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L2-REGULARITY THEORY
OF LINEAR STRONGLY ELLIPTIC DIRICHLET SYSTEMS

OF ORDER 2m WITH MINIMAL REGULARITY
IN THE COEFFICIENTS

By

STEFAN EBENFELD

Darmstadt University of Technology, Germany

Abstract. In this article, we consider the following Dirichlet system of order 2m:

L(x,V)u = f(x) in ft,
Vfeu = 0 on dQ, (k = 0,..., m — 1).

Here, is a smooth bounded domain in Mn and the differential operator L{x, V) given
by (1) satisfies the Legendre-Hadamard condition (4). From the general elliptic the-
ory we know that for sufficiently smooth coefficients and for / €
H~m+S(tt, RN), every weak solution u e H^(fi, M^) is actually in Hm+Sand
satisfies an a priori estimate of the following form:

IMlM"»+s(n,Rw) < + ^|M|z2(J2,R«)-

The latter a priori estimate is of particular interest in applications to nonlinear PDEs (see,
e.g., [6] and [10]). There the coefficients of L(x, V) result from a linearization procedure
and consequently they cannot be chosen as smooth as one likes. Therefore, e.g. in [10]
(Kato), the author cannot use the famous results stated in [4] (Agmon-Douglis-Nirenberg)
but refers to [14] (Milani) instead.

Here, we prove the above regularity result under the assumptions (2), (8) on the
coefficients and we give an explicit representation formula for the regularity constants C
and K (see (10)).
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548 STEFAN EBENFELD

1. Statement of the theorem. Let fl C Rn be a bounded domain with a smooth
boundary dQ. We consider a linear differential operator of order 2m with (N x N)-
matrix-valued coefficients,

m—1 m—1

L{.E, V)u := A(™\x)dad0u + B{^\x)dadpu + ^ Cifc)(x)d°u, (1)
k=0 fc=0

where

4? G (Q, RNxN) (|a| = \P\ = m), (2a)

B(km) eHb^(fl,RNxN) (\a\=k,\/3\=m), (2b)

C-Cfe) € hc"'(Q,RNxN) (|a| = k). (2c)

Here, a,/3 G Rn denote multi-indices and we use Einstein's summation convention, i.e.,
the sum is taken over repeated indices in products. Furthermore, i/4(fi) := M/t'2(Q)
(t £ R) denote the L2-Sobolev spaces, and the real numbers as,bks,Cks will be chosen
appropriately below.

We define a bilinear form associated with the operator L(x, V),

m —1

A[u,u] := (-l)m [ da{vTA(-™))d0udx+ V(-l)fe f da{vTBi^))dpudx
Jo. k=0 Jn

m — 1

+ H J vTca]9audx.
(3)

fc=0

Throughout this article we will assume L(x, V) to be strongly elliptic,

(-i)mvT(A^\x)Cti0)v>^)iia!i'3\v\2 Vx e H € Rn Vt? G Rn, (4)

where

Am) J 1 if " = P and |a| = \/3\ = m,
a0 |^0 otherwise,

and we will refer to (4) as the Legendre-Hadamard condition.
We consider the following Dirichlet problem:

L(x,V)u = f(x) in O, (6a)
Vfcu = 0 ondfi (fc = 0, 1). (6b)

The associated weak formulation of the Dirichlet problem reads:

u£H™(S},Rn), (7a)

A[v,u] = f[v] RN). (7b)

Here, the boundary conditions are satisfied in the sense of trace. Furthermore, f[v\
denotes the dual pairing between the function v and the distribution /.

The main goal of this article is to prove the following theorem.
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Theorem (Elliptic regularity). Let s € N,<5 > 0 and as,bks,cks £ K be such that
Tl Tl Tl

as> - + 5, bks > - + S + k - m, cks > - + S + k - 2 in, (8a)

as > m, bks > k, cks > 0, (8b)

as > s — to, bks > s — m, cks > s — m. (8c)

Furthermore, let / e H~m+S(Q,RN) and let u € H™(Q, RN) be a weak solution to the
Dirichlet problem (6).

Then u is actually in Hm+S(Q, RN) and satisfies the following a priori estimate:

where

[|ullHm+»(n,Rw) < C||/||//-">+s(o,RiV) + KllullL2(n,R»^) (9)

C := C ( ^2 Mi"^llH"»(n,RJvxJV) + 1 ] ? (10a)
a, (3

s(m + s)
8

K K ( H-4i7/3)||flr°<.(Q,RNxN) + 1
^oc,(3

x (53i!A"™)ii-yas(fi.R,vx")+ X! 'yi ii-gl^m)iiHbks(n^NxN)
\a,/? k=0 a,/3

(m + s)( 1 + 6)
m— 1 \ s

+ X/ ll^ifc)ll_fi-cfc»(Si'I(JV><JV) + 1 ) • (10b)
fc=0 ct J

Here, the constants C, K are independent of u, / and of the coefficients A^\ and

The assumptions (8) on the coefficients are minimal in the following sense:
1. In the proof of the above theorem, we will have to exploit the Legendre-Hadamard

condition (4) with the help of the Fourier transformation. Therefore, we will have to
localize the coefficients A^ of the principal part of L(x, V). But this requires continuity

of the . By the Sobolev imbedding theorem, the first inequality in (8a) provides the
minimal L2-regularity that guarantees the required continuity, and the other inequalities
in (8a) are corresponding assumptions on the lower-order coefficients.

2. In the proof of the above theorem for s = 0, we will have to characterize A as a
continuous bilinear form on H™(Q,'RN). Therefore, (8b) is a necessary condition.

3. In the proof of the above theorem for s > m, we will have to characterize L(x, V)
as a bounded operator Hm+STherefore, (8c) is a necessary
condition.

If we consider an operator in divergence form,

771— 1 777. — 1

L(x, V)« := da(A{™\x)dPu) + da(B%m\x)d0u) + £ Cik\x)dau, (1')
k=0 k=0
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then the assumptions (8a), (8b) of the above theorem remain unchanged1 whereas (8c)
has to be replaced by

as > s, bks > s — m + k, Cks > s — m. (8c')

Consequently, the assumptions on the coefficients are minimal in the same sense as above.
Elliptic theory has now been a field of research for some decades and of course other

theorems of the above type do already exist. Some of the well-known results on the
subject are the following:

1. In [2] (Agmon), [4] (Agmon-Douglis-Nirenberg), [8] (Giaquinta), [9] (Gilbarg-
Trudinger) and [18] (Wloka), the authors state their elliptic regularity theorems under
Cfc-type assumptions on the coefficients.

2. In [6] (Dafermos-Hrusa) the authors prove local-in-time existence for a quasilinear
hyperbolic system (here, m = 1 and s > j + 1). Therefore, they need an elliptic
regularity theorem for coefficients with as < s. They write that they could not localize
such a theorem in the published literature, but that they have verified that the proofs
go through under their assumptions.

3. Also in [10] (Kato) the author proves local-in-time existence for a quasilinear
hyperbolic system (here again, to = 1 and s > ^ + 1), referring to the elliptic regularity
theory in [14] (Milani) and [16] (Morrey). Furthermore, he (Kato) sketches the proof of
an improved elliptic regularity theorem, assuming that s > j and as > s, bos > s — 1,
and cos > s — 1.

