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LP BERNSTEIN ESTIMATES AND APPROXIMATION
BY SPHERICAL BASIS FUNCTIONS

H. N. MHASKAR, F. J. NARCOWICH, J. PRESTIN, AND J. D. WARD

ABSTRACT. The purpose of this paper is to establish LP error estimates, a
Bernstein inequality, and inverse theorems for approximation by a space com-
prising spherical basis functions located at scattered sites on the unit n-sphere.
In particular, the Bernstein inequality estimates LP Bessel-potential Sobolev
norms of functions in this space in terms of the minimal separation and the LP
norm of the function itself. An important step in its proof involves measuring
the LP stability of functions in the approximating space in terms of the ¢ norm
of the coefficients involved. As an application of the Bernstein inequality, we
derive inverse theorems for SBF approximation in the L¥ norm. Finally, we
give a new characterization of Besov spaces on the n-sphere in terms of spaces
of SBFs.

1. INTRODUCTION

Various applications in meteorology, cosmology, and geophysics require a mod-
eling of functions based on scattered data collected on (or near) a sphere, i.e., when
one does not have any control on where the data sites are located [7, Bl 6]. On
S™, the unit sphere in R"*!, n > 1, a popular method is to construct the required
approximation from spaces of spherical basis functions (SBFs), which are kernels
located at points in a discrete set X = {¢; }§v=1 € S", the set of centers or nodes.

A function ¢ : [-1,1] — R is an SBF on S™ if, in its expansion in ultraspherical

polynomials Pg(’\")7 Ap = ”Tfl, the Fourier-Legendre coefficients {¢(¢)} of ¢ are all

positive; see section [3] for details. These ¢ are to be used as kernels of the form
d(x-y), z,y € S*, x - y being the usual “dot” product. The approximation space
here is the span

Gy, x = span{d(z - €) }eex-
Following usage common in the neural network community, we will say that a

function g € Gy x is an SBF network associated with ¢. The SBF ¢ is sometimes
called an activation function or a neuron, but we will not use these terms here.
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Such ¢ may have singular behavior. This is the case for certain thin-plate splines;
(1 —2-y)~'/? is an SBF in S, n > 2, for instance. However, when they are
continuous, they are positive definite in Schoenberg’s sense [30]. In that case the
interpolation matrix [¢(&; - ;)] is positive definite, and it is possible to use SBFs to
interpolate data given at the points in X.

The focus of this paper is approximation. To handle noisy data, both least
squares and quasi-interpolants have been used for many years. More recently, the
issue in many meshless numerical methods for solving PDEs is how well a network
approximates a solution to the PDE. Singular SBF's should prove useful in probing
for a corresponding singularity in the solutions.

To be effective, though, such methods require knowing the degree of approxima-
tion in various spaces, especially the L?, 1 < p < oo. The L? case for SBFs ¢ with
G(l) ~ (L+1)"P, B > n/2 was recently investigated in [23], with nearly optimal
rates being attained by interpolatory networks. The known estimates on the degree
of approximation in the case of LP, p # 2 provided by interpolatory networks are
not asymptotically optimal. This has led to the development of other approxima-
tion tools [I5] 3, 21], involving SBFs or spherical harmonics, in L?, 1 < p < oco.
A central step in obtaining approximation rates in L? was establishing a Bernstein
estimate, which was then used to get an inverse approximation theorem.

The paper has three main goals. The first is to derive an LP Bernstein inequality,
for 1 < p < oo; namely, |[gllgz < Cq77||gllp, 0 < v < ¢p. Here HL is a Bessel-
potential Sobolev space [32], B4]; it measures derivatives of g (cf. section 23]). The
quantity ¢ is half of the minimal separation of points in X; ¢~ ! plays the role of a
Nyquist frequency.

In establishing the Bernstein inequalities it is also necessary to measure the LP
stability of the basis {¢(x - §)}ecx for Gy x. We do this by introducing a new
quantity, the LP stability ratio, rg, ,, which is defined in equation (II]) below. The
stability ratio is similar to the /P condition number for a matrix.

The second goal is to obtain LP error estimates, 1 < p < oo, for approximating
a function by networks in G4 x. To give a sample of these results, we need two
other quantities related to the geometry of X: the mesh norm A, which measures
how far points in S™ can be from those in X, and the mesh ratio p := h/q, which
measures the uniformity of the distribution of points in X. These are discussed in
section 2]

A typical estimate that applies to an SBF that has a Green’s function singularity
similar to a thin-plate spline restricted to S™ is distzr (f, Gy x) < Chﬁpr"HfHHg,
where [ is related to the singularity of the SBF.

