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1. INTRODUCTION

1.1. Parabolic-singular duality. Let g D b D h be a complex semisimple Lie
algebra, a Borel subalgebra and a Cartan subalgebra contained in it, respectively.
Let U = U(g) be the universal enveloping algebra of g. Let O be the category
of all finitely generated U-modules which are locally finite over b and semisimple
over B, see for example [BG80]. For A € h* consider in O the Verma module
M(X) = U ®uy(e) Cy, its simple quotient L(A) and the (indecomposable) projective
cover P(\) of L(\) in O.

Let Z C U be the center. Let L € O be the direct sum of all simple highest
weight modules L(A) which have trivial infinitesimal character, i.e. which have the
same annihilator in Z as the trivial representation C = L(0). There are but finitely
many of those, parametrized by the Weyl group. Let P € O be the direct sum of
their respective projective covers. The first statement of the following theorem is
the main result of [Soe90].

Theorem 1.1.1. There exists an isomorphism of finite dimensional C-algebras
Endo P = Extg (L, L),

where Ext® stands for the direct sum of all Ext’, made into a ring via the cup
product. Furthermore, Exté, (L, L) is a Koszul ring.

We have to explain what a Koszul ring is.
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474 A. BEILINSON, V. GINZBURG, AND W. SOERGEL

Definition 1.1.2. A Koszul ring is a positively graded ring A = @j>0 Aj such
that (1) Ap is semisimple and (2) Ay considered as a graded left A-module admits
a graded projective resolution

P2 pl P04,
such that P? is generated by its degree i component, i.e., P* = AP}.

Morally a Koszul ring is a graded ring that is “as close to semisimple as a
Z-graded ring possibly can be”. This statement will be made more precise by
Proposition 2.1.3.

We explain next the meaning of the ring E = Endp P. If A is an abelian category
whose objects have finite length and P € A a projective generator of A (i.e. a
projective object surjecting onto each simple object in .A), then there is a canonical
standard (see, e.g., [Bas68], the exercise following Theorem 1.3 from Chapter IT)
equivalence of categories

Hom4(P, ):.A — Mof-E, E=EndyP,

where Mof- stands for the category of finitely generated right modules. Now let
7T = AnnzC C Z be the augmentation ideal of the center. Apply the considera-
tions above to the category Og = {M € O | (ZT)"M =0 for n > 0}. Thus we get
an equivalence of categories

O = Mof-(Endo P).

So the theorem says in particular that the category O is governed by a Koszul
ring, i.e. that it is in some sense “graded semisimple”. We hope to convince our
readers that this is a good way to formalize the beauty of this part of representation
theory, and we believe that similar results should hold for all kinds of representation
theories associated to root systems.

As a first step we explain how to generalize the above to other infinitesimal
characters. Let p € h* be the half sum of positive roots, i.e. of the roots in b. Let
(W, S) be the Coxeter system of g D b and let w, be the longest element of the
Weyl group W. For w € W, A € h* we put w- X\ = w(\ + p) — p. For any subset
S, C S—here ¢ is a variable index—let W, C W be the subgroup generated by S,,
w, € W, its longest element and W* C W the set of longest representatives of the
cosets W/W,.

For A € h* integral dominant but perhaps singular (in other words, A is integral
and A + p lies in the closure of the dominant Weyl chamber) define the category
Oy C O to consist of all objects of O whose (generalized) infinitesimal character
coincides with the one of L(A). Set Sy = {s € S| s- A= A}. Then {L(z - A\)}oemwx
represents the isomorphism classes of simple objects in Oy. The P(x - A) are the
projective covers of L(x - A) in Oy as well.

For q C g a parabolic subalgebra containing b define the subcategory O C Oq
to consist of all g-locally finite objects. Let S; C S be the simple reflections
corresponding to q. For all z € W9 we set LY = L(z~'w, - 0) € O9. The L3
represent the isomorphism classes of simple objects in O9. Any L3 has a projective
cover Pl in O1.

We will prove in section 3

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



KOSZUL DUALITY PATTERNS 475

Theorem 1.1.3. Let A, q be as above and suppose Sy = Sy. Then there are iso-
morphisms of finite dimensional C-algebras

Endo, (B P(z- X)) = Extt. (L1, D L),

Endp« (6 PY) Extdy (B Lz - N), @D Lz - X)),
where the sums go over x € W» = W9, Both algebras on the right are Koszul rings
and, moreover, these rings are Koszul dual to one another.

vl

Remarks. (1) We have to explain when two Koszul rings are dual to one another.
For every positively graded ring A we may consider Ay as a left A-module
Ay = A/As¢ and form the positively graded ring E(A4) = Ext% (Ao, 4o)-
For a Koszul ring A satisfying a suitable finiteness condition we prove as
Theorem 2.10.2 that E(A) is Koszul as well and E(E(A)) = A canonically.
Motivated by this equality, we call E(A) the dual of A.

(2) Remark that O® = Oy. So the theorem tells us in particular that the Koszul
ring from Theorem 1.1.1 is selfdual.

(3) All sums go over x € W9 = W?. Let 1, be the obvious pairwise orthogonal
idempotents in our four algebras. The isomorphisms of the theorem can (and
will) be chosen so that the 1, correspond to each other under the isomorphisms
above.

(4) From what we explained before it is clear that the endomorphism algebras
of projectives appearing in the theorem govern the categories O, and O1
respectively.

(5) The projective covers appearing in the theorem are unique only up to non-
unique isomorphism, hence we cannot expect the isomorphisms predicted by
the theorem to be canonical. We can however construct without choices a
collection of possible P(x - A) along with a canonical isomorphism as in the
theorem for this special collection.

(6) Morally we should rather consider categories Oy and Q9 for Langlands-dual
Lie algebras. In fact one might then view O, as a category of Harish-Chandra
modules for a complex group and O% as a category of perverse sheaves on the
corresponding space of Langlands parameters, more precisely its modified
version defined by Adams-Barbasch-Vogan [ABV92]. Our theorem can then
be understood as a refinement of Langlands’ philosophy in the case of complex
groups. More details on this point of view can be found in [Soe92].

This article is the result of our efforts to join the two partially wrong and quite
incomplete preprints [Soe89b] and [BG86] into one readable article.

First we approach the above results in as elementary a way as possible. The
only facts relying on “mixed” geometry we really use are the computation of the
intersection cohomology of Schubert varieties and Lemma 3.5.4. In the last section
we adopt the more powerful technique of mixed geometry.

1.2. Koszul duality. The results described here and proved in section 2 are essen-
tially not new but rather generalizations of results of Priddy [Pri70], Lofwall [L6£86],
Backelin [Bac82], Backelin-Froberg [BF85], Bernstein-Gelfand-Gelfand [BGGT78|
and specializations of results from [BGS88]. We start by repeating our definition
of a Koszul ring.

Definition 1.2.1. A Koszul ring is a positively graded ring A = Gajzo A; such
that (1) Ao is semisimple and (2) Ag considered as a graded left A-module admits
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476 A. BEILINSON, V. GINZBURG, AND W. SOERGEL

a graded projective resolution
P2 pl P04
such that P? is generated by its component of degree i, P* = AP}.

Remarks. (1) A complex of graded A-modules
- — P? - Pl - P% - Ay

as in the definition is unique up to unique isomorphism and has a natural right
Ag-action. This follows from the obvious fact that if Q® is another resolution
of Ag as in the definition, then any chain map P®* — Q°® which respects the
grading on the P?, Q% and is homotopic to zero must itself be zero.

(2) Let V be a finite dimensional vector space over a field k. Then the symmetric
algebra SV is Koszul, as can be seen from the Koszul complex

2
SV ANV - SVeV - SV -k
(3) We will prove in section 2.2 that A is Koszul if and only if A°PP is.

Definition 1.2.2. A quadratic ring is a positively graded ring A = @j>0 Aj such
that Ao is semisimple and A is generated over Ay by A; with relations of degree
two.

This may be spelled out as follows: Let
TagAr = Ao ® A1 © (A1 ®a, A1) B ... = D0 A

be the free tensor algebra of the Ag-bimodule A;. Then the canonical map can :
T, A1 — A is required to be a surjection and ker(can) is required to be generated,
as a two-sided ideal, by its component R = ker(can) N (41 ®4, A1) of degree two,
ker(can) = (R), so that T4, A1/(R) = A. In section 2.3 we show:

Proposition 1.2.3. Any Koszul ring is quadratic.

Let us remark that for any semisimple ring k£ and any k-bimodule V' the quadratic
ring with no relations, TV, is Koszul. To have duality we need some finiteness
conditions.

Definition 1.2.4. A graded ring A = @;A; is called “left finite” (resp. “right
finite”) if and only if all A; are finitely generated as left (resp. right) Ap-modules.

For any positively graded ring A = ;>0 A;j consider now the left A-module Ay
and form the graded ring F(A) = Ext% (Ao, Ao) of self-extensions of Ag. We will
prove as Theorem 2.10.2

Theorem 1.2.5. Suppose A is a left finite Koszul ring. Then E(A) is a left finite
Koszul ring as well, and E(E(A)) = A canonically.

In the situation of the theorem we say that the Koszul rings A and E(A) are
“dual to each other”. For example, the Koszul dual of the symmetric algebra SV
above is the exterior algebra A V* on the dual space of V, and for a bimodule V
over a semisimple ring k that is finitely generated for the left k-action the Koszul
dual of T,V is (k @ Homg(V, k))°PP. The theorem is proved by identifying F(A)
with the opposed ring of the more elementary quadratic dual ring A' of A, which
we will however not define in this introduction.
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KOSZUL DUALITY PATTERNS 477

Next we explain Koszul duality at the level of derived categories. To do so
we need more notations. For a graded ring A = P, A; let A-Mod denote the
category of all left A-modules M and A-mod the category of all graded left A-
modules M = P; M;. Let Homy (resp. hom,) denote homomorphisms in A-Mod
(resp. A-mod). So homy (M, N) = {f € Homa(M,N) | f(M;) C N;}. We define
the grading shifts (n) by (M(n)); = M;_,. The respective subcategories of finitely
generated (graded) modules will be denoted A-Mof and A-mof. These are abelian
categories provided A is left noetherian.

For any abelian category A let D°(A) be the corresponding bounded derived
category. It comes equipped with the structure of a triangulated category, in par-
ticular with a shift functor [1] : D’(A) — DP’(A). It also comes with a canonical
degree zero embedding A — DY(A).

Now let A be a Koszul ring that satisfies the following two finiteness conditions:
(1) A is a finitely generated Ag-module from the left as well as from the right, in
particular A; = 0 for all i > 0; (2) F(A) is right noetherian. Put A' = E(A)°PP.
Then A}y = Ay canonically, and we will denote this semisimple ring by k. We will
also need the injective graded A-module A* = Homy (A, k). Remark that it comes
with a right k-action.

Under the above assumptions (1) and (2) we will construct in section 2.12 (in
particular Theorem 2.12.6) an exact functor between triangulated categories

K : D®(A-mof) — D(A'-mof)
(the “Koszul duality functor”) and prove:

Theorem 1.2.6. The functor K is an equivalence of triangulated categories. We
have K (M (n)) = (KM)[—n](—n) canonically for M € D®(A-mof). Furthermore,
for all p € k we have K(Agp) = A'p, K(A*p) = Alp.

Remarks. (1) The last statement is to be understood via the embeddings A-mof —
DP(A-mof), A'-mof — DP(A'-mof). Note also that any simple object of A-mof
(resp. A'-mof) has up to a grading shift the form Agp (resp. Afp) for suitable
p € k. Furthermore, A'p is the projective cover of Alp and A*p the injective
hull of Agp for any p € k. So roughly speaking Koszul duality transforms sim-
ples to indecomposable projectives and indecomposable injectives to simples.

(2) For a Koszul ring A one might interpret E(A) as being RHom 4 (k, k), and
then the Koszul duality functor K is just the functor RHoma (k, ). We will
however not pursue this perspective in our paper. More details on this point
of view can be found in [Kel92].

(3) In the case of the symmetric algebra the equivalence

D(/\ V*-mof) = D"(SV-mof)
was established in [BGGT8].

1.3. Parabolic-singular duality and Koszul duality. Let us start with an
application. As explained in section 2.4, every module of finite length M has a
radical filtration

M =rad’M D rad'M S>rad’M O ...

with semisimple subquotient Tad’ M = rad’M / rad”"' M called the i-th layer of the
radical filtration. For z € W1 let M3 € O% be the corresponding parabolic Verma
module, i.e. the maximal locally g-finite quotient of M (2w, - 0).
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Proposition 1.3.1. Let A\, q be as in Theorem 1.1.3 and x,y € W9 = W?*. Then
we have

dime Ext (M (2 - A), L(y - A)) = [rad’ M3 : L],

dimc Extyq (M, L) = [fad"M(xz-A): L(y - \)].

This can be proved without much trouble by expressing both sides in terms of
coeflicients of Kazhdan-Lusztig polynomials. Our approach is different, however.
Not only it is independent of the combinatorics of the Kazhdan-Lusztig polynomials,
but it provides a concrete meaning to the numerical formulas above.

Namely, fix A\, q as in Theorem 1.1.3 and denote the graded algebras there by
Ag and A9 respectively. Using the ordinary duality on the category O, it is easy
to see that both Ag and A® are their own opposed algebras, and even to construct
isomorphisms Ag = A, AQ = (A¥)°PP. Now by Theorem 1.1.3 we know that
A@ and Ag are Koszul dual to one another, A? = E(Ag). So the Koszul duality
functor gives us an equivalence of triangulated categories

Db(Ag-mof) = Db(A9-mof).
But we know also from Theorem 1.1.3 and Remark 4 following it that
On AR-Mof,
O)\ AQ—MOf.
In view of that we consider Ag-mof and A%-mof as “graded versions” of O, and
01 respectively, and to emphasize this we denote them by

oe A®-mof,
OQ = AQ—mof.

1R

With this change in notation our equivalence reads
D'(0g) = D'(09).

As any Koszul duality, this transforms indecomposable injectives to simples and
simples to indecomposable projectives. We prove that it also transforms (graded
versions of ) dual Vermas in O to (graded versions of) parabolic Vermas in O%. In
this framework the equalities of the proposition can then be understood as mani-
festations of Koszul duality. These ideas are developed section 3.11.

1.4. Koszul rings arising from mixed geometry. The purpose of the third
chapter is to show how Koszul rings arise naturally in the framework of “mixed”
geometry. The latter stands either for the theory of “mixed complexes” on an
algebraic variety over a finite field, as introduced in [BBD82], or for the theory
of “mixed Hodge modules” on a complex algebraic variety, as developed by Saito
[Sai90]. To make this part of the introduction accessible to a non-expert, we shall
formulate our results without the language of mixed geometry first, and then explain
how the mixed geometry enters the game.

Thus, we start with a complex algebraic variety X equipped with an algebraic
Whitney stratification X = |J Xy, w € W, where W is a finite set indexing the
strata. In the rest of the introduction we assume that each stratum X,, is a locally-
closed algebraic subvariety of X isomorphic to an affine linear space. Let D®(X)
denote the bounded derived category of algebraically constructible complexes of C-
sheaves on X, D*(X,W) C D°(X) the full triangulated subcategory whose objects
are all complexes F such that the cohomology sheaves H®*F are constant along
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the strata, and P(X, W) C D’(X,W) the subcategory of all perverse sheaves in
DP(X,W). Thus, P(X,W) is an abelian subcategory of D’(X,W). The strata
being affine, it follows that for each w € W, the imbedding j, : X, — X is
affine. Hence, Ay, = (ju)(Cx, )[dim Xy], Vy = (jw)«(Cx,, )[dim X,,] are well-
defined objects of P(X, W). We first prove the following result, which was obtained
earlier, in [MV87], by different methods.

Proposition 1.4.1. (1) Each object of P(X,W) has a finite projective resolu-
tion. In particular, the category P(X, W) has enough projectives.
(2) The category P(X, W) is equivalent to the category of finite-dimensional mod-
ules over a finite-dimensional C-algebra.
(3) Any projective in P(X, W) has a finite filtration with all successive subquo-
tients being isomorphic to A,, for various w € W.

Let X,, denote the closure of a stratum X, w € W, and £, = IC(Cx,)
the intersection cohomology complex. The intersection complexes L,, w € W
(extended by zero to the whole of X), are precisely the simple objects of the category
P(X,W). For y € W, the restriction j; (L) is a complex with constant cohomology
sheaves H'(j; Lo[— dim X,]) = n! , -Cx, where n} , € N are certain multiplicities
which vanish for positive i. Hence, we may introduce a Z[t]-valued W x W-matrix
IC with entries 1Cy = > oMy, -t

From now on we make the following additional assumption on the stratification
X =UXu:

(x): For each w € W, there exists a resolution of singularities X,, — X,, (of the

closure of X,) such that the rational homology of X,, is spanned by algebraic
cycles.

The main results of the chapter are summarized in the following theorem.

Theorem 1.4.2. If the condition (*) holds, then:

(1) The category P(X, W) is equivalent to A-Mof, the category of finite dimen-
sional modules over a finite dimensional graded Koszul C-algebra A =
P, Ai where Ag =C@ ... 0 C (#W times).

(2) There is a graded algebra isomorphism

A'=Exth ) (L,£), L= Lu.
weWw
In particular, the Ext-algebra above is Koszul.

(3) There is a matriz identity: P(A',t) = ICT - IC.

Observe that we claim that P(X, W) = A-Mof is the category of non-graded A-
modules. Now we may explain how the mixed geometry enters the game. Namely,
the mixed version of the category P(X, W) is equivalent to the category A-mof of
graded A-modules. This gives a geometric explanation of the graded setting.

2. KOSZUL RINGS

2.1. An alternative definition of Koszul rings. Recall that A-mod denotes
the category of graded modules, as opposed to A-Mod for the category of ordinary
modules over A. Both of these are abelian categories, and we will denote morphisms
and extensions in the graded category by hom 4, ext 4 as opposed to Hom 4, Ext4.
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Definition 2.1.1. A graded module M over a graded ring is called “pure of weight
m” if and only if it is concentrated in degree —m, i.e. M = M_,,.

Suppose A is a positively graded ring such that Ag is semisimple. Then any
simple object of A-mod is pure, and any pure object is semisimple. We will use
later

Lemma 2.1.2. Let A be a positively graded ring such that Ao is semisimple. Let
M, N € A-mod be pure of weights m,n. Then extyy (M, N) =0 for i >m —n.

