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Summary

A statistical–mechanical model is proposed for the quasi-static deformation of granular
assemblies, in which particle motion is decomposed into a mean-field contribution, given by
the macroscopically imposed deformation, together with fluctuations representing stochastic
multiparticle mechanics. This leads to the notion of kinematic diffusion and the postulate
of a convection–diffusion (Fokker–Planck) equation for various configurational probability
distributions. Based on statistics obtained from numerical simulation of a frictional-
sphere assembly, self diffusivities and pair diffusivities are derived for various homogeneous
deformations, including ‘cubical-triaxial’ strains as well as simple shear. Among the important
findings are (i) diffusive motions are found generally to be small relative to convection,
suggesting that the mean-field approximation should be quite accurate, and (ii) pair correlations
are weak, implying that two-particle and higher-order cluster diffusivities follow from single-
particle diffusivities. Based on the idea of negligible diffusion, a semi-theoretical model of
granular plasticity with fabric evolution is proposed, as an extension of the exact mean-field
model of Jenkins and Strack. It is concluded, however, that even weak diffusion effects
might have important consequences for certain continuum properties, because of the influence
on unstable equilibrium configurations. This is supported by comparison of various mean-
field kinematic estimates of Reynolds dilatancy to a more accurate estimate obtained from the
mechanics simulation for a dense random packing of spheres.

1. Introduction

The ‘mean-field approximation’ (MFA) has found widespread applicability in the estimation
of effective-continuum properties of granular assemblies such as elasticity, plastic yield and
scalar conductivity (1 to 5). The basic idea underlying the approximation is that local gradients,
represented by differences between adjacent particles in a granular assembly, are given directly
by global or mean gradients, for quantities such as temperature, electrical potential or mechanical
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displacement. In general, the MFA does not satisfy local balance (Kirchhoff’s laws, Newton’s laws,
etc.) at the single-particle level and, hence, will fail in circumstances where departures from the
mean, as represented by ‘fluctuations’, become important (6). We recall that the analytic MFA (4)
for the small-strain elastoplasticity of frictional–elastic sphere assemblies, particularly relevant to
the present work, is restricted to the (Hertz–Mindlin) regime where both volume and shear strains
are of order (p/E)2/3 � 1, p denoting isotropic confining pressure and E a representative Young’s
modulus of the particles. On the other hand, our previous numerical simulations (5, 7) as well
as those to be discussed below, also restricted to the regime (p/E) � 1, are applicable to much
larger plastic shear strains and include comparable volume strains arising from Reynolds dilatancy.
Thus, the theory of Jenkins and Strack (4) represents a small-strain asymptote for our numerical
simulations. In that regard, we note that their stress ratios (q/p in (4, Fig. 6)) achieve values of
order unity at large plastic strains, which are comparable to those of Goddard and Didwania (τ ′/p

in (7, Figs 5 and 6), where τ ′ = |T′| = 2
√

2
3 q). In the following, we focus on the the rigid-particle

limit p/E → 0, where the MFA assigns to the i th particle, with centroid at position xi , i = 1, 2, . . .

in a homogeneously deforming assembly, the linear and angular velocities

ui = u(xi ), where u(x) = Lx, and wi ≡ w := vec{W}
derived, respectively, from the global velocity gradient and vorticity,

†

L := (∇u)T and W := 1
2 (L − LT ), (1)

where the global gradient is assumed to satisfy the dilatancy constraint. In general, the exact particle
velocities are given instead by

ui = ui + u′
i and wi = w + w′

i , (2)

where primes denote fluctuations necessary to satisfy local equilibrium, that is, balance of linear
and angular momentum on particle i = 1, 2, . . . . Such fluctuations are in fact the object of most
kinetic theories or numerical simulations of molecular or particulate systems. In particular, the
quasi-static algorithm employed in (5, 7) determines the fluctuations necessary to achieve static
equilibrium following each incremental strain (L�t) imposed in time step �t of a given deformation
history. In the present work, we employ the same technique to obtain various autocorrelations of
the fluctuations and, hence, an associated set of translational diffusivities. Similar ideas apply to the
various configurational degrees of freedom defining arbitrary clusters of particles, and we discuss
below the computations of ‘pair’ diffusivities for nearest neighbours. Also, we consider certain
statistics of the associated Delaunay tetrahedra, which we recall were employed in the mean-field
estimate of (6) for the dilatancy of sphere assemblies. As will be seen below, the mean-field estimate
can be improved by making use of more accurate statistics for random packings, but the significant
differences between our improved estimate and more complete mechanics simulations suggest that
fluctuations, although nominally small, may have important effects on the micromechanics.

