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Kinetic Theory of Nonlinear Viscous Flow
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On the basis of a nonlinear kinetic equation for a moderately dense system
of hard spheres and disks it is shown that shear and normal stresses in a
steady-state, uniform shear flow contain singular contributions of the form
] X |32 for hard spheres, or [ X| log| X for hard disks. Here X is proportional
to the velocity gradient in the shear flow. The origin of these terms is closely
related to the hydrodynamic tails #~%2 in the current—current correlation
functions. These results also imply that a nonlinear shear viscosity exists in
two-dimensional systems. An extensive discussion is given on the range of
X values where the present theory can be applied, and numerical estimates
of the effects are given for typical circumstances in laboratory and computer
experiments.
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1. INTRODUCTION

During the past several years, evidence has been accumulating that funda-
mental difficulties are encountered in the derivation of hydrodynamic
equations for two-dimensional gases whose particles interact with short-
ranged repulsive forces.*~® This evidence comes from both computer and
theoretical studies of time correlation functions for two-dimensional systems
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composed of hard-disk molecules. The motivation for these studies is based on
the fact that if linearized hydrodynamic equations apply to two-dimensional
(or higher) systems that are sufficiently close to equilibrium, then the
transport coefficients associated with these hydrodynamic equations can be
expressed as time integrals of time correlation functions,'® through relations
of the form

L, = f dt T (T,(0)eq )

where L, is a transport coefficient, such as the coefficient of self-diffusion D,
shear viscosity 7, or thermal conductivity A. The microscopic current J, can
be expressed in terms of the positions and momenta of the particles of the
system and the potential energy between the particles. J,(0) is the value of J,
at some initial time and J,(¢) is that at a time ¢ later. The angular brackets
denote an average over an equilibrium ensemble. It was discovered, first by
computer studies on the velocity autocorrelation function, which is related to
the coefficient of self-diffusion, and later by theoretical studies on this and
the correlation functions related to % and A, that for moderately dense gases
there is a range of times ¢ over which the current correlation functions behave
like

CTlOI(1))eq = au(to/1)™? @

Here, a, is a constant, depending on u, and #, is the mean free time between
collisions for a particle in a gas. For the presently available computer studies
on the velocity autocorrelation function the ¢~%2 behavior persists over the
time range 10z, < ¢ < 200¢,, the upper limit being determined by the size of
the system studied. Although the other time correlation functions have not
been studied as extensively, both the computer work that has been done and
theoretical studies suggest that similar results also hold for the correlation
functions related to n and A,

If the £~ decay of the time correlation functions for two-dimensional
systems would persist for arbitrarily long times, then Eq. (1) would have as a
consequence that the associated transport coefficients are infinite. For three-
dimensional systems, the #~32 decay is sufficiently fast that the transport
coefficients associated with the linear hydrodynamic equations are all finite,
but divergence difficulties occur when one considers the transport coefficients
associated with both the linear and nonlinear Burnett and higher order
hydrodynamic equations.™-1¥

In spite of the fact that neither computer nor theoretical studies have shown
that the transport coeflicients do in fact diverge, the fact that the current
correlation functions decay so slowly for long times provides a sufficiently
strong motivation for a reexamination of the derivation of the linearized
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hydrodynamic equations from first principles. This should reveal whether the
apparent divergence of the associated transport coefficient implies that non-
linear and nonlocal effects neglected in their derivation should be taken into
account.

In this paper we use the kinetic theory of gases to derive the hydrodynamic
equations that describe steady-state shear flow and we consider both two-
and three-dimensional systems. By generalizing a method originally used by
Ernst and Dorfman‘® for the derivation of linear hydrodynamic equations,
we have been able to show that for two-dimensional systems the appropriate
hydrodynamic equations are necessarily ronlinear. We have derived the
nonlinear hydrodynamic equations that describe shear flow and we show
that the associated transport coefficients are all finite. The three-dimensional
version of the theory provides a more fundamental derivation of the results
of Kawasaki and Gunton®® and Yamada and Kawasaki,®® who obtajned
nonlinear effects in shear flow from a generalization of the mode coupling
theory. In the paper we do not consider more general time-dependent
problems involving heat flow, since the derivation of the general hydrodynamic
equations seems to be considerably more complex than that for steady shear
flow and work on the general case is still in progress.

Here we will consider a steady shear flow when the local velocity u(r) is
in the ¥ direction and its value depends on the x coordinate, i.e., u(r) = §f(x),
where § is a unit vector in the § direction and f(x) is a function of x alone.
We consider the simplest case, where f(x) is linear in x, so that

u(r) = O4y(up + xX) 3
The quantity X characterizes the size of the velocity gradient, and o, 53, ¥
denote Cartesian components x, y, z. We will compute elements of the

pressure tensor, such as P,,, and the ratio P,,/X. If the linear hydrodynamic
equations are valid, then

lim P.,/X = —7 (4
X-0

where 7 is the coeflicient of shear viscosity. In the time correlation function
method it is assumed that the limit (4) exists.

In order to provide a motivation for the work carried out in this paper,
we mention that the ¢ ~ %2 behavior of the time correlation function is asso-
ciated with certain dynamical processes taking place in the gas, the so-called
ring events.®™ These events consist of a sequence of I binary collisions taking
place among [ particles in the gas, for I > 3. It has been shown that these
events collectively lead to contributions to the time correlation functions that
contain integrals over wave numbers k of the form

ko
f dk k%=1 exp(—ak?t)
o
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where d is the number of dimensions, k, ~ no®~! is a cutoff wave number,
which for dilute and moderately dense gases is of the order of the inverse
mean free path, and a is a quantity of the order of vy/nc®~1, where v, is the
thermal velocity of a particle in the gas. By carrying out the k integral we
obtain the ¢ ~%2 behavior for long time 7 > #,. In this paper we include
effects that are neglected in the derivation of the linearized hydrodynamic
equations and are due to the presence of velocity gradients in the shear flow.
We show that the ratio P,,/X has contributions of the form

© k
P,w/X:f dzf " @k ket exp(—ak®t — b|X|1) ®)
0 4]

For two-dimensional systems this gives
P, >~ XloglX| (6)

Thus the ring events lead to a finite value of the pressure tensor if nonlinear
effects are taken into account. For three-dimensional systems, similar non-
linear effects lead to

Py > X(—n + c|X[¥3), ™

as predicted earlier by Kawasaki, Gunton, and Yamada.®

The plan of the paper is as follows. In Section 2 we start from the BBGKY
hierarchy equations and derive equations for the single and pair distribution
functions that take into account the ring events and nonlinear effects of the
velocity field on the contribution to the pressure tensor. In Section 3 we
compute the contribution of the ring events to the pressure tensor and show
that the effects described in Eq. (5) come from the so-called hydrodynamic
mode contributions. We then verify Eqs. (6) and (7), and give in Section 4 the
precise numerical factors that are of interest for all elements of P,;. We
conclude in Section 5 with a discussion of our results and a comparison of
our results with those of other authors.

2. NONLINEAR TRANSPORT EQUATIONS

We consider a classical d-dimensional system consisting of N particles
contained in a volume V. We take the particles to be d-dimensional hard
spheres, each of mass m and diameter . We will discuss the nonequilibrium
one-particle, pair,..., distribution functions f(1, #), f(12, t),..., respectively,

5 While this work was in progress, we received the PhD dissertation of Onuki,*® which
contains results similar, and in some cases identical, to those presented here. Unfor-
tunately, Onuki does not indicate how he arrives at his results, so that we cannot com-
pare our method with his, other than the fact that we both start from the BBGKY
hierarchy.
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where x; denotes the phase x; = (r;, v;) of particle i, and r; and v; are the
position and velocity of the ith particle.

