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L’-BOUNDEDNESS OF A
SINGULAR INTEGRAL OPERATOR

DASHAN FAN AND YIBIAO PAN*

Abstract

In this paper we study a singular integral operator 7" with rough
kernel. This operator has singularity along sets of the form
{z = Q(ly])y’}, where Q(¢) is a polynomial satisfying Q(0) = 0.
We prove that T is a bounded operator in the space L2(R™), n > 2,
and this bound is independent of the coefficients of Q(¢).

We also obtain certain Hardy type inequalities related to this
operator.

1. Introduction

Let S™~! be the unit sphere in R™, n > 2, with normalized Lebesgue
measure do = do(a’). Let Q(z)|z|™™ be a homogeneous function of
degree —n, with Q € L*(S"~1) and

(1.1) /S Q') do(a’) = 0,

where o’ = z/|z| for any x # 0.
Suppose b(|x|) is an L*> function. We consider the distribution K =

p.v. b(Jz)Q(z)|z|~™ and study the boundedness of the singular integral
operator T »(f) defined by

(1.2) Too(N)(x) = | K(y)f(z—Qy)y)dy

Rn

where y’ = y/|y| € S" tand Q(t) = Z bt" is a polynomial of degree m.
k=1
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For the sake of simplicity, we denote T, = T if Q(t) =tand T =T
if Q(t) =t and b(z) = 1.

The maximal operator T,*(f)(x) now is defined by

(1.3) Ty (f)(z) = sup

K(y)f(z —y)dy

ly|>e

The singular integral operator T'f was first studied by Calderén and
Zygmund in their pioneering papers [CZ1] and [CZ2]. In [CZ2], Cal-
derén and Zygmund proved that if Q@ € LLog™ L(S™!) satisfies the
mean zero condition (1.1) then the operator T' with kernel Q(z')|z|™™ is
a bounded operator in LP(R™), 1 < p < co. Below let us recall briefly
the idea used in Calderén-Zygmund’s proof.

Suppose that Q € L’'(S"~!) is an odd function, then one can easily
show that T'f(z) is equal to

(1.4) fl@z—y)Qy )yl ™" dy

) = %/s— Qy') {/Z fla— ty’)tldt} do(y').

By the method of rotation and the well-known LP boundedness of the
Hilbert transform one then obtains the L? boundedness of T under the
weak condition € L*(S"1).

For even kernels, the condition Q € L'(S™"1) is insufficient. It turns
out the right condition is Q € LLog" L(S"™!) (as far as the size of
is concerned). The idea of Calderén-Zygmund is to compose the oper-
ator T' with the Riesz transform R;, 1 < j < n, and show that R;T is
a singular integral operator with an appropriate odd kernel. Thus
IR, TY|l, < Cpll¢||p for all test functions ¢y € L. Furthermore, one
can obtain

ITYl, = ||| DR | Tv
j=1

p

< D IR (RiTY)llp < napl BTl < napColl¢l,
j=1

n
for all ¥ € L, since Z R? is equal to the identity map.
j=1
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In [Fe], R. Fefferman generalized this Calderén-Zygmund singular in-
tegral by replacing the kernel Q(z’)|z|~™ by b(|z|)Q2(a’)|z|~™, where b is
an arbitrary L°° function. This allows the kernel to be rough not only
on the sphere, but also in the radial direction. For the singular integral
opeator Ty, with the kernel K(z) = b(|z|)Q(z')|xz|™, the formula (1.4)
now is

o) nf@ = [ o { [ s -t dow)

Clearly, the method by Calderén and Zygmund can no longer be used to
estimate the above integral in (1.47) even if  is odd, since the integral
in the parenthesis can not be reduced to the Hilbert transform for an
arbitrary b(t). Thus one needs to find a new approach.

Using a method which is different from Calderén and Zygmund, in
[Fe] R. Fefferman showed that if  satisfies a Lipschitz condition then
Ty is bounded on LP(R™) for 1 < p < oo. J. Namazi [Na] improved
Fefferman’s theorem by using the assumption Q € L(S"~!). The same
L? result was also obtained by L. Chen for the maximal operator T
(see [Ch]). In [Fa], one of the authors obtained the L? boundedness
for Ty, under the significantly weaker condition Q € H'(S"1), where
H'(S"1) is the Hardy space on S"~!. The condition b € L™ is also
replaced by a weaker conditon

R
(1.5) R™! /0 |b(p)|9dp < A, for all R > 0 and some g > 1

(see also [St] or [DRY]).