2. Statistical mechanics

Let q denote a set of coordinates defining an arbitrary subset of N particles in a particle assembly, for
example, the set of centres and (Euler) orientation angles, q = {xi , αi , βi , γi : i = 1, . . . , N }. Then

†
vec{W} denotes the ‘axial’ vector of W, such that Wa = w ∧ a for all vectors a.



KINEMATIC DIFFUSION 415

the quasi-static configurational evolution (that is, the ‘dynamics’) of a statistically homogeneous
assembly of rigid frictional particles must be given by a set of differential equations of the general
form

◦
q= v(q; S), (3)

where
◦
q denotes time rate of change relative to a reference frame in which W ≡ 0 (the Jaumann

rate), and S = 1
2 (L + LT ) ≡ L is velocity gradient, hence, deformation rate relative to the same

frame. The set (3), which incorporates the rotational invariance required by frame indifference (8),
is to be contrasted to the evolution equation in the full phase space (of coordinates and momenta)
for systems where inertia is important. Apart from the difference in the order of the differential
equations involved and the frame indifference, (3) are also subject to quasi-static scaling common
to several particulate systems, for example, the ‘Stokesian dynamics’ of suspensions (9), resulting
from the fact that v must be homogeneous of degree one in S. Hence, time t can be replaced by a
(plastic) strain

γ =
∫ t

0
|S�| dt (4)

(denoted by γ ′ in (7)) and S by the strain-like tensor E ≡ S/|S�|, where, as below, we denote the
deviator of second-rank tensors A by

A� := dev{A} ≡ A − 1
3 tr{A}1

and the modulus (trace norm) by |A| = (tr{AT A})1/2. Also, except when necessary for clarity,
we suppress notation for components of vectors and tensors, denoting the tensor product of vectors
u and v by u ⊗ v = (uαvβ), where Greek indices represent tensor components (contravariant,
in the form just cited.) We recall that the dilatancy of a granular medium (7), dεV /dγ ≡ tr{E},
is determined by E�, so that dependence on E in (3) reduces to a dependence on E� alone. The
obvious generalization of (2) is the Langevin-type equation obtained by setting

v′ = v − v (5)

in (3), where v is given by (3), v is mean-field motion, and v′ is the fluctuation resulting from the
multi-body mechanics.

2.1 A diffusion approximation

We postulate that the above fluctuations represent a stochastic diffusion in configuration space, with
statistical mechanics described by the Fokker–Planck (or Kolmogorov) equation (10, 11)

∂ P

∂t
+ ∇q · vP = ∇q · D∇q P (6)

for the probability distribution P(q, t) of q = (qα), where ∇q and D = (Dαβ) denote the associated
configurational gradient and diffusivity tensor, respectively. This form of diffusion, which we
designate as kinematic, results essentially from the imposition of motion on a spatially disordered
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system, distinguishing it from that associated with random thermal motion which persists even in
systems at rest. A similar kinematic diffusion arises from multi-body Stokesian hydrodynamics
in dense suspensions and exhibits the same scaling with representative particle dimension a and
shear rate γ̇ (12 to 14). Whatever their origins, we recall that diffusivities for stationary–random
fluctuations (10, 11) follow from integrals of the form

I ≡
∫ ∞

0
C(τ ) dτ (7)

of the velocity autocorrelation

C(τ ) = 〈v′(t)v′(t + τ)〉 (8)

where angle brackets 〈 〉 denote ensemble averages and we assume the integrals are well defined.
With the standard ergodic hypothesis the latter is identified with the time average

C(τ ) = lim
T →∞

1

T

∫ T

0
v′(t) ⊗ v′(t + τ) dt .