First, we derive a nonlinear kinetic equation from the BBGKY hierarchy,
and we apply the Chapman-Enskog method*™ to obtain transport equations
and expressions for the fluxes. For hard-sphere systems the distribution
functions satisfy the following BBGKY hierarchy*®:

(at ; vlogij—l)fa) = [ an Tan702 (8a)
{at + vl-% + vz.;;—z - T(IZ)] f12) = f dxs (1 + Plz)T(13)f(123)(8b)

The operator P, interchanges the particle labels (77), and the binary collision
operators?® used here are point T-operators, which neglect the difference in
position of colliding particles (a low-density approximation)

T(12) = 6(ry5)T(12) = S(rlz)od‘lf dé |v15+8][b(12) — 1] (9)
vig 8>0
The unit vector & denotes the direction of the line of centers of the colliding
pair. Here, bs(12) changes v, and v, into restituting velocities v," and v,'.
We further use the notation vy, = v; — v, and 1, = r; — ry. Next, we
introduce the cluster functions g defined by

f(12) = fDSDN + g(12)] (10a)

J(23) = fHFDSONL + 2(12) + g(13) + g(23) + g(123)]  (10b)

By neglecting g(12) in Eq. (10a), we find that Eq. (8a) reduces to the ordinary
nonlinear Boltzmann equation. Here, however, we retain g(12) in the first
equation, but we truncate the hierarchy equations at a later stage by neglecting
g(123) in (10b).

Our intention is to take into account only the contributions of uncorre-
lated binary collision events and of ring collision events. The contributions
from the uncorrelated binary collision events are contained in the nonlinear
Boltzmann equation, which provides a foundation for the theory of transport
processes in a dilute gas. The ring events are responsible for the leading
divergencies that appear in the expansion of the corrections to the Boltzmann
equation in powers of the density n. In order to obtain a meaningful kinetic
theory for gases at moderate densities, where corrections to the Boltzmann
equation need to be taken into account, one collects and sums together all
contributions from ring events to obtain a new resummed collision operator.
In the theory based on the BBGKY equations, this resummed operator can
be easily obtained by neglecting g(123) in Eq. (10b) and then solving Eq. (8b)
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for g(12). In so doing, we ignore the contributions from other dynamical
events, which in each order in the density are less divergent than the ring
events. Thus, the approximation of neglecting g(123), as well as the use of
point T-operators, has as a consequence the fact that any corrections to the
Boltzmann equation obtained here should be determined only to lowest
order in the density. A similar situation is also encountered in the linear
theory discussed by Ernst and Dorfman, which is generalized here straight-
forwardly to include nonlinear effects.

If we then neglect g(123) in Eq. (10b), we obtain the following closed set
of equations®®:

(@ + vl-a%)f(l) = f dx, TA) (D[ + g(12)] (11a)
[6t + vl-é—aﬂ + vz-a—i - T(12)

-1+ Pm)f dxs T(13)(1 + Pla)f(:;):lf(l)f (2)2(12)
= T(12)f(Df(2) (11b)

We are interested in the behavior of the distribution functions f and g for
small gradients in the local variables, such as density » and temperature
T = (kgB) 1, where kg is Boltzmann’s constant. In this paper we want to
restrict ourselves to one type of gradient only, namely off-diagonal elements,
X = V,u,, of the rate of strain tensor, and we will evaluate the elements of
the pressure tensor P.; (a, 8 = x, y, z). All remaining gradients vanish, so
that # and T are uniform, and V.u = 0. Hence, we are dealing with uniform
shear flow. In this approximation all local variables are stationary, as follows
from Euler’s equations, and ¢,f = 0,g = 0. By imposing this steady state we
are ignoring the viscous heating of the fluid, i.e., 6,7 oc n X2 In the discussion
we will briefly return to this point.

In lowest approximation the distribution functions are denoted by fo(1)
and go(12), and have the local equilibrium form

Jo() = n(Bm[2m)¥? exp{—3pm[v, — u(r)]¥},  £(12) =0  (12)

One might expect that the local equilibrium pair correlation function g¢(12)
would be nonvanishing (and equal to —1) inside a sphere r,, < o. Consistency
with the use of point 7-operators requires that this sphere shrinks to zero.
We now consider the next dominant terms in (1) = f,(D[1 + A(1)] and
g(12) for small X. For that purpose we separate the unknown functions /# and
g into regular parts 4y and g5, (i.e., expandable in powers of X'around X = 0),
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which start off proportional to X, and singular parts 64 and 8g, which have
no power series expansion in X around X = 0, i.e.,

J@) = fo(D[1 + Xhp(1) + 34(1)]

(13)
g(12) = Xgz(12) + 8g(12)

For the following arguments it is immaterial whether the singular terms are
more (as for d = 2) or less (as for d = 3) dominant than O(X). The ordering
procedure for solving Egs. (11a) and (11b) is as follows. Since we are interested
in the leading singularities in 64 and &g, we keep in (11a) and (11b) only the
most dominant regular [of O(X8%)] and singular terms [of O(X°8)]. However,
since the ““coefficient” of 8g(12) in Eq. (11b) can be vanishingly small to
O(X"°), (as will be shown explicitly later), we will also keep the O(X) terms in
this coefficient. This vanishing coefficient for small X is precisely the source
of the singular X dependence of ég and 8A4. The above ordering procedure
ensures that our equations describe the leading singularities in 64 and &g
correctly.

Consider now Eq. (11a). Due to the presence of 6(r;,) in 7(12), all local
variables (i.e., here local velocities only) refer to the spatial position r,
and we will write henceforward u(r;) = u. Carrying out the above program
yields

BT (VDX = AVDIha(V)X + Sh(Vy)]
+n f AV ST [ge(ViVari)X + 8g(ViVarp)]  (14)

The functions g5 and dg depend also on the absolute position in space. How-
ever, it will be seen that this dependence is only parametric. We further
introduced V; = v; — u [recall that u(r,) = u], and

(V) = (Bm[2m)*2 exp(—3pmV?)
JaB(V) = m[VaVB - (I/d) SaBVz] (15)

A(Vy) = n f AV, $(V)To(12)(1 + Pis)

where A(v) is the linearized Boltzmann collision operator. We have treated 4
and g as functions that depend on the local velocity only in the combination
V, = v; — u. This is a consequence of the fact that the terms present in Eq.
(14), and also in the equation for g(12) to be derived below, depend only on
this combination. Therefore, 2 and g depend on the absolute position in
space only through u, which enters only in the velocity variables V;.

The regular and singular parts satisfy Eq. (14) separately. The regular
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part is equal to the sum of two terms sz + Ay, where Ag(V) is the Chapman-
Enskog solution of the Boltzmann equation, i.e.,

AWhg(v) = BJ(V) (16)

and A(v)hp(v) equals an integral involving g,. The functions /iy and gp
represent higher density corrections, which from now on will be neglected
in Eq. (14) with respect to #g(v) for consistency; that is, we replace sy by hg
everywhere.

The equation for the singular part becomes, after introducing a Fourier
representation for the variable r;,,

A(vy) Sh(v,) = o )df avs $(v2)To(12) 8G(v,v k) (17
where

8G(v,v5k) = f dry, [exp(—ik+r:5)] 8g(v1Varis) (18)

An equation for 8G can be derived from (11b) in essentially the same manner.
Since the calculations are somewhat more involved, they are carried out in
Appendix A. The result is

[ikevis — A(v) — A(v2) + XR(v;vK)] 8G(v1v k)
= XTo(12)(1 + Py5)hg(vy) (19)
The explicit form of the operator R(v,v,k) can be found in Eq. (Al4) of
Appendix A. It is even in the variables vy, v,, and k.
It is then implied by Eq. (19) that
G(v1:v2’ k) = G(V2, Vi, _k) = G(_v27 _vlak) (20)

From the solutions of Eqgs. (16)—(19) we can calculate the dissipative part P,
of the pressure tensor,

Poy = n{Jos(hs + 1)) @n

The angular brackets denote an average over one velocity variable, defined
as {f(¥)) = f dv $(v)f(v). The singular part of the pressure tensor 8P,; is
found from Eqgs. (17) and (21)

8Pgy = nJop 8hy = J 2y KIap(V)AH()To(12) 3G(vivK)>)  (22)

The double brackets denote an average over two velocity variables. Only in
two-dimensional systems is the leading contribution to Egs. (19) and (22) for
small X actually a singular term in the pressure tensor. In three-dimensional
systems the leading contributions are proportional to X, and should be
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subtracted out before the singular term is obtained. We will return to this
point in Section 4 and Appendix B.