The definition of Hardy space will be reviewed in Section 2. But we
should mention here that on S™~!, it is well-known that for ¢ > 1,

LIC LLogt LC H'(S" Y CL!

and all inclusions are proper.

The main purpose of this paper is to study the L? boundedness for the
more general singular integral operator Tg (f) defined in (1.2) as well
as the maximal operator T (f) with Q € H'(S"~!). In a forthcoming
paper, we will study the LP boundedness for another singular integral
Ts that also takes T as a model case.

The following is the main theorem in this paper:

Theorem 1. LetTq p be the singular integral operator defined by (1.2)
and Ty be the mazimal operator defined in (1.3). If Q € H'(S"1)
satisfies (1.1) then both these two operators are bounded in L?(R™).
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More precisely, we have

(1.6) 1T.o(f)ll2 < Cllbllco 2]z (sm-1) [[fl23
(L.7) 15 (D2 < Cliblloo 12 2 (sm-1 [1F 1125

where C' is a constant independent of b, 2, f and the coefficients of Q.
By the proof in Theorem 1, we can further obtain the following result:
Theorem 2 (Hardy-type inequalities).

(i) Let Q(t) = Xm:bktk be a polynomial in R and Q € H'(S"1)

k=1
satisfy the mean zero property (1.1). Then we have

(s [ pul

where C' is a constant independent of Q0 and the coefficients of Q.
(i) If Q is a distribution in the Hardy space HP(S" 1), 0 < p < 1,
with property (1.1) then

(1.9) / |x‘(1,n)(2,p),1

dzx

/ QU ENQ () do (€'
Sn—1

< Ol g (sn-1y,

p
dzx

| e dole)
Sgn—1

< O 501

where C' is a constant independent of 1.

Throughout this paper, the letter C' will denote a positive constant
that may vary at each occurrence but independent of the essential vari-
ables.

2. Definitions and Lemmas

Recall that the Poisson kernel on S™~! is defined by
Pry (') = (1 =r*)/lry —a'|",

where 0 < r < 1and 2/, 3y € S"~1.
For any f € £/(S" 1), we define the radial maximal function P* f(z')
by

P*f(z') = sup
0<r<1

/ F) Prar () do ()
S’!L*l
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where £/(S"1) is the space of Schwartz distributions on S"~!. The
Hardy space HP(S"~!), 0 < p < 1, is the linear space of distribution
f S El(Snil) with the finite norm ||f||Hp(Sn71) = ||P+f||Lp(Sn71) < 0.
The space HP(S™~!) was studied in [Co] (see also [CTW]). In particular,
it is known that

HP(S"1) 2 L'(S™Y) 2 HY(S"") 2 Llog* L(5" ") 2 L4(s" )

forany ¢ >1>p>0.

Another important property of HP(S™~1) is the atomic decomposition,
which will be reviewed below.

An exceptional atom is an L function E(x) satisfying ||E|lcc < 1. A
regular (p,q) atom is an L9 (1 < g < co) function a(-) that satisfies

(2.1) supp(a) C {2’ € S" ' |2/ — x| < p
for some z(, € S"~! and p > 0};

22 [ alemie)ase) o

for any spherical harmonic polynomial with degree < N, where N is any
fixed integer larger than [(n — 1)(1/p — 1)];

(2.3) all, < pr~D/a=1/p),

From [Co] or [CTW], we find that any Q € HP(S" 1) has an atomic
decomposition Q = )" \;a;, where the a;’s are either exceptional atoms
or regular (p,q) atoms and ) |\;[P < CHQHZ]){p(snfl)- In particular, if
Q € HP(S™ ') has the mean zero property (1.1) then all the atoms a;
in the atomic decomposition can be chosen to be regular (p, ¢) atoms.