Proof. Without restriction we may assume m = 0. Now suppose even more generally
that M lives only in positive degrees, M = @jzo M;. We may easily prove by
induction that M admits a graded projective resolution

.= P> PSP M
such that P lives only in degrees > i, P* = @, Pj. We may use this resolution
to compute our ext-groups, and the lemma follows. O

Now comes an alternative characterization of Koszul rings.

Proposition 2.1.3. Let A = 69‘7‘20 Aj be a positively graded ring and suppose Ag
is semisimple. The following conditions are equivalent:

(1) A is Koszul.

(2) For any two pure A-modules M, N of weights m,n respectively we have
extly (M, N) =0 unless i =m —n.

(3) exty (Ao, Aog(n)) = 0 unless i = n.

Remark. One may interpret this proposition as saying that a Koszul ring is a pos-
itively graded ring that is “as close to semisimple as it can possibly be”.

Proof. (1) = (2) : Suppose A is Koszul. Then by definition Ay admits a graded
projective resolution

. > P2 Pl P04
such that P* = AP}.

Now let M, N be as above. By shifting the grading of M and N we may assume
M to be pure of weight zero, hence a direct summand of a free Ag-module, so with-
out restriction we may assume M = Ag. Then ext’y (M, N) is the i-th cohomology
group of the complex hom 4(P7, N). But since P’/ = AP; and N = N_,,, all terms
of this complex other then hom4(P~", N) vanish. Thus ext?, (M, N) = 0 unless
i=—-n.

(2) = (3) is trivial.

(3) = (1) : To find the graded projective resolution of A required in the defini-
tion of a Koszul ring we proceed by induction. Certainly A will do as P°. Suppose
now a resolution

P— ... P> Pl pPlos4g
as required has already been constructed up to step i, such that P? is projective,
P = AP} and the differential is injective on P}. Put

K = ker(P' — P*71).

Then for pure N ext’, " (Ag, N) = hom4 (K, N) and (3) implies that hom 4 (K, Ag(n))
= 0 unless n = i + 1. But this means precisely that K = AK;;1, so we may put
Pl = A® A, Ki+1 and thus complete the induction step. O
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2.2. The opposed ring of a Koszul ring is Koszul. Denote by Mod-R (resp.
mod-R) the categories of (resp. graded) right modules over a (graded) ring R.
Morphisms and extensions in these categories will be denoted by Hom_pr, Ext_g
and hom_ g, ext_p respectively. Now let A,k be rings and X an A-k-bimodule.
Then for M € Mod-A, N € Mod-k we have a standard isomorphism

Hom_ 4(M,Hom_;(X, N)) = Hom_;(M ®4 X, N).

For V € Mod-k put *V = Hom_;(V, k) € k-Mod. Now consider k as a graded
ring concentrated in degree zero. Then for V € mod-k define ®V € k-mod by
(®V)i = (V).

Suppose next that A is a graded ring, k a graded ring concentrated in degree
zero, M € mod-A a graded A-module and X a graded A-k-bimodule. Then ®X is
a graded k-A-bimodule, and it is easy to see that our standard isomorphism above,
when applied to N = k, induces an isomorphism

hom_ 4(M,®X) =*(M ®4 X)o)

with (M ®4 X)o the degree zero component of the graded space (M ®4 X). In
particular, if k is semisimple and X projective as a left A-module, then ®X is an
injective object of mod-A. Now we can prove

Proposition 2.2.1. The opposed ring of a Koszul ring is Koszul.

Proof. Let A be our Koszul ring, and put Ag = k. Consider a resolution
e Y Sy ey

of k € A-mod such that P! = AP}. By the first remark following Definition 1.2.1
of a Koszul ring we know that this is in fact a complex of graded A-k-bimodules.
The arguments above now show that

k—®p’—@®pl ®p?_,
is an injective resolution of k£ in mod-A. Furthermore,
hom_ 4 (k(—n),®P") = *((k®a P"),) = *((P)),) = 0 if i # n.
This in turn shows that ext® ,(k(—n),k) = 0 for i # n, and hence A°PP is Koszul.
|

2.3. Any Koszul ring is quadratic. Let us fix from now on a semisimple ring
k and put ® = ®j. Let A = @, Ai be a positively graded ring, and suppose
Ag = k. B

Proposition 2.3.1. The following conditions are equivalent: (1) exty(k,k(n)) # 0
only forn =1, and (2) A is generated by Ay over k.
Proof. Put I = A< and consider the short exact sequence I — A — k. Then

< homy(I,k(n)) =0 forn#1
& exty(k,k(n)) =0 forn#1
< (). O

Theorem 2.3.2. Suppose A is generated by Ay over k. If ext? (k, k(n)) # 0 implies
n =2, then A is quadratic.
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Proof. Put W = ker(m), so that we have an exact sequence
0-W-—-AA - A—k—0.

Certainly W C I ® A;. Hence
ext? (k, k(n)) hom 4 (W, k(n))

homy (W/T - W, k(n)).

So our assumption implies that W/I - W is concentrated in degree 2. Now write

A as a quotient of Ty A;, and let = € Ai@" be a relation of A of degree > 2,

not contained in the two-sided ideal of T}, A; generated by all relations of smaller

degrees. Consider the natural surjections

AP = AP o AL B A, @ AL D A,
Certainly m(p(z)) = 0; thus p(x) € W. We claim that p(x) & I-W. Let R,, C AY" be
the relations, i.e. the kernel of the multiplication map to A,,. Certainly p(z) € I-W
implies p(z) € A - W, hence p(z) = p(y) for suitable y € A; ® R,_1. But then
p(x —y) = 0, hence z —y € Ry—1 ® A1. So from p(z) € I-W it follows that
r € A1 ® Rp—1 + R,—1 ® Ay, contrary to our assumptions on x. Thus indeed

p(x) ¢ I-W. But then p(x) gives an element of degree > 2 in W/I - W, and this
contradiction proves the theorem. O

Corollary 2.3.3. Any Koszul ring is quadratic.

Proof. This follows from the above proposition and theorem along with the char-
acterization of a Koszul ring given in Proposition 2.1.3. O

2.4. Filtrations on modules. Let M be a module over a ring. Then M has
a biggest semisimple submodule socM, the socle of M. We put 0 = soc’M and
define the socle filtration on M inductively by soc'M = 7~ 1soc(M /soct=1 M), where
7 M — M/soct~'M is the projection. If M has finite length, then the set of
submodules {N C M | M/N is semisimple} contains a smallest element, called the
radical radM of M. We put M = rad’M and define the radical filtration on M
inductively by rad’M = rad(rad’ ' M).

Now let A be a positively graded ring and M € A-mod a graded A-module. Then
M has a filtration by the submodules G; M = @i>j M;. We call this the “grading
filtration”. If Ay is semisimple, the sucessive subquotients of the grading filtration
are semisimple.

Proposition 2.4.1. Let A be a graded ring. Suppose that (1) Ao is semisimple,
and (2) A is generated by Ay over Ag. Let M € A-mod be a graded A-module of
finite length.

If socM (resp. M /radM) is simple, then the socle (resp. radical) filtration on
M coincides with the grading filtration, up to shift.

Proof. Put I = Asq. Certainly I"M = 0 for n > 0; thus IN = 0 for any simple
subquotient of M. We thus have socM = {m € M | Im = 0} (resp. radM = IM)
and more generally soc!M = {m € M | I'm = 0} (vesp. rad’M = I'M). But since
A is generated by Ay over Ay, we have I' = A>;. Sosoc;M = {m € M | A>;m = 0}
(resp. rad'M = As; M).

Suppose now that M/radM is simple or, more generally, concentrated in one
degree j. Then M = AM;, and hence rad’'M = A>;M = AsiM; = @5, ; M.
Suppose dually that socM is simple or, more generally, concentrated in one degree
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j. Then for any m € M;_,, m # 0, there exists a € A, such that 0 # am € M;. In
other words, @,,»;_; Mn = {m € M | A>;m = 0} = soc; M. O

2.5. Unicity of gradings.

Proposition 2.5.1. Let A be a positively graded ring such that A is generated by
Ay over Ag. Put I = Asg. Then we have a canonical isomorphism of graded rings

A=Pr/r.

Proof. This is clear. O

Let A be a ring. By a “Koszul grading on A” we mean a grading such that the
corresponding graded ring is Koszul.

Corollary 2.5.2. Let A be an artinian ring. Then any two Koszul gradings on A
give rise to isomorphic graded rings.

Proof. They both give rise to graded rings that are canonically isomorphic to the
graded ring @), (rad’A/rad"' A). O

Let A be a graded ring. We have the functor forgetting the grading
v : A-mod — A-Mod.

By a “lift” of M € A-Mod we mean an object M € A-mod together with an
isomorphism vM = M.

Lemma 2.5.3. Suppose M € A-Mod is indecomposable and of finite length. Then,
if M admits a lift, this lift is unique up to grading shift and isomorphism.

Proof. Since M is indecomposable, its endomorphism ring is local, i.e. the non-au-
tomorphisms form an ideal. If M’ is another lift of M, we have Hom (M, M) =
@, hom 4 (M’, M(n)) and can decompose id = 3" id,,. Since id is an automorphism
of M, one of the id,, has to induce an automorphism of M, and one sees easily that
this id,, has to be an isomorphism M’ — M (n). O

2.6. The Koszul complex. Recall our fixed semisimple ring k. Let V' be a k-
bimodule, R C V ® V' a sub-bimodule and A = T V/(R) the corresponding qua-
dratic ring. We want to define its Koszul complex ... — K2 — K! — K. This is
to be a complex in A-mod. Let us define the k-sub-bimodules

K=V @RV "2 c Ve,

In particular K$ =k, K{ =V, K3 = R. Then put K' = A® K} (with the grading
K' = @ K| defined in such a way that K = K7). Define the differential d : K* —
K1 to be the restriction of AQV® - A@ Ve 1 a@u, ®...v; —av1 @...0;.
Clearly d? = 0, so here is our Koszul complex. Clearly K° = A.

Theorem 2.6.1. Let A = T, V/(R) be a quadratic ring. Then A is Koszul if and
only if its Koszul complex is a resolution of k = A/A~¢.

Proof. If the Koszul complex is a resolution of k, then A is Koszul by definition.
On the other hand suppose A is Koszul, so by Proposition 2.1.3 ext’y (k, k(n)) = 0

if i # n. Certainly K! — K° — k is right exact. Thus we need only show that

HP(K*®) =0 for all p > 1. We use induction on p. Let ZP = ker(d) C K? be the
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submodules of cycles. Since the differential d induces an injection K7 — K. 5*1, we
find that Z? lives only in degrees > p + 1. Using induction we get

ext™ (k, k(n)) = coker{hom 4 (K?, k(n)) — homa(ZP, k(n))}.

Hence ext]j‘"’l(k, kE(n)) = homyu(Z?, k(n)), and by Koszulity this doesn’t vanish only
for n = p+ 1. In particular ZP € A-mod is generated by Z} ;.

But it is easy to see directly that Zg 1 is precisely the image of K, 5111 under the
differential of the Koszul complex. Thus Z? = im(d) and H?(K*®) = 0. O

Remark. Generalizing the arguments of [Bac82] (see also [BGS88]), one can prove
in the above setting that A is Koszul if and only if for all n > 1 the set {V®"~~1g
R®V® =111 senerates a distributive lattice of submodules of V&™.

2.7. Some linear algebra. Let k be a fixed semisimple ring. All the claims below
are easily checked on free modules and follow for arbitrary modules. For V' € k-Mod
define V* = Homy(V, k) € Mod-k via (fa)(v) = (f(v))a Vf € V*,v € V,a € k.
For W € Mod-k define *W = Hom_x(W, k) € k-Mod via (ag)(w) = a(g(w)) Vg €
*W,w € W,a € k. For finitely generated V, W the canonical maps V' — *(V*) and
W — (*W)* given by evaluation are isomorphisms. If V1 C V (resp. W1 C W) is a
submodule, we put Vit = {f € V* | f(V4) = 0} (resp. *W; = {g € *W | g(W1) =
0}). These are submodules.

For a k-bimodule V' € k-Mod-k both V* and *V are bimodules defined as follows:
Define (af)(v) = f(va) Vf € V*,v € V,a € k and (ga)(v) = g(av) Vg € *V,v €
V,a € k. Both canonical maps V' — *(V*) and V — (*V)* are now morphisms
of bimodules. If Vi C V is a sub-bimodule, both Vf‘ C V* and +V; C *V are
sub-bimodules.

Recall that ® = ® always. For V € k-Mod-k,W € k-Mod define a map
W V" - (VW) by (9 ® f)(v®w) = f(vg(w)). This is an isomorphism
for W = k, hence for any finitely generated W € k-Mod. If W € k-Mod-k this is
actually a morphism of k-bimodules. More generally, if V;,...,V,, € k-Mod-k are
finitely generated as left k-modules, then canonically Vi*®...@V* = (V,®...QV1)*
as k-bimodules, where the isomorphism is given by (f1 ® ... ® frn)(v, ® ... Qvy) =
fn(’l]nfnfl(vnfl RPN fl(vl) RPN ))

Dually, for V' € Mod-k, W € k-Mod-k define a map *W @ *V — *(V @ W)
by (¢ ® f)(v ® w) = g(f(v)w). This is an isomorphism for finitely generated V' €
Mod-k. If V € k-Mod-k, the above morphism is actually a morphism of k-bimodules.
Again if V4,...,V, € k-Mod-k are finitely generated as right k-modules, then
"N®...*V, =*(V,®...0V;) as k-bimodules, where (f1®...Q f,)(v,Q...Qv1) =
fl(- o fnfl(fn(vn)vnfl) NN ’U1).

For V,W € k-Mod define a map V*®@ W — Homy (V, W) by (f@w)(v) = f(v)w.
This is an isomorphism if V' or W is finitely generated. If V (resp. W) is a k-
bimodule, then our map is compatible with the resulting left (resp. right) k-actions
on both spaces. For VW € Mod-k define a map W ® *V — Hom_;(V, W) by
(w® f)(v) = wf(v). This is an isomorphism if V or W is finitely generated. If
V (resp. W) is a k-bimodule, then our map is compatible with the resulting right
(resp. left) k-actions on both spaces.

Suppose V' € k-Mod-k. Then there are canonical bimodule homomorphisms V ®
V¥ = kand *V@V — kgiven by v ® f — f(v) and g ® v — g(v) respectively.
Dually there are canonical bimodule homomorphisms k¥ — V* ® V' = Homg(V, V)
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and k — V ® *V = Hom_,(V,V), where a € k is mapped to right (resp. left)
multiplication on V.

2.8. The quadratic dual rings and the Koszul complex. Call a graded ring
A with Ay = k a graded ring “over k7. We begin by defining the quadratic dual
rings. Recall Definition 1.2.4 of a left (resp. right) finite graded ring.

Definition 2.8.1. Let A be a left finite quadratic ring over k, say A = T,V/(R).
Then its left dual A' is the right finite quadratic ring over k given by A' =
T(V*)/(RY) with R CV* @V = (Ve V).

Analogously if A is a right finite quadratic ring over k, say A = T, V/(R), then
its right dual ' A is the left finite quadratic ring over k given by 'A = T}.(*V)/(* R)
with tRC*V @*V =*(VaV).

Remark. Obviously '(A') = A and (*A)' = A for a left, resp. right finite quadratic
ring A.

Now let A = T;V/(R) be a left finite quadratic ring over k. Then its Koszul
complex is (isomorphic to) the complex

Lo AR*(AY) - A®*(A) — A,
where we abreviate (A'); = A}. The differentials d : A ® *(4},;) — A ® *(A})
may be described as follows: Observe that A ® *(A}) = Hom_ (A}, A). Under the
canonical isomorphism Homy(V, V) = V*@V let idy = > 9o ® V. Then (df)(a) =
> flavia)ve for f € Hom_x(Al, |, A),a € Al. We may also write this without
coordinates. Namely, use the obvious maps A®@V — A and A} = Al @k — A\ ®
V*@V — Al @V to give the differential as the composition Hom_ (A}, 4) —
Hom_j (A}, ® V,A® V) — Hom_(A}, A). To see that this is really our Koszul

complex from section 2.6, write

Ay = (V)P (V)2 e RE @ (V)9

We deduce that
(A =V @RV 2 =K CV®,

Thus A ® *(A}) = K*, and the reader may check that the differentials correspond.
2.9. The quadratic dual of a Koszul ring is Koszul.
Proposition 2.9.1. Let A be a left finite Koszul ring. Then A' is Koszul as well.

Proof. The total space of the Koszul complex A®®A' is an A-A'-bimodule, and the
differential commutes with the action of both A and A'. In fact we have a bigraded
space
® 7! * 4!
A®A =PAirA,
4,J
concentrated in the lower right quadrant, the differential has bidegree (1,1), and
the only cohomology appears in bidegree (0, 0).
If we apply Homg( , k) to every component of this bigraded space, we obtain a
bigraded space
! ® _ ! *
AoA®=PA;e A,
4,J
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concentrated in the upper left quadrant with differential of bidegree (1,1) com-
muting with the left A'-action, and again the only cohomology appears in bidegree
(0,0). But we may also read this as a graded projective resolution

Lo ARA S A @A - AR ALk
of k € A'-mod, and this then shows that A' is Koszul. O

2.10. The quadratic dual and cohomology. Let R be a ring and M € R-Mod.
We will repeat the definition of Ext% (M, M) in a form suitable for our purposes.
For two complexes P*, Q°® of R-modules consider the graded space Hom$,(P*,Q*)
with

HomRz(P*, Q%) = @HomR(P", Q" ).

The differentials d of degree (—1) on P*® and @Q*® give rise to a differential of degree
(4+1) on Hom%(P*,Q*) by df =do f — (~1)/Ifod for f € Hom%l(P',Q’). For
f,g € End%(P*) we have the Leibniz rule d(fg) = (df)g + (—1)/¥1 f(dg). Thus the
cohomology H*End$,(P*) has the structure of a graded ring. If now P®* — M is a
projective resolution of M € R-Mod, then more or less by definition

H*Endy(P*) = Exty(M, M).
Theorem 2.10.1. Let A be a left finite Koszul ring over k. Then Ext% (k, k) =

(A")°PP canonically.