3. REDUCTION TO SETS OF LINEAR DIFFERENTIAL
EQUATIONS

Let us expand 8G(v,v.k) in eigenfunctions® ,*(¥) of the linear Boltzmann
operator {ik-v — A(v)} with eigenvalue —z,*, satisfying (. ",.'> = &,,. Then

SGAV) = —1 X 3 ) TIPELTIBHE) 23)

The factor — X/n is taken out for later convenience. The first terms in Eq.
(19) are then

[kevis — A(v) — ARG VOPL (V) = — (2 + 20 (v (va)  (24)

The sum of eigenvalues may be of O(k?) for small k and for certain combina-
tions of Aydrodynamic modes. We choose a sufficiently small cutoff wave
number k, o¢ ne®~* (on the order of the inverse mean free path), such that
the k expansion of eigenvalues and eigenfunctions holds for all k < k,. An
inspection of Eq. (19) then suggests that for small £ and X the resulting
expression 8G(v,v.k) would contain terms of the form 6G ~ (k% + X)~1, and
8P in Eq. (22) would then contain k integrals of the form f’;" dk k212 + X))
It is clear that this expression does not exist in two dimensions at X' = 0, and
that its derivative at X = 0 does not exist for three-dimensional systems. On
the other hand, the presence of O(X) terms may protect the dangerous de-
nominators at the lower limit of the k& integration, so that 8P,;/X does exist,
but is a singular function of X at X = 0.

The contributions from nonhydrodynamic modes, as well as from large &
values, and those from hydrodynamic modes with z,* + z,* = O(k) do exist
in two and three dimensions at X = 0, and their first derivatives exist also in
three dimensions at X = 0O (or are at least less singular). Such contributions
should be lumped together in G, which should be neglected for consistency,
since it is a higher density correction with respect to the right-hand side of
(19).

After having explained the general procedure, we list the explicit expres-
sions for the hydrodynamic modes, i.e., sound modes (¢ = +), heat mode

8 The operator ik-v — A(v) is non-Hermitian (but it is symmetric). One should therefore
consider biorthogonal sets of right eigenfunctions ¥i* and left eigenfunctions ™.
However, since Ji* is the complex conjugate of g5, one can write inner products as
W, di) = iy > = >, As we will restrict our attention only to hydrodynamic
modes, it will not be important if 7k-v — A(v) does not have a complete (biorthogonal)
set of eigenfunctions.
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(T), and (d — 1) shear modes (n;; i = 1, 2,..., d — 1), which are only needed
to O(k°):

Ol — = O() Bmv? Bm\vz o
W) = 4220 = g + o o) vk
() = 41 = m-:T)]”Z Brmv? —d—-2) (25)

YY) = sg(i) puulv) = (Bm) kP -v

We choose k¢’ in such a way that (—K)§ = sg(i) k¥, where sg(i) is +1 or
—1, and will be chosen later on. The hydrodynamic frequencies are
z,0 = —iocck — Dk?; z¥ = — Drk?; it = — D k? (26)
Here, (k, k), k®,..) is a set of mutually orthogonal unit vectors;
co = [(d + 2)/dBm]*% is the adiabatic sound velocity; D, = (1/d)D; +
[(d — 1)/d]D, is the sound damping constant, where the thermal diffusivity
D, = AnC, contains the heat conductivity X and the specific heat per particle
at constant pressure C, = 3(d + 2)kg; and D, == y/nm is the kinematic
viscosity. The pairs of dangerous hydrodynamic modes are indicated by
Quy = (o, —0), (TT), (0,T), (Tn:), (3m,). We now insert Eq. (23) into Eq. (19)
and calculate the projection {(y (v ) (v2)[Eq. (19)]>), with the result
> 8 8u,(Da + DK + XRMW)]B(K) = BAMK) 7
{vp?
The right-hand side of Eq. (19) has been calculated to O(k®), using the relation

PO To(12)(1 + Piodhp(v)d) = —(1mh Mgy (28)
together with Eq. (16) and the definition

AhE) = ML pTep 29
We further introduced the matrix elements of R(v,v.k), defined in (A14),
Rip(k) = <MV k() RV VoK) (VOB 1 (V2))) (30)

One should notice that R}%(k) is a differential operator with d/dk, acting on
all k-dependent functions to its right. In this manner we have reduced the
determination of 8G to the solution of a coupled set of linear first-order
differential equations.

The singular part of the pressure tensor (22) can now be expressed as

Pos = ~3 X[ e 5 ABOB0) G

where we have used Eqgs. (28)—(29) and the symmetry relations, implied by
Eq. (20),

BM(k) = B(—K) (32)
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and for future reference we also list the symmetry properties, implied by
Eqgs. (25), (27), and (20), i.e.,

B*~(k) = B~*(k),  B"(k) = —sg(i) B"(k)
Brins(k) = sg(i) sg(j) B""(k)

Before solving Eq. (27) we have to calculate the amplitudes A34(k) and
the matrix elements R}4(k). They are only needed to O(k®), since O(Xk°)
terms provide the main protection mechanism against the divergences caused
by the O(k2X°) terms. For the amplitudes we find from Eqgs. (25) and (29)

BA%L® = ks — (1/d) a,w, AN = AW = ATh = 0
BAL = s8()) (RS} + REHRL, — (2/d) 8y 81)

The matrix elements of (30) to O(k°) are given in Eqs. (A14) of Appendix A
and read

(33)

(34)

R(K) = <<¢kh<v1>¢ﬂ.k(vz>(—;i§f—x ky ~ vix % - e
+ Pmuy vy + ﬁmvzxvzy)‘/’kv(vl)‘)l'p—k(v2)>> (35)

Lengthy but straightforward calculations yield explicit expressions for the
matrix elements in d-dimensional systems to zeroth order in £,

RZ’_—UG’(k) = Saa’[_(d/dkx)ky + ]%x]%y]
RIT(K) = sg(i) sg(/) Riqi(k)
= k9D, — k{ud|dk, )k kY,

Ryme(k) = sg(i") sg(j") [8r7kBED, + 8,k G)kE (36)
”(z) ka )(d/dkx)k k‘l’;k(’ )
Fr(k) = —(d/dk )k,

R} =0  (in all other cases of interest)

Summation convention is used for repeated indices.

It is obvious from Eqgs. (36) and (26) that the differential equation for
B* (k) in d dimensions does not couple to any other B*(k), and we have for
the sound mode contributions

[2Dk? — Xk,(d[dk,) + Xk, )B*~(k) = k,k, (37

Equations (34) and (31) require further that B%"(k) be determined. In two
dimensions, where k = (k,, k£,) and k, = (—k,, k,) [hence sg(1) = —1 in
two dimensions], the equation for the shear mode contributions becomes

[2D,k? — Xk,(d]dk,) — 2Xkk,)Bu"(k) = 2k.k, (38)
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upon using Egs. (27), (34), (36), and (31) and the relation k,.(d/dk,)k,, = 0.
In three dimensions the equation for the shear mode contributions can be

simplified enormously by choosing a special coordinate system®® such that
dk'3dk.. = 0, which implies

ER(d | dk YER = —Ek@(d]dk, )k = 0 (39)
This leads to the following set of unit vectors:

R = (iéx: l%y; iez)
R = (=k2 — k2 kk,, k)2 + k22 (40)
k(z) = (0 _kz9 ky)/(k 2 2)1/2

with sg(1) = I and sg(2) =

The choice (40) enables us to write down expressions for R in terms
of k., ky, and k,, and we find the following set of differential equations for
the shear mode contributions:

[2D,k% — Xk,(d|dky) — 2Xk,,)Bn"(k) = —2k.k,
[2D,k* — Xk(d|dk,) — Xk, 1B="(k) = k{1 — XBm"(k)} (41)
(2D,k? — Xk,(d]dk,))Bm="2(k) = 2Xk,B"="(k)
where the relation B%"(k) = — B™M"(k) has been used.
In order to construct a unique solution of Egs. (37), (38), or (41) we
must impose a boundary condition on B*(k, X). We note that it is possible
to obtain a solution to each of these equations as an expansion in powers of X,

by iterating about the X = 0 solution. For example, Eq. (37) has the iterated
solution

BT (k) = By(k) + XBi(k) + X?2By(k) + - (42a)
with
By(k) = (2Dk?) "k k, (42b)
and B;(k) determined by the relation
Bi(K) = DK [k, (d|dk,) — k.k,)1B;_,(k) (42¢)

