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Preface

The systematic use of Koszul cohomology computations in algebraic geometry
can be traced back to the foundational paper [Gre84a] by M. Green. In this
paper, Green introduced the Koszul cohomology groups K, (X, L) associated to a
line bundle L on a smooth, projective variety X, and studied the basic properties
of these groups. Green noted that a number of classical results concerning the
generators and relations of the (saturated) ideal of a projective variety can be
rephrased naturally in terms of vanishing theorems for Koszul cohomology, and
extended these results using his newly developed techniques. In a remarkable series
of papers, Green and Lazarsfeld further pursued this approach. Much of their work
in the late 80’s centers around the shape of the minimal resolution of the ideal of
a projective variety; see [Gre89], [La89] for an overview of the results obtained
during this period.

Green and Lazarsfeld also stated two conjectures that relate the Koszul coho-
mology of algebraic curves to two numerical invariants of the curve, the Clifford
index and the gonality. These conjectures became an important guideline for future
research. They were solved in a number of special cases, but the solution of the
general problem remained elusive. C. Voisin achieved a major breakthrough by
proving the Green conjecture for general curves in [V02] and [V05]. This result
soon led to a proof of the conjecture of Green—Lazarsfeld for general curves [AV03],
[Ap04].

Since the appearance of Green’s paper there has been a growing interaction
between Koszul cohomology and algebraic geometry. Green and Voisin applied
Koszul cohomology to a number of Hodge—theoretic problems, with remarkable
success. This work culminated in Nori’s proof of his connectivity theorem [No93].
In recent years, Koszul cohomology has been linked to the geometry of Hilbert
schemes (via the geometric description of Koszul cohomology used by Voisin in her
work on the Green conjecture) and moduli spaces of curves.

Since there already exists an excellent introduction to the subject [Ei06], this
book is devoted to more advanced results. Our main goal was to cover the re-
cent developments in the subject (Voisin’s proof of the generic Green conjecture,
and subsequent refinements) and to discuss the geometric aspects of the theory,
including a number of concrete applications of Koszul cohomology to problems in
algebraic geometry. The relationship between Koszul cohomology and minimal res-
olutions will not be treated at length, although it is important for historical reasons
and provides a way to compute Koszul cohomology by computer calculations.

Outline of contents. The first two chapters contain a review of a number of
basic definitions and results, which are mainly included to fix the notation and

vii
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to obtain a reasonably self-contained presentation. Chapter 3 is devoted to the
theory of syzygy schemes. The aim of this theory is to study Koszul cohomology
classes in the groups K, 1(X, L) by associating a geometric object to them. This
chapter includes a proof of one of the fundamental results in the subject, Green’s
K, 1-theorem. In Chapter 4 we recall a number of results from Brill-Noether
theory that will be needed in the sequel and state the conjectures of Green and
Green—Lazarsfeld.

Chapters 5-7 form the heart of the book. Chapter 5 is devoted to Voisin’s
description of the Koszul cohomology groups K, 4(X,L) in terms of the Hilbert
scheme of zero—dimensional subschemes of X. This description yields a method to
prove vanishing theorems for Koszul cohomology by base change, which is used in
Voisin’s proof of the generic Green conjecture. In Chapter 6 we present Voisin’s
proof for curves of even genus, and outline the main steps of the proof for curves of
odd genus; this case is technically more complicated. Chapter 7 contains a number
of refinements of Voisin’s result; in particular, we have included a proof of the
conjectures of Green and Green—Lazarsfeld for the general curve in a given gonality
stratum of the moduli space of curves. In the final chapter we discuss geometric
applications of Koszul cohomology to Hodge theory and the geometry of the moduli
space of curves.

Acknowledgments. MA thanks the Fourier Institute Grenoble, the University of
Bayreuth, Laboratoire Painlevé Lille, and the Max Planck Institut fiir Mathematik
Bonn, and JN thanks the Fourier Institute Grenoble, the University of Bayreuth,
and the Simion Stoilow Institute Bucharest for hospitality during the preparation
of this work. MA was partially supported by an ANCS contract. The authors are
members of the L.E.A. “MathMode”.

Marian Aprodu and Jan Nagel



CHAPTER 1

Basic definitions

1.1. The Koszul complex

Let V be a vector space of dimension r + 1 over a field k. Given a nonzero
element x € V'V, the corresponding map (z,—) : V — k extends uniquely to an
anti-derivation

e NV =NV
of the exterior algebra of degree —1. This derivation is defined inductively by
putting ¢, |y = (x,—) : V — k and

(VAU A oA Upo1) = (@, 0) 01 Ao AVpm1 — U A L (U1 AL A Up_1).
The resulting maps
NV = APV
are called contraction (or inner product) maps; they are dual to the exterior product
maps
)\z . /\pflvv ﬁ) /\Pv\/
and satisfy ¢,0t, = 0. Hence we obtain a complex
Ko(@): (0= ATV = .5 NPV 2o APV s APT2V Sk —0)

called the Koszul complex.

Note that for any o € k*, the complexes K (x) and K,(ax) are isomorphic;
hence the Koszul complex depends only on the point [z] € P(VVY).

LEMMA 1.1. Given nonzero elements { € V, x € VV, let A¢ : /\P‘lv AL, NPV
be the map given by wedge product with &. We have

LxO/\g + )\gol,x = <£E, €> id.

Proof: It suffices to verify the statement on decomposable elements. To this end,
we compute

Neota) (V1 A Avp) = Y (D) @, v) LAV A AT A Aoy

(tzoXe) (Vi Ao ADp) = (@, §) v AL Ay
—I—Z(—l)i_l(xmi).f/\vl A AT A,

and the statement follows. O

COROLLARY 1.2. For every nonzero element x € V| the Koszul complex Ko(x)
is an exact complex of k-vector spaces.

Proof: Choose £ € V such that (z,£) =1 and apply Lemma 1.1. O

1



2 1. BASIC DEFINITIONS

REMARK 1.3. Put W, = ker({(xz,—) : V — k). Taking exterior powers in the
resulting short exact sequence

0—-W,—-V —->k—0
we obtain exact sequences
0— AW, — NPV = AP W, — 0
for all p > 1. Using these exact sequences, one checks by induction on p that
NW, = ker(i, : AV — AP7'V) = im(e : APV — APV)
for 3;11 p > 1. Hence the contraction map 5 : A’V — A’"'V factors through
N~ W,.

1.2. Definitions in the algebraic context

Let M be a graded module of finite type over the symmetric algebra S*V. Let
L NPV = AP7'V @V be the dual of the wedge product map A : AP 'V @ VY —
APVV. Note that we have the identification

ANV = AW eV 2Hom(VY,\P"'V)
VIA. AU = (@ (Ui A A Yy)).

The graded S*V-module structure of M induces maps p: V ® My, — M, for all
q. Define a map
SNV e M, — ANV e Mg,

by the composition APV & M, ﬂ;d/\p—lv OV e M,

S

ANV @ Mgy
DEFINITION 1.4. The Koszul cohomology group K, (M, V) is the cohomology
at the middle term of the complex

(1.1) ANV oM, 5 NPV e M, NPTV @ M.

An element z € V'V induces a derivation
0y : SV — S*V
of degree —1 on the symmetric algebra, which is defined inductively by the rule
Op(vv1 ... vp_1) = 0x (V)01 ... Vp—1 + 0.0z (V1 ... Vp_1).
If we choose coordinates Xq, ..., X, on V, with duals z; € V'V, the resulting map
Oy, = SPV — SP~Y
sends a homogeneous polynomial f of degree p to the partial derivative %. Using
the natural map

Sy SV eV =Hom(VY,S)
[ (@ w(f)
and the wedge product map A: A’ 'V @V — APV we define the map
D: AW @8V - APV @ STV



1.3. MINIMAL RESOLUTIONS 3

as the composition '\ v @ setly ——= /\p WVeveswv
A®id
A’V @ S9V.

PROPOSITION 1.5. We have Ko o(S*V,V) = C, and K, ((S*V,V) =0 for all
(p,q) # (0,0).

Proof: The first part follows from the definition. To prove the second part, choose
coordinates Xo,..., X, on V and note that

D: A’V @ SV — APTlY @ s1v

is given by

X A AKX, ®f&—>XT:X AXi A ANX; 0 2L

i1 ip P k i1 6Xk
The Euler formula
X
Z kﬁXk
implies that
Dobd+doD=(p+q).id,

hence the Koszul complex is exact. ([l

COROLLARY 1.6. We have an exact complex of graded S*V —-modules
(1.2) Ko(k):(0— /\THV RS V(-r—-1) = ANVeSV(-r) —...
S ANV RSV(=2) - VRS V(-1) = SV — k —0).

Proof: Put together the Koszul complexes for S*V with various degree shifts.
O

3. Minimal resolutions
Let M = ®,M, be a graded S*V-module of finite type. Let m = @4>15%V C
S*V be the irrelevant ideal of S*V = S.
DEFINITION 1.7. A graded free resolution
(1.3) i B P F, S Ry M —0
is called minimal if @pi1(Fpy1) C m.F), for all p.

REMARK 1.8. Put F; = F; ®k, ¢, = p®id : F; — F;_;. The resolution F, is
minimal if and only if %; = 0 for all 4.

PROPOSITION 1.9. Ewvery finitely generated graded S*V —module admits a min-
imal free resolution. The minimal free resolution is unique up to isomorphism.

Proof: The statement is proved in [Ei95, §20.1] for the case of local rings. The
proof in the graded case is analogous. ([



4 1. BASIC DEFINITIONS

REMARK 1.10. Bruns and Herzog [BH93| note that the statement of Proposi-
tion 1.9 extends to so—called *~local rings, a class of rings that includes local rings
and symmetric algebras.

DEFINITION 1.11. Let Fy — M be a minimal graded free resolution. Write
Fy = ®;5(—j)% = ®;M, ; ® S(—j), where M, ; is a k—vector space of dimension
Bi ;-
(i) The numbers §; ; are called the graded Betti numbers of the module M;
(ii) The vector space My 4 is called the space of generators of M of degree q.
If p > 1 then M, , is called the space of syzygies of order p and degree ¢
of the module M.
ProprosITION 1.12. We have
Kpq(M,V) = Mppiq.
Proof: The symmetry property of the Tor functor implies that we can calculate
Torf; (M, k) via a free resolution of one of the two factors. The Koszul complex
K, (k) provides a free resolution of k by Corollary 1.6. Hence

TOT?(M, k)p+q = HP<K0(k> ® M)p+q = Kyp,q¢(M, V).
If we compute Torf; (M, k) via the free resolution F, of M, we find
TOYf(M k’)p+q = Hp(F- ® k)p+q = My ptq
by Remark 1.8, and the statement follows. (I

COROLLARY 1.13. Put kp 4 = dimy K, ,(M,V). We have kpq = Bpp+q-

COROLLARY 1.14 (Hilbert syzygy theorem). Any graded S*V module M of
finite type has a graded free resolution Fq — M of length at most dim V.

Proof: Put r = dim P(VV). Clearly k, , = 0 for p > r + 2, hence M, , = 0 for
p > r+ 2 by Proposition 1.12. O

DEFINITION 1.15. The Betti table associated to a graded S*V-module M is
given by

Boo Bia P22 ... Ko,0 K1,0 K2,0
Box Bi2 P23 ... Ko K11 K21

Bo2 Bis Poa ... T Koz Ki2 ko2

REMARK 1.16. The number of columns with non-zero elements in the Betti
diagram equals the projective dimension of the module M. See Remark 2.38 for
the meaning of the number of rows in the Betti diagram.

EXAMPLE 1.17. The coordinate ring Sx of the twisted cubic X C P3 admits a
resolution
0— S(=3)* = 5(-2)> - S — Sx — 0.

)

The associated Betti diagram is (we put a dash =’ if the corresponding entry is

zero)
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1.4. Definitions in the geometric context
Let X be a projective variety over C, and let L be a holomorphic line bundle
on X. Put V =HX, L).

DEFINITION 1.18. The Koszul cohomology group K, 4(X, L) is the Koszul co-
homology of the graded S*V-module

R(L) = @, H°(X,L9).
Concretely, this means that K, (X, L) is the cohomology at the middle term
of the complex
ANV @ HO(X, L9 4 APV @ HO(X, L) < AP7'V @ HO(X, L9HY),
where the differential
ANV @ HO(X, L7 4 APV @ HO(X, L9)
is given by
S AL AU @) = Z(—l)ivl A AT A Ny @ (0.5).
More generally, if V C H(X,L), and F is a coherent sheaf on X, then we
define
R(F,L)
K, X;F,LYV)
If F=0x we write K, ,(X,L,V).

P H (X, Fe L)
K, ,(R(F,L),V).

REMARK 1.19. The above definition admits an obvious generalization to higher
cohomology groups. Consider the graded S*V-module

R(F,L) = @ H' (X,F® L)
and put K;’q(X;}', L) = K, ,(R!(F,L),V). For technical reasons it is sometimes
useful to study these groups; cf. [Gre84al).

REMARK 1.20. Note that we may shift the second index in the Koszul coho-
mology groups by changing the coherent sheaf:

Ko X;F, L) = Ky, 1(X;FQLL)=...
= K1 (X;F@LU L) =Kyo(X; F® LY L).

Given a vector bundle E on X and a section o € H(X, EV), the construction
of Section 1.1 generalizes and gives a Koszul complex of vector bundles

Ke(@): (NE—...— N'E-= N\P7'E— ... = Ox).

If o is a regular section, i.e. the rank of E coincides with the codimension of the
zero locus Z = V (o), this complex provides a resolution of the ideal sheaf T of Z;
cf. [FL85]. More generally, given a line bundle L and a homomorphism of vector
bundles ¢ : E — L, we obtain a complex of vector bundles

Ke(@): (... > N'E® L5 NP 'E@ LIt — )
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where § is defined as the composition
N'E @ L1284 NPT R @ | g L1242l \PTIp g L9t
Given a line bundle L, put V = H°(X, L). Applying the above construction to the
evaluation map ev: V ® Ox — L, we obtain a Koszul complex of vector bundles
Ke(X,L): (... > N’V LI 4 NPTV LIt — ).

The Koszul complex K,o(X, L) associated to the S*V-module R(L) is obtained
from this complex by taking global sections.

EXAMPLE 1.21. Let V be a k—vector space of dimension r + 1. Applying the
above construction to the line bundle Op(1) on P(VV), we obtain an exact complex
of locally free sheaves

(14) 0= NV e0p(—r—1) = ... = A2V@0p(-2) —» Ve0p(—1) — Op — 0.

Note that complex (1.4) coincides with the sheafification of the complex of graded
S*V—modules appearing in Corollary 1.6. (And conversely, this complex can be
recovered from the complex of sheaves (1.4) by taking global sections.)

1.5. Functorial properties

1.5.1. Algebraic case. Consider the category C whose objects are pairs (M, V),
where V is a finite-dimensional k—vector space and M i s a graded S*V-module.
Given a homomorphism f : M — M’ of graded S*V-modules and a linear map
g: V=V let

S(g): S*V — S*V/
be the induced homomorphism of symmetric algebras. We say that (f,g) : (M,V) —
(M’, V") is a morphism in C if

fAx) = S(g9).f(x) YA e S*V, VYaxe M.
Given a morphism ¢ = (f, g) as above, we obtain induced maps of Koszul groups
Qi i Kpg(M,V) — Kp (M, V')
for all p, g. Hence Koszul cohomology defines a covariant functor
Kag:C — (BiGr — Vect)y
(M,V) — K,..(MYV)
from C to the category of bigraded k—vector spaces.

LEMMA 1.22. An exact sequence 0 — A — B — C — 0 of graded S*V —modules
induces a long exact sequence of Koszul groups

Kp+17q—1(ca V) — Kp,q(Av V) — Kp,q(Bv V) — Kp,q(ca V) — p—l,q+1(Aa V).
Proof: Let
K My=(..-N""WVeoM, , - NVoM, - N""'VaM,—..)

be the Koszul complex associated to a graded S*V-—module M. The result follows
by taking the long exact homology sequence associated to the short exact sequence

0— K*(A) — K*(B)— K*(C)—0.
O
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This leads to the following easy but useful corollary.

COROLLARY 1.23. Let f : A — B be a homomorphism of graded S*V —modules
(i) If f is injective then
(a) Kpq(A, V) — Kpq(B,V) is injective if Aq_1 = Bg_1;
(b) Kpq(A, V) — K, 4(B,V) is surjective if A; = By.
(ii) If f is surjective then
(a) Kpq(A, V) — K, 4(B,V) is injective if Ay = By;
(b) Kp (A, V) — K, ((B,V) is surjective if Ag+1 = Bgt1.
Proof: To prove (i), put C = ker f, apply Lemma 1.22 and note that C; = 0
implies K, ;(C,V) = 0. For (i1), apply the same reasoning with C' = coker f.
O

1.5.2. Geometric case. Let V be the category whose objects are pairs (X, L),
with X a projective variety defined over C and L a holomorphic line bundle on X.
A morphism in V is a pair (f, f#) : (X, L) — (Y, M) with f : X — Y a morphism of
k-—varieties and f# : M — f,L a homomorphism of line bundles. By adjunction, f#
corresponds to a homomorphism (still denoted f#) f*M ", L. Givena morphism
© = (f, f#) as above, we obtain maps

HO(Y, M%) £ HO(X, f* M) L5 HO(X, LY).

Put V = HY(X,L), W = H°(Y, M). Given a morphism ¢ = (f, f#) as above, we
obtain an induced morphism (R(M),W) — (R(L),V) in C. Hence the preceding
construction defines contravariant functors

RV — C

(X, L) — (R(L),V).
and

Kgeom : V. — (BiGr — Vect)y
(X,L) — K..(X,L).

Note that Kgeom = KaigoR.

REMARK 1.24. There exists an obvious extension of the functors R and Kgeom
to the category V of quadruples (X;F,L,V) with F € Coh(X), L € Pic(X), V C
HY(X,L). A morphism in this category is a 3-tuple (f, f#, f##): (X,L, F,V) —
(Y, M,G, W) with
f:X =Y, fFM— fL, f#%:6— f.F
such that f is proper and such that the induced map H°(Y, M) — H°(X, L) induces
a linear map W — V.

DEFINITION 1.25. Given a pair (X, L) € V there is a natural homomorphism
of graded S*V-modules 7 : S*V — R(L). Put

S(X) =im(w), I =ker(r).

REMARK 1.26. If L is globally generated with associated morphism ¢y, : X —
PHO(X, L)V, then S(X) is the coordinate ring of ¢, (X) and I its ideal.
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PROPOSITION 1.27. Notation as above. The inclusion S(X) C R(L) induces a
homomorphism

KP,Q(S(X)v V) - Kpaq(R(L)v V) = KILQ(X’ L)
We have

(i) Kp1(S(X), W)= K,1(X,L,W) for every linear subspace W C V;
(i) Kpq(S(X), V)= Kp_1,441(I,V) forall g > 1.

Proof: The first isomorphism follows by applying Corollary 1.23 to the inclusion
S(X) C R(L), using the equalities So(X) = Ro(X) = C, S1(X) = R1(L) =V. The
second statement follows from the long exact sequence of Koszul groups associated
to0 — I — S*V — S(X) — 0 and the vanishing K, ,(S*V,V) =0 for all ¢ > 1
(Proposition 1.5). O

COROLLARY 1.28. Suppose X and Y are subvarieties of P(VV) such that Y C
X. IfY is nondegenerate then K,1(S(X),V) C K,1(S(Y),V).

Proof: By hypothesis I (X) = I;(Y) = 0, hence
Kp12(1(X),V) C Kp—12(1(Y),V)
by Corollary 1.23. The result then follows from Proposition 1.27. g

Let f: X — S be a projective morphism of schemes, and let L € Pic(X/95).
Recall HAGT7, 11, Ex. 5.16] that given a sheaf F of Og—modules, its p—th exterior
power A\"F is defined as the sheaf associated to the presheaf

U — /\p FU).
In particular, there exist natural wedge product and (by duality) contraction maps
NNTIFQF - NPF, o NPF - NI F e F.

PrOPOSITION 1.29. Let f : X — S be a flat, projective morphism such that
S is integral. There exist a coherent sheaf Kp, 4(X/S,L) on S and a Zariski open
subset U C S such that

Kp.q(X/S, L) @ k(s) = Kpq(Xs, L)
forallseU.
Proof: Put £ = f,L. Using the natural maps
NPE S NPTIERE, pi fuL® £u(L) — (L7,
we obtain a homomorphism of Og—modules
§: NPE@ ful( L) — N'TIE @ fu(LTH).

The sheaf ICp 4(X/S, L) is defined as the cohomology sheaf at the middle term of
the resulting complex of sheaves of Og—modules

(1.5) NTE@ f(L97) 25 NPE® fu(Lh) 25 NPTIE® fo(LIT).

As f is proper, the sheaves f,(L?) are coherent for all ¢ > 0. Hence the cohomology
sheaf ICp, ,(X/S, L) is a coherent sheaf of Og—modules.
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Since f is flat and L is locally free, LY is flat over S for all ¢ > 0. Hence the
function

Fy: s dim ) H(X,, LY)

is upper semicontinuous for all ¢ > 0 [HAG77, III, Thm. 12.8]. The function F,
takes its minimal value on a nonempty Zariski open subset U, C S. Put

U=UgNU;1 NUGNUgq1.
Since the functions Fy, Fy—1, Fy; and Fy; are constant on U, the maps
(1.6) F(L®) @ k(s) — HO(X,, LY)

are isomorphisms for k£ € {0,q—1,¢,q+1} by Grauert’s theorem; cf. [HAGT77, III,
Cor. 12.9]. Let is : Speck(s) < S be the inclusion of a point. Since the functor
F — F R k(s) =1itF is exact, we have

HP (it F®) 2 it HP(F®)

for every complex F* of coherent Og—modules. Put V = H°(Xj, L) and apply the
functor ¥ = _® k(s) to the complex (1.5). Using the isomorphisms (1.6) we obtain
a complex

NV @ HO(X,, L) S APV @ HO(X,, L) 2 NPTV @ HO(X,, LT
for all s € U. By construction §; is the usual Koszul differential. Hence
Kp,q(X/S, L) ® k(s) = Kp,q(Xs, L)

forall se U. O

REMARK 1.30. The construction of the sheaf K, ,(X/S, L) appears in [V93]
in the case that £ is locally free. More generally, if F is a coherent sheaf on X that
is flat over S one can define coherent sheaves K}, ,(X/S; F, L) such that

K. (X/S:F, L)@ k(s) = K}, (

X3 Fs, Ls)
for all s belonging to a suitable Zariski open subset of S.
COROLLARY 1.31. Notation as above. The function
s — Kp q(Xs, L)

is upper semicontinuous on the Zariski open subset U C S.

Proof: Nakayama’s lemma implies that for every coherent sheaf F on S, the
function

s+ dim j5) (F @ k(s))
is upper semicontinuous; cf. [HAGT77, III, Example 12.7.2]. O



10 1. BASIC DEFINITIONS

1.6. Notes and comments

The Koszul complex was originally defined as a graded differential algebra. The
first example emerged from to the following situation, see [Ko50] and [Hal87].
Consider G — E — X be a (real) principal principal fibre bundle over a real-
analytic manifolds X (a typical example is obtained for a Lie group E, when G is a
Lie subgroup, and X = E/G is a homogeneous space). If Pg denotes the subspace
of primitive elements, then the graded algebra of differential forms A*(E) on F is
isomorphic to the graded algebra A*(M) ® A"Pg. Under this isomorphism, the
deRham differential corresponds to an explicit differential operator on A*(M) ®
N Pg. Hence, the deRham cohomology of E can be explicitly recovered from the
given Koszul complex.

The general algebraic situation is the following. Consider A be a commutative
ring, n a positive integer, and endow the tensor algebra A ®z A\"Z" the natural
graduation, [Ei95], obtained giving to any element of the canonical basis {e;};
of Z™ the degree one. Choosing an element a = (ay,...,a,) of A" on the ring
A®z N'Z" =2 \"(A™) one defines a differential d4 by mapping A to 0 and any e;
to a;; note that this map shifts the degrees by —1. This differentiation coincides
with the contraction i,, where a is seen as an element of the dual module (A™)Y.
The new graded differential algebra is denoted by Ke(a). One readily sees that we
have an isomorphism of graded differential algebras Ko(a) = Ko(a1)®...Q Ke(an),
where the structures on the latter algebra are defined naturally.

If M is an A-module, we have an induced differentiation dy; on the K,(a)-
graded modules K,o(a, M) = M®z/\"Z", respectively K*®(a, M) = Hom (K4 (a), M)
and versions are available for differential graded modules, [EGA 3-1].

For other applications of the Koszul cohomology we refer to [Hal87].



CHAPTER 2

Basic results

2.1. Kernel bundles

DEFINITION 2.1. Suppose that L is globally generated. The kernel My, of the
surjective map
ev: H'(X,L)® Ox — L
is called the kernel bundle of L. It is a vector bundle of rank h°(X,L) — 1. If
W C H°(X, L) is a linear subspace such that ev |y : W ® Ox — L is surjective,
we put My, = ker(ev |w).

REMARK 2.2. The vector bundles M} were extensively used in the work of
Green and Lazarsfeld; cf. [La89].

REMARK 2.3. The short exact sequence
0— M, - H' (X, L)@0x — L —0
is the pull-back via the morphism defined by L of the Euler sequence
0— Qb(1) = H°(X,L) ® Op — Op(1) — 0
on the projective space P = PHY(X, L).

PROPOSITION 2.4. Suppose that L is a globally generated line bundle on X.
Then

Kpqo(X,L) = coker (A"7'V @ HY(X,L0™Y) — HY(X, \"ML ® LY))
ker(HY (X, \""' My © L97Y) — \PP'V @ HY (X, LI7Y)).

IR

Proof: Taking exterior powers in the short exact sequence
0—-M, - Ve0x < L—0
we obtain exact sequences
0= AN'Mp > NVROx - A\ "M@ L —0
for all p > 1. As in Remark 1.3 one shows that the map
§: NPV @LI— NPTV @ Lit!
factors through A? ' My @ L9+!. Hence the kernel and image of the Koszul differ-
ential
§: AN’V @ HO(X,LY) — NP7'V @ HO(X, L9t)
are given by
ker &

imd

HY(X,\°PM ® L?)
im(APV @ HY(X, L) — HO(X, \""' M, ® LIt1))

1

1

11
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and the first description follows. The second description is obtained from the long
exact cohomology sequence associated to the exact sequence
0= A" ML L™ - APV e L7t — NPM @ L7 — 0.
O

REMARK 2.5. From the proof, one easily deduces the following vanishing result
(2.1) HY(X, \"M¢) =0,
for all p > 1.

REMARK 2.6. More generally, if W C H°(X, L) generates L and F is a coherent
sheaf on X then K, ,(X;F,L, W) is isomorphic to

coker (APT'W @ HO(X, F o L) — HO (X, F @ N’ My ® L%))
and to
ker(H (X, N""'My @ Fo L") - NPT'W @ HY(X, F @ LI Y)).

PROPOSITION 2.7. Suppose that L is a very ample line bundle on X. Put
P = PHY(X,L)*, and denote Mp = QL(1) the kernel of the evaluation map, and
Ix the ideal sheaf of X in P. Then

Kp,l(Xa L) = HO(]P)a /\pilM]P’ ®Ix® OP(Q))
ker(HO(P, A"~"Mp @ Op(2)) — H*(X, \*" "M @ L?)).

1%

Proof: The exact sequence of sheaves
0—-Zx - 0p—>0O0x —0
induces a long exact sequence of Koszul cohomology spaces:
Kp1(P,0p(1)) = Kpa(X, L) = Kp_12(P, Ix, Op(1)) — Kp—12(P, Op(1))
The vanishing of Koszul cohomology on projective spaces (Proposition 1.5)
shows that
Kp1(X,L) =2 Kp_12P,Zx,0p(1)).

As in the proof of the Proposition 2.4 above, we observe that the latter space
is isomorphic to HO(P, \’"' Mp @ Ix ® Op(2)).

2.2. Projections and linear sections

Let A and B be finite-dimensional k—vector spaces. Recall the following two
basic constructions.

(i) Given a surjective map p : A — B and a projective variety X = V(I) C
P(AY) we obtain an induced map S(p) : S*A — S*B. Let J C S*B be
the ideal generated by the image of I, and put Y = V(J) C P(BY). Then
Y = X NP(BY) is a linear section of X.

(ii) Given an injective map i : B — A and a projective variety Y = V(J) C
P(BY), let I be the ideal generated by the image of J under the induced
map S(i) : S*B — S*A and put X = V(I) C P(AY). Then X is the cone
over Y with vertex P(CV), C' = coker i.
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In the next two subsections we shall consider the effect of these operations on
Koszul cohomology. It suffices to treat projections from a point and sections with a
hyperplane, since general projections and linear sections are obtained by a repeated
application of these operations.

2.2.1. Projection and evaluation maps. Let X be a projective variety over
C, and let L be a line bundle on X. Given a linear subspace V C H°(X, L) and an
element 0 # x € V'V, the map ev, = (z, —) induces an exact sequence

0—-W, -V C—0.
Taking exterior powers, we obtain an exact sequence
0— A"W, — NPV — NP7'W, — 0.
As we have seen in Remark 1.3, the map A’V — A _1W$ is given by contraction
with x, i.e., it is given by the formula
t(VI A LA y) = Z(—l)ivl A DN AN, @ evg(v;).
i
The factorization
/\I)V oy /\p—lww < /\p—lv
induces a commutative diagram

pr,
Kp,q(M) V) > p—l,q(Mv W:c)

evy \L

Kp 1,4M,V).
The maps
pry Ky o(M,V) = Kpo1,4(M, W)
eve 1 Kpo(M,V) — Kp14(M,V)
are called the projection and evaluation maps on Koszul cohomology.

LEMMA 2.8. The projection map pr, fits into a long exact sequence of Koszul
cohomology groups

(2‘2) Kp’q(Mv Wl’) - vaq(Mv V) D KP*Lq(Mv WI) - P*l,qul(Mv WI)
Proof: Apply Lemma 1.22 to the exact sequence of S*V-modules
0= AW, @M — AN'VeM— NP'W, @ M — 0.
O

COROLLARY 2.9. If K, o(M,V) =0, then K, 1(M,W,) injects into K, 1 (M, V).
As x varies, the maps ev, glue together to a homomorphism of vector bundles
on P=P(VV)
ev:Op R Ky (M, V) — Op(l) @ Kp_1,4(M,V).
The homomorphism ev is obtained in the following way. Given ¢ € Z, we put

l—p—q

Kra) =\ V@Op(p) @M,
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This defines a double complex of vector bundles on P(V'V); the horizontal differential
is the differential of the sheafified Koszul complex (1.4), and the vertical differential
is the differential of the Koszul complex of M. As the the Koszul complex (1.4)
is exact, the rows of this double complex are exact. Hence the associated spectral
sequence
EVI(0) = HP(K*(€)) = Op(p) ® Ki—p—q,4(M, V)
converges to zero. The desired homomorphism is then obtained as the differential
iy 0

| [
Ki11(M,V)®@0p —  Kpo1(M, V)@ Op(1).