Proof. Consider the Koszul complex (K*,d) and form the complex (K*,d) with
Ki=K' d=(-1)'d: K' — K~!. Then K* is also a projective resolution of k.
The right action of A' on K* = A® ®A' gives us a homomorphism of graded rings

(A")°PP — EndSy (K*).
Since this right action commutes with the differential d of the Koszul complex, the
image of )

(A')°PP — Endyy (K*)
even consists of cycles. (This is the reason we work with K* and not with K *)
Hence our morphism above induces a morphism

(A")°PP — H*End?y (K*®)
and we just have to show that this is an isomorphism. For this, consider the
composition
(AYPP — End® (K*) — Hom%(K*, k),
where k is considered as a complex concentrated in degree zero. We consider (A')°PP
as a complex with zero differential, and then both these maps are chain maps. The
second map certainly induces an isomorphism on cohomology, and the composition
is just the identity from A' to
Hom% (K*, k) = @HomA(A ®*(A}), k)= A'.

Hence the first map has to induce an isomorphism on cohomology as well. O
We can now prove Theorem 1.2.5 from the introduction.

Theorem 2.10.2. Suppose A is a left finite Koszul ring. Then E(A) is also a left
finite Koszul ring, and E(E(A)) = A canonically.
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Proof. E(A) = (A')°PP is obviously left finite, and is Koszul by Propositions 2.2.1
and 2.9.1. Then E(E(A)) = (((A")°orp)h)ore = (A") = A. 0

2.11. A numerical Koszulity criterion. Fix a field F' and suppose that (1) the
positively graded ring A is an F-algebra, i.e. there is a central embedding F' C A.
Suppose in addition that (2) dimp A; < oo for all 4, and (3) Ao =k = P,y Fle
for pairwise orthogonal idempotents 1, indexed by a finite set W, so in particular
k°PP = k.

Then we may form the Hilbert polynomial P(A,t) of A, a W x W-matrix with
entries in power series Z[[t]] given by

P(At)ey =Y t'dim (1,4;1,).

To simplify notation, set dim(1,M1,) = [M];, for any M € k ®p k-Mod C
k-Mod-k. The following lemma motivates our criterion.

Lemma 2.11.1. Suppose a positively graded F-algebra A satisfying conditions (1)-
(3) above is Koszul. Then the matriz equation P(A,t)P(A', —t)T =1 holds.

Remark. We do not know whether for a quadratic ring A as in the proposition the
matrix equation P(A,t)P(A', —t)T =1 implies that A is Koszul.

Proof. The Euler-Poincaré principle for the Koszul complex yields

D (DA @ (AD]ey = [Aolay-

4,J
Now the result follows from the identities [Aole,y = sy, [*Mlz,y = [M]y,. and
[M & Nlyy=>,[M]s.[N].» (Recall that ® = ®j, always!) O

Now forget the grading on A and form the positively graded F-algebra E =
E(A) = Ext%(k, k). Certainly Ey = k°PP = k, and if A is left noetherian then
dim E; < oo for all 4, so we can form the Hilbert polynomial P(E,t) of E.

Theorem 2.11.1. Suppose A is a left noetherian F-algebra satisfying the condi-
tions (1)-(3) above. Form the graded F-algebra E = E(A). Then the following

conditions are equivalent:

(i) A is Koszul.

(ii) The matriz equation P(A,t)P(E,—t) =1 holds.
Remark. Lofwall [Lof86] calls (ii) a “Froberg condition”.

Proof. (i) = (ii). If A is Koszul we know by Theorem 2.10.1 that E = (A')°PP.
Now apply the lemma.

(ii) = (i). Certainly k is a graded A-module and a graded right k-module,
and these two actions commute and induce the same F-action. In other words,
k € A®p k-mod. We are going to construct inductively a resolution

=P 5Pl Pk
of k in A ®p k-mod as follows: Take P = A. If P’ is already constructed, put
K' =ker(P" — P*~1) and choose a complement V' in k® g k-mod of A~¢-K* C K.
So V* is a graded k-bimodule V* = @V}, and we put P**! = A@V*. Take V® = k
for convenience. So we get a resolution of k£ of the form

Lo ARV S AV S AV » k
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with the V* some graded k-bimodules V* = @V} such that all differentials of
the resolution are compatible with the right k-action. By construction P! gets
mapped to Asq - P!, hence the differential on the complex of the Hom4(P®, k)
vanishes. Also by construction all P? are projective in A-mod, hence Ext (k, k) =
(V*)*, ext’y(k, k(j)) = (V}')*, and the reader may check that even [E;l,, = [V'],y.

We form the matrix of power series P(V,t) with P(V,t),, = Y [V']s " and
deduce from (ii) the equation P(A,t)P(V,—t) = 1. Thus, in the Grothendieck
group of a suitable category of k-bimodules,

Zn:(q)iAi @V =0

=0

for n > 1. To prove that A is Koszul we have to check that V;* = 0 foralln > 1,5 #
n. From Lemma 2.1.2 we deduce that ext (k, k(j)) = 0 for j <. Thus V} = 0 for
j<i.Weneedei:0forj7éi.

We proceed by induction on ¢. For ¢ = 0 the statement is clear. Now take the
degree n component of the above resolution. Clearly (A®V?), = D, An—j ®V}. By
induction we know that V' = V! for i < n, hence (A®V?),, = A, _;QVi = A, _;@V!
for i < n. By Lemma 2.1.2 (or by construction) we know that V;* = 0 for j < n,
hence (A®@ V™), = Ao ® V,. We find an exact sequence

0—>A0®V7?—>...—>An_1®Vl—>An®VO—>0.

Thus we get an equation

n—1

DDAV 4 (1) A @V =0

=0

in the same Grothendieck group as above. Comparing the two equations, we find
that V' = V", and the induction step is complete. O

2.12. Koszul duality. Let B = Gajzo B; be a positively graded ring. Write
C(B) for the homotopy category of complexes in B-mod. An object M € C(B) is a
complex ... — M? O ML L of graded B-modules M® = ®D; M}. Let CT(B)
(resp. C(B)) be the full subcategories of C(B) whose objects M = @ M} satisfy
the conditions

i>0ori+j<0for CT(B),

Mﬂ'_Olf{ i< 0ori+j>0for CHB).

Thus all nonzero components M} of an object of C'(B) (resp. C'(B)) are concen-
trated in a region as indicated in the picture.
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C1(B)

cH(B) ‘

Let D'(B), D'(B) denote the localisations of C'(B),C}(B) at quasi-isomor-
phisms. These are also triangulated categories. We want to prove

Theorem 2.12.1. Let A be a left finite Koszul ring. Then there exists an equiva-
lence of triangulated categories

DY(A) = DT(4Y.
Proof [Theorem/]. The existence of this equivalence could be deduced from [Kel92].

We explicitly construct such an equivalence. This will be done in several steps.
Assume Ay = k.

Step 1. Construction of a functor DF : D' (A) — DT(A").
For M € C(A) consider the bigraded k-module
FM=AoM=A oM =HHoma(Ax*(4]), M)
Li li

with anticommuting differentials coming, up to signs, from the differentials of the
Koszul complex and of the complex M respectively, and given by

da@m) = (=1)" Y aty @ vam,
d'(a®@m) = a®dm

for a € Ai, m € M; Here 9, and v, are as in 2.8. Consider on F'M the total
differential d = d’ + d”’. We can interpret F M as an object of C(A'), letting
(FMPy = P AeM.
p=itj,q=l—j
It is easy to check that M € C'(A) implies FM € CT(A'). Furthermore, for
M € CY(A) the spectral sequence with first term H®(FM,d") associated to the
bicomplex (FM;d’,d") converges to the cohomology H®(FM,d), i.e. M € C'(A)

acyclic implies FM € CT(A') acyclic. Hence F induces a functor DF : D'(A) —
DT(A").

Step 2. Construction of a functor DG : DT(A') — DL(A).
For N € C(A'") consider the bigraded k-module GN given by
(GN)M = Homk(A,l, Nl)
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with anticommuting differentials d’,d” given by
(d'f)(a) = (=1)' 3_ 0o f(vaa),
(d"f)(a) = 9(f(a))
for f € Homy(A_;, N). The reader may check that d’' is well defined and is a

differential. Consider on GN the total differential d = d’ + d”’. We can interpret
GN as an object of C(A), letting

(GNY= @  Homi(A_, N)).
p=itj,q=l—j
It is easy to check that N € CT(A') implies GN € C!(A). Furthermore, for N €
CT(A") the spectral sequence with first term H*(GN, d") associated to the bicom-
plex (GN;d',d") converges to the cohomology H®*(GN,d), i.e. N € CT(A") acyclic
implies GN € C}(A) acyclic. Hence G induces a functor DG : DT(A') — D(A).

Step 3. Adjointness of our functors.

Consider the functors F : Ct(A) — CT(A') and G : CT(A") — C'(A). We
define an adjointness (F,G). In general, for any M € A-Mod, N € A'-Mod we have
canonically

Hom 4 (A' ® M, N) = Homy (M, N) = Hom 4 (M, Homy (A, N)).
If for all m € M there exists [ such that A;m = 0 for ¢ > [, then even
Hom 4:(A' @ M, N) = Homy (M, N) = Hom (M, @) Homy, (A, N)).
1

Lemma 2.12.2. This canonical isomorphism establishes an adjointness (F,G) of
functors between C+(A) and CT(AY).

Proof. Choose M € Cl(A), N € CT(A"). Choose corresponding homomorphisms
£ f, f in Hom 4:(FM,N) = Homy(M, N) = Hom4 (M, GN). It is easy to see that
f((FM);) C N} for all 4,j if and only if f(Mé’) C (GN) for all p,q. Suppose
from now on that f satisfies this condition. We just have to show that f commutes
with the differentials if and only if f does. But both f and f commute with the
differentials if and only if

(=17 0af(vam) + f(Om) = 3(f(m)) = 0.

This proves the lemma. Let us perform the calculation for f . Suppose m € M ;
Then d(f(m)) = f(&m) if and only if they have the same value at 1 € A, ie. if
and only if (d(f(m)))(1) = (f(Om))(1). By definition (f(dm))(1) = f(Om). On the

other hand, f(m) = > fi(m) with f;(m) € Homy (A, Nl_Jlrl_J;J) Then
(d(f(m))(1) Si(d(fi(m))) (1)
1

= A(fo(m))(1) = (=1)" Y va((f1(m))(va))
= 0(f(m)) = (=1)"7 3o b f (vam).

Thus indeed f commutes with the differentials if and only if the above equation on
f holds. O

Step 4. We construct an equivalence DF o DG — id.
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More precisely, we prove

Lemma 2.12.3. For any N € CT(A") the canonical surjection (F o G)(N) — N
from the adjointness is a quasi-isomorphism.

Proof. Consider the splitting over k of our surjection, given by
N = k @ Homy(k, N) — €P A' ® Homy,(A;, N).
l
It is sufficient to show that this is a quasi-isomorphism. Consider IV as a bicomplex
(Np)q;d/,d”) with NO,q = ®i+j:q N;u Np,q =0 1fp 7é 07 d = 07 d" = 9. Recall
from Step 1 how F(GN) is a bicomplex with (F(GN)), = A}, ® (GN)?. In fact
our splitting map is a morphism of bicomplexes. Since the spectral sequences in
question converge, we need only show that our splitting induces isomorphisms
H*(N,d") — H*(F(GN),d").

But F(GN) = @ Hom(A; ® *(4}), N7), and the differential d’ can be described
as d'f = (—1)"(f odg), where dr : A ® *(A;H_l) — A ® *(A;) is the differential
of the Koszul complex. Now the fact that the Koszul complex is a resolution of k
implies that indeed our splitting induces isomorphisms on H*( ,d’). |

Step 5. We construct an equivalence id — DG o DF.
More precisely, we prove

Lemma 2.12.4. For any M € C'(A) the canonical injection M — (G o F)(M)

from the adjointness is a quasi-isomorphism.

Proof. Consider the splitting G(FM) — M over k of our canonical injection given
by
P Homy, (A1, A' @ M) — Homy (k, k ® M) = M.

It is sufficient to show that this is a quasi-isomorphism. Consider M as a bicomplex
(Mp)q;d/,d”) with MO,q = ®i+j:q M;7 Mp,q =0 lfp 7& 07 d = 07 d” = 9. Recall
from Step 2 how G(F M) is a bicomplex with (G(FM))p,q = Homg(A_p, (FN)?). In
fact our splitting map is a morphism of bicomplexes. Since the spectral sequences
in question converge, we need only show that our splitting induces isomorphisms

H*(G(FM),d) — H*(M,d).
But G(FM) = @ Homy(4;, A' @ M) = @(A; @ A') ® M, and the differential d’
can be described as being up to signs the differential of the right Koszul complex of

A' tensor the identity on M. Now the fact that the Koszul complex is a resolution
of k implies that indeed the above maps on cohomology are isomorphisms. O

The theorem is now proven. O

As usual, for a complex X = (X% d) denote by X|[n] the shifted complex
(X[n])" = X" with differentials (—1)"d. For a graded ring B put B-mod' =
{M € B-mod | M; = 0 for j < 0} and B-mod* = {M € B-mod | M; = 0 for
j > 0} We will consider these categories as full subcategories B-mod! ¢ D'(B),
B-mod* C DY(B) of complexes concentrated in degree zero.

Suppose By = k is semisimple. Then any simple object of B-mod is up to a
grading shift isomorphic to Byp for some p € k. For any p € k the surjection
Bp — Bgp is a projective cover in B-mod' (and B-mod, B-Mod.) Define the
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“continuous dual” B® = @, Bf € B-Mod-k. Then Byp — B®p is an injective hull
in B-mod! for all p € k.
Let us from now on denote by

K : DY(4) — D'(A")
the “Koszul duality functor” K = DF constructed in step 1.

Theorem 2.12.5. Let A be a left finite Koszul ring over k.

(i) The functor K : DY(A) — DV(A") together with the obvious canonical iso-
morphism K (M[1]) = (KM)[1] is an equivalence of triangulated categories.
(ii) We have K(M(n)) = (KM)[—n]{(—n), canonically.
(iii) For any p € k we have K(Agp) = A'p and K(A®p) = Ajp.

Proof. (i) has been done already. (ii) is left to the reader. Just note that the
isomorphism is given in essence by (—1)"? : A' ® M9 — A' ® M. In (iii) the first
equality is evident, and the second follows from the fact that the Koszul complex
is a resolution of k = Ay. O

Remark. As can be seen from (ii) already, the standard ¢-structures on our two
triangulated categories do not correspond under K. In section 2.13 we discuss the
non-standard t-structure on D'(A') coming from the standard one on D!(A) via
K, and in section 2.14 we will define the notion of a “Koszul module” and see that
A'-mod" N K (A-mod') consists exactly of the Koszul modules for A'.

Recall that for a graded ring B we let B-mof be the category of finitely gener-
ated graded modules. We want to give a version of Koszul duality involving only
standard derived categories.

Theorem 2.12.6. Let A be a Koszul ring over k. Suppose A is a finitely generated
k-module both from the left and from the right, so that A; = 0 for i > 0. Suppose
in addition that A' is left noetherian. Then Koszul duality induces an equivalence
of triangulated categories

K : D°(A-mof) — D’(A'-mof).

Proof [Theorem]. We must first make precise the meaning of “induces”. For this we
will characterize D®(A-mof) and D?(A'-mof) as certain full subcategories of D' (A)
and DT(A') respectively.

Namely, define full subcategories D!(A) C D(A) (resp. CL(A) C C(4)) to
consist of all objects with only finitely many nonvanishing cohomology groups which
are in addition finitely generated A-modules. We may also interpret D!(A) as the
localization of C}(A) at quasi-isomorphisms.

Lemma 2.12.7. Suppose A is finitely generated as a left k-module, so in particular
is left noetherian. Then the obvious functor D*(A-mof) — D! (A) is an equivalence.

Proof. First note that by [Har66, exercise to Prop. 4.8 of Chapter I] the canonical
functor D~ (A-mof) — D .(A-mod) is an equivalence. Thus there is an equiva-
lence Db(A-mof) — DY__ (A-mod). Now DY_ .(A-mod) can be interpreted as the
localization of a suitable homotopy category of complexes CY_ .(A-mod) at quasi-
isomorphisms. Also D!(A) is the localization of C}(A) at quasi-isomorphisms.

Now define a functor C}(A4) — DY__ (A-mod) by X + lim 75! X with 757 the
usual truncation functors. The inductive system stabilizes, so there is no problem.
This gives a functor D!(A) — DY _ .(A-mod).
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In the other direction we have the functor C%_ .(A-mod) — D!(A) given by
X +— lim X/G; X, using the notation G; from section 2.4. The projective system
stabilizes, and we get a functor DY .(A-mod) — D}(A).

One may check that these are inverse of one another and that the canoni-
cal functor from the lemma is the composition of equivalences D°(A-mof) —
Df‘\—mof(A_mOd) - Dé (A) U

Define further the full subcategories DI (A') € DT(A") (resp. Cl(A") c CT(AY))
to consist of all complexes with only finitely many nonvanishing cohomology groups
which are in addition finitely generated A'-modules. We may also interpret D] (A')
as the localization of C](A') at quasi-isomorphisms.

Lemma 2.12.8. Suppose A' is left noetherian. Then the obvious functor from
DP(A'-mof) to D] (A") is an equivalence.

Proof. First of all we have as before D’(A'-mof) = DY, .(A'-mod). Now we
may define a functor CJ(A') — D%,  .(A'-mod) by X — lim72°X with 7= the
usual truncation functors. The projective system stabilizes and we get a functor
Dl(A") — Db, :(A'-mod).

In the other direction we have the functor C%,  .(A'-mod) — D](A') given by
X — lim G; X. The injective system stabilizes and gives a functor DZ!_mof(A!—mod)
— D](4").

One may check that these are inverse of one another and that the canoni-

cal functor from the lemma is the composition of equivalences DP(A'-mof) —
DY, ;(A-mod) — D[(A". O

Now we actually prove the theorem. The equivalence DY(A-mof) — D!(A)
makes it clear that K : D}(A) — DT(A') maps D}(A) to D](A"') and thus induces
a fully faithful functor K : D®(A-mof) — DP®(A'-mof). The only problem is to show
that here K is essentially surjective. Since we know that K Ay = A', this will follow
once we show that A'-mof has finite homological dimension. So let us prove this.

Since K A* = A}, = k, we have ext,, (k, k(j)) = homp, (A*, A*[i — j](—j)). Since
A* € A-mof is the injective hull of Ay = k, we actually find that ext?,, (k,k(j))
vanishes for ¢ # j, and ext’,(k, k(7)) = homa(A*, A*(—i)) = homy(A*(i), k) =
(A¥)*. In particular, there exists d such that for all M, N € A'-mod which are
finitely generated over k we have ext! (M,N)=0ifi>d.