We combine these direct (Favard-Jackson) estimates with the Bernstein in-
equalities to provide new characterizations of Besov spaces By, on S", charac-
terizations that use rates of approximation from the Gy x. The Bernstein esti-
mates are then used to establish inverse theorems and obtain nearly optimal rates
of approximation. Under the restrictions in Theorem [BI4] if f € LP satisfies
dist pr(sn) (f, Gg,x) < Cflog;(% forany 7 >t ' > 0,0 < r < u, and in addition
for all X in a certain class, then f€B,.

The third goal is to show that the results obtained here will apply for nearly
all of the SBF's of interest. In particular, they apply to various RBFs restricted to
the sphere: the thin-plate splines and Wendland functions, whose Fourier-Legendre
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L? BERNSTEIN ESTIMATES AND APPROXIMATION 1649

coefficients have algebraic decay, and also Gaussians and multiquadrics, whose co-
efficients decay faster than algebraically. SBFs in the latter class are well known to
be difficult to treat.

The paper is organized this way. Section 2l reviews various geometric quantities,
such as the set of centers, the mesh norm, and so on. It also discusses spherical
harmonics and the Bessel-potential Sobolev spaces. Section [l discusses SBF's, their
Fourier-Legendre expansions, and deals in detail with the SBFs mentioned earlier,
along with ones corresponding to certain Green’s functions that play a significant
role in the paper. It is here that we will show that nearly all of the SBFs of interest
have the properties necessary for our results to hold. We also mention that we
obtain precise asymptotic expressions for the Fourier-Legendre coefficients in the
case of Wendland functions.

The strategy for establishing the Bernstein inequality, which will be detailed
below, consists of two key components: LP approximation results for functions
in G4 x by means of spherical polynomials, and LP stability estimates; these are
developed in sections @] and [ respectively. The approximation results are based
on Marcinkiewicz-Zygmund inequalities developed in [I7) 6] 21], as well as frame
results from [21]. The stability results, which are of interest in their own right, are
for all L?, not just for interpolation with continuous SBFs. To obtain them, we
introduce a stability ratio, which provides some measure of the extent to which a
finite set in L? is linearly independent.

In section Bl the results of the previous two sections are combined to yield LP
Bernstein inequalities (section [6.]), direct theorems for approximation by networks
in G4 x (section [62)), characterizations of Besov spaces on S" (section [63), and
inverse theorems for LP functions approximated at given rates by SBF networks
(section [6.4)).

Strategy. Let g be an SBF network in Gy x C HQ(S”)7 so that it has the form

g(x) =Y agp(x-§).

feX

One of our main goals is to obtain an LP Bernstein inequality for such networks, that
is, a bound of the form [|g|| zz < Cq™7(|g||p, where the norms are those appropriate
for S™ and v > 0 is bounded above by a constant depending on ¢ and p.

Our strategy involves approximating g by degree L spherical polynomials on
S”, where L ~ ¢~!. Now, for fixed L and any S, there is a Bernstein inequality,
[1S]| gz < CLY||S][p, which can be found in Theorem Using it and manipula-

tions involving the triangle inequality, one has that
gl zz < ISz + llg — Sllaz < CLY|S|lp + llg — S|z

which holds for given L and any S.

Obtaining an appropriate polynomial S is crucial to the argument. To do that,
we will use the frame operators introduced in [21] and discussed in more detail in
section L3l below. In particular, we need reconstruction operators B, with J ~
log, L. These rotationally-invariant operators have other very useful approximation
properties, which are given in Proposition [£9 They take LP spaces and the space
of continuous functions boundedly into spherical polynomials having degree O(27).
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Consequently, with S = B g, we have S]], < C|g|,, and also
lal, llg — Biglluz

Hng |a‘p

lgllez < €27 |igllp + llg = Baglluz = C277llgll, + “lgllps
1/p
where |al, = (dex |a5|p) is the p-norm of a = {a¢}ecx.

The functions {¢((+) - &) }eex are linearly independent and form a basis for G,
and so the pairing a +> g is bijective. Since G has finite dimension |G|, the ratio

lalp
(1.1) rg,p = max
" 3670 gl

is finite; it will be called the p-norm stability ratio of the network G = G4 x. This
ratio is similar to a condition number in interpolation, but for LP?. With it, the
inequality directly above becomes

1= B)gll e
(1.2) lgllaz < (cwuowg,p <—)) 19l

lalp

To obtain the desired Bernstein inequality, we require two bounds: the first
on [|(I — Bys)gllgz/lal, and the second on rg,. The first bound relies only on
approximation results; these we cover in section @l The second is a bound on the
stability ratio. This bound requires a more detailed analysis involving both the
geometry of X and properties of ¢. It is carried out in section

An interesting point is that the two bounds make different demands on the prop-
erties required for ¢. This makes the analysis of both bounds subtle. Fortunately,
the common demands are satisfied by large classes of SBBs, including restrictions to
S™ of the most common RBFs: the thin-plate splines, Wendland functions, Gaus-
sians, Hardy multiquadrics, and others.