Nevertheless, to the best of my knowledge, there is no theorem in the published
literature that covers all the cases of the above theorem under the assumptions (8) on
the coefficients, and the representation formulas (10) for the regularity constants have
not been previously published.

In the remaining sections we will prove the above theorem.

2. Preliminaries. In this section we prove some preliminary results for later use.
Here and in the following, C,K,... > 0 denote generic constants independent of the
functions and the parameters under consideration.

Lemma 1 (Some inequalities).
1. Let r,s,t £ [0, oo) be such that r + s + t > ^ and let w 6 Hr(tt),v G Hs(Q),u £

HThen wvu £ Ll{f2) and

^ c,IMIff,-(f2)IMItfs(fi)ll'ull-H't(«)- (n)
2. Let r e N and s, t £ [r, oo) be such that s + t-r > j and let v £ Hs(fl),u £ i/4(S7).

Then vu £ Hr(Vt) and

l|wu||/fr(n) < C,||u||tf„(n)||«||fl-t(n). (12)

1 Actually, from the proof it will be clear that in this case the assumption (8b) can be replaced by

as > 0, bks > 0, cks > 0. (8b')
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3. Let 0 < s < t and let u € Then

llullws(n) < C,£t_s(l|w||Kt(fi)+£_tlluIU2(Q)) Ve > 0. (13)

Proof. The inequalities (11) and (12) are direct consequences of the Holder inequal-
ity and the Sobolev imbedding theorem. Inequality (13) is a well-known interpolation
inequality. □

Next, we define a partition of unity on Rn. Let s > 0, and let be an enumer-
ation of Zn. Furthermore, let <p G Cq°(R) be such that supp(y) = [—1,1] and ip(t) > 0
for all t £ (—1,1). We define a set of functions {ipj£}j2=1 C Co°(Rn),

1pje(x) ■■= (j - zfj , tpje(x) := 1pje{x) ̂ £^ke(®)2^ ■ (14)

By construction, the set has the following properties:

E^ = 1> (15a)
3

supp(</>j£) = EZj + [-£, e]n, (15b)

= Ca£"|a|, Ve>0. (15c)

Next, we define an extension operator on the halfspace R™ := R™-1 x (0, oo). Let
1 < I £ N, and let {ai, ..., q2;} be the solution to the following Vandermonde system:

21 ( 1 \J
£(--) Q- = 1 0" = 0 21-1). (16)
i/=l

For functions u : R™ -»Mwe define

c <- ju(x,xn) if xn > 0,
£iu(x, x ) .—< 2; (17)

{L,v=ia»u(.x>-tx ) else-

For functions v : Rn —> R we define

21 / , \ 21-1/ 1 \
£fv(x,xn) := v{x,xn) — ( J avv{x,—uxn). (18)

v=l ^ V '

By construction, £; and £* are continuous operators,

Si : Hs(R^) -f Hs(Rn) (0 < s < I), (19a)

£1 : ff'(Rn) -> fig TO (0 <t< I). (19b)

In particular, £i and £f have the following property:

f dlnvdln(£lU) dx = [ dln{£?v)dlnudx \/v e Hl(Rn) Vu e i?J(R"). (20)
J Rn J R™



MS ■— ^2 llf"-' (S^,R7Vxiv) + ^2^2 ll-Bi'Cm)|

552 STEFAN EBENFELD

3. Weak solutions. In this section we prove the continuity and the coercivity of the
bilinear form A and we will refer to the latter as the Garding inequality. Furthermore,
we prove the a priori estimate of the above theorem in the case s = 0.

Here and in the following, T : —> L2(Kn) denotes the Fourier transformation
and for s £ N we define

m— 1

" ' \\Hbks(Q,KNxN)

a,(3 k=0 a,0
m — 1

+ yi y! ll^>Ai|i//''..*(S>,R-v«w) + 1; (21a)
k=0 a,(3

Ns := ^2 ll^i™^llHa»(o,RiVxW) + 1- (21b)
a, (3

Furthermore, we consider Hq(CI) (t > 0) to be a subspace of ff^R").

Lemma 2 (Continuity of A). Let s — 0,5 > 0 and let the assumptions (8) hold. Then A
is a continuous bilinear form,

A : Rn) x Hm(n, Rn) K. (22)

In particular, the following estimates hold for all v,u e Hm(Q,RN):

davT A^1 d^udxfJn

A[t; — m] — f davTd^udx
Jn

where M0,N0 are defined by (21).

< CWo|M|ff™(n,Rn)||M||//™(n,RJV), (23a)

< CM0\\v\\Hm-S(nMN) |M|fl-m(QjRiV), (23b)

We see that in (23a) m derivatives are acting on both v and u. Therefore, the right-
hand side is proportional to the Hm-norms of v and u. On the other hand, in (23b) at
most m — 1 derivatives are acting on v. Therefore, the right-hand side is proportional to
the Hm~s-novm of v. But since the coefficients A^, are not smooth enough,
we cannot have the right-hand side proportional to the //m-1-norm of v.

Proof. It is sufficient, to prove the estimates (23). Now, (23a) is a direct consequence
of inequality (11). Furthermore, we have

davTA(^d0udx

771— 1 k

+ c
k=0 1=0 '

771—1

A[u,u] - /
Jn

771—1 p

<CJ2 \^m~lA(m)®Vv®^mu\dx
i=o Jn

m— 1 k ,,
I \Vk~lB^®Vlv®Vmu\dx

it=o ;=o
771—1 r.

+ cj2j \C(k) ® v ® Vfcu| dx.

(24)

fc=o Jn

Another application of inequality (11) yields (23b). □
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Lemma 3 (Garding inequality). Let s — 0,6 > 0 and let the assumptions (8) hold. Then
A is a coercive bilinear form,

A : H^(Q,Rn) x H^(n,RN) -> R. (25)

In particular, the following estimate holds for all u £

   2m(

IMIH™(n,RN) — CA[u, it] + K M0 6 (26)

where Mo is defined by (21a).

Proof. It suffices to prove the estimate (26). Let e > 0, let be the set of
functions defined by (14), and let Xjs 6 supp(y>je)nfi if this set is not empty. Then, with
the help of the Poincare inequality, the Plancherel theorem and the Legendre-Hadamard
condition, we obtain

^llull/f"*(n,R") ̂ <5(a™} J^dauTdpudx

= / f%dauTdl3udx
j Ja

= X/ [ da{Vjeu)Td0(yjeu) dx + i?i[u]
j Jn

= E 6S [ ee\F[<Pjeu]\2 d£ + R, [«]
j Jr"

[ ^[fjsn]T{A^(xj£)^a^)^[ipj£u\ d£ + Rxlu]
j R"

[ da((pjeu)TA{^\xJE)dp(<pjEu)dx + R1[u} (27)
j Jn

E / V2jedauTA<^\xje)d0udx + YRi[u\
j Ja i=i

E / A%]dfludx + Y Ri[u\
j Jn i=1

r ^
/ daurA^d^udx+ Ri[u\

Ja i=1
4

= A[u, u] + ^ Ri[u}.

