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KIRCHHOFF ELASTIC RODS IN THE THREE-SPHERE
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(Received September 17, 2002, revised January 15, 2004)

Abstract. The Kirchhoff elastic rod is one of the mathematical models of thin elastic
rods, and is a critical point of the energy functional with the effect of bending and twisting.
In this paper, we study Kirchhoff elastic rods in the three-sphere of constant curvature. In
particular, we give explicit expressions of Kirchhoff elastic rods in terms of elliptic functions
and integrals. In addition, we obtain equivalent conditions for Kirchhoff elastic rods to be
closed, and give an example of closed Kirchhoff elastic rods.

1. Introduction. The mathematical models of thin elastic rods have been studied
since the days of Daniel Bernoulli and Leonhard Euler. One of the famous models is Eu-
ler’s elastica, which is a critical curve of the bending energy. The uniform symmetric case
of Kirchhoff elastic rods is a generalization of the elastica and is the simplest model with the
effect of bending and twisting.

Elasticae in Riemannian manifolds, except the Euclidean space, have been studied by
many authors in [1], [2], [4], [8], [13], [16], [17], [18], [21], etc. One of the motivations
of these papers is to investigate Willmore surfaces. Meanwhile, Kirchhoff elastic rods in
Riemannian manifolds, except the Euclidean space, are studied in [19], [10]. Langer and
Singer ([19]) derived the Hamiltonian systems associated to a class of variational problems,
including the Kirchhoff elastic rod in 3-dimensional space forms, R3, $3, H3, and proved
their Liouville integrability.

In the case of the Euclidean 3-space R3, it is known that Kirchhoff elastic rods are ex-
plicitly expressed in cylindrical coordinates by Jacobi elliptic functions and integrals ([20],
[22]). By using these explicit expressions, Ivey and Singer ([7]) completely classified the
closed Kirchhoff elastic rods in R and determined their knot types.

In this paper, we study Kirchhoff elastic rods in the 3-sphere S> of constant sectional
curvature. We give explicit expressions of Kirchhoff elastic rods in S in terms of Jacobi
elliptic functions and integrals, and obtain the equivalent conditions for Kirchhoff elastic rods
to be closed. Also, by using the closure conditions, we construct a smooth two-parameter
family of closed Kirchhoff elastic rods, including both helices and non-helices.

Let M be an n-dimensional Riemannian manifold. Let y = y(¢) : [0,I]] - M bea
smooth unit-speed curve, and M (¢t) = (M;(t), M>(t), ..., M,—1(t)) a smooth orthonormal
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frame field in the normal bundle along y. We consider the pair {y, M} of y and M. In
this paper, we call such a pair {y, M} a curve with adapted orthonormal frame, and y the
centerline of it. The frame field M describes the twisting of the material about the centerline
y. We note that for each z, (y'(t), M (t), ..., M,_1(¢)) is an orthonormal basis of the tangent
space to M at y(¢). Let v be a positive constant, which is determined by the material of the
elastic rod. We define the energy ¥ as follows:

! n=1 .
T({y,M})=/ |v,y’|2dt+v2/ VM1
0 . 0
i=1

Here, the first term of the right hand side is the bending (or elastic) energy of y, and the
second term is the energy representing the effect of twisting.

In Section 2, we calculate the first variation formula for ¥ and derive the Euler-Lagrange
equation. We call a solution {y, M} of the Euler-Lagrange equation a Kirchhoff elastic rod.
In Section 3, we give explicit expressions of the curvature and torsion of the centerline of
a Kirchhoff elastic rod in M = R3, S3, H3 of constant sectional curvature G, and then
parametrize the space of the congruent classes of Kirchhoff elastic rods by four real numbers
(Proposition 3.1). In the case of M = S3, we introduce another parametrization of the space
by four real numbers, which we will write as 8, n, p, w.

Let M = $3 and {y, M} a Kirchhoff elastic rod in M. Let ¢ : $> — R* be an isometric
embedding of $3 into R*, with the canonical coordinates (x1, x2, x3, x4), as the standard
sphere of radius 1/ «/5 . For such an embedding ¢, we take a local coordinate system (r, 6, V)
in S? satisfying the following relations:

Xy =rcos@, xp=rsinf, x3=rcosy, xq4=rsiny,

where r > 0 and 7 = /(1/G) — r2. The coordinate system (r, 8, ¥) is analogous to the
system of cylindrical coordinates in R3, and each level surface of the coordinate r is a Clifford
torus instead of a cylinder.

To obtain the explicit expression for y, we use the method of Killing vector fields used by
Langer and Singer ([15], [17], [20], [7]). In Section 4, we construct some Killing vector fields
associated to the Kirchhoff elastic rod {y, M}. In Section 5, by using these Killing vector
fields, we give an appropriate orthogonal transformation P on R* and take the coordinates
(r, 6, ) with respect to the embedding P o1 : $ — R* instead of ¢.

In Section 6, we give the explicit expressions of r, 8, ¥ components of the centerline y
in terms of Jacobi sn function and the incomplete elliptic integral of the third kind.

THEOREM 1.1 (cf. Theorem 6.1). Let {y, M} be a Kirchhoff elastic rod in S3. Then
there exists an orthogonal transformation P on R* satisfying the following: Let (r, 6, V) de-
note the coordinates as above with respect to the isometric embedding P ot : S — R*, and
r(t), 6(t), y(t) denote the r, 0,  components of y. Then,

r(t) = V1 sn2(eat, ¢3) + ¢4



KIRCHHOFF ELASTIC RODS 207

Moreover, if there exist no points where r(t) = 0 or 1/5/G (, a condition being satisfied by
generic Kirchhoff elastic rods), then

0(t) = cst + cell(cat, c7,¢3) ,
Y (t) = csgt + coll(cat, c10, €3) ,

where sn and I1 denote Jacobi sn function and the incomplete elliptic integral of the third
kind, respectively. Also, c1, ..., c10 are real constants, which are explicitly expressed by the
parameter (B, n, p, w) representing the congruent class of {y, M}. Even when there exists a
point where r(t) = 0 or 1/5/G, the explicit formulas of (1), ¥ (t) are obtained in the same
way as above.

Here, we note that the elliptic modulus c3 satisfies 0 < ¢3 < 1. (In practice, ¢c3 = p
holds. See below Section 3.) When ¢3 = 1, the shape of y is quite different from the other
cases. The case of ¢c3 = 1 is called the Hasimoto soliton case (see the last paragraph of
Section 4). Also, when c3 = 0, the centerline y is a helix. Except these two special cases (the
helix case and the Hasimoto soliton case), r(¢), 6'(t), ¥'(t) are periodic functions with the
same primitive period. Let A9, Ay denote respectively the changes in 6(¢), ¥ (¢) through the
primitive period of r.

In Section 7, we express A6, Ay by the parameter (8, , p, w) representing congruent
classes of Kirchhoff elastic rods (Proposition 7.1). We note that the functions A6(8, n, p, w),
AY (B, n, p, w) are explicitly expressed in terms of the complete elliptic integral of the first
and third kinds. We give an equivalent condition for {y, M} to be a closed Kirchhoff elastic
rod, that is, a Kirchhoff elastic rod whose centerline is a periodic curve.

THEOREM 1.2 (cf. Theorem 7.2). Let {y, M} be a Kirchhoff elastic rod in S* corre-
sponding to (B, n, p, w). Assume that {y, M} is neither of the helix case nor of the Hasimoto
soliton case. Then, {y, M} is a closed Kirchhoff elastic rod if and only if A0 (B, n, p, w)/(2m)
and Ay (B, n, p, w)/(2m) are both rational numbers.

In Section 8, by making use of this theorem, we give an example of closed Kirchhoff
elastic rods. Specifically, we construct a smooth two-parameter family of closed Kirchhoff
elastic rods including both helices and non-helices.

THEOREM 1.3 (cf. Theorem 8.1). There exists a smooth two-parameter family
(e, M»®) (0 < A < 1, lw| <« 1) of closed Kirchhoff elastic rods satisfying the fol-
lowing. If » = 0, then y*© is a helix, and if » # 0, then y*® is not a helix. Moreover, if A1,
A2 # 0and (A1, w1) # (A2, w2) hold, then y*V and y*2“2 are not congruent.

A closed Kirchhoff elastic rod whose centerline is a helix seems to be a relatively trivial
object. By the above theorem, we also see that there exist infinitely many non-trivial closed
Kirchhoff elastic rods.

2. The Euler-Lagrange equation. In this section, we calculate the first variation for-
mula for the energy ¥ and derive the Euler-Lagrange equation. Unless otherwise specified,
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all manifolds, curves, vector fields, etc., are assumed to be smooth (= C*). Let M be a
Riemannian manifold of dimension n (= 2). We denote by (, ) the Riemannian metric of
M. Lety = y() : [0,]] — M be a regular curve. Let ¥’ be the tangent vector to y,
v(t) = |y/(t)| = (y/(t), y'(t))l/2 the speed, and T (r) = (1/v(¢))y’(¢) the unit tangent vector.
We denote the length of y by £(y) = fé vdt. We denote by T M the tangent bundle of M,
and by V the Levi-Civita connection in 7'M, and use the symbols V; = Vy,3, = V,,/. Also,
we denote by T+ M the normal bundle along y, and by V+ the normal connection in 7+ M.
To describe how the elastic rod is twisted, we utilize an orthonormal frame field M =
(M1, My, ..., M,_1) in T+ M. We consider the pair {y, M} of y and M. In this paper, we
call such a pair {y, M} a curve with adapted orthonormal frame, and y the centerline of
{y, M}. Note that (T'(¢), M1 (¢), ..., M,_1(¢)) is an orthonormal basis of T),)/M for each ¢.
Now, let v be a positive constant. We define the energy T as follows:

1 n—1 I
T({y,M})=f |VTT|2vdt+vZ/ VM Pudt .
0 . 0

i=1

Note that ¥ is invariant under reparametrization of 7.

