mmax
ADM ≃ αBS

M2

Pl

μ
≃ αBS10

−19M⊙

�

GeV
μ

�

; ð1:1Þ

whereMPl,M⊙ are the Planck and Sun masses, respectively.
The constant αBS must be obtained from computing
the explicit solutions (numerically, as there are no closed-
form known solutions in four spacetime dimensions) and
is of order unity. Its specific value depends on the “quantum”
numbers of the BS. BSs can have a number of nodes
n ∈ N0 in the scalar field profile and an azimuthal harmonic
dependence Ψ ∼ eimϕ, with m ∈ Z

þ, if they are rotating.

For instance, for nodeless BSs—usually regarded as the
fundamental and more stable states—with azimuthal har-
monic index m ¼ 0 (spherically symmetric), αBS ¼ 0.633
[2], whereas for rotating solutions with m ¼ 1; 2,
αBS ¼ 1.315; 2.216 [6,7]. As a rule of thumb, one may
expect Mmax

ADM to increase with m as ∼mþ 1. In any case,
unless one considers absurdly high values ofm, for typical
standard model particle masses, say μ ∼ 1 GeV, this
maximal mass is small, by astrophysical standards:
Mmax

ADM ∼ 10−19M⊙. For this reason such BSs have been
dubbed mini-BSs.
It was, however, shown by Colpi, Shapiro, and

Wasserman [8] that Mmax
ADM can be considerably increased

if quartic-self-interactions are introduced as a potential
term: VðjΨjÞ ¼ λjΨj4, where λ is a coupling constant.
Then, for spherically symmetric quartic-BSs [8]

Mmax
ADM ≃ 0.062

ffiffiffi

λ
p M3

Pl

μ2
≃ 0.062

ffiffiffi

λ
p

M⊙

�

GeV
μ

�

2

: ð1:2Þ

Thus, if, say, μ ∼ 1 GeV and λ ∼ 1, this maximal mass is
comparable to that of astrophysical objects: Mmax

ADM ∼

0.062M⊙ and it grows without bound as λ increases.
In fact, as observed in [8], Mmax

ADM becomes comparable
to the Chandrasekhar mass for fermions of mass ∼λ−1=4μ.
Relation (1.2) was established by putting together

numerical data and an analysis of the large λM2

Pl=μ
2 limit,

where the equations simplify and some analytical relations
can be obtained. In particular, it was observed that when
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this quantity is large, the spatial distribution of the quartic-
BSs becomes more extended than for mini-BSs, with a
slower falloff of the scalar field close to the center of
the star matching the asymptotic exponential falloff.
Thus, quartic-BSs become larger than mini-BSs and can
withstand larger masses without gravitationally collapsing
into BHs.
A small number of works generalized quartic-BSs to the

rotating case. The pioneering work by Ryan [9] focused on
the aforementioned large self-interaction limit, whereas
more recent works [7,10] focused on a single value of
the coupling λ and obtained, for instance, solutions with
higher m. A first goal of this work is to present a more
systematic study of rotating quartic-BSs in terms of λ. In
particular, we obtain the analogue of (1.2) for solutions
with m ¼ 1, which is (cf. Fig. 2)

Mmax
ADM ≃ 0.057

ffiffiffi

λ
p M3

Pl

μ2
≃ 0.057

ffiffiffi

λ
p

M⊙

�

GeV
μ

�

2

: ð1:3Þ

Our main interest on this maximal mass has, however, a
different focus. In a recent development [11,12], it was
shown that one can add a BH at the center of asymptotically
flat mini-BSs, as a stationary solution, as long as the BH
and the BS are in a synchronized co-rotation (see also [13]).
These solutions form a family of Kerr black holes with
scalar hair (KBHsSH) since they interpolate continuously
between mini-BSs—in the limit of vanishing horizon—and
Kerr BHs—in the limit of a vanishing scalar field. The
necessity for rotation is clearly understood in the Kerr limit,
wherein the backreacting scalar field “hair” reduces to test
field “clouds” around Kerr BHs, first described by Hod
for extremal Kerr backgrounds [14] (see also [11,15–19]).
These clouds are bound states at the threshold of the
superradiant instability of Kerr BHs triggered by a massive
bosonic field, which only exists for the Kerr family if the
angular momentum is nonvanishing. Thus, it was suggested
in [11,20] that any field triggering a superradiant instability
(see [21] for a review) of a (bald) BH background should
allow the construction of hairy solutions with that field.1