In the rest of the paper, for any non-zero £ = (&1,...,&,) € R™, we
write £/1¢] = € = (€], ,€,) = (C1,- - ) = C. Thus ¢ € S 1. Also
we use (. to denote ((a,...,(,) and use &, to denote (&2,...,&,).

The following lemma is essentially Proposition 2.5 in [FP].

Lemma 2.1. Suppose n > 3 and a(-) is a (1,00) atom on S~ ! sup-
ported in S*1 N B((, p), where B(C,p) is the ball with radius p and
center ( =& € S"L. Let

Ful) = (1= Cay(s) [ alen (1= 7)1/%5) do().
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Then, up to a constant multiplier independent of a(-), Fa(s) is a (1,00)
atom on R. More precisely, there are sy € R and a constant C which is
independent of a(-) such that

(2.4) supp(F,) C (so — 2r, so + 27);
(25) [Falloo < C/r;
(2.6) /RFG(S) ds =0,

where v = r(€) = |€| 71| A,€] and Ap& = (6261, pla, .., n).

Proof: If p < 1/4, the proof can be found in [FP]. Suppose p > 1/4,
then, clearly supp(Fy) C (—1,1) and || Fy|lec < C. It is also easy to see
that F, satisfies (2.6). ®

Lemma 2.2. Suppose n =2 and that a(-) is a (1,00) atom supported
in SN B((, p) and satisfies (2.1)-(2.3) with p = 1. Let

Fo(s)=(1- 52)’1/2X(—171>(5) (a(s, (1 - s)V2) 4 a(s, —(1 — 32)1/2)) .

Then, up to a constant multiplier independent of a(-), Fu(s) is a (1,q)
atom on R, where q is any fixzed number in the interval (1,2). The radius

of supp(Fy) is equal to r = r(&') = |71 (p*€} + p?&3)1/2.

Proof: By the discussion in Lemma 2.1, without loss of generality, we
may assume that a(-) is supported in S"~! N B((, p) with a sufficiently
small p, where ¢ € S'. Let ¢ = ({1, (1 — ¢})Y?0) for o € {£1}. If
F,(s) # 0 then (s, (1 —s)?)'/28) € B(C, p) for some & € {+1}. Therefore

we have

(5= Q)7 + {001 = )7 o1 - 1)/2)2 < 7.
Noting that either 6 = o or § = —o, we easily see that
(2.7) (s =)+ 11 =) = (1= ))V?P < p?
which implies that

(2.8) ls =Gl < p;
(2.9) (1= s)2 = (1= (D)2 < p;
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and
(2.10) s — G < p*+2p(1 = (D)2,

Inequalities (2.8) and (2.9) follow from (2.7) trivially. To see (2.10) we
shall consider the following two cases.

Case A: |C1] > 3/4. Then by (2.8) and (2.9) we have
ls+ Gl =2[Gl—ls—G[>1
and

s — G| < |s* = (7|
=|(1—s)"2— (1=
20— (D)2 + (1 =572 — (1= ()2
< plp+2(1— )% = p* +2p(1 — (F)/2.

Case B: |¢1| < 3/4. Then (1 —¢?)'/? > 1/2. By (2.8) we find
|5 =il < p < p? +20(1 - ()2,

which proves (2.10).
Recalling £’ = (, we easily see that in both Case A and Case B,

|s = Cul < 20€]7 A€l

By letting so = (1, 7 = r(&') = || 71| A4,€|, we see that (2.4) and (2.6)
are satisfied.

It remains to show, for 1 < g < 2, ||F,||, < Cr~1*1/4, To this end, we
first assume that (1 — ¢?)'/2 > 99p. By (2.9) we find

(2.11) 1/2(1— V2 < (1— )12 < 2(1 - )2,

Thus by the definition of F, we have || F, |0 < Cp~'(1—¢)"1/2 < Cr—L.
Now by the support condition (2.4) we have ||F,||, < Cr—'+1/4,

If (1 — ()2 = |G| < 99p, then by (2.9) we know (1 — s2)'/2 < 100p.
So by the definition of F,, we have

1/q
wmqscﬁ4{/ |1—¥FW%m} ,
1—52<10000p2
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Noting that we can assume that p is sufficiently small so that 10000p? <
1/16, thus we easily show || F, ||, < Cp?(T1+1/ D) < C(p?| ¢y |+p|Ce]) 711 <
Cr=1*14, Lemmma 2.2 is proved. W

Remarks.