Let P, Q € M. Let X = (Xo, X1, ..., X;,—1) be an orthonormal frame of Tp M, and
Y = (Yo, Y1, ..., Yy—1) an orthonormal frame of To M. We denote by B(0, P, X; 1, Q,Y),
or simply by B, the space of {y, M} satisfying the following conditions:

yO) =P, TO)=Xo, M©O)= (X1, ..., Xn-1),
yh=0, Th=Y, MUD=1....,Y-1).

We denote by UB(0, P, X; 1, Q,Y), or simply by U, the space of all elements {y, M} of
B, P, X;1,Q,7Y) satisfying v(t) = 1, and by B;(0, P, X; [, Q,Y), or simply by B, the
space of all elements {y, M} of B(0, P, X; [, Q,Y) satisfying £(y) = [. Note that UB C
B C B.

Now we consider a variation of a curve with adapted orthonormal frame. Let {y, M} be
a curve with adapted orthonormal frame defined on [0, /], and A a positive number. Con-
sider a map y : (—Xp, xo) x [0,I] - M, and M = (Il;ll, e, A;In_l) an ordered set of
n — 1 vector fields along 7. We denote by y* the curve defined by y*(r) = 7(A, 1), and
by M* the ordered pair of n — 1 vector fields along y* defined by M*(r) = M(A,1) =
(Mi (X, 1), ..., Mp_i (A, 1)). The pair {7, M}, or the family {{y*, M*}} (|A| < o), is called
a variation of {y, M} if {y*, M*} is a curve with adapted orthonormal frame for each A €
(=%, A0) and {y°, M%) = {y, M}.

We denote B, By, or UB by C. Let {y, M} € C. A variation {y*, M*} (J]A| < Ag) of
{y, M} is called a C-variation if {y*, M*} € C for each A € (—Xg, Ag). Also, {y, M} is called
a C-critical point of ¥ if

d A gk

I A=OT({V M) =0

for any C-variation {y*, M*} of {y, M}. We consider the following variational problem:

PROBLEM. Determine the {/B-critical points of the energy <.
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Here note that our configuration space is /B, because the elastic rod is assumed to be
inextensible. We do not treat directly the above boundary value problem, but derive the Euler-
Lagrange equation in the rest of this section. In the following sections, we solve it in the case
where M = §3.

We now introduce the “tangent space” to B. Let {y, M} € B, and {y*, M*} (]A] < Ag)
a variation of {y, M}. We denote the tangent vector, the speed, the unit tangent, and the
curvature of y* by V*(t) = V (&, 1), v*(t) = B(x, 1), T(t) = T(x, 1), and k*(1) = k(x, 1),
respectively. Then, k(, 1) = I(fo")(x, )|, where V5 = Vg’l;;%\fa”. We define A and fij
as follows:

- 337

AA, )= —(, 1),

(A1) = =0 1)
fon=(V;M,M;), 1<i<n-—1,

~—1 ~
where V ; = Vg/BATM. Let F(1,t) be the (n — 1) x (n — 1) matrix with ji components

fij (A, ). We denote the restriction of A, fij and FtoA = 0 by A(?), fl.j (t) and F(1),
respectively, and denote V ; | ;0 by Va. In the same way as in page 99 of [9], it is verified
that

(VaM;, T) = —(M;, V1 A).

Thus, the tangential component of V 4 ]\7I,- is determined by A. Therefore, there is a one-to-one
correspondence between the pair (A, V4 ]\711 ..., Vg ]\71,,,1) and the pair (A, F). We call the
pair (A, F) the variation vector field of the variation {y*, M*}.

We define the following vector space:

A is a vector field along y : [0, [] — M satisfying
Ty.mB = (A, F);  A@0) =A@ =0, (VrA)H0) = (Vr AL =0, and
F :[0,1] - so(n — 1) is a curve satisfying F(I) = F(0) =0.

where (V7 A)* is the normal component of V7 A, so that (V7 A)* = V7 A — (V7 A, T) T,
and so(n — 1) stands for the vector space of all (n — 1) x (n — 1) skew symmetric matrices.
Then the following lemma holds. Therefore, the vector space T}, u}53 can be viewed as the
tangent space to 3 at {y, M}. (The proof is similar to those of Lemma 2.8 of [9] and Lemma
3.1 0f [10].)

LEMMA 2.1. Let{y, M} e B. If {y*, M*} (|A| K 1) is a B-variation of {y, M}, then
the variation vector field (A, F) belongs to Ti, myB. Conversely, for an arbitrary (A, F) €
T(y, myB, there exists a B-variation {y*, M} whose variation vector field is (A, F).

In order to apply the Lagrange multiplier principle, we define a functional T# by

Ty, M) =Ty, M}) + nL(y)

for a constant ;& € R. The first variation formula for T is calculated as follows (cf. [9], [10],
[17]). We use the sign convention of the curvature tensor R corresponding to that of [12], that
is, R(X,Y)Z =VxVyZ —VyVxZ — Vix v|Z.
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PROPOSITION 2.2. Let{y, M} € B, and {y*, M*} (|| < 1) a B-variation of {y, M}.
Let (A, F) denote the variation vector field of the variation {y*, M*}. Then,
n—1

> |vTLM,-|2>T

i=1

d [
—|  FEy MY = / <vr [2(VT)2T + <3|VTT|2 — v

n—1
—4v) (VrT, Mi)V%M,}
i=1
n—1
+2R(Vy T, T)T +2v Y " R(VFM;, M))T. A>vdt
i=1

n—1 I i
-2y / (T(V§M;, M;)) f/ vdt .
ij=170
Since the functional ¥ is invariant under reparametrization of ¢, we see that {y, M} is
a UB-critical point of ¥ if and only if {y, M} is a B;-critical point of T. Thus, by using the
Lagrange multiplier principle, we have the following lemma.

LEMMA 2.3. Let {y, M} € UB. Suppose that y is not a geodesic. Then {y, M} is
a UB-critical point of T if and only if there exists a constant i € R such that {y, M} is a
B-critical point of TH.

Hence, by Proposition 2.2 and Lemma 2.3, we obtain

PROPOSITION 2.4. Let {y, M} € UB. Suppose that y is not a geodesic. Then {y, M}
is a UB-critical point of X if and only if {y, M} satisfies the following equations for some real
constant (L.

n—1 n—1
Vr [2<VT>2T + (3|VTT|2 —ntvy |V%M,-|2>T —4v) (V7T Mi>V%Ml}
i=1 i=1

2.1 1
.
+2R(Vy T, T)T +2vZR(V%M,-, M)HT =0,
i=1
d | .
(2.2) (VM Mj) =0, 1<ij<n—1.

Also, the constant  is uniquely determined.
In this paper, we define a Kirchhoff elastic rod as follows.

DEFINITION 2.5. Let {y, M} be a unit-speed curve with adapted orthonormal frame.
Then {y, M} is said to be a Kirchhoff elastic rod if {y, M} satisfies (2.1) and (2.2) for some
uweR.

From now on, let M be R3, S3 or H3 of constant sectional curvature G. We fix an
orientation of M, and denote by x the vector product. Then (2.2) is equivalent to that there
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exists a constant a € R such that
(2.3) (VEM, T x My) =a.

Substituting (2.3) to (2.1) yields
(2.4) Vr |:2(VT)2T + BIVrT)? = (u — 2G) +2va®)T — 4vaT x VTT} =0.

Therefore, {y, M} is a Kirchhoff elastic rod if and only if there exist two constants a, @ such
that (2.4) and (2.3) hold. In this paper, we call the constant a the twist rate of {y, M}. (In [9],
the term “torsional parameter” is used.) When y is not a geodesic, the constant p is uniquely
determined, and is called the Lagrange multiplier of {y, M}.

We denote by R;(¢) the rotation on the normal vector space T),L(t)/\/l by angle ¢. (Its
direction is determined by the requirement that R;(7/2)(Y;) = Y», where (T, Y, Y>) is a
positive orthonormal frame of T, () M.) For a function v(¢) and a normal vector field X (1)
along y, R (¢) X is defined by (R (¢) X)(t) = R (¥ (2)) X (¢).

Let {y, M} be a curve with adapted orthonormal frame, and W; a unit normal along y
satisfying V% W1 = 0. Suppose that M is expressed as M1 = R (i) Wi. Then, in the same
way as in Proposition 2.2 of [9], we have T = (VTLMl, T x My). Therefore, if {y, M}isa
Kirchhoff elastic rod with twist rate a, then M is expressed as M} = R (at + o) Wy, where
Yo € R. The physical meaning of (2.3) is that the twist of a Kirchhoff elastic rod is uniformly
distributed along the curve.

The equation (2.4) with v = 0 is just the equation of elastica (cf. (1.1) of [17]). It is
easily verified that {y, M} is a Kirchhoff elastic rod with twist rate O if and only if y is an
elastica and M is parallel with respect to the normal connection along y .

Finally, we note that if {y (r), M(¢)} is a Kirchhoff elastic rod in M = R3, §3 or H3,
then both y (¢) and M (¢) are real analytic in ¢. The proof is similar to that of Proposition 2.13
in [9].

