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1 Introduction

Kummer [5] computed the sums

P
Z exp(2min®/p)

for primes p = 1 (mod 3) up to 500, and found that S, /(2,/p) lay in the intervals
[-1,—3], (=%,1), [4,1] with frequencies approximately in the ratio 1: 2 : 3.
He conjectured, somewhat hesitantly, that this might be true asymptotically.

Kummer’s conjecture was disproved by Heath-Brown and Patterson [4].
In order to state their result we must introduce a little notation. Let w =
exp(27mi/3) and let (x/%)3 be the cubic residue symbol for Z[w]. For each
¢ € Z|w] such that ¢ = 1 (mod 3) the cubic Gauss sum is

c’3 ¢
d(mod c)
where we have defined
e(z) = exp(2mi(z + %)) (1)
for all complex z. One then has
9(e)* = ule)e’e, (2)

where p(x) is the Mobius function for ZZ[w], see Hasse [2; pp. 443-445] for
example. It is therefore natural to normalize g(c) by writing

One then finds that if p = N(7), where 7 = 1 (mod 3) is a prime of Z[w], then

Sp

5.0 = R



Heath-Brown and Patterson showed that the numbers g(7) are uniformly dis-
tributed around the unit circle, thereby disproving Kummer’s conjecture.

To establish uniform distribution the natural route is to use the Weyl crite-
rion, which requires the sums

> gt
N(m)<X
7=1(mod 3)

to be o(X/log X) for each fixed non-zero integer k. The formula (2) shows that
g(m)® = —x/|r|. Thus if k is a multiple of 3, the required bound is a standard
consequence of the zero-free region for L-functions with a Grossencharakter.

When k& = 3] + 1 we need to examine

N(m)<X
7=1(mod 3)

Similarly, when k = 3] —1 we may restrict attention to sums of the above shape,
via the observation that g(¢) = g(¢). The principal result of Heath-Brown and
Patterson is then the estimate

Z g(C)A(C)(ﬁ)l <, X30/31+e | ‘I|X29/31+67 3)
C
N(e)<X
c=1(mod 3)

valid for any | € ZZ and any ¢ > 0. Here A(c) is the von Mangoldt function,
defined as log N(7) if ¢ is a power of the prime 7, and 0 otherwise.

This type of bound probably does not express the whole truth, for Heath-
Brown and Patterson [4] (following Patterson [8], who presents a heuristic jus-
tification) have made the following conjecture.

Conjecture For any e > 0 we have

c 5/6 1/24¢ _
> aenen ={ Vo esn " i @

|C‘ OE(X1/2+6)7 (l 7& 0)7
N(c)<X
c=1(mod 3)
where 5 5
b= Z(2n)?31(%).
(21 (5)

This is supported both by a heuristic argument and by the available numerical
evidence. It expresses a bias towards the g(m) having positive real part, thereby
explaining the non-uniformity found by Kummer.



Unfortunately present methods appear to be inadequate for a resolution of
Patterson’s conjecture. The goal of the present paper is however to establish
an improved version of the result (3) of Heath-Brown and Patterson, which
only just fails to achieve the required degree of precision. Specifically we shall
establish the following bound.

Theorem 1 For any e > 0 we have
~ c
Z g(C)A(C)(H)l < XO/6Fe |1 x3/4te
N(e)<X
c=1(mod 3)

for every l € ZZ.

Possible improvements of (3) were investigated by Coleman in his thesis [1;
Chapter 2]. Coleman proved unconditionally that

3 §<c>A<c><|—;>l <o (X232 4 I XS (X (1] + 1)°,
N(c)<X

c=1(mod 3)

and, subject to a ‘Large Values Conjecture’, (which is statement rather stronger
than that of our Theorem 2), that

> Q(C)A(C)(T;)l Lo (X0 UIXT2) (X (1] + 1))°.
N(c)<X

c¢=1(mod 3)

Coleman explains that his factor (]I| + 1)¢ can probably be dispensed with, so
that his second term is then better than that occuring in Theorem 1. This is due
to savings in the ‘T-aspect’ in Coleman’s analysis, related to the formulation of
his Large Values Conjecture.

The proof of Theorem 1 follows the line of attack established by Heath-
Brown and Patterson, as will be explained in §2, but injects two new ideas into
the argument. The first of these replaces a pointwise bound for a Dirichlet
series, which Heath-Brown and Patterson used in an application of Perron’s
formula, by a mean-value bound. This will be described in §3. Coleman’s
analysis includes a saving of the same type, although his argument is distinctly
more complicated. The second innovation is a far more sophisticated estimate
for the ‘Type II sum’, which is ¥3(X,u) in the notation of [4]. In order to do
this we shall establish the following.

Theorem 2 Let ¢, be an arbitrary sequence of complex numbers, where n runs
over Z|w]. Then

Z* | Z Cn(ﬁ)3|2<<e(M+N+(MN)2/3)(MN)SZ*|Cn|27
Nem<M N(m<N " "



for any € > 0, where ¥* denotes summation over square-free elements of ZZ|w]
congruent to 1 modulo 3.