In the following, we employ an appropriate modification of this formalism to extract various
diffusivities from numerical simulations for sphere assemblies. We note that the velocity
autocorrelations in (7) provide a valid definition of diffusivity only if mean strains |S(t)δt | occurring
in the characteristic decay time δt of C(t) (11, 15) are small, which, as will be seen below, appears
to be the case with our simulations. Under the quasi-static scaling t → γ discussed above,
various translational diffusivities can be expressed as γ̇ a2D, where γ̇ ≡ |S�| is the shear rate (7)
corresponding to (4), a is characteristic particle radius and D is a non-dimensional tensor. The
characteristic values of D, representing inverse ‘Péclet’ numbers, serve to indicate the importance
of diffusive motion relative to mean motion and, as pointed out below, are found in the present study
to be remarkably small.

3. Diffusivities from simulations

We employ the quasi-static simulation of Goddard and Didwania (7) for idealized nearly rigid
spheres, with many more spheres and smaller total strains. The spheres are assigned a miniscule
Hookean contact compliance (that is, large stiffness) to avoid static indeterminacy. We adopt the
stiffnesses, the constant confining pressure and the non-dimensional scaling of (7), so that the
representative particle radius equals unity, the normal and tangential stiffnesses are kn = 1 and
kt = 0·8, respectively, and the non-dimensional isotropic confining pressure based on actual particle
radius and normal stiffness is p = 4 × 10−5. The computational cell, one member of a space-filling
periodic array, contains 500 equi-sized spheres. The initially cubic cell is subject to the mean
deformation of the assembly, with the deviator E� specified and the dilatancy computed so as to
maintain a constant mean pressure p. Thus, the simulation represents a kinematically controlled
deformation, with stress ratios being allowed to vary accordingly. Initially random isotropic
assemblies, generated by the packing algorithm of (7), were subject to total plastic strains (4)
γ = 0·02, in strain increments �γ = 0·0002. The computed quantities reported below represent
averages over five different random initial packings for each of the parameter combinations listed
in Table 1, which involve some 120 separate runs. Our choice of total plastic strain and the strain
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step was dictated by limitations on computer time, a typical run for a single realization requiring
approximately 15 minutes of Cray YMP time. In Table 1, the first two columns indicate the applied
deviatoric strain

E� = U cos φ + P sin φ, (9)

where

U = −√
2/3 diag{1, − 1

2 , − 1
2 } and P = −√

1/2 diag{0, 1, −1} (10)

with U and P representing (axisymmetric) uniaxial compression and planar compression (or
extension), respectively, and corresponding to the ‘triaxial’ and ‘pure shear’ or ‘plane-strain’ states
of soil mechanics, and

B = −√
2/3 diag{ 1

2 , 1
2 , −1} (11)

representing an equibiaxial compression equivalent to −U (7). Here φ (in degrees) denotes the
so-called Lode angle (7), given in terms of the third invariant of E as

φ = 1
3 cos−1{3√

6 det(E)} (12)

while µ and ρ denote (Coulomb) friction coefficient and density (or particulate volume fraction),
respectively. The symbol G in Table 1 represents simple shear having deviatoric velocity gradient

L� = |S�|√
2


 1 0 1

0 0 0
−1 0 −1


 , (13)

with symmetric part equivalent to P in (10), and antisymmetric part that sets G off from the other
deformations (7) considered here. As in (7), the coordinate axes implied in (9) to (11) and (13)
are taken parallel to the edges of an initially cubic computational cell that subsequently deforms
according to the applied deformation. We modify and discretize (7) and (8) via relations of the form

CAB(τ̂ ) = 1

T̂ − τ̂

T̂ −τ̂∑
t̂=0

v′
i (t̂) ⊗ v′

j (t̂ + τ̂ ) for i ∈ A, j ∈ B (14)

and

CAB(τ̂ ) = 1

NAB

∑
AB

CAB(τ̂ ). (15)

Then

IAB =
∫ T/2

0
CAB(τ ) dτ (16)

is evaluated by a simple trapezoid-rule quadrature based on points at τ̂ . Carats ˆ in (14) and (15)
denote integer multiples of the basic time step (or strain increment �γ ) corresponding to the
discretization of t, τ and T , where T is duration (total shear strain γ ) of the deformation. Thus,
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Table 1 Parameters of the simulations

E� (φ) µ ρ

U (0) 0 0·56
P (30) 0·3 0·63
G (30) 0·5
B (60)

(14) represents a time average over the maximal range T − τ permissible for t , and the double
average implied by (14) and (15) is analogous to that employed in the numerical simulation of
molecular fluids (16, pp. 196 ff.) to mitigate the effects of small samples. The subscripts i ∈ A
represent a given set of particles A, and j ∈ B another set B, while NAB denotes the number of
such pairs. In the present analysis, we take A to be any particle in the assembly, as represented by
the periodic simulation cell, and then choose

1. B ≡ A, with NAB = the number of particles in a simulation cell, or
2. B = the set of nearest neighbours of A, as given by Delaunay triangulation (17), with NAB =

the number of distinct nearest-neighbour pairs in a simulation cell.