3. Curvature and torsion of Kirchhoff elastic rods. In this section, we obtain ex-
plicit expressions of the curvature and torsion of the centerline of a Kirchhoff elastic rod in
M = R3, §3 or H3 of constant sectional curvature G, and introduce a parametrization of the
space of congruent classes of Kirchhoff elastic rods (Proposition 3.1). In the case of S3, we
introduce, in the last of this section, another parametrization of the space, which is mainly
used in Sections 6, 7 and 8. From now on, we always assume that the centerline of a curve
with adapted orthonormal frame is a unit-speed curve.

We define a congruent class of curves with adapted orthonormal frames. Consider the
following transformations which transform {y (¢), M (¢)} into

G.D) {yE@ —n)), M(£@ —1n))}, wherer; €R,
(3.2) {Sovy,S«M}, where S is an isometry of M, and S is the differential map of S,
(3.3) {y. Mg}, wherep € 0(2),
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respectively. A map of finite compositions of the above transformations (3.1), (3.2), and (3.3)
is called a congruent transformation. Two curves with adapted orthonormal frames {y, M}
and {y, M} are called congruent if {y, M} can be transformed into {y, M} by a congruent
transformation.

First, we examine a Kirchhoff elastic rod whose centerline is a geodesic. Let {y, M} be
a curve with adapted orthonormal frame such that y is a geodesic, and let Wi (¢) be a unit
normal along y satisfying V% W1 = 0. Then (2.4) holds for any a, u. Thus, {y, M} is a
Kirchhoff elastic rod if and only if M, is expressed as M| () = R (at + ¥o) Wi (t), where a
and v are arbitrary two constants. A Kirchhoff elastic rod whose centerline is a geodesic is
a relatively trivial object.

In the rest of the paper, we always assume that the centerline of a Kirchhoff elastic rod
is not a geodesic, that is, the curvature of y is not identically zero.

Let k denote the curvature of y. Suppose that & is positive everywhere. We denote by ©
the torsion, and by (7, N, B) the Frenet frame of y, where the direction of B is determined
by the requirement B = T x N. Then the following Frenet formulas hold.

(3.4) VeT =kN, VyN=—kT+1tB, VyB=—1tN.

Suppose that M1 (¢) is expressed as M1(t) = R (¢(t)) N(t), where ¢(¢) is a function of 7.
Then, by a calculation similar to that in page 105 of [9], we have (V% M, T xM)=¢ +7.
Thus, if {y, M} is a Kirchhoff elastic rod, then

(3.5) o+1=a.

In the proposition below, we derive the equations of k and t by substituting (3.4) to (2.4),
and solve them in terms of Jacobi sn function (cf. Lemma 4.1 of [9], Section 2 of [17]). Let
sn, cn, dn denote Jacobi sn, cn, dn functions, respectively (cf. [3]).

PROPOSITION 3.1. The space of all congruent classes of Kirchhoff elastic rods (except
geodesics) in M = R3, S® or H? defined on R corresponds to the parameter space D =
D/ ~, where

D={(ay,a1,02,03) €R*; —a1 <0<y <oz, a3 >0},

and the equivalence relation ~ is defined as follows: If ¢y = 0 or ap = 0, then
(a4, a1, a2, a3) ~ (—a, ay, az, a3).

An element [(a4, a1, @z, a3)] of D corresponds to the congruent class of Kirchhoff elas-
tic rods with twist rate *a., whose squared curvature u(t) and torsion t(t) are expressed as
follows:

(3.6) u(t) = a3(1 — g*sn(y(r — 10), p))

(3.7) () = :|:< VR va+> :

2u(t)
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where ty € R is a constant and

o3 — o) o3 — o) Vo + o3
o3 + oy a3 2

Here the double sign of ay and that of the right hand side of (3.7) are in the same order.

PROOF. Let {y(t), M(t)} be a Kirchhoff elastic rod defined on R. Let a and u denote
the twist rate and Lagrange multiplier of {y, M}, respectively. We determine (a4, 1, o2, a3) €
D by dividing the argument into three cases.

Case 1. Generic case: Nonvanishing and nonconstant curvature case.

We first consider the case that the curvature k of y is not constant and k() > 0O for all 7.

Substituting the Frenet formulas (3.4) to the Euler-Lagrange equation (2.4), we have

3.9) 2%+ k3 + 2va® — (u — 2G))k — 2kt (t — 2va) =0,

(3.10) kK*(t —va) =b,

where b is a constant.
Using the substitution T = b/k? 4 va and multiplication by k¥’ and integration, we obtain
"2 Kool 2 2 2y,2 b*
3.11) (k") —I—Z—I—E(Zva —(u—2G)+2v°a“)k —i-ﬁ:c,
where c is a constant. For {y, M}, the four constants i, a, b, ¢ are determined.
By the change of variable u = k%, we get

(3.12) u)? = —ud —22va® — (u — 2G) + 2v%a®)u® + dcu — 4b> .

Denote by Q(u) the right hand side of (3.12). Since Q(0) = —4b* < 0, the minimum real
root of the cubic equation Q(u) = 0 is nonpositive, which we denote by —«1. Furthermore,
since u’ is not identically zero, there exists some u > 0 such that the cubic polynomial Q (u)
is positive. Therefore the equation Q(u) = 0 has at least one positive root. We denote by a3
the maximum of these positive roots, and by a» the other root of the cubic equation. Since
0(0) < 0, we have ap > 0. Also, since there exists some u > 0 such that Q(u) > 0, we
see ap # 3. Hence, —a; < 0 < ap < «3. The real numbers o1, a2, a3 are related to the
parameters u, a, b, ¢ by

(3.13) 202va’® — (u —2G) + 2%a®) = ) — ar — a3,
(3.14) —4c = —ajan + o3 — o3,
(3.15) 4b* = ayonas .

The solution of the ordinary differential equation (u’ 2 = Q@) is expressed in terms of
Jacobi sn function and the parameters o, a2, a3 as (3.6), where tp € R and p, g, y are defined
by (3.8).

Since k() is assumed to be positive everywhere, we have

(3.16) ar#0 or o =ar=0.
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Let K (p) denote the complete elliptic integral of the first kind (cf. [3], [17]). If ap # O,
then u(z) is a (2K (p)/y)-periodic function, that is, a periodic function with primitive period
2K (p)/y, and attains the maximum (resp. minimum) value o3 (resp. an) at tg + 2mK (p)/y
(resp. to + 2m + 1)K (p)/y), where m is an integer. If o1 = ap = 0 (& p = 1), then u(z)
becomes a3sech2(y(t — t9)), which is not periodic and attains the maximum value a3 at 1y,
and converges to 0 as t — Z£o0.

Wesetay =aif b > 0,and ay = —a if b < 0. Then, by (3.10) and (3.15), we have
(3.7), where the upper sign is taken if b > 0, and the lower sign if b < 0.

For {y, M}, (a+, o1, a2, @3) € D satisfying op # o3 and (3.16) is determined as above.
The squared curvature and the torsion of y are expressed as (3.6) and (3.7), and the twist rate
is :l:a.,..

Case 2. Constant curvature case.

We consider the case that k(¢) is a positive constant. The constants u, a, b, ¢ are deter-
mined in the same way as in Case 1. By (3.10), the torsion 7 (¢) is also constant. Therefore, y
is a helix. We formally define the parameters o, oy, o3 in terms of the squared curvature u,
the torsion 7, and the twist rate a as follows.

a1=4(t—va)2, =03 =1Uu.

We define a4 in the same way as in Case 1.

For {y, M}, (a4, a1, a2, 3) € D satisfying oy = «3 is determined as above, and the
squared curvature, the torsion, and the twist rate are expressed as (3.6), (3.7), and £a, re-
spectively, where the upper sign is taken if b > 0, and the lower sign if » < 0. Here we note
that it follows from (3.9) and (3.11) that

2
M=u+2va2—2r(t—2va)+2G, c=—%+2u(r—va)2.

Therefore, a1, o2, 3 defined as above satisfy the relations (3.13), (3.14) and (3.15).
Case 3. The case that y has inflection points.

We finally consider the case that y has an inflection point, that is, a point where k(¢)
vanishes. In this case, we restrict the argument of Case 1 to an open interval / on which k(¢)
is positive. Then there exist a1, a2, a3 satisfying —a; < 0 < a2 < o3, and the squared
curvature u is expressed as (3.6) on /. This expression is valid for the whole R, because u
is real analytic on R. Thus we can verify that the parameters o, oy, a3 determined as above
are independent of the choice of the open interval /. Also, since there exists a point such that
u(t) =0,weseeq = 1and p # 1. Thus, ap = 0 and a1 # 0. Consequently, the curvature is
expressed as

k(t) = a3 len(y(t — 1), p)| ,

which vanishes at ¢t = 79 + (2m + 1)K (p)/y, and the torsion 7 is va except at the inflection
points. We define a in the same way as in the other cases. Since b = 0, a; = a.
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For {y, M}, (a4, o1, a2, @3) € D satisfying op = 0 and o1 # 0 is determined as above,
and the squared curvature, the torsion, and the twist rate are expressed as (3.6), (3.7), and a4,
respectively, where the upper sign is taken.