PROPOSITION 2.10. Let M be a graded S*V —-module such that
(2.3) M,=0 forallg<0 and K,o(M,V)=0 forallp > 1.

Then the map
HO%ev): Kpi11(M,V) — V@K, (M, V)
is ingective for all p > 1.

Proof: We take global sections in the double complex KP4(¢) to obtain a double
complex with general term

l—p—
KP(0) = NP7V SPVQKi_pqqM,V) p>0
0 p<O0

The assumptions on M imply that the associated spectral sequence
EYI(l) = SPV @ Ki—pq,q(M, V)
is a first quadrant spectral sequence, i.e., EY"?(¢) =0 if p < 0 or ¢ < 0. We have

P,q — 0 (p’ Q) 7& (O’ 6)
B0 = { My (p.g) = (0,0).

The map HO(ev) is the differential dy : E"'(¢) — E}''(¢). The assumptions on
M and p imply that ¢ > 3 and EY*(¢) = K;_90(M,V) = 0. Hence there are no
incoming or outgoing differentials at position (0,1) and

kerHO(eV) = Eg’l(f) = Egg)l(f) =0.
O

REMARK 2.11. If L is a line bundle on X such that L 2 Ox and H°(X, L) # 0,
the hypotheses of the Proposition are satisfied for the module R(L).

REMARK 2.12. If M is a graded S*V-module such that M_; = 0, My = C,
My =V, and W C V is a linear subspace, then K, (M,W) = 0 for all p > 0.
Indeed, the assumptions imply that

Kpo(M,W) =ker(A"W -4 NP'W @ V).
The dual map 6V is surjective, since it factors as

/\P_lwv ® V\/ _ /\p—lwv ® WV A /\I)W\/
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COROLLARY 2.13. If M satisfies the condition (2.3) then
Kpﬁl(M, V) =0= Kp+1,1(M, V) =0
for all p > 0.

PROPOSITION 2.14. Let M be a graded S*V -module that satisfies (2.3), and
let o € Kpy1,.1(M,V) be a non-zero element. There exists a proper linear subspace
A C P(VY) such that pr,(a) # 0 for all [z] ¢ A.

Proof: As HY(ev) is injective by Proposition 2.10, we have H%(ev)(a) # 0. Write

k
H(ev)(a) = ) v @ ai,
i=1

with «; € Kp1(M,V) linearly independent and v; € V. Let H; C VV be the
hyperplane dual to v;. Since

evy(a) =0 <= v; € W, foralli
< x € H;foralli
the assertion follows by taking A = N¥_, P(H;). O

PROPOSITION 2.15. Let W C V be a linear subspace. Then K, (S*V,W) =0
for allp > 0.

Proof: We argue by induction on ¢ = codim (W). If ¢ = 0 the result follows from
Proposition 1.5. For the induction step, we assume that the result is known for
linear subspaces of codimension < ¢ — 1. Choose a flag of linear subspaces

W=W.cWe.,C...CWiyCWyg=V

such that codim (W;) = i. As there exists z € W.” | such that W, = ker(ev,) C
W._1, we have an exact sequence

Ky q—1(S"V,W,) — K, ((S*"V,W,) — K, ((S*V,W._1).
The induction hypothesis implies that the map
Kpg-1(S"V,We) — Kp o(STV, We)

is surjective for all ¢ > 1. Hence K, ,(S*V, W) is a quotient of K, o(S*V, W), and
the result follows from Remark 2.12. ([

COROLLARY 2.16. Put I =ker(S*V — R(L)). If p > 1 then
Kp1(S(X), W) = Kp12(I,W)
for every linear subspace W C V.

REMARK 2.17. In the geometric case, the projection map can be defined using
kernel bundles. For simplicity, consider X be a curve, L be a line bundle on X,
and suppose ¢ € X is a point which is not a base point of L. As before, we have
an induced short exact sequence

0—W, - HYX,L) - C —0,

where W, = H°(X, L(—x)). From the restricted Euler sequences corresponding to
L, and L(—z) respectively, we obtain an exact sequence:

0— Mp(_y) — My — Ox(—2),
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and further
p+1 p+1 P
0— /\ ML(fw) QL — /\ M, ® L — /\ML(fm) ®L(—$),

for any positive integer p. The exact sequence of global sections, together with the
natural sequence

p+2 p+2 p+1
0 AW.— AHYX,L)—» \ W, —0,

induce an exact sequence:
pr(t
0— KP+1’1(X7 L, W$) - ;D+1,1(X? L) - p,l(X> L(—l‘))7
where pr, is the projection map centered in .
In the case of varieties X of higher dimension, one has to blow up the point z.

2.2.2. Lefschetz theorems. Let X C P(VY) be a nondegenerate variety, and
let H=V(t) C P(VV) be a hyperplane such that no irreducible component of X
is contained in H. Put Y = X N H, W = V/C.t. Let I1(Y) be the saturated ideal
defining Y, and put

I'Yy=I(X)+(t)/(t) CI(Y), S'(Y)=SW/I'(Y).
LEMMA 2.18. We have K, 4(S(X),V) = K, ,(S"(Y), W) for all p, g.
Proof: The choice of a splitting V = W & C.t induces isomorphisms
K, (S'(YV), V)2 K, (5'"(Y),W)® K,_1,(5(Y),W).

The hypothesis of the theorem implies that ¢t € S(X) is not a zero divisor. The
resulting exact sequence

0— S(X)(—-1)~t S(X)— S (Y)—0
gives rise to a long exact sequence
Kp,q-1(S(X), V) =5 K ¢(S(X), V) = Kp(S(Y), V) = Kp_1,4(S(X), V)
of $*V-modules. The commutative diagram
ANV @ S,-1(X)
_—

NV @S 1(X) oV —— AV ® S,(X)

shows that the map
Kpq-1(S(X),V) -t K, ,(S(X),V)
is zero. Hence we obtain short exact sequences
0= Kpg(S(X), V) = Kpg(S'(V), W)SK—1,4(5'(Y), W) = Kp1,4(S(X), V) — 0.
By induction on p (the case p = 0 being obvious) we find that
Kpq(S(X), V) = Kp 4(S'(Y), W).
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THEOREM 2.19. Notation as before.
(i) The restriction map K, 1(S(X),V) — K,1(S(Y), W) is injective for all
p=1;
(ii) If the restriction map I2(X) — I2(Y) is surjective then K,1(S(X),V) =
Kp,l (S(Y)v W):
(ill) Kpq(S(X),V) = Kpqo(S(Y), W) if I(X) — I(Y) is surjective for all
ke{qg—1,q,q+1}.

Proof: To prove (i), note that I1(Y) = I;(Y) = 0, hence S1(Y) = Si(Y) and
Kp1(8'(Y),W) C K,1(S(Y),W) by Corollary 1.23 (ii). The result then follows
from Lemma 2.18. To obtain the statements (ii) and (iii), we apply Corollary 1.23
to the inclusion I(X) C I(Y) and use the isomorphism of Proposition 1.27 (ii).

([

THEOREM 2.20. Let X be an irreducible projective variety, and let L be a line
bundle on X. Given a connected divisor Y € |L|, we write Ly = L ® Oy-.

(i) Let W be the image of the restriction map H°(X,L) — H°(Y,Ly). The

map Kp1(X,L) — Kp1(Y, Ly) induces an inclusion
Kpi1(X,L) C Kp1(Y, Ly, W)

for allp > 1;

(i) If HY(X,0x) =0 then K, 1(X,L) — K,1(Y, Ly) is an isomorphism for
allp>1;

(iii) If HY(X,L9) =0 for all ¢ > 0 then K, ,(X,L) 2 K, ,(Y, Ly) for all p, q.

Proof: Since Y is connected we have an exact sequence
0—C— H°X,L) — H*(Y,Ly) — 0.

As So(Y) = S{(Ly) = C, Corollary 1.23 implies that K,1(S(Y),W) C
K,1(S(Y),W). We then apply Theorem 2.19 (i) and Proposition 1.27 (i). To
prove the statements (ii) and (iii) put R'(Ly) = im(R(L) — R(Ly) and argue as
in the proof of part (ii) and (iii) of Theorem 2.19, replacing S(X), S(Y") and S'(Y)
by R(L), R(Ly) and R'(Ly). 0

REMARK 2.21. Using Green’s base change spectral sequence, one can prove a
more general version of theorem 2.20 valid for divisors Y that do not necessarily
belong to |L|; cf. [ANO4].

REMARK 2.22. The condition H'(X,Ox) = 0 in (ii) can be replaced by the
surjectivity of the map H°(X,L) — H°(Y,Ly). Similarly in (iii) it suffices to
assume that the restriction maps H°(X, L?) — H%(Y, L) are surjective for all q.

2.3. Duality
LEMMA 2.23. Given a long exact sequence of coherent sheaves
0F—-TI'—-.. . T -G -0
we have ker((H*(X,F) — H*(X,T")) = coker (H°(X,T%) — H°(X,G)) if
HP(X,IP) = H" P(X, 7P} =0, p=1,...,0—1.
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Proof: Break up the long exact sequence into short exact sequences
0—-F—-I'—-Q'—0, 0-0' 725 0Q%2—0,...
0= O LT L0 L0, 0 Q" TP G —0
and note that the hypotheses of the Lemma imply that
ker((HY(X,F) — HY(X, ") =2 H" Q") 2 H2(Q*) =~ ...
.2 HYX, Q1Y) = coker (HY(X,T%) — H°(X,G)).

(Alternatively, put Z° = F, Z**! = G and use that the spectral sequence E}*? =
H9(X,ZP), which converges to zero since the complex is exact.) O

THEOREM 2.24. Let L be a globally generated line bundle on a smooth projective
variety X of dimension n. Putr = dim |L|. If

HY(X, L7 = HY(X, 197" =0, i=1,....,n—1
then
Kp,q(XvL)v = Krfnfp,nJrlfq(X, Kx, L)-
Proof: By Proposition 2.4 and Serre duality we have
K, (X,L) = coker A"V @ HO(X, L") — HY(X, \" My, ® L9))
ker(H™(X,Kx @ N°My @ L™9) — NPT'VY @ H"(X, Kx @ L'~%)).

1

As rank (M) = r and det Mz, = L=, the latter group is isomorphic to
ker(H"(X,Kx @ \" "My @ L' — NPV @ H"(X,Kx ® L'™7)).

Take exterior powers in the exact sequence defining the kernel bundle M}, to obtain
a long exact sequence

0—-AN""M,®Kx® L'—1 - N PV e Ky QL' —
AN TPV Kx @ L1 — ...
SN TP 9 Ky @ LV NTPT'Mp @ Kx ® L9 0.
Applying Lemma 2.23 with ¢ = n we find that
Kp,q(Xa L)V = Kr—n—p,n-i-l—q(Xa KXaL)
if
H" Y X, Kx®L'" ) =...=H(X,Kx® L"'79) =0,
H' 'Y X, Kx®L*> ) =...=H' (X,Kx ® L") = 0.

By Serre duality, these conditions are equivalent to the hypothesis of the theorem.
O

REMARK 2.25. A similar argument proves the following slightly more general
statement. Let X be a projective manifold of dimension n, L be a line bundle, and
E be a vector bundle on X. Suppose that V C H°(X, L) is a base-point-free linear
system of dimension r + 1, and assume that

(1) H(X,E® L") =0foralli=1,...,n—1;
(2) H(X,E@ L") =0foralli=1,...,n— 1.
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Then
(2.4) K,.X,E L, V)Y =~ K ppnt1—q(X, Kx ® EY,L,V).

REMARK 2.26. On a curve, the assumptions in the statement above are empty.

2.4. Koszul cohomology versus usual cohomology

We have seen that if V' generates L, then the groups K, (X;F,L,V) can be
computed with help of the usual cohomology. It is natural to ask if a converse of
this description is also true: can usual cohomology of a coherent sheaf be recovered
from its Koszul cohomology with values in some line bundle ? The aim of this
section is to give a positive answer to this question.

THEOREM 2.27. Let X be a connected complex compact manifold, let r and q
be two positive integers, F be a coherent sheaf on X, L be a line bundle on X, and
V be an (r + 1)-dimensional subspace of global sections of L which generates L.
Suppose that

(i) Hq*i(X,}'@)Li) =0,i=1,...,q—1;
(i) Hq_i(XJ-'@Li“) =0,i=0,...,qg—1.
Then
HIUX,F) =2 K,_gq+1(X,F,L V).

Proof: Dualise the exact sequence

(2.5) 0—-My -Ve0Ox -L—0

and twist it by F ® L to obtain the exact sequence
0-F—-VVQFRL—MyRFRL— 0.

As rank (My) = r and det(My) = LY, we can rewrite this exact sequence in the
form

(2.6) 0-F->NVOFQL— N "'My®FeL>—0.
Proposition 2.4 shows that
HYX,F) = K,_12(X,F,L,V)
if H'(X,F ® L) = 0; this solves the case ¢ = 1.

We may thus assume ¢ > 2. In that case, since HY(X,F ® L) = 0 and
HY"YX,F ® L) = 0, the long cohomology sequence associated to the sequence
(2.6) shows that

HYX,F) >~ H™ (X, N "My @ F® L?).
Taking exterior powers in (2.5) we obtain a long exact sequence

0= AN ""M@FRL? >N WVoFQL? >N VeFeL®—. ..
SNV e Fe L - NTIM, @ Fe LT - 0.

The result then follows from Lemma 2.23 and Proposition 2.4. ([
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REMARK 2.28. One can give a more conceptual proof of Theorem 2.27 using
the hypercohomology spectral sequence associated to the complex of sheaves

0> AN"TWoF(—r—1) > NVQF(—r) — ...
S ANV RQF(=2) - Ve F(-1) - F—0.

REMARK 2.29. Under the hypotheses of Theorem 2.27, the Koszul cohomology
groups K,_q 4+1(X;F,L,V) do not depend on the choice of V.

DEFINITION 2.30. A property (P) is said to hold for a sufficiently ample line
bundle if there exists a line bundle Ly such that property (P) holds for every line
bundle L such that L ® Ly * ample.

Let F be a coherent sheaf on X. An argument due to M. Green (cf. [Pard98,
Lemma 5.2]) shows that by taking L is sufficiently ample, we may assume that L
is globally generated and

' =0, k<0
HI(X,FoL*)=0if{ 1<j<dim X -1, k#0
j =dim X, k> 0.

COROLLARY 2.31. Let X be an integral projective variety let F be a coherent
sheaf on X. If L is sufficiently ample, then

Hq(ij:) = KhO(X,L)—q—l,q-i-l(XaFvL)
for all ¢ > 1.

Corollary 2.31 is a generalization of a previous result due to Green [Gre84a,
Theorem (4.£.1)], where this statement was proved for the case F = QF . Our proof
is nevertheless different from that of Green.

Theorem 2.27 shows that Koszul cohomology can be seen as an extension of
classical sheaf cohomology. However, from the practical point of view, the role of
Koszul cohomology is to complete the classical theory rather than to replace it.

REMARK 2.32. There are a number of immediate consequences of Theorem
2.27, obtained for different particular choices of the sheaf F. For example, if
H'(X,L) =0 then

HY(X,0x) 2 K,_1(X,L,V).
This result shows in particular that the topological genus of a curve can be read off
from Koszul cohomology of X with values in any line bundle L with H'(X,L) =
0, see also [Ei06], [Tei07]. This explains the interest for studying these Koszul
cohomology groups in relation with the intrinsic geometry of curves; see [Gre84al],
[GL84]|. There exists a similar interpretation for H(X, Ox), ¢ > 2.

When we apply Theorem 2.27 to the canonical bundle, we obtain an alternative
proof of [Gre84a, Theorem (2.c.1)]:

THEOREM 2.33 (Green, 1984). Let X be a connected complex projective mani-
fold of dimensionn > 2, L be a line bundle on X, and V be an (r + 1)-dimensional
subspace of global sections of L (r > 1) that generates L. Suppose that

H(X,L™)=H (X, L™"Y) =0 forall1 <i<n-—1.
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Then
Ky pn1(X,Kx,L,V)=C.
Proof: Serre duality implies that
H" (X, Kx @ ™) =2 HY(X, L7 1)* =0, forall 1 <i<n—1,
and
H'" "N X Kx @ LY 2 HHY X, L7 )* =0, forall 1 <i<n—2.
Since L is globally generated, it follows that H°(X, L=!) = 0, hence
H'(X,Kx®L)=0
and the hypotheses of Theorem 2.27 are satisfied. ([

2.5. Sheaf regularity.

DEFINITION 2.34. Let L be a globally generated ample line bundle on a pro-
jective variety X, and let F be a coherent sheaf on X. We say that F is m—regular
with respect to L if

HY(X,F® L™ %) =0 for all i > 0.

Mumford has shown that if F is m-regular, then F is (m + k)-regular for all
k > 0; cf. [La04]. This motivates the following definition.

DEFINITION 2.35. The Castelnuovo—Mumford regularity of a coherent sheaf F
with respect to a globally generated ample line bundle L on X is
reg; (F) = min{m | F is m-—regular w.r.t. L}
REMARK 2.36. The conditions of Theorem 2.27 can be rewritten in the form
HI(X,FoL"™) = 0, j=1,...,q—1
HI(X,Fo L) = 0, j=1,...,q.

These conditions can be thought of as partial regularity conditions. In particular,
the above conditions hold if F is g-regular with respect to L.

It is well-known that the regularity of a projective variety can be read off from
its graded Betti numbers. This phenomenon can be generalized as follows.

PROPOSITION 2.37. Let F be a coherent sheaf on the complex projective mani-
fold X, and L be a globally generated ample line bundle. Let m be a positive integer,
and suppose that F is (m + 1)-reqular with respect to L. Then F is m-regular if
and only if Kpm1(X;F,L) = 0 for all p. In particular, the regularity of F is
computed by the formula

regp (F) = min{m | Kp m41(X,F, L) = 0 for all p}.
Proof:
Since F is (m + 1)-regular, we have
H (X, F@ L™~ =0fori>0.

For the ”if” part, write r = h°(X, L) — 1 and let p be an integer. If p > r, then
Kpmi1(X;F,L) = 0 by Proposition 2.4 since A*™" My = 0. So we may assume
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that p < r; put ¢ =r —p > 0. We can write Kp n11(X;F, L) = Kr_gq+1(X; F ®
L™=9 L). Since F is m-regular, the sheaf F ® L™ 7 is g-regular. Hence the
hypotheses of Theorem 2.27 are satisfied for the sheaf 7 ® L™~ 7 by Remark 2.36,
and we obtain K ,,4+1(X;F, L) = HI(X,F @ L™~ 7). This last group vanishes as
well, by m-regularity.

For the ”only if” part, we prove by induction on i that
HY (X, F® L™ %) =0 for all i > 0.
If i = 1, then we apply Theorem 2.27 to the 1-regular sheaf F ® L™~! to obtain
H' (X, FRL" N 2K, 12(X;FRL™ ' L) = Ky,_1m1(X,L) =0.
For the induction step, suppose that
HI(X,F@ L™ 7)=0forj<i-—1.
Applying Theorem 2.27 to the i-regular sheaf F @ L™, we find
H(X,FRL™" 2K, i(X;FQL™ L) = K,_ims1(X,L) = 0.
O

REMARK 2.38. Proposition 2.37 says that the Castelnuovo-Mumford regularity
reg; (F) equals the number of rows in the Betti diagram of the graded module
R(F,L) = @qHO(XJ:Q@Lq).

2.6. Vanishing theorems

THEOREM 2.39 (Green). Let W C H°(P", Op(d)) be a base—point free subspace
of codimension c. We have K, (P", Op(k),Op(d); W) =0ifk+(¢—1)d>p+c.
Proof: Choose a flag of linear subspaces

W=W.CW,,1C...C...CW; CWy=HP",O0p(d))

such that dim W;/W;;1 = 1 for all 4, and let M; be the kernel of the evaluation
map
W, ® Op — Op(d)
Using the exact sequence
0 — My — H(B",0p(d)) ® Op — Op(d) — 0
one easily shows that My is 1-regular in the sense of Castelnuovo—Mumford, hence

N’ My is p-regular (see e.g. [La04]). From the commutative diagram
0

- W, @O0p — Op(d) — 0

[
0 - My — Wio1®0p — Op(d) — 0

o
!
— o

o Qo
I

5
%
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we obtain a short exact sequence
OHMiHMZ‘_lﬂ(D]P’HO.

Taking exterior powers in this exact sequence and using induction, one shows that
N’ M; is (p + i)-regular for all i; see [Gre89, Theorem 4.1] for details. By Propo-
sition 2.4 it suffices to show that

HI(IPT’ /\pHMC ® Opr (k) ® Opr (d)®(q—1)) —0.
Hence the desired vanishing holds if

k+(g—1)d+1>p+c+1

COROLLARY 2.40. If W C H°(Op-(d)) is a base—point free linear subspace of
codimension ¢, then the Koszul complex

AW © HO(Os(k — d)) — A'W ® HO(Os(k)) — A\*"'W @ H*(Os(k + d))
is exact at the middle term if K > d+p+c.

Proof: Apply the previous result with g = 0. 0

COROLLARY 2.41. Let ¥ = {p1,...,pa} be a finite set of points on a rational
normal curve I' C P" = P(VV). Then K, 1(S(T),V) = K,1(S(X),V) if d >
2r —p+2.

Proof: Put L = Orp(r) and consider the S*V-modules

A = R(L), A =ker(R(L) — R(Lz)) = @,H°(T', L(—d))
A" im(R(L) — R(Ls)) = S(%).

The exact sequence of S*V—modules
0—-A4A—-A—-A"—-0
induces a long exact sequence of Koszul groups
Kpa (A V) = Kpi(A,V) = Kpa (A" V) = Kpog (A V).

By definition we have K, ,(4",V) 2 K, ,(P!, Op(—d), Op(r)). Hence it suffices to
show that

K, 1 (P, Op(—d),Op(r)) = K,—12(P*, Op(—d), Op(r)) = 0.
By duality, this is equivalent to
Ky 1-p1(P', 0p(d —2),0p(r)) = K;—p0(P', Op(d — 2), Op(r)) = 0.

By Proposition 2.39 these conditions hold if d > 2r — p + 2. ([
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PROPOSITION 2.42. Let X C PH?(X, L) be a nondegenerate projective variety
of dimension n. If p>r —n then K, (X, L) =0.

Proof: We intersect X with n — 1 general hyperplanes to obtain a curve C' =
XNH; ...NH,_; CPr~"tL Let W be the image of the restriction map H°(X, L) —
H(C, L¢). By Theorem 2.20 (i) we have an injective map

Kp71(X, L) — p71(C, Lc,W).

Note that W generates Lo and dim W = r —n + 2. By Proposition 2.4 we have an
inclusion
Kp1(C,Le, W) € HY(C, NPT Myy).
The desired statement then follows, since rank (M) = dim W —1 =r —n + 1.
|

REMARK 2.43. Many important conjectures on Koszul cohomology center around
the relationship between vanishing/nonvanishing of Koszul cohomology groups and
the geometry of projective varieties; cf. [Gre89]. Proposition 2.42 can be improved
by taking into account the geometry of the variety X. This leads to the so—called

K, 1—theorem, which we shall discuss in Chapter 3.



CHAPTER 3

Syzygy schemes

In this chapter, we present a geometric approach to the study of Koszul co-
homology groups K, :1(X,L). In [Gre82, (1.1)], M. Green defined a geometric
object, which is nowadays called the syzygy scheme, associated to a Koszul class
in K,1(X,L). He also proved a strong result, the so-called K, 1-Theorem, which
gives a description of these schemes in the cases p = h%(X, L) — dim (X) — 1 and
p=h%X,L)—dim (X)—2. F.-O. Schreyer and his students further developed this
theory; see e.g. [vB0T7a, Introduction].

3.1. Basic definitions

Let X be a projective variety over C, and let L be a holomorphic line bundle
on X.

LeEMMA 3.1. Let [y] € K, 1(X,L) be a Koszul class. Put V = H°(X,L). If
p > 2 there exists a unique linear subspace W C V' of minimal dimension such that
h’] € Kp,l(Xa L7 W)

Proof: Using the isomorphism K, 1(X,L) =2 K,_12(I,V) of Proposition 1.27
we represent [y] by an element of A’V ® I,(X). Clearly there exists a linear
subspace W C V such that v € /\p71W ® S2V. Given two linear subspaces Wi,
Wy C V we have

AT AN W = AP N W)
if p > 2. Hence there exists a unique minimal linear subspace W such that v €
N'TIW @ I(X). O
The following definition is taken from [vBO07a, Definition 2.2].

DEFINITION 3.2. The rank of a Koszul class [y] € K, 1(X, L) is the dimension
of the minimal linear subspace W C V such that [y] € K, 1(X, L, W).

Let [v] € K, 1(X, L) be a Koszul class represented by an element
yeNVeV.
DEFINITION 3.3. An element v € APV ® V is supported on a variety Y if
5(7) e N7V @ I(Y).

REMARK 3.4. Note that if [y] € K, 1(X, L), then v is supported on Y if and
only if [y] belongs to the image of the natural map

Kp1(S(Y), V) = Kp1(S(X), V) = Kpa(X, L).

25
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In order to get a better understanding of Koszul classes, one could ask whether
it is possible to find a variety Y containing X such that [y] is supported on Y. The
advantage of this approach is that since the ideal of Y is smaller, one expects to
have a better control over the syzygies and Koszul cohomology of Y. As before,
put I = ker(S*V — R(L)) and use the isomorphism K, 1(X,L) = K,_1 2(I,V) of
Proposition 1.27 to represent y by an element 7 = Z[lep_l vyRQs € Kp_12(1,V).
The commutative diagram

/\p71V®Iz(Y) — /\p73V®13(Y)

AN Ve LX) — NVelX)
shows that
v e im(K,1(S(Y),V) = Kp1(S(X),V) <= Qs € I,(Y) for all J.

DEFINITION 3.5 (M. Green). Let [y] € K, 1(X, L) be a Koszul class represented
by an element v € A’V @ V, and let

F=dn= Y, vweQ,

[J|=p—1

be the corresponding element of /\pilV ® Iy. The syzygy ideal of [] is the ideal
generated by the quadrics Q s, |J| = p—1. The syzygy scheme of [y] is the subscheme
Syz(y) C P(VV) defined by the syzygy ideal of 7.

REMARK 3.6. The above discussion shows that ~y is supported on Y C P(VVY) if
and only if X CY C Syz(v). Note that the syzygy ideal of v is the ideal generated
by the image of the map

5(7) : NPTV — SV

LEMMA 3.7 (M. Green). Given v € Hom(VY, A*V') we have the following set—
theoretic description of Syz(7y):
Syz(v) = {lz] € (V") | iz(y(x)) = 0}.
Proof: By definition, the Koszul differential 6 : A’V @V — AP~V @S2V factors
as
NV eV &l APy gV g ey Mdew, APy g 52V
where ¢ : APV = AP7'V @ V = Hom(VY, AP"'V) sends A € APV to the map fy
defined by f(x) = i(\). Using the identifications
ANVeVv  — AN VeveVv

Hom(VY,A\’V) — Hom(V",Hom(VY,AP~'V))
we find that ¢ ® id sends v € Hom(VY, A’V) to the map
£ € Hom(V" Hom(VY, A*~'V))

defined by f,(z)(y) = i,(y(z)). The image of this element in A’~'V @ S2V =
Hom(AP~'VV,52V) is the map g, that sends ¢ € AP 'VY to the symmetric
bilinear form @), defined by

Qo(w,y) = (@, iy (v(2)))-
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The associated quadratic form is ¢, (z) = Qu(x, x). By the definition of the syzygy
scheme, we have
x € Syz(y) <= Vo,q.(x) =0

= Yo, (p,i.(y(z) =0
= iz(y(2)) =0.

ExAaMPLE 3.8. We consider two basic examples of syzygy schemes.
(i) Let X C IP? be the twisted cubic. Its ideal is generated by the 2 x 2 minors

of the matrix
A= ( To X1 X2 )
Tr1y T2 X3
Put

r1 T2
T2 X3

QO‘

As
Lo X1 X2
rg T1 X2 =0
Ty X2 I3

we obtain the relation
Z0.90 + 1.1 + x2.g2 = 0.
Hence the element
Y=20®qo+T1®q +22® ¢ € ker(V @ Ir(X) — [3(X))
defines a class [y] € K2,1(X, Ox (1)) whose syzygy scheme is
Syz(y) = V(qo, q1,q2) = X.

(i) Let X C P2 be a canonical curve of genus 4. As X = QNF is the complete
intersection of a quadric () and a cubic F', we obtain a resolution

0—5(-5)—=S(-3)®dS(-2)—=S—->85(X)—0
with associated Betti diagram

1 —
- 1 - =
1

- -1 -

In particular we have k11 = 1. Let v be a generator of K7 1(X, Ox(1)).
Since @ is the only quadric containing X, we obtain Syz(vy) = Q.

To obtain a better understanding of the geometry of syzygy schemes it is useful
to introduce an additional tool, the so—called generic syzygy scheme. Before giving
the general definition, we discuss the construction of this scheme for Koszul classes
v € Ko1(X, L) following [ES94].
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LEMMA 3.9 (Schreyer). Let q1,...,q, be quadratic forms in Clzg,...,xs], n <
s. Suppose that there exists linear forms £y, ..., ¢, such that

Zlql—f——i—ann:O

Then there exists a skew—symmetric n x n matriz A = (a;;) of linear forms such
that
q; = Z&‘aij, j: 1,...,71.
i

Proof: Define X =V (q1,...,q,) CP* =P(VV), and put W = (¢1,...,4,) C V.
The linear relation between the quadrics defines an element

=Y tLi®g e K (I(X),W).