We can then identify ‘self’ diffusivities, corresponding to q = x, v = u, P the single-particle
distribution function in (6): DAA ≡ IAA corresponding to case 1 above, and pair diffusivities for
q = xA − xB , etc., in (6); DAB = 2(IAA − IAB), corresponding to case 2 above (10, 16, 18). As
discussed below, our simulations suggest that |IAB | � |IAA|. We have also calculated analogous
rotational diffusivities based on the autocorrelations of angular velocities w′, but these are so small
as to be relatively uninteresting for the present purposes and will not be reported here.

3.1 Representative diffusivities

To assess the possible effects of strain-induced anisotropy, we decompose various diffusivities into
the mean or ‘spherical’ part,

D0 = 1
3 tr{D} = 1

3 (D11 + D22 + D33),

and we further identify

D1 = 2
3 (D2

11 + D2
22 + D2

33 − D11 D22 − D11 D33 − D22 D33)
1/2 (17)

as one contribution to the anisotropy, and

D2 = {2(D2
12 + D2

13 + D2
23)}1/2 (18)

as another. Cartesian components are intended, with axes which lie along the edges of the original
undeformed computational cell and which correspond to the principal axes of S in the case of the
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cubical-triaxial deformations U, P and B of Table 1. For those special deformations D2 provides one
measure of non-coaxiality between D and S, which, given the inherent symmetry, one expects to be
negligible. In the following we refer to D1 as ‘anisotropy’ and to D2 as ‘non-coaxiality’, although
the latter is not strictly correct

‡
for the simple shear G. We note that, although (17) and (18) are

coordinate specific, the quantity

D2
1 + D2

2 = 2
3 tr{D�2} (19)

is invariant. Figure 1 shows a representative autocorrelation for one single-particle velocity
component vs. the delay, expressed as number of strain increments T̂ . The figure shows a
remarkably rapid decay, on a scale comparable to the shortest strain increment, which we take
as justification for our use of (7) and, hence, (16). Next, Figs 2 and 3 show the trend of various
diffusivities with strain, vs. T̂ , presented at intervals of 10 steps to avoid inessential detail, and the
initial point T̂ = 50 on the abscissa represents the smallest number of points employed for the
averages in (14) to (16). The ‘anisotropy’ D1, effectively too small to be perceptible in Figs 2 and 3,
is not shown. These plots indicate that

1. all diffusivities appear eventually to attain constant values, on (strain) scales that presumably
represent large-scale rearrangements necessary to achieve a steady state,

2. diffusivities are extremely small compared to the quantity γ̇ a2 representing the mean motion,
3. anisotropy and non-coaxiality are negligible compared to mean diffusivity, even for simple

shear (G),
4. diffusivities for the planar deformations (P and G) are comparable and an order of magnitude

smaller than for the three-dimensional deformations (U and B), and
5. all diffusivities appear to be strongly dependent on packing density.

Hence, we conclude that fluctuations and the associated diffusivity are nearly isotropic, with strong
dependence on magnitude of the third invariant of the shearing E� and on packing density ρ, and
with much weaker dependence on vorticity or plastic ‘spin’, representing material rotation of the
principal axes of S. Neither rotational diffusivities derived from w′ nor contributions to diffusivity
of the type IAB are reported here, since these were found to be an order of magnitude smaller that the
companion diffusivities displayed in Figs 2 and 3. The smallness of IAB indicates surprisingly weak
pair correlations and suggests that the stochastic motion of arbitrary particle clusters should follow
from single-particle statistics. This rather unexpected result may be limited to the relatively small
plastic strains investigated here, whereas more important translational and rotational fluctuations
could occur at the larger strains and smaller densities typical of the non-dilatant ‘critical state’ of
soil mechanics (19). Next, we briefly explore some of the implications for ‘fabric’ evolution arising
from the neglect of particle diffusion. In particular, we consider some plausible approximate forms
for the distribution of unit contact normals e in a monodisperse sphere assembly, in the absence of
a complete statistical mechanics for the assembly.