1. Let a(-) be a (p,00) atom with support in a ball of radius p and
let F, be defined in Lemma 2.1. Since p(/P=D(=1g(.)is a (1, 00)
atom, by Lemma 2.1 we have
(2.12) [ Falloe < 7 tplt=1t/p)n=1),
2. Since any spherical harmonic polynomial is the restriction to ™!

of a polynomial in R™, from the condition (2.2) for a(-) we easily
see

(2.13) / F,(s)s" ds = 0 for any integer k € [0, N],
R
where N is an integer larger than [(n — 1)(1/p — 1)].

3. Proof of Theorem 1

We first prove (1.6) in Theorem 1. By Fubini’s Theorem we easily see
that the Fourier transform of T (f) is equal to f(§)Kq(¢), where

(B2 Ka©= [ ol bllyh0t)e A0 gy,
R’n
By Plancherel’s Theorem, we only need to prove that
(3.2) [ Kalloe < ClIbllos 9] m2(sm-1)-
Since 2 € H'(S" 1) satisfies the mean zero property (1.1), we can write
Q = > Aja;, where ) |\;| < Ol g1(sn-1) and each a; is a (1,00)
atom. Therefore to prove (3.2), it suffices to show
(3.3) 1Ko, lloo < Cllblloo

for any atom a; = a, where C is independent of the coefficients of @
and the atom a(-). By the method of rotation, we can assume z’ =
(1,0,...,0). Let ¥/ = (s,92,93,--- ,Yn). Then it is easy to see that

(3.4) K, (z) = /0 h b(t)t~1 /R Fo(s)e " @Wlzls gg gt
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where F,(s) is the function defined in Lemma 2.1 or Lemma 2.2. By
Lemma 2.1 and Lemma 2.2, without loss of generality, we may assume
that F, is a (1,q) atom with support in (—r,7) for 1 < ¢ < 2. Thus
A(:) =rF,(r-) is a (1, ¢) atom with support in the interval (—1,1).

For the polynomial

Q(t)|x| =Y [albxt* with b, # 0,
k=1

we let

B = (Jx|rby) and Q(t) = =) But*.
k=1

Then after changing variables we have

(3.4°) Ko(z) = /0 h t=1b(t) /R A(s)e'@0s ds dt.

Let |B.|"* = max{|fBx|"/*, k =1,2,... ,m} and § = |5/~
Then K, (z) is bounded by

8 -
ol [ ] [ Ao~ 1yas

. / -
B

By the choice of (3, it is easy to see that I; is bounded by

t=Ldt

/ A(s)eiQ(t)s ds
R

dt =11 + L.

m B
Cllblloe 3 164] / 1R dt < bl
k=1

where C' is independent of (;’s.

To estimate I, we let R; = [27,2771) for any integer j and let ¥ €
C*(R) satisfy

U(t)y=1 for|t| <1
U=0 for|t|]>2.

Define T; by

(T f)(t) = xr, (t) /R e“@(t)\l/(s)f(s) ds.
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From the estimate on page 60 in [Pa], we can find an N > 0 such that
Tl 22 < C2/2|B,| 71/ 2N QmdR /2N,

By the trivial estimate ||Tj||z1 1~ < C and interpolation we now have

(35) Tl v —pa < C29/9|, |1/ 4N g=dn/aN

where 1/p+1/¢ =1 and ¢ > 2.
Choosing an integer J such that 27 < 3 < 27+ then, we have

L < ||b\|oo/ ¢! /A(s)e’@(t)sds
3 R
2]+1

<y [ Tl

dt

i>J
9i+1 1/p
<C||b||oo2{ / | t”dt} IT5(A)|| -
i>J 7%

Thus by (3.5) we have

I < Clbllse Y 2779279 A|| o279 4N |5, TN < C ]| oo
jzJ
because 27 > (1/2)|6,|~/*.
The first part in Theorem 1 is proved.
To prove (1.7) in Theorem 1, we notice that

Ty f(z) = sup
e>0

/ DIy ) dy

<Z|/\ |5up

where  [\j| < C||Q g1 (sn-1y and all a;’s are (1,00) atoms.