In each case, {y, M} determines (a4, o1, a2, ®3) € D as mentioned above. We can check
that the parameters u, a, b, ¢, a1, o2 and o3 are invariant under the transformations (3.1) and
(3.3). Also, if S is an orientation-preserving isometry, then they are invariant under (3.2),
and if S is an orientation-reversing isometry, then they are transformed to u, —a, —b, c, o1,
ar and a3 by (3.2). Therefore, if b # 0, then (a4, @1, o2, @3) is invariant under congruent
transformations. Also, if b = 0, thatis, @y = 0 or ap = 0, then it is invariant or transformed to
(—ay, o1, az, a3). Consequently, [(at, a1, a2, @3)] € D is determined only by a congruent
class of {y, M}.

Conversely, we take an arbitrary [(a4, a1, a2, ®3)] € D. In the same way as in the
argument in pages 122—123 of [9], we can construct a unique Kirchhoff elastic rod {y, M} (up
to congruent transformations) which yields [ (a4, o1, o2, @3)]. Therefore the above map which
sends a congruent class of Kirchhoff elastic rods to [(a+, a1, a2, @3)](€ D) is bijective. O

For the use in Lemma 6.3, we define the generalized Frenet frame along y in the case
where y has inflection points. In this case, the Frenet frame (7', N, B) is not defined at in-
flection points. However, it is verified that there exists a real analytic orthonormal frame field
(T, N, B) along y such that

~

(3.17) ViT =kN, VyN=—-kT+tB, ViB=-—tN,
where
k(t) = Jazen(y(t —t0), p), T(t) =va.

We call k the signed curvature of y, and (T, N, B) the generalized Frenet frame along y.
Then, at a point where k(t) > 0 (resp. k(t) < 0), the curvature is equal to k(t) (resp —k(t))
and the (ordinary) Frenet frame (7', N, B) is equal to (7, N B) (resp. (T, N B)) Hence
we obtain that if ¥ (#) is an inflection point, then lim;_; _o N(t) = —lim;— ;40 N(¢) and
lim; ;o B(t) = —lim;_+ 40 B(t). Also, the torsion is equal to T = va except at the
inflection points.

Now, in the case of M = $3, that is, G > 0, we introduce the following parameters g,
n, p and w defined by

o3 a4 o3 — o2 o3
3.18 = = — - L w= _
( ) p G 7 Jo3 P o3 + o o3 + o
Then,
p v GB
qg=—, V=7
w 2w
Also,
GB(1 —w?) GB(w* — p?)
(3.19) ay =ny/GB, =g, M= g, az =GB.
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Under the relations (3.18) and (3.19), D has a one-to-one correspondence with
P={B.n.pw eR, >0, 0<p<w<l, w>0}.

Weset P = P / ~, where the equivalence relation ~ is defined as follows: If p = w or w = 1,
then (8, n, p, w) ~ (B, —n, p, w). Then, P is in one-to-one correspondence with D.

In Sections 6, 7 and 8, we often use the space P rather than D. We note that y is a helix
if and only if p = 0, and y has inflection points if and only if p = w # 1. Also, k is not
periodic if and only if p = 1 (& p = w = 1). The case of p = 1 is called the Hasimoto
soliton case (see the last paragraph of Section 4).

4. Construction of Killing vector fields. Let {y, M} be a Kirchhoff elastic rod in
M = S3 H?orR3. (In what follows after Proposition 4.3, we assume M = S3.) In this
section, we construct some Killing vector fields associated to {y, M}, which play an essential
role in Sections 5 and 6. Unless otherwise specified, we assume, in the rest of the paper, that
to in (3.6) is zero, and the orientation of the frame (7', M1, M>) is positive.

Let J and H be the vector fields along y defined by

J =2(V7)’T + 3k* — w4 2va®)T — 4vaT x V¢ T,
H =2vaT +T x VrT.
Since y is real analytic, so are J and H. We have the following proposition. (In the case of
G = 0, see [9], [20]. In the case of v = 0, see [17], [15].)

PROPOSITION 4.1. The vector fields J, H along y are uniquely extended to Killing
vector fields on M.

To prove this, we need the following lemma, whose proof is omitted.

LEMMA 4.2 ([17], [15]). Let M be R3, $3 or H3 of constant sectional curvature G.
Let y = y(t) be a unit-speed C* curve in M whose curvature k(t) is positive everywhere.
Let A be a C* vector field along y. Then A can be extended to a Killing vector field on M
if and only if A satisfies the following system of differential equations.

4.1) (Ve A T)=0,
(4.2) <(VT)2A 1 GA, N> —0,

3 K 2 2 K
4.3) <(VT) A= (V) A+ (G +k )VTA—;GA,B>=0,

where (T, N, B) is the Frenet frame along y. Moreover, the Killing vector field is uniquely
determined. (Such a vector field A is said to be a Killing vector field along y.)

PROOF OF PROPOSITION 4.1. Since y, J and H are real analytic, it suffices to show
that J and H satisfy (4.1), (4.2) and (4.3) on an open interval where k > 0. By using the
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Frenet frame, J, H are expressed as follows:

(4.4) J = (k* — u+2va®)T + 2k'N + 2k(t — 2va)B,

(4.5) H =2vaT +kB.
By (2.4), Vr(J +2GT) = 0. Thus,
VrJ = —2GkN, (Vr)*J = —=2G(—k’T +k'N +ktB).
Therefore we see that J satisfies (4.1) and (4.2). Also,
(V7)*J,B) = —2G(2k't + k1),

from which we have
/

<(VT)3J - %(Vr)zJ + (G +KkHVyd — %GJ, B> = _i—G[kz(t —va)].

By (3.10), the right hand side of the above expression is equal to zero. Therefore J satisfies
(4.3). It is easy to verify that H satisfies (4.1). Also,

2 1 2 /
((Vr)*H,N) = _%[k (t —va)] =0.
Hence H satisfies (4.2). By (3.9), we have

(Vr)*H, B) = —[k> 4+ Qua® — (u — 2G))k]',

1
2
from which follows that

k' k'
<(VT)3H - ;(Vr)zH +(G+k)VrH — ~GH. B>

_k/
= [2k" + k> + 2va® — (u — 2G))k — 2kt (r — 2va)] = 0.

Therefore H satisfies (4.3). O

Let J and H denote the unique extensions of J and H as Killing vector fields on M. If
M =R3 , then we see, with a few exceptions, that J is a non-zero constant vector filed and
H is a Killing vector field corresponding to a screw motion around an axis parallel to J, so
that we can construct the cylindrical coordinates associated to J and H (cf. [9], [20]).

From now on, we always assume M = S, Let I and I_ be the vector fields along y
defined by

Iy =J+2JGH, I.=J-2JGH.
PROPOSITION 4.3. The vector fields I+ and I_ along y are uniquely extended to
Killing vector fields on S°.

PROOF. It suffices to show that I and /_ satisfy (4.1), (4.2) and (4.3) on an open
interval where k > 0. Since J and H satisfy (4.1), (4.2) and (4.3) and these differential
equations are linear, /4 and I_ also satisfy these equations. O
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Let /, and I_ denote the unique extensions of /, and I_ as Killing vector fields on 3.
By using J, H, I+ and I_, we construct an appropriate system of local coordinates in Section
5. Now, we show that J, H, I and I_ have the following property.

PROPOSITION 4.4. The functions (J, H), |1+| and |I—_| on R are constant.

PROOF. Since these functions are real analytic, it suffices to show that they are constant
on an open interval where k > 0. By (4.4), (4.5) and (3.10), we have

(4.6) (J, H) = 2b + 2(2va® — p)va = 2d = const.
where we set
d=b+ 2va®> - pwva.

Also, by (3.10) and (3.11),

4.7 |J|? = (4c — 4Gk?) + 2va* — u)*> — 8vab.
Thus we have

[IL|* = |7 + 4G |H|> £4VG (J. H)
= 4¢ + Qva® — 1)? — 8vab + 16Gv2a* £ 8d+/G = const.
O

In the rest of this section, we give a corollary of Proposition 4.1 relevant to the vortex
filament equation. (In the following sections, there is no need to use this corollary.) We
consider the following evolution equation for curves in a 3-dimensional oriented Riemannian
manifold M:
0y 0y 07
oA ot ot
where y = (A, 1) : R x R — M and X denotes the time and ¢ the parameter along the
curve. The equation (4.8) is known as the vortex filament equation ([5], [6], [11], [14], [20]),
which is an idealized model of the evolution of vortex filaments in three dimensional inviscid
incompressible fluids. (This equation is also called the localized induction equation or the
Betchov-Da Rios equation.)

The definition of H and an easy calculation yield the following corollary, which extends
Corollary 4 of [20] to 3-dimensional space forms R3, 83, H3.

3

(4.8)

COROLLARY 4.5. Let M = R3, S3 or H3. Let y be the centerline of a Kirchhoff elas-
tic rod in M with twist rate a. Then, y (A, t) := (Exp AH)o y (t —2val) satisfies the equation
(4.8), where Exp AH (1 € R) is the one-parameter group of isometries on M generated by
the Killing vector filed H.

Therefore, the centerline y of a Kirchhoff elastic rod evolves under the equation (4.8)
without changing shape. When p = 1, the shape of y is of the soliton type. In the case of
M = R3, this soliton solution was discovered by Hasimoto in [6] (see also [11]). For this
reason, the case of p = 1 is called the Hasimoto soliton case.
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5. Construction of the coordinates. In this section, we construct a local coordinate
system associated to the Killing vector fields J, H, I, and I_. We embed $3 isometrically
into the 4-dimensional Euclidean space R* as the standard sphere of radius 1/+/G:

§3 = $3(1/VG) = {1(x1, x2, x3,x4) € R* ; x? +x2 4+ x3 +x2 =1/G}.