Now let M € A'-mof be arbitrary. By Lemma 2.1.2, ext’,,(G1M, k) = 0 Vi. But
M/G1 M is finitely generated over k, so ext’,, (M, k) = 0if i > d.

Now choose a minimal projective resolution

.o P —>P —-Py—>M
of M in A'-mof. This means precisely that hom:(P;, k(j)) = ext’,, (M, k(j)). We
deduce that P; = 0 for all i > d. The theorem is proven. O

2.13. t-structures. Let A be a left finite Koszul ring and consider the Koszul
duality functor

K :DY(4) — D1(A")
defined in section 2.12. Here both sides have standard t-structures with cores

A-mod! and A'-mod’ respectively, but under K these do not correspond. So trans-
porting our standard t-structures via K, we obtain non-standard t-structures on
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both D(A) and DT(A"). We will describe this new t-structure on DT(A') quite
explicitly. The case of D'(A) is very similar and will be left to the reader.

First let B be any positively graded ring such that By is semisimple. In D'(B)
consider the subcategories DT(B)<%9, resp. D'(B)Z%9, of all objects isomorphic
to complexes of graded projective modules

.= P Pttt

in CT(B) such that P? is generated by its components of degree < —i, resp. > —i,
for all 7.

Proposition 2.13.1. The pair (D' (B)<%9, D1(B)2%9) is a t-structure on D1 (B).

Remark. An analogous definition is used to obtain a non-standard t-structure on
D~ (B-mod). This is the “geometric” t-structure in [Soe92], hence the notation.

Proof [Proposition]. Most of this is straightforward and left to the reader. Let
us just prove that every Y € DT(B) decomposes into a distinguished triangle
(Y<0Y,Y=0). Using Lemma 2.1.2 or more precisely its proof, we see that every
object of D(B) can be represented by a complex of projective objects in CT(B),
say

. — Pl Pt

Now we need

Lemma 2.13.2. This complex can be choosen such that the induced maps
Pi/B.gPt — Pitl/B_,pitl

all vanish.

Proof. Let us simplify notation and put M = M/B<oM, k = By, ® = Q. Remark

that for any projective P € B-mod every splitting in k-mod of the surjection P — P

defines an isomorphism P 22 B® P. Consider now the maps 0 : P¢ — Pit1. Choose
decompositions

P=I'e#H &R
in k-mod such that I* = 9(P?) and I'®H' = ker(d), so that @ induces isomorphisms
R? — It Now choose splittings of graded k-modules R* — P?. This leads to
splittings I't! — P! and we can extend these splittings from I' @ R’ to all of
Pi. Thus we can decompose

P'=Bel)®(BoH)® (B® R

in such a way that our differentials induce isomorphisms from (B® R?) to (B&I**1).
It is then clear that our complex P*® is quasi-isomorphic to the complex (B ® H*®)
with the induced differentials, and that this complex satisfies the conditions of the
lemma. O

So now let Y € D'(B) be represented by a complex of projective objects
.— P pitt
in CT(B) such that if we apply k®p all differentials become zero. Consider the
submodules BP._; C P" generated by the homogeneous components of degree less

than —i. They are projective, and the quotients P’/ BPi_i are projective as well.
Furthermore, the differential has to map BPiﬂ- to BPi! by our assumption

<—i—17
on the complex. Now we just let Y <0 be the complex of the BP._; and Y20 the
complex of the P?/BP._,, and we are done. The proposition is proved. O
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As a corollary of this proof, we give a more direct description of the core of our
non-standard t-structure.

Corollary 2.13.3. Any object of the core of our non-standard t-structure on D' (B)
s quasi-isomorphic to a complex of projectives
.— Pt pitl
in C1(B) such that P' = BP!, Vi.
Now we prove that this is the t-structure we were looking for.
Proposition 2.13.4. The Koszul duality functor K transforms the standard t-
structure on DY(A) into our non-standard t-structure (D1 (A" <29, DT(ANZ2%9) on
DT(AY.
Proof. Certainly
DYA)=Y = {X € D}(A) | Hom(X, A®[i](n)) = 0 Vi < 0,Vn}
and K transforms this into
{y € D'(A") | Hom(Y, A®[i — n](—n)) = 0 Vi < 0,Yn}.
It is clear that all Y € DT(A")<%9 satisfy this condition. It is equally clear that if
Y € DT(A")2%9 satisfies this condition, then any complex of projectives isomorphic
to it in the derived category has to be exact, i.e. ¥ = 0. Decomposing an arbitrary
Y € D'(A") into a distinguished triangle (Y <°, Y, Y'2%) according to our t-structure,

we find then that indeed K (D'(A4)<%) c DT(A")<%9.
Similar arguments show the other inclusion K (D'(A)2%) c DT(A")=%9. O

2.14. Koszul modules. Let A be a positively graded ring over the semisimple
ring k = Ag.
Definition 2.14.1. A graded A-module M € A-mod is called “Koszul” if and only
if M admits a graded projective resolution

PP P M
such that P? is generated by its component of degree i, P* = AP}.

Proposition 2.14.2. Let M € A-mod be bounded from below, i.e. M € A-mod'.
Then the following are equivalent:

(1) M is Koszul.
(2) exty, (M, N) =0 for any pure module N whose weight is not (—i).
(3) exty (M, k(n)) =0 unless i = n.

Proof. Almost identical to the proof of Proposition 2.1.3, and so we leave it to the
reader. O

Definition 2.14.3. A graded A-module M € A-mod is called “quadratic” if and
only if it is generated in degree zero with relations in degree one.

We may spell this out as follows: The multiplication m : A ® My — M is a
surjection, and ker(m) is generated as a left A-module by its component of degree
one S = ker(4; ® My — M), so that M = A® My/AS.

Proposition 2.14.4. Any Koszul module is quadratic.
Proof. This is trivial. |
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Suppose from now on that A is a quadratic ring, A = T;V/(R). Extending the
considerations of section 2.6, we may define the Koszul complex

.= K*M — K'M — K'M
of a quadratic A-module M by setting
KM=A@(\V¥@Ra VO 2 MnV®'gs).

v
Proposition 2.14.5. A quadratic module M over a quadratic ring A is Koszul if
and only if its Koszul complex K*M is a resolution of M.

Proof. Almost the same as the proof of Theorem 2.6.1, and so we leave it to the
reader. O

If A is a left finite quadratic ring and M a finitely generated quadratic module
over A, we may form the quadratic dual M' € mod-A' given by S+ C (A1 ® My)* =
Mg ® A} as M' = Mg @ A'/S+A". Just as in section 2.8 we may then identify the
Koszul complex of M with the complex

Lo AR MY — AR (M) — Aot (M),

where we leave the definition of the differential to the reader. In case A is Koszul,
Theorem 2.10.1 generalizes to a canonical isomorphism M' = Ext% (M, k) of left
modules over (A')°PP = Ext% (k, k).

There also is an analog of the distributivity criterion (explained in the remark
closing subsection 2.6) for Koszul modules over Koszul rings. It shows in particular
that the dual M' of a finitely generated Koszul module over a left finite Koszul ring
is also Koszul.

3. PARABOLIC-SINGULAR DUALITY AND KOSZUL DUALITY

3.1. Notation from algebraic geometry. Let X be a complex algebraic vari-
ety. Then we denote by D(X) = D?,,,.,(Sh(X")) the bounded derived category
with algebraically constructible cohomology of the category Sh(X*™) of sheaves of
complex vector spaces on the analytic space X" defined by X. Let P(X) C D(X)
be the perverse sheaves (for the middle perversity) and H : D(X) — P(X) the
perverse cohomology functors. For any F,G € D(X) we may form the derived
RHom-sheaf RHom/(F,G) € D(X). Any morphism f : X — Y gives adjoint pairs
of exact functors (f*, f.) and (fi, f') relating D(X) and D(Y). More classically f*,
f«, fi would be written f=1, Rf., and Rfi respectively. Let X € Sheonst(X") C
D(X) be the constant sheaf C. Let Homp denote homomorphisms in D(X), and
put Hom(F,G) = Homp(F,Gli]) for all F,G € D(X). For any F € D(X) its
hypercohomology H*F = @ H'F is a graded C-vectorspace and even a graded
module over the cohomology ring H®*(X) of X (which should really be denoted
H*(X) or even End}(X,X)). More details on these notions may be found in
[Bor84, KS90, BBDS&2].

3.2. Existence of projective objects in some abelian categories. To prove
that suitable categories of perverse sheaves have enough projectives, we first work
in an abstract context. The results in this and the next section can also be found
in a paper by Cline, Parshall, and Scott [CPS91]. Let k be a field and .4 an abelian
k-category. Suppose that

(1) Every object of A has finite length.
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(2) There are only finitely many simple isomorphism classes in .A. To simplify the
exposition, suppose furthermore

(3) The endomorphisms of simple objects in A are reduced to scalars. Let
{L(8)}ses represent the simple isomorphism classes in A. Assume a partial
order < is given on S and S is equipped with the order topology, i.e. closed
subsets T' C S are characterized by s € T, s’ < s = s’ € T. For any closed
T C S let Ar be the full subcategory of A of objects “supported on 17, i.e.
all of whose simple subquotients have parameter in 7'

Assume we are given for all s € S objects A(s), V(s) and morphisms

A(s) — L(s), L(s) — V(s) in A such that

(4) Whenever T' C S is closed and s € T is maximal, A(s) — L(s) is a projective
cover and L(s) — V(s) an injective hull of L(s) in Ap. (In particular, both
A(s) and V(s) are indecomposable.)

(5) ker(A(s) — L(s)) and coker(L(s) — V(s) lie in Acs; Vs € S. Assume fur-
thermore

(6) Ext?(A(s),V(t)) =0 Vs,t€S.

We call the A(s) the standard modules and V(s) the costandard modules.

Theorem 3.2.1. Let A be an abelian category satisfying all of the above conditions
(1)-(6). Then A has enough projective objects, and each projective has a finite
filtration with standard subquotients.

Remarks. (1) If we let P(s) — L(s) be the projective cover and (P(s) : A(t)) the
multiplicity of A(t)) as a subquotient in a standard filtration of P(s), then
the so-called reciprocity formula (P(s) : A(t)) = [V(¢) : L(s)] holds. Indeed,
it is easy to see that both sides are just dimy Hom4(P(s), V(¢)).

(2) Dual results hold for injectives.

(3) As Ringel explained to one of the authors, the conditions (1)—(5) are already
sufficient to ensure the existence of enough projectives. His argument goes as
follows. Choose s € S maximal and assume by induction that the statement
is known for Ag_(,. For any t € S we need to show that there is a bound
N(t) on the possible length of an object X with unique simple quotient L(t).
For t = s this is clear, so suppose t # s. Consider the short exact sequence

0—-K—X—X—0,

where X is the maximal quotient of X which lies in As_{s)- Then X is a
quotient of the projective cover of L(t) in Ag_(,y, so its length is bounded.
Furthermore, we have an inclusion

Hom(K, L(s)) — BExt!(X, L(s)),

and K/radK is a direct sum of copies of L(s), hence K is a quotient of a
direct sum of at most dim Ext' (X, L(s)) copies of A(s). This does the job.

Proof. We start the proof by deriving further properties of A. Let us henceforth
abreviate Hom 4, Extfg, End4 by Hom, Ext’, End.
(7) End(A(s)) = k = End(V(s)) follows from (3), (4) and (5).
(8) For all M, N € A the space Hom(M, N) is of finite dimension, as follows from
(3) and (1).
(9) For all M, N € A the space Ext'(M, N) is of finite dimension. To prove
this, we may assume without restriction that M, N are simple. First assume
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M = L(s), N = L(t) with t # s. Then there exists a closed subset T' C S such
that s,t € T and s is maximal in 7. Now the short exact sequence ker —
A(s) — L(s) in Ar gives us a surjection Hom(ker, L(t)) — Ext'(L(s), L(t)),
and we are done by (8). If ¢ > s we proceed dually.

To prove Theorem 3.2.1, we prove more generally for any closed subset T' C S :

Claim (T') . There are enough projectives in Az, and each one of those has a finite
filtration with standard sucessive quotients.

For this we proceed by induction on |T'|. So let T C S be closed and s € S such
that 7" = T'U{s} is closed as well. We assume claim (7") and try to construct for all
t € T' a projective cover Pr/(t) — L(t) of L(t) in Ap.. If t = s, then A(s) — L(s)
is the sought-for cover by (4). If ¢t # s, then ¢t € T and claim (T) gives at least a
projective cover Pr(t) — L(t) of L(t) in Arg.

Let us abbreviate Pr(t) = P. Put E = Ext' (P, A(s)). Remark that for any finite
dimensional k-vectorspace F' and any object M of a k-category we may formally
define the object F @ M. The canonical element in E*® E = E* @ Ext! (P, A(s)) =
Ext!'(P, E* ® A(s)) gives rise to an extension E* ® A(s) < P — P such that, if
we take the long exact sequence ... — Hom(E* @ A(s), A(s)) — Ext' (P, A(s)) —
Ext'(P,A(s)) — Ext'(E* ® A(s), A(s)) — ..., then the diagram

E
can N\, id
.. — Hom(E* ® A(s), A(s)) — Ext'(P,A(s)) — ...

commutes. Since can is an isomorphism by (7), the above boundary map is actually
an isomorphism. Since Ext'(A(s), A(s)) = 0 by (4), we get Ext'(P, A(s)) = 0. We
want to prove that P is a projective cover of L(t) in Azv. This would establish
claim (7). To achieve this we only have to prove that, for r € T/ = T U {s},

. ~ 1, r=t,

dim Hom(P, L(r)) = { 0. clse.

Ext'(P,L(r)) = 0.

Suppose first that 7 € T. We consider the short exact sequence E*®A(s) — PP
Applying Ext'( , L(r)), we get a long exact sequence. Since
Hom(E* ® A(s), L(r)) = Ext' (E* @ A(s), L(r)) = 0
by (4), this settles the case r € T.
So we are left with the task of proving that
Hom(P, L(s)) = Ext*(P, L(s)) = 0.

Consider the short exact sequence ker — A(s) — L(s). It gives rise to two long
exact sequences

Hom(P,ker) <« Hom(P,A(s)) — Hom(P,L(s)) — Ext!(P, ker)
1 ! 1 1
Hom(P,ker) — Hom(P,A(s)) — Hom(P,L(s)) — Ext'(P,ker).

By the case r € T the first vertical is an isomorphism and both Ext-groups vanish.
By construction of P the second vertical is an isomorphism. Thus the third vertical
is an isomorphism and Hom(P, L(s)) = Hom(P, L(s)) = 0.
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Next we prove Ext'(P, L(s)) = 0. The short exact sequence ker «— A(s) —»
L(s) gives an exact sequence Ext!'(P,A(s)) — Ext'(P,L(s)) — Ext*(P,ker).
We deduced already from the definition of P that Ext'(P,A(s)) = 0. To get
Ext?(P,ker) = 0 it is sufficient to prove that Ext?(P,L(r)) = 0 for all » € T.
But this follows via the short exact sequence L(r) — V(r) — coker since we
know already that Ext!(P,coker) = 0, and since Ext*(P,V(r)) = 0 by (6) be-
cause P has a filtration with standard subquotients. So Ext? (P ,ker) = 0, and thus
Ext!(P, L(s)) = 0. O

Corollary 3.2.2. Let A be an abelian category satisfying (1)- (6). Then A has
finite cohomological dimension.

Proof. We have to prove that every object admits a projective resolution of finite
length. It is clear (at least from the point of view of derived categories) that if this
holds for two objects in a short exact sequence, then it also holds for the third one.
Hence it is enough to prove this for simple objects, and using (5) and induction
over S from below we see that it is also enough to prove it for standard objects.
But then we may use induction over S from above, because the projectives P(s) we
just constructed have filtrations with a single subquotient A(s) and all the other
subquotients of the form A(t), t > s. O

To check for condition (6), sometimes the following lemmas from folklore are
helpful.

Lemma 3.2.3. Let A be an abelian category and B C A a full abelian subcategory,
closed under extensions and such that the inclusion is an exact functor. Then for
all M, N € B the canonical map

Extyi(M, N) — Ext% (M, N)
18 an injection.
Proof. Suppose given e € Ext%(M ,N), e # 0. Certainly there exists a surjection

P — M in B such that the pull-back Extj(M, N) — Exty(P, N) maps e to zero.
The short exact sequence ker — P — M gives a commutative diagram with exact

TOWS
Extz(P,N) — Extg(ker,N) — BExtj(M,N) — Extg(P,N)
! ! !
Ext4(P,N) — Exty(ker,N) — Ext%(M,N)
and a diagram chase proves the lemma. |

Now consider any triangulated category D with t-structure and let P C D be the
core. In general one cannot extend the embedding P C D to a triangulated functor
DP(P) C D in a canonical way. However we have for all M, N € P canonical maps
Ext’ (M, N) — Hom’ (M, N). This follows from the fact that for fixed M both
sides are o-functors in N from P to the category of abelian groups, and the left
hand side is even a universal §-functor.

Lemma 3.2.4. In the situation above, the canonical map
Ext (M, N) — Homp (M, N)
s an injection.

Proof. Very similar to the proof of the previous lemma. O
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3.3. Existence of projective perverse sheaves. We want to prove that suit-
able categories of perverse sheaves have enough projective objects. This is due to
[MV87]. However we think that our argument is easier. In fact, it is quite similar
to an argument of [CPS91].

Let X be a complex algebraic variety with an algebraic stratification by affine
linear spaces X = (J,cpyXw. Let D(X, W) C D(X) consist of all objects which
are smooth along the stratification and set P(X, W) = P(X) N D(X,W). Let j :
X, — X be the inclusions of the strata. Put |w| = dim X, so X, = Cl“l. Let
Cw = X,,[—|w|] be the constant perverse sheaf on X,,, and consider the standard
and costandard objects My, = ju1Cuw, Ny = JuwsCuw. By our assumptions j,, is affine,
hence both M, and N,, belong to P(X,W). We will need

Theorem 3.3.1. There are enough projectives in P(X, W), and each one has a
filtration with standard objects as subquotients. Dually, there also are enough in-
jectives in P(X, W), and each one has a filtration with costandard objects as sub-
quotients.