As K1 9(I(X),W) = Ko 1(S(X),W) by Corollary 2.16, there exists a class [y] €
Ko 1(S(X), W) such that 7 = 6(vy). Write
'7:2&/\53‘@9%]‘ € /\2W®V
i<y

and put A = (a;;). We then compute

i(y) = Z@‘ ® lia; — b @ Liag;
i<j
= D 4®Q liaw)
k ik
to obtain the desired result. O

Given a Koszul class v as above, Schreyer’s idea is to study the geometry of
the syzygy scheme Syz(y) = V(qi, ..., ¢n) by passing to the generic situation. This
means that one treats the entries a;; of the matrix A and the linear forms ¢; as
variables in a polynomial ring; to avoid confusion, we denote these new variables
by L; and A;;. The polynomial ring

R= (C[Ll, covy L, Alg, ey Anfl’n].

has N =n+n(n—1)/2 = n(n+ 1)/2 variables. One then puts
Qj = ZLiAij7 j: 1,...,7’L

and defines the generic syzygy scheme

Gensyz(y) = V(Q1,...,Q,) Cc PN 7L,

The syzygy scheme Syz(y) € P(VV) is obtained from Gensyz(y) C PN~! in the
following way. We first introduce the necessary relations among the variables A;;
and Ly, i.e., we pass to a quotient I' of the vector space

<L17 R L’I’MAIQ; ey A’nfl,n>
by a number of linear relations. We then view I' as a subspace of V', and pass from

a subscheme of P(T'Y) to the subscheme of P(V') defined by the same equations.
Geometrically, this means that Syz(7) is a cone over a linear section of Gensyz(7y).

A coordinate—free description of the preceding construction is obtained as fol-
lows. The skew—symmetric matrix A of linear forms corresponds to a linear map



3.1. BASIC DEFINITIONS 29

/\QWV — V. This is simply the image of v € /\2W ® V under the isomorphism
N°W @V = Hom(A*WV, V). Taking the direct sum of this map with the inclusion
W — V', we obtain a map
v We NWY =V

The quadrics defining the generic syzygy scheme are obtained as follows. Recall
that dim W = n. Consider the map

L /\n—IW SWe /\n—QW
By definition,

—

ULy A NLGA AN L) =Y (-1 Li® (Ly A AL AL ALy AL A Ly)
i<y
+Z(—1)HL¢®(L1A...ALAjA...AEA.../\Ln).
i>j

Let {A;} be the dual basis of WY. The isomorphism A" W 2 AWV defined by
the duality pairing maps the element

LiA...ALiA...NLjA... ALy,
to (—1)" 1A, A A;. Writing A;; = A; A A, we obtain

L(Ll/\.../\z;/\.../\Ln) = Z(_l)]_le®A2]+Z(_1)jLz®AJz
i<j i>j

(-1t ZLi ® Aij.
5

Hence the map
W e NWY - S2W e \N°WY)
sends t((=1)7" Ly AL A Z; A ... N\ Ly) to the quadric

Qj = Z LZA”

We conclude that the ideal of Gensyz(y) C P(WY & A’W) is generated by the
image of the composed map

AW S NTPW oW 2 NPWY oW — S2W e ANPWY).
The preceding discussion generalizes in an obvious way. Consider a Koszul

class [y] € K 1(X, L, W) represented by v € AYW @ V. Write dim W = p+r, and
let i : W — V be the inclusion map. Put

Y = (i7) W& AW =V
and define I' = im(4') C V. Consider the natural map
G NTW S W NW < S2HW e N'W).
DEFINITION 3.10. Given a linear subspace W C V of dimension p + r, the

generic syzygy ideal IGensyz(W) is the ideal in S*(W @& A"W) generated by the
image of ¥. The generic syzygy scheme of W is the subscheme

Gensyz, (W) C P(WY & N"WY)
defined by Igensyx(w)-
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REMARK 3.11. We have adopted the notation Gensyz, (W) in stead of Gensyz(7y).
This is justified since W is uniquely determined by «y, and for fixed p the geometry of
the generic syzygy scheme is determined essentially by the integer r = rank (y) — p;
see the examples in the next section.

REMARK 3.12. The relationship between Gensyz,. (W) and Syz(v) is given by
the commutative diagram

AW L S2wWae W)
|
APty 20, SV
The factorization
NTW T v

then shows that if W is the minimal linear subspace associated to a Koszul class
[v] € K 1(X, L) then Syz(y) C P(V'V) is a cone over a subscheme Y C P(I'V) which
is a linear section of Gensyz, (W) C P(WV & \"WV).

REMARK 3.13. Given z € X, put v, = ev, oy : Wd \'W — k. We obtain a
rational map
X—=>PWYa A\N"WY)
that sends x to [y,]. By construction, the (closure of the) image of this map is
contained in Gensyz, (W).

EXAMPLE 3.14. Let us determine the generic syzygy scheme associated to the

class
2
Y=Y li®g
=0
defined in Example 3.8 (i). As ¢; = z; (i =0,1,2) and

2 2
qo = T1X3 — Ty, {1 = T1X2 — XT3, (2 = ToT2 — T]

a; = E Tilij
i

the relations

show that
0 —I3 T9
A= T3 0 —I1
T2 Iy 0

The generic syzygy scheme lies in the projective space P° with coordinates (X :
X1 :Xo: Ajp: Agg : Azp). The change of variables
A=Yz, Ayp=-Y1, A=Y

realizes the generic syzygy scheme Gensyz(y) = Gensyz, (W) as the subscheme of
P> defined by the 2 x 2 minors of the matrix

p_( X0 X1 X
I\ Y, )

Hence Gensyz, (W) is the Segre threefold, the image of the Segre map P* x P? —
P> [Ha92]. Note that Gensyz,(W) is a rational normal scroll of degree 3 and
codimension 2; the syzygy scheme Syz(y) (which is a twisted cubic) is a linear
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section of Gensyz;(W). See Lemmas 3.20 and 3.21 for a generalization of this
example.

ProprOSITION 3.15. Let L be a globally generated line bundle on a projective
variety X. PutV = H°(X,L). Given [x] € P(VV), let W, C V be the kernel of the
map evy = (x,.): V. — C and let Y C P(W,/) be the image of the rational map

X ——>PW,)

given by projection with center x. For all [y] € K,1(X,L) = K,1(S(X),V) we
have

€ Syz(7) <= pro(7) € Kp-11(S(Y), Wa).

Proof: By Lemma 3.7 we have

Syz(v) = {[z] € P(V" | iz(y(x)) = 0}

Note that
pr, () € Kp_11(S(Y), W) <= 3y : WY — A""'W, such that the diagram
C.x
‘/\YL\/ vy /\pV pra: /\pilwz

\L =
L

\
w,

commutes. The latter condition is satisfied if and only if pr, oy factors through ¢,
which is equivalent to pr,ov|c.. = 0. Hence

pr.(7) € Kp—11(S(Y), Ws) <= pr.(y(z)) =0
= da(y(z)) =0(
< 1z € Syz(7).

REMARK 3.16. A precursor of this result was proved in [Ehb94]. Ehbauer
showed that

€ X = pr,(y) € Kp-11(S(Y), Wa).

LEMMA 3.17. Let X be a projective variety, and let v € K, 1(X, L) be a Koszul
class.

(i) We have Syz(y) N H C Syz(y|u) for every hyperplane H C P;
(ii) We have pr,(Syz(v)) C Syz(pr, (7)) for every point x € P".

Proof: For the first statement, write
M= Y, 2®Qr
[I|=p—1
By a suitable choice of coordinates we may assume that H = V(Xy). We then have

6(vlr) = Zl‘l ®Qr.

0¢T
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Hence we obtain
Syz(y) N H = NV (Qrlr) € NogrV(Qrlu) = Syz(vu)-

To prove (ii), recall that Syz(y) = {[y] € P(VY | iy(y(y)) = 0} (3.7). Put
W, = ker(ev,) C V, and let z € W,/ be the image of y € VY. The commutative
diagram _

1784 N /\pV y /\p—lv
WY ﬂ;._(l)_, /\me N /\1’1—1VVm

shows that iy (1) = 0 = §-(pra(1)(2)) = 0, hence pr,(Sya() € Sya(pra )

REMARK 3.18. The inclusion of Lemma 3.17 (i) need not be an equality; for
instance, if dim X = 0 equality fails for trivial reasons. It is possible to show
that equality holds under additional hypotheses. Specifically, one can prove the
following result using the ideas of [NP94].

PROPOSITION 3.19. Given v € K, 1(X,L) = K, 1(S(X),V) and a hyperplane
H defined by t € S(V), write Y = X N H and let 7 € K, 1(S(Y),W) be the
restriction of v. Put -
¥ =Syz(y), ¥ =Syz(7).

Suppose that there exists a linear subspace A’ such that, writing W' = V/A', the
restriction maps

o K (S9). W) Ky (S QAW

9: Kp11(SENN), W) — Ky 11 (S(Y NA), W)
induced by the inclusions Y NA' C XNA' C X are isomorphisms. Then XN H = X.

More precisely, 1(X) = I(X) + (¢)/(¢).
3.2. Koszul classes of low rank

We discuss the geometry of generic syzygy schemes for Koszul classes of low
rank. Let [y] € K, 1(X, L, W) be a Koszul class of rank p + r.

The case r = 0. Let t € V be the image of  under the isomorphism APW®V = V.
The ideal of Gensyz, (W) is generated by the image of the map
W= WeC— S’ (WaC)=SWaeWeC,
hence it consists of reducible quadrics of the form t.w, w € W, and
Gensyz, (W) =P(WY)U[t] c P(WY & C)

is the union of a hyperplane and a point. To describe Syz(v), let T' C V be the
image of the map
v WaC—V.

We have either ' = W (ift e W) orI' = W C (if t ¢ W). Put Y = Gensyz(W)n
P(T'V). As the syzygy scheme Syz(y) is a cone with vertex P(V/T')¥ over Y, we find
that

Syz(v) =V (t) UP(V/W)¥
is the union of a hyperplane and a linear subspace of codimension p.
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The case r = 1. In this case we can view vy € A'W @V 2 WY @V as a
homomorphism v : W — V. The ideal of Gensyz, (W) is generated by the image
of the map

NW =W W — S](WaW).

As the first map is injective, we obtain Igensys = (/\2W> cS*(WaWw).

LEMMA 3.20. Under the identification WY @& WY =2 WY @ C2, Gensyz, (W) is
isomorphic to the image of the Segre embedding P(WV) x P! — P(WY @ C?).

Proof: The injective map A*W — S2(W @ W) = S2W & W @ W & S2W sends
uAv to the element u®v—v®u in the middle component. Hence the ideal generated
by /\2W is the ideal of 2 x 2 minors of the corresponding 2 X (p + 2) matrix, which
is the ideal defining the space of decomposable tensors, i.e., the Segre variety; cf.
[Ha92]. O

The following result is classical and appears in several sources; see e.g. [Sch86]
or [vB07a, Corollary 5.2], [Ei06].

LEMMA 3.21. The syzygy scheme Syz(7y) of a nonzero Koszul class of rank p+1
is a rational normal scroll of codimension p and degree p + 1.

Proof: Note that Gensyz, (W) is a rational normal scroll. By the classification of
varieties of minimal degree [EH8T7a], it suffices to show that P(I"V) intersects every
fiber F of the morphism 7 : Gensyz, (W) — P! transversely. The isomorphism
W e W — W ® C? sends (wy,ws) to the element w @ (A, i) determined by the
conditions w; = A.w, wy = p.w. Hence the intersection of P(T'V) with the fiber F'
over (X : u) € P! is the projectivisation of the kernel of the map
fapu:W—-V

defined by fi .(w) = Aw + py(w), and

PCY)NF=F < fiuw=0

& el y(w) =vw Yw e W.

By definition, the latter condition is equivalent to the vanishing of the Koszul class
~. This finishes the proof. O

DEFINITION 3.22. A Koszul class is called of scrollar type if it is supported on
a rational normal scroll.

By Lemma 3.21, [y] € K, 1(X, L) is of scrollar type if and only if it is of rank
p+ 1.

The case r = 2. Let [y] € K, 1(X,L, W) be a Koszul class of rank p + 2. Put
T = C @& W. By definition Gensyz,(W) c P(WY & A*WV) = P(A*TY). The
projective space P(A°T") contains the subschemes G(2,T) (the Pliicker embedded
Grassmannian of 2-dimensional quotients of T') and P(A*WVY).

The following result is taken from [vBO7a, Theorem 6.1].
THEOREM 3.23 (von Bothmer).
Gensyz, (W) = G(2,T) UP(A*WVY).
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Proof: Put G = G(2,T), P =P(A*W"). In the symmetric algebra S*(A\*T) we
have [FH91, p. 228]

Io = (N'T), Ip=(W).
By definition, the ideal of Gensyz,(W) is generated by the image of the map
N°W =W N*W — S2W & \°W).
Hence Igensyz = (N°W) € S*(A*T).
The decomposition W @ (W @& A\°W) = S2W @& \°W @& \*W @ Sy, W shows
that Igensyz C Ip, hence P C Gensyzy(W). As (A'T) = (A*W) + (A"W), we have

IGensyz C Ig and G C Gensyzy(W). The union GUP C P(A*TV) is defined by the
ideal

Ienly = (W)Yn (AW, \*'W)
= (W) (N'W) + (W) n(A'W).

The decomposition of W& A*T shows that (W)N(A*W) = (A*W). For the second
intersection we have

(W) (A W) = (W)(N'W) = (W @ A'W),.
The decompositions ([FH91))
WoNAN'W = ANWaoS, W
NWoWa AN W) = A'WaSs Wa A WS, WS, W
imply that (W) N (A*W) C (A*W). Hence we obtain

I N 1Ip = (N°'W) = Igensys
and Gensyz,(W) = GUP. O

3.3. The K, ; theorem

PROPOSITION 3.24. Let X C P™ be a nondegenerate irreducible variety. Given

0+# v € K,1(X,L), the image of the map 6(v) : /\p_lVV — S?V has dimension at
+1
least (P11).
Proof: Choose a linear subspace A C P™ such that C = X N A is a smooth curve.
Let
I={(x,8) e Cx (P") |z€eH}

be the incidence correspondence, and let U C (P")Y be the Zariski open subset
of hyperplanes that intersect X transversely. By the uniform position principle
[ACGHS85] the monodromy group of I — U is the full symmetric group. Given
t € U, the set X N H; contains a subset ¥; = {pog,...,pn} C X of n+ 1 points in
general position. Choose coordinates (Xp : ... : X,,) on P™ such that

{po,---spnt={(1:0:...:0),...,(0:...:0:1)}
We then have
5(y) = Z A1 ®Qr

[I|=p—1
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with
QI = Z ainin.
i,j¢T
Given ¢ € m(U,t), let ® = p(c) : ¥ — X be the corresponding monodromy trans-
formation. Let i; : ¥; — X be the inclusion map. The commutative diagram

Eti>2t

it
it
X
induces a commutative diagram

Kp1(S(S0), W) —2> K, 1(S(S0), W)

KP71(S(X)7 V)
As i} is injective (Theorem 2.19), we can view an element v € K, 1(S(X),V) as
an element of K, 1 (S(X;), W;) that is invariant under the action of the monodromy

group. This implies that the symmetric group permutes the quadrics Qy, |I| = p—1,
via the action

Qr—0o(Qr) = aij X)) Xo())-
i,j¢l
In particular we have o(Qr) = Qq(s) for all I.
Note that @Q; # 0 for all I. Indeed, suppose that there exists I such that
Q1 =0. Then Qu) =0 for all 0 € S, 41 and v = 0, contradiction.

We claim that in the expression

Qr= Z a; j X; X;
ijgl
all the coefficients a; ; are nonzero. Indeed, a; ; = 0 if and only if the restriction of
Q7 to the line ¢;; = p;p; vanishes identically. If there exists a pair (¢, j) such that
a;,; = 0 we obtain
Qrloe;;) = o(Qr)

for all 0 € S, 41, hence @ = 0. This contradicts the previous step.

6; =0

Fix a set Iy of cardinality p + 1, for example Iy = {0,...,p}, and consider the
subsets I(\,p) = Io \ {A, u}. As X\ X, occurs with nonzero coefficient in Qr(x .,

and does not occur in the quadrics Qx,,vy with (X, u') # (A, p) we obtain (p;rl)
linearly independent quadrics in the ideal of Syz(7y). O

COROLLARY 3.25. Let C' C P" be a rational normal curve. For all 0 # v €
K, 11(C,0¢c(1)) we have Syz(y) = C.
Proof: As the ideal of C' is generated by the 2 x 2 minors of the matrix
Xo ... X,
X, ... X,
we have dim I5(C) < (;) The result then follows from the inclusion Igy, ) C I2(C)
and the inequality of Proposition 3.24. ([
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LEMMA 3.26. Let & C P" be a finite set of points. Then
€ is contained in a rational normal curve <= K,_11(£§) #0.

If deg& > r + 3 then Syz(y) is a rational normal curve for every nonzero Koszul
class v € Kr—11(§).

Proof: If £ is contained in a rational normal curve I', we obtain an inclusion
Ky 11(I') = Kp_1,1(€). then K,_11(€) # 0 since K,_11(I") # 0. More precisely,
Proposition 2.4 implies that K,_11(I,0r(1)) = HY(P', A"M) where M is the
kernel of the evaluation map V & Op1 — Opi1 (7). As rank (M) = r the latter group
is isomorphic to HY(P!, Op(—r)) = H°(P*, Op(r — 2)) = C"L.

The converse statement is classically known if degé < r 4 3. If degé > r + 3,
we choose a subset & = {p1,...,prr3} C & There exists a unique rational normal
curve I" such that £ C €. By Corollary 2.41 we have K,_1 1(¢') = K,_1 1(T, Or(1)).
Combining this isomorphism with the inclusion K, _11(§) C K,_1,1({'), we obtain
an injective map from K,_11(§) to K,_1,1(I,Or(1)). The statement then follows
from Corollary 3.25. O

COROLLARY 3.27 (strong Castelnuovo lemma). Let X C P" = P(VV) be a
projective variety. Suppose that X contains a set of d > r + 3 points in general
position. Then

K,_11(S(X),V) # 0 <= X is contained in a rational normal curve.

Proof: We may assume that X is nondegenerate. If X is contained in a rational
normal curve I' we obtain an inclusion K,_11(S(I'),V) — K,_11(S(X),V). The
result then follows since K,_1 1(S(I"),V) = K,_11(T,Or(1)) # 0.

For the converse, note the map K,_1,1(S(X),V) — K,_1,1(X) is injective and
apply Lemma 3.26 and Proposition 2.42. O

We have seen that if X Cc PH?(X, L)Y is a subvariety of dimension n, then
K,1(X,L) = 0 for all p > r — n; see Proposition 2.42. The following result,
known as the K, ;—theorem, classifies the varieties X such that K,_, 1(X,L) # 0
or Kr—n—l,l(Xa L) 7& 0.

THEOREM 3.28 (Green). Let X C P" =PH?(X, L)V be a nondegenerate, irre-
ducible subvariety of dimension n.
(i) If Kp—p1(X,L) # 0 then X is a variety of minimal degree;
(i) If Kp—p—11(X,L) # 0 and deg X > r — n + 3 then there exists a variety
Y of minimal degree such that X CY is a subvariety of codimension one.

Proof: Put ¢ = codim (X) = r—n, and note that deg X > c+1. If K. 1 (X, L) # 0,
then X N A is contained in a rational normal curve for a general linear subspace
A = P° by Lemma 3.26. Hence deg X < ¢+ 1 and X has minimal degree.

To treat the second case, we need the following auxiliary result.

Sublemma. Let v € K._11(X, L) be a nonzero Koszul class, and let Hy, ..., H, C
P" be general hyperplanes. Then

Syz(V'Hon...mE..an) NH; = SyZ(’YlHom.i.nﬁ;...an) N H;

for all 4, j.
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To prove the sublemma, put
Ai=Hon...NH,...NH, 2P A=HyN...0H, =P

Since A; is general, we have |z, # 0 by Theorem 2.19. As deg X > ¢ + 3, Lemma
3.26 shows that that Syz(vy|a,) is a rational normal curve. Hence

& = Syz(vy|a,) N H; CA

is a set of ¢ points in general position.

By a suitable choice of coordinates (z¢ : ... : x,), we may assume that H; =
V(z;),i=0,...,n. As before, we write
5= Y x2eQ
|I|=c—2

Put ¥ = Ningo,....n3=0V (Qr) N A. By definition we have & C ¥ for all i. To prove
that £ = %, it suffices to show that the inclusion I2(X) C I5(&;) is an equality, since
the ideals of both sets are generated by quadrics. Put J = {n+1,...,r}, and write
I(\ 1) = J\{\, p}. The monodromy argument of Proposition 3.24 shows that the
quadrics Qrx,u)|a are linearly independent. Hence dim I5(X) > (;) On the other
hand, the number of quadrics in A = P~! containing ¢ points in general position
is (642'1) — ¢ = (5). Hence the desired equality of ideals follows.

We now finish the proof of part (ii). Consider n general pencils of hyperplanes
{Hx, },epr. Let U be the open subset of the n—fold product of P! corresponding to
the hyperplanes H), such that Hy, N... N Hy_ is in general position with respect
to X. Using the natural map

(A1seooyAn) = [Syz(Y]ay nenmy, )]

we identify U with an irreducible subset of the Hilbert scheme H of rational curves
in P" of degree c¢. Consider the incidence correspondence

I={(z,C)eP"xHlzeC} - H
P
PT’

and let Y C P" be the Zariski closure of p(¢~'U). Since the fibers of ¢ are irre-
ducible, Y is irreducible. To show that Y is a variety of minimal degree containing
X as a subvariety of codimension one, we consider the Zariski open subset

V = U(M,..-,)\n)EUH)\l Nn...N H)w c P,
By Lemma 3.17 we have
Syz(Y|#y,n..nmy, ) D Syz(y) N Hx, N ... N Hy,.

Hence we obtain Y DY NV D Syz(y) NV D X NV. Since X is irreducible, this
implies that Y D X.

Let Hy, ..., H, be general hyperplanes. Using the sublemma and induction on
n, we obtain

Syz(Y|ay, n.nmy, ) VHIO .0 Hy = Syz(Y]wyn..nm,,)
for all (A1,...,\,) € U. Hence
YNH N...0NH, NV =Syz(¥|myn..nm, ) NV,
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and we obtain Y N Hy ...N H, = Syz(Y|#,n...nH, ) since both YN H;y ...N H, and
the rational normal curve Syz(~y|g,n..nm,, ) are irreducible. Hence Y is a variety of
minimal degree and dimension n + 1 = dim X + 1. (]

3.4. Rank-2 bundles and Koszul classes

The aim of this Section is to give a more geometric approach to the problem
of describing Koszul classes of low rank.

3.4.1. The method of Voisin. The starting point is the following construc-
tion due to Voisin.

Let E be a rank two vector bundle on a smooth projective variety X defined
over an algebraically closed field k of characteristic zero. Write L = det E and
V = H°(X, L), and let

d: N°H°(X,E) —» V
be the determinant map. Given t € H°(X, E), define a linear map
di: H'(X,E) -V
by di(u) = d(t A u), and choose a subspace U C H°(X, E) with U Nker(d;) = 0.
Suppose that dim (U) = p+2 with p > 1, and put W = d;(U) = U. The restriction
of d to /\2U defines a map /\2U — V, which we can view as an element of
ANUY @V = NUV.
Let
YyeNWeV AN VeV
be the image of this element under the map d;.
Following Voisin [V05, (22)], we prove that v defines a Koszul class in K, 1 (X, L).

To this end, we make the previous construction explicit using coordinates. If we
choose a basis {e1,...,ep3} of (t) ® U C H°(X, E) such that e; = t, we have

(3.1) y=Y (~1)MdEAe) AL DG Ad(EA epys) @ d(e; Aey).
i<j
As in [V05] one shows that the image of the v by the Koszul differential
§: N’V @ H(X,L) — A\’ 'V @ S*H°(X, L)

equals

~

(3.2) ST (=D)TFRAE Aea) AL TGk Ad(EA eps)
1<j<k
{d(t Ne;)d(ej Nex) —d(t ANej)d(e; Nek) +d(t Aeg)d(e; Aej)}.

LEMMA 3.29 (Voisin). Given four elements w1, we, w3, w € H*(X, E) we have
the relation

d(w A wy)d(way Aws) — d(w A ws)d(wy Aws) + d(w A ws)d(wy Awe) =0
in HO(X, L?).
Proof: See [V05, Lemma 5]. O
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The previous lemma shows that v belongs to the kernel of the Koszul differential
Sx : A’V @ HY(X,L) —» N\°'V @ HY(X, L?),
hence v defines a class in the Koszul cohomology group.

DEFINITION 3.30. The Koszul class [y] € K, 1(X,L, W) C K, 1(X, L) associ-
ated to the triple (E,t,U) as before is denoted by (U, t).

In general, the given class will depend on the choice of the lifting U. This
dependence appears specifically if ker(d;) contains elements other than multiples of
t. The ambiguity disappears if we map the class to an appropriate Koszul group.

it

First we introduce some notation. Let Ox — E be the morphisms induced by
t, and let B be the divisorial component of the zero scheme of t. Then there exist
a codimension-2 subscheme & of X such that F lies in a short exact sequence:

0— Ox(B) > E% L(-B)®Tc — 0,
hence ker(d;) = H°(X,Ox(B)).
ProprosITION 3.31. Notation as above. There exists a natural surjective map
m: Kp1(X,L,W) — K,1(X,0x(B),L(—B),W).

The image of v(U,t) under this map is independent of the choice of the lifting U
of W; we denote it by v(W,t). Moreover, any lifting of a given class v(W,t) €
K,1(X,0x(B),L(—B),W) is of the form v(U',t) € K, 1(X,L, W) for some U’ C
H(X, E) with d,(U') = W.

Proof: The commutative diagram
ANPW @ H(Ox(B)) — ANWeH'(L) — A~'WeH(L*-B))
[ H )

AW - AN'WoH(L) — NT'W @ HO(L?)
induces a short exact sequence
ker(d x
0— AP W @ er(dy) — K1 (X, L,W) 5 K, 1(X,0x(B), L(~B),W) — 0.

C.t

This exact sequence implies the first statement.

For the second statement, let v € K, (X, L, W) be a lifting of v(W,t), and
choose a basis e1,...,e,12 of U. The exact sequence shows that the classes v and
(U, t) differ by an element

SEN L NGNA.  Nepa @
j

with t; € ker(d;), hence  is of the form (U’,¢) with
U/ = (61 +t1,. . .7€p+2 +tp+2>.
(]

REMARK 3.32. If U’ C (t)®U C d; '(W) is another lifting of W, then (U, t) =
~(U’,t). In particular, if ker(d;) = C.t the given class only depends on ¢ and W.
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3.4.2. The method of Green—Lazarsfeld. The following nonvanishing re-
sult was a source of inspiration for several important conjectures on Koszul coho-
mology.

THEOREM 3.33 (Green-Lazarsfeld). Let X be a smooth projective variety, and
let L be a line bundle on X that admits a decomposition L = L1 Q@ Lo with r; =
dim |L;| > 1 fori=1,2. Then Ky +r,—11(X,L) #0.

We shall prove this result in the curve case in section 3.5. For the general case,
see [GL84] or [V93].

The Koszul classes appearing in this result are constructed in the following
way. Write L; = M; + F; with M; the mobile part and F; the fixed part. Let B
be the divisorial part of F}y N F,. It is possible to choose s; € H°(X, L;) such that
V(s1,82) = BU Z with codim (Z) > 2. Set L = L1 ® Lo, and put t = (s1,82) €
H%(X,Ly ® Ly), W = im(d;) C H°(X, L(—B)). By construction h°(X,Ox(B)) =
1, hence ker(d;) = C.t and dim W = r; + ro + 1. By the previous discussion,
we obtain a Koszul class y(W,t) € K, 1r,-1,1(X, L). We call such classes Green—
Lazarsfeld classes.

Note that the rank of a Green—Lazarsfeld class is either p +1 or p + 2. It is of
scrollar type if and only if it comes from a pencil.

3.4.3. The method of Koh—Stillman. Voisin’s method produces syzygies
of rank < p+ 2. As we have seen in the previous subsection, rank p + 1 syzygies
are Green—Lazarsfeld syzygies of scrollar type. Rank p+ 2 syzygies can be obtained
in the following way. Suppose that L is a globally generated line bundle on a
projective variety X, and let [y] € K, 1(X, L) be a nonzero class represented by
an element v € A'W @ V with dim W = p + 2. We view 7 as an element in
AWV @V = Hom(A*W, V). As before we consider the map

YN CoW) =W o N°W -V
W — V. If we choose a generator e; for the first summand and a basis {ea, ..., ept3}
for W, we obtain a skew—symmetric (p + 3) X (p + 3) matrix A by setting
aij = ’7/(61' A\ ej).
By construction, the inclusion W — V corresponds to the map +'(e; A —). This

allows us to identify a;; and e;, 2 < j < p + 3. Let a be the image of v under the
Koszul differential

S ANVeV - ATV e SV
Writing this out, we obtain
(33) o = Z (—1)i+j+ka12 VAN a/17 Ce (1,/177 ce (],/1-,\k N3 @ Pflijk(A)
i<j<k
where
Pf1ijp(A) = ariajre — a15ai, + 01045
is a 4 x 4 Pfaffian of A. As the elements {a12,...,a1,p+3} = {e2,...,ept3} are
linearly independent, this expression is nonzero if and only if at least one of the

Pfaffians Pfy;;x(A) is nonzero. Furthermore, since o maps to zero in ANV e
HY(X, L?) the Pfaffians Pfy;j;(A) have to vanish on the image of X.
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The preceding discussion shows that every rank p 4+ 2 syzygy arises from a
skew—symmetric (p + 3) X (p + 3) matrix A such that

(i) the elements {a12,..., a1 p+3} are linearly independent;
(ii) there exists a nonzero Pfaffian Pfq;;5(A);
(iii) the Pfaffians Pfy;;,(A) vanish on the image of X in P(VV).

This is exactly the method used by Koh and Stillman to produce syzygies; see
[KS89, Lemma 1.3].

3.5. The curve case

In this section we give a complete characterization of Koszul classes of rank
p+ 2 on a curve. The following two results simplify the presentation of [ANO7].

LEMMA 3.34. We have isomorphisms
K,1(X,B,L(-B),W) = ker(¢6: H'(X,LV(2B)) — W'Y ® H (X, 0x(B)))
Ew = {¢ € Ext' (L(~B),0x(B)) | W C ker d¢}.