In fact, an extra condition is that the field must give rise to
a time-independent energy-momentum tensor from the
threshold modes [12]. This explains why a single real
scalar field cannot originate stationary scalar hair, a fact
recently proved with generality [32]. The full domain of
existence of KBHsSH was exhibited in [11]; in particular, it
was shown that the ADM mass of these BHs is bound by
the mass of the corresponding mini-BSs that are obtained

in the limit of vanishing horizon. Hence, in this model, the
maximum ADM mass of KBHsSH is still given by (1.1),
with the value of αBS for the appropriate m ≠ 0.
One may ask, instead, what is the maximal horizon,

rather than ADM, mass for KBHsSH. The former is well
defined in terms of a Komar integral. A first analysis of
horizon mass and angular momentum for KBHsSH was
presented in [33] where it was pointed out that the Kerr
bound can be violated in terms of horizon quantities. The
second goal of this paper is to make a different observation:
the maximum horizon mass Mmax

H for KBHsSH is attained
at a particular configuration we dub the Hod point,
corresponding to the extremal (vacuum) Kerr BH obtained
in the vanishing hair limit, and precisely one of the points
studied in [14]. For KBHsSH this maximal mass obeys the
same form as (1.1),

Mmax
H ≃ αHod

M2

Pl

μ
≃ αHod10

−19M⊙

�

GeV
μ

�

; ð1:4Þ

but with the constant αHod < αBS. For instance, for m ¼ 1;
2, αHod ¼ 0.526; 1.165.
Since the introduction of self-interaction changes the

maximal ADMmass of BSs from (1.1) into (1.2) or (1.3), a
natural question is what happens both to the ADM and the
horizon maximal mass for the case of the hairy BHs in the
self-interacting theory. For simplicity we shall henceforth
dub these solutions as quartic-KBHsSH, which have been
recently considered in [10], in a more general context.
These authors presented the full domain of existence of
quartic-KBHsSH, for values ofm up to 8, albeit for a single
value of the coupling λ. Their domains of existence follow a
similar pattern to the ones of KBHsSH and, in particular,
their ADM mass is bounded by that of the corresponding
BSs; this suggests formula (1.3) applies also to quartic-
KBHsSH. As a third goal of this paper, we generalize this
observation for more generic couplings: we shall compute
the domain of existence of quartic-KBHsSH for various
values of the coupling λ and, in particular, establish that
(1.3) still provides the maximum ADM mass of quartic-
KBHsSH for coupling λ (and m ¼ 1, n ¼ 0).
A quite different behavior is observed for the maximal

horizon mass of quartic-KBHsSH. The fourth goal of this
paper is to establish that, regardless of the coupling in the
self-interacting case, the maximal horizon mass is still
attained at the Hod point. Thus, relation (1.4) provides the
maximal horizon mass of quartic-KBHsSH for coupling λ.
Consequently, as λ increases, the spacetime of quartic-
KBHsSH can become considerably hairier, in the sense that
the ratio between Mmax

ADM=M
max
H can increase dramatically;

but the BH itself, i.e. the horizon, cannot become “heavier,”
i.e. more massive.
This paper is organized as follows. In Sec. II we briefly

describe the quartic model. In Sec. III we present the
quartic-BS solutions, emphasizing the variation of the