Proof. This is a direct consequence of Theorem 3.2.1. |

For simplicity suppose now, in addition, that X is smooth. Then we may inter-
pret P(X) as a category of D-modules and D(X) as a category of complexes of D-
modules, and in this way get an evident extension of the embedding P(X) — D(X)
to a triangulated functor D*(P(X)) — D(X). This in turn gives us in an obvious
way a functor D*(P(X,W)) — D(X, W), and under our assumptions we obtain

Corollary 3.3.2. The obvious functor D*(P(X,W)) — D(X, W) is an equivalence
of categories.

Proof. By Corollary 3.2.2 we see that the left hand side is generated as a trian-
gulated category by the projectives and also by the injectives in P(X, W). So we
need only show that for P,I € P(X, W) a projective (resp. injective) object we
have HomiDb(P(X)W))(P, I) = Hom (P, ). This is clear for i = 0, and for i # 0
both sides vanish: the left hand side since it is just an Ext group in P(X, W), the
right hand side since P (resp. I) has a filtration with standard (resp. costandard)
sucessive quotients and Hom’ (M., N,,) = 0 for i # 0. |

3.4. Calculation of some extensions. Consider a complex algebraic variety X
filtered by closed subvarieties X = Xo D X; D ... D X, = 0 and F € D(X). To
compute H*®*F we have to choose an injective resolution I* of F and take cohomology
of the complex of global sections I'(1*). This is filtered by supports, 0 C I'x,.(I*) C

. C I'x,(I*) = T'(I®). So its cohomology is the limit of a spectral sequence
with Eq-term EP? = prttlxpﬂ(]:)v the local hypercohomology of F along X, —
Xpt1. For v : Y < X locally closed we have H$.(F) = H*v'F. So if we let i, :
(X, — Xp+1) — X be the inclusion, the Ej-term can also be written as E"? =
HP+ei, F. For L, M € D(X) we then find that Hom®(£, M) = H*RHom/(L, M)
is the limit of a spectral sequence with Fj-term EY? = Herqii,RHom(ﬁ,M) =
HPH IR Hom (i L, il M).

Now let X be a complex variety with an algebraic stratification by affine linear
spaces X = UweWXw' Let jw : Xuw — X be the inclusions of the strata. Put
lw| = dim X,, so X, = CI*l. Consider the intersection cohomology complexes
IC, € P(X) of the X,,. For all i the perverse cohomology H~'j*IC,, € P(X,) is

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



KOSZUL DUALITY PATTERNS 501

of the form H~"jIC, = n,,,C, where C, € P(X,) is the constant sheaf put in
degree —|v| and n ,, € N are multiplicities. We may assemble the constants 7,
together in a W x W-matrix IC(t) = IC(X,t) with entries in Z[t] given by

ICyw(t) = ni b

In fact, since the j; are right exact for the perverse t-structure, nf , = 0 for
i < 0. By definition the diagonal entries of our matrix IC(t) are all one, and for
an ordering of W compatible with the closure relations between strata the whole
matrix is upper triangular.

Theorem 3.4.1. Suppose we have parity vanishing, i.e. H'j*ZC, = 0 unless i =
|v| + |w| (mod 2). Then

>t dim Homy (ZC,, ICy) = ¥ IC. o (t)IC. (1)

3

is just the (x,y)-entry of ICT - IC.

Remark. Instead of parity vanishing we might as well assume pointwise purity of
the ZC,. The idea to use parity vanishing comes from [CPS91].

Proof. We apply the preceding considerations to £L = IC,, M = IC,, and the
filtration by the X, = U, 4p<dim x Xo- Thus Hom%,(ZC,,ZC,) is the limit of a

spectral sequence with Fq-term
EPT = HPTIRHom(ifTICo,,ICy)
= ea|z|+p:dimX]Hlp-i_q7?'7_{07fn(jg:z—ciﬂ7j,!zz-cy)'

Our assumptions say that

JiIC, = Pk ,C.ul
o

and dually
J,;Icy = @ nZ,yCZ[iy]v

and now parity vanishing tells us that our spectral sequence vanishes “like a chess-
board”. It follows that it degenerates at the E;-term, and we deduce that

dim Homj (ZC,, IC,) = > dimEY*9 = Y~ n n? .
p+q=i z,ptrv=i

This proves our theorem. O
In the same setup we can also prove

Proposition 3.4.2. Suppose we have parity vanishing. Then hypercohomology in-
duces an injection

Hom$(ZC,, ZC,) — Home (HZC,, H*ZC,).

Proof. By parity vanishing the spectral sequence H”“‘%;ZCI = H"ZC, is degen-
erate. So if f € Hom%(ZC,,ZCy) is given such that H®f = 0, then necessarily
0 =i, f € Hom},(i),ZCy, 4, ZC,) for all p. Let a, : X, < X be the inclusion. We
have a decomposition

u i
Xp = Xpp1 = Xp = Xp1
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in an open and a closed subset and a distinguished triangle (u.u', id, i;i!)alp, which
shows that a;)+1f =0= i;_Hf = a;)f = 0. Hence by induction i;f = 0 Vp implies
f=ayf =0. O
3.5. Localization of O9. Let g D q D b be as in the introduction and let G D @ D
B be the corresponding affine connected algebraic groups. We put Sgp = S, and
hence W% = W4, ete. Let Pp(G/Q) C P(G/Q) be all perverse sheaves which are
smooth along B-orbits. So the simple objects of Pp(G/Q) are just the intersection
cohomology complexes L& of the closures of the B-orbits BxQ/Q, for x € W?. We
want to prove

Proposition 3.5.1. There exists an equivalence of categories O = Pp(G/Q) such
that L3 corresponds to LS.

In fact, we will even construct an equivalence of triangulated categories from
D*(0O%) to the full subcategory Dp(G/Q) C D(G/Q) consisting of all objects which
are smooth along B-orbits. Here the case q = b is localization [BB81].

Proposition 3.5.2. There exists an equivalence of triangulated categories LP :
D*(0O%) = Dg(G/B) such that the obvious t-structure on the left corresponds to the
perverse t-structure on the right and the induced equivalence O° = Pp(G/B) maps
LY to LB for all x € W.

Proof. For example [BB81, Soe86] and [Soe89a, Proposition 6]. O

We will now deduce the general case. Let m : G/B — G/Q be the projection
and d = dim(Q/B) its fibre dimension.

Theorem 3.5.3. There exists an equivalence L9 : D*(0%) = Dy (G/Q) of trian-
gulated categories such that the obvious t-structure on the left corresponds to the
perverse t-structure on the right and the induced equivalence O% = Pp(G/Q) maps
L% to LG for all x € W?. Furthermore, the diagram

D0%) = Dp(G/Q)

1 Ln'l=d)
D*0°) = Dp(G/B)
commutes up to natural equivalence, and its vertical arrows are faithful functors.
Proof [Theorem/. We procede in several steps.
Step 1. We show that 7' : D(G/Q) — D(G/B) is faithful. More precisely, we prove
Lemma 3.5.4. There exist natural isomorphisms mm'F = @ F2l(x)] for
F eD(G/Q).
Proof. By the decomposition theorem mG/B = € ¢y, G/Q[—2I(x)]. Choose such
an isomorphism. Then we get
mr'F = mRHom(G/B,n'F)
= RHom(mG/B,F)
= Duoew, FR2U2)]

where the second step is Verdier duality. |

TeEWqQ

Step 2. Let Pg-1(G/B) be the category of all perverse sheaves on G/ B which are

smooth along the strata Bx@Q/B. The simple objects of this category are the £Z
with € W@,
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Proposition 3.5.5. The functors 7'[—d] and H%m define an equivalence of cate-
gories Pg-1(G/B) =2 Pp(G/Q) such that LE corresponds to LY.

Proof [Proposition]. Let us first show how Hm : P(G/B) — P(G/Q) is the right
adjoint of 7'[—d] : P(G/Q) — P(G/B). Indeed for G € P(G/B), F € P(G/Q) we
have
Homp (G, 7' [—d]F) = Homp(m[d]G,F)
= Homp(HmG,F);

the latter equality follows since we know that m[d]G is concentrated in perverse
degrees < 0. Next we show that for any F € P(G/Q) the adjointness map going
from (H%m)(r'[—d])F to F is an isomorphism. Indeed, this follows immediately
from the preceding lemma. Now we need

Lemma 3.5.5. The functor Hm : Pg-1(G/B) — P(G/Q) is ezact.

Proof. 1t is sufficient to show that for all G € Pg-1(G/B) and all i of parity
different from d we have HimG = 0. We may even assume G simple, say G = L,
r € WP, But then G = 7'[~d|£¥, and parity vanishing follows from the preceding
lemma. (|

Finally we show that for all G € Pg-1(G/B) the adjointness map going from G
to (7'[—d])(H%m)G is an isomorphism. This is clear for all G of the form 7'[—d]F,
in particular for all simple G. Then it follows for all G from the five lemma. The
proposition is proven. O

Step 3. It is evident that the equivalence O° = Pp(G/B) of Proposition 3.5.2
induces an equivalence O% = Py-1(G/B). Together with the preceding proposition
we get now a diagram of exact functors

01 = Py(G/Q)
l | ' [—d]
ok P5(G/B)

that commutes up to natural equivalence. Certainly we can go over to bounded
derived categories and obtain a diagram

DH0%) = DYPy(G/Q))
! L m'[~d]
DV(O%) = Db(Pg(G/B)).

So to prove the theorem we have only to establish a commutative diagram

D*(Ps(G/Q)) — Ds(G/Q)
m'[—d] | | 7' [—d]
D*(Pp(G/B)) — Dp(G/B)

such that the horizontal arrows are equivalences. For the definition of these hor-
izontal arrows, remark that for smooth X we may interpret P(X) as a category
of D-modules and D(X) as a category of complexes of D-modules, and get in this
way an evident extension of the embedding P(X) — D(X) to an exact functor
D*(P(X)) — D(X). From this point of view it is clear how to define the hori-
zontal arrows, and it is equally clear that the diagram commutes. We then apply
Corollary 3.3.2 to see that the horizontal functors are equivalences. The theorem
is proved. O

I
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We now want to discuss standard objects. Recall the parabolic Verma modules
M3 € 09 from the introduction, and let MY = j,.C. € Pp(G/Q) be the standard
objects.

Proposition 3.5.7. Our equivalence O% = Pg(G/Q) identifies M3 and M.

Proof. This is clear, since M2 is the projective cover of L3 in O and MY is the
projective cover of £ in Pp(G/Q)<, (see section 3.2 for the notation). O

Remarks. (1) The proposition allows us to avoid the use of sections 3.2 and 3.3
in the proof of the theorem. Namely, the only thing we used was Corollary
3.3.2 for the stratified space G/Q, and to prove this corollary we only needed
that Pp(G/Q) has (1) finite homological dimension, (2) enough projectives
and injectives, and that (3) each projective (resp. injective) has a filtration
with standard (resp. costandard) subquotients. But (1)—(3) are known for
01, hence they follow for the equivalent category Pp(G/Q).

(2) Let us mention that the theorem allows us to interpret the derived functors
of the left and right adjoint of the inclusion O% — O° geometrically as the
left and right adjoints of 7'[—d], i.e. as m[d] and 7.[—d]. This in turn allows
us to compute the effect of these “derived parabolic truncation functors” on
simple objects.

3.6. Extensions of simple objects in O9. To any two elements z,y of the
Weyl group, Kazhdan and Lusztig [KL80a] associate the so-called KL-polynomial
P, ,(q) € Z[g]. Furthermore, they prove [KL80b] that the intersection cohomology

matrix /C(G/Q,t) of the stratified space G/Q = J,,cyye BwQ/Q can be expressed
in terms of their polynomials as

IC(G/Q )0y = Poy (W7D v gy € WO,
Let us denote this matrix by P¢ = P?(t). Remember now our algebra
Aq = Extyq (®L], ©LY)
from section 1.3.
Proposition 3.6.1. The Hilbert polynomial of Ag is P(Ag,t) = (P?)T P9,
Proof. Indeed,

P(Ag,t)ey = Y ;t"dimExty, (L3, L3) by definition
= Y, t"dimHom{, (LY, L&) by the preceding section
(P9)TPQ),., by Theorem 3.4.1. O

3.7. Parabolic-singular duality. We want to establish the first isomorphism of
Theorem 1.1.3.

Theorem 3.7.1. Let A, q be as in the introduction and suppose Sy = Sq. Then
there is an isomorphism of C-algebras

Endo, (8P (z - \)) & Extq (BLI, &LY)
such that the obvious idempotents 1, on both sides correspond.

Proof. We will describe both sides in a combinatorial way to see that they are the
same. In the case q¢ = b this is done in [Soe90]. We will now reduce our more
general situation to this case.
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Step 1. The dimensions of both sides coincide.

Let (P(xz-X) : M(z-A)) be the Verma flag multiplicities. They are related to
Jordan-Hélder-multiplicities by the so-called BGG-reciprocity formula
(P(x-X): M(z-X) =[M(z-A): L(z-\).
Now we calculate
dim Endo, (0 P(x - A))

= Yayrewa(P(@-A): M(z-X))[M(z-A): Ly - A)]

weyzewe [M(z- X)Lz - A)][M(z - A) : L(y - A)]
>wyzewa Pea(1) P y(1) by the KL-conjectures
dim Extgyq (BL3, ®L3) by Proposition 3.6.1

Step 2. Combinatorial description of the left hand side.

Let S = S(h) be the symmetric algebra over h, C = C(h) = S/(ST)WVS the
coinvariants for the action of the Weyl group, and Cy = Cy(h) = C"™* the Wj-
invariants in C. Let Py = P(w, - A) € Oy be a projective cover of the simple
Verma module. If §°%t : O, — Oy is the translation out of the walls, we have
6°ut Py = Py. In [S0e90, Ber90] one may find the construction of isomorphisms C) =
EndoPy. Under these isomorphisms the map Endp Py — Endpf°“ Py = Endp P,
corresponds to the inclusion Cy «— Cy = C. The isomorphisms Cy = Endp Py, give
rise to the functors V.=V, = Homp(Py, ): Ox — Cx-Mof. In [S0e90] it is proved
that V induces isomorphisms Home (P(z-A), P(y-A)) — Home, (VP(x-)A), VP(y-A))
for all 7,y € W*. Thus Endp, (8P(z - \)) = End¢, (8VP(z - \)).

Step 3. Combinatorial description of the right hand side.

Analogously to Cy = Cy(h) one may define Cq = Cq(h*). Define a grading on Cj
by requiring that h* has degree 2. In [BGG73] one may find the construction of an
isomorphism of graded C-algebras Cq = H*(G/Q), the cohomology ring of G/Q.
Under this isomorphism the pull-back H*(G/Q) — H*(G/B) corresponds to the
inclusion Cq — C = C. In this way the hypercohomology gives rise to a functor
H* : D(G/Q) — Cq-mof. By Proposition 3.4.2 hypercohomology induces injections

Ext} (LY, £E) — Home, (H* LS, H*LY)
of graded vector spaces over C. Theorem 3.5.3 gives isomorphisms
Ext®, (L3, L) = Ext}, (LY, LY).
Hence we have an injection Extgq (SL%, @ L1) — Endc, (6H®LY), which will soon
turn out to be an isomorphism.
Step 4. The isomorphism.

Choose a W-equivariant isomorphism h = h*. Since Sy = &g, this gives an iso-
morphism Cy = C. We just have to prove that there exist isomorphisms VP(x-\) =
H* LS in Cy-Mod =2 Cq-Mod. (Remark that by Steps 1 and 2 this implies in partic-
ular that the injection at the end of the preceding step is indeed an isomorphism.)
The existence of an isomorphism VP(x - 0) = H®*L2 is established in [Soe90]. The
general case then follows directly from

Lemma 3.7.2. (i) For all x € W* there exists an isomorphism in C\-Mod
’I“engVQP(,T ’ O) = @ZEWAV)\P(JJ : )\)
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(ii) For all x € WY there exists an isomorphism in Cq-mod
esG LY = @.cw, (H*LS)(21(2) — d).

Proof. (i) Let 0,y : Og — Oy be the translation onto the walls. It is known that
0,,0°t is just a direct sum of |W,| copies of the identity functor on O,. Now for
all z € W we have §°%P(x - \) = P(z - 0), hence 0, P(x - 0) = D.cw, Pl A).
But, in addition, by the adjointness of the pair (8°%¢,0,,,)
VA (HWM) = Homo (P>\, GonM)
= HOHIO (Po, M)
= TGSC (VoM)

for all M € Oy. Hence resg VoP(z - 0) & D.cw, VaP(z-N).
(ii) For all z € W? we have

TGSC H'EB = H'ﬂ'*ﬁf
= H*m7'LY[—d]
= Grew H (?[2 (2) = d])
= Gaewo(HLY)(2(2) —d). O

The theorem is proved. O
Recall now the ring A? = Ext(®L(z - \), BL(z - \)).

Corollary 3.7.3. We have a ring isomorphism A? = E(Ag) such that the obvious
idempotents 1, on both sides correspond.

Proof. As explained in section 1.3, the theorem gives an equivalence of categories
O, =2 Ag-Mof

identifying L(z - \) € Oy with A%lm € Agp-Mof. From this we deduce an isomor-
phism of extension rings

Exty, (BL(z - A), ®L(z - A)) = Ext} (A),A). O

8. Canonicity of the grading on O,. A very annoying feature of our paper
is that at lots of places we just prove the existence of isomorphisms, instead of
really constructing them. This might be an indication that we do not yet have the
correct point of view. We want to explain in this section a part of our constructions
that is canonical. Namely, we construct (in the notation of the preceding section)
a completely canonical equivalence of categories

Mof-(End$ (9£2)) — Os.

This can be done as follows: First put Py = °“* M (—p). This is a projective cover
of the simple Verma module M (w, - \) € O that doesn’t depend on any choices,
and we have canonically Endg Py = C. Then we identify h with h* via the Killing
form and obtain an identification C’y = (. Via this identification the intersection
cohomology groups H*LY of the closures of B-orbits in G/@Q can be considered as
Cy-modules, and we may form the g-modules

P(x-\) = Homg, (H* LY, Py)

for each x € W?. With the same arguments as in the proof of [Soe90, Proposition
6], we see that these P(x - \) are projective covers of the L(x - A) in Oy. (However
we cannot canonically construct surjections P(x - \) — L(z - A).) Let us put P =
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@ P(x - A). This is a completely canonical projective generator of Oy, and the
obvious map

(End}, (€D £%)) — EndyP
is an isomorphism. Now P has commuting structures as a left g-module and as a
left Endg P-module. For general reasons the functor

®(End, P) P : Mof-(Endg P) — Oy

is an equivalence of categories, and via the above isomorphism this gives the sought-
for equivalence

Mof-(End (2L2)) — O,.