Let:: §3 < R* denote the inclusion map. We denote the Euclidean inner product on R* and
the Riemannian metric on $3 by the same notation { , ).

For such an embedding ¢, we take a local coordinate system (r, 6, ¥) in 3 satisfying the
following relations:

X1 =rcos@, xp=rsinf, x3=rcosy, xq=rsiny,

F=4/1/G—r2.

Note that each level surface of the coordinate r is a Clifford torus. (When » = 0 or 1/+/G, it
degenerates to a great circle.) The coordinate vector fields 9/dr, 3/36, 9/d are orthogonal,
and the lengths of these are given by
d 1 a a _
— = —, — | =, — | =r.
ar JGF a6 oy

Now, for a Killing vector field Y on S3 there exists a unique skew symmetric 4 x 4 matrix
A, called the matrix representation of the Killing vector field ¥ with respect to ¢, satisfying

where r > 0 and

Y(x)=Ax, x="(x;,x2,x3,x4) €S>,

It should be noted that 8/96, /9y are naturally extended to the Killing vector fields on §3
represented by the following skew symmetric matrices E, E3, respectively.

0 -1 0 0 000 0
1 0 00 000 0
Ei=1lo 0o oo ] B2=lo0 0 0 -1
0 0 0 0 001 0

We denote the extensions of 9/36, 3/dv to S° by the same notation.
In what follows, we give an appropriate P € O (4) and construct (r, 8, ¥) with respect
to the embedding P o . First, we consider the case where the parameter p > 0.

LEMMA 5.1. Suppose that p > 0. Then the functions (f, I:I), |i+|, |i_| on S3 are
constant.

PROOF. Seeking a contradiction, we suppose that |I,| is not constant on S>. Let A
be the matrix representation of 1. Then there exists P € O(4) such that PAP~! is of the
canonical form, thatis, PAP~! = o1 E| + 02 E», where o1, oy are real constants. Hence the
matrix representation of I~+ with respectto P ot is 01 E1 4+ 02 E>. We rewrite P o ¢ as t. By
the assumption |f+| # const., we see |o1| # |o2].
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Letr(t), 0(t), ¥ (¢) denote the r, 8, 1 components of y (¢). Then,
1L (D = ofr(®)? +odr (1) = r(t)* (o} — 03) +03/G,

from which we obtain

L) — (062/G)
)} = 2
oy — 0,

Therefore, by Proposition 4.4, r(¢) is independent of r. If r = 0 or 1/ VG, then y is a
great circle, that is, a geodesic. Thus, r # 0, 1/ /G. Hence y lies on the Clifford torus
xes?; x2+x2=r2.
It is easy to verify the following formulas:
Va/360/00 = —Grfza/ar » Vas900/0% = Vi 540/00 =0,
Vajayd/0y = Grid/or .

By using these formulas and calculating the components of V7T with respect to the frame
(0/0r,d/00, 0/3yr), we see that the squared curvature u(¢) is expressed as

(5.1 u(®) = Grir (0 = W) + 0" + W)
Note that (5.1) holds for a general unit-speed curve lying on the above Clifford torus.
By using the fact that {y, M} is a Kirchhoff elastic rod, we are going to show that 8’(z),

¥/ (1), 87 (¢) and " (r) are expressed in terms of u(z), and derive an equation of u(r). First,
we show the following

LEMMA 5.2.
/ ((t) — p + 2va® + 4/ Gva)orr + o2i/D(u(r))
(5.2) 0'(t) = e ’
r(ofr=+o057%)
(53) o) = WO = k20 +4VGva)orr F o1y DulD)

Fofr? + o37?)

where D(u) = —(u — u + 2va? + 4«/51)(1)2 + 0’12}’2 + 022}72.
PROOF. Since r(z) is constant, T = 6'(3/00) + ¥'(3/3v). Thus, by |T| = 1, we see

(54) r2O) + ) = 1.

We now calculate (/4, T') in two ways. By (4.4) and (4.5), we have

U+, T)=u(t) —n—+ 2va® + 4/ Gva

on an open interval where k > 0. Because of the real analyticity of (I, T'), this expression
is valid for the whole R. On the other hand, it follows from I = ¢1(3/96) + 02(3/d¢) that
(I4, T) = 01r%0" + 027>y’ . Thus,

(5.5) 01120 + ooi* Y = u(t) — pn + 2va® +4v/Gva .

Note that D(u(t)) = — (I, T)*> + |I+|* > 0. Hence, by (5.4) and (5.5), we obtain (5.2) and
(5.3). o
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We proceed with the proof of Lemma 5.1. Let W be an open interval such that u(¢) # o3,
ap forallt € W. If D(u(t)) = 0, then I (¢) is parallel to T (¢), and k'(¢) = O by (4.4) and
(4.5), so that u(t) = a3 or ay. Therefore, D(u(¢)) > 0 on W. We assume that in (5.2) and
(5.3), the upper sign is taken. (The proof is similar, when the lower sign is taken.) In what
follows, we restrict the domain of # to W.

By Lemma 5.2 and (3.12), we have

o  ooF(u(t) = p+ 2va® + 4\/5va)i|2

(5.6) (7)) = P2 + o) [017’ ICIO)] Ou()),
PRI 1 [ _or(u(t) — n+2va® + 4«/Eva)]2

.7 W @) = P02 4 o2P) oor + ICIO)] Q(u()),

where Q(u) is the right hand side of (3.12). Let F(u) be the expression obtained by substi-
tuting (5.2), (5.3), (5.6) and (5.7) to the right hand side of (5.1). Then we have

(5.8) u(t) = F(u(t)) forall re W.
Moreover, the function F («) has the following property.

LEMMA 5.3. Let V denote the open interval defined by V.= {u € R; D(u) > 0}.
Then the function F (u) — u is real analytic on V and not identically zero. Consequently, any
zero of F(u) — u in 'V is isolated.

PROOF. We set G(u) = F(u)—u. It is easy to see that G is real analytic on V. By (5.2),
(5.3), (5.6) and (5.7), we obtain

Gu) r? <(6’/)2 — G>2 n 0")2r% + (Y")?7? 1 (o1r & oo /—1)*

= —= —= - - #0
ut Gi? 2 4 3 Gr2r2(c712r2 + c722r2)4

u u u

asu (€ R) — +oo. (Here, the &£ sign is determined up to the choice of the branch of /D (u).)
Therefore, G is not identically zero on V. d

On the other hand, by (5.8) together with the assumption that y is not a helix, the set
of all roots of the equation u = F(u) (u € V) contains some open interval in R. This
contradicts Lemma 5.3. Therefore, |i+| is constant on the whole S3.

Similarly, we can see that |I_|is constanton S°. Since (J, H) = (|i+|2— |I_ 1%)/(8vG),
it follows that (J, H) is also constant on S>. This completes the proof of Lemma 5.1. O

PROPOSITION 5.4. Suppose that p > 0, that is, y is not a helix. Then, there exist
P € O(4) and positive numbers f, g such that the matrix representations of i+ and I_ with
respect to the isometric embedding P o : S — R* are expressed as fE| + fE> and
—gE1 + gE», respectively.

PROOF. Let Aj, AFI’ A1~+, Ai_ denote the matrix representations of f I:I, f+, i_,
respectively. Without loss of generality, we may assume that A ; = p1 E1 + p2 E2, where p,
o2 are real constants. By (4.7) together with the assumption that y is not a helix, |J ()7 is

not constant, so that |p1| # |p2].
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We show that Az, A i and A; are also canonical forms. Let

0 —hy —hy —h3
hi 0 —h4 —hs
hy hg 0 —hg
h3  hs he 0

T
Il

where A1, ..., h¢ € R. By Lemma 5.1 and (4.6), we have (A jx, A 5x) = 2dG (x, x) for all
x € R*. Therefore,

"AjAz+'(AjAp) = (4dG)E,

where E is the identity matrix. Thus we have

<,02 pl)(h3 h5):0
o1 p2) \—hs ha '

Therefore, by |po1| # | 2], we obtain hy = h3 = hg = hs = 0. Hence A 5 is a canonical form.
Consequently, A i Aj are also canonical forms, because f+, [_ are linear combinations of
J,H.

Let A1~+ = fiE1 + f2E2, where f1, f» € R. By Lemma 5.1, | fi| = | f2|. Thus, there
exists an orthogonal transformation P; on R* permuting the coordinates xp, x2, X3, x4 such
that the matrix representation of I, with respect to P o ¢ is expressed as f E| + f E», where
f = 1Al = |f2l. If f =0, then I = 0, which contradicts the assumption that y is not a
helix. Hence f > 0.

By Lemma 5.1, the matrix representation of /_ with respect to Pj o ¢ is gE; + gE; or
—gE| + gE,, where g is a non-zero constant. In the case of gE| + gE», we see fI_ = gl4.
Thus, by comparing the N components of the both sides, we have f = g, and hence 14 = I_.
Therefore, H = 0, which contradicts the assumption that y is not a geodesic. Consequently,
the matrix representation of I_is — gE1 4+ gE>. Hence, in the case of g > 0, it suffices to
set P = P;. In the case of g < 0, it suffices to set P = P> o P;, where P, € O(4) is the
transformation sending ’(x1, x2, x3, x4) to ! (x3, x4, X1, X2), and to rewrite —g as g. m]

Next, we consider the case of p = 0.

PROPOSITION 5.5. Suppose that p = 0, that is, y is a helix. Then T is uniquely
extended to a Killing vector filed T on S3, and the following holds. There exist P € O(4) and
real numbers o and p such that p > |o|, the matrix representation of T with respect to the
isometric embedding P o1 : S> — R* is expressed as o E| + p E», and the orientation of the
frame (d/dr, 3/06, /) with respect to P o t is negative.