3.2 Implications for fabric evolution and continuum plasticity models

Given an appropriate evolution equation for the (radial) distribution Pr(r, t) of separations r := re
between particle pairs, one could in principle obtain an exact evolution equation for the distribution

‡
Generally, (19) provides an acceptable definition of anisotropy whereas a more suitable measure is provided by the invariant

|SD − DS|/|D||S|.
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Fig. 1 A typical velocity component autocorrelation C vs. number of strain steps τ̂ (of magnitude
�γ = 0·0002)

of unit contact normals e in a homogeneously deforming assembly. In particular, a flux of the
general form

Q = e · (uPr − D∇r Pr)r=2 (20)

onto the contact surface r = 2 would give the rate of creation (or loss) of contacts in the balance

∂ P

∂t
+ ∇e · ωP = Q (21)

for the distribution P(e, t) of contacts on the unit sphere �. We note that a similar equation for
two-dimensional assemblies has been proposed in (20). Here, ω ≡ ė = �e, with � = (1 − e ⊗ e)L,
is advection on �, given by the orthogonal projection of the velocity gradient (1) onto � at e (21),
and we have neglected diffusion on � in (21). If the radial diffusion, represented by D in (20), is
also negligible, we have

Q = −k P(e, t), where k := −ur (r, t)Pr(r, t)(r, t)|r=2/P(e, t). (22)

In the special case of a time-independent radial velocity ur (r, t) = ur (r) and a probability
distribution Pr(r, t) = Pr (r)P(e, t), the quantity k in (22) is given by k = k(e), a function
depending on the limiting radial velocity and probability distributions and representing collisional
contact generation (k < 0) or loss (k > 0). In the absence of a complete statistical mechanics, we
resort to an approximate form of (21), with k treated as a known function k = k(e, L), a function
which may also be construed to depend in a self-consistent way on various averages or ‘fabric
tensors’ derived from appropriate solutions to (21). This approximation, which resembles the well-
known Krook kinetic approximation to the Boltzmann equation of kinetic theory (22), represents
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Fig. 2 Various self diffusivities DAA vs. total number of strain steps T̂ , for density ρ = 0·63. Left-hand
subplots correspond to friction coefficient µ = 0·5, right-hand to µ = 0·1. In the upper subplots empty circles

and squares lying near 0·005 refer, respectively, to mean uniaxial and biaxial self-diffusivities D0. Filled
circles and squares refer to ‘non-coaxiality’ D2 in the two diffusivities. A similar convention is employed in
the lower subplots, with uniaxial and biaxial diffusivities replaced by those for pure shear and simple shear,

respectively

a somewhat less general form than that proposed in (20) for the special case of two-dimensional
granular assemblies. With this restricted form of (22), the balance (21) is then separable according
to P(e, t) = f (e, t)n(e, t), where f and n satisfy separate balances,

ṅ = −kn and ḟ = −(∇e · ω) f, (23)

where

˙( ) = ∂( )

∂t
+ ω · ∇( ).

Now, the material derivative ˙( ) represents a partial derivative at constant e0 associated with the
reciprocal mappings

e(e0, t) = Fe0

|Fe0| and e0(e, t) = F−1e
|F−1e| , (24)

where the deformation gradient F satisfies standard equations, Ḟ = LF, with F(0) = 1,

det F = ρ0

ρ
= exp

{∫ t

0
ε̇V dt

}
(25)
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Fig. 3 Same as Fig. 2, except that ρ = 0·56

and ε̇V = tr{L} = ∇ · u. Here, as below, subscripts 0 refer to initial state t = 0. We note that the
density ratio ρ0/ρ is determined by (25) and dilatancy through

∫ t

0
ε̇V dt ≡

∫ γ

0

dεV

dγ
dγ .