It seems possible that the term (MN)2?/3 could be removed with further
effort, and the bound would then be essentially best possible. However the
above suffices for our purposes. It should be noted that if the variables are not
restricted to be square-free a result as sharp as Theorem 2 would be impossible.
The proof of Theorem 2 is modelled on the corresponding argument for sums
(over Z) containing the quadratic residue symbol, due to the author [3]. The
latter is distinctly unpleasant, but fortunately some of the diffculties may be
reduced in our situation by the introduction of the term (M N)?/3 in Theorem 2.
None the less the proof of this result will form a substantial part of the present

paper.

2 Preliminary Arguments

We shall begin by introducing a litle more notation, following Heath-Brown and
Patterson [4]. We write

and

N(e)<X
c=1(mod 3), alc

for any o € Zw].
As in [4;§3] we apply Vaughan’s identity, though now with a minor modifi-
cation. We write
25(X,u) =Y Aa)p(b)gi(abe),

a,b,c

where a,b,c run over square-free elements of ZZ[w], subject to the conditions
a,b,c =1 (mod 3) and X < N(abc) < 2X and

N(bc) < u, j=0,
N(b) < u, j=1
N(ab) < u, j=2,

N(a),N(b) <u < N(ab), j=2",
N(b) <u< N(a),N(bc), j=3,
N(a)>N(bC)§u7 Jj=



Then
Eo(X, U,) + ZQI(X, u) —|— ZQ!/(X, ’U,) + Zg(X, u) = Zl(X, ’U,) + E4(X, u)

The reader will note that we have split 35 (X, u) (as given in [4;83]) into Xo/ (X, u)
and o (X, u). We shall suppose that 1 < u < X'/3. Then, just as in [4;§3],
we have

Yo(X,u) = Hi(2X) — H(X),

Za(Xow)| < Blog2X) YD max [Fi(z, )], (5)
N(a)<u
[Xo/ (X, u)| < 2logu Z Xglz%}éx|ﬂ(z’a)" (6)
N(a)<u
and
Sa(X,u) = 0.

We shall bound ¥ (X, u) and Xo/ (X, u) by means of the following estimate.

Lemma 1 For any ¢ > 0 and any a € Z[w] with N(a) < X'/? we have
FZ(X7 a) <. 5lX5/6N(a)—1 + X2/3+6N(a)—1/2 + |Z‘X1/2+5N(O¢)_1/4,
where §; is 1 for 1 =0 and is 0 otherwise.

This may be compared with Theorem 4 of [4] which is the bound
Fi(X,0) < XN (a)™! + X3/4Fe N (o) 75/8 4+ |I| X V2T N (o) =14,
We take u = X'/3, so that (5) and (6) yield
S1(X,u), So (X, u) <o XO/0F 4 || X3/4F

on re-defining e.

For the proof of Theorem 1 it therefore remains to obtain similar bounds for
Yo (X, u) and ¥3(X, u), which will be achieved with the aid of Theorem 2. We
begin by recalling that

di(ow) = i ()a(w)(2),,

see Hasse [2; pp.443-445], for example. Thus, if we write

Aw)= Y Ma)u(b)a(abd)

ab=v

N(a),N(b)<u



and

we find that
w
Yo (X, u) = > A(v)B(w)(—),-
X <N(ww)<2X
N(v),N(w)>u

Similarly, if we write

and
Dw)= > pu(b)a(be),
be=w
N(b)<u
we find that

S(Xuw)= Y C)Dw)(5)..
X <N (vw)<2X

N(v),N(w)>u

‘We note at once that
A(v), B(w),C(v), D(w) <. X* (7)

for all relevent v, w. Moreover the functions A, B,C, and D are supported on
square-free integers of Z[w], congruent to 1 modulo 3.

We now proceed to estimate Yo (X, u), the treatment of X3(X,u) being
identical. Our first task is to remove the condition X < N(vw) < 2X. In order
to do this we set

oy A(w), 2u< N(v) < 27ty,
4;(v) = { 0, otherwise,

for each non-negative integer j. We define B;(w) similarly. Values of j for which
u2? > 2X are plainly irrelevent, and similarly for k. It follows that there must
exist some pair 7, k for which

Do (X,u) < (g XL Y. A;(0)Bu(w)(5),|. 8)
X <N (vw)<2X

If we set V = 291y and W = 25ty we deduce that
X < VW, VW/4<2X 9)

if the sum is to be non-empty. Since V, W > u = X'/3 we may therefore assume
that
V,W < X3, (10)



We now define a Dirichlet series

$) = > A (0)Bi(w) (5) N (vw) ™,

It then follows from Perron’s formula, as given by Titchmarsh [9; Lemma 3.19],
that

JE— 1 1+e+iX (QX)S — X3

Y 4B, = F(s) ds + 0.(X*),
V3 27 Jijemix
X <N(vw)<2X
since
7 14;(0) Bu(w)(=) N(vw) ¢ < X7,
by (7).