1%

Proof: Consider the exact sequence
(3.4) 0—- My - W®0Ox — L(—B) — 0.
By Proposition 2.4 and Remark 2.6 K, 1(X, B, L(—B), W) is isomorphic to
ker(H (X, A" My @ Ox(B)) — HY(X, \"T'W @ Ox(B)))
>~ ker(§ : H'(X,LY(2B)) — WY @ H*(X, Ox(B))).
For the second statement, note that § is induced by the multiplication map
W e HY(X,LY(2B)) — H'(X,0x(B)).
The formula
be(w) = p(w © §)
shows that
Eeckerd = pwel) =0 Ywe W,
that is, if and only if W C ker d¢. O

PROPOSITION 3.35. Let W C H%(X,L(—DB)) be a base—point free linear sub-
space of dimension p+2, and lett € H°(X, E) be the image of the canonical section
of Ox(B). Let

b Ew — Kp1(X, B, L(~B), W)
be the isomorphism defined in the previous Lemma. We have ¥(§) = v(W,1t).

Proof: Choose a linear subspace U C H°(X, E) such that d; : U=~ W, and
consider the commutative diagram

0O - My — U®Ox - L(-B) — 0

(3.5) iﬁ l [
0 — Ox(B) — E — L(-B) — 0
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where My is by definition the kernel of a. If we dualise this diagram and twist by
Ox (B), we obtain a commutative diagram

0 — LY(2B) — UY(B) — MJyB) — 0
|

0 — LY(2B) — EY(B) — Ox — 0.
By construction, 1(€) is obtained by taking the image of 1 € H(X, Ox) under the
map ¢ in the commutative diagram

HY(X,MY(B)) — HYX,LV(2B)) — UY®HY(X,0x(B))
¢ |
HY(X,0x) — HY(X,LV(2B)).

If we take the second exterior power in the rows of diagram (3.5), we obtain a
commutative diagram

0 — N'My — ANU®Ox — My®L(-B) — 0
L@@id
0 — NE oy L — 0.
Dualising and twisting by L, we obtain a commutative diagram
MYB) — NUYeL
b
Ox — MNEY®L.
After taking global sections, we obtain

HY(X,MY%(B)) — A’UY®@V = Hom(\U,V)

[ |
C - HY(X,\*EY)® V.

By construction, the image of ¥/(¢) = ¢(1) in Hom(A>U, V) is the restriction of the
determinant map d| Alu- Hence we can identify ¢(§) and (W, t). O

Proposition 3.35 yields a short, geometric proof of the Green—Lazarsfeld non-
vanishing theorem for curves.

COROLLARY 3.36. (Green—Lazarsfeld) Let X be a smooth curve, and let L be
a line bundle on X that admits a decomposition L = L1 ® Lo with r; = dim |L;| > 1
fori=1,2. Then K, +r,—11(X,L) #0.

Proof: We define s1, so, t, W, B and (W, t) as in section 3.4.2. Let C be the
base locus of W, seen as a subspace of H°(X, L(—B)). We prove that (W, t) # 0.
Suppose that v(W,t) = 0. Consider the extension

0— Ox(B) — L1 @LQ — L(*B) — 0.

Pulling back this extension along the injective homomorphism L(—B — C) —
L(—B), we obtain an induced extension

0—-0Ox(B)—-FE—L(-B-C)—0.
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Applying Proposition 3.35 to the line bundle L(—C), we find that this extension
splits. Hence there exists an injective homomorphism

Ox(B)® L(—B—-C) — L1 ® L.

In particular there exists ¢ € {1,2} such that Hom(L(—B — C),L;) # 0. This
implies that

ri+1=h"X,L;) > h°(X,L(-B—C)) >dim W =71y + 7y + 1,

and this is impossible since ry > 1 and o > 1. [l

THEOREM 3.37. Let X be a smooth curve, and let « # 0 € K,1(X,L) be
a Koszul class of rank p + 2 represented by an element of N'W ® H®(X, L) with
dim W = p+2. There exist a rank 2 vector bundle E on X, a sectiont € H°(X, E)
and a subspace W = U C H°(X, E) such that o = v(U,t).

Proof: Put T =C® W. By Remark 3.13 and Theorem 3.23 we obtain a rational
map

Y X - P(A?TVY)

such that the closure of the image of X is contained in Gensyz(W) = G(2,T) U
P(A2WV). Since X is a curve, we may remove the base-locus C' of this map, by
replacing L by L(—C'). By construction, the resulting morphism 1 is given by the
skew-symmetric matrix A = (a;;), introduced in section 3.4.3, such that

(a) The linear forms in the first row of A span W;

(b) There exists a nonzero 4 x 4 Pfaffian of A involving the first row and
column;

(¢) The 4 x 4 Pfaffians involving the first row and column of A vanish on the
image of X in PHY(X,L)V.

Put Y = (X). Condition (a) shows that Y is not contained in P(A\°WV). As Y
is irreducible, this implies that Y is contained in G(2,T).

Put E = ¢*Q. Twisting the exact sequence
0—Zy — Og — ¢.0x — 0

by the universal quotient bundle () and taking global sections, we obtain an exact
sequence

0— H(G,QeIy) — HG,Q) ¥~ HG,¢.0x ® Q) = H'(X, E).

Condition (a) implies that Y is not contained in G(2, W) = G(2,T) N P(A*WV),
hence t does not vanish identically on X and defines a global section of E. The
zero locus of this section is given by the equations a2 = -+ = a; p4+3 = 0, hence it
coincides with B. Consequently the line bundle F' is given by an extension

(3.6) 0—Ox(B)— FE— L(—B) — 0.
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Consider the commutative diagram

0 0

|

HY(G,0c) -t H°X,0x(B))

[ [

H(G,Q) X% H(X,E)

| |

W i, HY(X,L(-B)).

Note that keri = W N H°(G,Og(1) ® Iy) = 0 by condition (a). As the map
H°(G,Q) — W is surjective, we find that W is contained in the image of the
map d; : H(X,E) — H°(X,L(—B)). The embedding W C H°(G,Q) = (t) @ W
composed with * is a section of d;. Put U = ¢*(W). By construction we obtain
v =~(U,1). O

REMARK 3.38. This result is a refinement of [vB07a, Theorem 6.7], where it
was shown that a rank p 4 2 syzygy gives rise to a rank 2 vector bundle if L is very
ample and the ideal of X is generated by quadrics.

Theorem 3.37 shows that Voisin’s method may produce nontrivial Koszul classes
that are not contained in the subspace of K, 1(X, L) spanned by Green-Lazarsfeld
classes.

EXAMPLE 3.39. By [ELMS89, Theorem 3.6 and Theorem 4.3] there exists a
smooth curve of genus 14 and Clifford index 5 (see section 4.2 for the definition)
whose Clifford index is computed by a unique line bundle L such that L? = Kx.
The line bundle L embeds X in P* as a projectively normal curve of degree 13,
and the ideal of X is generated by the 4 x 4 Pfaffians of a skew—symmetric matrix
(@ij)1<ij<5 with

2ifi=1lorj=1
deg(ai;) = { Lifi>2 an(ij >2

such that the quadric Q = assass — a24a35 + assass has rank 5. The Koszul
class [Q] € K;11(X,L) has rank 3, since it is represented by the linear subspace
W = (as3, az4, ass). Hence [Q] comes from Voisin’s method by Theorem 3.37.

Suppose that Kj 1(X, L) contains a Green-Lazarsfeld class. This class would
be of scrollar type, since it necessarily comes from two pencils |Li|, |L2|. The
equality deg(Lq) + deg(L2) = 13 implies that L; and L contribute to the Clifford
index. This is impossible, since the previous equality implies that there exists ¢
such that deg(L;) < 6, hence Cliff(L;) < 4.

REMARK 3.40. A more geometric description of a subspace W representing
[Q] is the following. A smooth intersection of the quadric V(Q) c PH°(X, L)V
with one of the cubic Pfaffians is a K3 surface in PH(X, L)V containing a line £
which is disjoint from X by [ELMS89, Prop. 4.1]. The line ¢ corresponds to a
3-dimensional linear subspace W C H°(X, L), which is base-point-free since ¢ does
not meet X.
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One could ask whether the syzygies constructed in section 3.4.1 span K, 1 (X, L).
In principle it may be possible to obtain higher rank syzygies as linear combinations
of rank p + 2 syzygies. However, if K, 1(X, L) is spanned by a single syzygy of rank
> p + 3 this is not possible.

EXAMPLE 3.41 (Eusen—Schreyer). Eusen and Schreyer [ES94, Theorem 1.7 (a)]
have constructed a smooth curve X C P° of genus 7 and Clifford index 3 embedded
by the linear system |Kx(—x)| such that Ks1(X, Kx(—z)) = C is spanned by a
syzygy so. The explicit expression for sg given on p.8 of [loc. cit.] shows that sg is a
rank 5 syzygy. Hence sy cannot be obtained by the Green-Lazarsfeld construction
or the method of section 3.4.1.

3.6. Notes and comments

As mentioned before, the notion of syzygy scheme emerged from Green’s K, ;
theorem, and was introduced for studying the Arbarello-Sernesi modules

P H (X, Ex @ LY).
q
The first application was an improvement of a result of Arbarello-Sernesi, see
[Gre84a, Theorem (4.b.2)] and [Gre82, Theorem 2.14]. The core of the proof
is the Strong Castelnuovo Lemma 3.26. It generalizes the classical Castelnuovo
Lemma which states that if a subvariety X of P imposes < 27 + 1 conditions on
quadrics, then either it is contained in a rational normal curve, or else no more
than 2r + 2 points of X are in general position.

In the curve case, the K, ; theorem has another nice consequence. It shows that
if L is a nonspecial very ample line bundle on a curve C' with h°(C, L) = r +1, and
0#v € K,_21(C, L), then C is hyperelliptic, and the g3 is induced by the ruling on
Syz(). The proof idea is the following. Note that Syz(vy) is two-dimensional, hence
its desingularization is a Hirzebruch surface X.. A small cohomological computation
using the embedding C' C ¥, based on the nonspeciality of L, shows that the ruling
of ¥, cannot restrict to a pencil of degree larger than two.

Ehbauer analyzed the further case of a line bundle L on a genus-g curve C
with g > 13, deg(L) > 29+ 3, h°(C,L) =r + 1, and K,_31(C, L) # 0. He shows
that the intersection of all the syzygy schemes of classes in K,_31(C,L) is a 3-
dimensional rational normal scroll, and the ruling planes cut out a g3 on C. The
hyperelliptic case that follows from the K ; theorem, and the trigonal case treated
by Ehbauer are two entry cases for a more general conjectural statement that will
be thoroughly discussed in the next chapters, see Conjecture 4.21. Ehbauer’s proof
relies on a generalization of the Strong Castelnuovo Lemma; see [Ehb94] for details.






CHAPTER 4

The conjectures of Green and Green—Lazarsfeld

4.1. Brill-Noether theory

We are interested in studying the following stratification of the Jacobian of C

Picg(C) D WI(C) > Wi (C) D ...
where
W75 (C) := {A € Picy(C), h°(C, A) > r + 1},
for all r. This problem only makes sense for d < 2g — 2, as h°(C, A) is completely
determined by d for any A if d > 2g — 1.

The strata W (C) are called Brill-Noether loci; they are determinantal subvari-
eties of Picy(C) i.e. are given locally by the vanishing of minors of suitable matrices
of functions. This structure is obtained in the following way [ACGHS85]. Fix E
an effective divisor of degree m > 2g —d — 1. Then for any element A € Picy(C),
the bundle A(F) is nonspecial, hence we have an exact sequence

(4.1) 0— H°(C,A) — H°(C,A(E)) — H*(E, A(E)|g) — H*(C, A) — 0.

Obviously A € W7 (C) if and only if

rk(ker(H°(C, A(E)) — H(E,A(E)|g))) > r+ 1.

Remark that both n = h%(C, A(E)) = d+m—g+1and h°(E, A(E)|g) = m do
not depend on the choice of A. This elementary observation allows the construction
of the determinantal structure. Let I' = E X Picy(C) C C x Picyg(C) be the
product divisor, and denote by £ a Poincaré bundle on C x Picg(C) [ACGHS85],

and m : C' x Picg(C) — Picyg(C) the projection on the second factor. By the
considerations above, the sheaves

™ (L(I)), and 7. (L(D)|r)
are locally free of rank n, respectively m. If
7 e (L(1)) = m (L(D)r)

denotes the sheaf morphism induced by the sequence (4.1), then W7 (C) is the locus
where
dim (ker~y) > r + 1.

By the general theory, we obtain a determinantal structure on W7 (C), which
is independent on the choice of the Poincaré bundle £, and of the divisor F
[ACGHS8S5] p. 179. In local coordinates, it is given by the vanishing of the minors
of order kK = d+m — g — r of a matrix n x m of functions provided, of course, that
k < m, which is equivalent to

(4.2) g—d+r>0.

47
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Note that g — d +r = h°(C, K¢ ® AV) for any A having precisely r + 1 global
sections. Inequality (4.2) is therefore a necessary condition for the existence of
elements in W7 (C) \ WitH(C). If W} (C) is non-empty, then one can prove that
(4.2) is also a sufficient condition, in a stronger sense.

PROPOSITION 4.1. If r > d — g then no component of W} (C) is entirely con-
tained in W) (C).

Another numerical restriction is given by the Clifford Theorem.
THEOREM 4.2 (Clifford). Suppose r > d — g and Wj;(C) # 0. Then 2r <d.

If condition (4.2) is satisfied, and if Wj(C) is non-empty, then all its compo-
nents have dimension at least

dim (Picg(C)) — (n—k)(m —k)=g—(r+1)(g—d+ 7).

A complete proof can be found in [ACGHS85], Ch. II. Section 4. However, the
problem of non-emptiness of Brill-Noether loci is a very hard one, see Theorem 4.4
below.

The integer
(4.3) plg,ryd) =g—(r+1)(g—d+r)

which represents the expected dimension of the Brill-Noether locus W (C) is called
the Brill-Noether number. Since h°(C, A) =r+1 and h°(C,Kc ® AY) =g —d+r
for any A € W1(C)\ Wit (C), we obtain

p(g7 T, d) = hO(Ov KC) - hO(C7 A)ho(ca KC’ & AV)
The Brill-Noether number is related to the multiplication map
(4.4) po.a: HY(C,A) @ H(Ke ® AY) — HY(C, K¢).

If 10,4 is injective, then p(g,r,d) = codim g 4. A curve is called Brill-Noether-
Petri generic if the multiplication maps pi9, 4 are injective for all A. This condition
is usually referred to as the Brill-Noether-Petri condition. Its geometric meaning
is given by the following theorem, see [ACGHS85].

THEOREM 4.3. Suppose r > d — g and Wj(C) # 0. Given A € W} (C) \
W;'H(C), the tangent space to Wj(C) at A is

Ta(Wq(C)) = Ann(im(p0,4))
where Ann(im(uop,4)) C H°(C,K¢c)Y denotes the annihilator of the subspace
im(po,4) € HY(C, Kc).

In particular, WJ(C) is smooth of dimension p(g,r,d) at A if and only if po 4 is
injective.

All the results mentioned above assume non-emptiness of Brill-Noether loci.
This is realized effectively when p is non-negative.

THEOREM 4.4 (Existence Theorem). Let C be a smooth curve of genus g, and d,
r be integers such that d > 1, r > 0 with p(g,r,d) > 0. Then W} (C') is non-empty.

Under stronger assumptions, one can prove more.
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THEOREM 4.5 (Connectedness Theorem). Let C' be a smooth curve of genus
g, and d, r be integers such that d > 1, r > 0 with p(g,7,d) > 1. Then Wj(C) is
connected.

The importance of the Brill-Noether-Petri condition is made clear by the fol-
lowing fundamental result, [ACGHS85]

THEOREM 4.6. If C is Brill-Noether-Petri generic, then for any r and d, with
r > d — g the variety WJ(C) is of expected dimension p(g,r,d) and smooth away
from WiTH(CO).

In particular, for a Brill-Noether-Petri generic curve C' the Brill-Noether locus
W3 (C) is empty if p(g,7,d) <O0.

In Chapter 7, we shall need upper-bounds for the dimensions of the Brill-
Noether loci. Two basic results in this direction are the following

THEOREM 4.7 (Martens). Let C be a smooth curve of genus g > 3, d and r be
integers with 2 < d < g—1, and 0 < 2r < d. If C is hyperelliptic then

dim Wj(C) =d — 2r,
and if C is non-hyperelliptic
dim W3 (C) <d—2r—1.

THEOREM 4.8 (Mumford). Let C' be a smooth curve of genus g > 4, d and r
be integers with 2 < d < g—2, and 0 < 2r < d. If C' is none of the following:
hyperelliptic, trigonal, bi-elliptic, smooth plane quintic, then

dim W3 (C) <d—2r—2.
Recall that a trigonal curve admits a cover of degree three on the projective

line (see section 4.2), and a bielliptic curves is a double cover of an elliptic curve.

The next case, dim W7 (C) < d — 2r — 3 was treated by Keem, [Ke90].

4.2. Numerical invariants of curves

Linear systems on curves can be used to define natural numerical invariants.
Theses invariants measure “how special” the curve is, and yield stratifications of
the moduli space of curves.

The first invariant of this type is the gonality:
gon(C) := min{deg(A), h°(C, A) > 2} = min{d, W;(C) # 0}.

Elements in VVd1 (C) are called pencils; the gonality computes the minimal degree of
a surjective morphism from C' to the projective line. By lower semi-continuity of
the gonality, we obtain a stratification of the moduli space M, of genus-g curves;
the resulting strata are irreducible, since they are covered by Hurwitz schemes. The
Existence Theorem 4.4 applied to pencils gives the inequality

3
wn(0) < |57
and the maximal value is realized on an open set of M,.

The second important invariant is the Clifford index. The origin of this notion is
in the proof of Clifford’s Theorem 4.2. The proof of the statement (see [ACGHS85,
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p. 108]) uses the Riemann-Roch Theorem, and the addition map of effective divisors
(the additive version of the multiplication map of sections):

|A‘ X |KC ®Av| — |Kcl

Note that this map is injective, and finite onto its image. Therefore, the codi-
mension of the image equals

dim |K¢| — dim |A| — dim |K¢c ® AY| =d —2h°(C, A) +2 > 0.

The quantity appearing above is called the Clifford index of A:

Cliff(A) = d — 21°(C, A) + 2.

The addition maps that are significant for the geometry of the curve are the
non-trivial ones, and the addition map will be non-trivial only if both linear systems
|A] and |Kc®AY| are at least one-dimensional. We arrive at the following definition.

DEFINITION 4.9. A line bundle A is said to contribute to the Clifford index of
C if h°(C, A) > 2 and h'(C, A) > 2.

Note that this notion is auto-dual, i.e., a line bundle A contributes to the
Clifford index if and only if its residual bundle Ko ® AV contributes to the Clifford
index, and the Clifford indices of the two bundles coincide. The Clifford index of
the curve is obtained by taking the minimum of all Clifford indices that contribute:

DEFINITION 4.10 (Martens).
Cliff (C') := min{Clff(4), h°(C, A) > 2, h'(C, A) > 2}.

For g < 3 this definition has to be modified slightly, see [La89].

A line bundle A that contributes to the Clifford index of the curve, and whose
Clifford index is minimal is said to compute the Clifford index of C.

By the Clifford Theorem, we have Cliff(C') > 0, and equality holds only for
hyperelliptic curves. Similarly, Cliff(C') = 1 if and only if C is trigonal or plane
quintic, and Cliff(C) = 2 if and only if C is tetragonal, or plane sextic. Martens
[Ma82] has gone one step further, and proved that Cliff(C') = 3 if and only if C is
pentagonal, or a plane septic, or a complete intersection of two cubics in P3. In the
general case, we have the following conjecture made by Eisenbud, Lange, Martens
and Schreyer, [ELMS89, p. 175].

CONJECTURE 4.11 (Eisenbud, Lange, Martens, Schreyer). Cliff(C') = p if and
only if either
(i) gon(C) =p+2;
(ii) C is a plane curve of degree p + 4;
(iii) p is odd, and C' is a half-canonical curve of even genus 2p + 4 embedded

. p+3
inP=.

The Existence Theorem 4.4 gives the following upper bound for the Clifford
index:

Cliff(C) < [9;1} .
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As the Clifford index is lower semi-continuous, it produces a stratification of M,.
The dimensions of linear systems that contribute to the Clifford index yield to a
new invariant, the Clifford dimension:

Cliffdim(C') := min{dim |L|, L computes the Clifford index of C'}.
The Clifford index is intimately related to the gonality; a straightforward ar-
gument gives the inequality
gon(C) > Cliff(C) + 2,

and equality holds only for curves of Clifford dimension one. Since there exist curves
of arbitrary Clifford dimensions larger than three [ELMS89], the inequality above
can be strict. However, it was proved by Coppens and Martens [CM91] that the
two invariants cannot differ too much:

Cliff(C) 4+ 3 > gon(C).

By what we have said above, Cliff(C) = gon(C')+3 if and only if C is of Clifford
dimension at least two. For Clifford dimension two we obtain plane curves, hence
the hard cases to analyze start with Clifford dimension three. A current research
topic is to understand the true meaning of the Clifford index, and of the differences
between the Clifford index and the gonality. As we shall see in the next section,
Koszul cohomology provides a conjectural tool for computing the Clifford index
and gonality of a curve.

4.3. Statement of the conjectures

In this sections we discuss two important conjectures on Koszul cohomology of
curves.

4.3.1. Green’s conjecture. Given a line bundle L on a smooth projective
curve C, put
r(L) = dim |L| = R°(C, L) — 1.

PROPOSITION 4.12. Let A be a line bundle that contributes to Cliff (C). Then
K,1(C,K¢c) #0 for all p < g — Cliff(4) — 2.

Proof: Put Ly = A, Ly = Kc ® AY, r; = r(L;) (i = 1,2), d = deg(A). By
Riemann—Roch we have ro —ry = g—d—1, hence ry +ro—1=g—d+2r(4) -2 =
g — Cliff (A) — 2. Using Theorem 3.33 we obtain

Ky_ciii(a)-2,1(C, Kc) # 0.
The assertion then follows from Corollary 2.13. O

The strongest nonvanishing result of this type is obtained by taking the minimal
value of Cliff(L). This gives the implication

(4.5) p>g—Cliff(C) -2 = K,1(C,K¢) # 0.
Green [Gre84a] conjectures that the converse of (4.5) holds.
CONJECTURE 4.13 (Green). Let C be a smooth projective curve. Then
Kp1(C,K¢) =0<«=p>g—Cliff(C) - 1.
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REMARK 4.14. In view of Corollary 2.13, Green’s conjecture holds if and only
if
K,y cunc)-1,1(C, Kc) = 0.

In the literature Green’s conjecture is sometimes stated in another form; to
state it, we need the following definition.

DEFINITION 4.15. A line bundle L on a smooth projective variety X satisfies
property (V) if
K; j(X,L)=0forall i <p,j>2.

REMARK 4.16. For curves it is enough to ask for the vanishing of K;2(C, L)
for all 4 < p, since the groups K; ;(C, L) automatically vanish if j > 3 [Gre84al].

By the duality theorem 2.24 we have
Ky e11(C,Ke) ® K. 11(C,Kc; Ko) = Ke—12(C, K¢)
for all ¢. Hence Green’s conjecture is equivalent to the following statement.
CONJECTURE 4.17 (Green’s conjecture, version II).
K¢ satisfies property (N,) <= Cliff(C) > p.

REMARK 4.18. If Green’s conjecture holds, the Clifford index is computed by
the formula
Cliff (C) = min{p | K¢ does not satisfy (N,)}.

REMARK 4.19. Put ¢ = Cliff (C'). The Green conjecture predicts the following
shape of the Betti table of a canonical curve C, see Definition 1.15:

0 1 g-c-2 ... g-z

The only non-zero entries in the Betti table are in in shaded region. Note that
this table is symmetric with respect its center; apply Theorem 2.24. For canonical
curves of odd genus and maximal Clifford index, the minimal resolution must be
pure, i.e. on each column there is at most one non-zero entry.

4.3.2. The Green—Lazarsfeld conjecture. Recall that the gonality of a
curve C' is the minimal number k such that C' carries a pencil of degree k.
PROPOSITION 4.20. If C' carries a linear system gi, then
K,1(C,L) #0 forallp <r(L)—k
for every line bundle L such that deg(L) > 0.
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Proof: Given a pencil |M| of degree k, put L1 = M and Ly = L ® M~'. If
deg(L) > 0 then Ly is nonspecial and 7, = r(L) — k by Serre’s vanishing theorem
and Riemann—Roch. The statement then follows from Theorem 3.33. [

The strongest nonvanishing statement of this form is
(4.6) p <r(L) —gon(C) = K, 1(C, L) #0.
Again one could ask whether the converse holds.

CONJECTURE 4.21 (Green-Lazarsfeld). Let C' be a smooth projective curve.
For every line bundle L on C of sufficiently large degree we have

K,1(C,L)=0<«=p>r(L)—gon(C) + 1.
REMARK 4.22. In the statement of Proposition 4.20 it suffices to assume that
deg(L) > 29+ k—1

or, more generally, that L is k-spanned in the sense of Beltrametti-Sommese (see
Definition 6.6). At present it is not clear what conditions should be imposed on
deg(L) for the converse statement.

Again there is an equivalent version of this conjecture, which is stated using
the following definition.

DEFINITION 4.23. Let L be a line bundle on a smooth projective curve C. We
say that L satisfies property (My) if

Kp1(C,L)=0forall p>r(L)— k.

CONJECTURE 4.24 (Green—Lazarsfeld, version II). For every line bundle L such
that deg(L) > 0 we have

L satisfies (M}) <= gon(C) > k.

REMARK 4.25. If the Green—Lazarsfeld conjecture holds, the gonality of a
smooth projective curve C' is computed by the formula

gon(C) = min{k | (My,) fails for every line bundle L such that deg(L) > 0 }.

REMARK 4.26. In terms of the property (M), Green’s conjecture is equivalent
to the statement

K¢ satisfies (M},) < Cliff(C) > k.

Hence if Green’s conjecture is valid, the Clifford index can be computed by the
formula

Cliff (C) = max{k | K¢ satisfies (Mj)}.

Even though the statement of the Green-Lazarsfeld conjecture is about any line
bundle of large degree, one can actually reduce to the case of one suitably chosen
line bundle.

THEOREM 4.27. If L is a nonspecial line bundle on a smooth curve C, which
satisfies K, 1(C,L) = 0, for an integer p > 1, then, for any effective divisor E of
degree e > 1, one has K,y.1(C, L(E)) = 0.
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Proof: Using induction, we reduce to the case e = 1; remark that if L is nonspecial,
so is L(F) for any effective divisor E.

Consider zy € C a point, and suppose K,1+1,1(C,L ® Oc(xg)) # 0. Define the
following open subset of C'

U={zecC, H'(C,L® O¢(zs—x)) =0};

it is non-empty, as xg € U.

Proposition 2.14 shows that for z a generic point of C, we have

Kp,l(C, L® Oc(xo - 1’)) # 0.

By semi-continuity, Proposition 1.29, and irreducibility of U, we conclude that for
any * € U, K,1(C,L ® Oc(zg — x)) # 0. In particular, for = x¢, we obtain
K,1(C, L) # 0, contradiction. O

COROLLARY 4.28. Suppose that there exists a non-special line bundle L on X
such that

Kno(L)—gon(c)1(C, L) = 0.
Then the Green-Lazarsfeld conjecture holds for X.

4.4. Generalizations of the Green conjecture.

In the sequel, we work on a curve C of genus g > 1. An obvious generalization
of the Green conjecture (see conjecture 4.17) is the following.

CONJECTURE 4.29. Let p > 0 be an integer number. Any special very ample
line bundle L on the curve C with

deg(L) > 29 — 1+ p — Cliff (C)
satisfies property (Np).

Observe that the inequality in the hypothesis implies h'(C, L) = 1. This will
be explained in greater generality in Remark 4.32. For non-hyperelliptic curves, the
Green conjecture is a special case of Conjecture 4.29, obtained for L. = K¢. The
two conjectures are actually equivalent, [KS89].

ProPOSITION 4.30. Green’s conjecture implies Conjecture 4.29.
Proof: Using the Duality Theorem 2.24, we obtain
K;j(C, L)Y = Kpory—2—i2-;(C, K¢, L).

Note that L®" is of degree larger than 2g for n > 2, hence h°(Ky ® L®?) = 0 for
q < —2. It implies that
K, ,C, K¢, L) =0,
for ¢ < —2. Property (N,) for L will then be equivalent to
(4.7) Kpo(ry—2—i2—;(C, K¢, L) for i <pand j =2, or j = 3.
By hypothesis, there exists a non-zero generator of H°(C, K¢ ® L"). Using the

resulting identification H°(C, L) with a subspace W C H°(C, K¢), and applying
the definition of Koszul cohomology, we obtain canonically induced isomorphisms

KIMI(C7 Ke, L) = Kp’q+1(c7 Kc, W)7
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for ¢ = —1 or ¢ = 0. Since K, ¢41(C, K¢, W) C K, 4+1(C,K¢) for ¢ = —1 or
g = 0, the condition (4.7) will be implied by

Kpo(ry—2—i2-j(C,K¢) fori <pand j =1, or j = 2.

For j = 2, the vanishing is straightforward. For j = 1 we use the Green conjecture,
which predicts that

K,1(C,K¢) =0, for all p > g — 1 — Clff(C).
Simply note that
RO(L) —2—i>h"L)— (p+2) =deg(L) —g—p>g—1— Clff(C)
to conclude. (]
The following more sophisticated generalization of the Green conjecture was

introduced by Green and Lazarsfeld; see [La89] for a discussion of the origins of
this conjecture.

CONJECTURE 4.31 (Green-Lazarsfeld [GL86]). Let L be a very ample line
bundle on the curve C such that

(4.8) deg(L) > 29 + 1+ p — 2n' (L) — Cliff(C),

where p > 0. Then L satisfies property (IV,) unless L embeds C with a (p+2)-secant
p-plane.

Let us make a few remarks on the conditions appearing in the statement of
Conjecture 4.31.

REMARK 4.32. A very ample line bundle L satisfying (4.8) will necessarily have
hY(L) < 1. Indeed, if h'(L) > 2, then L contributes to the Clifford index of C,
hence Cliff(L) > Cliff(C), i.e.

g+1—n%L)—n*(L) > Cliff (O).
Applying Riemann-Roch and replacing h°(L) by deg(L) + 1+ h'(L) — g, we obtain
2g — 2h* (L) — Cliff(C) > deg(L) > 29 +p + 1 — 2h* (L) — Cliff(C).

This is clearly impossible.
The condition (4.8) will become either

deg(L) > 2g — 1+ p — Cliff (C),
or

deg(L) > 29+ 1+ p — Cliff (C),
according to whether L is special or not.