3.9. The ring Ap is Koszul. The “correct” proof of this fact is geometric and
will be given in section 4. Here we give two less conceptual but easier proofs via
selfduality.

Theorem 3.9.1. Ap is Koszul.

First Proof. By the numerical Koszulity criterion we only need to check the matrix
equation P(Ap,t)P(E(Ap),—t) = 1. Here P(Ap,t) = (PB)T P5 by Proposition
3.6.1. To compute the Hilbert polynomial of E(Ap) we use selfduality. Namely,
the corollary above gives us an isomorphism E(Ag) = AB, but since O = Oq
and LY = L(z w, - 0) we have an identity Ag = AP with 1, corresponding
to 1,-1,,. So, up to a reindexing of our idempotents, E(Ap) = Ap, and hence
if we define the W x W-matrix Pg = Pg(t) by (Pg)sy = Pfow,l7wou,l, then
P(E(Ap),t) = PLPp. But now the inversion formulas for KL-polynomials from
[KL80a] yield PB(t)Pg(—t)T = 1. Hence
P(Ap,t)P(E(Ap),—t) = (PP(t))" PP (t)Pp(—t)T Pg(—t)=1. O

Second Proof. This is due to Roman Bezrukavnikov. One deduces the theorem

from the following

Lemma 3.9.2. Suppose A is a positively graded ring over the semisimple ring Ay =
k. Suppose furthermore A is an algebra over a field F and dimp A; < oo fori =0, 1.
If there is an isomorphism of graded F-algebras A = E(A), then A is Koszul.

Proof. Remark first that for any V' € k-Mof we have dimp(V*) = dimp V, for
V* = Homy(V, k) as in section 2.7. Remark next that if M, N € A-mod are graded
A-modules and N; = 0 for all but finitely many i, then

Hom (M, N) = | [ homa(M, N (v))

and even
Ext’y (M, N) = [ [ ext’s (M, N ().

Now consider I = A~ and the short exact sequence I <— A — k. From this we get
a commutative diagram

Exth(k, k) = (I/I?)*
T T
extl(k, k(1)) =  Aj

where the vertical arrows are inclusions. Now our selfduality assumption tells us
that both rows have the same dimension over F, hence Ext (k, k) = ext!, (k, k(1))
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and (I/I1?) = A;. But from (I/I?) = A; it follows that A is generated by A; over
k; hence, using selfduality again, F(A) is generated by Ext (k, k) = extl (k, k(1))
over k°PP. This in turn implies Ext’ (k, k) = ext’y (k, k(i)) for all i, hence A is Koszul
by Proposition 2.1.3. O
Now remark as before that there is an isomorphism of graded C-algebras Ap =
E(Ap). The theorem follows immediately from the lemma. O

Remark. We can now run the first proof backwards and deduce the inversion for-
mulas for Kazhdan-Lusztig polynomials from the selfduality of Ap.

3.10. The rings Agp and A®@ are Koszul. Here our argument avoiding mixed
geometry is really screwed-up. By a “Koszul grading” on a ring we mean a grading
such that the corresponding graded ring is Koszul. Consider first A9 = Endp (@ P2).

Proposition 3.10.1. The ring A9 can be given a Koszul grading.
Proof. Consider the equivalence of categories O = Mof-AB. Since
OV={MecO|[M:L° #0=xecW?},

this induces an equivalence of categories O = Mof-(AP /1), where I C AP is
the two-sided ideal generated by all 1, with = € W\ W%, Since both AZ /I, and
A" are basic rings with the same category of right modules 09, we find that they
are isomorphic.

To prove the proposition we will show that the graded ring AP /I is Koszul. So
we need to show that extensions between pure objects of mof-(A” /1) vanish unless
our objects have the correct weight. But since we know already that A is Koszul,
it will be sufficient to show that the restriction functor Mof-(A%2 /1) — Mof-(AP)
induces injections on extensions. In other words, we have to show that the inclusion
09 — O induces injections on extensions. But this is just the “faithful”-part of
Theorem 3.5.3. |

Theorem 3.10.2. (1) The ring Ag is Koszul.
(2) The ring A® is Koszul.
(3) We have A% = A%,

Proof. (1) Under the equivalence of categories O = Mof-A9 the objects @ LI and
A correspond, both being just the direct sum of “all” simples (i.e. taking one from
each isomorphism class). Hence we get a ring isomorphism

Ext& (D L, @D LY) = Ext® 4 (A], 47),

which can be read as Ag = E((A%)°PP). Hence by Proposition 2.2.1 and Theorem
2.10.2 the ring Ag is Koszul.

(2) We already know that A? = E(Ag) from Corollary 3.7.3. Hence A@ is
Koszul by Theorem 2.10.2.

(3) The isomorphism Ag = E((A%)°PP) leads to E(Ag) = (A9)°PP, by Theorem
2.10.2. But from Corollary 3.7.3 we deduce that E(Ag) = A%, and we know that
AQ 22 (AQ)PP by the existence of a duality on O,. |
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3.11. Graded representation categories and Koszul duality. Given A, q asin
the introduction with Sy = &4, we constructed finite dimensional graded C-algebras
Ag, A? which are Koszul rings with degree zero part the semisimple ring k(Q) =
@D.cyve Clz. We furthermore obtain isomorphisms (Ag)°PP = Ag, (A9)°PP = A
over k(Q) from the dualities on Oy, resp. 09, and in section 1.3 we deduced the
following facts from Theorem 1.1.3 (whose proof is already complete):

1) There exists an equivalence of C-categories Ap-Mof = Oy identifying A% 1,
Q Q
with L(z - A).
(2) There exists an equivalence of C-categories A9-Mof = 0% identifying A(? 1,
with L3.
3) There exists an isomorphism A}, = A? of graded C-algebras over k(Q).
Q

Let us put Og = Ag-mof. Forgetting the grading v together with a choice of an
equivalence as in (1) gives us an exact functor v : Og — Ox. We have v(M (i)) = vM
for every M € Og, and for any M, N € Og the obvious maps

P Extd,, (M (i), N) — Extg, (vM,vN)

are isomorphisms. For x € W® let us define the objects Lg = AOQlz and P =
Agl, in Og. The L are simple, and every simple object of Oq is isomorphic
to exactly one of the Lg) (). The F§ are projective covers of the L. Obviously
Pg, L§ € Oq are lifts of P(x-\), L(z-A) € Oy, ie. vPG = P(x-A),vLE = L(z-N).
We also want to lift the Verma modules to Og. To this end, note that M (z - A) is
the projective cover of L(z - ) in the truncated category

(O)\)KIZ{MEO)\|y<$é[M:L(y~)\)]:0}.

This means that under our equivalence Oy = Ag-Mof the Verma module M (x - \)
has to correspond to (Ag/I<;)l,, where I, C Ag is the two-sided ideal gen-
erated by all 1, with y < z in the Bruhat order. So let us just define Mg =
(Ag/I<z)ly € Og. We also define a duality d : Og — Og on Og by the formula
dM = Homc (M, C), using the isomorphism Ag = Ay”. Then d(M (i) = (dM)(~i)
and dLg) = L.

Analogously we define the category O9 = A®-mof, the “forgetting of the grad-
ing” v: 0% — 0% and the lifts P2, M2, LY € OF of P3, M3, L3 € O%. Note that
all of these are to a certain extent unique: Up to isomorphism there is a unique basic
algebra A% describing the category O9%. There are several possible Koszul gradings
on A%, but by Corollary 2.5.2 all of these give rise to a graded ring isomorphic to
A®. And since by Lemma 2.5.3 the lifts of indecomposable objects are unique up to
shift of grading and isomorphism, LY can be characterized (up to isomorphism) as
the unique lift of L9 that is pure of weight zero, and then P9, MY are the unique
lifts of P, M3 surjecting onto Lg. Similar remarks apply to Og. In this notation,
we can state

Theorem 3.11.1. There exists a contravariant equivalence of triangulated cate-
gories over C

Kd: D"(Og) — D*(0%)
such that PG, Mg, Lg) € Oq get mapped to LY, MQ, P2 € O% for all z € WO,
and Kd(M([n]) = (Kd(M))[—n], Kd(M{n)) = (Kd(M))[n](n) for all M.
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Proof. We may define Kd as the composition
DY(0g) ~& D"(0g) = D"(Ag-mof) £ D¥(Al-mof) = DP(A%-mof) = D*(O?).

Then the only assertion which doesn’t follow directly from Theorem 2.12.6 and
the definitions is the formula KdMg = MZE. But this is readily deduced from the

following characterizations of MY and Mg, |

Lemma 3.11.2. M& is—up to isomorphism—the unique object M € D*(O®) such

that
(1) Hom(Pf(i), Mn])) #0=y <x.
(2) Hom(P2 (i), M[n]) = C ifi =n =0, zero else.
(3) Hom(M (i), L[n]) #0 =y > =
(4) Hom (M (i), LY [n]) = C if i = n =0, zero else.

8

Lemma 3.11.3. M is—up to isomorphism—the unique object M € Db(OQ) such

that
(1) Hom(P)(i), M[n]) #0 =y > z.
(2) Hom(P3 (i), M[n]) = C if i =n =0, zero else.
(3) Hom(M (i), L[n]) #0 =y < z.
(4) Hom(M (i), Lg[n]) = C if i =n =0, zero else.

Proof. We will only prove the first lemma. Certainly M = M@ satisfies the stated
properties. On the other hand suppose M € D*(O@) also satisfies (1) through (4).
We deduce further properties of M.

(5) By (1) all cohomology groups H*(M) have only composition factors L (i)
with y < 2. By (2) only H°(M) has a composition factor of the form L% (7).

(6) From (5) and (3) we deduce that H”(M) = 0 for v > 0. By (4) then H°(M)
has the unique simple quotient LwQ.

(7) By (5) and (6) there is a surjection M@ — H°(M). By (5) and (6) again this
can be lifted to a nonzero map MY — M.

Now complete this map to a distinguished triangle MY — M — E b . We have

to show that E = 0. Let H”(E) be the highest nonvanishing cohomology group.
Then there is a nonzero map E — L& (i)[v] for suitable y,i. But y < 2 by (5) and
construction, and y > x by (3). This contradiction shows that E = 0. (|

For any M € O let M = rad’M O rad'M O ... be the radical filtration and
put Fad’ M = rad’M/rad”"* M. Parts (i) and (ii) of the following theorem are to be
seen as definition of the ng? (i), ng, (i).

Theorem 3.11.4. (i)

dim Exty,(M(z-A),L(y-A) = [rad" M2 : L]
[l [[3)

dim Exth, (M5, LY () 2 [M2: L9()]
| [l

ng? (i) = (P2 MZ2(i))
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(i)

dim Ext(q (M3, L3) = [fad' M(z-\): L(y- \)]
[[5) [
dim Extio(MQ,L2(i)) 2 (Mg LY ()]
[ [[8)
ng, (i) = (P ME (i)

).

(iil) If we collect the n’s into WS x W?@-matrices P2(t), Po(t) with entries in Z][t]
given by (P?(t))zy = any(z)tz, (Po(t)ey = an)’y(z)tl, then the matriz
equation

(Po(t))" PO(~t) =1
holds (where the upper index T transposes the matriz).
(iv) In terms of the Kazhdan-Lusztig polynomials Py ,, defined in [KL80a] we have

(P(1)ay = Pyt 2w,
(PQ (t))m,y = ZZGWQ (_1)l(z)szwo,ywo (t—Q)tl(m)—l(y)

for all z,y € W®. Our polynomials are of degree l(y) — l(z) and I(x) — I(y)
respectively with leading coefficient one.

Remark. The equalities (1) (resp. (5)) mean that extensions of Vermas by simples
are “pure”, i.e. Exte, (Mg, Lé(n» = 0 unless i = n (resp. ...). This means that
our graded Vermas are “Koszul modules” in the terminology of section 2.14.
Proof. (i) We start with (3). We deduce from Proposition 2.4.1 that
[Fad’ M2 : L] = [ME : LY (i)).
Next we prove (1) and (2) in one argument. Namely,
Bxth, (M3, L)) = Homps (o) (M, L (i)
= Homps(oa) (P, M2[i —n](—n)).
But clearly this vanishes if i # n, and in the case i = n it has dimension [M@ :
193],

To clarify the structure of the following arguments let us develop some general-
ities. For any abelian category A let [A] be its Grothendieck group. Any A € A
gives [A] € [A]. We often just write A instead of [A].

Now consider the Grothendieck group [O] of OF. We let Z[t,t~'] act on it via
t[M] = [M(1)]. Then it becomes a free Z[t,t~']-module of rank [W®| with three
bases [P2], [MQ] and [LY]. Furthermore, [O%] comes with a symmetric Z[t,t!]-
bilinear form given by

(M,N) = "(~1)"dim Ext{,q (M, dN (v))t".
With respect to this form the [P%] and the [LY] are dual bases, whereas the [M¢]
form an orthonormal basis. It is then clear that

[M] = (P2, M)ILE] = (M, M2)[M]

z z

for any M € O%. In other words, (P2, M) = >.[M : L2(i)]t" and (M, M%) =
S (M 2 M@(i))t', where the “virtual Verma flag multiplicities” (M : M2 (i)) are
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just defined by [M] =3"_ (M : ME(i))[ME(i)] and coincide with the actual Verma
flag multiplicities in case M has a Verma flag. Now (4) follows from

DML = (PP, M2) =) (P2 : M)t

3 K2

and we have established (i).

(ii) is proved the same way.

(ili) Note that (Po(t))s,y = (PyQ,MQ% and (PQ(—1))y, = <M§,L§> This re-
duces our statement to linear algebra.

(iv) This follows from the literature [Soe89a, Irv90, Irv88, CC87, Bar83, BB&6,
ES87]. The first equality is also a direct consequence of the results expounded in
section 3.5. Namely, we can compute

dim Extgq(MJ,L3) = dim Homp(ME, LE) by section 3.5
= dim Homp(j21Cs, ZC,y) in other notation
= dim Hom(C,,j.ZC,) by adjointness,

and this certainly is a suitable coefficient of IC(G/Q,t)z.y = (P?(t))z.y- O

We also want to show that our graded versions of projectives admit graded Verma
flags. In the case of Og this follows directly from the following proposition, whose
proof is stolen from [Jan87, 11, 4.16]:

Proposition 3.11.5. Let M € Og be such that Ext}gQ (M, dMg(j)) = 0 for all
x,j. Then M has a filtration with subquotients MC% (7).

Proof. Without restriction we may suppose M # 0. Choose y € VW maximal such
that Hom(M, L) (i)) # 0 for some i. It follows that Hom(M, L (j)) = 0 for all
z >y, all j. From the assumptions we know in particular that Ext* (M, dM§(j)) =0
for all z > 7, all j. These two statements together give Ext! (M, L{(j)) = 0 for all

z > y, all j, and hence Ext'(M, radM(i)) = 0. Thus any nonzero morphism
M — L (i) lifts to a surjection M — Mg (i). But the kernel of this surjection
again satisfies the conditions of the proposition, and we are done by induction. [

The case of O is similar. As another direct consequence of our results we obtain
a new proof of the following result from [Irv88, Bar83, BB86].

Proposition 3.11.6. Verma modules are rigid, i.e. for any u € b* the socle and
radical filtrations on M () coincide.

Proof. We know that M (1) has simple socle and simple top. By some equivalence of
categories [Soe90] we may suppose (i is integral, say p = z-A. Write M (z-A) = vMg.
By Proposition 2.4.1 both the socle and radical filtration on M (z - A) correspond
to the grading filtration on M. O

Remark. The same argument proves that projectives in O with a simple socle are
rigid. This applies in particular to the projective covers of simple Verma modules.
In fact, the argument proves that any object in O9 or O, that has simple socle and
top and admits a graded version is rigid.

Continuing in the spirit of the above results one might for two parabolics P C
() define graded versions of translation functors 6;,6, : Op — Og and 9!,9* :
Og — Op. Their derived functors should correspond under Koszul duality to the
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graded derived versions of the embedding O% — OF and its adjoints, the “parabolic
truncation functors”. However we didn’t work this out.

4. KOSZUL RINGS ARISING FROM ‘MIXED’ GEOMETRY

One knows that various categories of representations may be interpreted geomet-
rically as categories of perverse sheaves. For example, the category O% (for regular
integral weight) is equivalent to the category Pp(G/Q) of perverse sheaves on G/Q
which are smooth along the Schubert stratification (see 3.5). In this section we
show that the graded representation category O may be identified with an ap-
propriate full subcategory of the corresponding category Pp(G/Q)mixed of mixed
perverse sheaves. As a bonus, we also get a natural explanation of the Koszulity of
0%,

The categories of (mixed) sheaves do not arise naturally as the categories of
modules over some algebra. In the preliminary sections we develop some category
language to overcome this nuisance.

4.1. Mixed categories and graded algebras (see [BMS87, BGS88]). For sim-
plicity we fix a ground field F' and assume that all categories are F-categories and
all functors are F-linear. By an “artinian category” we mean an abelian category
with objects of finite length. For an artinian category A we denote by Irr.A the set
of isomorphism classes of irreducible objects of A.

Definition 4.1.1. A mized category is an artinian category M equipped with a
map wyp = w : IrrtM — Z (called a weight) such that for any two irreducible
objects M, N one has Ext'(M, N) = 0 if w(M) < w(N).

Let (M, w) be a mixed category. An object M of M is called pure of weight i if
all its irreducible components have same weight 7. Any such object is semisimple.
Denote by M; the full subcategory of pure objects of weight i. Clearly, M*® =
& M, is the full subcategory formed by all semisimple objects of M.

Lemma 4.1.2. Any object L € M has a unique finite increasing filtration Wy =
WeL such that grlV L = W;L/W;_1 L is a pure object of weight i for alli € Z. Any
morphism in M is strictly compatible with W,.

Proof. Left to the reader. O

The filtration W, is called a weight filtration. Note that any full subcategory M’ C
M closed under direct sums and subquotients is itself a mixed category (with
respect t0 war = warr|am). Given any set of objects S in M, we denote by Mg
the smallest such subcategory that contains S.

Definition 4.1.3. A functor 7 : M) — M2 between mixed categories is called
pure if 7 is exact and sends ./\/ll(-l) to M§2), for each 7 € Z.

For example, the above embedding Mg — M is pure, and any fully faithful
pure embedding comes this way. The mixed categories form a 2-category with
1-morphisms being pure functors.