We now see that

S AE)Biw)(5), < X1+ X (log X) max [F(1+e+it)]. (11)
X <N ((vw)<2X v

However, if we write
fl(v) = VAj(U)N(U)*lfefit’ B(w) _ WBk(w)N(w)*lefit7
we find that

A(v), B(w) <. X°¢,
and that

F(l4e+it) = Y AW YD By,

N(v)<V N(w)<W

On comparing the bounds (8) and (11) we deduce that

~ ~ w
Sor(X,u) < X+ (log XPPX| Y Av) Y B(w)(;)3|, (12)
N@)<V N(w)<W

for some ¢, in view of the first of the inequalities (9).
Finally we employ Theorem 2 in conjunction with Cauchy’s inequality, which
shows that

DI mw%u2

N((@)<V N(w)<W
< { ). [A@PH Y] IB }
N((v)<V N((v)<V
< VXEV AW+ (VW)3)(VW)E Z |B(w)|?

N(w)<W
< VXEV AW+ (VW) (VW)W X%
<o X'V 4 W+ X3,



by the second of the inequalities (9). In view of (10) the above is O (X5/3+5¢),
so that (12) yields the following, after re-defining e.

Lemma 2 For any € > 0 we have
Son (X, u) <. X°/6%¢,
when uw = X3, and similarly for X3 (X, u).

This clearly suffices for Theorem 1.

3 Proof of Lemma 1

Our proof of Lemma 1 follows the corresponding treatment by Heath-Brown
and Patterson [4; §4]. For any « € Z[w] with o = 1 (mod 3) we write

&)= Y ala)N©)

c=1(mod 3)

Then, as in [4; p.128] we have

6 1 o3—iT o3+iT o2+iT X ds
Rxa) = o, ) Sxom s L [T ods
1(X; @) = dip(a, )5 Jr27m’{ oo—iT " o3—iT " o3+iT }f(s)(N(a)) §

+0.(X72N(a)'T71),

where 03 = 1+4¢ and o3 = +¢. The constant p(«, 1) satisfies p(a, 1) < N(a) ™%
Moreover, as noted in [4; p.129] the first and third integrals are

O(X 2N () 1T + O (X73(T + |I|)N(a) V4T 71,

for T' > 1. We shall take
T=XY3N(a)"Y?, (13)

so that T > 1, assuming that N(«) < X1/3. With this choice we find that

o3+iT s
F(X.0) = - fwﬁw”

2mi o3—iT

—+ O(X?/SN(a)™h)
+O0:(XP3HEN(a)H2) + O(XVPHN ()Y
+O0 (XN () 1),
The error terms are all satisfactory for Lemma 1, since N(a) < X1/3.

In [4] the remaining integral was estimated by means of a pointwise bound.
We shall use the following mean value result instead.



Lemma 3 For any T > 1 we have

T
1
/T G+ +it) Pdt < N(a) /27T + )2,

Cauchy’s inequality then yields
|
[ 1G e bt < N(@ T HT 4 ),

so that

T
dt
i) ——— N 1/442e T1/2 l
[ o i < N,

on integrating by parts. It now follows that

/Js-l-in(s)( X )éﬁ < X1/2+5N(a)—1/4+6(T1/2+‘l|).
o3—iT N(Oé) i

Since N(a) < X'/3 this is satisfactory for Lemma 1, on re-defining e.
The remainder of this section will be devoted to the proof of Lemma 3. We
shall work with the function

Z(r,s,1) = ((3s — 2,1)9(r, s,1) (14)

where z
o= 3 N

c=1(mod 3) ‘C
and _
c

’(/)(’I“,S,l) = Z N(C)_Sg(rv C)(H)3l7
c=1(mod 3)
with p J
9= Y ()e().
d(mod c)

It will suffice to consider the case in which r € ZZ[w] is square-free. The function
Z(r,s,l) satisfies a slightly complicated functional equation, due to Patterson
[7; Theorem 6.1]. In order to describe the equation we introduce the functions
I 1 0 2
Gi(s) = (2m)"°T'(s + % - g)F(s + |2—‘ - g)
and
F(r,s,1) = Gi(s)Z(r, s,1).

According to [7; Theorem 6.1] this function is entire, except possibly in the case
{ = 0, when there may be simple poles at s = 2/3 and s = 4/3. (The statement



of [7; Theorem 6.1] does not specify that the poles must be simple, but this is
evident from the proof.)