REMARK 4.33. The image of C in PHY(L)Y has a (p + 2)-secant p-plane if and
only if there exists an effective divisor D of degree (p + 2) such that

h*(L(=D)) > h°(L) - (p+ 1),
the p-plane in question being contained in (H°(L)/H°(L(—D))Y. Hence having
no secant (p + 2)-secant p-plane means that for any effective divisor D of degree
<p+2, °(L(=D)) < h°(L) — deg(D). If p = 0, this means that L is very ample.

The next result shows that the condition on secant planes is automatically
satisfied for special bundles. In fact, we can prove a little bit more.
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PROPOSITION 4.34. Suppose that L is a special line bundle on C with deg(L) >
29+ 1+p—gon(C). Then L cannot embed C with a (p + 2)-secant p-plane.

Proof: Write L = K¢(—F) with E an effective divisor on C' of degree at most
gon(C) — p — 3; in particular, we have gon(C) > p 4+ 3. Suppose that there exists
another effective divisor D such that deg(D) = p + 2 and h°(L(—D)) > h°(L) —
(p+1). The sum D+ E is of degree at most gon(C') — 1, and applying the definition
of the gonality, we obtain h°(O(D + E)) < 1. Then

deg(L(=D)) +1—g=h’(Kc(=D — E)) = h°(Oc(D + E)) >
> h'(L) = (p+1) = h*(Oc(D + E)) = h’(L) — (p +2),
which implies, using deg(D) = p + 2
hO(L) = h'(L) = (p+2) =2 B°(L) - (p +2),
contradicting the fact that L was special. O

Using the inequality Cliff(C) < gon(C') — 2, it follows directly from Proposition
4.34 that if L is a special line bundle on C with deg(L) > 2g — 1+ p — Cliff (C) i.e.
satisfying condition (4.8), then L cannot embed C with a (p+2)-secant p-plane, see
[KS89], Corollary 3.4. Applying Remark 4.32 and Proposition 4.30, we see that
the case of special bundles in conjecture 4.31 reduces to the Green conjecture.

For non-special bundles, Conjecture 4.31 becomes

CONJECTURE 4.35. Let p > 0 be an integer number. Any non-special very
ample line bundle L on the curve C' with

deg(L) > 2g + 1+ p — Cliff(C),
satisfies property (IVp), unless L embeds C' with a (p + 2)-secant p-plane.

As in the case of Green’s conjecture, one can state a generic version of Conjec-
ture 4.35, in which case Cliff(C') is replaced by [(g — 3)/2].

For the moment, one can prove one direction in Conjecture 4.35; this can be
regarded as an analogue of the Green-Lazarsfeld non-vanishing Theorem.

THEOREM 4.36 (Koh-Stillman [KS89], Green-Lazarsfeld [GL86]). Let L be a
non-special line bundle on C with deg(L) > 2g + 1+ p — Cliff(C). If L embeds C
with a (p + 2)-secant p-plane, then L does not satisfy property (N,).

Proof: Applying Remark 4.33, we can find an effective divisor F of degree < p+1
and a point p € C (E + p will be a subdivisor of the divisor D in question) such
that L(—E) is non-special, and L(—E — p) is special. Hence h°(L(—FE — p)) = 1.
Put ¢ = deg(D) — 1 < p. We prove that

Kpo(ry—(i+2),0(C, Ko, L) # 0;

by the duality Theorem 2.24, it will imply K;2(C, L) # 0, which will finish the
proof. Note that Kjo(r)—(i+2),0(C, K¢, L) is isomorphic to the kernel of Koszul
map, as L is nonspecial, hence we need to construct a non-zero element in the
kernel of the Koszul differential defined on

/\hO(L)*(i+2)HO(L) ® HO(Kc)
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Consider a generator t of H(C, L(—D — p))¥ = H°(C, Kc(D + p) ® L), and
a non-zero section s of Ox(D + p) vanishing along D + p. We obtain an embedding

N2 LD — p)) @ BO(L(~D — p)) &AM P EO(L) 0 BO(KC)
Since h°(L(—D —p)) = h°(L) — (p+ 1), we have
N E (LD —p)) = .

The Koszul differential maps the generator of /\hO(L)f(iH)HO(L(—D —p)) to
a non-zero element of

N O (LD — p)) @ HY(L(—D — p)

which is the element we were looking for. (I

REMARK 4.37. In the case of a line bundle L of degree 2g 4+ p, C' is embedded
with a (p + 2)-secant p-plane if and only if h(L ® K) # 0. Indeed, let us suppose
that there exists an effective divisor D of degree (p + 2) such that h°(L(—D)) >
hO(L)—(p+1). By Riemann-Roch we have h°(L) = g+p+1, hence h°(L(—D)) > g.
Again by Riemann-Roch, using deg(L(—D)) = 2g — 2, we obtain h°(L(—D)) —
h'(L(—D)) = g — 1, implying h'(L(—D)) = 1. It follows that L(—D) = K¢, and
thus h°(L @ KY) = h°(O¢(D)) # 0.

4.5. Notes and comments

In the course of this book, we worked exclusively over the complex number
field. Many results quoted here hold in full generality. The Green conjecture,
however, is only valid in characteristic zero. In positive characteristic, there are
several counter-examples; see [Sch03] for a thorough discussion on the subject.

There are several (stronger) versions of the Green conjecture, that imply the
original statement. The so-called geometric Green conjecture predicts that the
Koszul cohomology groups of a canonical curve C' are generated by the Green-
Lazarsfeld classes; see [vB07a] and [vBO7b] for a discussion and some evidence.
Another reformulation was made by Paranjape and Ramanan [PR88]; it states
that for all p < Cliff(C) the spaces of global sections of all the bundles A”Q are
generated by the locally decomposable sections; ) denotes here the dual of the
kernel bundle, see section 2.1. Note that the problem to decide whether or not
locally decomposable sections generate all the sections of an wedge product is of
interest in its own right; Eusen and Schreyer found examples of non-canonical curves
where this question has a negative answer; see [ES94].

Green and Lazarsfeld observed that normal generation of line bundles can be
read off from Koszul cohomology, [Gre84a], [La89]. Specifically, a globally gen-
erated ample line bundle is normally generated if and only if it satisfies property
(Np). Along these lines, the formulation of the Green conjecture in terms of the
(N,) property is very natural. For example, the first case, p = 0 translates to the
following statement: a canonical curve C is projectively normal unless C' is hyperel-
liptic. This classical result was proved by M. Noether [Noe80]. Similarly, the next
case p = 1 predicts that the ideal of a non-hyperelliptic canonical curve is generated
by quadrics unless the curve is trigonal or plane quintic (in which case the genus is
6). This statement is precisely the Enriques-Petri Theorem [En19], [Pe23]. The
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case p = 2 of the conjecture indicates that the ideal of a curve is generated by
quadrics and the relations between generators are linear, except for the cases: go-
nality < 4, plane sextic, or curve of genus 9 with a g3. This fact was independently
proved by F.-O. Schreyer [Sch91] Theorem 4.1 and C. Voisin [V88a] (for genus at
least 11). Schreyer described the possible Betti diagrams, whereas Voisin used ker-
nel bundles. Kernel bundle techniques were successfully used also by M. Teixidor
to prove the Green-Lazarsfeld conjecture for curves of small gonality, see [Tei07].

Several other special cases where the Green conjecture is known to be verified
are: plane curves [Lo89]|, curves on Hirzebruch surfaces [Ap02], curves of genus
< 8, [Sch86]. There are similar results for the Green-Lazarsfeld conjecture. The
most significant cases will be discussed in the next chapters.



CHAPTER 5

Koszul cohomology and the Hilbert scheme

5.1. Voisin’s description

LEMMA 5.1. Let X be a smooth, complex projective variety, let E and F be
vector bundles on X with rank (E) = rank (F') and let ¢ : E — F be an injective
homomorphism of vector bundles such that D = Supp(coker f) is a divisor. We
have

det E = det FF @ Ox(—D).

Proof: Taking determinants, we obtain an injective map det E —<4¢22; det F whose
cokernel is isomorphic to det FF ® Op. Hence the assertion follows. ([

Let X[ be the Hilbert scheme parametrising zero-dimensional length n sub-
schemes of X. Recall that a zero—dimensional subscheme £ C X is called curvilinear
if for all x € X there exists a smooth curve C' C X such that £, is contained in
C. Equivalently, this means that O¢ , = C[t]/(t"), £ = £(&;) or dim T,¢ < 1. Let

C[ﬁ]rv be the open subscheme parametrising curvilinear length n subschemes. Let

E.c XM ox X

be the incidence subscheme. It fits into a diagram

=, - xbl

Jp

X.

Let L be a line bundle on X. As ¢ is a flat morphism of degree n, the sheaf
LM = g.p'L

is locally free of rank n. Its fiber over &€ € X, is HO (6, L ® OF).

There is a natural evaluation map

evy, t HY(X,L)® O — LI

On the fiber over £ € X([:ﬁ]rv7 this map is given by s — s|¢.
The following result appears in several places; cf. [EGLO01], [V02].
LEMMA 5.2. We have
HO(Xx[  det LMy = A\"HO(X, L).

59
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Proof: Let X(™ be the n—fold symmetric product of X. Let 7 : X" — X
be the quotient map, and let p : Xiﬁ]rv — X ™) be the Hilbert-Chow morphism.
Consider the open subset Xin) C XM of zero—cycles of degree n whose support
consists of at least n — 1 points, and put

X = p (X)X =a (xE), B = X ko XT

Put A;j ={z; =z;} C X}, A =U,,;A;;. The scheme B} is the blow-up of X}
along A, and Xin] is the quotient of B} by the action of the symmetric group .S,
[Fo73, Lemma 4.4]. Consider the commutative diagram

Br 4 X1

p T
x" e, X,EL”

There is a natural homomorphism

¢ :p" LI — ¢ (@i L)
whose restriction to the fiber over a point € B? with p(z) =&, q¢(z) = (z1,...,Zn)
is the restriction map

H((,L® O¢) — @,H (2, L ® O,).

The homomorphism ¢ is injective (since its restriction to the open subset corre-
sponding to subschemes consisting of n distinct points is obviously injective), and
its cokernel is supported on the exceptional divisor E = ¢~(A). Hence

p*det LM =~ q*L'X’"(—E)
by Lemma 5.1. As codim (Xc[ﬁ]rv \XL"]) > 2 we have

HO(x! det L") = HO(XIM, det LIM)
o HO(B:f,p*detL["])S"

1%

H°(B?, q" LM (—E))"".
As the S,—action on ¢*L™®" is induced by the S, —action on @;p; L that permutes
the factors and passage to the determinant, it is given by

o(P1s1 @ ... @ pysn) =sgn(0)p1Se(1) @ - .- @ PpSo(n)-

Hence we obtain an injective map

HO(xIl,, det M) = HO(BY, ¢* L™ (= E))S" <& HO(BY,q"L®")5 = \"H(X, L).

curv?’ *

Conversely, the evaluation map
HY(X,L)® Oy — LM

induces a map
j: N'"HY(X,L) — H' (X[

[ det LIM).
Using the definitions of the maps ¢ and j, one checks that ioj = id. Hence 7 induces
an isomorphism

HO(X[M  det LMy =~ A"H(X,L).

curv)
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REMARK 5.3. The definition of curvilinear subschemes shows that subscheme of
length n whose support consists of at least n—1 points is curvilinear. Hence Xc[ﬁ]rv D
Xy[ﬁn]. This implies that ng]rv C X! is a large open subset, i.e., codim (X[ \
Xc[ﬁ]rv) > 2. Furthermore, X, is connected if X is connected, since every curvi-
linear subscheme of length n is a flat limit of zero—dimensional subschemes whose
support consists of n distinct points.

As Xiﬁ]rv is a large open subset of X"l by the previous remark, the conclusion of
Lemma 5.2 also holds on X [™. The reason for working with curvilinear subschemes
is that every subscheme of a curvilinear subscheme admits a well-defined residual

subscheme. In particular, there exists a map
T8 — X x X

curv

that sends (¢, z) € Z,, to (¢, ), with & the residual subscheme of z in £. Consider
the open subset

U={( z)€E, |xis asimple point of }.
The map 7 contracts the divisor D, = =,,11 \ U to Z,.
LEMMA 5.4. There is an injective map
HY(Z,41,det LPHI R LI7Y) s APHO(X, L) @ HY(X, L9)

whose image is isomorphic to the kernel of the Koszul differential §. This map fits
into a commutative diagram

HOXE 5 X det LI R L9-Y)  —  HO(Z,4y,det LTI R L9z )
= !
N HO(X, L) © HO(X, L) = APHO(X,L) ® HO(X, L9).
Proof: Consider the map
¢ g LT (P E L)
whose restriction to the fiber over a point £ with 7(§) = (¢', x) is given by the map
H(6,L®O¢) — H(¢,L® Og) ® H(z, L ® O,).
The map 9 is injective, and its cokernel is supported on D. Hence
(5.1) ¢* det LIPHY = 7 (det LW ® L) (- D)

by Lemma 5.1. Taking the tensor product with p*LI~! and using the equality
p* = 7*p}, we obtain

det LPH R 1971 =~ 7*(det LIP M L9) (- D).
Hence we have an isomorphism

H°(Zp41,q" det LPH) =

> ker (HO(nglrv x X,det LI R L) — HO(Z,, det LIP & L|5p)) .
Using Lemma 5.2 we obtain the desired injection.
For all m and n the S,—equivariant map

det LR L™ — 7% (det LM & L FY)
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is given by

SIA A Snpale ®E Y (1) 1AL ASA A Sppile @ sile

?

Hence the induced map
NTTHO(X, L) @ HO(X,L™) — N"H°(X,L) ® H(X, L™

sends $1 A ... A Spq1 to Zi(—l)isl Ao i NS A N Spt1 ® (E® s;). Hence the latter
map coincides with the Koszul differential. (I

COROLLARY 5.5. For all integers p and g, the Koszul cohomology K, (X, L)
is isomorphic to the cokernel of the restriction map

HO(xPE < X, det LPYI R L97Y) — HO(Z, 4, det LT R LI ).

curv

In particular,

Ky (X, L) = coker (H*(X[HN, det LIPHY) 4 HO(Z,,41,¢" det LPH |z ).

curv

REMARK 5.6. The group K, ,(X;F, L) is obtained by replacing L~ by F ®
L9~1 in Corollary 5.5.

5.2. Examples

In this section we consider the case where X = C is a smooth curve. As the
Hilbert scheme coincides with the symmetric product in this case, the previous
description simplifies.

LEMMA 5.7. We have 5,11 = CW) x C. Under this isomorphism the projection
map q : Zpr1 — CPHY corresponds to the addition map p: C®?) x C — CP+1),

Proof: The map v : C®) x C — CP+1) x C defined by v(£,x) = (z+¢, x) induces
an isomorphism C?) x C' = Ep+1 that fits into a commutative diagram
C(;D) xC Eerl
Iz q

Cr+1) = (Ot
d

The symmetric product C'®) carries two natural divisors. Given a base point
z € C, we write D = D, = 2+ C®~1). The choice of a base point defines an Abel-
Jacobi map C®) — J(C). Let F be the pullback of the theta divisor © C J(C)
under this map.

LEMMA 5.8. The first Chern class of the tautological bundle LIP! belongs to the
subgroup ([D],[F]) € NS(C®). More precisely, let g be the genus of C. We have
e (L) = [F] 4+ (d = p — g + 1)[D].

Proof: This follows from the Grothendieck-Riemann-Roch formula; [ACGHS5,
p. 340, Lemma 2.5]. O
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LEMMA 5.9. We have ¢*Dyy1 = C® x {2} + D, x C.

Proof: This follows immediately from the definition of D and Lemma 5.7. (]

5.2.1. Rational normal curves. It is classically known how to compute the
numbers k, 1 (P!, Op(d)) using the Eagon-Northcott complex; see e.g. [Sch86]. As
an example, we calculate these numbers using Voisin’s method.

PROPOSITION 5.10. We have

mp,l(IP’l,O]p(d))zp.( d )

p+1

Proof: Put C = P!, L = Opi(d). Note that C®) = PP for all p. Lemma 5.8
implies that

det(L[”H]) = OPP+1 (d — p).
Hence ¢* det LIPTY = Oppi1 ypi(d — p,d — p) by Lemma 5.9. By Corollary 5.5 we

obtain
d d+1
d— 1 —
@=p+ )<p) (p+1>

d! (p+1)(d-p—-1)—d—1
(p+1)(d—p-1)" d—p

p(pil)'

fip1 (P, Op(d))

5.2.2. Elliptic normal curves. Let E be an elliptic curve with origin v € E.
Put D=D,=u+ E®=1)_ As F is isomorphic to its Jacobian, we have the Abel—
Jacobi map 1 : E®) — E and F = ¢~ (u).

REMARK 5.11. To distinguish between the sum in the symmetric product and
the addition on F, we write elements in the symmetric product in the form (z1) +
..+ (x,). With this notation, we have

V((@1) + .. 4 (2) =21+ ... + .

PROPOSITION 5.12 (Ciliberto-Catanese). Let Z be a divisor on E®) such that
Z =mD +nF (= denotes algebraic equivalence). If m 4+ np > 0 and m > 0 then

(i) H(EW 0g(Z)) =0 for all i > 0;
(il) hO(E®), 0p(2)) = "2 T[] (m + ).

p!

Proof: See [CC93, Thm. (1.17)]. O
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LEMMA 5.13. Write
P=¢"F={((y1)+...+Wp)z)[z+y1+...+yp=u}

The projection map EW x E — EW® induces an isomorphism T' = E®) and

Or(I") = Or.

Proof: The first assertion follows from the definition of I'. Using the adjunction
formula and the triviality of wg we obtain

wpm Zwr 2 wpemxp(l) X Or 2 wpe @ Or(l).

PROPOSITION 5.14. Put L = Og(d.u), d > 3. We have

o)1)

Proof: As HO(E®+D det LIPt1) = APT'HO(E, L) by Lemma 5.2, we obtain
hO(E(p'H),det L[p-i-l]) — ( d )
p+1
By Lemmas 5.8 and 5.9 we have
det LT = (d—p—-1)D+F
¢ det P = (d—p—1)(E x {u} + D, x E) +T.
To calculate hO(E(p) x B, q* det L[T’H]) we consider the exact sequence
0 — ¢* det L[pH](fF) — ¢*det LIPYY — ¢* det LPT @ O — 0.

Using the Kiinneth formula and Proposition 5.12 we compute

d—p—1
W(E® x B, ¢ det LPTI(-T)) = (d—p—l)%(d—p)...(d—Z)

= (d—p—l)(d;2>.

To study ¢* det LPT1 @ Or, we determine the intersection of D, x {u} and D, x E
with . Using the definitions we obtain
(E@ > {uh) T = {((n+- + (gp)w) [y + - +yp =1}

(Dpx E)NT = {((w) + (1) + -+ (Wp-1)s0) | &+ 91+ yp1 = u.

Hence EP) x {u} NT = F via projection to the second factor and
(D, x E)yNT = {u} + E®~Y = D.

Using Lemma 5.13 and Proposition 5.12 we obtain

oD, ¢* det LPTU @ Op) = KYAE® O(d—p—1)D+ (d—p—1)F))

d—p—1+pd-p-1)

- i (d—p)...(d—2)

e ()
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As HY(E® x B, ¢* det LIP*1(—T)) = 0 by the Kiinneth formula and Proposition
5.12, we find

d—2
W(E® x B, ¢* det LPH) = d( >
p
and the result follows from Corollary 5.5. (]

REMARK 5.15. It is known that

ip1 (A, L) =p<i;i) +(d—p—2)<df;31),

see for example [HvBO04, Cor. 8.13], with sy, 1 = B_(,41),2- This coincides with
our result; a small computation shows that

d—2 d d—2 d—2
( p ) (p+1> p<p+1>+( P )<dp1)
(d—2)'p(d—p—2)d
(d—p—1D(p+1) "~
REMARK 5.16. If L = O¢(d.z), x € C, then p*L = O(D,;1)®?. Hence the
same method can be used to compute the numbers

tipg(Cy L) = kp 1 (C, L1 L)

for all ¢ if g(C) < 1.

5.2.3. Projection map on Koszul cohomology of curves. Let C be a
curve, L be a line bundle on C, p be an integer, and & € C be a point. In section
2.2 we have defined the projection map

Kp11(C, L ® Oc(z)) — Kpa(C, L)
Using the description of Koszul cohomology in terms of symmetric products,
Kp1(C, L) = H(Zp11, ¢* det LIPH? )/q¢* HO(CPHY  det LIP+1),

the projection map can be interpreted in the following way. Note first that we have
the following identifications

det(L ® Oc(z))PT2 = det LIPH @ Oppia) (x + CPHY)

]|Ep+1

and
(5.2) (det(L © Oc (x))lp+‘4) s oen = det LIPFY,

The last isomorphism is obtained by exterior product with a section of L ® O¢(x)
that does not vanish at x.

Denoting j, : C®+t) — C®+2) the map & — £ +z, we obtain an exact sequence
(5.3) 0 — det L2 — det(L @ O /()P = j, . det LPT — 0
The above discussion immediately leads to
PROPOSITION 5.17 (Voisin). The projection map
Kp11(C, L@ Oc(x)) — Kpa(C, L)
identifies with the restriction map from

HO(Sp12,4" det(L © Oc (@) ") /" HO(CP+), det(L © O () 7*2)
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to
H°(Zp41,¢" det L)) /q" HO(det LIPHY),

where Z,4 1 is embedded in Z,42 as a component of ¢~ (z + CPH),
5.3. Koszul vanishing via base change

Voisin’s description of Koszul cohomology (Corollary 5.5) shows that Ky 1(S, L) =
0 if the map

¢+ HO(SFH det LIF) — HO(B441, ¢* det LIFF)

curv ?

is surjective. The surjectivity of this map can be proved via a suitable base change,
as explained below.

The general setup is the following: X and Y are complex algebraic varieties,
f:X — Y is a finite (flat) morphism of degree d, and L is a line bundle on Y. As
the map f is finite and flat, there exists a trace map

fo o HYX.f'L) — HO(Y, L)
such that
feofF=d.id.
Since we work over the complex numbers, the pullback map
f*H(Y,L) — H°(X, f*L)
is injective. Moreover, the trace map induces a natural splitting
HO(X, f*L) = f*H°(Y, L) ® coker (f*).
PROPOSITION 5.18. Suppose there exists a cartesian diagram
T=UxyX L X
.
U -4 Y

such that
(i) j*: HY(X, f*L) — H°(T,j*q*L) is injective;
(i) g*: HO(U,i*L) — H°(T, g*i* L) is surjective.
Then f* is surjective.
Proof: As T is a fibered product, the map g is also finite and flat of degree d, and
the associated trace map
g« : HUT,j*f°L) — H°(U,i*L)

satisfies the conditions

grog® = d.id,
and
(5.4) "o fx = guoj™.
It suffices to show that 1
a = 8]0 fea

for all « € H(X, f*£). To this end, put

5:a—§f*f*a.
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As g* is surjective, there exists 3 € H°(U,*L) such that j*a = ¢g*3. Hence

e~ . 1., .
ja = jla—-if fa
= ja—gng*a
1

= jla— gg*g*j*a
= Ja— 5099 &)
= jfa—g'B=0.

The result then follows from the injectivity of j*. O

REMARK 5.19. The existence of the trace map shows that f* is injective. Hence
the conditions of Proposition 5.18 imply that f* is an isomorphism.

REMARK 5.20. Ezplanation of the proof. The fact that the diagram considered
in the statement was cartesian resulted into the relation (5.4) which eventually
shows that the induced j* behaves naturally on the induced splittings

HO(X, f*L) = f*H°(Y, L) @& coker (f*)

HO(T,j*f*L) = g*H*(U,i* L) @ coker (g%),

that is f*H°(Y, £) is mapped to H°(T, j* f*£) and coker (f*) is mapped to coker (g*).
If j* is injective, we obtain an induced injective map coker (f*) — coker (¢*). The
other hypothesis coker (¢*) = 0 implies then the vanishing of coker (f*).

In the sequel we shall need a refinement of Proposition 5.18. The new setup
is the following. We start with X and Y two equidimensional complex algebraic
varieties, f : X — Y is a finite (flat) morphism of degree d, and L is a line bundle
on Y. Consider an equidimensional complex variety U that admits a morphism
h:U — X. Puti= foh, T =Uxy X, and let j : T — X be the induced
morphism.

T2ox

vl

U——>Y
By the universal property of the fibered product, for the pair of morphisms
id: U — U and h : U — X, we obtain a section iy : U — T of the morphism
g. It is not hard to see that iy is an closed embedding — since f and g are affine

morphisms, we can argue locally, and the embedding will be induced by a natural
surjective ring morphisms defined on a tensor product of two algebras.

Let V be the Zariski closure of T'\ iy (U). By equidimensionality of V', and by
the dimension equality of T'and U, we can write T' = UUV, with dim (U) = dim (V)
(the scheme T will be however equidimensional). By finiteness of g, the induced
map gy : V — U is finite of degree d — 1. Denote by D the scheme-theoretical
intersection of U and V inside T — it is defined as the fibered product D = U xp V.
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ProOPOSITION 5.21. Notation as above. If

gy« H'(U,i"L) — H°(V. gy L)
is surjective and the restriction map

rp : HO(U,i*L) — H°(D,i*Lp)
is injective, then the map

" HO(U,i* L) — H°(T, g*i* L)
18 surjective.
Proof: By hypothesis, coker (g;,) = 0. Hence

HO(V,gti*L) = H(U,i* L).
Note that we can identify HO(T,j* f*L£) with the subspace
{(a.p) e H'(U, " L) © H(V,gyi"L) | yp = Bip } -

Via this identification, the pullback

g*: HU,i* L) — H(T, g*i* L)
coincides with the diagonal map

H(U,i*L) — HY(U,i*L) @ H°(U,i* L) = H°(V, gii* L)

If (o, B) is a pair of sections of i*L£ whose restrictions over D coincide, i.e. we
are given a global section of gi,i*L, by injectivity of rp we obtain o« = 8. This
proves that (a, ) is in the image of the diagonal map, which identified with g*.

O

REMARK 5.22. With some extra work, one can prove that the converse is also
true.

COROLLARY 5.23. Notation as above. If

(i) g3 s surjective;

(ii) rp is injective;

(iii) h* is injective
then f* is surjective.
Proof: Applying Proposition 5.21, it follows that g* is an isomorphism. Hence
injectivity of h* and of j* are equivalent. We then apply Proposition 5.18 to
conclude. (]



CHAPTER 6

Koszul cohomology of a K3 surface

This chapter is devoted to the discussion of two beautiful results due to C.
Voisin [V02], [V05], which imply the generic Green conjecture.

Sections 6.1 and 6.2 contain some preparatory material for these results. Specif-
ically, we recall the Brill-Noether theory of curves on K3 surfaces.

In section 6.3 we discuss the even genus case. We explain how the proof can be
reduced to a number of cohomological calculations, which shall not be carried out
in detail here.

In the last section we give a short outline of the proof of the generic Green con-
jecture in the odd genus case; it proceeds along similar lines, but involves additional
technical complications for which we refer to Voisin’s paper [V05].

6.1. The Serre construction, and vector bundles on K3 surfaces

The Serre construction provides an effective method to construct a rank-2 bun-
dle starting from a locally complete intersection (Ici) O-dimensional subscheme of a
surface. Throughout this section, we fix the following data:
- a K3 surface S;
- a 0-dimensional lci subscheme £ C S
- a line bundle L on S;
- a non-zero element t € H'(S, L ® I¢)*.

By the Grothendieck-Serre duality Theorem, we have
HY(S,L®I)* 2 Ext"(L ® I, Og),
hence to each t € H'(S, L& I¢)* we may associate a sheaf & is given by an extension
0—-0s—=&—-L®I—0.

Remark that the global section s of £ coming from the inclusion Og — &
vanishes on &.
The precise criterion for an extension as above to be locally free is the following:

THEOREM 6.1 ([GHT78]). There exist a rank two vector bundle E on S with
det(E) = L, and a section s € H°(S, E) such that V(s) = & if and only if every
section of L vanishing at all but one of the points in the support of & also vanishes
at the remaining point.

An immediate consequence of Theorem 6.1 is the following result.

COROLLARY 6.2. Let S be a K3 surface, and L a line bundle on S. Then, for
any 0-dimensional subscheme & of S, such that h°(S,L @ I¢/) = 0, for all & C &
with 1g(&') = 1g(&) — 1, there exists a rank two vector bundle E on S given by an

extension
0—-0s—=F—=L®I —0.

69
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6.2. Brill-Noether theory of curves on K3 surfaces

For curves suitably embedded in a surface with special geometry, the Brill-
Noether theory will be determined by objects globally defined on the surface. We
shall discuss in this section curves on K3 surfaces. The interest for this situation
is extremely high, by reasons that we will try to explain below. To mention one
of them, examples of curves on K3 surfaces of any Clifford dimension r were con-
structed in [ELMS89], and for large 7 these are the only concrete examples known
so far.

Let S be a (smooth, projective) K3 surface, L a globally generated line bundle
on S. To any pair (C, A) with and C' a smooth curve in the linear system |L|, and
A a base-point-free line bundle in W7 (C)\ W (C) one associates a vector bundle
E := E(C,A) of rank r + 1 on S, called the Lazarsfeld-Mukai bundle; cf. [La86]
and [M89]. This is done in the following way. Define the rank-(r+1) vector bundle
F(C,A) as the kernel of the evaluation of sections of A

(6.1) 0— F(C,A) — H(C,A) ® 05 5 A — 0.

Dualizing the sequence (6.1) and setting £ := E(C, A) := F(C, A)Y we obtain
the short exact sequence

(6.2) 0— H(C,A)V®0s5 - E — Kc® A’ —0.

In other words, the bundle E is obtained from the trivial bundle by modifying
it along the curve C. The properties of F are summarized in the following:

PROPOSITION 6.3. One has

) det(E) = L;

2(E) =d;

O9(S,E) =h%C,A)+h'(C,A) =2r —d+1+g(C);

LS, E) = h?(S,E) =0;

X(S,E® EY) =2(1—p(g,r,d)), where g = g(C).

E is globally generated outside the base locus of Ko @ AV.

(1
(
(3) h
(4) h
(

2) ¢
3)
4)
5)
(6)

Conversely, if E is a rank-(r + 1) bundle that is generated outside a finite set,
and if det(F) = L, then there is a natural rational map from the Grassmanniann
of (r 4+ 1)-dimensional subspaces of H%(S, E) to the linear system |L|:

(6.3) dg : Gr(r + 1, H°(S,E)) --» |L|.