The expansion of B* ~(k) in powers of X leads to an expansion of the pressure
tensors in powers of X, and we see by considering Eqs. (31) and (42) that the
coefficient of each power of X in this expression of 8P, is divergent, with the
degree of divergence increasing with each power of X. It is this divergent
expansion that we want to resum. To carry out the resummation we must
resum Eq. (42a) for B* (k) and the corresponding equation for B™%"(k)
before carrying out the final k integration. The differential equations (37),
(38), and (41) provide a means by which this summation may be readily
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carried out. We merely need to construct solutions to these differential equa-
tions that, upon expansion in powers of X, agree with the expansion (42a)
or the corresponding ones for B"u(k). We also note that, since we are
interested here only in the most singular part of 8P,,(X) for small X, we can
add to the singular part of B*(k) any terms that are well behaved for small k
and X without disturbing the singular part of 6P,4(X). Since the X-dependent
terms are only important to modify the behavior of B*(k) at small k, we can
impose the boundary condition that B(k, X) coincides with B(k, X = 0) at
some point on the outer boundary of the k integration. Combining these
observations, we now choose the boundary conditions for B*(k) such that

BYMEK®, X) = BYK®, X = 0) = A4 (K)[(Dx + DIK)*]™T  (43a)

where the point k°® is chosen so that the singular parts of the X-expanded
solutions of the differential equations agree with the iterated solutions. These
requirements are met at the boundary point

KO = (0ko, ky, k) (43b)
where 6 = sg(Xk,) is the sign of Xk, .

4. SINGULAR PARTS OF THE PRESSURE TENSOR

In this section we will solve the differential equations (37), (38), and (41),
and then complete the calculation of the singular part of the pressure tensor
given in (31). We consider the two-dimensional case first. Inspection of
Egs. (37) and (38) shows that for two dimensions both relevant differential
equations can be put in the general form

a ks 287K\ powy — L
(a,karnk2 ATy )B ®) = 51" (44)

with 8 = sg(Xk,). By setting
n=-1; g~V =2DJ|X]|; Y = —k, [k?; BV = Bt~ (45)
we recover Eq. (37), and by setting
n=2; g? =2D,/|X]; 1? = -2k Jk?; B® = Bm™  (46)

we recover Eq. (38). The corresponding boundary conditions, as discussed in
Egs. (43a) and (43b), are
BV, X) = BV, 0) = 6kok,/2Dy(K0)*

47
BAKO, X) = BAK, 0) = 20kok,/2D,(k°) “7)
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Equation (44) can be easily solved using an integrating factor, and the general
solution is

B™(K) = (k°/k)"K™(6k, 0k°)B™(k®, 0)
ko

- (1/X) dk,' (k' [k"K™(8k, 6kI™(K") (48)

kex
where k' = (k,, k,) and
K™k, k') = exp{g™/|k,| [ku(k® — 3k.%) — k/(K? — 3k} (49)
The singular part, Eq. (31), of the pressure tensor is now given by

8Py = — X 21 2 '(5’:‘)2 ADK) B™(K) (50)

with
AP = A% = pkk, AD =347 = Bk,
A( 1)"A+_—ﬁ1(k2——=—A(1> (51)

yy
AR = 34T, = B — D) = — 4D

We have also used the symmetry relation B*~(k) = B~*(k) from Egs.
(32)—(33). The first term on the right-hand side of Eq. (48) gives a contribution
8P,, which remains finite as | X|— 0, or equivalently, as g™ — oo. This
contribution is a higher order density correction to the regular part of the
viscous stresses, and is therefore neglected here.

The singular contribution to 8P,; comes from the second term on the
right-hand side of Eq. (48), and insertion in Eq. (50) yields

8P,, = Z 8P

Zf o, e (5) Kt 0050 2

where the double prime on the k integration means that [k| < ky,and Xk, > 0.
We have further used the property

(AB(=RID(=K) = ABIOI™(K) (53)
Consider first the off-diagonal element. From Egs. (51), (49), and (45) we
obtain the sound mode contribution (n = —1)
Ly 2s8(X) [* f f
PGV = dk k| d d
Yy B (2 )2 o ¢ o A}

(kx + s)]exl%y

0t 2y 1 soyia L8 Yk sk E (s, )] (54)
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To obtain the form given in Eq. (53) we have relabeled the variables k,, = — k.,
and introduced a new variable s by k,” = k, + sk. In addition, we set
k, = cos ¢ and k, = sin ¢, and E(k,s) is given by

E(ky,s) =1 + kys + 452 (55

The divergent integral, which occurs in the linear kinetic theory for
dn = —O8P,,/ X, can be obtained from Eq. (54) by making the substitution
s == | X|y and taking the limit | X| — 0 inside the integrals. To evaluate the
integral for X # 0, we interchange the k& and s integrations and note that,
since k~k, — k, =1 — k,, we can write

ko k=lko~Fex 1-Fiy ko @ Eos+k,0~1
f dkf ds---zf ds dk.--+J dsf dk - (56)
4] 0 0 1-k 0

0 fex

It can be easily seen that the region of integration {I — £, < 5 < o0;
0 < k < ko(s + k)~'} leads to a contribution to 8P that is of order X as
X — 0, and can be ignored here.

In the remaining region of integration {0 < s < 1 — k0 < k < ko we
split up the s integration into region 4 = {0 < 5 < 5o} and region B =
{ss < s <1 —k,}, where s, is chosen such that g‘ 1’50kO =n, < 1. It is
easy to verify that the contribution to 8P, from region 4 is well behaved in
X for small X, and that the contribution from region B is singular for small X,
and is given by

) S P (k, + k2
SPCD ~ ————————J d f ds —— Kz TSIk,
Y 2D B(2m)? ), b s SsE(kx, )L + 2k,s + 522

11 ko? D,
~T5.57D, X108 73T

12

7

where we have changed s into g~y and taken the dominant term as X — 0
or g™ v — co,
An almost identical calculation yields for the shear mode contribution
1 1 Dyko®

SP® ~ ——— — Xlog

32 D, °8 x| (58)

Since the arguments of the logarithms in Egs. (57) and (58) differ only a
factor of O(1), we may combine both terms into

1 1 1 Dk

For two-dimensional systems at low density this is the leading singularity as
X — 0 of the nonlinear shear viscosity.
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Table I. Numerical Values of the Coefficient M in Units 102

Mg M*- M@ M@ M© Mm
xy —0.406 —0.766 +0.507 0 -0.259
xx ~0.329 -1.79 0 +9.38 +7.59
yy +0.287 +0.759 +0.693 —14.73 —13.28
zz +0.042 +1.03 —0.693 +35.36 +5.70

Next we consider the contributions P& and 8P{y in Eq. (50), which are
all vanishing, as direct computation shows, i.e.,

SP,, = 8P,, = 0 (60)

In three-dimensional systems we have obtained the following results for the
singular parts of the pressure tensor in the case of uniform shear flow, i.e.,
u(r) = 8,,(us + xX); for the shear stresses

8Py = —X (X)) = — 2 ”é = {(zjg’"‘;gﬂ + é‘%;,z} 61a)
8P,, = 8P,, =0 ' (61b)
and for the normal stresses (¢ = x, y, 2)
8P, = — IXB|3/2 [(2]‘;"3;“3/2 + (%j:;;/z] (62)
where 3, 8P,, = 0. The coefficients
M™M= M2 + M® + MO, M*~ =MD (63)

are pure numbers, and represent respectively the contributions from the
shear modes and opposite sound modes. The detailed calculations are given
in Appendix B, and the numerical values of M are given in Table I. In the next
section these results will be discussed and compared with those of other
investigators.

5. CONCLUSION

We conclude with a number of remarks:

1. In the case of a steady-state shear flow with a local velocity field
u,(r) = 8,,(up + xX), one would traditionally expand the pressure tensor,
e.g., its xy element P,., in a power series in the velocity gradient X,

Puy= —nX — 7' X° 4+ (69

As is well known, certain expansion coefficients do not seem to exist: In two-
dimensional systems the Navier-Stokes transport coefficient  appears to be
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infinite; in three-dimensional systems the super-Burnett coefficient " appears
to be infinite.®-*® Here we presented a method that leads to a set of well-
behaved nonlinear equations for a simple steady-state shear flow with parallel
plate geometry. Thus we have succeeded in renormalizing the divergence
difficulties that occur in Eq. (64), and we have shown that when nonlinear
effects of the velocity field are taken into account in computing the contribu-
tion of the ring events to the xy element of the pressure tensor, one obtains in
two-dimensional systems an expansion of P,,(X) of the form

Pro(X) = — Xn(X) (65)
with

2
kBT(l 1 )1 Diko® 66)

U(X)=”’Io+3'2‘7; 5;4'2—53 Og“[Xl

Here 7, is the low-density value of the viscosity of hard disks, as predicted by
the linear Boltzmann equation.