PROOF. It is verified by a straightforward calculation that 7 is a Killing vector field
along y. Therefore, T is uniquely extended to a Killing vector filed 7 on S3. Hence there
exists P; € O(4) and real numbers o and p such that p > |o| and the matrix representation
of T with respect to P; o ¢ is expressed as o E| + pE».
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If the orientation of (d/dr, d/06, d/9y) with respect to P; o ¢ is negative, it suffices to
set P = P;. Otherwise, it suffices to set P = P, o P;, where P, € O(4) is the transformation
"(x1, x2, X3, X4) — '(x2, x1, X3, x4), and to rewrite —o as o. O

6. Explicit solutions in terms of elliptic functions and integrals. In this section, we
give the explicit expressions of the r, 8, 1 components of y in terms of the parameters 8, 7,
p, w, and Jacobi sn function and the incomplete elliptic integral of the third kind (Theorem
6.1). We also show that the d/0r, /96, 3/9dy components of M are explicitly expressed.

First, we express various constants in the previous sections by (8, n, p, w)(€ P). In
order to simplify the expressions of 8, n, p and w, we introduce the following notation:

V=v1-uw?, X=yw2=p2, Yi=1+p>—A+0"nHw?—4w?/B,

R=VX —2vqw?, Yo=Y —4mR, Z=,Y2+4R2,

Q=V2w+vy, T'=V2w-—vy, U=-BZ>+16w*(+4v’n?),

A= /64BwAY2 + U2, S = X1 - p* = (1 — 4> + 4/ w?) — 4vqu?V .

Then it is verified by a straightforward calculation that the following equalities hold.
(6.1) Z2(1 4+ 4*n?) —4(unY1 + R)? = Y2,

16 p%w?

(6.2) w?Y? — p?Z°® + X%+ 0’ n*w?) = 82,

6.3) A= \/64,3sz12 + (U — 32p2w?)2.

We express a, b, i, f and g by (B, n, p, w). In the rest of the paper, the upper sign is
taken when b > 0, while the lower sign is taken when b < 0. By (3.13), (3.14), (3.15) and
(3.19), we have

(6.4) a==xay =+n/GB,
3/223/2
(6.5) b= i%vx,
2w?
G
(6.6) 1= 2B oy 4 2021+ 209
2w

By Proposition 5.4, we have |f+(x)|2 = f? Ix|?> = f2/G, where x € S3. Thus, f =
VG|I| = vG |I,(0)]. Since

14(0) = (a3 — i+ 2va® 4 4vav/G)T(0) + 2 /a3((b/a3) — va + VG)B(0)
a straightforward calculation using (6.4), (6.5) and (6.6) yields

G3/2,31/2
(6.7 f= 272\/(,31/21/1 + 8vnw?)2 +4(81/2R £ 2w?)2 .
w
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In the same way, we see g = JG |I~,| =JG |7_(0)|, and by a similar calculation, obtain

G3/281/2
(6.8) 9= T\/(ﬂl/zﬂ F 8vnw?)2 +4(B1/2R F 2w?)?.
w

To state the first main theorem, we introduce the following notation:

_[32p%w? ¢ = 32p2w?

&= A+U "’ Va-u’
p o BN Z2A+4ID (f =g\ (f =97 _ BunBl(f +9)
= w2 G2 8G92 T G3/2 :
b, _ BN — 2w+ 45 (f+g LUS 9° _8upB'2(f —g)
2= w2 G2 8G92 T G3/2 ;
Cr = —4w5D1 _ 4w5D2
T pRGaryy T BPRUA-U)

01 =B+ @E/B2 -1, 01=B+FVER -1,

By the definition of A and (6.3), we can check that if p > 0, then A + U > 0 and hence &
and C; are well-defined. Also, we see that A — U > 0, where the equality holds if and only
if Y = 0and U > 0. Thus, except the case where Y = 0 and U > 0 hold, ¢ and C; are
well-defined.

We denote by

Mo p) = / Ay
o o 1—asn?(x,p)

the incomplete elliptic integral of the third kind, where «, p are real numbers satisfying o < 1,
0 < p < 1. When x = K (p), the integral is said to be complete.

THEOREM 6.1. Letr(t), 6(t), ¥ (t) denote the r, 6,  components of y (t).
Case 1. The case of p > 0.
(1) r(z) is given by

U+ A—32p2w2sn? (1,
6.9) r(t)=\/ + pwsn” (i, p).
2GA

(@) If p =1, then r does not attain the minimum value. If p # 1, then the minimum
value rmin of ¥ is attained, and the condition rmin = 0 is equivalent to

(6.10) S1=0 and U —32p*w?<0.

(b) The maximum value rmax of v is attained, and the condition rmax = 1/ G is
equivalent to

6.11) Y»=0 and U >0.

(2) 6(¢) is given as follows:
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If (6.10) does not hold or p = 1, then
(f -9

(6.12) 0(t) = _Tt—l—C]H(yt,éz,P) +6(0).
If (6.10) holds and p # 1, then
6.13)  6(1) = %t+mn+9(0), Gm-DKp) _, _Cm+DKP
y y

where m is an arbitrary integer.
(3) (1) is given as follows:

If (6.11) does not hold, then
—(f+9

o1 HCIIon, -2 p) + ¥ (0).

(6.14) v =
If (6.11) holds, then

_ K K
vy = U F9 <t_ ;p)) +1ﬂ( ;p))’

8G
(6.15) 2mK (p) (2m +2)K (p)
—_— <<,
y y

where m is an arbitrary integer.
Case 2. The case of p =0.
The constants o and p in Proposition 5.5 are expressed as

6.16) _ JE(Q;— 0) _ ~/5(Qé+ Q)
andr(t), 6(t) and Y (t) are expressed as follows:
1—(p%2/G
(6.17) () = % ,
ot —p
(6.18) 0@)=0t+60), @) =pt+¥@O).
PROOF. First, we consider Case 1. By Proposition 5.4, we have
- 0 0 - 0 d
(6.19) I+:f£+fw’ I __g£+gw’
- (f-yg f+g) 9
J‘( 2 >89+< 2 )avf’
~ [+ g) <f > d
6.20 H = +|\— ) —
(©20 (4f G )
Therefore,

2
[HOP = H(y ) = (Z—jag) r?® + f7) (— —r(t)z).
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On the other hand, by the definition of H, IH(t)I2 = u(t) + 4v%a2. Hence we obtain

(f — 9)2}
|-

1
r(t) = \/ |:16G(u(t) + 41242) —
4fg

A straightforward calculation using (6.7), (6.8) and (6.1) then yields

3 2
2fg = % 16G (a3 + 4v%a?) — L Gg) - ’f(A +U).
By these expressions, we obtain (6.9).

We now show (a), (b) of (1). Let p # 1. Then r is a periodic function with primitive
period 2K (p)/y, which attains the maximum value precisely when t = 2mK (p)/y, and the
minimum value precisely when t = (2m + 1)K (p)/y, where m is an arbitrary integer. (There
are no critical points other than the maximum and minimum points.) Next, we investigate the
case p = 1. Then, S; = 0. Also, it follows from (6.2) that U — 32p?w? = —BY} — 16 < 0.
Hence (6.3) implies £ = 1, and we have

U+ A
r(t) = A sech(y?) .

Therefore, r attains the maximum value at + = 0, and does not attain the minimum value.
More precisely, r is strictly monotone decreasing (resp. increasing) on ¢ > 0 (resp. t < 0),
and lim;_, 4o r(#) = 0.

By (6.9), the minimum and maximum values of r are calculated as follows:

U—-32p2w?+ A U+ A
Fmin = , Tmax = .
min ZGA max ZGA
Therefore, (6.3) completes the proof of (a). Also, the definition of A completes the proof of

(b).
Next, we show (2) and (3). By (6.19), it follows that

0 ) 1 0 1
= (gl — f1), (—) (gl + f1).
(ae o 2f9 0V ),w  2f9
Thus, if r(¢) > 0, then we have

(T, 3/880)y ) _ gy, T)— f(I-,T)

6.21 0'(t) = =

621) = 6/30), 0P 2fgr(1)?
(-9 —2G'?w* D,

6.22) =" s8¢ BlA + U — 32p2w?sn(yt, p)]

Thus, if 7(¢) > O for all ¢ € R, that is, if (6.10) does not hold or p = 1, then 6(¢) is expressed
as (6.12).
Similarly, if 7(t) < 1/+/G, then we have

(T, @/0y)y0) _ —(f +9) 2G'*w* Dy

2 "(t) = = )
(6 3) w (t) |(8/aw)y(t)|2 8G ﬂ[A —-U + 32p2w2 Snz(yt7 p)]
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If r(t) < 1//G forall t € R, that is, if (6.11) does not hold, then A — U > 0, and so
—(f+ Gl/281/2¢ 1
V() = f 9)+( B 2)( ) .

8G 2w 1 4 ¢%sn2(yt, p)

Hence 1/ (¢) is expressed as (6.14).
Next, we consider the case where rmin = 0 or rpax = 1/ JVG. We investigate the behavior
of 8(¢) (resp. ¥ (¢)) around the points where r(¢) = 0 (resp. r(t) = 1/VG).

LEMMA 6.2. Sett; = 2m+1)K(p)/y andty =2mK (p)/y, where m is an arbitrary
integer.