A generic subspace A € Gr(r +1, H°(S, E)) is mapped to the degeneracy locus
of the evaluation map:
evp : A® Og — F;
note that, generically, this degeneracy locus cannot be the whole surface, since F
is generated outside a finite set. For a generic element A in the Grassmannian, the

image dg(A) is a smooth curve C, and the cokernel of evy is a line bundle K¢ ® AY
of C, where deg(A4) = c2(E).

Coming back to the original situation C' € |L|, A a base-point-free line bundle
in W7 (C)\W;T(C), and E the associated Lazarsfeld-Mukai bundle, one can prove
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that the multiplication map
po.a: H(C,A) @ H(C,Kc ® AY) — H°(C, K¢),

which plays a key role in the Brill-Noether theory, coincides to the differential of
dp at the point A = H°(C, A)Y C H°(C, E). Moreover, its kernel can be described
explicitly as follows. Put M4 the rank-r vector bundle on C' defined by the kernel
of the evaluation map of global sections

(6.4) 0— My — H°(C,A) @ Oc = A — 0.
Twisting (6.4) with Ko ® AV, we obtain the following identification:
ker(pp,a) = H(C,My @ Ko @ AY).

Note that there is a natural surjective map from F(C, A)|c to Ma, and, by
determinant reason, we have

(6.5) 0> A®KY — F(C,A)jc — My — 0.

The Lazarsfeld-Mukai bundles have proved to be extremely useful in a number
of problems concerning curves on K3 surfaces. They are key objects, for instance,
in the proof of the following modified version of the Harris-Mumford conjecture:

THEOREM 6.4 (Green-Lazarsfeld). For any smooth irreducible curve D € |C|
we have Cliff(D) = ClLff(C). Moreover, if Cliff(C) is different from the mazimal
value [(g—1)/2], then there exists a line bundle L on S with h°(S, L), h*(S,L) > 2,
whose restriction to any smooth D € |C| computes the Clifford index of D.

Lazarsfeld’s original motivation for considering the bundles E(C, A) was to use
them for proving the following cornerstone result:

THEOREM 6.5 (Lazarsfeld). Let C' be a smooth curve of genus g > 2 on a
K3 surface S, and assume that any divisor in the linear system |C| is smooth and
irreducible. Then a generic element in the linear system |C| is Brill-Noether-Petri
generic.

The following special case will be used in Chapter 6. Consider S a K3 surface
with cyclic Picard group generated by an ample line bundle L, and suppose that
L? = 4k — 2 with k a positive integer. By Theorem 6.5, a generic smooth curve
C € |L| is Brill-Noether-Petri generic, hence it has gonality k& 4+ 1. Moreover, since
the Brill-Noether number is zero, a generic curve C' will carry finitely many g;. 418

Put E = E(C, A) the Lazarsfeld-Mukai bundle, where A is a g}, on C. From
Proposition 6.3, it follows that ¢;(E) = L, h%(S,E) = k + 2, and E is globally
generated. The exact sequence (6.2) shows that h(S,E(—L)) = 0. Since the
Picard group is cyclic, this vanishing proves the stability of E. A remarkable fact
is that E does not depend on the choice of the pair (C, A). Indeed, if E’ is another
Lazarfeld-Mukai bundle associated to a pair as above, using x(E, E’) = 2 [La86],
we conclude that either Hom(E, E') # 0 or Hom(E’, E) # 0. By stability, the two
bundles are isomorphic. This shows that the bundle F is rigid (this fact is not
surprising: a dimension calculation shows that the moduli space of stable bundles
with given invariants is zero). An alternate way to construct the bundle F is via
Serre’s construction. Note that a zero-dimensional subscheme & of length k& + 1
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supported on a smooth curve C' is associated to a g,ﬁ 41 if and only if the restriction
map

re : HO(S,L) — H (&, L|¢)
is not surjective. By Brill-Noether-Petri genericity, the corank of 7¢ is 1 in this

case, and for any subscheme ¢ C &, the map r¢ is surjective. Applying Theorem
6.1, we obtain a rank 2 bundle £ on S given by an extension

0—-0s—F—L®I —0.

One immediately proves the stability of this bundle and, arguing as before, we
conclude that it is isomorphic to the unique Lazarsfeld-Mukai bundle.

The determinant map dg, see (6.3), is defined everywhere. Indeed, if dg is
not defined at a point in G(2, H(E)) corresponding to a two dimensional space
A C HY(S, E), then im(evy) is of rank one. This contradicts the stability of E.

DEFINITION 6.6 (Beltrametti-Sommese). A line bundle L on S is called k—very
ample if the restriction map

re : HY(S, L) — H°(&,L ® Of)

is surjective for all £ € SK+1 If ¢ is surjective for all £ € S’yﬁj\}] we say that L is

k—spanned.

REMARK 6.7. Note that L is O—very ample if and only if L is globally generated,
and L is 1-very ample if and only if L is very ample. The preceding discussion shows
that if .S is a K3 surface whose Picard group is generated by an ample line bundle
L such that L? = 4k — 2, then L is (k — 1)-very ample, but not k—very ample.

The notion of k—very ampleness admits the following geometric interpretation.
Let G(k +1,H°(S, L)) be the Grassmann variety of (k + 1)-dimensional quotients
of HY(S, L), and consider the rational map

o SFH — > G(k+1,H°(S, L))
defined by ¢ (£) = H°(§,L ® O¢). If L is k-—very ample then ¢y is a morphism.
PROPOSITION 6.8. If L is k—very ample, then det LI*+1] is globally generated.

Proof: Let
i 2 ST — PHO(S, AU HO(S, 1))

be the composition of ¢, and the Pliicker embedding. As L[F+1] is the pullback of
the universal quotient bundle on the Grassmannian, we have

det L+ = x 0p(1).

Hence the result follows. O
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6.3. Voisin’s proof of Green’s generic conjecture: even genus
The aim of this section is to prove the following result

THEOREM 6.9 (C. Voisin). Let S be a K3 surface endowed with a ample line
bundle L such that L generates Pic(S) and L? = 2g — 2, with g = 2k. Then

(6.6) Ky1(S,L) = 0.

This result is particularly interesting from the point of view of the Green con-
jecture.

COROLLARY 6.10. The Green conjecture holds for generic curves of even genus.

Proof: Recall that Green’s conjecture for a curve C predicts that
Ky_ciigcy-1,1(C, K¢) = 0.
Since the generic curve of genus g = 2k has Clifford index k—1, we have to show
that K}, 1(C, K¢) = 0. By semicontinuity (Corollary 1.31) it suffices to produce
one smooth curve C with the given invariants that satisfies the desired vanishing.

Since the curves appearing in the statement of Theorem 6.9 have this property, it
suffices to apply Theorem 2.20. (]

To apply the results of section 5.3, we need a suitable cartesian diagram. This
diagram is constructed in [V02]; we follow the presentation of [VO01].

Let E be the Lazarsfeld-Mukai bundle on S (section 6.2). There exists a
morphism PH(S, E) — S+ that sends a global section s € H°(S, E) to its zero
set Z(s). By restriction to a an open subset P C PH?(S, E), we obtain a morphism
P — S Define P! = P X gr1) Eg41. Set-theoretically

P = {(Z(s),z)|s € H'(S,E),z € Z(s)}.
Consider the cartesian diagram

P - Ekt1
|« L

The following result implies that the map j* arising from this diagram is not injec-
tive. Hence cannot apply Proposition 5.18 or 5.21 to this diagram.

LEMMA 6.11. The restriction map
i+ HO(SEH1 det LIy — HO(P, i* det LIF+Y)

curv )

is identically zero.

Proof: Recall that HO(SIFH det LIF+H1]) = /\k"_lHO(S7 L), Lemma 5.2. Given
EeP, let
re : HO(S, L) — H°(¢,L & Of)
be the restriction map. Given s € A" HO(S, L), we have
i"s(6) = N re(s) € N"THHO(, L@ Og).

If ¢ € P then h'(S,L ® I¢) = 1. Hence, if £ € P then rank ¢ < k and /\kﬂrg is
identically zero. (I
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Voisin’s idea is to modify the previous construction by considering zero—cycles
of the form
Z(s) —x+y
with [s] € P, € Supp(Z(s)) and y € S. To make this more precise, consider the
difference map
T:Zkt1 — SlE g

curv

and let ¢ : P’ — SI¥l be the composed map

curv

P — S = SH x5 SH

curv curv®

By the Cayley-Bacharach property, section 6.2, 1 is injective. Set 1vg = ¥ xidg :
P’ x S — S x S. We have 15(Z(s),2,y) = (Z(s) — z,y). Consider the rational
map

p:SEL XS - By

given by addition of zero—cycles. Composing with 1g, we obtain a rational map
P’ xS --» ZEpy1. We can resolve the indeterminacy of this map by blowing up
along 15 ' (E)) to obtain a scheme U and a morphism h : U — Zx1. This leads to
a commutative diagram

U b Ert1

e I
P'xS -¥s, Sk o xg

curv

Composing the map h : U — Zj4; with the projection to S+ we obtain

curv

a morphism i : U — S+l that sends (Z(s),z,y) to Z(s) —x +y. Put T =

curv

U X glk+1] Zk+1- We obtain a cartesian diagram
curv

J o=
T —— Zk+1

|
g9 q
U —% glk+1]

curv °

Set—theoretically
T ={((Z(s),2,y),(§,a") | x € Z(s), ' €&, & =Z(s) —a +y}.
There are two possibilities for the choice of z’.

a) x’ = y. This component maps isomorphically to U;
b) ¢’ € Z(s) —x +y, 2’ # y. This leaves k possibilities for z’. The resulting
degree k covering of U is called V.

The intersection D of the two components coincides with the exceptional locus
of the blowup € : U — P’ x S. Note that D is the pullback of the divisor D, C ZEg41
under the map h: U — Zp4.

The second component V' can be constructed in the following way. Define P”
by the cartesian diagram
]PW — Ek
™ q

P gl

curv”®
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As before, there exists a rational map P” x S --+ Z;,1. Blowing up along the
inverse image of =y in P” x S, we obtain a scheme V and a morphism V — g,
that fits into a diagram

Vv — Ekt1

! I

P'xS — Sk xg.

curv

The varieties appearing in the proof and the maps between them are drawn in
the following diagrams:

blowup

V————=P'x S V' (k) D
l (m,id)
Pr=Poxgy S PxS<io—U
. AN
Y
D, “———E1 s PPk i
IRy
Y

B, x s f P glitl]
S,
#*)(2(8)71:71'/7?/) (Z(S),{)L‘7$H) #
(Z(s), z,2") (Z(s), 2, y) < =
T h

Z(s)—=x
To prove the vanishing of Ky 1(S, L), it suffices to show that the diagram
T=UUV—"—=EZn
g q

U L > Glk+1],

curv
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satisfies the conditions (i), (ii) and (iii) of Corollary 5.23. Specifically, this means
that we have to verify
(i) gt : HO(U,i* det L) — HO(U, gii* det LIF+1) is surjective;
(ii) rp : HO(U,i* det L) — HO(D,i* det L*+1|p) is injective;
(iii) h* : HO(Zgy1, ¢ det LET) — HO(U,i* det LIF1) is injective.

The proof proceeds via a number of reduction steps.
Step 1. We start with condition (i) of Corollary 5.23, i.e., injectivity of the
restriction map rp. This is obtained by restricting to a smooth curve C' € |L| and
using Petri’s theorem. Put £ = i*(det LI*T1). Recall that a generic element of U
is of the form (Z(s),z,y), with x € Z(s). Given a smooth curve C' € |L|, put P¢
be the projectivization of the vector space of global sections in ' whose support is
contained in C, and put P}, be the fibered product of P¢ with the incidence scheme
C®) x C, and Us =P, x C. Put Do = DNUc C Ug, and let |L|y C |L| be the
open subset parametrizing smooth curves that are Brill-Noether-Petri generic.

A dimension count shows that if k£ > 2, there exists a smooth curve C € |L|
such that Z(s) U {y} C C. Hence the commutative diagram

H(U,L)  — Hcemo H°(Uc, Llve)
D
H(D,Llp) — Tleejz, H(Dc, Llpe)
shows that rp is injective if the restriction map
H°(Ue, L|ve) — H(De, £]pe)

is injective for all C € |L|y. Fix C € |L|o. We give a more concrete description of the
varieties Uc and D¢. By Brill-Noether-Petri genericity we have dim W, | (C) =0
if C €|L|o, [ACGHB85]. Write W} ,(C) = {L1,...,Ly}. The map

Pe — C*HD 51 Z(s)

identifies P with a disjoint union of N projective lines P}, where P! ¢ C(+1)
corresponds to the pencil |L;|.
Similarly, the induced map

Yo : Pp — CW
identifies P, with a disjoint union of N curves C; = C. The divisor D¢ C Py is a
disjoint union of divisors D; C C' x C;. Let ¢; : C; — P} be the map induced by
L;. By construction, the fiber of the map D; — P} over a point = € P} is the set
{(p;' (@) —y9), y € ¢ (@)}
Hence,
D; = (i x i)~ ! (diag(P')) — diag(C),

where diag(P!) C P! x P! = P! x P!, and diag(C) € C x C; & C x C are the
diagonals. Hence
(6.7) O(D;) = (L; X L;)(—diag(C)).

By the formula (5.1), we have

L = h*(r*(det LM X L))(-D).
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Write A; = det LI¥l|o,. Since L|c = K¢, the preceding discussion shows that it
suffices to prove that the maps

H(C x C;, (Ko B Ai)(=D)) — H°(Dy, (Ko ® Ay)(=Di)
are injective for all 4, i.e.

H°(C x Cy, (Ko W A;)(—2D;)) =0,

Di)

for all i. Rewriting this using (6.7), we reduce to the vanishing of
HY(C x Ci, (Ke @ L7?) K (4; ® L7 %)) (2diag(C))).
As C is Brill-Noether-Petri generic, we obtain
(6.8) H°(C,Kc®L;?) =0,
using the base-point free pencil trick [ACGHS85, p. 126]. If z € C is a general
point, the restriction map
HO(C, LF) — H°(L}|2z)
is surjective. Hence, we obtain
H(C,Kc® L% ® Oc(2x)) =0,

using (6.8). Consider the projection pry : C' x C; — C'. The previous result implies
that the direct image of (K¢ ® L;?) K (4; ® L;?)) (2diag(C)) is zero on a non-
empty open subset of C. Hence, the bundle

(Ke® L7?) R (4; ® L; %)) (2diag(C))
has no sections over this inverse image of this set. It implies that

(Ke® L7?) B (4; ® L7 %)) (2diag(C))
has no sections at all.

Step 2. Condition (iii) is satisfied if the map
¢* : HO(SH  det LY — HO(P' 4* det LIM)

is injective.
Indeed, let D be the exceptional divisor of ¢ : U — P’ x S. We have
¢ det L1 = 7% (det LW R L)(—D,)

where D, is the divisor contracted by 7 : Zx41 — Sl x S; see the proof of Lemma
5.2. Hence
h*q* det L) = ¢*(det LW R L) (- D).
Let Z be the ideal sheaf of ¢ 5" () C P’ x S. By the above result, the map
e HO(P' x S, ¢p5(det LR L) @ T) — HO(U, h*¢* det LIF+1)
is an isomorphism. The commutative diagram

HO(Zg41,¢" det LIEF) 4 HO(U, h*q* det LIF+1)

* *

T €

HO(SHEL xS, (det LM R L) @ T=,) 45  HO(P x S, ¢%(det LK L) @ T)

then shows that h* is injective if ¥ is injective. Since g = v x id, the injectivity
of % follows from the injectivity of ¥*.
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Step 3. Consider the map ¢’ : P’ — P obtained by base change from ¢q : Zp11 —
Slk+1]

LEMMA 6.12. [V02, Lemma 2] We have
V* det L 2 (¢)* Op (k).

Proof: [of Lemma 6.12] By construction, the line bundle L has the following
property: for all £ € P, the restriction map

re : HO(S, L) — H°(&, L)

is not surjective, whereas r¢s is surjective for any &' C £, Section 6.2. This property
implies that given { € P/, we have

HO(S,L® Lyc)) = H(S,L® Ly c))
Hence the fiber of the vector bundle ¢* LIl at ¢ € P’ is isomorphic to
H°(S,L)/H°(S,L ® L)),

and ¥* det LIFl = (¢/)*(det F)~', where F is the coherent sheaf on P whose fiber
over a point [s] € P is H(S,L ® Tz(s))- This isomorphism is obtained from the
short exact sequence

0— (¢')*F — H°(S,L) ® Op — ¢*LIF — 0.
Recall that for any section s € H°(S, E), we have the short exact sequence
0— 05— E-L5 LRIy, — 0,
and the associated sequence
0— C.s— H(S,E) 25 HO(S,L®Iy) — 0.
Consider the Koszul complex
0 — Op(—=2) = H(E) ® Op(—1) = N’H°(E) @ Op — ...
on P =PH(S, E), and put
F' = coker (Op(—2) — H°(E) ® Op(—1)).

Taking global sections, we obtain F! = Fy for all s € P, hence FF = F’. The
resulting exact sequence

0— Op(—2) — HO(E) ®0p(-1) - F -0
shows that det F' = Op(—k). O

By Lemma 6.12, (¢')* induces a natural injective morphism

SFHO(S,E)Y «— HO(P',¢* det LIF).

Step 4.
LEMMA 6.13. The map ¢ : P/ — SIEl induces an isomorphism

¢*  HO(SHEL det LMy = A\"HO(S, L) = S*HO(S,E)Y ¢ HO(P',¢* det L),
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Proof: Since the determinant map
dg : N*HO(S,E) — H°(S, L)
does not vanish on decomposable elements, we obtain a morphism
d:G(2,H°(S,E)) — PH(S, L).

Note that d is a finite morphism whose fiber over a point C € |L| is W, , (C).
Put G = G(2,H°(S, E)) and consider the map

d*: H°(S, L) — H°(G, 0a(1)) = N*H (S, E)V.

As d is finite, d* is injective by the existence of the trace map, hence we obtain
a base-point free linear subspace V¥ C H%(G,Og(1)). Let

(6.9) 0= A*"MVY @ 0a(-2k—1) > ... 5 VY ®0g(~1) = Og — 0
be the associated exact Koszul complex. Consider the tautological exact sequence
0—-8—HYS,E)®@ Og — Q —0
and note that
H°(G,S*SV) = SkH(S, E)V.
Twisting the Koszul complex (6.9) by S*SY and chasing through the associated

spectral sequence of hypercohomology, using suitable vanishing theorems, one ob-
tains an isomorphism

des1: N"HO(S, L) = SFHO(S, E)V.
It remains to show that this map coincides (up to scalar) with ¢*. This is done
using representation theory. Consider the map
a:P — Gk+1,H(S, L))

defined by a(¢) = H°(S,L ® Zy(¢)). As we have seen in the proof of Lemma 6.12,
we have HO(S, L ® Zy)) = H(S,L ® (), hence a factors through a map

B:P— G(k+1,H°(S, L))
defined by
B(s) =im(ds : H°(S,E) — H°(S,L)) = H°(S,L ® Tzs)).
The factorization ds = dg o (— As) shows that 3 is the composition of the maps
P G(k+1, \°H’(S, E)) --» G(k + 1, H°(S, L))

Applying a similar spectral sequence argument to the base-point free linear
system |Og(1)[, we obtain a surjective map

Dk+1 : /\k+1(/\2HO(Sv E)v) - SkHO(Sa E)Va

o . 1 . . .
whose restriction to /\k+ VV equals diy1. Since ¥* is a restriction map and

since det LI¥ is globally generated by Proposition 6.8 and Remark 6.7, the map
¥* is not identically zero. Note that the maps Dyi1, and v* are SL(k + 2)-
equivariant. The desired statement then follows by decomposing the SL(k + 2)—
module A" (AH(S, E)Y) into irreducible submodules.

O



80 6. KOSZUL COHOMOLOGY OF A K3 SURFACE

Steps 2 to 4 show that the condition (i4i) is satisfied. It remains to verify
condition (7).

Step 5. To verify condition (i), the surjectivity of gi,, recall that U is a blowup
of S x P’ and V is a blowup of S x P”. These blowups are related via the map
m: P — P'. Tt follows that g;, is surjective if the map

7 HO(P', (¢')* det LIF) — HO(P" 7*(¢')* det LI*))
is surjective. The commutative diagram

HO(P, Op(k)) ——— HO(P”, n*(¢')* det LI*])

\L(q/)* /
HO(P', (¢')* det LI*)

shows that it suffices to prove the surjectivity of the map
HO(P,0p(k)) =24 HOP” 7*(¢')* det LIM).
Step 6. Let B be the blowup of S x S along the diagonal. There exist a vector
bundle E5 on B and a global section
o€ HY (B x P, E; K Op(1))

such that P” = Z (o) C B x P. The bundle E» is obtained as follows. Let S x S be
the blowup of S x S along the diagonal, and consider the commutative diagram

SxSs = g
|

SxS — S@,

Let E?l be the tautological rank 4 bundle on S with fiber H(n, E ® O,)) over
n, and put Fy = p*EPl. Under the isomorphism P” 2 Z(s), the map 7*o(q')*
identified with the restriction map

H°(B x P, prsOp(k)) — H°(P", prsOp(k)|p).

is

Hence it suffices to show that
(6.10) HY(B x P, pr5Op(k) ® Zp) = 0.
Using the Koszul complex
0 AEYyRO(-4) — ... —» EY RO(=1) — Ips — 0,
this vanishing follows from the study of the groups
Hi(S % SxP,NEY ROs(k —i)) = H'(S x S, N'EY) ® S*—'H(S, E)

for i = 1,...,4. Voisin shows that these groups are zero if 7 is odd, [V02, Proposi-
tion 6]. A spectral sequence argument then shows that condition (6.10) is verified
if the maps

(6.11) H2(S x S x P, \’EY K Op(k —2)) — H2(S x S x P, EY K Op(k — 1))
and

(6.12) HA(S x S x P, A'EY R Os(k —4)) — H*(S x 8 x P, A\°EY K Op(k — 3))
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are injective. We outline the proof of the injectivity of the map (6.11). The injectiv-
ity of (6.12) is obtained by similar, but more complicated, calculations. Dualizing
and rewriting using [loc.cit, Prop. 6], we reduce to the surjectivity of the map

(H°(B) @ H°(E)) ® S"'H°(E) — (H°(L) ® H°(L)) ® S**H"(E).

This map is the direct sum of two copies of the map p defined via the commutative
diagram

HY(E)® S*'H°(E) —— H°(F) ® H*(E) ® S*2H°(E)

HO(L) ® SF—2HO(E).

Since the morphism d : G — PH(L) is finite and surjective, the induced map
N HO(E) — HO(L) is surjective. Hence every element ¢ € H(L) is of the form
t =dg(s1 A s2), with s1, s € HO(E). Write W = (s1, 52) C H°(E). We have

t® S*2W e im(p),
because the composition
WeSEIW - W oW e S 2W — N'W e SF2w

is surjective (as one sees by writing out this map in terms of the basis). Hence, it
suffices to prove that the family of subspaces

{Sk72W}WEdgl(t)

generates S*2HO(E), for general t.
If t € H(L) is general, then Z(t) = C € |L| is smooth and the fibre of d'(¢)
consists of N distinct g 418 Wi,...,Wx on C. After dualizing, it is sufficient to

show that the map
N

Sk—QHO(E)\/ N @ Sk’—2Wi\/
i=1

is injective. This map is identified with the restriction map
HY(G,S%728Y) — H(dg' (1), S* 728V y-14))-

Since the finite subscheme dgl (t) C G is a complete intersection of hyperplanes,
we have once more a Koszul resolution for its ideal sheaf. Using this resolution and
suitable vanishing theorems on the Grassmannian, we conclude.

6.4. The odd-genus case (outline)

In the odd-genus case, a natural thing to do would be to try and mimic the proof
of Theorem 6.9. Consider a K3 surface with cyclic Picard group by a very ample line
bundle L, with L? = 4k, where k is a positive integer. By Theorem 6.5, a generic
smooth curve C € |L| is Brill-Noether-Petri generic, of genus 2k + 1 and gonality
k + 2, hence it is a good candidate for verifying the Green conjecture. However,
this strategy turns out to be a cul-de-sac. Compared to the even-genus case treated
in the previous section, the Lazarsfeld-Mukai bundles are not unique, and depend
on the choice of the curve and of the pencil. These bundles are parametrized by
another K3 surface §7 which is a moduli space for stable vector bundles on S
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[M84]. The unicity of the Lazarsfeld-Mukai bundle was a crucial point in the proof
of Theorem 6.9, hence it cannot be adapted directly to the odd-genus setup.

Voisin found an ingenious way to circumvent these difficulties and to reduce
to the even-genus case. The situation is as follows. We take the genus g = 2k +
1. Green’s conjecture predicts the vanishing of Ky, 1(C, K¢) for a generic genus-g
curve.

THEOREM 6.14 (C. Voisin). Consider a smooth projective K3 surface S, such
that Pic(S) is isomorphic to Z2, and is freely generated by L and Og(A), where A
is a smooth rational curve such that deg Lian = 2, and L is a very ample line bundle
with L? =29 — 2, g =2k + 1. Then Ky11(S,L+A) =0 and
(6.13) Ky 1(S,L)=0.

By Theorem 2.20 and Corollary 1.31, Green’s generic conjecture follows from
Theorem 6.14. Here, one has to remark that smooth curves in the linear system
|L| are Brill-Noether-Petri generic. To reduce to the case of even genus, put L' =

L ® Og(A). A smooth curve in C’ € |L'| has genus 2k + 2, and does not meet A.
The proof of Theorem 6.14 proceeds in several steps.

By a modification of the techniques of [V02] outlined in section 6.3, one proves
Kyt1.1(S, L") =0.
By Green’s duality theorem 2.24,
K1 (S, L)Y =2 Kj_12(5,L).
To obtain the desired vanishing, consider the multiplication map
pe Ki—10(S, L(=A), L) ® H*(S, L") —Kj_12(S, L) = Kj_1 (S, L, L).
Voisin first proves that p is surjective; see [V05, Proposition 6]. Put V = HY(S, L),
define
K = ker (5/ AW @ HOS, L(—A)) — APV @ HO(S, L?(—A)))
and note that
Ki_10(S,L(-A),L) = K.
The next step is to calculate dim (K). To this end, Voisin [V05, Lemma 4] shows

that
Kk_iwi_l(S, L(*A), L) = O, for all ¢ Z 2.

An Euler-characteristic calculation [V05, Corollary 1] shows that
. 2k +1
dim (K) = (kl)
Consider the Lazarsfeld-Mukai bundle E associated to a smooth curve C’ € |L/|.
The construction from section 6.3 provides us with a map
¢:S*1HY(S, E) - K.

The proof is now finished by showing that

(i)  is an isomorphism, and

(il) im(y) C ker(p).

The main technical difficulty consists in proving (i). Since the spaces S*"1H(S, E)

and K have the same dimension, it suffices to prove that ¢ is injective. This is ac-
complished in [V05, Proposition 8].
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COROLLARY 6.15. The Green conjecture is verified for a generic curve of odd
genus.

Proof: The proof proceeds as in Corollary 6.10, with one modification. One has to
check that smooth curves in the linear system |L| are Brill-Noether-Petri generic.
This is done using Theorem 6.4; see Voisin [V05, Proposition 1]. O

When combined with the Hirschowitz-Ramanan result [HR98], Corollary 6.15
gives a very strong result that will be used throughout the next chapter; see 7.1.

The next result will be used in section 7.2, and follows from Theorem 2.20.

COROLLARY 6.16. Notation as in Theorem 6.14. Let Y € |L| be a singular
curve with one node. Then Kj1(Y,wy) =0.

Other versions of this result lead to the proof of the conjectures of Green and
Green-Lazarsfeld for generic curves of large gonality; see [AV03] and [Ap04]. In
the next chapter we shall discuss some refined versions.

6.5. Notes and comments

Curves on K3 surfaces as in the statement of Lazarsfeld’s Theorem 6.5 were the
first concrete examples of Brill-Noether-Petri generic curves. (Before Lazarsfeld’s
paper the existence of Brill-Noether-Petri generic curves was proved by degeneration
techniques.) The condition appearing in Lazarsfeld’s theorem holds, for example,
if the Picard group of S is cyclic. Since K3 surfaces with cyclic Picard group
form a 19-dimensional family, the Gieseker-Petri Theorem follows. An important
argument of Lazarsfeld’s proof is to show that the associated Lazarsfeld-Mukai
bundle is simple, i.e. does not have any endomorphisms besides the homotheties;
cf. [La89], [P96]. Then one applies the description of the moduli space of simple
bundles, due to Mukai.






CHAPTER 7

Specific versions of the syzygy conjectures

7.1. The specific Green conjecture

In this Section, we discuss a remarkable result that follows from Voisin’s The-
orem 6.14 and the work [HR98].

THEOREM 7.1. Any smooth curve C of genus g = 2k+1 > 5 with Kj 1(C,wc) #
0 carries a pencil of degree k + 1.

It represents the solution in the odd genus case to the following conjecture.

CONJECTURE 7.2 (specific Green conjecture). Let C' C P9~! be a canonically
embedded curve of genus g with maximal Clifford index [(¢ — 1)/2], and let Q
be the universal quotient bundle on P91, Then H(A’Q ® Z¢(1)) vanishes if
i=1[g+1)/2]

REMARK 7.3. Proposition 2.7 shows that this statement is indeed the Green
conjecture for curves of maximal Clifford index.

Proof: (of Theorem 7.1) Let M, be the moduli space of curves of genus g. The
statement of the Theorem is equivalent to the equality of the supports of the two
subvarieties of M,:

Dys1 = {[C] € My, there exists a g on C}
and
r1 = {[C] € My, Kya(C,Ec) # 0}
The computations of [HM82] show that Dy is a reduced divisor with re-
spect to the natural structure induced by the Brill-Noether theory. It is moreover

irreducible, as is any other gonality stratum; cf. [AC81a]. A consequence of the
Green-Lazarsfeld nonvanishing Theorem 3.33, is a set-theoretical inclusion

Dk+1 - D;<:+1'

Observe that the locus corresponding to hyperelliptic curves is completely con-
tained in both Dy (by definition) and Dj_, (by the Green-Lazarsfeld nonva-
nishing Theorem), Therefore, we can work directly over the complement of the
hyperelliptic locus in M,.