< -1

-1

-1

-1

i=1
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Next, we estimate the remainder terms Rt[it]. With the help of property (15c) and
inequality (11), we obtain

m m

llullff"'-'t(r!,RN)llullH"'-i(fi,RN)- (28a)
k=i;=o

With the help of property (15a) and the Sobolev imbedding theorem, we obtain

1*3Ml < Ce&(28b)

From inequality (23b), we have

\R*M ^ C-^o||w||H'"-''(n,R^)||u||fl'm(J2iRN). (28c)

Furthermore, with the help of inequality (13), we obtain

^ C£i+'(llull^'"(n,Rw) + ei 2m|lulli2(f2,Rw)) Vsi > 0, (29a)

IMI.Hr"'-'i(n,Riv) llMll/fm(fi,RN)
< C£2(|M|//m(QiRN) + e2 IIwlli,2(rj,R-~')) > 0. (29b)

We choose E\ < e and insert (29) into (28). Then we obtain

(30)
y, l*«MI < CM0(es + e 1ei + e2)llull/f"(n,R«)
i=l

+ CM0(e 1£i + £2)(£i 2m + £2 2m)IMlL2(f2,RN)-

We choose e,ei,£2 sufficiently small,

 _ 1  _ l + <5 1
£ a M0 7, £1 a M0 e a M0 , £2 oc M0 J. (31)

Then, with the help of (27) and (30), we obtain

  2m(l + i)

IMI/f'ffi.R*) — CA[u, u] + CM0 IMli^n.R^)- (32)

This is the estimate (26). □
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Lemma 4 (A priori estimate). Let s = 0, S > 0 and let the assumptions (8) hold. Fur-
thermore, let / € and let u € H™(Sl,RN) be a weak solution to the
Dirichlet problem (6). Then u satisfies the following a priori estimate:

oIMI«'m(n,RJV) < C||/|lw-">(ri,RJV) + KM0 (33)

where M0 is defined by (21a).

Proof. The a priori estimate (33) is a direct consequence of (7) and the Garding
inequality (26). □

4. Interior regularity. In this section we prove an a priori estimate for weak solu-
tions to the Dirichlet problem (6) in the interior of f2.

Lemma 5 (A priori estimate). Let 1 < s 6 N,i5> 0 and let the assumptions (8) hold.
Furthermore, let V £ Co°(f2) be a cut-off function, let / 6 H~m+S(ft,RN), and let
u € Hm+S(£l, RN) be a weak solution to the Dirichlet problem (6).

Then u satisfies the following a priori estimate:

(34)
^.(m + .)(l + <)

< C||/IIh-">+»(^,kn) + PMslMlif»+«-i(n,]RJV) + KMS 3

where Ms is defined by (21a).

Proof. Let e > 0, let be the set of functions defined by (14), and let Xje S
supp(<£>je) nfi if this set is not empty.

Case 1. Let 1 < s < m — 1. For every a with |a| = k > s + 1 we choose A < a with
|A| = k — s. Then, with the help of the Poincare inequality, the Plancherel theorem, and
the Legendre-Hadamard condition, we obtain
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^Hu\\2Hm+3(Q^N) < J^d»dol(ipuT)dudf)(xpu)dx

= E^)<55) / <P2jed*dP(tlmT)ff'df,(rlm)dx
j

= E [ dflda(ipjetpuT)d"d0{ipj£tJju) dx + i?i [u]
j Jq

= E5mX™) [ eC^\n<PjeH\2^ + Rl[u]J JRn

< (-l)m E [ ^Cnvjeimf(A^\xje)C^)r[<Pjerlm] d£ + iJi[u]
j jRn

= (-1 r E S$ I dxd^d^^u)TA(^{x3E)da-xd0{^u) dx + i?i[tx]
j

r ^
= (-l)m E / $e&PP(WTA$(xje)dP-x&Um) dx + Y.

j ,'n t=l

= (-l)m E ^ / V%d*d*r(xMTA<$da-xd'3(rlm) dx + Y
j i=i

/> 3
= (-l)m«# / aA5^^(Vw)T^)5a-Aa/3(Vw)rfx + ^i?lM

i=l

r 4= (-i)m^ / dV<^(^)T^V-A^(<M^ + E^M (35)
*'n i=l

= (-l)m^ [ dx(dlld"{-il>u)TA{™Q,)da-xd0{il>u)dx
Jn

m — 1 «

+ E (-1)**# / dx(d*d»(1m)TB£™))da~xd0(1>u)dx
fc=s+l

+ EC"1)^ / d^d"^u)TB^)dad0^u)dx
k=0 Jn
m— 1 p 5

+ E(-i)s<^ / ^a!y(^)Tcifc)aQ(^)dx +V^M
fc=0 ^ i=l

= (-l)m^sj f dx(^d^^u)TAi™))da-xd0udx
Jq

m — 1 .

+ ^ (-i)fc^J / aA(^a"(^)TBjm))aQ-A^udx
fe=s+l

+ V(-l)s<5^ [ ipd»dv(il>u)TB(*™)dad0udx
k=o '/n
m —1 « 6

+ E("i)s^ / ^^(^)Tcifc)aQudx + ^i?t[u]
fc=0 "/S! i=l

6
= (-i)s^/[^a-(^)] + £ i^M.
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By assumption we have

\8$fbl>dfidv(i>u)]\ < C||/||w-m+3(r!iRiv)||V'w||tfm+s(niMiv). (36)

Case 2. Let s >m. For every fi with |//| = s we choose A < fi with |A| — s — m. Then,
with the help of the Poincare inequality, the Plancherel theorem, and the Legendre-
Hadamard condition, we obtain

\\'lf,u\\2Hrn+'>(n,kn)

[ d»da{ipuT)dvdP(ilm)dx
Jn

= J26$C [ <P2jed»ff*(rlmTWdf>(1m)dx
j Jq

= Jn d^da{ipjsil>uT)d'/dp (tpj£ipu) dx + R^u]

= E$C} f ecct0\n^M\2dt + Riiu]
j ' J R"

< ("l)m £#) [ t^vFWisMT{A^{xjE)Zae)FWieM di + R1[u]
■ J R™

= (-l)mE^ / d^xd^^u)TA^\xje)dxdad^ipj^u)dx + R1[u]
j Jn

f ^= (-i)mE^ / ^-xd"{t<ATA%\x]S)dxdadV(il>u) dx + E RiM
j Jn »=1

= (-1)™ E [ P%d»-xd»^u)Tdx + J2 Ri[u} (37)
j Jq i=i

f ^= (_1)mJ(5[) / w~xdv(^)TAtydxdadf,(ilw)dx +■to fct
/* ^= (_1)mJw / d^->-dv{^u)Tdx{A{^dad(){iPu)) dx + J2 ^»M

i=l

= (-l)m^t) / a'i-Aal'(^w)TaA(^)5a^(^M))dx
Jq

m— 1 /,

/ d»~xd"(il>u)Tdx(Biak™)dad0^u))dx
k=o ^
m— 1 „ 5

/ ^-^(^)T5A(cifc)aa(^))dx + Vi?iM

m—1

+
k=0

-1

fc=0 "" »=1
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= (-l)m^J f ^-xdu{xl>u)Tdx{A^dadl3u)dx
JQ

m — 1 n

+ / ^-xdv(xpu)Tdx{B{*™)dad0u)dx
k=0 J«
m—1 « 6

+ 51 / il>d»-xd"(^u)Tdx{c^dau) dx + Y,Ri
k=0 i=1

r 6

■to i=l
By assumption we have

<5$ [ ^~xdu(il)u)Tdxf dx
Ju

< Cf||/||ff-m + 5(QRJV)||V'w||Hm + s(niRJV). (38)