(1)  Suppose that (6.10) holds and p # 1. (Hencer(t1) = 0.) Then, bothlim;_, ;40 6 (t)
and limy ;o 0(t) exist, and

lim 6(t)— lim 6()=m (mod2m).
t—11+0 t—1,—0

(2)  Suppose that (6.11) holds. (Hence r(t2) = 1/«/5.) Then, both lim; _, 4,0 ¥ (t) and

lim; 4, ¥ (¢) exist, and

lim () — lim () =n (mod2r).
t—1+0 t—1—0

PROOF. We show (1). Note that (x1, x2, ¥) is a local coordinate system on a neighbor-
hood of y(t1). Let x1(t), x2(¢), ¥ (t) be the x1, x2, Y components of y (z). To prove (1), it
suffices to show that x| (£)(8/9x1) + x5(1)(9/dx2) does not vanish at t = #;. Except at #1, it
follows that

VSV B R ) a1
Yax;  Poxy or |~ | or| JGFi

Hence it is sufficient to verify that the right hand side of the above expression approaches a

positive number as t — 1. The expression (6.9) together with the assumption (6.10) yields

, 0

4pw
r(t) = G2A2 len(yt, p)l .
Thus,
26'%p 28'2p(1 = pH)'2
Ir' (0] = 57 Isn(yt. p)l dn(yt, p) — YU >0

ast — 1.

By using the local coordinate system (x3, x4, 0) around y (#2), we can verify (2) in the
same way as (1). O

Suppose that (6.10) holds and p # 1, that is, rmin = 0. Then A + U = 32p?w?. Since
r(t) > 0 on the interval (—K/y, K/y), we have

—(f—g)t —G'2w?D, /’ dt
8G 168p* o cn?(yt, p)

fort € (—K/y, K/y). If D1 # 0, then the right hand side of the above expression diverges
ast — K/y — 0, which contradicts Lemma 6.2. Thus, D1 = 0. Therefore, by Lemma 6.2,

t
0(1) :/ o' (t)dt =
0
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we have (6.13). Similarly, we see that if (6.11) holds, then D> = 0. Hence (6.15) follows.
The proofs of (2) and (3) are completed.

We now consider Case 2. We first suppose that 0 < r(r) < 1/+/G forall t € R. Since
6.24 T 9 9
(6.24) = 03_9 + pw ,
we see (T, 9/dr) = 0, and hence r(¢) is constant. Set (¢) = rg. Then y lies on the Clifford
torus {x € $3 xl2 + x% = rg}. We also see that if r(t) = O (resp. 1/\/5) for some ¢, then
r(t) = 0 (resp. 1/\/5) for all 7, and y is a geodesic. Thus, in what follows, we may assume
that 0 < r(r) < 1/4/G forallt € R.

It follows from (6.24) that 6'(1) = o, ¥’ (t) = p. Hence we obtain (6.18). By (6.24) and
|T| =1, we have

(6.25) (02— +0*/G=1.

Now, we show 02 — p? # 0. By (5.1), the squared curvature of y is expressed as

(6.26) a3 = Grirg(o? — p)2.

Hence the assumption that y is not a geodesic implies 02 — p? # 0. Consequently, (6.25)
yields (6.17).

Finally, we express the constants o, p by 8, , w. By (6.24) together with the assumption

that the orientation of (d/dr, 3/36, 3/9) is negative, we have
_ 0 pro 0 ory 0
N=vGryp—, B=——+——,
0% o 90 | Fo oy

which implies that the torsion of y is given by

(6.27) T = (VrN, B) = —pa/vG.

Substituting (6.17) to (6.26) yields

(6.28) 024+ p>=GB+1*+G.

Also, by (3.10), (6.4) and (6.5), the torsion is expressed by 8, n, w as

(6.29) T=+/GB Q.

Therefore, by (6.27), (6.28), (6.29) and p > ||, we obtain (6.16). O

We show that the d/dr, 3/06, 9/dvy components of M;(t), M>(t) are explicitly ex-
pressed. First, we express M1, M> in terms of the Frenet frame.

LEMMA 6.3. Ifp# worp=w=1, then

(6.30) My (1) = (cosp(t))N(t) + (sinp(1))B(t) ,
(6.31) My (1) = —(sinp(£))N(t) + (cosp(1))B(t) ,
where

(6.32) p(t) =+ [#n(w, .p)+0 - v)nG”zﬁ‘/ﬂ + ¢(0).
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If p=w # 1, then
Mi(1) = (cos ()N (1) + (sinp(t) B()
Ma() = —GingO))N (@) + (cos (1) B().
where
¢(t) = £(1 =G 2% + (0).
and N (1), 1§(t) denote the generalized Frenet vectors defined by (3.17).

PROOF. Let p # w or p = w = 1. Since the orientation of (7', M, M>) is positive,
there exists a smooth function ¢(¢) such that M;(¢) and M>(¢) are expressed as (6.30) and
(6.31). By substituting (3.7) to (3.5), we have (6.32). Similarly, we get the expression of the
case where p = w # 1. O

PROPOSITION 6.4. Suppose that r(t) # 0, 1/5/G and k(1) # 0. Then the 3/dr, 3/96,
d/0y components of M(t) and M>(t) are explicitly expressed in terms of Jacobi sn, cn and
dn functions.

PROOF. By Lemma 6.3, it suffices to seek for the explicit expressions of the d/dr, 9/90,
9/0vy components of N(t), B(t), N(t) and B(t). We express them by r(r), 0'(z), ¥'(t) and
their derivatives.

Substituting T = r'(3/9r) + 0'(3/30) + ' (3/0¥) to N = (1/k)Vy T yields

—h— h— h
15, +239+31//

where

"2
=g (7 S G - o).

k
hz:l(91/+29,r,)’ < 7 2‘# )
k r

Also, by substituting (6.20) to B = (1/k)(H — 2vaT), we obtain

3ot [l (122 ) &+ (2 ) 2.

Now, the explicit expressions of r(¢), 8’(¢) and v/ () in terms of Jacobi sn function are
given by (6.9), (6.22) and (6.23). Hence r’, r”, 8”, 4" are explicitly expressed in terms of
Jacobi sn, cn, dn functions. Consequently, the /97, d/96, 9/dvy components of N (), B(t)
are also explicitly expressed in terms of Jacobi sn, cn, dn functions. Since N (t) = N(t) or
—N (1), this also holds for N. Similarly, this holds for B. O

7. Closure conditions. We call {y, M} a closed Kirchhoff elastic rod if {y, M} is
a Kirchhoff elastic rod and y is periodic. In this section, we investigate the condition that
{y, M} be a closed Kirchhoff elastic rod in terms of (3, n, p, w).
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We define two functions A8, Ay on P as follows. Let {y, M} be a Kirchhoff elastic rod
in 3 corresponding to (8, 7, p, w) € P. We may assume that the constant b (= k>(t — va))
for {y, M} is positive or zero. By Theorem 6.1, if 0 < p < 1, then r(¢) is a QK (p)/y)-
periodic function and 6'(¢), ¥’ (¢) are (2K (p)/y)-periodic or constant functions. We set

(7.1) A0 =0Q2K/y)=00), Ay =v%(K/y) =y (=K/y).

That is, A6 and A are the changes in 6(¢) and (¢), respectively, through the primitive
period of . By Theorem 6.1, A6 and Ay are expressed by (8, n, p, w) as follows.

PROPOSITION 7.1.

- 9kK® +2C1IT(K (p), €2, p)  if (6.10) does not hold
4Gy
2 A6=1 T
TG i (6.10) hotds,
“UHIDKD) ook (p), =2 p) if (6.11) does not hold,
13) Ay = 6y
“UEDKWP) i 6.11) holds,
4Gy

where we take the upper sign in f, g, C1, C».

We regard A0 and A as functions of (8, n, p, w)(e P) defined by the right hand sides
of (7.2) and (7.3). We write them as A9(B, n, p, w) and Ay (B, n, p, w). Then we have the
following

THEOREM 7.2. Let {y, M} be a Kirchhoff elastic rod in S* corresponding to
B.n, p,w) € P. Then {y, M} is a closed Kirchhoff elastic rod if and only if either the
following (1) or (2) holds, where Q denotes the set of all rational numbers.

(1) 0<p<Tland A6(B,n, p, w)/Q2m), AY(B.n, p,w)/(27) € Q.

(2) p=0and(Q1— 02)/(Q1+ Q2) € 0.

PROOF. Without loss of generality, we may assume that the constant b for {y, M} is
positive or zero. Suppose that y is periodic. If p = 1, then k(¢) is not periodic. Hence y
is not periodic, too. Next, let p = 0. Then r(¢) is constant, so that y lies on a Clifford
torus. Also, 6(f) and ¥ (¢) are expressed as (6.18). Thus, the periodicity of y implies that
0'(t) /Y’ (r) = o/p is a rational number, and so is (Q1 — Q2)/(Q1 + Q2). That is, (2) holds.
Next, let 0 < p < 1. Let [ denote the primitive period of y. Then, since k(¢) is (2K /y)-
periodic, [ is expressed as [ = m(2K /y), where m is a non-zero integer. It then follows from
(7.1) that 6(t + 1) = 6(t) + mA0b for all ¢t except at the points where r(t) = 0. Hence,
mAO(B, n, p, w)/(2m) is an integer, so that AO(B, n, p, w)/(2w) € Q. Similarly, we see
that Ay (8, n, p, w)/(2w) € Q. Thus, (1) holds.