1Some partial evidence for this conjecture was recently
presented [22], in the context of charged BHs. For asymptotically
flat Reissner-Nordström BHs there are no superradiant instabil-
ities [23–25], unless the BHs are enclosed in a cavity [26–28] (see
also [29–31]). In [22] the corresponding Reissner-Nordström
BHs with scalar hair enclosed in a cavity were constructed and
evidence for their stability was presented.
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maximal mass with the coupling. In Sec. IV we describe
the quartic-KBHsSH in terms of ADM quantities, giving
the full domain of existence for three different values of the
self-coupling λ ≠ 0, which we compare with the non-self-
interacting case (λ ¼ 0). In Sec. V we explore the horizon
quantities for the original and quartic-KBHsSH, showing
that the maximum horizon mass is reached at the Hod point.
Finally, in Sec. VI we discuss the universality of our main
observation, which we support by examining Q-KBHsSH
(defined therein) and discuss some possible research
directions related to phenomenology.

II. THE MODEL

We consider a massive, complex scalar field Ψ mini-
mally coupled to Einstein’s gravity. The action is

S ¼
Z

d4x
ffiffiffiffiffiffi

−g
p �

R

16πG
− gabΨ�

;aΨ;b − UðjΨjÞ
�

; ð2:1Þ

with UðjΨjÞ ¼ μ2jΨj2 þ λjΨj4; ð2:2Þ

where G is Newton’s constant, μ is the scalar field mass
and the self-coupling is positive, λ > 0. To describe both
spinning BSs and KBHsSH we take the metric ansatz [11]

ds2 ¼ −eF0Ndt2 þ e2F1ðdr2=N þ r2dθ2Þ
þ e2F2r2sin2θðdφ −WdtÞ2; ð2:3Þ

where N ≡ 1 − rH=r, Fi, W, i ¼ 1, 2, 3, are functions of
the spheroidal coordinates r, θ. The scalar field ansatz is

Ψ ¼ e−iwtþimφϕðr; θÞ: ð2:4Þ

Here, rH is the radial coordinate of the horizon in the BH
case and is set to zero for BSs. w is the scalar field
frequency, and m ∈ Z

þ is the azimuthal harmonic index
that will always be taken m ¼ 1 in the work. Also, we
consider only nodeless solutions (n ¼ 0), meaning that
the scalar field profile ϕðr; θ ¼ π=2Þ has no zeros.
The Einstein-Klein-Gordon equations obtained from

(2.1) yield a system of five coupled, nonlinear PDEs,
together with two constraint equations, found by taking
μ2 → μ2 þ λϕ2 (μ2 → μ2 þ 2λϕ2) in the Einstein (Klein-
Gordon) equations, as displayed in [12]. The boundary
conditions used to solve these equations are different
depending on considering BSs or KBHsSH, but do not
depend on λ, and can also be found in [12], together with a
description of the numerical code used to solve the PDEs,
employing a Newton-Raphson relaxation method.

III. QUARTIC-BOSON STARS

We start by considering quartic-BS solutions and their
dependence on the coupling λ. These solutions are con-
veniently presented in an ADM mass vs scalar field

frequency diagram, as shown in Fig. 1. In this type of
diagram, for λ ¼ 0, it is well known that the BS solutions
form a spiraling curve (see e.g. [12]). The solutions start
from vacuum (w ¼ μ), at which point they trivialize. As w
decreases from this value, their ADM mass increases until
reaching a maximum value at wmax ≃ 0.775μ. A minimum
frequency is then reached after which the curve backbends
towards a second branch. A second backbending and a third
branch can be seen in Fig. 1 of [12].
A similar description applies for λ ≠ 0. In Fig. 1 we can

see how BSs change as the quartic coupling parameter λ
varies from zero—the mini-BS case—to a large value. The
typical trend is that the spiral-like behavior is still kept as λ
increases, with an increase of the maximal mass. Also, the

FIG. 1 (color online). ADM mass of m ¼ 1, nodeless BSs, as a
function of w, for various values of λ (defined by Λ, used in
numerics). From bottom to top: Λ ¼ 0 (red curve), Λ ¼ 25, Λ ¼
50–1000 in steps of 50, and Λ ¼ 1000–1500 in steps of 100.
Each curve was drawn from, typically, 100 solution points.