Continuation. Let ,s be arbitrary again. Next, we estimate the remainder terms
With the help of property (15c) and inequality (11), we obtain

m+s m+s

|i?i[u]| + |-Ra[«]| < CMS EE-"'-'
fc=l 1=0

With the help of property (15a) and the Sobolev imbedding theorem, we obtain

I-R3MI < CesMs\\ipu\\2Hm+S(Q RNy (39b)

With the help of inequality (11), we obtain

IRa[u]I + l-RsMI < C^s||V'ull//">+s-s(n,R'v)IIV'ull«'"+s(n,R'v)) (39c)
l-Re[u]| < CAfs||w||//m+s-i(a,R'v')||V'ull//m+3(n,K'v)- (39d)

Furthermore, with the help of inequality (13), we obtain

IIV'uIIh™+»-'=(o,r'v') IIV^II/tm+.-i (n,RN)
< Cei+l(\\xlJu\\2Hrn+3^uuN') + ( + ^||V'w|||2(qiRn)) Vei > 0, (40a)

Hr"+»-«(!i,RJV) ll^ull//m + s(n,RN)

<Ce52(\\M\l*n+s{W+ei2{rn+s)\\M\lW»)) V£2 > (40b)

Additionally, we have

< |e'3||V;w|lH"'+s(n,R'v) + h£3 1|lullH™+s-1(n,Rw) ̂ £3 > 0, (40c)

||/||//-m + 3(r!iRJV)||V'u||Hm + s(n,RN)

< |£4||V'ull//,"+!i(n,R'v) "t" 2e4 ll/ll//-m+3(n,R'v) ̂ £4 ̂  (40d)
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We choose £\ < e and insert (40) into (39). Then we obtain

6

X>*M +1|/||*-+ »(n,Rw) HV'ullHm+s(n,R'v)
i=i

< CMs(eS + £ X£i + £2 + £3)||lM|ffm+S(fi)RN') + C£4||V,ullKm+s(fi,K'v)

+ CMs{e J£i + £2)^1 2(m+s) + £2 2(m+s')||^u|||2(niRw)

+ CMse 3 ||lt|||fm+s —+ Ce4 1||/||fl--m + s(QiRJV). (41)

We choose e, £\,E2,Ez,Ea sufficiently small,

£ oc Mg1, eiocM~1e(xMs s , Ez oc Ms 7, £3 oc Ms_1, £4 oc 1. (42)

Then, with the help of the cases 1 and 2 and with the help of (41), we obtain

IIV^II/fm + s^KJV) < C||/||^-_m + t,^RN) + CMg ||u|lj2'm + »-l(fi,RJv)
.—.2(m + »)(l + <)

+ CMS S IIV'ullL2(r2,Rw)- (43)
Now, taking the square root of (43) yields the a priori estimate (34). □

5. Boundary regularity. In this section we consider the Dirichlet problem that
arises from our original Dirichlet problem (6) by covering the boundary d£l with open
sets and flattening the several boundary parts. In particular, we prove some a priori
estimates for the corresponding solution.

Let B C Kn be the open unit ball, let B+ := SfI Mn_1 x (0,00), and let T :=
£5nMn-1 x {0}. We consider the following Dirichlet problem:

L(x, V)u = f(x) in B+, (44a)
Vfcu = 0 on T (fc = 0,... ,m — 1). (44b)

The associated weak formulation of the Dirichlet problem reads:

ue Hm{B+,RN), (45a)

Vfcu = 0 on r (k = 0,..., to — 1), (45b)

A[w,u] = f[v] Vv € H™(B+,Rn). (45c)

Here, the differential operator L(x, V) and the associated bilinear form A[-, •] are defined
by

771 — 1 771— 1
_i_ V" 5{km),L{x, V)u := A^{x)dad0u + £ B^\x)dad0u + £ C£\x)dau, (46)

k=0 k=0

p 771—1 «
A[t),u] := (—l)m / da(vTA^)d0udx + V] (-l)fc / da(vTB^^)d^udx

J n fc=0 Jn
771 — 1 „

V / vTC^k)daudx, (47)
Jn

771—1

+
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where

E Ha°(B+,RNxN) (|q| = |/?| = m), (48a)

gikrn) e ^(g^RiVxiV) (|Q| = = m)> (48b)

c(k) e hc<"(B+,RNxN) (|or| = fc), (48c)

and the real numbers as, bks, Cks shall satisfy the same assumptions as in our original
problem.

Throughout this section we will assume A^ to satisfy the following Legendre-
Hadamard condition:

VxeB+ V^gR" V^l". (49)

In order to abbreviate the notation, for s G N we define

Ms IIB'km)
m— 1

""a/3 ' \\H''ks(l3+,RNxN)
a,(3 k=0 a,(3

m—1

+ X] l|Cife^lljycfc=(i3+,K'vxN) + 1) (50a)
k=0 a,/3

iVs := ^2 ll^i™)Hffa5(B+,RJVxJV) + 1- (50b)
a,/3

Lemma 6 (A priori estimate). Let s = 1,5 > 0 and let the assumptions (8) hold. Fur-
thermore, let tp G be a cut-off function, let / G H~m+1(B+, RN), and let
u G Hm+1(B+, M.n) be a weak solution to the Dirichlet problem (44). Furthermore,
let 1 < i < n — 1, i.e., di denotes a purely tangential derivative.

Then u satisfies the following a priori estimate:

l|di('#0||Hm(,B+,lR'v)

< C'||V'9i/||W-m(;g+jRN) + PMl(||ti||ffm(fJiRJV) + ||V'w||Km + 1-'S(B+,R'V))
 m(l+<S)

+ KM1 6 ||5i(V'M)||L2(e+,R'v)> (51)

where M\ is defined by (50a).
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Proof. For every a with |a| = m we choose e < a with |e| = 1. Then, with the help
of the Garding inequality, we obtain

— ||9j(V'u)||^m(g+jRjv)

< A[di(\j>u), di(tpu)\ + R\ [u]

r ~ _ 2
l)m / da{dj{^u)TA^)d0di{i>u) dx + ^ Rj[u]

JB+ i=i
/•   3

l)m / dadj$u)Tdj(A^d0$u)) dx + ^y Rj[u]
-'S+ i=1

r ~ 3l)m / d^df^ufd^A^dP^u)) dx + Y,
JB+ i=1

/• 4l)m / d^{dj(^u)TA{^)d&d0(^u) dx + V /?,[£]
■ys+ i=1

l)m [ da-\d*$u)TA(™))d'd0{$u)dx
Jb+

m—1 s.