After some calculus, the solutions to (23) can be written down explicitly as

f (e, t) = f0{e0(e, t)}J and n(e, t) = n0{e0(e, t)} exp

{
−

∫ t

0
K (t ′) dt ′

}
,

where J ≡ d�0/d� = (det F)/|Fe0|3 is the Jacobian for (24),

K (t ′) = k{et (t
′), L(t ′)} and et (t

′) = Ft (t ′)e
|Ft (t ′)e|

with Ft (t ′) = F(t ′)F−1(t) being standard notation for relative deformation gradient. We note that in
the case where breakage k is independent of e then n reduces to global contact density (number of
contacts in unit volume of assembly), n(t) = ∫

�
P d�, and f (e, t) is then simply the fraction lying

in solid angle d�(e). The preceding relations, which bear a strong resemblance to those obtained
for the director orientation in theories of liquid crystals (cf. (21)), obviously allow one to compute
various fabric tensors 〈e ⊗ e〉, 〈e ⊗ e ⊗ e ⊗ e〉, . . . . It is evident from the above that further progress
depends on knowledge of how dilatancy dεV /dγ and contact breakage k depend on kinematics
and microstructure. Within the limits of the approximate model put forth above, one can thus
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envisage a theoretical program in which plausible forms for both dilatancy and contact breakage,
specified either by experiment, simple theory or numerical simulation, would allow for prediction
of the evolution of contact-normal distribution in idealized assemblies. To illustrate the simplest
phenomenological model, suppose that k is given as an expansion for small fabric anisotropy by

k = αε̇V + βtr{A�S�} + O(A�2), (26)

where α and β are constants independent of e, and A denotes the well-known fabric tensor

A = 〈e ⊗ e〉 f = F
{∫

�

f0(e0)

(
e0 ⊗ e0

e0 · Ce0

)
d�(e0)

}
FT (27)

with C = FT F denoting a standard strain measure. Retention of only the first term in (26) gives the
immediate relation between contact density and overall density,

n/n0 = (ρ/ρ0)
α, (28)

while inclusion of the second term in (26) leads to a correction for anisotropy. We note that (27)
and (28) represent special cases of more general structural-evolution equations,

◦
A= g(n, A; S) and ṅ = h(n, A; S), (29)

where g and h are homogeneous degree-one in strain rate S. For a complete description of granular
plasticity, one further needs a a fabric-dependent model for stress T, that is, a yield surface of the
general form proposed by (23)

F(n, A, T; S) = 0. (30)

Of course, cubical-triaxial tests and simulations of the type presented here cannot determine the
general analytical form for (27) to (30), a matter which requires more detailed micromechanical
analysis or phenomenological modelling. With no attempt at a comprehensive review, we cite here
a few examples. In the stress-dilatancy theory of Rowe (1), the subject of several critical reviews (24,
25), (30) is homogeneous degree-zero in T and the dependence on S reduces to a simple dependence
on dilatancy dεV /dγ . The first property is to be expected of assemblies of non-cohesive rigid
granules having no intrinsic stress scale, such as those in the present simulations. The second
property is special to Rowe’s theory and gives stress ratios in terms of dilatancy, presumably through
a relation like the right-hand equation in (27). However, Rowe’s theory is mainly restricted to
cubical-triaxial tests, representing some better than others, and it does not capture complex path
dependence represented generally by (27) to (30), (1,25). While the recent mean-field theory of (4)
provides a general analytical form of the type (30), it does not offer a description of large-scale fabric
evolution of the form (27). In the realm of phenomenological plasticity, including various classical
incremental models, evolution is described by means of equations of the so-called ‘hypoelastic’
(8) or ‘hypoplastic’ variety (cf. (26)), which may be thought of as arising from restricted forms
of (30). For example, in the absence of dependence on A, (28) and (30) represent a form of ‘critical-
state’ soil mechanics (19). More general hypoplastic models arise as generalizations of De Josselin
De Jong’s ‘double-sliding’ model (27), which has been reviewed and extended by others, notably
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(28 to 30)
§
. Such models might arise from (27), together with a special form of (30) connecting T

and A, independently of n and S. Whenever A can be eliminated, (27) gives a hypoplastic evolution
equation for T, without explicit reference to the original yield surface (26). However, as recognized
by (30), such restricted models do not allow for the evolution of fabric and dilatancy beyond some
isotropic ‘initial’ state. It is therefore clear that a more complete statistical mechanics is called for.
While various mean-field models of the type discussed above might be hoped appropriate to this
task, the following consideration might suggest otherwise.