FIG. 2 (color online). Mmax
ADM for BSs vs the coupling constant λ,

using the data in Fig. 1, together with a numerical fit.
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range of frequencies becomes slightly smaller with increas-
ing coupling. Each curve in Fig. 1 continues after the local
minimum of the mass towards a third branch which has
been omitted for simplicity, but can be observed in the plots
of the next section. Finally, observe that all BS curves
merge at the origin, where they trivialize.
From the data exhibited in Fig. 1 one obtains the

maximal mass Mmax
ADM vs λ exhibited in Fig. 2; for large

λ the data points are well fitted by the formula announced in
the Introduction, Eq. (1.3).

IV. QUARTIC-KBHSSH: ADM QUANTITIES

We now turn to KBHsSH and consider first no self-
interactions. For nodeless, m ¼ 1 KBHsSH, their domain
of existence, in an ADM mass vs w [11,12], is shown in
Fig. 3. The black solid line represents extremal BHs with
horizon angular velocity

ΩH ¼ w

m
: ð4:1Þ

We recall this is the synchronization condition which
underlies KBHsSH. (Vacuum) Kerr BHs exist in this
diagram below this line. The domain of existence of
KBHsSH is bounded by the following:

(i) the corresponding BS curve (red solid line), for
which we display the first three branches;

(ii) by a line of extremal (i.e. zero temperature) KBHsSH
(green dashed line);

(iii) and by a line of (vacuum) Kerr BHs (blue dotted
line), corresponding to the Kerr solutions that allow
the existence of stationary scalar clouds with the
appropriate set of quantum numbers [11,17].

The “Hod point” (grey dot) lies at the intersection of
boundaries (ii) and (iii), corresponding to the extremal

(vacuum) Kerr BH obtained in the limit of a vanishing
scalar field. Remarkably, at the Hod point, the scalar field
possesses a relatively simple closed form [14].
When a quartic self-interaction is included for the scalar

field, it was already shown in [10] that a similar pattern
occurs, for a particular value of the coupling. In Fig. 4 we
show the domain of existence of KBHsSH for four different
values of the coupling λ, given by Λ ¼ 0, 100, 350, 750.
Each domain of existence has been filled in by thousands
of numerical points. As can be observed, as the coupling is
varied, boundaries (i) and (ii) change and seem to be
delimiting a gradually thinner ribbon in this diagram.
Boundary (iii), however, is invariant, and so is the Hod
point, as the self-interaction of the scalar field becomes
irrelevant in the probe limit. In particular, this analysis
confirms that the maximal ADMmass for quartic-KBHsSH
is that of the corresponding BSs, and so it is still given
by (1.3).
In Fig. 5 we exhibit the phase space in terms of ADM

quantities for quartic-KBHsSH for the four values of the
coupling also used above. As before, the red solid line
denotes BSs, the black solid line marks extremal Kerr
(which means that Kerr BHs exist above this line in this
diagram), the blue dotted line is the zero mode line and the
blue shaded region is where (quartic-)KBHsSH exist.
Analogously to the λ ¼ 0 case, there is always a positive
correlation between the ADM mass and the ADM angular
momentum, JADM, for the self-interacting case. In fact, the
diagram looks quite similar, regardless of λ, with the major
difference that, as λ increases, larger values of MADM and
JADM are allowed. Also observe that for all cases, there are
solutions violating the Kerr bound, in terms of ADM
quantities, as noticed for KBHsSH in [11,33] and for a
specific example of quartic-KBHsSH in [10].

FIG. 3 (color online). Domain of existence of KBHsSH without
self-interactions (blue shaded region).