/ DIy ) ) dy

So it suffices to show that for any (1,00) atom a(-) on S"~*

(3.6) < Cllbllooll f12

2

sup
e>0

/| DIyl ) ) dy

with a constant C' independent of b, f and a(-). Without loss of general-
ity, we may assume suppa(-) C B(L, p) N S"~1 where 1 = (1,0,... ,0).
In order to prove (3.6) we need to prove the following:
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Proposition 3.1. Suppose that b € L and a(-) is a (1,00) atom
supported in B(1,p) N S™~L. Fore >0, let

Toe f () = (aC)b(| - DI~ 17" X g () * £) ().

We have

(3.7) < Ofblloo [1.f[l2

sup / |Tb sf |d5
0<s<oo S

where C' is independent of b, f and a(-).

Proof: The Fourier transform of Ty . f is m. (&) f (€), where

me(© = [To0rt [ e dotyya

For each fixed £ # 0, we choose a rotation O such that O(§) = |£|1. Thus

me(©) = [0t [ a0 e 9 oty

Now a(O~1(y)) is an atom supported in B((, p) N S™~! so that

_ / bty / Fi(s)e=it€1s ds dt,
€ R

where F, is the function as in Lemma 2.1 if n > 2 and in Lemma 2.2 if
n = 2. Without loss of generality, we assume supp(F,) C (—r,7).

For the above r = r(¢’), we take a radial function ® € C*°(R") such
that its Fourier transform & satisfies d(&) =1if |¢] <1 and $(&) =0 if

€| > 2 and define @, by ®.(€) = ®(er(€)|€]). It is easy to see that the

maximal function ®*(f) = sup |®. * f]| is bounded in L?(R™). Now we
e>0
define a g-function

1/2

o)) ={ [ i) 0« Tiptaye de)
Then

/mgf )l de < g(f) /|<1> Ty f(2)| de.
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Thus
sup - / Ty /()] de < g(f)(@) + & (Ty f) ().

e>0 S
By (1.6) we have

12*(Tof)ll2 < Cl T fll2 < Cllblloo [ £]]2-

So it remains to show

(3.8) lg(Hll2 < Clblloo 1 £1]2-

By Plancherel’s Theorem we know that

loE = [ [ met©) - dterichma() P 17 dede

So we only need show

so " e (€) — d(er(@))Emo(€) P d= < bl

where C' is a constant independent of b, £ and r.
By the definition of m. and changing of variables we have

/0 Ime(€) — B(er|el)mo(€)Pe" de
uee [ ) ) doty)
S’nfl

- C =
/0 el¢l
~aeriel) [ L | el € oyl ar
e[|/
—~b(re) / bt/ 1€t~ /g al)e € do(y') dt

1/r €

-1 a —it{&' ') o /

<c [ [ st [ at)e € daty)ar

2/r 0o
+C||ngo/ et ds{/ t!
1/r 0

vt [ ate € dotytya

=0+ +1Is

2
e lde

tﬂflf'n/ a(y)e V) do(y') dt
Sn—l

2

e lde

2
e tde

2
a
2

e tde

/ a(y)eMED) do(y)
Sn—l

+C
2/r
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Using the method of rotation again and the cancellation condition of

F, we have
1/r €
necpl [ e
0 0

dt 5*1 de

l@&@ﬂﬂ“ 1} ds

1/r
gcw&/'r%wzmwa
0

2
/Fa(s)e_itsds dt}
R
[e'e) . 2
smm&{/ tl&mm@ < O|Ib|2.
0

The last inequality is the classical Hardy inequality (page 128 in [St]),
since F, is an atom on R

oo ) ~ 2
I3 < C|\b||§o/ {/ t—lFa(t)|dt} e tde
2/r €
0o 0o 2/p R
< C|\b||§o/ {/ tpdt} e de||Fu 2.
2/r €

Thus by the Hausdorff-Young inequality we have
I < C[blI3r? /7| Fa 3 < C|Ib|%-

o0
e [
0

Clearly the constant C in the above estimates is independent of the
essential variables and functions. The proposition is proved.