The functional equation then expresses F'(r,s,l) as a finite linear combi-
nation of terms N (r)!=*F(rn,2 — s, —1) with coefficients bounded in the strip
% < R(s) < 2. Here the numbers n run over divisors of 9. We note that
F(\3r,s,1) = F(r,s,l) for any r, where A = 1 — w, see [7; (5.25)], and we may
therefore conclude that if

Z(r,s,1) ZZ|Z7“77,5(51

n|9 6==%1

and

F(r,s,1) = Gy(s)2Z(r, s,1),

then 5 .
F(r,s,1) < N(r)22?|F(r,2 — s,1)], I <R(s) < T

where o = R(s) as usual. Since

G1(2 = 5) < (T + |I)*11Gy(s)

for T <t <2T and T > 1, we deduce that
Z(r,s,1) < (T + 1N 3 N@)27271Z(r,2 — 5,1, (15)
for 2 <R(s) <3, T <t<2T,

We now take r = 1 (mod 3) to be square-free, and write

Z(rn,s,l) Zan (rn,Dn"%,

when s has sufficiently large real part. By a familiar Mellin transform we have

e} 1 24100
Z an(rn, n=%e X = — / Z(rn, s + w, ) X*“T'(w)dw,
- 2

27T'L —ioo

where s = o + it and 1 < ¢ < 5/4. We move the line of integration to R(w) =
2 — 20, passing poles at w = 0 and, possibly, at w = 4/3 — s. The residue at
the former is just Z(rn, s,1), while that at the latter is

X43750(4/3 — s)res{Z(rn, w,1);w = 4/3}.

According to [7; Theorem 9.1] the residue of the pole of F(rn,s,0) at s = 4/3
is O(N(r)~1/6). We may therefore conclude, by a rather crude estimate, that

2mi —20—1i00

o 2—20+1i00
Z an(rn, Dn"%e X = Z(rn, s,1) + — / Z(rn, s + w, ) X*T'(w)dw
- 2

10



+0O(Xe™ 1.

This enables us to bound

27
I:/ |Z (rn, 0 +it,1)|*dt
T

as
I<h+L+Xe T, (16)
where
2T A
I = / | Z an (rn, n =" te™ /X 241,
T n=1
and

2T 2—20+ico
Iy = / | Z(rn, o + it + w, ) X"T'(w)dw|*dt.

T 2—20—1i00
The first of these integrals is readily estimated, using the mean-value theorem
of Montgomery and Vaughan [6], as

Lo< S (T +n)an(rn,DPn7e /X

n=1
< (T+X)) lan(rn,D)’n™27, (17)
n=1
since %672’”/ X « 1. In order to proceed further we shall require information

on the size of a,(rn,l). As noted in [4; page 124] we have

1 C1

) (7) g(’f‘, Cl)g(r7 62)

C =
g(rﬂ 162) (c2 3'cy’3

when ¢1,c2 = 1 (mod 3) are coprime. Moreover, if 7 = 1(mod 3) is a prime
of Z|[w] then g(r,7¢) = 0 if 77 and e > 2, or if 7||r and either 7||c or 73|c.
Finally

g(r,m) = (2) 9(m)

when 7 )/ r and

g(r,m?) = N(m)g(r/m,m)
when 7||r. In view of (2) it follows that |g(r,7¢)| < N(7)*® for square-free
r, where a(1) = 3, a(2) = 3 and a(e) = 0 otherwise. Similar bounds hold
when r is square-free apart from powers of /—3. Using the definition (14) we

now deduce that if n = []p/, where each exponent f > 1 is decomposed as
f=e+3g, with e=0,1 or 2, then

lan(rn, )] < [ p*@ 2 < T]p" 12

11



It follows that if € > 0 then

oo
Z lan (rn, 1)*n=27 < H{l +p T 4P T <
n=1 p#3

uniformly for o > 14 €. We therefore conclude from (17) that

uniformly for o > 1+ €.
We turn now to the integral 5. Since T'(2 — 20 + i7) <. e~!! in the range
1+ e <o <5/4, we deduce via Cauchy’s inequality that

2—20+100
| Z(7’7770—|—zt+w,l)X“’I‘(w)dw|2 < )(47401111/7

2—20—100

where
2—20+4ico
1% :/ ID(w)| |duw| <. 1
2—20—1i00
and
2—20+1i00
I = / |Z(rn, o + it + w, )]*|T(w)| |dw|
2—20—100

N N R

— o0

We insert this in the definition of I, observing that

2T 1, y € [T,2T],
/ e vlgr « { 2Ty, y > 2T,
r ev T, y<T,
whence
2T
Bo<o X [ iz0n2- ot inbPay
T
xt0 [z = o4 i )PV
2T

T
+X4_4"/ Z(rn,2 — o + iy, 1)|%eV " Tdy

—0o0

To estimate the second and third integrals on the right the pointwise bound

Z(rn, a+ iy, 1) <o N(r)B/2Teme)/2(] 4 24 2)3/2 ke (19)

12



valid for 1/2 < a < 3/2, suffices (see [4; page 127]). This yields
2T
I XL [ 12,2 = ok i )Py N7 T 2,
T
We may now compare this with (16) and (18) to deduce that

2T
I = / |Z(rn, 0 +it,1)|2dt
T

2T
<. XHU/ |Z(rn,2 — o +it,)|*dt + T + X
T

+X4_4UN(’I“)U_1/2+E(T + |l‘)40’—2+46.
We proceed to sum over 7 and the alternative signs of . Thus, defining

I(o) = / Z(r,o +it,l)dt,
T

we obtain

2T
I <. X4*4"/ |Z(r,2 — o +it,)?dt + T + X
T

+Xf_4UN(’I")U_1/2+E(T + |l|)4a—2+45
= XYY I2-0)4+T+X
+X4740‘N(T)0'71/2+E (T + |l|)4072+45.