The result (66) agrees with the result quoted by Onuki. The normal
stresses P,, and P,, are vanishing to the corresponding order in X.

For three-dimensional systems of hard spheres the shear stress is given by

M- Mm
A+ angm) o ©

Py, = —n(X)X = —noX — X|X|1/2kBT(

and can be interpreted as a nonlinear viscosity n(X’), whereas P, and P,, are
vanishing to the corresponding order | X [¥2. For the normal stresses we have
obtained the result (62), similar to Eq. (67). The numerical values of the
coefficients M are listed in Table I. Here, M * ~ represents the contributions
for two opposite sound modes and M " those of two shear modes. It should
be stressed that the existence of normal stresses in steady shear flow in a
dilute three-dimensional hard-sphere system shows that simple gases have
already some very peculiar non-Newtonian fluid properties.®® It should
perhaps also be mentioned that only differences of normal stresses, e.g.,
dP,, — 6P,,, have direct physical significance.

2. Theoretical results for three-dimensional systems that are qualitatively
the same as ours do exist already in the literature. Kawasaki and Gunton
(KG)*® and Yamada and Kawasaki (YK)"* have evaluated the shear mode
contributions to the shear and normal stresses in a fluid, using an extended
mode coupling theory. Their results, expressed in coefficients C;, are compared
in Table II with our shear mode contributions M ™, using the relations
M =2V2Co, MT, = —2V2Cy, M1 = —2V2 Cy,and M = —24/2 C.
Since the numerical values differ from ours, we have repeated the derivation
of the singular part of the stress tensor for a general fluid using the extended
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Table I. Comparison with M Values from the Litera-
ture in Units 10~ 2

Mz M M3y Mz
KG —-14 +0.48 —-14 +1.3
YK +0.86 -3.0 —-12.0 —-1.6
This work —0.26 +7.6 —13.3 +5.7

mode coupling theory, and we obtained again Eq. (27), where A}%(k) are the
amplitudes for general densities, defined in Ref. 8 as

Ai\c;(k) = (1/V)<al)}*a£*ijy>eq (68)

and the matrix elements are given as

l a)\*a”'* i X; i — U ._..a_ a Vaﬁ

VvV k —ki=1 i 8,]/1' ix aviy k Y-k oa

_1_ ar gtk | k _61_ — i i VP 69
V k| Ky dkx =1 Vix al)iy O d-x eq ( )

Here g, are the zeroth-order hydrodynamic modes, explicitly given in Ref. 8,
and {--- >, Is an average over an equilibrium ensemble. From this theory we
recover again Egs. (61) and (62) with exactly the same coefficients A/ ™ for the
shear mode contributions as given in Table I for the dilute gas of hard spheres.
The contributions from the sound modes M * ~ have never been considered
in the literature. They will in general depend explicitly on the density, and
we have only given their low-density values in Table II.

3. We now remark on extension to higher densities and more complicated
dynamical events. The theory developed here only takes into account the
contributions from the Boltzmann equation and from the low-density ring
events. We have incorporated neither excluded volume corrections to the
Boltzmann equation and to the ring events, nor more complicated correlated
collision sequences, such as rings within rings, etc. An extension to higher
densities can be made along the lines followed by Dorfman and Cohen®® in
describing the long-time tail of the velocity correlation function for fairly
dense hard-sphere and hard-disk systems, since the long-time tails and the
nonanalytic X dependence of nonlinear transport coefficients are caused by
the same mechanism. Another possibility is to extend the mode coupling
theories, %1% whose validity is independent of the density range considered.

More complicated dynamic events, especially ring-within-ring
events, 192429 may be included into the kinetic theory. The analogy between
the nonlinear transport coefficients obtained here and the wavenumber-

Ry5(k)

i

fe



Kinetic Theory of Nonlinear Viscous Flow in Two and Three Dimensions 255

dependent linear transport coefficients obtained by Pomeau® and Ernst and
Dorfman‘-® suggests that in three dimensions these terms will give rise to a
series of contributions proportional to X%» with P, =1 —2"" and n =
1, 2,.... Including the ring within ring events is especially important in two
dimensions, where their contributions for very small X will be as impor-
tant as those of the ring events themselves. A very similar situation occurs
when discussing the time dependence of the generalized diffusion coefficient
for hard disks.?*-2% The analogy with this case suggests that a self-consistent
formulation of the nonlinear kinetic theory, which is equivalent to a resum-
mation of the terms ~ (log X)*, would lead to a nonlinear viscosity for hard
disks proportional to (log X)*/2. All these problems are still under investiga-
tion.

4. The region of validity of the present theory is restricted by a number
of requirements on the allowed values of X:

(i) We first observe that the singular contributions to the stress tensor in
Eq. (31) originate from & values with k,, < k < ky. The upper cutoff k, is
determined by the relation D,k =~ vok,, where vy = (kgT[m)2 is on the
order of the thermal or sound velocity. In a fluid k, ~ o~%, i.e., on the order
of the inverse range of the forces or the inverse hard-sphere (d = 3) or hard-
disk (d = 2) diameter; in gases ko ~ no®~! = n*o~1, i.e., on the order of the
inverse mean free path. The lower cutoff is determined by the relation
Dk,? ~ X, as can be seen from Egs. (27) and (31); hence X < D ky? ~ voko.

(ii) One finds a lower bound on X by observing that our theory is only
meaningful if the system is sufficiently large, i.e., if the lower cutoff &,, > L1,
where L is the linear dimension of the system. The condition is equivalent to
XL2Dyt ~ ul D7l = Re > 1, where Re is the Reynolds number. This
condition is relevant to computer experiments (finite-size effects).

(iii) A reasonable theoretical criterion for X is also that the change in
flow velocity Au over the experimental region of size L is small compared to
the thermal velocity, i.e., X = (Aw)L™! < p, L™,

An alternative for an upper bound, which is, however, only available for
three-dimensional systems, is obtained by requiring that the Reynolds
number be smaller than the critical number, i.e., XL2D; 1 < Re® & 5000.29

(iv) The present theory is an asymptotic theory for small values of X,
and hence the contributions to the nonlinear stress tensor should be ordered
as O(X) > O(X%%) > O(X? in three-dimensional systems, and O(X) >
O(nXIn X) > O(X?) in two-dimensional systems, where also restrictions on
the density are implied.

5. What are the orders of magnitude for the effects to be expected in
typical experimental circumstances? The strongest condition (iii) yields
X < 10%sec™?, using L = 1l cm, m = 10722 g, and T = 300 K. For air at
STP (n =2 x 107 *gem~*sec™®, D, =5 (nm)™* = 0.15cm?sec™?, o >
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10~8 cm, no® ~ 1073, and M ~ 102 from Table I) a rough estimate gives,
dropping numerical factors,

onin = [ X|V2MkgT|(nD3®) ~ [X|*2107%° < 107° (70)

and for water at STP (y = 1072 gem~tsec™?, D, = 10~ 2 cm? sec™?, and
M ~ 107%) this rough estimate gives

Snin ~ |X|H210711 < 1079 )

The alternative condition (iii) involving Re®" yields for air X ~ 10%* sec~* and
for water X ~ 500sec™1, and we find essentially the same estimates. The
effects in the normal stresses are one order of magnitude larger. In a typical
rotating cylinder experiment X ~ 100sec™'.®*" Hence, the effects are
extremely small in experimental circumstances.

Our theory, although restricted to low densities, gives a meaningful
estimate for the magnitude of &x/y in dense systems, since the coefficients
M™ for the contributions of the shear modes are independent of the density,
as can be seen from mode coupling theories (see remark 2).