Ezamples. (1) The category Hp of polarizable F-Hodge structures is a mixed
category (we assume F' C C and take the usual weight w). More generally,
the category H(X) of mixed Hodge modules on an algebraic variety X over
C is a mixed category (see [Sai90]).
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(2) The category M(X) of mixed Q;-sheaves on an algebraic variety X over a
finite field is mot mixed. However, its full subcategory consisting of those
perverse sheaves F with gr!VF semisimple for all i € Z is mixed. Unfortu-
nately, one still does not know if this mixed category is stable with respect to
various standard functors (e.g., if the action of the Frobenius on H*(X, Q)
is semisimple, the so-called “standard conjectures”).

Remark. The above examples explain the origin of the name mixed categories.
The still conjectural categories of mixed motivic F-sheaves on an algebraic variety
should also be mixed if charF' = 0. Beware that if charF # 0, then these categories
are not mixed categories in the sense of 4.1.1.

Definition 4.1.4. For an integer d a degree d Tate twist on a mixed category
M is an automorphism (d) of M, written M +— M({(d), with the property that
w(M{d)) = w(M) 4 d for all M € Irr M.

Then for any M one has W;(M(d)) = (W;_q¢M)(d). For any n € Z we denote
by (nd) the n-th power of (d), so that (—d) is the inverse to (d) and (nd) o (md) =
{((m +n)d). If n € Z, then (nd) is a degree nd Tate twist. If M!, M? are mixed
categories equipped with Tate twists (d)? of the same degree d, then for any pure
functor ¢ : M! — M? the functor (d)? o ¢ o (—d)! is also pure. We'll say that ¢ is
compatible with Tate twists if we are given an isomorphism € : ¢ 2 (d)? o ¢ o (—d)*.
Thus the mixed categories equipped with degree d Tate twists form a 2-category
with 1-morphisms being pairs (¢, €) as above. The mixed categories occurring in
the above examples are equipped with a standard Tate twist of degree —2. We write
F(—2n) = F(n).

Sometimes it is convenient to represent (d) as d-th power of a degree 1 Tate
twist (1). One may do this in a universal manner as follows. Put MY? :=
Dococg 1 M@ (the sum of d copies of M). Denote by (1) the automorphism

of M4 that shifts M@ c MY to M@+ for a < d — 1, and coincides with

ME=D = M 4 M = MO on M@= Let us identify M with M©) c M/,
Then M'/? is a mixed category with respect to the weight w defined as w(M (i) =
w(M)+i for M € IrtM C TerMY? M c M4 is a pure fully faithful embedding,
and (d - 1) coincides with (d) on M.

The most trivial example of a mixed category with degree 1 Tate twist is the
category vectr of graded finite dimensional vector spaces over a field F. Although
this is not necessary for us from a strictly logical point of view, let us show in the
remainder of this subsection that any mixed F-category with Tate twist and finite
dimensional Hom’s is equivalent to the category of graded vector spaces equipped
with certain extra symmetries.

Definition 4.1.5. A mixed algebra A is a projective limit of a family of graded
finite dimensional algebras A?, such that AY, = 0 for i < 0 and the A2 are semisimple
F-algebras.

In other words, a mixed algebra A = [ A’ is a ring object in the abelian tensor
category lim(vectr) of graded profinite dimensional vector spaces such that At =0
for i < 0 and A° is a projective limit of semisimple algebras. For a mixed algebra
A we denote by A-mof the category of F-finite dimensional continuous A-modules,
i.e. for A =lim(A,) one has A-mof = J, Aq-mof. If M € A-mof is an irreducible
module, then A>°M = 0, i.e. M is actually an irreducible A° = A/A>°-module.
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It is supported in a single degree i, i.e. M7 = 0 for j # i; set w(M) := —i. It
is clear that (A-mof,w) is a mixed category. The shift of degrees functor M —
M(1), (M (1)) = M1 is a degree 1 Tate twist on A-mof. Note that the category
lim(A-mof)o (which is the category of all continuous non-graded A°-modules) has
a distinguished object T defined by the property Hom(T, M) = M for any M €
(A-mof)g; clearly T contains any irreducible object with finite non-zero multiplicity.

Proposition 4.1.6. The correspondence A — (A-mof,w,(1),T) is a one-to-one
correspondence between mized algebras and collections (M, w, (1),T), where (M, w)
is a mized category, (1) is a degree 1 Tate twist on M, and T is an object of lim M
such that T contains any irreducible object of Mg with finite non-zero multiplicity.

Proof. Let us construct the inverse correspondence. Take (M, w, (1),T) as above.
To define the mixed algebra A consider the functor ¢ : M — vectp, ¢(P)" :=
Hom(T, gry (P(—i))). This is a pure faithful functor compatible with Tate twist,
i.e. one has ¢(M(a))’ = ¢(M)*~%. Consider the components ¢’ : M — vectp. The
above compatibility shows that the space of morphisms of functors Hom(¢®, ¢%+?)
is independent of a € Z; denote it by A’. Note that A° = EndT and A’ =

for i < 0. The composition of morphisms defines a product A* x A7 — A7,
therefore A = [J A® is a ring. It acts canonically on the graded vector space ¢(P)
for any P € M. Clearly A coincides with the projective limit of its images Ap in
End¢(P). Therefore A is a mixed algebra, and our ¢ may be considered as a pure
functor M — A-mof compatible with Tate twists. It is easy to check that this is
an equivalence of categories. O

Ezercises. (1) Describe the pure functors between the mixed categories in terms
of the corresponding mixed algebras.
(2) Spell out the analog of the above proposition for arbitrary mixed categories
(without Tate twists).

4.2. Projective objects in artinian categories. Below we’ll use several times
the following lemma of folklore. Its proof is left to the reader.

Let C be any artinian category. Denote by {L} a collection of representatives of
isomorphism classes of irreducible objects in C, and put F, = EndL. Let P € C be
an object equipped with a filtration P = P°>P'>... > PV =0 for N > 0, with
semisimple successive quotients.

Lemma 4.2.1. The following properties are equivalent:
(1) P is a projective object and the filtration is the radical filtration.
(2) For any i > 1 and any semisimple object M € C the map
Hom(P'/P™™, M) — Ext'(P/P", M)

coming from the short eract sequence P'/P*t! — P/Pitt — P/P' is bijec-
tive.

(3) For any i > 1 and L € IrxC the group FEi(L) = Ext*(P/P% L) is a finitely
generated Fr-module, E*(L) = 0 for all but finitely many L, and there exists
an isomorphism

Pi/Pi-l-l _ @ Ez(L)* QF, L
LelrrC
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where E'(L)* := Hompg, (E*(L), FL), such that under the chain of isomor-
phisms

Ext!(P/P?, P'/Pi*)  — Ext'(P/P', @, E'(L)* @, L)
=@, E(L)" ®F, E(L)
=@, Endp, (E'(L))

the class of the extension P'/P™! — P/P™ — P/P" goes to Y, idgi(r).

4.3. Gradings on artinian categories. Let C be an artinian category (hence
an F-category by our conventions) with finite dimensional Hom’s, and let M be a
mixed category with a degree d Tate twist. Let v : M — C be an exact faithful
functor that sends semisimple objects of M to semisimple objects of C, and let
e:v(M) — v(M(d)), M € M, be a natural isomorphism. We call such a pair (v, ¢)
a degrading functor.

For M, N € M consider the map

v}'\/[)N : @ Ext'y(M, N(nd)) — Ext&(vM,vN)

defined by v and . We will be interested in the condition

(*)4.n¢ The map v}, v is bijective.

Definition 4.3.1. (1) A grading on an artinian category C is defined to be a pair
(M, (v,¢)), where M is a mixed category with a Tate twist and (v,e) : M — C
is a degrading functor, such that (a) any irreducible object in C is isomorphic
to v(M) for some M € M, and (b) the condition ()},  holds for all i and
all M, N € M.

(2) An equivalence between two gradings (M, (v,¢)), and (M, (v',¢’)) on C is
a pure functor ¢ : M — M’ compatible with Tate twists together with an
isomorphism v'¢ = v compatible with ¢, &.

Remarks. (1) As follows from our definitions, any equivalence ¢ as above is ac-
tually an equivalence between the categories M and M’.

(2) Tf (%)} y holds for all irreducible M, N and all i € Z, then (x)}; v is true for
all M, N, i.

(3) Any degrading functor (v,e) : M — C extends in a unique manner to a
degrading functor (v'/? e1/4) . M4 — C and (v,¢) is a grading on C if and
only if (v'/%,1/4) is a grading on C. Therefore we may always pass to the
situation with d = 1.

Ezamples. (1) Let A be a mixed F-algebra, M = A-mof, C = A-Mof the category
of all finite dimensional continuous non-graded A-modules. Then the forget-
the-grading functor v : M — C (with the obvious ¢) is a grading on C.
Actually, any grading arises in this way.

(2) The functor v : Hr — Vectp that assigns to a Hodge structure its underlying
vector space is a degrading functor. To define ¢ we must fix a generator in
v(F(1)). The restriction of v to the subcategory of those Hodge structures
that are isomorphic to direct sums of Tate ones is a grading on Vectp.

(3) Consider the categories of mixed perverse sheaves in either the Hodge or the
Q; version. The forgetting of mixed structure functor that sends a mixed
sheaf to the usual underlying geometric one is a degrading functor.
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Lemma 4.3.2. (1) Let (v,e) : M — C be a grading on C. Then:

(a) v sends irreducible objects in M to irreducible objects in C, and the cor-
responding map IrrM /{Zd) — TrrC is bijective.

(b) The same holds when we replace the word “irreducible” by “indecompos-
able projective”.

(2) Assume that an artinian category C has enough projective objects and for any
L € IrrC one has EndL = F. Then any degrading functor (v,e) : M — C
that satisfies the properties (a), (b) above is a grading on C.

Proof. (1) For (a) use (x)9, y for irreducible M and N. For (b), note that an
object P in M is projective if and only if v(P) is projective in C (use (¥)p y with
P our projective, N any irreducible, and (a)). An argument with ()} p shows
that such P is indecomposable if and only if v(P) is. It remains to show that any
indecomposable projective object Pz in C can be lifted to M. To do this consider
the radical filtration Pc = PY D P} D ..., and lift Pz/P} step by step using 4.2.1
(3) and the above statement (a).

(2) We need to check (x)j, y. It obviously holds when M is projective. For
arbitrary M, use a projective resolution. O

From now on let us assume that C admits a projective generator P, so in
particular IrrC is a finite set. Put A = (EndP)°PP. This is a finite dimen-
sional F-algebra, and we have a canonical equivalence of categories C — A-Mod,
M +— Hom(P,M). Let 6 be a positive grading, A = @ A on A, such that A
is semisimple (i.e. A;O = radA) or, equivalently, the graded ring Ay is a mixed
algebra. Set Cy = Ag-mof. This is a mixed category with a degree 1 Tate twist; the
forget-the-grading functor Cp = Ag-mof — A-Mof = C is a grading on C.

Lemma 4.3.3. Any grading on C with a degree 1 Tate twist is equivalent to some
Co. The gradings Co, Co: are equivalent if and only if ' = a='0a for some a € A*.

Proof. Let M — C be a grading with Tate twist of degree 1. To identify M with
some Cy let us choose a lifting (Puy, ) of P (where Py is an object of M and
o : P — v(Pyy) is an isomorphism) such that the maximal semisimple quotient T
of Py is pure of weight 0. Such a lifting exists and is uniquely defined up to a
change o — aa,a € A* = (AutP)°PP.

The ring A = (Enduv(Pay))°PP is a mixed algebra with respect to its natural
grading A* = Hom(Pyy, Pyg(—4)). Note that A coincides with the mixed algebra
attached to (M, T) by 4.1.6. The isomorphism « identifies A with A, hence defines
the grading 0 = H(PM, «) on A. It is clear from Proposition 4.1.6 that the grading
M on C is equivalent to Cy. This is the first statement of the lemma. The second
one follows since (P, aa) = a~*0(Pp, a)a for any a € A*. O

Remark. In the situation of the lemma it may happen that for two gradings 6,6’
there exists an automorphism ¢ of A such that ¢(6) = #’. Such a ¢ defines an obvi-
ous pure equivalence Cy = Cp which is compatible with pro jections to C (i.e. ¢ is an
equivalence of gradings) iff ¢ is an inner automorphism. Note that such ¢ always ex-
ists if we know that our graded algebras Ag, Ap- are generated by their components
of degree 1 and 0: Then they are isomorphic to grd = @(radA)?/(radA)*+1.

4.4. Mixed category O: Q-version. Let X be a variety over a finite field F,
equipped with a stratification by smooth affine strata {X,}. Set n, = dim X,, and
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denote by iq : Xo — X the embeddings. Let L4 = i01.Q1, x,, [a] be the intersection
cohomology sheaf of X, and M, = iwQq x,[na] the corresponding “standard”
perverse sheaf. Note that £, is a mixed sheaf in a natural way (actually, a pure
one of weight n, ). If we regard £, as a mixed sheaf, we denote it by Lo.
Assume each stratum X, is isomorphic to an affine space Aﬁ}:‘. We consider the
following condition:
(x): For any «, 8 and j € Z the sheaf Hjigﬁa on Xg, vanishes if ny + j is odd
and is isomorphic to a direct sum of copies of Q; x, ((—na — j)/2) if na +j is
even.

To check this condition one may use:

Lemma 4.4.1. Condition (x) is satisfied provided the following two properties hold.

(1) For each 3, H%Eﬁa is a (geometrically) constant sheaf on Xg; this sheaf
vanishes whenever ng + j is odd. R
(2) The geometric Frobenius acts on H7 (X, Ly) via multiplication by qU+me)/2,

Proof. There is a standard spectral sequence with E3 = P, __, HI"(Xg, z};[ﬁa)
that converges to HP*9(X, L,) (H? stands here for the cohomology with compact
support). Property (1) yields the parity condition: EY? = 0 whenever n, + p + ¢
is odd. Hence all the differentials d,,r > 2, vanish, and the spectral sequence
degenerates at the Ep-term. Thus, the group H/(Xps,i5La) gets identified in a

canonical way with a subquotient of
HI(X,Lo) ~ HI (X, La)*(—na)

The property (2) ensures now that the Frobenius acts via multiplication by qlitna)/2
on the groups involved. Note, finally, that the first property yields an isomorphism:
H}(Xp,i5La) = HY(Xp, H "85 L,)(—ng), and condition (x) follows. O

To apply the lemma in the situation we need, we prove the following result.

Lemma 4.4.2. Assume that for any o there exists a proper surjective morphism
7o : Yo — X, such that
(1) Y, is a smooth scheme.
(2) For any X5 C X, the projection ;1 (Xg) — Xg is smooth.
(3) The Qi-cohomology groups of Y, are generated by classes of algebraic cycles
defined over .

Then the property (2) of Lemma 4.4.1 holds.
Proof. Form the direct image complex F = 7, .Qy vy, [na] € D® (X,Qy). Clearly,

mixed
L, is a subquotient of the mixed perverse sheaf PHOF. On the other hand, the
complex F' is a semisimple perverse sheaf (with Frobenius action disregarded),
due to the decomposition theorem. Hence the vector space H’(X, Ea) with the
Frobenius action on it is isomorphic to a subquotient of H? (X, F) = Hit"a (Y, Q).

The claim follows. O

Corollary 4.4.3. Condition (x) holds for the stratification of the flag variety G/B
by Schubert cells.

Proof. Let U be the maximal unipotent subgroup of G so that U-orbits are the

Schubert cells. Then, clearly, £, is an U-equivariant perverse sheaf. Hence, for all 3
and j € Z, the sheaf H’ i5Lq is U-equivariant, hence, a geometrically constant sheaf.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



KOSZUL DUALITY PATTERNS 519

Now, the first property of Lemma 4.4.1 is proved by Kazhdan-Lusztig [KL80b].
The second property follows from Lemma 4.4.2 applied to the Demazure-Hansen
desingularization Y, — X, of Schubert varieties. O

From now on assume that (X, {X,}) satisfies condition (x) above. Let P be the
Serre subcategory of the category of Q-perverse sheaves on X ® F, generated by
the Lo, and denote by P the full subcategory of the category of mixed perverse
sheaves on X that consists of those F for which any gr}’Vf is isomorphic to a direct
sum of copies of Lo ((nq —j)/2) with no—j even. Then P is an artinian Q;-category
and P is a mixed Q;-category with a degree —2 Tate twist. One has IrrP = {La},
[P = {L.(n)}. We have the forgetting of mixed structure functor v : P — P.
Choose a generator € of Q;(1). Then (v,¢) is a degrading functor. The following
theorem is the main result of this section. Its proof will occupy the rest of it.

Theorem 4.4.4. (1) (v,¢): P — P is grading on P.
(2) P is a Koszul category.

Let us start the proof with

Lemma 4.4.5. For a constructible compler G € D(X ® F,,Q;) the following con-
ditions are equivalent:

(1) PHI(G) € P for all j € Z.
2) The H7i%5(G) are constant sheaves on Xg for all 3 and j € Z.
B B

Proof. The sheaves that satisfy (1) or (2) form the full triangulated subcategories
Dy, Dy of D(X ® F,,Q;). The category D; is generated by the {L,}, the category
D5 by the {M,}. By (*) we have L, € Do, and therefore D1 C Dy. To prove the
converse inclusion it suffices to show that all M, lie in P. We do it using induction
on the number of strata. Let X, be an open stratum. By induction we know
that any perverse sheaf G supported on X — X, that satisfies (2) automatically
lies in P; in particular this holds for M, whenever a # w. Consider the canonical
surjection M, — L,. Let K, be its kernel. Then /IC, is supported on X — X,
and HjiEICw = Hj_lizﬁw for any 8 # w. From (%) we deduce that K, € P, hence
M, eP. O

Remark. Actually the above arguments prove the following general statement. Let
X be any variety stratified by smooth strata X,, put n, = dim X,, and assume
that for each X, we picked a Serre subcategory C, of the category of lisse sheaves
on X,. Assume that for any «, 8 and F € IrrC, the sheaves Hjigia!*]:,j € 7, lie in
Cg. Then the full triangulated subcategory of D(X,Q;) generated by the perverse
sheaves iq1«(F), F € IrrC,, consists precisely of those complexes G which satisfy
the condition H7(i3G) € Cp for all # and j € Z.

Lemma 4.4.6. (1) The category P has enough projectives.
(2) The obvious functor D*(P) — D(X @ Fy, Q;) is a fully faithful embedding.