2. BACKGROUND

2.1. Background and notation for S".

Centers and decompositions of S™. Let X be a finite set of distinct points in
S™; we will call these the centers. For X, we define these quantities: mesh norm,
hx = sup,cgn infeex d(§,y), where d(-,-) is the geodesic distance between points
on the sphere; the separation radius, qx = %mingﬁ/ d(&,¢&'); and the mesh ratio,
px =hx/qx > 1.

For p > 1, define F, = F,(S™) to be the family of all sets of centers X with
px < p. We say that X is p-uniform if X € F,. For every p > 2, F,(S™) is not
only nonempty, but it contains nested sequences of sets of centers for which hx
becomes arbitrarily small; precisely, the result is this:

Proposition 2.1 ([23| Proposition 2.1]). Let p > 2 and let F, be the corresponding
p-uniform family. Then, there exists a sequence of sets X, € F,, k=0,1,..., such
that the sequence is nested, X C Xg41, and such that at each step the mesh norms
satisfy shx, < hx,,, < shx,.

We will need to consider a decomposition of S into a finite number of non-
overlapping, connected regions R¢, each containing an interior point ¢ that will
serve for function evaluations as well as labeling. For example, if X is the Voronoi
tessellation for a set of centers X, then we may take R¢ to be the region associated
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L? BERNSTEIN ESTIMATES AND APPROXIMATION 1651

with £ € X. In any case, we will let X be the set of the &’s used for labels and
X ={Re C S"|{ € X}. In addition, let || X| = maxee x {diam(Re)}.

2.2. Spherical harmonics. Let n > 2. Let du be the standard measure on the
n-sphere, and let the spaces LP(S™), 1 < p < oo, have their usual meanings. In
addition, let Ag» denote the Laplace-Beltrami operator on S™. The eigenvalues of
Agn are —0({ +mn —1), £ =0,1,.... For n > 2 and ¢ fixed, the dimension of the
eigenspace is

_ n—1 _
(2.1) d?zgﬂ"(“” 2) e ! n-t

An ¢ oo T g

For n = 1, the case of the circle, d} =1 and d} =2, ¢ > 1.

A spherical harmonic Y7 ,, is an eigenfunction of Ag» corresponding to the eigen-
value —0({+n—1) [19,31], where m = 1,...,d}. Theset {Yr,,, : £=0,1,...;m =
1,...,d}} is orthonormal in L?(S™). Denote by H, the span of the spherical har-
monics with fixed order ¢, and let II;, = @ZL:O H, be the span of all spherical
harmonics of order at most L. The orthogonal projection P, onto H, is given by

di
(22) Pff = Z <f7 }/K,m>}/€,m .
m=1
We regard the sphere S™ as being the unit sphere in R”™!, and we let the
quantity £ -1 denote the usual “dot” product for R**!. Using the addition formula
for spherical harmonics, when n > 2, one can write the kernel for this projection as
n—1

PZ()\H)(gn)7 An = 2 )

. — {4+,
(23) R =Y Ve @Viml) = 5"
m—1 nWn

where PZ(/\”)(~) is the ultraspherical polynomial of order \,, and degree £. Also, we

have that HPZ(/\”)Hoo < Pe()‘”)(l) = ﬁ%. We will briefly discuss these polynomials
in section [Bl in connection with spherical basis functions. For n = 1, A\ = 0. In

that case, the kernel for P, has the form

(2.4 nen={ .

| ST e, o2,
where Ty(-) is the degree-¢ Chebyshev polynomial of the first kind, which is a
limiting case of the ultraspherical polynomials [33] Section 4.7].

We will also need to consider operators of the form Z;io c¢oPy. The kernels for
the projections P, then provide us with kernels Zz?io cePy(§ - m), which may be
distributional.