Step 1. We show that D) _ ; is of pure codimension one; this will be a consequence
of Voisin’s Theorem 6.14. To this end, consider a covering

m:S§S— M,

on which a universal curve C — S exists (see for example [Loo94]). By definition,
for any point x € S, the fibre C, is the curve of genus g whose isomorphism class is
given by the image of = in M,. Put w, the relative canonical bundle and let £ be

85
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its direct image on S. Restricting over the non-hyperelliptic locus, the morphism
7 factors through a natural canonical embedding of C in the projective bundle
p:P(E) — S. Let T be the ideal sheaf of C in P(£), and Op(g)(1) be the relatively
ample (hyperplane) line bundle along the fibres.

Let C' be a non-hyperelliptic curve of odd genus g = 2k + 1, and denote by Z¢&
the ideal sheaf of C in P9~!, and by Q the tautological quotient bundle of rank
g—1on P9~ Applying Proposition 2.7, we see that the restriction of Dj., to the
non-hyperelliptic locus coincides with

{[C]] HYA\"Q ®Zc(1)) # 0}.
Let Q be the universal quotient bundle on P(E); it fits into an exact sequence
0 — Opgy(1) = p"(E)Y — Q—0.
Note that & = p,(A'Q(1)) is a vector bundle of rank

(1)=(0)

Similarly, 7 = p.(A'Q(1) ® O¢) is a vector bundle of rank

(gf )(2l+g—1)

for each [ > 0. To this end, we apply the Riemann-Roch Theorem, and the Serre
duality on each fibre C, to the bundle A'Qe, ®we, to obtain h'(Cy, \'Qc, ®we,) =
h%(Cs, A'Qp ). The latter vanishes, see Remark 2.5.

The restriction from P(E) to C yields a morphism p, (/\k+1 9(1)) — p. (/\]H'1 9(H)®
Oc¢). Voisin’s Theorem 6.14 implies that this sheaf morphism is injective. Observe
next that the two vector bundles have the same rank, namely

(;ﬁl )(4k+2): ( 2’“;1 )2k,

hence the above map defines a degeneracy divisor in S whose image in M, is Dj, 1
by definition.

Step 2. We compare two classes of divisors on the moduli space of curves.

It is convenient to work over the large open subvariety Mg of the moduli space
M corresponding to smooth curves with trivial automorphism group. Since the
complement in M, is of codimension at least two, it is clear that if the restrictions
of Dyy1 and Dj, 41 to Mg coincide set-theoretically, then we obtain equality over
the whole moduli space.

A fundamental property of the variety ./\/lg is that its Picard group (and hence
the Picard group of My, too) is cyclic. The generator is obtained in the following
way. Consider the universal curve C over ./\/lg, and 7 : C — Mg the natural
morphism. By definition, for any point = € Mg, the fibre C, is the curve of genus
g whose isomorphism class is given by x. Put w, the relative canonical bundle and
let E be its direct image on MY. Then Pic(MY) = Z.X, where X = ¢;(E) [Har83];
cf. [HM82]. Moreover, since Mg admits a compactification to a projective variety
such that that boundary is of codimension two [Ar71], it follows that any effective
divisor on Mg which is rationally equivalent to zero is indeed zero.
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Curves with trivial automorphism group are clearly non-hyperelliptic, and it
follows that the morphism 7 factors through a natural canonical embedding of C in
the projective bundle p : P(E) — Mg. Following ad-litteram the argument given
in Section 1, we endow (the restriction of) D}, (to MY a natural Cartier divisor
structure, as a jump locus.

Now, we compare the rational classes

v o= [Dipl=ea@-(NQ(1)®Oc)) - erlp-(N'Q(1))
¢ = [Dr]
of D}, and the (k+1)-gonal locus Dy in the Picard group of MY; cf. [HMS82].

Put A = ¢1(F). Using Grothendieck-Riemann-Roch and the Porteous formula,
Hirschowitz and Ramanan showed that

(2k — 2)!
=6(k+2)k——F+"—=A\.
v =6k + Dh i )
In [HM82, Section 6] it was proved that the class of the (k + 1)-gonal locus Dy 41
is
(2k — 2)!
=6(k+2)——F+"—=A\
¢ =60+ i1,

Hence v = k¢ in Pic(M)).

Step 3. To conclude, use the fact that a curve corresponding to a generic point in
Dy, 41 satisfies
dim Kk71(C, Kc) Z k.

The idea of proof (that can be found in [HR98]) is to show that Green-
Lazarsfeld classes generate a vector space of dimension at least k. These classes
are scrollar and the Koszul cohomology of the scroll is contained in the Koszul
cohomology of the curve. For details, see [HR98]. O

7.2. Stable curves with extra-syzygies

The main result discussed in this section is a degenerate version of Theorem 7.1.
This result will be obtained via a deformation to the smooth case. For technical
reasons, we restrict ourselves to stable curves with trivial automorphism group and
very ample canonical bundle; see [C82, Theorem F] and [CFHR99, Theorem 3.6]
for precise criteria of very ampleness.

Hirschowitz and Ramanan used the term with extra-syzygies to designate smooth
curves C of genus 2k + 1 for which K} 1(C, K¢) # 0. We adopt this terminology
and extend it to singular stable curves with the same property. In the smooth case,
extra-syzygies produce pencils. In the singular case, extra-syzygies will produce
suitable torsion-free sheaves rather than line bundles, since the Jacobian of a sin-
gular curve is not necessarily compact. Recall that a coherent sheaf on a stable
curve X is torsion-free if it has no non-zero subsheaf with zero-dimensional support
[Se82].

We study the Koszul cohomology of a stable singular curve X of arithmetic
genus g = 2k+1, with k£ > 2. Recall that stable curves are reduced connected curves
with finite group of automorphisms, and with only simple double points (nodes) as
possible singularities. They have been introduced by Deligne and Mumford with the
aim of compactifying the moduli space M, of smooth curves of genus g. Singular
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stable curves of arithmetic genus g lie on a normal-crossing divisor AgU---UA[g /g
in M,, on the boundary of Mg, and the general element in Ag is irreducible,
whereas a general element in A; is the union of two curves of genus ¢ and g — i
respectively, meeting in one point.

It is known that the Picard group of ﬂg is generated over Q by the classes
d; = [A;] and by the Hodge class \; see, for example [HaM98]. Intuitively, A is the
class of the line bundle over M, whose fibre over [C] is AY H°(C,w¢). The bundle
in question is nef and big (see, for example, [Ar71], [HaM90, Introduction]).

DEFINITION 7.4. The open subspace in ﬂg of points corresponding to stable
curves of genus g with very ample canonical bundle, is denoted by M.

REMARK 7.5. It is easy to show that My is contained in My U A,.

The Riemann-Roch Theorem implies that the degree of a line bundle A on a
smooth curve C equals x(C, A) — x(C, O¢). Given a rank 1 torsion-free sheaf F' on
a stable curve X, one can view the quantity x(X, F) — x(X,Ox) as a substitute
for the degree. Hence the degenerate analogue of a gj 41 will be a sheaf with
XX, F)=1— k.

The degenerate version of Theorem 7.1 is the following statement

THEOREM 7.6. Let X be a singular stable curve of genus g = 2k + 1 with very
ample canonical bundle and trivial automorphism group. If

Kk,l(Xa WX) 7& 07

then there exists a torsion-free, wx-semistable sheaf F of rank one on X with
X(X,F)=1—k and h°(X, F) > 2.

We refer to [Se82] for a precise definition of semi-stability.
Proof: (of Theorem 7.6) Put Dy, | = Diy1 N MY, and Af = Ag N M.
Step 1. We prove that the locus of curves with extra-syzygies in My is a divisor.

It amounts to proving that its inverse image on a covering ¥ — M¢ is a
divisor. We choose a smooth §“ on which an universal curve exists.
Let [X] € MY, and denote, for simplicity P := PH°(X,wx )", which contains
the image of X, set Q = Tp(—1) the universal quotient bundle, and Qx = My
the restriction of @ to X. As in the smooth case, the Koszul cohomology of X with

values in wy has the following description
Kp1(X,wx) 2= ker (HY(P, A*7PH1Q(1)) — HO(X, A* P Qx @ wx)).

For the choice p = k, and for a smooth curve X, the two spaces appearing in
the description above, namely H°(P, A¥*1Q(1)) and H°(X, AFT1Qx ® wx), have
the same dimension, see the proof of Theorem 7.1. Applying the Riemann-Roch
Theorem and Serre duality, we observe that the two spaces in question are still
of the same dimension if X is a singular stable curve with very ample canonical
bundle, since H°(X,A\*+1QY) = 0. The vanishing of H°(X,A"+1QY) for any
m > 0 follows from Proposition 2.4, and from the vanishing of K, ¢(X,wx) for
p=>1

By semi-continuity, the locus of curves in My with extra-syzygies is closed.
Similarly to the proof of Theorem 7.1, the locus of points on §“ corresponding to
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curves with extra-syzygies is the degeneracy locus of a morphism of vector bundles
of the same rank. Then this locus is a divisor, since we know that it is not the
whole space by Theorem 6.14.

Step 2. We prove that the condition Ky 1(X,wx) # 0 holds if and only if [X]
belongs to the closure Dj11 in MY of the locus Dyy1 of (k 4 1)-gonal smooth
curves.

Imitating the argument given in the smooth case, we see that on My, the
divisor of curves with extra-syzygies is equal to a multiple of D, | plus, possibly,
a multiple of AY (recall that Ag is irreducible, and so is A¥). The possibility that
the whole A§ be contained in the locus of curves with extra-syzygies is ruled out
by Corollary 6.16. In particular, it follows that a curve in A has extra syzygies if

and only if it belongs to Dy, ;; this is what we wanted to prove.

Step 3. We show that the condition of having extra-syzygies yields the existence
of the desired torsion-free sheaves.

From Step 1, we know that a singular stable curve X with wx very ample and
with extra-syzygies lies in a one-dimensional flat family C — T of curves such that
Ci, = X, and C; are smooth, and belong to Djy; for ¢ # ¢y. By shrinking T if
needed, we can make the same hypothesis for the curves C;. By the compactification
theory of the generalized relative Jacobian, see [Ca94] and [P96], there exists a
family J1_(C/T), flat and proper over T, whose fiber over ¢ # t( is the Jacobian
variety of line bundles of degree k + 1, whereas the fiber over ¢y, parametrizes gr-
equivalence classes of torsion-free, wx-semistable sheaves F' of rank one on X with
X(X,F) = 1 —k; see [P96], [Se82| for precise definitions. It follows that the
subspace of pairs {(F:,C:) € Ji—k(C/T) x1 C, h°(Cs, F;) > 2} is closed in the
fibered product, and, since [C] € Dy for all ¢ # tg, we conclude. O

7.3. Curves with small Brill-Noether loci

In this section we show that the degenerate version of Theorem 7.1 obtained
in the previous section implies the conjectures of Green and Green-Lazarsfeld for
specific open subsets of every gonality stratum

{[C] € My, gon(C) =d}

subject to the numerical condition

(7.1) d< [g} +2.

Note that this inequality excludes exactly one case, namely the case of odd
genus and maximal gonality. In this case, the Green conjecture is known by The-
orem 7.1. The Green-Lazarsfeld conjecture for this case will be proved in the next
section.

The idea of the construction is as follows. Starting from a smooth curve C
of genus g and gonality d satisfying (7.1), we produce a stable curve X to which
one can apply Theorem 7.6. This curve X is obtained by repeatedly identifying
points on C' to create nodes. Before passing to the general case, we illustrate this
technique in the simplest case.
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Special case: g = 2k, d = k + 1. In this case, Green’s conjecture states that
K 1(C,K¢) = 0. Suppose that this is not the case. Choose two general points
x and y on C, and let X be the nodal curve obtained by identifying these two
points. Let f : C — X be the normalization map. The morphism f* induces an
isomorphism between H°(X,wx) and H°(C, Ko (z +y)), hence H°(C, K¢) can be
viewed as a subspace of H°(X,wx) and

KPJ(C, Kc) C Kp)l(X, wx)

for all p. The previous assumption implies that Ky 1(X,wx) # 0. Hence, there
exists a torsion-free rank 1 sheaf F on X, such that h%(X, F) > 2 and x(X, F) =
1 — k. We now distinguish two cases:
(1) F is not locally free. Then there exists a line bundle A on C such that
F = f.A, by [Se82]. This leads to a contradiction, since deg(A) = k, and
ho(C, A) > 2.
(2) F is a line bundle. Put A = f*F. Then A has the following properties:
RO(C, A) > 2, deg(A) = k + 1 and it is impossible to separate the points
x and y by using sections of A.
Suppose that C satisfies the following additional condition (which is satisfied
by a generic curve):

(7.2) dim W} ,,(C) = 0.
Consider the subvariety
{(z,y), there exists g, ,, passing through = +y} C C x C.

The fibers of the first projection are finite since we assumed (7.2), showing that
this variety is one-dimensional. Hence we obtain a contradiction by the genericity
of x and y.

Since H(X,wyx) = H°(C, Kc(z + y)), the argument given above shows that
Ky 1(C,Kc(x +y)) = 0. This condition implies the Green-Lazarsfeld conjecture
for C, see Corollary 4.28.

The crucial ingredients of the above example were condition (7.2), and the
vanishing

KM(C’, Kc(SC + y)) =0.

This generalizes as follows.

THEOREM 7.7. Let d > 3 be an integer, and C be a smooth d-gonal curve of
genus g with d < [g/2] 4+ 2, satisfying the following condition

(7.3) dim (Wy,,(C)) <n for all0 <n < g—2d+2.

Then
Kg_a+11(C, Ke(z +y)) =0
for general points x,y of C.

Proof: Let v > 0 be an integer and let X be the stable curve obtained by
identifying (v + 1) pairs of generic points (z;,y;), with 0 < i < v, on A. Let |A] be
a minimal pencil on C, and f : C' — X be the normalization morphism. The sheaf
F = f,A is torsion-free of rank 1. In order to apply Theorem 7.6, we want to have
the arithmetic genus of X equals 2k + 1, and x (X, F) — x(X, Ox) = k+2 (the idea
is that F deforms to a gj 4o under any smooth flat deformation).
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The integers k and v are determined as follows. Since x (X, F) — x(X,0x) =
d+v+1,and 2k+1=g+v+1weobtaink=g—d+1>1landv=g—2d+2 > 0.
The case v = 0 corresponds to the previous example.

By genericity, we can assume that for any choice of n + 1 pairs (x;,,¥;,), with
0 <j<nand0<n <v, among the points (z;,y;), there exists no A, € Wlern(C’)
such that h%(X, A, (—x;, —y;,)) > 1 for all 0 < j < n. The (v + 1)-tuple of cycles
(o + Yo, .., Ty, + yu) can be chosen to be generic in the space C? x...xCO,
This is possible since for any n, the incidence variety

{(zo+ Yo, Tn + Yn, 4n), hO(An(—mi —y;)) > 1 for all i}

is at most (2n 4 1)-dimensional, whereas dim (C® x --- x C®?) = 2n + 2.

Since the cycles x; 4+ y; are generic, the curve X has no non-trivial automor-
phisms and its canonical bundle is very ample (apply [C82, Theorem F|, [CFHR99,
Theorem 3.6]).

We prove first that K 1(X,wx) = 0. Suppose that K 1(X,wx) # 0. From
Proposition 7.6, we obtain a torsion-free sheaf F' of rank one on X with x(X, F) =
1—Fk, and h%(X, F) > 2. The sheaf F is either a line bundle, or the direct image of a
line bundle on a partial normalization of X. Observe that this partial normalization
cannot be C itself. Indeed, if F = f,A with A a line bundle on C, then x(C, A) =
X(X,F) =1—k, and h°(C, A) = h°(F) > 2, which means that A isa g} , on C,
contradicting the hypothesis. Let us consider then ¢ : Z — X the normalization of
the (v —n) points pp41, ..., Py, for some 0 < n < v. Let furthermore ¥ : C — Z be
the normalization of the remaining (n+ 1) points po, . . ., pn, and suppose F' = ¢, A,
for a line bundle A on Z. Under these assumptions, we obtain x(A4) = x(F) = 1—k,
and so x(¥*A) = 2 — k + n, which implies that deg(y*A) = d + n. Besides, *A
has at least two independent sections. Since for any node p; with 0 < i < n there is
a non-zero section of F' vanishing at p;, it follows that h%(C, (v*A)(—z; —y;)) > 1
for all 0 < i < n, which contradicts the choice we made.

We proved K, 1(X,wx) = 0. Since Ky 1(C, Kc(zi+v;)) C Ki1(X,wx), [VO2,
p. 367], we obtain K 1(C, Ko (z; + ;) = 0, for all i. O

REMARK 7.8. The condition (7.3) is satisfied by the generic d-gonal curve; see
[Ap05].

COROLLARY 7.9. Notation as in Theorem 7.7. Then Cliff(C) =d — 2, and C
satisfies the conjectures of Green, and Green-Lazarsfeld.

Proof: The statement of Theorem 7.7 is the Green-Lazarsfeld conjecture for the
bundle K¢ (x + y). Using Corollary 4.28 it follows that the Green-Lazarsfeld con-
jecture holds for the curve C' (and is verified for any line bundle of degree at least
39),

It was observed by Voisin that K 1(C, K¢) C Ky 1(C, Ko(x +vy)), [AV03];
hence K, 1(C,K¢) = 0. The vanishing Ky, 1(C, K¢) = 0 is the statement of the
Green conjecture for C, the fact that Cliff(C) equals d — 2 being implied by the
Green-Lazarsfeld non-vanishing theorem, Corollary 3.36. ]

For small d, one can use classical results due H. Martens, Mumford and Keem
on the dimensions of the Brill-Noether loci, ¢f. [ACGHS85], [HMa67], [Mu74],
[Ke90] to obtain the following.
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COROLLARY 7.10. Let C' be a non-hyperelliptic smooth curve of gonality d < 6,
with d < [gc/2] + 2, and suppose that C is not one of the following: plane curve,
bielliptic, triple cover of an elliptic curve, double cover of a curve of genus three,
hexagonal curve of genus 10 or 11. Then Cliff(C) = d — 2 and C wverifies both
Green, and Green-Lazarsfeld conjectures.

Proof: For a trigonal curve C, one has to prove that dim (W, 4(C)) < n for
all 0 < n < go —4. This follows from [HMa67, Theorem 1], as we know that
dim (W, 3(C)) < n+1 and equality is never achieved, since C is non-hyperelliptic.
If d = 4, one has to prove dim (W, 4(C)) < n for all 0 < n < go — 6. In this
case, we apply Mumford’s refinement to the Theorem of H. Martens, cf. [Mu74],
which shows that dim (W, ,(C)) < n+1, and equality could eventually hold only
for trigonal (which we excluded), bielliptic curves or smooth plane quintics. The
other cases d = 5 and d = 6 are similar, and follow from [Ke90, Theorem 2.1], and

[Ke90, Theorem 3.1], respectively.

REMARK 7.11. For trigonal curves, Green’s conjecture was known to hold by
the work of Enriques and Petri, and the Green-Lazarsfeld conjecture was verified
by Ehbauer [Ehb94]. For tetragonal curves, the Green conjecture was verified by
Schreyer [Sch91] and Voisin [V88a]. All the other cases are new. Plane curves,
which were excepted from the statement, also verify the two conjectures, ¢f. [Lo89],
and [Ap02]. Note that in a number of other cases for which the previous result does
not apply, Green’s conjecture is nonetheless satisfied; for instance, for hexagonal
curves of genus 10 and Clifford index 3, complete intersections of two cubics in P3,
see [Lo89].

For large d we cannot give similar precise results, but we still obtain a number
of examples for which Theorem 7.7 can be applied. For instance, curves of even
genus which are Brill-Noether-Petri generic satisfy the hypothesis of Theorem 7.7,
so they verify the two syzygy conjectures. Other cases are obtained by looking at
curves on some surfaces, when the special geometry of the pair (curve, sur face) is
used, as in the following.

COROLLARY 7.12. Let C be a smooth curve of genus 2k and mazimal Clifford
index k — 1, with k > 2 abstractly embedded in a K3 surface. Then C verifies the
Green conjecture.

Proof: Since the Clifford index of C' is maximal, and Clifford index is constant in
the linear system |C|, [GL87], the gonality is also maximal, and thus constant for
smooth curves in |C|. Then the hypotheses of [CP95, Lemma 3.2 (b)] are verified,
which implies that a general smooth curve in the linear system |C| has only finitely
many pencils of degree k+1. From Theorem 7.7 it follows that the Green conjecture
is verified for a general smooth curve C’ € |C, that is Ky 1(C’, K¢v) = 0. By apply-
ing Green’s hyperplane section theorem 2.20 (ii) twice, we obtain Ky, 1 (C, K¢) = 0,
which means that C' satisfies Green’s conjecture, too. d

Note that Corollary 7.12 does not apply to the particular curves considered by
Voisin in [V02], [V05], as they are implicitly used in the proof.
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7.4. Further evidence for the Green-Lazarsfeld conjecture

In the last section, we verified the conjectures of Green, and Green-Lazarsfeld
for generic d-gonal curves, with one exception. In this section, we treat this case,
which needs a slightly more complicated degeneration; see Remark 7.14.

THEOREM 7.13. The Green-Lazarsfeld conjecture is valid for any smooth curve
C of genus go = 2k — 1 and gonality k + 1, with k > 2.

Proof: Note that dim (W}, (C)) = 1, see [FHL84], [ACGHS85, Lemma IV.(3.3)
p. 181 and Ex. VIL.C-2, p. 329]. Then one can find three distinct points z, y and
z of C' which do not belong at the same time to a pencil of degree k + 1. Since
the incidence variety {(z +y + 2z, A) € C® x W, (C),h°(A(—z —y — 2)) > 1}
is two-dimensional, and hence the image of its projection to C'® is a surface, the
cycle & + y + z can be generically chosen in C®); cf. the proof of Theorem 7.7,.

For these three generic points we prove that Ky 1(C, Ko(x +y+ 2)) = 0. This
fact, together with Theorem 4.27, shows that the Green-Lazarsfeld conjecture is
verified for any line bundle of degree at least 3gc 4+ 1 on C.

We suppose to the contrary that Ky 1(C,Kc(xz +y + 2)) # 0, and reach a
contradiction. To this end, we introduce a curve X with two irreducible compo-
nents: the first one is C, and the second one is a smooth rational curve E which
passes through the points x, y and z. The curve X is stable, and of arithmetic
genus g = 2k + 1, and Ky, 1(X,wx) = Ky 1(C, Kc(x + y + 2)). As in the proof of
Theorem 7.7, from the genericity of the cycle x + y + 2z, we can suppose X is free
from non-trivial automorphisms and with very ample canonical bundle.

From Proposition 7.6, we obtain a torsion-free, wx-semistable sheaf F' of rank
one on X with x(F)=1—k and h°(X, F) > 2. We show that F yields either to a
pencil of degree k+1 on C which passes through z, y, and z or to a pencil of degree
at most k. Let Fg, and Fo be the torsion-free parts of the restrictions of F' to F
and C, respectively. It is known that there is a natural injection F' — Fg @ F¢
whose cokernel is supported at the points among x, y and z where F' is invertible,
[Se82]. We distinguish four cases according to the number of nodes where F is
invertible.

Suppose F' is invertible at all three z, y, and z. In this case, Fip = Fg,
Fi¢ = F¢, and we have two exact sequences

(7.4) 0— Fg(-3) = F — Fc — 0,
and, respectively,
(7.5) 0— Fe(-x—y—2)—F — Fg— 0.

The subsheaves Fg(—3) and Fo(—z — y — z) are of multiranks (1,0) and,
respectively (0,1), and, since deg(wx|r) = 1, and deg(wx|c) = 2gc¢ + 1, their
wx-slopes are equal to

w(Fe(=3)) = x(Fp(—=3)) = deg(Fi) — 2,
and, respectively,

X(Fo(—z —y—2)) deg(Fc)—2-gc
F —_1r — — = = s
uFelo—y=z)) 29c +1 290 +1
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limit blowup

/\C

ST
p— >\ X~Z %
E

see, for example [P96, Definition 1.1]. The wx-slope of F' equals

1-k
pE) =3 e

From the wx-semistability of F', we obtain deg(Fg) < 1 and deg(F¢) < k + 2.
The exact sequence (7.4) implies x(F¢) = x(F) — x(Fg(—3)) = 3 — k — deg(Fg),
hence deg(F¢) = k + 1 — deg(Fg). These numerical relations force deg(F¢) €
{k,k+1,k+ 2}

If deg(F¢) = k + 2, then Fg = Og(—1) hence any global section of F' vanishes
along E. Then any global section of F' vanishes at all the three points z, y, and z.
Since F has at least two sections, the sublinear system H°(F) C H°(F¢) on C has
x, y, and z as base-points, in particular h°(Fo(—x —y — z)) > 2. Then C carries a
g,i_l, fact which contradicts the hypothesis.

If deg(F¢) < k + 1, from (7.4) we obtain h°(C, F¢) > h%(X, F) > 2. Since C
does not carry a g}, it follows that Fg = Op, and F¢ is a base-point-free g,i_H on
C. Let o be a non-zero global section of F which vanishes at x; such a o exists as
h°(C, Fc) = 2. Then o is the restriction of global section o of F, as the restriction
morphism on global sections is in this case an isomorphism. Since Fr = Op, the
restriction of o9 to F is a constant function. The section o vanishes at x, hence
it vanishes on the whole E. In particular, oy vanishes at y and z, and hence o
vanishes at y and z as well. This is a contradiction, as we supposed that there was
no such a o.

The other three remaining cases (F is invertible at y, and z, and is not invertible
at x, or F' is invertible at x, and is not invertible at y and z, or F & Fg & F¢) are
solved in a similar manner. The idea is always to use semi-stability, which means
briefly that the slopes of the restrictions to the two components cannot differ too
much; we refer to [Ap05] for a complete proof. O

REMARK 7.14. The stable curves considered in this section are limits of irre-
ducible curves with two nodes. The limit is obtained by blowing up the point (x, z)
on C x C, and identifying the strict transforms of the diagonal and of y x C' on the
one hand, and the strict transforms of  x C' and of z x C on the other hand (see
the figures below). This fact indicates that this case is “more degenerate” than the
others.

We obtain directly from Theorem 7.13 a version of the Hirschowitz-Ramanan-
Voisin Theorem for syzygies of pluricanonical curves.

COROLLARY 7.15. If C is a smooth curve of genus 2k — 1, where k > 2, with
Ko@n—1)(k=1)—(h+1)1 (C, K&") # 0
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for some n > 2, then C carries a g;.

7.5. Exceptional curves

It was proved in the previous Sections that Green conjecture is valid for curves
with small Brill-Noether loci. It remains to verify the Green conjecture for curves

which do not verify condition (7.3). One result in this direction was proved in
[APO06].

THEOREM 7.16. Let S be a K3 surface with Pic(S) = Z.H ® Z{, with H very
ample, H2 =2r —2 > 4, and HL = 1. Then any smooth curve in the linear system
|2H + ¢| verifies the Green conjecture.

Smooth curves in the linear system |2H + ¢| count among the few known ex-
amples of curves whose Clifford index is not computed by pencils, i.e. ClLff(C) =
gon(C) — 3, as was shown in [ELMS89] (other obvious examples are given by plane
curves, for which the Green conjecture was checked in [Lo89]). Such curves are the
most special ones in the moduli space of curves from the point of view of the Clifford
dimension; for this reason, some authors call them exceptional curves. Hence, the
case of smooth curves in |2H + ¢| may be considered as opposite to that of a generic
curve of fixed gonality. Note that these exceptional curves carry a one-parameter
family of pencils of minimal degree (see [ELMS89]), hence the condition (7.3) of
Theorem 7.7 is not satisfied.

The idea of the proof is to look at the family of pairs (C, A), with C € |2H|
smooth and A € W3,_,,,(C), and to give a bound on the dimension of the irre-
ducible components dominating |2H |, then apply a version of Theorem 7.7. Thanks
to the work of Lazarsfeld and Mukai, to the data (C, A) (for simplicity we assume
here that A is a complete and base-point-free pencil) one can attach a rank-2 vec-
tor bundle F(C, A) on the surface S. If this bundle is simple, then the original
argument of Lazarsfelds [La86], or the variant provided by Pareschi [Pare95], al-
lows one to determine these dimensions. In the non-simple case a useful lemma
(see [GL87], [DM89] and [CP95]), leads to a very concrete description of the
parameter space for such bundles. This description, together with the infinitesimal
approach of Pareschi [Pare95], allows us to conclude.
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Another consequence of the argument given is that the Green-Lazarsfeld con-
jecture holds for the generic curves in the linear system |2H |, see [AP06, Corollary
4.5].

7.6. Notes and comments

The proof of Theorem 7.1 relies on a comparison of the two divisors D11 and
D;C 41 in the moduli space Magy1. The hardest part is to show that the latter is
a genuine divisor, and does not cover the whole moduli space; this is implied by
Theorem 6.14.

Starting from Theorems 6.9 and 6.14, C. Voisin had the idea to degenerate a
smooth curve on a K3 surface to an irreducible nodal curve X in the same linear
system, in order to make the Koszul cohomology of X vanish. The aim was to verify
the Green conjecture for the normalisation of X; see [V02]. This resulted into a
very short and elegant solution for the Green conjecture for generic curves C' of
non-maximal gonality larger than go/3. A previous result of M. Teixidor [Tei02],
using completely different methods, implied the Green conjecture for generic d-
gonal curves with d bounded from above in the range gc/3. The obstruction to
an extension of Voisin’s approach is given by the existence of nodal curves with a
prescribed number of nodes.

Along the same lines, C. Voisin remarked that the degeneration method to
nodal curves leads, in combination with Theorem 4.27, to a solution for the Green-
Lazarsfeld conjecture for generic curves of fixed gonality in the same order range;
cf.[AV03, Theorem 1.3] and [AV03, Theorem 1.4]. This strategy did much better
than the partial result [Ap02, Theorem 3]; see [AV03, Remark 2] for some related
comments.

At the other end of the spectrum, normalizations of irreducible nodal curves
on P! x P! have been used to verify the two conjectures for generic curves C in
any stratum of gonality bounded in the order ,/gc, see [Sch89, Theorem|, and
[Ap02, Theorem 4], the vanishing of the Koszul cohomology having been proved,
in contrast to Voisin, directly on the normalizations. Further connections between
Green and Green-Lazarsfeld conjectures are discussed in [Ap02, Appendix and II].

The two conjectures seem to be intricately related to each other, altough the
precise relation between them remain unclear for the moment. However, section
7.3 gives clear evidence pleading for unity. The idea there was to use degeneration
to nodal curves, and to apply Theorem 7.1. Voisin’s degenerations on K3 surfaces
indicate that the right method is to compute the Koszul cohomology directly on
nodal curves, instead of normalising them first as in [Ap02] and [Sch89]. The
proof of Theorem 7.7 shows that this is a very natural thing to do.