We are now ready to apply the estimate (15), whence
12 —0) < (T+ 1)’ 8N (r)>21(0).
If we insert this into the previous bound we conclude that

I(0) <. XY 9T+ N> 2I(0)+ T+ X
+X474UN(7")071/2+6(T + ‘l|)40’72+46.

We write the implied constant as C.. Now, if we choose 0 > 1 + ¢, and

X = (VT + PN ()

5
then it follows that
I~<<5 T+X+X4—4UN(T)U—1/2+E(T+ |l|)4a—2+45 <. (T+ |l|)2N(T)1/2

Since I < I, a similar bound holds for I. Indeed, since |¢(3s — 2,1)| >. 1 for
o > 1+ ¢, we may conclude that

2T
/ [(r, o +it, 1) |2dt <. (T + |1[)2N(r)'/2.
T

13



Moreover, on summing over values of 7' > 1 running over powers of 2, we can
deduce that

T
[ o it P < (74 PN G, (20)
-T
using the pointwise bound (19) on [—1,1].

It remains to derive the corresponding bound for the function f(s). In the
notation of [4; page 124] we have

1
f(s) = N(O‘)Swa(lvs + 571)7
and according to [4; Lemma 3] we have
oLz 1) =AY pf N(d?a)™* (%) gla/d)p(a/d, 1)
uid |2al Y

d|la

Here

A =TT - N ()™

|

and d € Z|w] is restricted to integers d = 1 (mod 3). We may now use (2) to
deduce that

Yall, 2,1) <o N(a)~1/? ZN (a/d)N(d)~ 2 |p(r/d, 2, 1),

for R(z) > 1+ ¢, whence

Wa(l,2,D)> <. 1+€Zu (a/d)N(d) " [ (a/d, z,1)|?
= 2+EZM nl(r,z, D
r|a

It follows that

1 2 —1+3 1 (2
f(5 +e+it) < Na DG w(r 5 +e+it, 1),
Tl
and, since r is restricted to be square-free, (20) yields
oo
/ (= +e+it)Pdt <. Q)TN TN ()T + 1)2N ()2
72

r|o

<Ko N(a)/2He(T 4+ 1))2,

as required for Lemma 3.

14



4 Strategy for the proof of Theorem 2

Our proof of Theorem 2 uses many of the ideas of the author [3; §§2-8], although
the present argument is rather simpler. We have to investigate

EIED DR D DR N

M<N(m)<2M N<N(n)<2N

where ¥* denotes summation over square-free elements of ZZ[w] congruent to 1

modulo 3, as before. It will simplify notation if we suppose that the coefficients

¢y, are supported on such integers n € Z[w] lying in the range N < N(n) < 2N.
We begin by defining the norm

Bi(M,N) =sup{¥; : Z len? =11

Thus our aim is to show that
Bi(M,N) <. (MN)(M + N + (MN)*3).

We observe at once that a non-trivial bound for 3; can be obtained by dropping
the square-free condition on m and including a weight exp(—27N(m)/M), so

that
. n
S <Y exp(=2nN(m)/M)| Y cn%)ﬁ
m N<N(n)<2N
the sum being over all m € Zw] for which m = 1 (mod 3). If we now expand
the above expression we obtain sums

). (=)

n1’°3 no

m

C'\:’.

S exp(—2mN (m) /M)

According to Lemma 2 of Heath-Brown and Patterson [3] each of these sums is
O.(N(n1ny)1+2)/2) | providing that the character that occurs is non-principal.
Since n1 and no are square-free, the only remaining case is that in which n; = no.
It follows that

M1 <. Ns(MZ|Cn|2+NZ |CnyCny )

ni,n2
< NY(M+N?)D eal?,
by Cauchy’s inequality. We therefore conclude that
Bi(M,N) <. N°(M + N?). (21)
This will be the starting point for an iterative bound for By (M, N).

Our first result is the following.

15



Lemma 4 We have
Bl(MvN) :Bl(MaN)

This is a consequence of ‘duality’ and the law of cubic reciprocity (see [3; Lemma
1] for the quadratic case). We also note that the cubic residue symbol may be
inverted whenever desired.

A second key property of the norm By (M, N) is that it is, essentially, in-
creasing, as the next lemma shows.