2.3. Bessel-potential Sobolev spaces. The spherical harmonic Yy ,, is an eigen-
function corresponding to the eigenvalue —¢(¢ +n — 1) = A2 — (£ + \,)? for the
Laplace-Beltrami operator Ag» on S™. It follows that £+ \,, is an eigenvalue cor-

responding to the eigenfunctions Y;,,,m = 1,...,d}, of the pseudo-differential
operator
(2.5) Ly o= /A2 = Agn =Y (L4 )Py

£=0
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Let v bereal, 1 < p < oo and n > 2. If f is a distribution on S”, define the
Bessel-potential Sobolev spaces H2(S") [32, [34] to be all f such that

26) e o= | S+ APt <o
=0

where Py is from (Z2]). The notation we use here is that of Triebel [34]. Strichartz
[32] defined these spaces on a complete Riemannian manifold, using the equivalent
operator (1 — Agn)?/? to do so. One more thing:

Remark 2.2. The space H?(S™) is the domain of L), [32, Theorem 4.4], which implies
that H2(S™) is norm equivalent to the usual Sobolev space W (S™).
3. SPHERICAL BASIS FUNCTIONS

For any real A > 0, not just \, = ”Tfl, the ultraspherical polynomials satisfy
the orthogonality relation
2127 (4 4 2))

(3.1) /_1 PO @RS @) =) i e = e )

For the circle, we have A\; = 0. With £ > 1, as A — 0, the ratio Pe(/\")(')/)‘ converges
to (2/0)Ty(-), the degree-¢ Chebyshev polynomial of the first kind [33] Section 4.7].

Consider a function ¢ in LP or C. We will assume that ¢ has the following
expansion in the orthogonal set of ultraspherical polynomials:

Oke

~=0(0) + lZ?Olqg( Ycosl, n=1,
(3:2) ¢(U) o S B0 )”)‘" P()‘ (cosh), n>2
cos 0 =0 ’ -7
ntl
where w,, := 272 is the volume of S".
r(4=)

Functions of this form are called zonal. We will assume that the series converges
in at least a distributional sense. The coefficients in the expansion are obtained via
the orthogonality relations in (Bj]) These are given below:

4+ My - 0+ 22N\ )T (L + 1) / oz

_ 1— a2 3dg.
Ao o = T €+2)\ (@)(1 = 2%) .

Using Rodrigues’ formula [33] Eqn. (4.7.12)] for PZ(’\”)(x) in the equation above and
employing the duplication formula and other standard properties of the Gamma
function, one can obtain this expression:

coo (=D w D (A, + 1) 2V
B(6) = 2@fre+A+ /¢> LAyt an,

which holds for all ¢, even when n = 1; i.e., Ay = 0.

Schoenberg [30] defined ¢ to be positive definite if for every set of centers X the
matrix [¢(; - &)] is positive semidefinite. He showed that ¢ is positive definite if
and only if the coefficients satisfy ¢(£) > 0 for all £ and Y57, d(0)dy < co. If in
addition $(£) > 0, then [¢(&; - &)] is a positive definite matrix and one can use
shifts of ¢ to interpolate any function f € C(S™) on X. We will say that ¢ is a
spherical basis function (SBF) in this case.

One usually makes the assumption that the sum 352 @(¢)d < oo, for then
¢ is continuous and ¢(1) = ||¢||r=. This is essential if we are doing standard
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interpolation of a function from its values on X. However, we are more interested
in approximation than interpolation, and so we will not make this assumption here.
Indeed, we will say that any distribution ¢ for which QAS(E) > 0 for all £ is a spherical
basis function. In general, we will be interested in SBFs in L?.

Zonal functions that satisfy ¢(£) > 0 for £ > L > 0 are said to be condition-
ally positive definite SBFs. In the RBF theory on Euclidean space, the difference
between strictly positive definite RBFs and conditionally strictly positive definite
RBFs is significant. On S™, this difference is less important: a conditionally posi-
tive definite SBF differs from an SBF by a polynomial of degree L — 1. This does
play a role in interpolation, but is much less significant in approximation problems.
That being the case, unless there is a genuine need to distinguish between the two,
we will refer to both as simply SBFs.

Below we will list Fourier-Legendre expansion coefficients for some of the more
significant SBFs. Apart from certain Green’s functions that we will do first, these
are restrictions of various Euclidean RBFs in R"*! to S". (The restriction of
any RBF in R""! to S" is an SBF [24, Corollary 4.3].) These include Gaus-
sians, multiquadrics, thin-plate splines, and Wendland functions. Such SBFs are
RBF's expressed in terms of the Euclidean distance between £ and 7 or its square,
€ —n||*> =2 —2¢ - n; with t = £ -1, these give rise to functions of 1 — ¢.