-Y](-1)fc/ da{d2i$u)TB^™])d0$u)dx (52)
fc=o

m —1 „ 5

- Y" / df (4>u)TC(ak)da (i>u) dx + y^R, [w]
fc=o •/B+ i=l

= (-i)™ [ da-%dSdSu)T)A^;))did'3udx
Jb+

m— 1 „

- V(-i)fc / da{dSdl{^)T)B^))d0udx
k=0 JB+

771 1 /» 6

- / dj(ipdi(il>u)T)C^daudx + ^ flj[u]
fc=o ̂ S+ i=l

6

i=l
6

i=l

Next, we estimate the remainder terms /?, [fi]. With the help of the Garding inequality,
we obtain

 2m(l + i) _

\R1[u\\<CM1 6 \\di(ipu)\\L2{B+m. (53a)

With the help of inequality (23b), we obtain

|i?2[u]| < CMi\\-ii>u\\Hm+i-6(B+^N>)\\di(ipu)\\Hm(i3+tRNy (53b)
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With the help of the inequality (11), we obtain
5

< CMl\\'lpu\\Hrn+l-6(B+tlSLN<)\\di('lpu)\\Hm(B+^N), (53c)
i=3

|-R6[m]| < CMl\\u\\Hm(B+tRN)\\di('ipU)\\Hrn(B+iRN). (53d)

By assumption we have

\(^dif)[di$u)}\ < \$dif\\H-rn{B+MN)\\di$u)\\Hrn(B+,RN). (53e)

Furthermore, for all £i,£2 > 0 we have

(||Vju||Wm+i-6(B+iR)V) + ||w||/f'"(B+,RN))ll^i(^)llii"m(B+,R;v)

< ^£i\\di(i>u)\\2Hm(B+^N) + 5£rHll<Mlifm+1--'s(B+,R'v) + ll^llifm(B+,R'v))2> (54a)

II/IIH-™ (S+ ,RN) IIdi(V"") IIH">(B+ ,RN)
< \e2\\di{^u)\\2Hm[B+MN) + \el1||M/||^-m(B+iRN). (54b)

Now we insert (54) into (53). Then we obtain
6

^|i?i[u]| + IIM/ll
i=1

< C(Mi£i + £2)\\di{^u)\\2Hm{B+MN) (55)

+ CMiEj 1 (H^wH/fm+i-i (g+ ,R") + ||w||w"(B+,R«))2
 2m(l + <5)

+ Ce2 1||V,^i/llH-m(B+,Riv) + CMl S ll^i(l/'")ll£,2(B+,RW)-

We choose £\, £2 sufficiently small,

£1 a Mf \ £2 oc 1. (56)

Then, with the help of (52) and (55), we obtain

||9j('0{t)|||fm(g+jKN)

< C\\^dif\\2H-m^B+ RN) + CM2(\\i[>u\\Hm+i-s(B+^N) + ||u||tfm(B+,Rw))2 (57)
-—-2m(l+6) _

+ CMX 4 ||ft(V«)l| i2(B+,RN)'

Now, taking the square root of (57) yields the a priori estimate (51). □

Lemma 7 (Estimate). Let 2 < s £ N, <5 > 0 and let the assumptions (8) hold. Fur-
thermore, let 4> 6 Cq°(B) be a cut-off function, let / G H~m+S(B+, RN), and let
u 6 Hm+S(B+. M'v) be a weak solution to the Dirichlet problem (44). Furthermore,
let 1 < i < n — 1, i.e., dt denotes a purely tangential derivative.

Then there exists & € H~Tn+s~1(B+, RN) such that diii is a weak solution to the
following Dirichlet problem:

L(x, V)(9,u) = dif{x) + gi(x) in B+, (58a)
Vfc(<9i£) = 0 on T {k = 1). (58b)
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In particular, satisfies the following estimates:

||^5»llif-m+s-1(B+,RJV) — CMs(l|w||tfm+s-1(S-HRw) + ||V'u||ffm+a-5(;B+iRjv)), (59a)

||5i||i/-m+s-2(B+,IRw) < (59b)

where Ms is defined by (50a).

Proof. First, we prove the estimate (59a).
Case 1. Let 2 < s < m. Then we have

$gi)[v] = A$v,diu] + A[di($v),u\ Vv e H™+1(B+,RN). (60)

With the help of integration by parts and inequality (11) we obtain2

\k[%jv,diu\ + A[di(ipv),u]\

< CMs(||u||//m+S-l(B+jKN) + ||^u||^m + s-a(g+ J(JV^) + (61)

Since H™+1(B+,RN) is dense in H™~S+1(B+,RN), we obtain (59a).
Case 2. Let s > m + 1. Then we have

/ m—1

-i}{x)cn(x) = 4>(x) ( diA{^{x)dad0u{x) + ^ diB^)(x)dad0u(x)
fc=o

(62)m— 1 \

+ E diC^\x)dau{x) .
fc=o J

With the help of inequality (12) we obtain (59a).
Next, we prove the estimate (59b).
Case 1. Let 2 < s < m + 1. Then we have

~gi[^ = K[v,diu]+^[div,u] VveH™+1(B+,RN). (63)

With the help of integration by parts and inequality (11) we obtain

\K[v,diu}\ + (64)

Since H™+1(B+,RN) is dense in H™~S+2(B+, RN), we obtain (59b).
Case 2. Let s > m + 2. Then we have

m— 1

-9i{x) = dlA(^\x)dad0u{x) + ^ diB^]{x)dad0u(x)
k=0

m—1
+ £ diCik\x)dau(x).

k=0

(65)

With the help of inequality (12) we obtain (59b). □

Lemma 8 (A priori estimate). Let 1 < s £ N,<5 > 0 and let the assumptions (8) hold.
Furthermore, let ^ € C™(B) be a cut-off function, let / e H~m+S(B+,RN), and let
u e H,n+S(B+,RN) be a weak solution to the Dirichlet problem (44).

2Note that the terms with 2m + 1 derivatives acting on u, v cancel out.
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Then u satisfies the following a priori estimate:

n—1

+ RJV) < C||^/||//-m + s(g+iRN) + PNS S2 ||5i(^u)||//m + s-l(B+j]RN)
i=l (66)

  _  (m + »)(l + i) _ _

+ QMs||u||H-m+s-i(B+jRjv) + KMS 6 ||^w||l2(b+,r'v)i

where MS,NS are defined by (50).

Proof. Let e > 0, let {<pjE}J±i be the set of functions defined by (14), and let yje £
supp(<pj£) fl B+ if this set is not empty. Furthermore, let £m+s, £^n+s be the operators
defined by (17), (18). Furthermore, let v men where en denotes the unit vector in the
n-direction, i.e., z> is the multi-index corresponding to m purely normal derivatives.

Then, from the Legendre-Hadamard condition (49), we obtain

(-l)mrjT A^l\x)rj > \r]\2 Mx g B+ Wr)GRN. (67)

Case 1. Let 1 < s < m — 1. For every (a, (3) with |a| = |/3| = m we choose A < a
with |A| = m — s such that da~xd13 ^ d™+s if (at,/3) ^ {0, 0). Furthermore, for every a
with |a| = k > s we choose k < a with |k| = k + s -I- 1.