FIG. 4 (color online). Domain of existence of KBHsSH for
Λ ¼ 0, 100, 350, 750 (shaded regions, from the lowest to the
highest, respectively). The inset shows the detail around the Hod
point (grey dot).
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V. QUARTIC-KBHSSH: HORIZON QUANTITIES

We now turn our attention to the horizon mass MH and
angular momentum JH. In Fig. 6 we display the phase
space of quartic-KBHsSH, for a particular value of λ, but
that illustrates the general pattern we have observed.
In Fig. 6 we can see that all solutions lie within the

envelope formed by the (blue dotted) line of vacuum Kerr
BHs and the (green dashed) line of extremal KBHsSH,
corresponding to the blue shaded region. The salient feature
we wish to emphasize is that all quartic-KBHsSH have,
therefore, a lowermass than that at the Hod point. The same
pattern is observed for all other values of λwe have studied.
The black solid line in Fig. 6 denotes the Kerr bound

threshold, in terms of horizon quantities JH ¼ M2

H, and it can
be observed that there are solutions below it, thus violating
the Kerr bound in terms of horizon quantities, as was
observed in [33] for KBHsSH (without self-interactions).
Finally, the inset of Fig. 6 illustrates the typical pattern

when starting from a given vacuum Kerr BH (on the blue
dotted line) and increasing the hair, but keeping the

frequency w constant—which we use as a control param-
eter. The corresponding points fall into the red solid line in
the inset. One observes that making (vacuum) Kerr BHs
hairier in this way, their horizon quantities increase, but the
horizon mass increases more slowly in terms of the horizon
angular momentum than along the vacuum Kerr line.
Figure 6 teaches us that the boundary of the domain of

(quartic-)KBHsSH, in the phase space constructed from
horizon quantities, is composed of a curve that does not
depend on λ and the extremal hairy BHs line that depends
on λ. As such, we study in Fig. 7 the ratio between M

ðλÞ
H ,

J
ðλÞ
H for extremal BHs and the corresponding values at the

Hod point. We see that this ratio, as a function of the ratio
for the corresponding angular momenta, does not depend
strongly on λ and, in particular, is always a monotonic
function. Moreover, as can be seen in the inset of this same
figure, the maximal mass for extremal KBHsSH is obtained
at the Hod point, as all the curves approach that point from
below, regardless of the value of the coupling.
To summarize, as the (quartic-)KBHsSH are bounded by

the extremal KBHsSH line and the vacuum Kerr BH line,

FIG. 5 (color online). Domain of existence of KBHsSH in an ADM mass vs ADM angular momentum diagram, for Λ ¼ 0, 100
(top left and right panels) and Λ ¼ 350, 750 (bottom left and right panels).
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and since both of these curves have their maxima at the Hod
point, we conclude that the maximal horizon quantities are
obtained at the Hod point and all (quartic-)KBHsSH
will have horizon quantities that are lower than those at
the Hod point.

VI. DISCUSSION: UNIVERSALITY

AND PHENOMENOLOGY

The main, and somehow unexpected, result in this paper
is the observation that quartic-self-interactions make
KBHsSH “hairier” but not “heavier,” in the sense of being
able to increase their ADM mass but not their horizon
mass, with respect to the maximal values attained in the
absence of self-interactions. An immediate question is
how universal this behavior is, if one considers a generic
self-interacting scalar field theory.