What can and has been done in computer experiments? Recently a
number of molecular dynamics experiments have been carried out by Naitoh
and Ono®® and Ashurst and Hoover®*39 to determine the shear rate
dependence of the shear viscosity. For these computer experiments on steady-
state uniform shear flow in three-dimensional hard-sphere systems we read
off the following data from graph I in Ref. 30: X = 2-7 x 107 2py0~ 1%,
n =~ Tmvye~2, and n* = 0.9, so that D, ~ 9v,0, and if our theory were
applicable here, we would find for the shear mode contributions

& ME v,%6° | X |12

v s D
For densities around n* = 0.3 we obtain D, from the Enskog theory™ for a
dense gas of hard spheres, using Ree and Hoover’s®V values for Enskog’s
y factor. The result is D, ~ vy0, and the predicted effect is about a factor 700
larger. This is still too small to be seen, given the uncertainty in the present
computer experiments. The effects in the normal stresses are still a factor
30-50 larger than those in the shear stresses, as can be seen from Table IL.
However, our theory cannot be applied to the present computer experiments,
since conditions (ii) and (iv) are violated. Condition (ii) is not fulfilled since
the systems considered are too small. The linear dimension L ~ o(N /n*)1/®
of these systems with N hard spheres (N = 108 or 256) at reduced densities
n* = No®/V around n* = 0.9 corresponds to L ~ 7o, so that Re = XL?D~!
~ 0.1-0.4, and finite-size effects dominate. At densities n* ~ 0.3 one has
L ~ 100 and Re ~ 2-7, which are borderline cases where strong interference
of finite-size effects and the effects of the hydrodynamic cutoff on the k
integral are to be expected.

~ 10-¢ (72)
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Next, the X values considered by Naitoh and Ono are too large for our
theory, although they satisfy the weaker bounds imposed by (i), i.e.,
X < 01Dk? >~ 0.1vgo7 (kg =~ 071, D, = vyo for n* ~ 0.3) and by (iii),
e, X € v, L' ~ 0.1pe0~ 1. The reason is that condition (iv) is violated,
since the O(X?) terms in the pressure tensor are clearly dominating the terms
of O(X?®%). This is so, since these investigators obtain consistent values for the
nonlinear shear viscosity directly from momentum transport, as well as
indirectly from the viscous heating of the fluid. The latter effect, which is of
O(X?), should be negligibly small in our theory, as discussed in remark 8.
Considering the above restrictions in connection with the current computer
experiments, one cannot expect to be able to verify the predictions of the
present theory on hard-sphere systems.

In two-dimensional systems of hard disks we take the optimal density
n* = 0.3, where k, ~ o~ % and D, ~ 1.3v,0 (from Enskog’s theory®7-51-82),
and find from Eq. (66)

Snfn = 0.02 log(Dyko?/ | X ) (73)
with
Lo=' < Dk?|X|™* < L3672 (74)

The inequalities (74) can be deduced from conditions (ii) and (iii) in remark 4.
In typical computer experiments>? with a few thousand particles L =~
a(N[n*)*? ~ 1000, so that the logarithm in Eq. (73) is between 5 and 10, and
8n/m can be on the order of 10%,, which should be clearly visible. However,
it remains to be checked whether X can be made small enough (i.e., L large
enough) so that the viscous heating of the fluid can be neglected.

It would be extremely useful if computer experiments could give a check
on the theory as developed so far for uniform shear flow, which seems feasible
for systems of a few thousand hard disks.

6. The divergence of the viscosity for two-dimensional systems is
connected to the contributions from small-k or long-wavelength hydrodynamic
modes of the ring collision operator. It is, of course, clear on physical grounds
that the long-wavelength hydrodynamic modes should be affected by changes
in the hydrodynamic fields on a scale of the wavelength of the modes. Here
we have taken into account the effects of the slow, systematic change in the
velocity fields on the long-wavelength hydrodynamic modes, and a convergent
nonlinear expression for the pressure tensor results. The situation is not
unlike that encountered in the continuum hydrodynamic theory of the flow
of a fluid around a cylinder whose long axis is perpendicular to the direction
of flow. There, the linear hydrodynamic equations must be modified by
including the nonlinear Oseen terms®® before a well-behaved expression for
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the force exerted by the fluid on a cylinder can be obtained. In a kinetic
description of this phenomenon the Oseen terms can be considered again as
resulting from a delocalization of the Boltzmann operator.®® The relation
between the force F exerted on the cylinder and the velocity V of the cylinder
with respect to the fluid is similar to (59) and satisfies V ~ F log|F| for small
F. Also here the difficulty with the linear theory is that it ignores the variations
of the velocity field over large distances.

7. In this paper we have been using hydrodynamic modes for the
unbounded system and neglected any hydrodynamic boundary conditions.
If walls are present, interactions between walls and hydrodynamic modes give
rise to interesting effects, which, although weak, are very long-ranged, due to
the large extension in space of the hydrodynamic modes.®®

8. We have neglected here the viscous heating of the fluid, which raises
the temperature of the fluid during the time that the shear flow is taking place.
However, as the rate of heating is proportional to X2 for small X, it can be
argued that we can consistently neglect the effects of the heating of the fluid.
To see this one notes that, from the rough argument presented in Eq. (5), the
time interval over which the pressure tensor develops to its asymptotic form
is on the order of |X|~*. Since the rate of heating is uniform, i.e., 6,7 =
nX?/Cy, the temperature change of the system over this time interval is
proportional to X?|X|~* ~ |X|. For small X this produces corrections to
the pressure tensor that are of the order of X2, and hence small compared to
terms of order |X|log|X| or |X|?2 The same arguments apply to the
differences of the .normal stresses, 6P, — 8P,,, etc.

9. A complete theory of hydrodynamic processes that takes into account
gradients in density, temperature, and velocity, as well as time-dependent and
nonlocal effects, has not yet been completed. Even for the case of steady-state
heat conduction the theory is not yet understood.

10. Finally, we mention the special case of self-diffusion. It seems clear
that the diffusion of a tagged particle in a fluid of mechanically identical
particles maintained in equilibrium is an intrinsically linear process. Therefore,
the equations describing self-diffusion under these circumstances are almost
certainly linear, but nonlocal. However, it is interesting to consider the case
of diffusion in a fluid in which there is also a shear flow. Here a phenomenon
called Taylor diffusion will take place®®:7; the density profile is modified by
the shear flow and the variation of the velocity field over large distances must
be taken into account. The structure of the diffusion equation becomes similar
to Egs. (37)-(38), and when the ring contribution to the diffusion coefficient
is calculated this modified form of the diffusion equation must be used for the
propagation of the diffusion mode.

7 Dr. J. C. Lewis brought the similarity to Taylor diffusion to our attention and provided
the references.
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APPENDIX A

We apply the procedure discussed in Section 2 to Eq. (11b), set d;g = 0,
replace Ay in Eq. (13) by Az, and neglect gz, so that g(12) ~ 8g(12). We can
consider 8g(12) or f(1)£(2) 8g(12) = F(12) as a function which depends on
Y1, Vg, Fyg, and on R = 4(r; + ry), or actually only on the x component, R,
in the case of uniform, steady shear flow with #,(r) = 8., (1, + xX). On the
left-hand side of Eq. (11b) we are only interested in terms of O(8) and O(8X),
and therefore, we expand (““delocalize ) the function f(3) in Eq. (11b) around
the point R. We further write «,(R) = u, + R, X = u,, and introduce u, as a
new variable instead of R,, so that

7
(Voo Vo | FO12) = Wisegie P 5 X0 00 5 P (AD
Now F(v,v,r;,u,) must be invariant under the combined translation and
Galilei transformation {r, —r, — x,& — Xx,t¥; v, = v; — Xx,¥}, and hence,

it can depend on #, only through the differences v; — u(R) = V,. Equation
(A1) can now be put into the form

o
(vl = + Vo )F(12)
7 0

o 1
- [V”"érl_z — 5 X(Vis + VZx)(aV S )}F(Vlerm) (A2)

Next, we delocalize £(3) in Eq. (11b), recalling that ¥rg = r; due to the presence
of 8(r,3) in 7(13), and we retain all terms up to O(X), i.e.,

f(3) = nd(Va)[l + 3x12XBmVs, + Xhs(Vs)] (A3)
Inserting (A2) and (A3) into Eq. (11b) yields
V-—QL AV AV T(12 1XV +V)i+———8——
12 31'12 - ( 1) - ( 2) - ( ) - i ( 1x 2x. 8V1y 6V2y