Then, with the help of the Poincare inequality, the Legendre-Hadamard condition and
property (20), we obtain

< ll^(^)ll2L2(n,RN) + i?l[fi]

W y%d™+\tuT)d™+\^u)dx + RM
j Jb+

r 2
/ dn+%^je^UT)d^+S{ifj£-lpu)dx + ^2Rl[u]

j V i=l
r ^

(-1)™]T / d^s^3^uT)A^\yJE)d^+\^u)dx + Y,R^
j Jt3+ i=l

(_!)- £ f d™+s£mU^uT)A{™\y]e)d™+s£m+s(^u) dx + J2 RA^\
j jRn i=l

r 2
(_l)-^ / d^+s£*m+s£rnU^uT)A^\yje)d^+s{^u)dx + Y,R^

, Jb+j B+ i=i
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3
3

~Jw|
1=1

+ Ei?i
1=1

: (-l)m 53 f drs{^edls£*m+s£mU^uT))A^d™+\^u) dx
J

4+ Ei?i-N
i=l

j
5

2=1

+E-^
= (-1)"1 E / ^(^e^sC+.W.(^«i^r)^))5a-A^(^) <**

„• «/ /3-l3
771—1

+ E ("1)fc+1 E / 5"(^ea2ac+^m+.(vje^T)5i5n))aQ-'ta<J(^) dx
k—s j ^+

s —1 «

+ E("1)SE / ^6a^^+s£m+s(^£iAwT)-B^m)aQa/3(^u)dx
fc=0 j V
771—1 6

+ E (-1)8 E / Vi'%a£Ua£rn+.(vjefaT)CWdP(im) dx + J2 Ri[u]
k=0 j ■'B+ »=1

: (_!)"»^ £ dx(vjexpdls£n+s£m+s(vje$uT)A^))da-xd0udx
j J^

771—1 „

+ 53 (-l)fe+1 53 / a~(^e^'C+.fm+.(^fir)BSn))SQ-,,a/Jfida:
i—„ .,• J i3+-k=s

-1

+ *~̂3(-l)s53 [ ^dls£^+sSm+s(^uT)Bik^dad^udx
k=0 j
771-1 7

+ E(-1)5E / + E^ffl
/c=0 j Jl3+ i=l

7

= (-1)5 E /b^^n^m+s^m+^^eV'u)] + 5] ^l"]'
2=1

(68)
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By assumption we have

fVPie'ipdn £m+s£m+s(lPj£'4'u)\
3

< CHV'/I I #-"*+" (S+,RN) I IIV^IItfm+8(B+,RN) + E ^ IIV''"l!JH"T"+s-fc(B+,]R/v) ) • (69)
771+S

k=1

Case 2. Let s > m. Then, with the help of the Poincare inequality, the Legendre-
Hadamard condition and property (20), we obtain

ll^ll/f"">+s(S+,Rw)

L2(fi,Rw) + ^l["]

= E / V%d™+s(iPuT)d™+s(il>u) dx + i?j[u]
3 JB+

r 2
= E / dr+s(^VmT)dr+5(<^) ^

j JB+ i=1
r ^   2

E / 5n+S(¥'i£^T)^i7)(%e)5r+S(^^") dx + E Ri t1
j ■/b+

/* ^
E / s-+^m+s(^e^T)^<7)(%£)a-+sfm+s(^£^) dx + E fliN

E [ dn+SSm+s£rn+s(VjS^UT)A{0™\yje)d™+S(vje1pu) dx + J2Ri[u
<J B-i. ■ i

<

<

-1

-1

-1

-1

-1

j •/B+ i=l

E / ^^+s^+sfm+s(^£^T)^^)(j/je)a-+s(^) ^ + E jz,
j •/s+ i=i

3

1 " Ml

mE / dx + E«i[«i
j B+ i=1

mE / ^«air+^m+^m+.(^e^r)^-m(^)^m(^)) dx + E *i[«l
j Jb+ i=i

mE / ^e^+sc+s^+,(^e^T)arm(^S)aa^(^))dx
j 7e+

m—1 „

rEE ^£a-+sc+^m+,(^,^r)srm(s^m)^^(^))dx
i—n „■

3
m—1

+

fc=0 j ^
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m —1III—X p

+ (-!)m E E / ^ed^+a£^+s£m+s(^UT)dSn-m(C^da^u)) dx
k=0 j JB+

6

+ E^[fi]
2=1

(-irE / ^^+ic+^m+.(^.^r)^-Tn(^)aQ^fi)da;
j ^

m—1 „

+ (-1)7" E E / ^e5rS^+^m+s(^e^T)arm(^Bjm)^a^) dx
k=0 j JB+
m—1 ~

+ (-1)"1 E E / ^«^,+^m+.W.(Vie^r)^-",(^aau) dx
1 rt , iBo-fc=0 j °+

7+e^[«
i=l

(-irE / ^eC+sc+,^+s(^T)arm(v;/)^+E^
. ^B+

(70)

Jul.
1=1

By assumption we have

£ f <pJ£d^+s£*m+s£rn+s{^uT)dsn-m(4,f)dx
i Je+

/ m+s

< C||V'/llif-m+»(e+,KJV) ( IIV'w||jfm+'(B+,RAr) + E £ fc|l^llffm+>-fc(B+,RJV) ) • (71)
fc=l

Continuation. Let s be arbitrary again. Next, we estimate the remainder terms Ri[u].
Without loss of generality we assume that e < 1.

Then, with the help of the Poincare inequality, the Sobolev imbedding theorem, in-
equality (11), and property (19), we obtain
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n —1n— 1

\Ri[v]\ < ^II'^'"IIl2(B+1kn)' (72a)
2=1

m+s m+s

\R2[u}\ + \R3[u}\ < CMS E E
fc=l i=0

|i?4[u]| < C£<5A/s||'i/i'u||^m+3(B+iRN)

m+s m+s

+ CMS EE £ ' IIV^II £fm+s_fc (B+ ,8") II V^ll f/rn+s_i (B+ .R7") i
fc = 1 1=0

(72c)

\R5[u]\<CMaUu\\ //m + s- i(B+,RN)IIV^IIffm+s(B+,RA')
m+s m+s

EE<" k ' IIV^II Hm+"~k (B+ ,RW) IIV^II Hm+S~l (B+ ,R")i
k=1 i=0

m+s m+s

+ CMS _
fc=l i=0

(72d)

|[""]I < CNS ||5t(^u)||Hm+»-i(B+,R'v)J II^uIIj/^+^S+.R")

/ n —1 \ /m+s \

+ CNS £ ||9j(V'li)||//Tn + s-1(B+JRJV) 1 ( £ fc||'!/'w||//m + s-fc(g+i][JJV)
V»=l / \fc=l

+ CMs||^£t||ffm+s-a(B+iKJV)||V'ii||^m+S(B+!KJV)
m+s m+s

+ CMS EE'- fc 1 II V'u||Wm + il-fc(B+iRN) ||t/>{t|| ffm + s-l (B+,RN),
k=1 1=0

(72e)

|/?7[{t]| < CA/S||M||//m + a-l(e+.KJV)||Vj{i||//m + S(B+,R'V')

/m+s \

+ CMs||u||ffm+s-l(B+iRN) ( ^ £ fc||t/'M||//'T.+s-)t(B+iRN) ) . (72f)

Furthermore, with the help of inequality (13), we obtain

||V'u||Wm+8-(t(B+)RJV) ll^ulla/fm + '-^B+.R")

< C£t+'(||^||2W„+S(B+,RN) + er2(m+S)ll^lliW«)) ■ V£l > 0, (73a)

II V^ll H'n+S~s (B+,RW) II V^ll Hm+S(B+ ,RN)