Proof. The parallel statement in the situation when X is a complex variety (with
condition (x) dropped) was proven in 3.3. The reader may easily check that the
same proof works in our present situation, provided we know that the perverse
sheaves M, lies in P. And this was the preceding lemma. |
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If 7,G are perverse sheaves on X ® IF_q, we set,
Ext'(F,G) := Hom , y o5 g,y (F, Gli]).

This group also coincides with the Yoneda Ext in the category of all perverse sheaves
on X. The above lemma claims, in particular, that for any F,G € P the obvious
map Ext%;(]—", G) — Ext’(F,G) is an isomorphism. For a pair of irreducibles Lo, Ls
consider the Q;-vector space Extl(ﬁa, L3). The mixed structure Lo, ig defines a
Frobenius action on it.

Lemma 4.4.7. If n, —ngs is even, then Ext' (Lo, L) = 0. If n, —ng is odd, then
the Frobenius acts on Ext' (L, Lg) as multiplication by q(ms—met1/2,

Proof. We have a canonical isomorphism
Ext' (Lo, L) = Ext'(DLs, DL,) = Ext'(Ls, Lo)(na — np),

the latter since DL, = L(ny). Therefore we may assume that Xo—Xo 2 Xg
(otherwise interchange v and @ in the above formula). The short exact sequence
Ko — My — L, provides the exact sequence Hom (Ko, Lg) — Extl(ﬁa,ﬁg) —
Ext' (M, Lg). Since our condition implies that Hom(K,, £5) = 0, we see that

Ext! (Lo, £5) — Ext! (Ma, £g) = H'(Xo © Fy, if,(L£5)[na)).

so it suffices to check the statement of our lemma for this larger group. Since
the X, are supposed to be just affine linear spaces, then this coincides with
H%(X, ®@F,, H 7% Lg), and by () we are done. O

Lemma 4.4.8. Let P be an indecomposable projective in P. Then:

(1) P can be lifted to P, i.e. there exists P € P together with an isomorphism
v(P) — P. )
(2) Any such P is a projective object of P.

Proof. We need use the following general fact. Let Fy, F» be mixed perverse
sheaves. Then one has a canonical short exact sequence

Hom(]—'l,]-'g)pr — Extl(ﬁl,ﬁg) —» Eth(J:l,fz)FT,

where F; = v(F;) are the underlying usual perverse sheaves, and the middle Ext'
is the group of extensions in the category of all mixed sheaves (not necessarily
gri¥-semisimple ones).

We now prove (1). Let P = P° > P! O ... be the radical filtration on P.
We find a lifting P such that P? = v(W,,_;(P)) for some w € Z. To do this we

—_~—

inductively define liftings P/P? of P/P? such that P/Pi+! is an extension of P/P?
by a pure sheaf Pi/Pi+1 of weight w — i. To start the induction, note that P/P!
is irreducible, hence can be lifted to some P/Pl. Set w = w(P/P!). Now assume
we already have P/P?. Consider the isomorphism

PP — @ Ext'(P/P', La)*®g,La

—~—

from 4.2.1 (3). The mixed structure P/P? and the standard mixed structure
L, on L, define a Frobenius action on Ext'(P/P? L,). Since our filtration is
the radical filtration, the restriction map Ext'(P/P! L,) — Ext'(P*~'/P% L,)

—_~— —~—

is injective. By our induction hypothesis, Pi=1/P? = W,,_;+1(P/P?) is a pure
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(hence semisimple) object of P of weight w — i + 1. By 4.4.7 the Frobenius
acts on Ext!'(P"~1/P! L,) as multiplication by ¢(™«~“*9/2 (and it vanishes if
Ne — w44 is an odd integer). Therefore the same is true for Ext'(P/P?, L,), and
we may consider @, Ext'(P/P?, L,)* ® L, as a pure object of P of weight w — i.

—_~—

This defines the pure structure P/Pi+1 on P?/PiT!. The class of the extension
Pi/pitt — P/PL — P/P?is invariant with respect to the Frobenius-action
on Ext!(P/P?, P/ P**!) defined by the mixed structures P/P? and Pi/Pit+l (see
4.2.1 (3)); hence it comes from an extension P?/Pi+l — P7]\3ﬁ1 — E/\ﬁ Clearly
P7]\3i/+1 € P, and we are done.

Next we prove (2). We need to show that Ext;s(ﬁ,[:) = 0 for any £ € TrrP.
Note that Ext%(ﬁ,ﬁ) C Ext'(P,L). Since Ext'(P,£) = 0 (by 4.4.6 (2)), we see
that Ext%(p,ﬁ) C Hom(P, L), = Hom(P/P',L)p,. This group is non-zero if
and only if E/\ﬁ > £. In this case Ext;s (P, L) = 0 (the corresponding extensions
are not gr'¥-semisimple), and we are done. O

Proof of 4.4.4. (1) We may use the criterion 4.3.2 (2) by 4.4.6 (1). The condition
4.3.2 (a) is obvious, while 4.3.2 (b) follows from 4.4.8.

(2) We have to show that for any £~1, ENQ € IrrP of weights wq, ws the extension
Ext%(ﬁl,ﬁg) vanishes unless i = w; — wy. For this it is sufficient, by 3.4.2, to
establish an injection Ext% (L1, Ls) — Ext'(Ly,Ly)F". This we deduce from the
following commutative diagram:

EXt;S (21, Eg) — EXt;p (ﬁl, EQ)
| |
EXti(ﬁl, Eg) —» EXti(ﬁl, EQ)FT — EXti ([:1, Eg)

Here the upper horizontal is an injection by 4.4.4 (1), the right vertical is an isomor-
phism by 4.4.6(2), the left vertical comes from the fact that the upper left corner
is a universal J-functor, and the left map in the lower horizontal is the end of the
short exact sequence from the proof of Lemma 4.4.8. O

4.5. Mixed category O : Hodge version. Let X be an algebraic variety over
C. Fix a subfield FF C R. Denote by P the category of perverse F-sheaves on X
and by Py the category of Hodge F-modules (i. e. mixed Hodge sheaves) on X.
We have the functor v : Py — P of forgetting Hodge structure. If we choose a
generator € of the 1-dimensional vector space F(1) = F - 2my/—1, then (v,¢) is a
degrading functor (see 4.3).

Let C C P be a Serre subcategory. We consider the following problem: Find a
mixed subcategory C C Py, closed with respect to Tate twist, such that C — C
is a grading on C. This problem (for given C) seems to be quite difficult. For
example, we have no idea if C exists in the generality of 4.4 or 3.4 (i.e. in case when
C consists of sheaves smooth along a stratification by affine planes). However, in
the very particular case when X = G/B and C coincides with the category O of
perverse sheaves lisse along the Schubert stratification {X,}, the category C does
exist. We will construct it below.

Let X = G/B, {X.}, O be as above and let Oy := v~1O be the category of
Hodge modules lisse along {X,}. Note that each L, carries a canonical Hodge
structure (of weight n,). Denote this irreducible object of O3 by La.
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Lemma 4.5.1. Any Hodge structure on Ly is isomorphic to the twist Ea(]) for
some j € Z.

Proof. Let £~,1l be a Hodge structure on L£,. Let us consider the canonical iso-
morphism Hom(Ly, Ly) ® Lo =2 L4 (note that Hom(L,, L,) = F). If we put on
F = Hom(Lq, L) the Hodge structure F' defined by £, and L, then this will
give the isomorphism of Hodge sheaves F' ® L, = ng Since dim F' = 1, the only
possible F is F(j). O

Recall some general facts about Hodge sheaves (see [Sai90]). If F is a Hodge sheaf
on X and F is the underlying perverse sheaf, then the groups H’(X,F) carry
a natural Hodge structure. We denote it by H7(X,F) € Hp. More generally,
for Fy, F» the groups Ext’ (F1,Fa) carry a natural Hodge structure. We denote
it by Ext’ (ﬁl,fg) € Hr. We have a canonical spectral sequence converging to
Ext$,(F1,F2) (:= Ext groups in the category of Hodge sheaves) with first term
EP9 = HPT9(Ext™P(F1, Fy)). Here H, is the absolute Hodge cohomology functor:
For a Hodge structure M € Hp we have Hj (M) := Extj, (F(0),M). Since
Hg{ = 0 for 7 # 0,1 this spectral sequence degenerates at E». In particular, we
have a short exact sequence

quiHom(]:"l,J}g) — Ext%{(ﬁl,ﬁg) - H%Extl(ﬁl,ﬁg).

Lemma 4.5.2. (1) For any «, 8 and j € Z the sheaf Hjizﬁa on Xg vanishes if
JH+ng is odd. It is isomorphic to a direct sum of some copies of F((—j—na)/2)
if 7+ na is even.

(2) The cohomology group H? (X, Ea) vanishes if j + ng s odd. It is isomorphic
to a direct sum of some copies of F((—j —na)/2) if j + ng is even.

(3) The group Ext? (L., Lg) vanishes if j — na +ng is odd. It is isomorphic to a
direct sum of some copies of F((—j — na +ng)/2) if j —na +ng is even.

Proof. (1) (cf. 4.4.2). Use the Demazure-Hansen desingularization Y,, of X, and
the decomposition theorem.

(2) follows from (1), since the terms of the spectral sequence for computing
HI(X,L,) via the stratification {X,} have the properties listed in (2) and any
extension between Tate (or any Hodge) structures of the same weight is trivial.
Alternatively, use the decomposition theorem directly to identify H®(X, L,) with
pieces of the cohomology of Y.

(3) To compute

Ext®(La,Ls) = H*(X,D(Ly ® DLg)) = H*(X, Lo ® Lg)*(—np)

one may use, as in (2), the spectral sequence for the stratification {X,}. Again,
by (1), its terms satisfy the properties listed in (3); hence this is true for the
Ext®-groups themselves. Alternativly, by 3.4.2 the canonical map Ext? (L, Lg) —
Hom(H* (X, L,), H**7 (X, L3)) is injective. Since it is obviously compatible with
Hodge structures, we are done by (2). O

Lemma 4.5.3. Let P — L, be a projective cover in O and P = P° > Pt > ...
the radical filtration of P.

(1) There exists a Hodge structure P on P such that P — L, is a morphism of
Hodge sheaves.
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(2) For any such P one has P* = v(W,,
direct sum of some objects of the form Ls(j) (of weight ny, — ).

._iP), and Pi/Pi+l .= gr}ﬁ_i(lﬁ) is a

Proof. Let us start with (2). By induction on i we may assume that P’ is a Hodge
subsheaf of P and P7='/P7 is a direct sum of Tate twists of some Ls of weight
Ne — j + 1 for any j < i. We need to show that P! is a Hodge subsheaf and
P?/P™1 is a sum of some objects of the form L£s(j) of weight n,, —i. First consider
the canonical morphism v : P — @BHom(Pi, Ls)* @ Lz coming from the obvious
maps Hom(P?, £3) ® P* — Lg. Tts kernel is Pi*'; hence this is a Hodge subsheaf
of P, The canonical isomorhism 4.2.1(3)

PP @) Bt (PP, L) o L

is obviously compatible with Hodge structures. Since our filtration is the radical
one, the restriction map Ext'(P/P?, Lz) — Ext'(Pi~'/P?, Ls) is injective. Since,
by induction, Piil/ﬁi is a direct sum of Tate twists of [:,Y’S of weight n, — i + 1,
we are done by part (3) of the preceding lemma.

To prove existence of P we again use induction over i. Namely, we build the

P/ P; successively. The procedure is identical with the one used in the proof of 4.4.8
(1). We should only replace the words “Frobenius action” by “Hodge structure”
and use the short exact sequence preceding Lemma 4.5.2 instead of the one from
the beginning of the proof of 4.4.8. O

Now consider the skyscraper sheaf L. supported at the point orbit. Let P, — L.
be a morphism of Hodge sheaves such that P. — L. is a projective covering of L.
Define Op to be the smallest full abelian subcategory of Oy containing all P ().

It consists of all subquotients of direct sums of objects of the form P, (4)-

Theorem 4.5.4. (1) (515e — O is a grading on O.

(2) Op, is a Koszul category.

Proof. First note that (2) follows from (1) . Namely, by (1) and 4.5.1 we know
that rOp = {La(n)}, where w(Lqy(n)) = no — 2n; therefore Koszulity means

that Extlépe (Lo(a),Ls(b)) vanishes if i # no, — ng — 2a + 2b. By (1) the map-
ping Extlé_ ((La(a), Ls(b)) — Ext'(Le, L) is injective. Since it factors through
Pe

Extd (La(a), L(b)), its image lies in HY, (Ext'(La(a), L (b)), and we are done by
452 (3).

To prove (1) we will use the following lemma. Let C* be the maximal W-
invariant quotient algebra of SymH; (H, F'). Here H is a Cartan subgroup of G, and
we consider Hy (H, F) as a Hodge structure. Clearly Hy(H, F) =Ty ® F(1), where
T’y is the lattice of 1-parameter subgroups in H. Therefore C* is a commutative
algebra in Hp, graded in an obvious manner. Consider the corresponding graded
F-algebra C* = v(C*). According to [Soe90] we have a canonical isomorphism
C* = EndP..

Lemma 4.5.5. This isomorphism is compatible with Hodge structures, i.e. C
EndP..

)

|

Proof. Proof postponed to the next subsection.
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We say that FeO p, 1s a special object if it is isomorphic to a quotient of a
direct sum of copies of P,(n)’s.

Step 1. Let Fand G be objects of (515@’ and suppose Fis special. Then Hom(]:'7 G)
is a direct sum of Tate structures F'(¢). This follows immediately from projectivity
of P, and the preceding lemma, since our Hom(]} , G) is a subquotient of a sum of
Hodge structures isomorphic to (EndP,)(4).

Step 2. For any o there exists a special object I, such that I, := v(I,) is an injec-
tive envelope (:= an indecomposable injective object) of L,. Indeed, according to
[S0e90] there exists a graded C*-module V? such that I, := V, ®¢ P. is an injective
envelope of £, (here V, is V.? with its grading forgotten). Now consider the Hodge
structure V,, := @ V/i(i), and set I, ==V, Q& P,. Note that dim Hom(Lq, I,) = 1;
therefore we may assume, as in the proof of 4.5.1, after possible twisting of I,, that
Lo C1,.

Step 3. The category O p, consists precisely of those sheaves F € Oy such that
Hom(F, 1) is a direct sum of Tate structures for any «. Indeed, if F is a special

object of Op , then we may embed it into a special one and use injectivity of I, to
get our claim. Conversely, assume that F has the property that all Hom(F, I,) are
direct sums of Tate structures. The canonical embedding F — @, Hom(F, I,)* ®

1, is compatible with Hodge structures, and the right hand side obviously lies in

Op , so we are done.
e

Step 4. As follows from Step 3, the I,(n) are injective objects of (5156. Since

Irr@pe = {L,(n)} by 4.5.3 (2), our theorem follows from 4.3.2 (2). (Strictly speak-
ing, we need to apply it to C = O°PP_ since in 4.3.2 (2) we spoke about projective
objects, and here we deal with injective ones.) |

4.6. Monodromy actions. We still have to prove Lemma 4.5.5. We need some
general facts about monodromic sheaves. Let H be our torus, 7 : X — Y an
H-principal bundle, F € P(X) a monodromic mixed Hodge module.

Proposition 4.6.1. The logarithm of the unipotent part of monodromy h(1) —
EndF is compatible with Hodge structures.

Proof. Recall that a perverse sheaf F € P(X) is called monodromic if h*F is
isomorphic to F for all h € H. Consider the projection and the multiplication
p,m: H x X — X and the other projection q : H x X — H. Consider

A=Ay = H "¢,RHom(p*F, m' F)[-n).

If F is monodromic, this is a local system on H. The fibre A; of this local system at
one is canonically A1 = EndF. Put I' = X.(H) C h. We regard this as an integral
Hodge structure, and consider also its Tate twist I'(1) = 2miI’ C §(1). Then
I'(1) = m(H,1) acts on Ay = EndF by monodromy, and the action of v € I'(1)
is in fact left multiplication with some M () € AutF. Now let N(y) € EndF be
the logarithm of the unipotent part of M(+). Then N : I'(1) — EndF extends to a
homomorphism of Lie algebras Nz : h(1) — EndF, and we claim that when F has
a mixed structure this is compatible with the mixed structures.
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But it is known that if A is a smooth mixed Hodge sheaf on a torus, then the
logarithm of the monodromy N4 : h(1) — EndA; is compatible with Hodge struc-
tures. And when A = Ar (so that Ay = EndF) this factors as h(1) — EndF —
End(EndF), where the first map is Nz and the second is left multiplication. O

Proof of Lemma 4.5.5. Let U C B be the unipotent radical. Then we may identify

U-equivariant perverse sheaves on G/B

(U x B)-equivariant perverse sheaves on G

B-equivariant perverse sheaves on U/G.

Certainly the latter are H-monodromic. Thus monodromy gives a homomorphism
S(h(1)) — EndF for all F € O, and for F € O this morphism is even compatible
with Hodge structures. Now using [BB86] one may see that under localization O° =
Pp(G/B) the monodromy action of S(h(1)) on the right corresponds to the action
of the center of U on the left, via the Harish-Chandra homomorphism. In particular
for P, € O a lift of the antidominant projective, by translating [Soe90, Bea83] into
geometry we get a surjection S(h(1)) — EndP.. Thus indeed EndP, is a split Tate
structure. O
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ABSTRACT. The aim of this paper is to work out a concrete example as well
as to provide the general pattern of applications of Koszul duality to repre-
sentation theory. The paper consists of three parts relatively independent of
each other.

The first part gives a reasonably selfcontained introduction to Koszul rings
and Koszul duality. Koszul rings are certain Z-graded rings with particularly
nice homological properties which involve a kind of duality. Thus, to a Koszul
ring one associates naturally the dual Koszul ring. The second part is devoted
to an application to representation theory of semisimple Lie algebras. We show
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that the block of the Bernstein-Gelfand-Gelfand category O that corresponds
to any fixed central character is governed by the Koszul ring. Moreover, the
dual of that ring governs a certain subcategory of the category O again. This
generalizes the selfduality theorem conjectured by Beilinson and Ginsburg in
1986 and proved by Soergel in 1990. In the third part we study certain cate-
gories of mixed perverse sheaves on a variety stratified by affine linear spaces.
We provide a general criterion for such a category to be governed by a Koszul
ring. In the flag variety case this reduces to the setup of part two. In the more
general case of affine flag manifolds and affine Grassmannians the criterion
should yield interesting results about representations of quantum groups and
affine Lie algebras.
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