4. Possible effects of fluctuations

One possible test of the MFA is the prediction of Reynolds dilatancy, which we recall gives the
yield stress for frictionless particles (7). In the work just cited, an effort was made to improve
systematically on the purely kinematic estimate of Reynolds (31) for the dilatancy of random close-
packed sphere assemblies, an estimate which appears to involve a mean-field approximation. We
recall that the Reynolds estimate can be written in the present notation as

1√
3

dεV

dγ
≡ tan νD = 2− 3

2 cos φ, (31)

where νD is the dilatancy angle of (7) and φ the Lode angle of Table 1 and (12). In one interpretation,

denoted by ‘Reynolds A’ in (7), one takes tan νD ≡ 2− 3
2 = 0·35355 . . . , strictly appropriate

to uniaxial compression φ = 0, as applicable to arbitrary deformations, whereas in another
interpretation, ‘Reynolds B’, one employs the more general relation (31). These two interpretations
lead to cones with cross-sections sketched as the two innermost curves in the polar plot (in 10-
degree increments) of tan νD vs. Lode angle φ in Fig. 8 (p. 428). We recall that these curves also
represent yield surfaces for frictionless particles (µ = 0) (7). A potentially more accurate estimate
was offered in (7), based on the dilation of a set of statistically representative, space-filling volume
elements subject to the global shearing E�. In particular, the representative element or ‘simplex’ is
taken to be a Delaunay tetrahedron, having (four) vertices that represent nearest neighbours and (six)
edges or ‘bonds’ which are classified as ‘active’ or ‘inactive’, depending on whether neighbours are
in contact or not. A given simplex, generated by a Monte-Carlo sampling of Euler angles, is allowed
to dilate just enough to offset the shear-induced compression of its maximally compressed active
bond, and the average dilation is then calculated for the assembly. In the absence of sufficiently
accurate packing statistics, the representative simplex for a dense random packing was assumed
in (7) to be a regular, fully-connected and randomly oriented tetrahedron, with six active bonds.
This results in the outermost curves in Fig. 8, corresponding to tetrahedra of the body-centred
cubic (bcc) packing and hexagonal-close or face-centred cubic packing (hcp) forms, respectively.
The increased number of particles in the present work (500 vs. ≈ 50 per computation cell) provides
greatly improved shape statistics for the Monte-Carlo simulation proposed in (7), which we now
exploit.

§
According to (30), the dilatant double-sliding model can be written in the present notation as [T,

◦
T] = σ [S, T], where

[A, B] := AB − BA denotes the commutator (Lie product), and σ is a scalar variable involving dilatancy and friction angle.

At least one solution of this equation is given by the hypoplastic form
◦
T= σS + |S�|g(T), where g is an isotropic tensor

function, that is, a second-degree polynomial, g(T) = a1 + bT + cT2, with scalar coefficients a, b, c depending on the
principal invariants of T.
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4.1 Simplex statistics

From the many possible ways to parametrize simplex statistics, we choose to employ the
deformation gradient F ≡ FS representing the homogeneous linear transformation which carries
a given Delaunay tetrahedron S from a reference state to its current state. Note that the (nine)
components of F plus the (three) coordinates defining the position of any vertex serve to represent
the relevant configuration vector q in (6) and the (twelve) translational degrees of of freedom of
the particles defining tetrahedral vertices. Note also that in any actual deformation of a particle
assembly F represents a non-singular transformation, except for deformations that give rise to
topological rearrangement involving exchange of nearest neighbours. We may then represent shape
and orientation of a simplex, required for the dilatancy estimate of Goddard and Didwania (7),
by means of the standard polar decomposition: F = RV, where R is a proper orthogonal tensor
representing the finite rotation and V is the symmetric positive-definite (right) stretch

¶
representing

strain. We can then define the configuration of a Delaunay tetrahedron by means of the deformation
from a standard shape, in particular an equilateral tetrahedron with edge-length 2 (one sphere
diameter) and with given orientation relative to fixed axes. Thus, the transformation of any three
edges from the reference configuration to the actual configuration yields the necessary (nine) linear
equations for F for every simplex in the assembly, and the spectral technique discussed in (32)
permits rapid computation of the associated rotation R and strain V. For random isotropic packings,
the dilatancy estimate of (7) requires only the statistics of R, represented, for example, by three Euler
angles α ∈ [0, 2π ], β ∈ [0, π ], γ ∈ [0, 2π ], plus the probability of active contacts between nearest
neighbours. In the Monte-Carlo implementation of Goddard and Didwania (7), the quantities