^ ^£2(\\^\\2Hm+B(l3+,«.N) + £2 ' + ^ II^IIl2(Q,Rn)) V£2 > 0. (73b)
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Additionally, we have

f n — 1

Ki=l

n— 1

< Ce3\\4>u\\ff~+»(S+,RJV) + Ce31 E Wdii^^W Hm+a-l(3+,RN) ^3 ^ 0? (73c)
2=1

II u\\fjrn + s-

< ^£<i\\i>'u\\2Hm+S(B+^iv) + |e4 1||u||^m+3-i(g+ RN) Ve4 > 0, (73d)

ll^/llfl"-m+s(B+,RN)IIV,"llfl''™+s(B+,RN)
< 5^5||'i/'^ll/J-m+s(g+>RJV) + ^£5 l|V'/ll/i--m + s(g+iRN) V£5 > 0 (73e)

and

(n— 1 \ /m+s

e n^(V'")iiffm+»-i(B+,R'v)) ( e e feii^,"ii^m+<'-'c(B+,R'v) ]
t=l / \fc=l /

n—1

< C ||^(^)l|//m+s-1(0+,R;v) (^3f)
i=l

m+s m+s

+ c EE'* fjm + s-k
k=1 (=0

(m+s \

E e_fc||V'w||/fm + 3-(S(;B+iRJV)J

< 5l|M||^m + »-l(B+jRN) (73g)
m+s m+s

+ 5 E E e~h~l
k=1 i=0

(m+s \

E £ fe||1Mlffm+s-fc(B+,RJV) I

< m\2n -"»+s(B+, RN) (73h)
^ m+s m+s

+ 2 S E £ k l\\^u\\Hrn+s-k(t3+MN)\\^\\Hrn+s-l{B+ ,RN)-
fc=l Z=0
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We choose £\ <e and £3,£4,£5 < 1 and insert (73) into (72). Then we obtain

7 / m+s N

Y l-^i["]| + W^P f\\+ | + Yj e~k\\^\\Hm+a-k{B+1RN)
i=l \ k=1 /

< CMs{e6 + £ J£i + £2 + £'4)||V'w||//m + 3(B+i]RJV)

+ C'A^s£3||V'u||^m+3(g+iRjv) + C£5||Vju||^m+s(B+jRN)

+ CMs{e l£i + £2)^! 2(m+s) + £2 2(m+s^)||^u||j[,2(Qi]Rjv)

n—1

+ CNse3 ||^;('i/''u) II Hm+S-1(BM JRN) +CMs£4 ll^ll //"»+« —1(JB+ .K")
i—l

+ Ce^UfrH-m+ 3(B+, UN)'

We choose e, £1, £2, £3, £4, £5 sufficiently small,

£ oc Ms 6, £1 cx Msxe (X Ms , £2ocMs

(74)

(75)
£3 oc Ns 1, £4 a Ms l, £5 c< 1.

Then, with the help of cases 1 and 2 and with the help of (74), we obtain

IIV^IIifm+s^^RJV)
n—1

+ CN^\\dSu)\\Hm+,- 1(B+, R») (76)
i—l

+ CM2 ||u||^-m+s_i(g+RWj + CM^ ^ 1 ||V'u||L2(n,MAr)-

Now, taking the square root of (76) yields the a priori estimate (66). □

Lemma 9 (A priori estimate). Let 1 < s 6 N,i5 > 0 and let the assumptions (8) hold.
Furthermore, let -0 £ Cq°(B) be a cut-off function, let / G H~m+S(B+,RN), and let
u G i?m+s(5+,Miv) be a weak solution to the Dirichlet problem (44).

Then u satisfies the following a priori estimate:

||V>w|| ffm+»(6+ ,R*)

< CN:(Uf\\H-m + siB+,RN) + ||/||tf-m + S-l(g+iKN)) + PMsiVsS||{j||tfm + s-l(B+iRJV)

  (m + s —1)( 1 + 3) _ (,-t)(m + a-t) |f

+ Y KMS Ns l|w||/jrt(s+,RJV))
t=0

(77)

where MS,NS are defined by (50).

Proof. We prove the lemma by induction on s.
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Induction start. Let s — 1. With the help of the a priori estimates (51) and (66), we
obtain

||Vm|| Hm+i(B+,RN)

n— 1

^ Cl||V'/lltf-m+1(B+,RJV) + CliVi ^ ||9i(V'tt)||Wm(B+iRjvj + ClMl||u||tfm(g+iRJV)
2=1

,—-(m+l)(l + <5)

+ CiM1 5 ||^w||l2(b+,r«)

< CiVl(||^/Htf-m + l(B+iRiV) + ||/||jJ-m(B+)RJV))

+ CMlAri||'i/'u||j:fm + l-5(B+iRN) + CMlNl\\u\\Hm(l3+^N)
-—-m(l + (5) — _   (m + l)(l + <5)

+ CMl 6 Ni\\ipu]\Hi^B+tRN^ + CM1 6 ||^IU2(s+,rw)-
(78)

With the help of inequality (13), we obtain

||^u||iJ-n + l-i(B+jRJV)

< Cef(||V;it||ffm+i(g+,RN) + ^m+1^||^u||L2(g+iKjv)) Vei > 0, (79a)

IIV'w||h1(s+,rjv) < C£2l(ll^||Km+i(B+]Rw) + e2 ̂ m+1^||V'u||L2(B+,R'v)) Ve2 > 0. (79b)

We choose £\,£2 sufficiently small,

£i oc N11, e2 oc M1 5 Nx m. (80)

Then, with the help of (78), we obtain

II^M|tfm+i(S+iR;v)

< CA''1(||'^/||if-m + l(g+]RN) + ||/||^-">(g+,RJV)) + CMlNl\\u\\Hm(B+tlSiN) (81)
. (m-j-l)(l + <S) .— m-j-1 ^

+ CMr 3 N1 6 \\iPu\\l2{b+,rn)-

This is the a priori estimate (77).
Induction hypothesis. Assume that the statement of the lemma holds for s.
Induction step. Let the assumptions of the lemma for s + 1 be given.
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Let 1 < i < n — 1, i.e., d, denotes a purely tangential derivative. Then, with the help
of Lemma 7 and the induction hypothesis, we obtain

\\di(i>u)\\Hm+s{B+1RN)

< C2N°(\\'ii)dif\\H-m + s(l3+ lSiN') + ||l9i/||H-m + s-l(g+)RJV))

+ C2ArsS(||^i||/3f-m + S(S+,RN) + ||gi||i/-m + s-l(B+,IRA'))

+ C2MsNss\\u\\

(82)~(m + s-t)(l + ,5) _ (a-()(m + s-t)

+ C2 ^ Ms 6 Ns 6
t=0

< CA^®+1(||^/||W-m + s-H(B+^RN) + ||/||//-m + s(B+JlJV))

+ CMs+1Ar®+1||V;w||//m+s+i-«(B+jRN) + CAfs+i^s+1||u||Hm+s(B+iRN)

izj ^,(m+s-t)(i+a) _ (s-t)(m+s-t)

+ CZ^MS+1 S Ns+1 6 ll^llfft+HB+.R^)-
t=0

With the help of the a priori estimates (66) and (82), we obtain

II V^ll Hm+a+1 (B+ ,RN)
n— 1

C,Ns+l^2 \\dSu)\\Hm+
i= 1

+ C\Ms+\ ||u||h'"+s(b+,r,v) + C\Ms+l 5 IIV^IIl^b+.r*)
< C7VsS+11(||t/j/||W-m + s + l(B+iR/V) + ||/Htf->™ + s(B+,R«))