Lemma 5 There is an absolute constant C > 1 as follows. Let M1, N > 1 and
My > CMylog(2MN). Then

B(My,N) < B(Ms, N).
Similarly, if M, Ny > 1 and Ny > CNylog(2N1 M), then
B(M, N,) < B(M, Ns).

This is a trivial modification of [3; Lemma 9].
We shall also use the norm

BQ(M7 N) = Sup{22 : Z |cn‘2 = l}a

where

L= Y YT el (22)

M<N(m)<2M N<N(n)<2N

the summation over m running over all integers of ZZ[w] in the relevent range.
It is then plain that

Bi(M,N) < By(M,N). (23)
However we also have the following estimation in the reverse direction.
Lemma 6 There exist X,Y > 1 such that XY? < M and
Bo(M, N) < (log M) M3 X113y =23 min{Y B, (X,N), XB,(Y,N)}.

We shall prove this in the next section.
As in [3; §2] we now introduce the weight

exp(~monE=ey ) i3 <7 <3,
Wi(z) = (2z—1)(5—22) 2 2
(@) { 0 otherwise.

This function is infinitely differentiable for all z. It now follows that

e Y W(%ﬂz%(%)g‘z

meZ[w)
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When the sum on the right is expanded we obtain

_ N(m),,m —m

> emtn Y WS, (),
n1,Mn2 meEZ|w)

It turns out that we may restrict attention to the case in which ny and no are

coprime. We therefore set

_ _ _ N(m),,m. . —m
Y3 =3%3(M,N) = Z CnyCny Z W(T)(nil)ii(nig)d’ (24)
(n1,n2)=1 meEZ(w)
and define
Bs(M,N) =sup{Ss: > lea|* =1}. (25)

We shall then prove the following, which should be compared with Lemma 2 of
[3].

Lemma 7 Let e > 0 be given. Then there exist positive integers Ay > Ay such

that
M N

AR
We complete the chain of relations amongst the various norms by giving, in
87, an estimate for B3(M, N) in terms of Bs.

BQ(M7 N) < NEB3(

Lemma 8 Let N > 1. Then for any € > 0 we have
Bs(M,N) <. MN*'max{By(K,N): K < N?/M}

+M71N3+4€ Z Kﬁzing(K, ]\7)7
K>N2/M

where K runs over powers of 2.

This bound, which depends on the Poisson summation formula, is the key result
in the proof of Theorem 2. It is important to note that it does not cover the
case in which N = %, say, for which we have the trivial bound

Bs(M,N) < M, (N<1). (26)
Lemmas 6, 7 and 8 allow us to estimate B1 (M, N) recursively, as follows.
Lemma 9 Suppose that % < & <2, and that
Bi(M,N) <. (MN)*(M + N¢ + (MN)*?) (27)
for any e > 0. Then
Bi(M,N) <. (MN)*(M + N©E=9/G=1 4 (A1 N)2/3)

for any e > 0.

17



This will be proved in §8. We note that £ = 2 is admissable in (27), by (21).

Since
6 — 4

361

<¢

for & > %, the infimum of the possible values for £ must be We therefore

conclude that

Ll

By(M,N) <. (MN)(M + N*? 4 (MN)*?3)
for any € > 0. In view of Lemma 4 we then have

Bi(M,N) <. (MN)*min{M + N*3 4 (MN)¥? N4+ M*3 4 (MN)?/3}
<e (MN)*(M + N+ (MN)?/3),

as required for Theorem 2.

5 Proof of Lemmas 6 and 7

To handle Y5 we write each of the integers m occuring in the outer summation
of (22) in the form m = ab®c, where a,b = 1 (mod 3) are square-free, and c is a
product of a unit, a power of v/—3, and a cube. We split the available ranges
for a,b and c into sets X < N(a) <2X,Y < N(b) <2Y and Z < N(b) < 2Z,
where X,Y and Z are powers of 2. There will therefore be O(log? M) possible
triples X,Y, Z. We may now write

< Y 5(X,Y,2)
XY, Z

accordingly, so that
Yo < (log M)?%5(X,Y, Z)

for some triple X,Y, Z. However

E¥2=Y | S e (0 (5 2

be X'<N(a)<2X’ N<N(n)<2N

where X’ = X' (b,c) = M/N(b%c). Tt follows that X < X’ < X, and hence
5(X,Y,Z) < > Bi(X'\N)D len)?
n

< YZ'Pmax{Bi(X',N): X < X' < X} _|eal,

n

since there are O(Z'/?) possible integers c.