Now we return to prove (3.6). Let

Wu@w=/ aly)e=MENE D) do(yYb(t).
Snfl
Then -

nuo:c/ W, &)t dt.

%/Osme(g)dazcl //OO W (t, &)t~ dt de
_ {/ </Wt§ds)t i
// W(t, &t dtda}

:;/0 W (t, &) dt + Cmy(€).

Thus
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Thus

sup Ty, f ()]
s 0o R 1/2
§$mlAYEJ@)%+C{A wa»ﬂ»%mﬁldﬁ ,

s>0 S

where fY(z) is the Fourier inverse of f. By Proposition (3.1) we only
need to prove

JH{Amuwu»fwwum%ldﬁUQ

Using Plancherel’s Theorem, we have

J<cC H{/OOO W (t, )2t dt}1/2 £6)

So it suffices to show

< Clblloc [1.fll2-
2

2

(3.10) ma=Awwwow*wscw&

with C independent of £, b(-) and a(-).
In fact,

2

R@gow&/ -V dt.
0

/ a(y)e™ ™M) do(y')
S’ILfl

So using the same argument as in estimating (3.4), we have

2
t~dt

:

where C' is independent of all the essential variables and functions. The
proof of Theorem is complete. B

2 o —1its
R@smwwA\Aa@e ds
=mm&{/wtw&mﬁa

1/r
1/r ]
+/ t1 /Fa(s){e*mfl}ds
0 R

< Ol 21+ 2| Fal 3}
< OlblZ AL+ 2| Fal s} < Cllbl%
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Proof of Theorem 2

To prove (1.8), using the atomic decomposition it suffices to show

@y [ gl

where C' is independent of the atom a(-). By the polar coordinate, we
can see that the above integral (4.1) is equal to

0o
Lk
Sn=1.J0

So similar to the proof in Theorem 1, by the method of rotation, the last
integral is equal to

/ / tt /Fa(s)eisQ(t)ds
sn-1.Jo R

where F, is the function defined in Lemma 2.1 or Lemma 2.2, that de-
pends on 2/ € S"~!. Now following the estimate of (3.4’), we easily

obtain that -
/ t1 /Fa(s)eiQ(t)S ds
0 R

with the constant C' independent of z’.

de < C

/ e QU=NE"E (¢ do (&)
Sn—1

/ QW) (¢ do (&) dt do(2').
Sn—1

dtdo(x")

dt <C

To prove the second part of Theorem 2, for simplicity, we only show
the case of n > 2. In this case, we do not need to use Lemma 2.2 to
estimate the L% norm of F,.

By the atomic decomposition of Q € H?, it suffices to show

(42) / |x‘—1+(p—2)(n—1)

where the constant C' is independent of any (p, c0) atom a(-).

p

dt <C,

| ey doe)
Sn—l

Using the polar coordinate and the method of rotation, we only need
to prove

(4.3) I:/ tn=Lp—n /Fa(s)eits ds
0 R

Without loss of generality, we may assume supp(F,) C (—r,7). Now we

write
1/r 0o
1= [T [ e
0 1/r

P
dt < C.

p
dt =11 + I».

/ Fy(s)e' ds
R
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In I, choosing an integer N > (1/p — 1)(n — 1) and using the condi-
tions (2.12) and (2.13), we have

/ F,(s)e' ds
R

Noting r < Cp, so we further have

/ Fy(s)e'* ds
R

Now it is easy to see that

< C(tT)Np(lfl/p)(nfl).

< OtNpN+(1-1/p)(n-1)

1/r
I < Crp{m(nfl)(lfl/p)}/ 1PN} gt <
0

To estimate I, by Holder’s inequality,

o (2-p)/2
L < IFE < [ e dt) .
1/r

By (2.12) we have
1Ealls < ClIF|l5 < Cr=1/2prtn=D=(n=b),

So we easily obtain that Iy < C since 7 < C'p. The theorem is proved. B
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