1
2 (α/π), 1

2 (1 + cos β) and 1
2 (γ /π)

are chosen from a uniform distribution on [0, 1] and the probability of active contact is taken to be
identically equal to unity, whereas in the present work we employ the same Monte-Carlo technique
but make use of the actual packing statistics obtained from the initial sphere packing. Hence,
the Euler-angle and contact probabilities are chosen from distributions obtained by the smoothing
of histograms like those shown in Figs 4 to 7. While Figs 4 to 6 confirm the above distribution
of Euler angles assumed in (7), Fig. 7 implies a far smaller probability of active contacts, which
appears to account for most of the reduction in the present estimate of dilatancy, shown as one
of the intermediate curves in Fig. 8. One notes also that the present dilatancy estimate may still
represent an upper bound for the case of frictionless spheres (µ = 0), as conjectured in (7). It can
also be seen that all the mean-field estimates, including (31), that of (7) and the improvement just
proposed, yield similar trefoil-shaped curves in Fig. 8, and that this shape is quite different from the
curve given by the full mechanics simulation. To us, the most plausible explanation for this failure
of the MFA is fluctuations near mechanically unstable equilibrium points, such as those associated
with the uniaxial compression U. Near such points, any pair of neighbouring particles whose line
of centres happens to lie close to the major axis of compression will have a tendency to rotate,
much more rapidly than indicated by the mean deformation, to stable positions with a much smaller
contribution to volume expansion. Such a mechanism could account for the more rapid ‘roll off’ of
dilatancy vs. Lode angle near φ = 0 exhibited by the mechanics simulations in Fig. 8. This same
effect may account for similar changes of shape of the yield surfaces shown as (7, Figs 3 and 4), as

¶
In the standard continuum mechanics literature (8) this is denoted by U, the symbol reserved here for the uniaxial

compression listed in Table 1.
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Fig. 4 Relative frequencies of the (Euler) orientation angles for Delaunay tetrahedra in a random isotropic
assemblies of 500 equal spheres with ρ = 0·63: Frequency of α vs. α (degrees). Different shaded bars

represent each of five random packings

Fig. 5 Relative frequencies of the (Euler) orientation angles for Delaunay tetrahedra in a random isotropic
assemblies of 500 equal spheres with ρ = 0·63. Frequency of cos β vs. cos β. Different shaded bars represent

each of five random packings
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Fig. 6 Relative frequencies of the (Euler) orientation angles for Delaunay tetrahedra in a random isotropic
assemblies of 500 equal spheres with ρ = 0·63. Frequency of γ vs. γ (degrees). Different shaded bars

represent each of five random packings

well as the magnitudes of uniaxial (‘triaxial’) stresses. There is an interesting question as to whether
such effects might be captured by an appropriate asymptotic analysis for weak fluctuations in (5) or
small diffusivity in (6), such as those employed in other diffusion–convection problems with large
Péclet number.

5. Conclusions

The main conclusions are summarized above in the abstract. While the postulated statistical
mechanics is rendered more plausible by our finding of small fluctuations, we believe that results
from our quasi-static algorithm should be compared against dynamic simulations, of the ‘molecular-
dynamics’ variety, to investigate inter alia the possible effects of micro-inertia. If further validated
by such calculations, the postulated model appears to offer a convenient theoretical framework
for describing the effective continuum properties of granular assemblies. The interesting problem
remains of estimating the effect of small but non-zero diffusivity on various mechanical properties.
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Fig. 7 Relative frequency of number of contacts per particle (coordination number) for the assemblies of
Figs 4 to 6

Fig. 8 Cross-sections of various dilatancy cones. Two innermost curves: ‘Reynolds A’ (outer dotted line) and
‘Reynolds B’ estimates (7). Two outermost curves: Simplified mean-field estimate of (7) for hcp (outer) and
bcc packings. Two intermediate curves: complete mechanics simulation (dashed line), for initially random
monodisperse assembly of Figs 4 to 6 with µ = 0, subject to plastic strain γ = 0·001, and improved mean-
field estimate (solid line) based on actual statistics of Euler angles and contacts represented in Figs 4 to 7
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