The case considered in section 7.4 is somewhat different. Two points x and y
added to the canonical bundle K¢ will never suffice to verify the Green-Lazarsfeld
conjecture. The reason is that the Brill-Noether locus of pencils of minimal de-
gree on C' is one-dimensional, hence through any two points on the curve passes a
minimal pencil. By the Green-Lazarsfeld nonvanishing (Corollary 3.36) we cannot
obtain the desired vanishing for Ko (x 4 y). A similar phenomenon occurs for any
curve carrying infinitely many minimal pencils. For any such curves, we need to add
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at least three points to the canonical bundle in order to verify the Green-Lazarsfeld
conjecture.






CHAPTER 8

Applications

8.1. Koszul cohomology and Hodge theory

In this section we discuss the relationship between Koszul cohomology and
infinitesimal computations in Hodge theory.

8.1.1. Variations of Hodge structure. We present a brief introduction to
the theory of variations of Hodge structure and infinitesimal variations of Hodge
structure, including only the basic definitions; see [CMP] or [V02b] for a more de-
tailed treatment. A short introduction to infinitesimal variations of Hodge structure
is given in [Ha85].

Let X and S be smooth quasi—projective varieties over C, and let f : X — S be
a smooth, projective morphism of relative dimension n. Given a simply connected
open subset U C S and a base point 0 € U, Ehresmann’s fibration theorem provides
us with a diffeomorphism f~1(U) ~ X, x U that allows us to identify H"(X,,Z)
with H™(Xo,Z) for all s € U. Taking the Hodge filtration F'® on the cohomology
of the fibers, we locally obtain a family of filtrations { FPH" (X, C)}scy on a fixed
vector space H" (X, C) =& H"(X,,C). The groups H"(Xs,Z) (s € S) glue together
to give a locally constant sheaf R™ f.Z. The associated holomorphic vector bundle

H=R"f.Z®zOs

is called the Hodge bundle. It admits a decreasing filtration by holomorphic sub-
bundles
H=F'>F' >...oF"'>F"
such that the fiber of F? over s € S is FPH"(X,,C). The Hodge bundle comes
equipped with a natural connection, the Gauss—Manin connection
V:H—-Q0H

whose flat sections are the sections of the local system R™f.Z. This connection
satisfies the Griffiths transversality property

V(FP) C Qg @ FP
Hence V induces maps
V. FP/FPH — Qy @ FPOL FP

for all p. These maps are Og—linear. The data (H,F*,V) is called a variation of
Hodge structure.

Fix a base point 0 € S, and put Hz = H"(Xy,Z). The abelian group Hy, carries
a Hodge structure of weight n, i.e., Hc = Hz ® C admits a Hodge decomposition

_ P,q 7 — [P
He =@, 0P, Hra=HP.

99



100 8. APPLICATIONS

Cup product defines a polarisation
Q: Hy x Hy — H*(X0,Z) = Z
such that Qc : HP? x H"™P"™% — C is a perfect pairing. Let T' = T(S be the
holomorphic tangent space to S at 0. The fiber of V at 0 provides us with maps
Vo : H?? — Hom(T, HP~1t1)
for all p and ¢q. Hence we obtain a map

6:T — @p Hom(Hp’q, Hp—l,q+1)

defined by §(v)(€) = Vo(v)(€); this map is called the differential of the period map.
Griffiths showed that the map ¢ is given by cup product with the Kodaira—Spencer
class, i.e., we have §(v)(&) = k(v) U with

kT — HY(Xo,Tx,)

the Kodaira—Spencer map. Furthermore the operators §(v;) and d(vy) commute
for all v1, v € T and one has the relation

(8.1) Qo(v)&,m) = —Q(&,6(v)n)

forallv € T, & € HPY, € H PTLn=atl The data (Hz, F*,Q, T, &) constitute an
infinitesimal variation of Hodge structure (IVHS). We shall present several examples
where calculations with infinitesimal variations of Hodge structures can be reduced
to vanishing theorems for Koszul cohomology.

An important ingredient used in the first two examples is Griffiths’s description
of the primitive cohomology of hypersurfaces in projective space using Jacobi rings
[Gri69]. Given a smooth hypersurface X = V(f) C P"*! of degree d, consider the
Jacobi ideal J = (%, ce afan) in the polynomial ring S = Clxog, ..., Zp4+1] and

define R = S/J. The ring R is a graded ring called the Jacobi ring, and Griffiths
proved that

HI 0P (X) 2 Ripiyd—n—2-

prim
8.1.2. Explicit Noether—Lefschetz. Let
S = {(@,[F)) | F(x) = 0}
be the universal family of smooth surfaces of degree d in P3, with
U c H(P?,0p(d))/PGL(4)

the open subset parametrising smooth surfaces. Recall that the Noether—Lefschetz
locus is the subset

NLy = {t € U | Pic(S,) # Z[Os(1)]} C U.

It is known to be a countable union of closed subvarieties of U. The Noether—
Lefschetz problem asks for which values of d we have NLy; C U. By the Lefschetz
(1,1)~theorem, ¢ belongs to NL, if and only if there exists a primitive Hodge class
A\ € HL (S)) N H?(S;,Z). Let ¥ be an irreducible component of NLg, and let

prim
0 € ¥ be a base point which is chosen outside the singular locus of ¥. Put H =
H2,(80,C) = H*P© H>' @ H%?, and let \ € HY (S0)NH?(Sy,7Z) be a nonzero

prim

primitive Hodge class. Let Tj be the tangent space to U at 0, and consider the map
§: Ty — Hom(H"', H%?)
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induced by the differential of the period map. The Hodge class A remains of
Hodge type (1,1) under an infinitesimal deformation with direction v if and only if
d(v)(A) = 0. Let @ be the polarisation on H. Using the relation (8.1) we obtain

()N =0 = Ype H*°,Q(3(v)(\),pn) =0

— Ve H* QX 5(v)(u) =0.
Let T§ C Ty be the tangent space to ¥ at 0. The preceding discussion shows that
the image of the map
YTy @ H*O — HY (v @ p) = 6(v)(p)

is contained in the orthogonal complement A of X. In particular, the map v cannot
be surjective. We now translate this problem into the language of Jacobi rings. It
can be shown that Ty & R, [Gri69], hence T{ can be identified with a subspace of
Rg. Under this identification, the map % is induced by the multiplication map

Rg® Ry—y — Rog—4.

Let W be the inverse image of T} under the projection from Sy to Rq. Then W
is a base—point free linear subspace of Sy (since it contains the Jacobi ideal J, and
the surface Sy is smooth) with the property that the map W ® Rj_4 — Rag—4 is
not surjective. It follows that the multiplication map W ® S3_4 — S34_4 is not
surjective. Hence codim W > d — 3 by Corollary 2.40, and we obtain the following
result due to Green [Gre84b], [Gre88] and Voisin [V88b].

THEOREM 8.1 (Explicit Noether—Lefschetz theorem). Every irreducible compo-
nent of NLy has codimension at least d — 3.

This result is a refinement of the classical Noether—Lefschetz theorem. Note
that the degree estimate is sharp, since the component of surfaces in P? containing
a line has codimension d — 3.

8.1.3. The image of the Abel-Jacobi map. Let X = V(f) C P* be a
smooth hypersurface of degree d. Griffiths constructed a complex torus

JQ(X) = HQ(Xv (C)/F2H3(X7 C) + HB(Xa Z) = FlHB(Xv C)V/H?)(Xa Z)v
the intermediate Jacobian, and an Abel-Jacobi map
AJy : CHE, . (X) — J*(X)

from the Chow group of homologically trivial codimension two cycles to this com-
plex torus. This map is defined as follows. Given a codimension two cycle Z with
zero homology class, choose a topological 3—chain 7 such that 0y = Z, and let ¢z
be the integration current that sends a 3—form w to fw w. One then shows that the

class of ¥z is well-defined in J?(X).

Let f : X7 — T be a family of hypersurfaces in P*. To this family we can
associate a holomorphic fiber space of complex tori

T (X7 )T) = User J*(Xy).
Let H = R?f,Z ®7 Or be the Hodge bundle. The sheaf
J=H/F*>+ R*f.Z
is the sheaf of holomorphic sections of the fiber space J2(X7/T). A holomorphic
global section of J is called a normal function. (If T is not projective, one should
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add growth conditions at infinity; cf. [Z84] for a discussion of this issue.) Given a
family {Z; }ter of homologically trivial codimension two cycles, we obtain a normal
function v of J by setting v(t) = AJ(Z;). Using the Griffiths transversality property
of the Gauss—Manin connection V on H, we obtain a commutative diagram

FP+RfL - QpeF X 0Ger

| | ||

H = QeoH X 02oH
J s QL eH/FL

A normal function coming from a family of algebraic cycles has the additional
property of being horizontal. This means that it is a section of the sheaf

Jhor = ker(ﬁ T — Q%ﬂ ® H/fl)

To a horizontal normal function one can associate an infinitesimal invariant. This
is done in the following way. Since V is a flat connection, the commutative diagram
above defines a short exact sequence of complexes of sheaves

0—F*—H*—-T*—0.

The connecting homomorphism associated to this short exact sequence gives a map
from Jhor to the first cohomology sheaf H!(F*®) of the complex F*. Taking the
induced map on global sections, we obtain a map

§ : HYT, Joor) — H(T, H' (F*)).

The image of a horizontal normal function v under this map is called the infinites-
imal invariant dv. This invariant enables us to decide whether a normal function
has a locally constant lifting to H. Specifically, if 7 is a local lifting of v to the
Hodge bundle H, horizontality of v implies that V# is a section of QL @ F!. If
dv = 0, there exists locally a section © of F? such that Vi = Vi, hence &/ — ' is a
flat local lifting of v.

The existence of locally constant liftings implies strong rigidity properties of
the normal function. In the case at hand, a monodromy argument due to Voisin
[V94, Prop. 2.6] shows that if Jv = 0 then v is a torsion section of J. It remains
to see when the condition v = 0 is satisfied. Using semicontinuity and a little
homological algebra, one shows that v = 0 if the complexes

H?'(X,) Yo Qb @ HY(X,) Yo 0%, @ HP(X,)
HO(X,) Yt OF, ® H*(Xy) N, 07, ® H"?(X,)
are exact at the middle term.

Consider the universal family X7 — T of hypersurfaces in P* (more precisely,
an étale base change of this family). Dualising the above complexes and rewriting
them using the Jacobi ring, we obtain complexes

/\sz ® Rg—5 — Ry ® Rag—5 — Rsq_s
/\sz ® Rog—5 — Rqg ® R3g—5 — Ryq—s.

The exactness of these complexes is governed by the following result due to Donagi,
with subsequent refinements by Green [DG84].
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LEMMA 8.2 (Symmetrizer Lemma). The complex
A°Rq® Ry_q — Rq® Ry — Ryya
is exact at the middle term if k > d + 1.
Proof: A diagram chase shows that it suffices to show that the complex
A°Sa® Ry—gq — Sq® Ry — Riya
at the middle term. The commutative diagram

NSa®@Jha — Sa®Jp —  Jiia

| | l

/\QSd®Sk_d — Sq®S, — Sk—i—d
/\2Sd®Rk7d — Sd®Rk — Rk+d
shows that it suffices to have exactness of
N>S4® Sk_d4 — Sa® Sk — Skia

at the middle term and surjectivity of the map Sy ® Jr — Jxiq. The second
condition is satisfied if k& > d — 1, since the ideal J is generated in degree d — 1.
Using Theorem 2.39, we find that the first condition holds if k > d + 1. O

Using the symmetrizer Lemma, one obtains the following result due to Green
[Gre89] and Voisin (unpublished).

THEOREM 8.3 (Green—Voisin). Let X C P* be a very general hypersurface of
degree d. If d > 6, then the image of the Abel-Jacobi map

AJy : CHE, . (X) — J*(X)

is contained in the torsion points of J*(X).

8.1.4. Hodge theory and Green’s conjecture. The following reformula-
tion of Green’s conjecture in terms of variations of Hodge structure is due to Voisin.
Recall that the generic Green conjecture states that

K1 (C, Ke) =0
if C is a general curve of genus g € {2k, 2k + 1}, conjecture 4.13. The starting point
of Voisin’s construction is to rewrite the complex
NTHY(C Ke) — N"HO(C,Ke) @ HO(C, Ko) — N HY(C, K¢) © HO(C, K2)

in terms of the cohomology of the Jacobian of C. As the Jacobian J(C) is an abelian
variety, we have an isomorphism of Hodge structures H*(J(C)) =2 A\"H*(C) for all
k > 0. Hence

1%

HP(J(C)) N'HYO(C) @ NTH(C)
/\pHO(Ca KC) ® /\qu(07 OC)
Using Serre duality we can rewrite this as

H™(J(C)) = NPHO(C, Ko) ® N H°(C, K¢).

1%
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In particular, we obtain the isomorphisms
AN HO(C, Ke) = HY97*=1(J(C)), N"H°(C,Kc)®HO(C,Ke) = HY97%(J(C))

for the first two groups appearing in the Koszul complex. Let Mg be the open
subset of the moduli space M, parametrising smooth curves of genus g with trivial

automorphism group, and consider the variation of Hodge structure associated to
the Jacobian fibration f: J — ./\/lg. Put H* = R¥f.Z ®y (’)Mg, and write

HP = j:pHp+q/f.p+1Hp+q_
By Griffiths transversality, the Gauss—Manin connection induces O Mgflinear maps
VYV HPY — Q}\AO ® HP~Latl,
9

Given [C] € MY, we have TicyM, = H'(C,T¢) = H°(C, K¢)V. Taking (p,q) =
(1,9 — k) and restricting to the fiber over [C], we obtain (using the previous iden-
tifications) a map

Ve : HY(C,Ko)® N"HO(C, Ke) — HY(C,K2) @ NFHO(C, K¢)
which can be identified with the Koszul differential. The map
N HO(C, Ke) — NFHO(C, Ke) @ H(C, K¢)
is identified with the map
6 :H"""1(J(C)) — HYF(J(0))

given by cup product with the class § € H(J(C)) of the theta divisor. The cok-
. . . L 1g—k

ernel of this map is isomorphic to the primitive cohomology H ;¥ *(J(C)). Hence

we obtain the following reformulation of the generic Green conjecture in terms of

Hodge theory.

PROPOSITION 8.4 (Voisin). Green’s conjecture holds for a general curve C of
genus g € {2k, 2k + 1} if and only if the map

Vet Hy F(I(0)) = Qv o) ® HUL T (I(C))

prim prim

induced by the Gauss—Manin connection is injective.
8.2. Koszul divisors of small slope on the moduli space.

In this Section we discuss briefly the slope conjecture, and the counter-examples
found recently by G. Farkas and M. Popa. We begin by recalling the statement and
the motivation behind this conjecture.

Let ﬂg be the moduli space of stable curves. In order to study the birational
geometry of M, one could ask for a description of the cones

Ample(X) C Eff(X) C Pic(M,) ® R
of ample and effective divisors on ﬂg. This question goes back to Mumford
[Mu77]. The effective cone describes the rational contractions of My, i.., ra-
tional maps from M, to projective varieties with connected fibers. Furthermore,
it gives information about the Kodaira dimension of M; see Remark 8.7. The
description of the full ample and effective cones turns out to be a difficult problem.
(Gibney, Keel and Morrison [GKMO02] have proposed a conjectural description of
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the ample cone.) Hence one often pursues a more modest goal, the description of

the intersection of these cones with a suitable plane in Pic(M,) ® R.

It is known that Pic(M,) is generated by the Hodge class A (which is nef and
big) and the boundary classes d;,7 = 0,...,[§]. Given a class v which is an effective
linear combination of the boundary divisors, let

Ay =RA+R.(—7)

be the plane inside Pic(M,) spanned by A and —y. The only interesting part of
the intersection of Ample(X) and Eff(X) with this plane is the first quadrant; cf.
[Ha87]. Specifically, if we define the slope of aX — by (a > 0, b > 0) as the number
s = a/b, both cones will be bounded from below by a ray of given slope Sampie resp.
Seft (see the figure).

Ay
Effective divisors

tan = slope

A
\j

In practice, one usually works with the plane As spanned by A and the class
§ = >, 0; of the boundary divisor A = M, \ M; we shall exclusively work with
this plane in the sequel. Cornalba and Harris [CH87] showed that in this case
Sample = 11.

The description of Eff(X) N Ay is more delicate. The constant seq is usually
denoted by s, and is called the slope of M,. By what we have said before, we have
Sg = inf{% | aX — bd is effective ,a,b > 0} .

To obtain a lower bound for s, consider an effective divisor D whose support does
not contain any boundary divisor A;. The class of such a divisor has the form

[D] =aX— > bid;

with @ > 0, b; > 0 for all 4. Put b= min {b;[i =0,...,[2]}, and define the slope of
D by the formula
s(D) = a/b.

By construction aX — bé belongs to Eff(Mg) N As, hence s, < s(D).
Consider the Brill-Noether locus
BNy = {[C] € M, | C carries a gy }.
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Eisenbud and Harris [EH87b| have shown that for positive r and d with p(g,r,d) =
—1 (this condition implies that g + 1 is composite) the locus BN7 is a divisor, the
Brill-Noether divisor; they showed that the class of its compactification is given by

6 ‘
i>1
Hence we obtain the upper bound

54 <6+ 12

o g+1
if g+ 1 is composite. Based on the idea that Brill-Noether divisors should be
the divisors of minimal slope, Harris and Morrison [HaM90] made the following

conjecture.

12

CONJECTURE 8.5 (Slope Conjecture). For any g > 3 we have s, > 6 + pg

with equality if and only if g + 1 is composite.

REMARK 8.6. One finds two different versions of this conjecture in the lit-
erature: in the work of Farkas and the paper of Harris-Morrison [HaM90] the
conjecture is stated in the version above, whereas in [HaM98] and [V07] the con-
jecture is stated using the dg— slope. Both versions of the conjecture should be
closely related; see [FP05, Thm. 1.4 and Conj. 1.5].

REMARK 8.7. The slope of mKﬂg equals 13/2 [HM82, p. 52] for all m. Note

that 13 12
— <6+ —— <— 23.
5 <06+ g1 g <

Hence the slope conjecture would imply that if g < 23 the ray spanned by ng is

ineffective and k(M) = —oc.

Farkas and Popa [FPO05] found a counter-example in genus 10 using the fol-
lowing result.

PROPOSITION 8.8. Denote
Ky ={[C] € My | C lies on a K3 surface}.
The support of any effective diwisor D with s(D) < 6 +12/(g+ 1) contains K.

In [FPO5], Farkas and Popa show that Kyg is a divisor on My and calculate
its class. Their computation shows that s(K19) =7 < 6+ %, hence the divisor ICqg
provides a counterexample to the slope conjecture for g = 10.

For g <9 and g = 11 we have Kg = ﬂg, since for these values of g the moduli
space M, is swept out by Lefschetz pencils of curves on K3 surfaces of degree
2g—2 in PY by results of Mukai [M92]. Hence the Slope Conjecture holds for g < 9
and for g = 11; this result had been obtained in [HaM90], [Tan98] using similar
methods. For g > 12 the K3 locus K, is not a divisor in M,. Proposition 8.8
suggests that one could obtain counterexamples for the slope conjecture by looking
for a divisorial condition on curves of genus g that is weaker than the condition of
lying on a K3 surface. The starting point is the following characterization of the

divisor Kqg.
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THEOREM 8.9 (Farkas-Popa, [FPO05]). The divisor Kio admits the following
set-theoretical description.

Kio = {[C] € My | AL € W{4(C), S2H®(C,L) — H°(C, L?) is not surjective}.

The condition in the statement of Theorem 8.9 is equivalent to the existence
of a pencil A € W{(C) such that the multiplication map

S2HY(C,Kc ® AY) — H°(C, (Kc ® AY)?)

is not surjective. In terms of Koszul cohomology, Theorem 8.9 says that [C] € K1
if and only of there exists A € W{(C) such that the property (Ng) (see Definition
4.15) fails for K¢ ® AY. Starting from this observation, G. Farkas found a series of
interesting cycles on the moduli space of curves defined using Koszul cohomology.

A first general series of examples was given in [Fa0O6a]. Fix g = 6i + 10 and
d = 31+ 6, and denote by o : G,lf — M, the Hurwitz scheme of k-sheeted coverings
of P! of genus g parametrising pairs (C, A) with C € M, and A € W}(C). For
each i > 0 one introduces the cycle Uy ; consisting of pairs (C, L) € G} such that
the Green-Lazarsfeld property (NV;) fails for Ko ® AY. By taking the push-forward
04+(Uy,;) and restricting to the open subvariety Mgk of M, parametrising k-gonal
curves with trivial automorphisms group, one obtains a stratification

Zg0 C Zg1 C...CZg; C...C My,
In [Fa06b| Farkas generalised the previous construction in the following way.
Given integers i > 0 and s > 1, put
g=rs+s, r=2s+si+1i, d=rs+r.

Under these numerical assumptions p(g,r,d) = 0, hence there exists a unique com-
ponent of G, which dominates Mg, and the restriction of G7, =+ M, over that
component is generically finite. Define

U,i ={(C,L) € Gy | L does not satisfy (V;)}.
As K, ,(C,L) =0 for all ¢ > 3 one has
Ui = {(C.L) € Gy | K;2(C, L) # 0},
LEMMA 8.10. Let L be a very ample line bundle on C, and let
C —P=PH(C,L)

be the associated embedding. Let My, be the kernel bundle associated to L, and let
Mp be the kernel bundle associated to Op(1). We have K; 2(C,L) = 0 if and only
if the restriction map

HO(P, \"Mp ® Op(2)) — H°(C, \"My, ® L?)
18 surjective.

Proof: Put V = H°(C, L), and note that M; = Mp @ Oc. By Proposition 2.4
K;2(C,L) =0 if and only if the map

a: NV e H(C,L) — H(C, \'M ® L?)
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is surjective. Consider the commutative diagram
ATV e HO(C,L) -  HY(C,A\'M,®L?)
Ts
AW e HOP,0p(1)) =& HOP, \'Mp(2)).

The Euler sequence shows that Mp = Qb(1), hence H (P, A\"t"Mp(1)) = 0 by the
Bott vanishing theorem. This implies that v is surjective, hence

« is surjective <= (3 is surjective.
O

Farkas constructs vector bundles A and B over G, whose fibers over (C, L) are
given by
A,y = H' (P, N'Mp(2)), Bc,ny = H(C,\"M @ L?).
and a homomorphism of vector bundles ¢ : A — B. The previous Lemma shows
that
Ugs = {(C,L) | ¢(c,1) is not surjective}
is the degeneracy locus of . With the given numerical hypotheses, one checks that

rank A = rank B. Hence Uy ; is a virtual divisor, i.e., its expected codimension is
one, and its image Z,; = o.Uy; is also a virtual divisor.

In [Fa06b] Farkas shows that ¢ extends to a morphism of torsion free sheaves
¢ : A — B of the same rank over the compactification of GJ; given by limit linear
series. His main result of is the computation of the class o.cq (B —.A) of the virtual
degeneracy locus of ¢; see [Fa06b, Theorem 1.1]. One remarkable fact about
this result is that for suitable choices of s and i, it specializes to the divisor class
calculations carried out in [HM82], [EH87b], [Kh06], [FP05] and [Fa06a].

If the map ¢ is generically nondegenerate, then Z,; is a genuine divisor. As
pointed out in [Fa06b], the problem of deciding whether the loci Z, ; are genuine
divisors is extremely difficult. For example, the statement that Z5;, 3 ; is a divisor
on Mo, 3 is essentially Green’s Conjecture for a generic curve of odd genus, [V05].
Below we list a number of special cases where it is known that Z ; is a divisor.

e The case s = 1. In this case ¢ = 2+ 3 and g = ggg‘_lz = K¢ (note
that the canonical bundle is the only 939112 on a curve of genus g). The
generic Green conjecture [V05], [HR98] gives a set-theoretic identifica-
tion between Zs;43,; and the locus of (i +2)-gonal curves (the two divisors
coincide actually up to some factor). In this case [Fa06b, Theorem 1.1]
provides a new way of determining the class of the compactification of the
Brill-Noether divisor first computed by Harris and Mumford [HM82].

e The case s = 2. Here the numerical invariants are

g=6i+10, r=3i+4, d=9i+12.
In this case we recover the case discussed earlier in this section, since
h'(Kc®LY) = 2 and G is isomorphic to a Hurwitz scheme parametrising
covers of PL. For i = 0 one recovers the class of the K3 divisor Ko treated

in [FPO5]. In [Fa06a] Farkas has verified that Zs; 110, is a divisor for
i =1 and ¢ = 2. In general, one has to show that if [C] € Mg;110 is a
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general curve, then one (or, equivalently, all) of the finitely many linear
systems gg. 11, = Kc(—g3;,¢) satisfies property (N;). This is the analogue
of the Green-Lazarsfeld Conjecture 4.31 for the case of line bundles L with
hY(C,L) = 2.

e The case ¢ = 0. This gives the numerical invariants
g=352s+1), r=2s, d=2s(s+1).

Farkas [Fa06b, Thm. 1.5] has shown that Z,  is a divisor f or all s > 2.
The cases s = 2 and s = 3 were treated in [FP05] and [Kh06].

These cases provide infinitely many counterexamples to the Harris-Morrison
Slope Conjecture.

8.3. Slopes of fibered surfaces

Let f : S — B be a fibered smooth projective surface over a smooth projective
curve B. Let us suppose that the fibration is relatively minimal (i.e. there are
no (—1)—curves contained in the fibers of f), not isotrivial, and that the genus of
the fibers is at least 2. Using the relative canonical bundle Kg,p, one defines two
invariants of the fibration. The first one is

x(f) = deg f+(Ks/B) = x(Os) = x(OB)x(Or),
where F' is a general fiber of f. It is known that x(f) > 0; see for example [Xi87].
The second invariant is defined by

_ Kp

Af) = .
) x(f)
In [Xi87], Xiao proved that the following inequalities hold:

s 3 <Af) <12
The equality A(f) =4 — 4/g holds if and only if the general fiber is hyperelliptic.
Over the years, several authors tried to improve this bound. To this end, one
needs another invariant: the Clifford index of f, denoted Cliff(f), which is by
definition the Clifford index of a general fibre. For fibrations of Clifford index one,
(i.e. the general fiber of f is a trigonal curve, or plane quintic) the lower bound
was improved to
g—1
A(f) > 1439+1.
It is expected that the optimal lower bound depends on the Clifford index of the
fibration.

The generic Green conjecture for curves of odd genus has the following conse-
quence; see [K099] for details.

THEOREM 8.11 (Konno). Notation as above. Suppose that g > 3 is odd, and
Cliff(f) = (g —1)/2. Then
6(g —1)

Af) = P
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Any non-isotrivial fibration f induces a curve B C ﬂg. Applying Theorem
8.11 and arguing as in [Xi87, Corollary 1], one obtains the inequality
B-6 12
<6+ ——.
B g+1
This bound is related to the Slope Conjecture in the following way. If D = aX — bd
is an effective divisor on M, and f is a general fibration, then D - B > 0; hence
s(D) =a/b> (B-6)/(B-\). If there exists a curve B in M, for which the inequality
(8.2) is an equality, then the Slope Conjecture holds; this was the approach used in
[Tan98].

(8.2)

8.4. Notes and comments

As Green explains in the introduction of [Gre89], his original motivation for
studying Koszul cohomology comes from Hodge theory; specifically, he cites the
paper [LPW] on the infinitesimal Torelli problem as a source of inspiration. The
theory of infinitesimal variations of Hodge structure was developed by Griffiths and
his co-workers in the influential paper [CGGH83]. The idea is that by working at
the infinitesimal level, certain Hodge—theoretic questions can be rephrased in terms
of multilinear algebra; they can then frequently be solved using vanishing theorems
for Koszul cohomology.

As we have seen, the explicit Noether—Lefschetz theorem and the theorem of
Green—Voisin on the image of the Abel-Jacobi map follow from vanishing theorems
for the Koszul groups Ko 2(P3?, Op(—4), Op(d); W) and Ki2(P*, Op(—5), Op(d)).
Nori found a beautiful generalization of these results, which provides a Hodge-
theoretic interpretation of the vanishing of the Koszul groups K »(P", Kp, Op(d))
in terms of a Lefschetz—type connectivity theorem for the cohomology of the uni-
versal family of hypersurfaces in projective space [N093]. See [CMP], [V02b] or
[Gre94, Lecture 8] for a more detailed discussion of this result. More generally,
Nori’s theorem is valid for the universal family of complete intersections of suffi-
ciently high multidegree in an arbitrary polarised variety. A proof of this theorem
using Koszul cohomology computations was obtained in [Na02]; cf. also [Na04].
One of the key points is the description of the variable cohomology of such complete
intersections using a generalized Jacobi ring. Specifically, if Y is a smooth projec-
tive variety, the variable cohomology of a smooth divisor X € |L| of dimension n
with inclusion ¢ : X — Y is defined by

H (X) = coker (H"(Y) <+~ H™(X));

var

this coincides with the usual primitive cohomology if Y is a projective space. In
[Gre85], Green showed that if L is sufficiently ample, H? P?(X) is isomorphic to
the quotient of H°(Y, Ky ® LPT!) by a suitably defined generalized Jacobi ideal.
This generalizes Griffiths’s description of the primitive cohomology of hypersurfaces
in projective space. Using this description, the exactness of the complexes appearing
in the infinitesimal study of this problem can be reduced to vanishing theorems for
the groups K, ,(Y, Q% L).

The problem of determining the effective cone of the moduli space M, remains
a hard open problem. Even though the slope conjecture was disproved, we can
still ask about the possible lower bounds for slopes. Using inequalities of type
s(D) =a/b > (B-6)/(B-\) (cf. section 8.3), one can try to find good families
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of curves, parametrized by bases B with suitable B - 6/B - A. Along these lines,
it was proved that if D is an effective divisor with s(D) < 8 then D contains
the hyperelliptic locus, and if s(D) < 7 + 2 then D contains the trigonal locus,
[HaM90], [Tan98]. The question remains to know if the slope of any effective
divisor is at least 6, or close to this bound. This question is related to the Schottky
problem; cf. [Mo].

Moduli spaces of pointed curves are also of high interest. In genus zero, the
effective cone has been explicitly described in [KeM96|. Their main result shows
that in this case the effective cone is generated by the boundary classes; in particular
it is simplicial.
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