+ ^Ms+l^+ll|V'W||/fm + . + 1-«(g+iRiV) + CM,+ lJVa8+11||u||Hm+.(B+iRAr)

. S -  (m + s+l-t)(l + <S) (a + l-t)(r» + s+l-t) ,

+ C]TMs+1 6 Ns+1 ' ||«||ff.(8+,R~)-
t=0

With the help of inequality (13), we obtain

II^MItfm+«+1-{(B+,RJV)

^ C£i(IIV'"ll//'"+s+1(B+,KiV) + £i ('"+S+1)||V'"IIl2(b+,r'v)) V£i >0- (84)

(83)

We choose £1 sufficiently small:

e1<xMs+\Ns+f. (85)
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Then, with the help of (83), we obtain

< C,7V|+11(||Vj/||ff-m+s + l(e+!R«) + ||/||i/->" + s(g+i|RN))

+ CMs+1N°+l\\u\\Hm +s(B+,m.N) (86)
,-^(m + s-fl — t)(l-h<5) ^ (s + l-t)(m + s + l —t)

+ CJ2K+1 6 Ns+l ' ||«IU.(B+,m-).
t=0

This is the a priori estimate (77). □

6. Global regularity. In this section we combine the various a priori estimates of
the previous sections to prove our original theorem.

Lemma 10 (A priori estimate). Let s € N, <5 > 0 and let the assumptions (8) hold. Fur-
thermore, let / e H~m+S(Q, Rn) and let u € Hm+S(Q, RN) be a weak solution to the
Dirichlet problem (6). Then u satisfies the following a priori estimate:

^  (m + s)(l+<5) ^ s(m + s)

IMlHm+s(n,RN) < C-^rss||/ll//-">+s(n,RN) + KMS 6 Ns 5 ||w||l2(o,rn)) (87)

where MS,NS are defined by (21).

Proof.
Case 1. Let s = 0. Then, (87) follows from (33).
Case 2. Let 1 < s G N. Let ... ,U^} be a smooth open covering of such

that U is an interior domain and such that {U^}pi=1 is a covering of the boundary dfl, let
:= DO, and let := U^ndtl. Furthermore, let {ip, ..., ip^} C C^°(R")

be a partition of unity subordinate to the covering \U,U^l\ ■ ■ ■ M^}- Furthermore, let
6 c Rn be the open unit ball, let B+ := SflE™-1 x (0, oo), and let T := BnRn_1 x {0}.
Furthermore, let ip^ : B —> be diffeomorphisms such that and
yjW(r) = v«.

We define functions on B+ by

uM u o i\p^%\ := tp o ipW.

Then, every u := uW is a solution to a Dirichlet problem of the form (44). In partic-
ular, for the coefficients , B^™\ of L(x, V) and for the right-hand side /, the
following estimates hold:

Ms < CMS, Ns < CNS, ||/||//-"»+<>(g+iRW) < C||/||^f-m+S(0,Rw); (89)

where MS)NS are defined by (50).
Furthermore, without loss of generality, we assume that the Legendre-Hadamard con-

dition (49) holds.
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Then, with the help of (89) and the a priori estimates (34) and (77), we obtain

IM|jfm+.(n)RJV)
v

i=l
P

^ llV,«II.F/"*+s(n,RAr) + C\ ^ ||^(l)w^^||Wm+S(S+iRN)

   (m + s)(l+3)

^ C2\\f\\H-m+°(n,&N) + C2-^s||ull/i""i+s-1(ri,R^) + C^Ms 5 ||w||l2(q,rjv)

+ C2^rsS|l/llH'-m+3(B+,K'v) + C2MsN°\\u\\Hm+s-i(B+tRN')
s — 1 - (m + s —t)(l + <S) — (s-t)(m + s-t)E~,~ 1 /v ^ ' ~ v

Ms 6 Ns 5
t=o

< CN!\\f\\H^m+a(n,RN) + CMsNss\\u\\Hm+3-HW

t—i (Trt-t)(l-|-<5) ^ (a-t)(m + 3-t) . .

+ CJ2MS 1 Ns ' +NkHn,rv)-
t=o

With the help of inequality (13), we obtain

< Ce™+S + et (m+s)||M||L2([2,RJV)) Vet > 0. (91)

We choose £m+s_i and et (t = 0,..., s — 1) sufficiently small,

£m+s-1 CX M7xiVs-s, st oc (92)

Then, with the help of (90) we obtain
^ ^(m + .)(l + <S) „ »(m + .)

||w||Wm+S(QiRN) < ||/||H-m+,(S2i]Rjv) + CA/S s Ns ||w||l2(q,e'v)- (93)

This is the a priori estimate (87). □

Lemma 11 (Higher regularity). Let s £ N,5 > 0 and let the assumptions (8) hold. Fur-
thermore, let / € H~m+s(tt,RN) and let u G H™^, M^) be a weak solution to the
Dirichlet problem (6). Then, u is actually in Hm+S(£l, RN).

Proof. We prove the lemma by induction on s.
Induction start. For s — 0, the statement is trivial.
Induction hypothesis. Let 1 < s 6 N and assume that the statement of the lemma

holds for s — 1.
Induction step. Let the assumptions of the lemma for s be given.
Let ,C(aki) £ C°°(U,RNxN) (i £ N) be such that

A(j)±^A(rn) intf^n^x"), (94a)

B(kmi) _woo+ B(km) in ffbk.^ftNxN^ (g4b)

c(ki)±^c(k) in HCk°(n,RNxN) (94c)
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and such that the Asatisfy the Legendre-Hadamard condition (4).3
Furthermore, we define the differential operators LW (x, V) and the associated bilinear

forms A^[-, •] in analogy with (1) and (3). Furthermore, for A > 0 let

4° (x, V)v := L(i) (x, V)v + \v (95)

and let the A^[-, •] be the associated bilinear forms.
We consider the following Dirichlet problem:

L^\x, V)it^ = f(x) + Xu(x) in S7, (96a)

Vfcw(i)=0 on dn (k = 0,...,m- 1). (96b)

With the help of the Garding inequality and (94), we choose A sufficiently large such
that

< CA^M Vv € H™(Q,Rn). (97)

Then, with the help of the Lax-Milgram lemma, we obtain existence and uniqueness of
a weak solution 6 Hq1(Q,Rn) to the Dirichlet problem (96).

From the general elliptic theory we find that uW is actually in Hm+S(Q,RN). From
the a priori estimate (87) and (94) we find that the sequence {uW}i£M is bounded in
Hq1({2,R!V) n Hm+S{Cl,RN). After possibly passing to a subsequence we obtain

u(i) - weakly in Hm+s{il,RN), (98a)

«(*) —in H™(Q.,Rn). (98b)

With the help of (94), (98b) and inequality (11), we find that u is a weak solution to the
following Dirichlet problem:

L\(x, V)Tt = f{x) + \u(x) in (99a)
Vfeu = 0 on dfl (k = 0,..., m — 1), (99b)

where L\(x, V) is defined in analogy with (95).
On the other hand, u is obviously another weak solution to the Dirichlet problem (99).

Since by the Lax-Milgram lemma the solution is unique, we obtain

u = TiG Hm+s(n,RN). (100)

This is the desired regularity statement. □
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