To test this universality, we briefly consider a family of
potentials allowing for localized solitonic configurations
even in the absence of gravity. This family considers hexic
self-interactions and the corresponding scalar solitons—
known as Q-balls [34,35], i.e. bundles of Noether charge
associated with the Uð1Þ symmetry (typically denoted by
Q)—have found a wide range of applications and interest in
field theory (see e.g. [36,37]). Thus, we replace the
potential (2.2) by

UðjΨjÞ ¼ μ2jΨj2 − λjΨj4 þ βjΨj6; ð6:1Þ

where λ > 0, β > 0. In the following we take λ ¼ 2 and
β ¼ 1, and it is convenient to introduce as well the
dimensionless coupling constant α2 ¼ 4πGμ=

ffiffiffi

β
p

.
On the one hand, a systematic study of the spinning

solitons (including the effects induced by the backreaction
on the spacetime geometry) is given in [38]. The results
therein show that the generic gravitating BSs in this theory,
which we dub Q-BSs, follow closely the pattern for mini-
BSs and quartic-BSs described herein; in particular, one
finds a similar, albeit somewhat distorted, version of the
mass vs frequency diagram shown in Fig. 1.
On the other hand, Ref. [39] has studied Q-clouds, i.e.

(nonbackreacting) Q-balls on the (vacuum) Kerr BH back-
ground. We have done some preliminary studies of back-
reacting Q-balls and found families of KBHsSH with these
types of self-interactions, which we dub Q-KBHsSH.
The overall properties of these BH solutions are similar
to those found herein for quartic-KBHSSH. In particular,
the domain of existence is still bounded by the (corre-
sponding) curves (i), (ii), and (iii) as defined in Sec. IV.
Therefore, the maximal ADM mass of the solutions is that
of the corresponding Q-BSs. We remark that for the same
scalar field mass, Q-KBHsSSH seem able to become
considerably hairier than KBHsSH or quartic-KBHsSH.
An example of the domain of existence of Q-KBHsSH is
presented in Fig. 8 for a particular choice of couplings.
Concerning the horizon quantities, we have found that

for all families of solutions studied so far, the pattern in
Figs. 6 and 7 is preserved. In particular, the maxima of the
horizon mass and angular momentum are those of the
(universal) Hod point—Fig. 9.
A final observation concerning Q-KBHsSH that follows

from our numerical data is that when increasing the
coupling constant α, the solutions tend to those with a
free scalar field in [11]. In fact, following the arguments in
[38], one can show that for large values of α, all higher
order terms in the scalar field potential become irrelevant
and, as α → ∞, one recovers the solutions of a model with
a complex scalar field possessing a quadratic potential only.
In fact, this feature starts to manifest already for α of order
1. This provides further evidence for the universality of the
“hairier” but not “heavier” behavior.
To close let us make a few remarks about phenomenology.

To test the potential astrophysical relevance of KHBsSH, it

FIG. 7 (color online). The horizon quantities of extremal
KBHsSH and quartic-KBHsSH given in terms of the values at
the Hod point, for different values of λ.

FIG. 6 (color online). Phase space in terms of horizon
quantities.
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would be interesting to compute, for both quartic and
Q-KBHsSH, observables such as the frequency at the
ISCO and the quadrupole moment. Both these properties
have been discussed for KBHsSH without self-interactions
in [11,12], in terms of ADM quantities. The results in this
paper suggest that a large difference will occur when
considering these properties in terms of ADM quantities,
for the self-interacting case, whereas these observables
should be mostly unchanged when considered in terms of
horizon quantities, regardless of the self-interactions.
Another class of observables of interest concerns the BH
shadows, in view of the ongoing and forthcoming observa-
tions of the Event Horizon Telescope. The shadows of
KBHsSH (without self-interactions) have been recently
studied [40] and can have strong deviations from the Kerr
shadows. The strong deviations from the Kerr results are
largely due to the lensing of the scalar “hair” that surrounds
the horizon. Thus, it seems reasonable to expect that such
deviations can be aggravated for quartic or Q-KBHsSH
which can become even “hairier.”

Finally, since the maximal horizon mass behaves as in
(1.4), if the “hairier” but not “heavier” property is universal
and holds regardless of the scalar field theory, then
KBHsSH with a trapped region with astrophysical masses
can only exist if ultralight scalars occur in nature. This type
of hairy BH would be, therefore, a distinct observational
signature of such beyond the Standard Model particles.
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