18



In the same way we have

S2(X,V,Z2) = > > Y cn(%):,)(b*)gl2

a,c Y/'<N(b)<2Y’' N<N(n)<2N

- X Ty =)0,

a,c Y'<N(b)
< 2B
a,c

< XZ'Pmax{Bi(Y',N): Y <Y' <Y} enl”,

Lemma 6 then follows, since Z/3 « MY/3X~1/3y—2/3,
We turn now to Lemma 7. We begin by expanding the sum

> ]W<NJ(W””>ZCH<Z>3F

and sorting the resulting terms to produce

N(m) _ o om,Tm
Z Z W(T) Z Cnlch(a)g(;Z)g-
0 meZlw] (n1,m2)=06
Clearly we may assume that 6 = 1 (mod 3). On setting n; = or; and
m, Sm
xm) = ()7,
we may write the contribution from each 0 as

> W) S staxm)

(m,6)=1 (r1,r2)=1

Zu(d)ZW(%) Z CrlﬁéTQ(SX(m)

dI‘S dlm (7‘1,7”2)—1
= > ould) Y W( M/N( )) > e x(s),
d|é SEZ|w) (r1,r2)=1

where d runs over non-associated divisors of § and

d

¢ = el



These coeflicients are supported on square-free integers » = 1 (mod 3) in Z|w].
In view of (24) and (25) the above expression has modulus at most

M N ,
Z&a(m’m)zm:ﬂ :

d|é r

If we now write, temporarily,

Bg(M,N):maX{Bg(M,ﬁ)Z 1§A1§A2},
A A,
we find that
Dy < Bs(MN)) DD lensl’
6 dl§ T
<

By(M,N)Y_d(n)|en|?
n
<o NB3(M,N)Y_|enl,

where d(n) is the divisor function for Z[w]. Lemma 7 now follows.

6 Preliminaries to the Proof of Lemma 8

Our treatment of Lemma 8 requires the following application of the Poisson
summation formula, which corresponds to Lemma 11 of [3]. We shall write

x(m) = (2),(2),.

which is a primitive character to modulus ¢ = nins, providing that the n; are
coprime to each other, and to 3, and are square-free.

Lemma 10 With the above notations we have

N(m) ~ x(V=3)g(m)g(na) M — IN®)
m;mw]W(M)X(m) = NG 2 kezz:[w]W( WM)X(]C)’
where

VNV(t):/_OO /_Oo W (N (z + yw))e(t(x + yw)/V—3)dzdy

for non-negative real t.
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The reader should recall the definition (1).
To establish Lemma 10 we start from the Poisson summation formula for
ZZ|w], which takes the form

S £ Z/ / F@ + yw)e(k(z + yw) /v/=3)dady.

JEZ W] keZ|w]

This is itself an easy consequence of the classical Poisson summation formula in
2 dimensions. Since x is a character to modulus ¢ we then have

> W<7x(m)— > ) Y wMr i,

meZ[w) r(mod q) JEZ[w]
k
r(mod q) kGZ [w] —3

We change variables in the integral, writing

g k(r+(z+yw)g)
N(%) T =u+vw,

with u,v € R. (If £ = 0 we omit the factors involving k/q.) The Jacobian of
this transformation being N(q)/M we find that

/ / Wi N(r+ eryw)q)) (k( +yw))d:cdy:

V-3
Mq)/_oo /_OO W(N(u-l—vw))e((u+vw)\/%(k/q)M)dudv,
whence
mezw w () ) =
M N(k)
N e(—kr/qv/=3) > W ( WM) > x(r)e(=kr/qv=3).

kEZ|w] r(mod q)

We observe at this point that the additive character ¢(v) = e(v/qv/—3) has
minimal period ¢, rather than g/—3. Since (¢,3) = 1 we may then substitute
r = —sv/—3 (mod ¢) to obtain

S XM=k = 3 —sVB)(ksv/=3).

r(mod q) s(mod gq)
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Since n; and no are coprime we now have

> X(s)elks/q) =

s(mod q)
ng, N1, S1 ksq 52, ks
(;1)3(772)3 Z (;1)36(71) Z (;2)36(72),

s1(mod mny) s2(mod ng)

by the usual argument for multiplicativity of exponential sums. The law of
cubic reciprocity gives

N9 ny
may (ML) —1,
ny %)
Moreover
S1 k‘Sl k
Yo (=)e(==) = (—),9(m)
s1(mod ny) ns ns
and

S5 ksa,  k
X G = G

since the cubic characters involved are primitive. This completes the proof of
Lemma 10.
Our next result will be used to ‘separate the variables’ in a function of a

product.

Lemma 11 Let p:R — R be an infinitely differentiable function whose deriva-
tives satisfy p®) (z) <p.a |z|=4 for |x| > 1, for any positive constant A. Let

pits) = | pla)estaa.
0
Then p4(s) is holomorphic in R(s) = o > 0, and satisfies
P+ () ao ls|~*
there, for any positive constant A. Moreover if o > 0 we have

1 o+100
p(z) = / pi(s)z*ds

27T'L —ico
for any positive x.