- %me(l - PlZ)KR(VJ.IIBmVy) - X1 + Plz)KR(VlihB)]F(Vlvzrlz)
= n?$(V)$(V)T(12)(1 + P1o)[Xhp(Vy) + 8A(Vy)] (A4

and we have defined

A(Vy) = n f AV, To12)(1 + Poo)p(Va)
(A5)
Ae(Valh) = n j AV, To(12)(1 + Pi)d(Va)h(Vs)
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Taking the Fourier transform of this equation and writing v, instead of V,
gives us

[ikeviy — K(Vl) - K(Vz) + XR(VIVZk)]F(VIVZk)
= n*¢p(v)p(v2) To(12)(1 + P1o)hp(vy) (A6)
with

R(v1vk)p(0,)p(v2) = $(v1)$(v2) R(¥,V:K)
—%(le + U25c)(‘a_ + 4 )

o ov
1y 2y

i

1 d A
5 g (1= Paa) (vl f,)

-1+ PlZ)KR(Vl‘hB) (AT)

The first observation is that we have omitted two terms. This is allowed since
we are only interested in the components f dvy dvy (v ) (vy) [Eq. (A6)],
where ¢* and " are summational invariants, and we have to show that the
above components of the omitted terms cancel each other:

f f v, v, P ) To(12)2m) 2 f dq F(v:v,9)

o

= —nzﬂ vy dvy PPV (Vo) (V)B(v) To(12)(1 + Pi2) h(vy)  (ASB)

On both sides of (A8) we may replace (v} (v5) by — (v )g*(v,), since the
remaining part of the integral is symmetric under interchange of particles 1 and
2, and since [(v,) + $Mv)] [*(v1) + $*(vy)] is a left eigenfunction of T(12)
with zero eigenvalue. By writing

F(vvk) = n%¢(v1)(v2) 8G(v1vok) (A9)

one sees that Eq. (A8) represents now the component of Eq. (17) along the
products of hydrodynamic modes, and the above cancellation is justified.

In Section 3 we are especially interested in the following matrix elements
of R(v,v;k) to O(k®):

RU(K) = f v, v, 33 (V)X (V) R(YLvK)
X ka(vl)Xp—k(V2)¢(Ul)¢’(Uz) (AIO)

where y,M(v) are the hydrodynamic modes of the linearized Boltzmann
equation, i.e.,

[ik-v — AW’ M) = $@)[ik-v — AW’V = — 2z 6 M$(0) (AlD)
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The modes are to O(k°) equal to the summational invariants {,*(v) given in
Eq. (25). The frequencies are given in Eq. (26) for small &, and the relevant
mode pairs are such that

Zk)\ + Zku = O(kZ) (A]z)

We will show below that for matrix elements between the relevant mode pairs
the following relation holds, to O(k%):

1 d 1 0 17] d
3 Tk [Ap(v1]|Bmv,) — Ag(va|Bmu,)] = Evlzx(% - %‘2;) — ky ax.
(A13)

As one can verify that the matrix elements of Ag(v|/) in (A7) are O(k), one
can bring the operator R in the following form, to O(k°):

— d 0 a
R(vyvk) = —k, dk, le%‘l; - Uz;c'av—zl; (Alda)
R(v,v,k) = R(v,v:K) + Bmwv, 01, + Bmvs.vg, (A14b)

Proofof Eq. (A13): We firstintroduce the operator S,(i)}f(v)) = f(v; — a¥,),
where ¥, is a unit vector along the v, axis, and we notice that

Ax(vi|Bmo,) = hm[d Sa0)s A(vz)] [4(), Aw)] (A15)

where [ , ]is the commutator. Introducing a short-hand notation for matrix
elements of operators, defined in (A10) with the functions ¢(v,) to the right
of the operator, i.e.,

R (k) = (Au|R(viv oK) [vp) (A16)
then we can write for the left-hand side (ths) of (A13), using (A15) and (A11),
(p[Ihs(A13)]vp)

(Ap« T A, + 20 + AQ)KY, — )

i
L
Since we are interested in matrix elements of (A17) only to O(k°) and
O(k d|dk,), and only between the mode pairs (Ax) and (vp) satisfying Eq.

= 5 (e i (A, Tl = 4@, BB e

NI»—

)

{(ik-v; + z,)A(1) + (k-vy — Zku)A(z)}zr;—ik_

Vp) (A17)
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(A12), we make everywhere the replacements z,” = —z,” and z,» = —z,%,
and next we eliminate the frequencies, again using (A11). This yields

(Au|lhs(A13)|vp)

-1 (/\M S A v — K() = AQEv — R vp)
-1 (Ay l{(ik-v — REDAD) = (o — KODAQ) g VP)
— (\ulrhs (A13)}p) (A18)

In obtaining the last equation we omitted the A terms, which are of
O(k? d|dk,), and we have used Eq. (A15).

In fact, there are many equivalent forms for R(v,v;k), which can be
derived from (A10) in a less tricky way, e.g., one obtains in a relatively simple
way

d 7] 0
R(vyvok) = 2 k. K vyo010,8m — (le + sz)( + )

vy Oy
+ Bmuy 0y, + BMvs,Ug, (A19)

We prefer, however, the simple form (All), which, in addition, shows the
connection with the extended mode coupling theories.

APPENDIX B

In the three-dimensional case the solutions B*(k, X) of the differential
equations (37) and (41) contain still constant terms, BM(k,0) =
BAM(k)(k®D, + k?D,)~*. For the singular part of the stress tensor one only
needs

BM(k, X) — BM™(k, 0) = (1/|X|) 8B™ (B)

It is convenient to transform Eqgs. (37) and (41) into differential equations for
8B(k*, X), and we introduce a dimensionless variable k* by the relation

2DWk? = | X|(k*)? (B2)

Its definition depends on the pair of modes involved, where n = —1 refers to
(+=);n =210 (qm); n = 110 (9am1); and n = 0 to (32my); and D™ = D,
for n = —1 and D™ = D, for n = 2, 1, 0. This yields the following set of
equations, where 8 = sg(Xk,) and the asterisk is dropped again:

( d | nk, 6k

YT |) SBM(K, X) = I™(K) (B3a)
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with boundary conditions
$BO(K°2D™[|X|M?), X) = 0 (B3b)
as follows from (43) and (B1). The functions 7 are found to be
IOy = —k (k* — 5k, 2)/k®
I2(k) = 2k, (k* — 2k,*)/k® (B4)
IYK) = k, 6B2(k, X)/k k
IOK) = =2k [k~%k, + 3BV (k, X)]/k,k

The solution of (B3a) that satisfies the boundary condition (B3b) is
8K
8B™(k, X) = —J dk,' (k'[kyK(6k, 8k Y ™(K") (B5)
kx

with «y = ko(2D™/| X [)*2 and
K(k, k') = exp{lk,| “[ko(k® — 3k,%) — k(K — 3k (B6)

From Egs. (31)~(34) and (BI) we find the singular part of the pressure
tensor as

8Py, = —X|X!1/2ﬁ_l Z M2 D™)~%2 (B7)

n=-1,0,1,2

where M{P is the limiting behavior for X — 0 or x, — oo of the form

MD(xy) = (2m)- f dk AS(K) SBO(K) (B8a)

= —202m)" j dk dkx (k' [k K (k, K)ADEI™EK)  (B8b)

The prime on the integral sign in (B8a) indicates that & < «,; the double
prime on the integral sign in (B8b) indicates that & < x, and that we have
restricted k, to the interval Xk, > 0 by means of Eq. (53), which can be
deduced in the three-dimensional case from (B4}, (B5), (34), and
BA fzﬁ 1), BAZ%M — Aleg), 1514711771 — 5125)’ 15/4712712 — A(O)
(B9)
The next observation is that the integrand in (B8) is an odd function of

k, for (¢f) = (yz) or (zx), as can be verified from (34), (40), and (B4)-~(B6).
Hence we find

P, = 8P,, = 0 (B10)