We show the converse. Suppose that (1) holds. Then there exists a non-zero integer m
such that mAQ, mAY € 2w Z. Thus, 0(t + m(2K /y)) = 6(t) mod 27 holds for all ¢ except
at the points where r(t) = 0. Also, ¥ (t + m(2K/y)) = ¥ (t) mod 27 holds for all # except
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at the points where (1) = 1/+/G, while r(t + m(2K /y)) = r(t) holds for all r. Hence we
obtain that y(t + m(2K/y)) = y(¢) holds for all ¢, that is, y is periodic. Next, we suppose
that (2) holds. Then y is a helix on a Clifford torus and 6’(¢)/y’'(¢) is a rational number.
Therefore, y is periodic. g

8. Closed Kirchhoff elastic rods. In this section, by using Theorem 7.2, we give
an example of closed Kirchhoff elastic rods. Specifically, we give a smooth two-parameter
family of closed Kirchhoff elastic rods including both helices and non-helices. Precisely, we
show the following

THEOREM 8.1. There exists a smooth two-parameter family {y*®, M*®} (0 < » <
1, |w| < 1) of closed Kirchhoff elastic rods satisfying the following. If . = 0, then y* is a
helix, and if » # 0, then y)"“’ is not a helix. Moreover, if L1, Ay # 0 and (L1, w1) # (A2, w2)
hold, then y*v*' and y*2“2 are not congruent.

To prove Theorem 8.1, we need three lemmas. We regard A9 and At as formal functions
on
P={B.npweR >0 0<|pl<w<l w>0).
Note that A9, Ay are even functions in p. We calculate the expressions of A6, Ay evaluated
at p = 0. Let sgn denote the function on R defined by

1 if x>0,
sgnx =410 if x=0,
-1 if x <O.

LEMMA 8.2. Suppose that p = 0. Then the three conditions (6.10), (6.11) and
= are equivalent. , then an are expressed as follows:
B2 = +1 quivalent. If B1/2I" # £1, then A® and Ay pressed as foll

Tw Tw
W(—an +&02), AY(B.n,0,w) = j(—f?lQl —£02),

A0(B,n,0,w) = 51

where
e =sgn(B2r +1), e =sgn(—p*r +1).

PROOF. A straightforward calculation yields the following.

2 2
le%(ﬁ.QF—l), R = 2wl Yzz%(ﬁfz—l),
1 4
U= 6;” (BI? = D1 - B>+ 1],
4 3
@.1) A=16/;” (1= BIr)e12010 . Sl=4%(ﬁrz—1),

(I, T) =2G(B"*2 — 1)(B'*r +1),
(I_,T)=2G(=p"*Q2 - 1)(—p*r +1),
f=2G"?BY°r + e 101, ¢=2G*(=BY’Ir +1)&0>.



232 S. KAWAKUBO

Then it is easy to see that the three conditions (6.10), (6.11) and ,B]/ 2 = 41 are equivalent.
Thus, if 812" # +1,then A+ U > |U|+U >0, A—U > |U| — U > 0, and hence Cy,
Co, &, ¢, A, Ay are well-defined.

Suppose that 81/2I" £ +1. By (6.21), we find A6 to be

2K (0) (g (4. T) — f (I, T))
2fg(U + 4)/2GA) )’

Substituting (8.1) to the expression above, we then have

A0(B,n,0,w) =

2rw  (G'PU(B'22 + De1Q1 + (822 — 1)e20s]
AO(B. 7,0, w) = — s :
G2l [(£25+ DB — 11+ 1620102
Tw
= W(—ﬁ 01+€02).
Similarly, we have the expression of Ay (8, n, 0, w). O

Let S denote the subset of P defined by
S={B.n.pweP; p=0BY2TI £+1,w#1}.
The image of the map (A8/(27), Ay/(2w)) : S — R? is determined as follows. (We omit
the proof.)
LEMMA 8.3. Let0 < wg < 1. Then,

A6 Ay
<E’ ?) (S|w:w0)

={(v1, 1) €R*; v <0,v +vp > 1}
Jt@i.v2) € R?; w1 + v < —wo, v1 — 02 > 1)
U{(Ul, v) €R?; vy <0,v1 — vz < —wo)

U{(Ul, 1) €R*; 122 0,v1 +v2 < —wo, v —v2 > —1, (v1,v2) # (—wo, 0)} .

We state the third lemma.

LEMMA 8.4. Let (Bo, 10,0, wg) € S. Then AO and Ay are smooth functions on a
neighborhood of (Bo, no, 0, wo) in P, and

D(A0, A
(3.2) pLav, 4y) #0,
DB 1 (go.no.0.w0)

where the left hand side denotes the Jacobian of the map (A0, Ayr) at (Bo, no, 0, wo).

PROOF. Since both (6.10) and (6.11) do not hold on a neighborhood of (B, 19, 0, wo)
in P, A6 and Ay are given by the upper expressions of the right hand sides of (7.2) and (7.3).

Also, since 8, V, X, A, f and g are positive at (B0, no, 0, wp), we see that A6 and Ay are
smooth on a neighborhood of (B, 19, 0, wp) in P. We show (8.2). By Lemma 8.2, we have

(8.3) (AB],—0)* + (AY | ,—0)® = 4m2w (1 + 27+ 1/B)
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42w
pl/2

We write A6|,—g, AY|,—g as A0, Ay. Differentiating (8.3) and (8.4) with respect to  and
n yields

(8.4) (A0],=0)(AY | p—0) = —

046  0A0
<A9 mp) B on =2n2w2( —1/p2 200 )
Ay A0 )| day  dAy —2/pY?  —2v/p1/2
B o
By calculating the determinants of the both sides, we have

D(A6, Ay)  8rtvwt s
[(46)* — (49)*] = (1+822%),
D(B, ) B>/
where the right hand side does not vanish. Hence we obtain (8.2). O

PROOF OF THEOREM 8.1. By Lemma 8.3, there exists a rational point in the set
(A6/Q2m), Ay /(2mr))(S). Let (Bo, no, 0, wp) be an element of S such that

A0 Ay
(85) A A (ﬁ07 1o, 01 wO) € Q S Q .
27 2w
By Lemma 8.4 and the implicit function theorem together with the fact that A9 and A are
even in p, there exists smooth functions 8(p, w) and n(p, w) on a neighborhood of (0, wy)

such that 8(0, wg) = Bo, (0, wy) = no and

:B(p’w)zﬂ(_paw)’ n(Paw)zn(_Pﬂ'U)a
AQ(B(p, w), n(p, w), p, w) = A8(Bo, no, 0, wo) ,
Ay (B(p, w), n(p, w), p, w) = Ay (Bo, no, 0, wo) .

Let {y?¥%, MP-"} be the curve with adapted orthonormal frame obtained by substituting
B,n) = (B(p,w), n(p,w)) to (6.9), (6.12), (6.14) and (6.32) with 6(0) = 0, ¥(0) = 0
and ¢(0) = 0. Then, for each (p, w) satisfying p # 0, {y?", MP™} is a Kirchhoff
elastic rod corresponding to (B(p, w), n(p, w), |pl,w) € P. Note that {yP* MPV} =
{y=P%, M~P-*} holds.

Let p > 0. We show that y?”-" is periodic. By the definitions of S(p, w) and n(p, w),

together with the assumption (8.5),

A0(B(p. w), n(p,w), p,w)/2m = AB(Bo. 10, 0, wo)/27 € Q.

Similarly, AY(B(p, w), n(p, w), p, w)/2x € Q. Therefore, by Theorem 7.2, we have that
yP-¥ is periodic. Since p # 0, yP ¥ is not a helix.

Next, let p = 0. We first show that {y>*, M%¥} is a Kirchhoff elastic rod whose
centerline is a helix. Since (0, w, t), (d6/dt)(0, w, t) and (dy/dt)(0, w, t) are constant in ¢
and 0 < r(0, w, 1) < 1/4/G, we see that y*¥ is a helix. Also, the continuity of |dy?* /dt|
implies that %% is a unit-speed curve. Since ¢(0, w, 7) is an affine linear function in 7, we
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have that {y**, M%"} is a Kirchhoff elastic rod. We show that y%* is periodic. Since y**
is unit-speed, 8’ # 0 or ¥’ # 0. First, let 8’ # 0. By (8.5), we have

¥ AYBO w), n0 w),0,w) _ Ay (Bo, 1m0, 0, wo)/(27)
6 A6(BO0, w),n(0, w),0,w) A0 (o, no, 0, wo)/(27)

€Q.

Hence y*¥ is periodic. When ¥’ # 0 as well, we see that > is periodic in the same way
as above.

We show that if pi, p» > 0 and (p1, wy) # (p2, w2) hold, then y?1-*1 and yP2*2 are
not congruent. Seeking a contradiction, we suppose that y”1>*1 and y”2-*2 are congruent.
Denote the parameters 8, y, etc. for {yP-%i MPi-"i} by B;, y;, etc., where i = 1 or 2.
Since p1, p» > 0 and the squared curvature of y”1>*! coincides with that of y?2"2 we
have 81 = B2, p1/w1 = p2/ws and sn(y1t, p1) = sn(yaf, p2) for all ¢. By calculating the
derivatives of the both sides of the above equation at ¢t = 0, we obtain y; = y», which implies
w] = wy, and hence p; = p». This contradicts the assumption.

We set A = p, = w — wo, and rewrite {y*Wot® Arwote) a5 (1)@ Arr©} Then
the smooth two-parameter family {y*®, M*®} (0 < A < 1, |w| < 1) of closed Kirchhoff
elastic rods satisfies the properties in Theorem 8.1. a
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