This is merely Lemma 12 of [3].
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7 Proof of Lemma 8

In the notation of Lemma 10 we have

Ss(M,N) = > cntny Y, W(%)x(m)

(n1,m2)=1 meZ[w)

We proceed to evaluate the inner sum via Lemma 10, whence

SN =M Y Y W( m>x(m,

k€EZ|w] (n1,n2)=1

where
_ V=30 g(n)
ap = cp(—) .

n "3N(n)

Note that £ = 0 may be omitted if N > 1, since then N(nins) > 1 and x(0) = 0,
the character being non-trivial. We may now apply Lemma 11 to the function
p(x) = W(z), which does indeed satisfy the necessary hypothesis, as one sees
by repeated integration by parts. We decompose the available k into sets for
which K < N(k) < 2K, where K runs over powers of 2, and use o = ¢ for

K < N?/M, and 0 = 4 + ¢ otherwise. This yields

Y3(M, N) <<€MZ(KM)“’/2/ \pi (o +it)|S(o + it)|dt,
K o0

where

K<N(k)<2K (ni,n2)=1
with
by = anN(n)*?, b, =@, N(n)*/>.

To bound S(s) we use the Mébius function to pick out the coprimality condition
in the usual way, giving

S(s) < D> > 1D ey, X(R)]

d K<N(k)<2K dnyins

=Y Y Ead s,
d|n

d K<N(k)<2K dn

< 511/2521/2

by Cauchy’s inequality, where

5= Y Y IXnd

d K<N(k)<2K dln
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< ZBQKN > lbnl?

dln
<  By(K,N) Zd )en >N (n
< Nt 1BQ(K, N),
and similarly for S5. It follows that
S(s) < Nt 1By (K, N),

and since -
/ lp+ (o +dt)|dt <. 1,
—o0

we deduce that

Ss(M,N) < M > (KM) /2Nt By(K,N).
Then Lemma 8 follows, on re-defining ¢.

8 The Recursive Estimate
By the symmetry expressed in Lemma 4 the hypothesis (27) yields
Bi(M,N) <. (MN)*(M¢ + N + (MN)??3).
We feed this into Lemma 6, whence
Ba(M, N) <. (MNYZMY3X =13y =25 minfy (X, N), X (Y, N)},

where
f(Z,N)=Z*+ N+ (ZN)?/3.

If X > Y we bound the minimum by Y f(X, N), whence
Bo(M,N) <. (MN)>2MVB3X~1V3y=23{y XS + YN + Y(XN)?/3}.

Here we have
MY3X=13y =23y X¢ « MEY1-2¢

since X < MY =2, On recalling that ¢ > 4/3 > 1/2 we and Y > 1 we see that
this is O(M¢). Moreover

M1/3X_1/3Y_2/3YN < ]\41/3]\]’7
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since we are supposing X > Y. Finally
M1/3X_1/3Y_2/3Y(XN)2/3 — M1/3X1/3Y1/3N2/3
< M2/3N2/3
< MY3N 4+ M3
< MY3N + ME,
since XY < M and & > 4/3. It follows that
By(M,N) <. (MN)*(MY3N + M¢?) (28)

when X > Y.
In the alternative case we bound the minimum by X f(Y, N), whence

By(M,N) <. (MN)2MV3X—YV3y 23{XYV¢ + XN + X(YN)?/3}.
Here
M1/3X71/3Y72/3Xyg < M1/3X2/dy4/3 < M < M§7
since £ <2 and XY? < M. Moreover
MYBX—13y—23x N < M1/3N,

since we are now supposing that Y > X. Finally, for Y > X and XY2 < M
we have X < M'/2, whence

MY3X=3y 23X (Y N)?/3 = MY3X?3N?3 « M?/3N2/3 < MY/3N + M¢,

as before. It follows that (28) holds when Y < X too. It will be convenient to
observe that (28) still holds when M < 1, since then Bo(M, N) = 0.

We are now ready to use (28) (with a new value for €) in Lemma 8, to obtain
a bound for B3(M, N). We readily see that

max{By(K,N): K < N?/M} <. NS (M~Y3N°/3 4 M—SN%)

and
> KTTEBy(K,N) < NE(MPANTT/3 4 MP=EN2%),
K>N2/M
Thus, if N > 1, we will have

Bg(M, N) <e Nss((MN)Q/?’ + M1_£N2§_1).

When this is used in Lemma 7 we find that

M N

Bs(o—r ) <o NP((MN)*3+ M'ENZTIATTIAL)
Ay A,

N5E((MN)2/3 +M1_5N25_1A2_5)
ng((MN)2/3+M17£N2§71),

IN A
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providing that N/As > 1. In the alternative case (26) applies, whence
Bo(M,N) <. (MN)**(M + (MN)*? 4 M'=SN%-1),
In view of Lemma 5 and (23) we may now deduce that
Bi(M,N) < Bi(M', N)
< By(M',N)
< (M'N)™(M'+ (M'N)*? 4 M"—EN?1)
for any M’ > C M log(2M N). We shall choose
M' = Cmax{M , N6=5/G=D1 160(2M N),
whence
Bi(M,N) <. (MN)?*${M + (MN)¥? 4 N©=5)/B¢=1) 4 N(6e=4)/(¢-1)}

Lemma 9 now follows.
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