Consider first the contributions in (B8) from the sound modes (n = —1).
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We insert (B4) into (B8), restrict &, to be >0, which yields a factor 2, and
introduce new variables
k, = q cos ¢, k,=gqsin¢ or q=(ky, k) (Blla)
with
¢el0,4m] If sg(X) =

. (BL1b)
pelima] if sg(X) = —1

The integration region over (k,, k,') is divided into regions L and II, defined as

L ={0 < k) < kg; =k, <k, <k}

(I} = {—ko < kx < 0; k, < k,) < —k,} (B12)
In region I we introduce
ki =qx;  ki=kiy=qxy (B13a)
and in region II
ky= —qx; ki =kyy= —qxy (B13b)
with
x € [0, xo/q]; yel-1,1] (B13c)

Since we are only interested in the dominant smalil-X behavior, we take the
limit X — 0 or x, — oo everywhere. This yields for the contribution to M$; ¥
from region I

M5OI = 4Qm)= f "k f_l dy j d L dgq
x x cos ¢ exp{—g2xE/|cos ¢|)
x [AigP(gxy, @1 — 4x)(1 + x»)P2(1 + x*)~"%)  (Bl4)

The triple prime refers to the restrictions in (B11b). The contribution from
region II follows similarly, and its explicit form can be obtained from (B14)
by replacing inside the square brackets xy by —x, and x by —xy. We have
further written

Kk, k") = exp(—g*xE[|cos ¢|) (B15a)
with

E=1-y+3x¥ - )% (B15b)
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and observe that the exponential function in (B14) is the only g-dependent
factor, as can be seen from (B4), (B9), and (51). Hence

f: dq exp(—g*xE/||cos ¢|) = L(m|cos ¢|/xE)*/? (B16)

Now we use the explicit expressions (34) for the amplitudes and integrate
over the angle 4, using

f:m db (sin #) (cos ¢)° = 1 r(r ! I)P(S ! 1)/r(” tit 2) (B17)

The result is

MGV = (y/10a)N () (B18)
MG —1 2/3
sg(X) | Myz? | = @)™ 5/7 [ NQ2) + (8=%)"*] —1/3 [N(3) (B19)
MG 2/7 —1/3
with the following abbreviations:
y = I'(7/4)/T'(5/4) = 1.0140 (B20)
and
@ 1 x\ire[ xp(1—4x?) x(1—4x%y?)
N() = fo dxf_l dy (E—) | T+ x5 21 +x2)72 - (1+x2)1/2(1+x2y2)7/2}
(B21a)
re ot x\ 1z [ —4x? 1 —4x2y?
V@ = | ds| dy (E) (TS (™ (1+x2>”2(1+x2y2>”2}
(B21b)
(" ! x\ 12 (L+x2p)Y2(1 —4x?)  (14+x9)V2(1 ~4x2)?)
N@3) = fo dx f_l dy (‘E) ] (T+x%)72 + (1 + X292 |
(B2lc)

Next, we turn to the shear mode contributions. The calculation of the
(m1m:)-mode contribution is completely analogous. The result is

M3 = (y/57)N(4) (B22)
M2 —1 1

sg(X) | M | = (4n%y) =] 5/7 [N(5) + (67°y)~*| —8/T [N(6)  (B23)
M@ 2/7 1/7
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with

(" ! x\U2 (1 — xHxy — x(1 — x%?
N@) = J:) dx f_ dy (E) 1T+ x5 + 27 (B24a)

NE) = f dx J dy ( E)m T ;2;“22)2?1’?;)2 (B24b)
N) = f dx J dy ( E)m T ;y‘z)j‘ay: = (B24c)

where E is given in (B15b). To obtain the contribution MY from the (nan;)
modes we start again from (B8), use (B4), and insert (BS) for 8B?, using
again (B4). Since K(k, k)K(k', k") = K(k, k"), we write

ki

MD(cq) = 4(2m)" f ak | P [ diy )2k, k)

x (koK) k")~ *q* — k"z)A‘ (k) (B25)
and carry out the &, integration
[ s a7 = gk, (826)
with
A(k%, k) = tan™*(kz/q) — tan™*(k,/q) (B27)
From here on everything proceeds as before, and we arrive at
M3 = (4y/1572)N(7) (B28)
M 0
sg(X) | Miy | = (T=*y) 71| —1 | N(8) (B29)
M 1

In the case of the (y97,) modes (n = 0), we see from (B10), (34), and (40) that
AL = 0, so that

MQ =0 (B30)

In the coefficients M for the normal stresses we can perform two inter-
mediate k, integrations, with the final result

M) 1
sg(X) | MD | = (6a%)"] —11/7 [N(9) (B31)

M 417
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The symbols N(i) with i = 7, 8, 9 stand for

(" ' x\v2 1 — x%?
N = J; dxf_1 dy (E') A T 0 + 59 (B32a)
I P Y E AN D (It 5 B B s/ B
N®) = | dx j_l & (E) A{(I A1+ @2 (1100 T 55
(B32b)
B © 1 x\1/2 1 + A2(1 _ xz) 1+A2(1 __x2y2)
N(©) —fo dxf_1 dy (E) [ T+ 27 + T+ 597 } (B32c)
with
A=tan"'x — tan"! xy (B33)

The above integrals can be evaluated numerically directly, except N(3)
in the representation (B21c). The reason is that the contributions from each
term in binomial 1 — 4x2y? separately diverge for large x and small y. The
x integration converges only after the y integral is performed, which makes
the representation (B21c) not suitable for numerical integration. Therefore,
we derive a different expression for N(3), i.e., the sound mode contribution to
the normal stresses 3PS} 7.

We start from Eq. (37) and write B*~(k, X) = B"(k*, X) with
2Dk? = | X|(k*)?; then Eq. (37) takes the form (B3a) with the replacements
(dropping the asterisk in k*):

1k,
X k?
The boundary condition is the same as in Eq. (47a). The solution is similar to
Eq. (48), and the term depending on the boundary value gives a vanishing
contribution to the normal stresses 3P¢} . Following the steps leading to
(B8b), we obtain the alternative expression
2 ’

sg(X) Miz” = ~ 053 f dk j dk, (i - ;) K ko k) K L B3)
The double prime on the k integral indicates that k, > 0 and &, > 0. In order
to obtain (B35) we have interchanged the order of integrations over &, and
k', and relabeled &k, & —k,/, using Kk, k') = K(—k', —k). We now
change to new variables k = kk with k, = cos 8, l%u = sin f cos ¢, and k, =
sin @ sin ¢, where 0 < ¢ < wand 0 < 0 < =. We then set k,/ = k(k, + s),
so that k'k~! = L(k,,s) = (1 + 2sk, + s®¥? and we carry out the k
integration, yielding

SB-O(k, X) > BVK, X),  IPk) > — (B34)

f " Ak K, K) = 1V Fks, 5)(Fyfs)°" (B36)
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Table Il
i N@) i NG i N()
1 —0.395 4 —-0.373 7 +0.185
2 +0.458 5 +1.201 8 —0.486
3 +0.292 6 +0.727 9 +5.63
with
Flky,s) = (1 + sk, + 1s?)-%2 (B37)

Finally we perform the ¢ integration using (B17), and we deduce from
definition (B19),

NQG)

I

-—%f dsJ- d8 (sin 6)>2(cos 6)F(cos 8, s)L(cos 0, s)s~ %2 (B38a)
0 0

0 1
f dy f dx (1 — x*)¥xy~2(F_L_ — F,L,} (B38b)
0 0

Here F, = F(+x,y% and L, = L(+x, y?). The difference inside braces
contains y? as a factor, so that the integrand of (B38b) is free from singulari-
ties, and lends itself to direct numerical integration. Of course, we could write
an analogous expression for N(2), but we refrain from doing so since (B21b)
is already in a suitable form.

The above method, with substitutions analogous either to (B34) or to
(B1) and (B4), with or without relabelings k, = —k,’, generates different
representations for the integrals N(7), several of which have been used here as
checks on the numerical results. However, the convergence of the representa-
tions for N(3) is always rather subtle, and only expression (B38b) seemed
suitable for numerical integration. The numerical values of N (i) are given in
Table I11. In the body of the paper the factors sg(X) on the right-hand side of
(B19), (B23), (B29), (B31), and (B35) are absorbed in the symbols M{?.
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