Green’s functions. Let 3 > 0. The Green’s function solution to LZGs = ¢ is
a kernel with an expansion in spherical harmonics having coefficients @5 (¢,m) =
(¢ 4+ X\)~8. Properties of Green’s functions are discussed in more detail in Proposi-
tion ILI21 We simply remark that the kernel G is an SBF that is in L!(S™) for all
B > 0. For us, Gg will play a significant role. The SBFs we consider will generally
be of two types: ¢ = Gg + Gg * 1, where v is an L' zonal function, or ¢ will be
in C*°. The first type includes the thin-plate splines and Wendland functions, and
the second, the Gaussians and multiquadrics.

Thin-plate splines. The thin-plate splines are defined in [35, Section 8.3]; their
Fourier-Legendre coefficients are found in [22] §4.2]. These are given below:

pu(t) = { D0, 5> 5 s &N
(3.3) T -t logL - 1), seN,
(ng(f) = CS;”%

where the factor Cj ,, is given by

Cym =212 (s + 1)['(s + ﬁ)

singrﬂ's) s> _%, s ¢ N,
2

1, seN.

Let v = £+ \,. For large v, the Fourier-Legendre coefficients ¢(¢) for the
thin-plate splines have the asymptotic form

p—1
(34) 6s(0) = Conv™ 7" | 143 Gi(n,5)v ™ + Ry(n,s,v) |,
j=1
where R,(n,s,v) = O(v~P) and G,(n, s) are defined in [25], p. 119].
Two remarks. First, we have made use of Go(n,s) = 1 in the expansion from

[25] p. 119]. Second, when s is an integer or half-integer, ¢(¢) is a rational function
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of ¢, and, hence, of v. In that case, it follows that the series for qﬁs(é) is actually a
convergent power series in v~ !. For other s, the expansion is only asymptotic.

From the structure of the expansions above and the properties of Green’s func-
tions listed in Proposition .12, we see that any finite linear combination of thin-
plate splines,

(35) ¢:ZlAj¢Sj, _g<31<52<"'<3m7
=

has the form

(3.6) ¢ = A1(Gosyn + Gosyn x 1), b € L.

Wendland functions. All of the SBF's we have discussed so far are related to RBF's
stemming from completely monotonic functions. These RBFs have the property
that they are strictly positive definite or conditionally positive definite in R™ for all
n. The corresponding SBF's are also positive definite in S™, again for all n. These
RBF's are not compactly supported, however. This can be remedied, but there is a
price: we must give up positive definiteness beyond a certain dimension.

Wendland (cf. [35], Section 9.4]) constructed families of RBF's that are compactly
supported on 0 < r < R, strictly positive definite in Euclidean spaces of dimension d
or less, have smoothness C?*, and, within their supports, are polynomials of degree
L%J + 3k 4+ 1. The quantities d, k, and R are parameters and may be adjusted as
needed.

Restricting the Wendland functions to S™ just requires setting r = /2(1 —t)
and R = /2(1 —tp), where —1 < 5 < ¢t < 1. We will denote these functions
by ¢ak(t). The support of ¢4 on S™ is then 0 < § < cos™!(ty) < m. From [35]
Theorems 9.12 & 9.13], if ¢ > ¢y, then these functions are polynomials in /1 —¢
that may be put into the form,

pak(t) =er(l—t)+ (1 — 1)+ 3ey(1 —t),

where e, and e, are polynomials having dege; = [3([2] + 3k + 1)] and deges =
|2([£]+Fk)]. Outside of this interval, the ¢4, are identically 0. Using a power series
argument, we have that, near t 2 to, ¢ar(t) = At — to)L%H%H(l + Ot — to)),
from which it follows that ¢q(t) is piecewise CL31+2k+1 pear ¢, In addition, it

follows that 14 1 (t) := ¢a.x(t) — pa,k(t) is piecewise CL21+2k+1 o1 the whole interval
[—1,1]. Putting all of this together, we conclude that

(3.7) Gar(t) =er(1 =)+ (1 — )" 3 en(1 — t) + thg(t).

Our aim is to use this decomposition to obtain large ¢ asymptotics for the Fourier-
Legendre coeflicients ¢q 1 (¢) in S™. This we now do.

Proposition 3.1. Let m = L%J +2k+ 1. If £ > degey, then

) ) A ) L Do)
— (2k+1+n) 1 2 L W4, k\E)
Ba0) = (L4 o) (ot g5 + 0+ 272 + s,

Moreover, if we choose L%j > n, then the ¢4 have the structure

¢d,k = polynomial + Ag (G2k+n + Gojgn * 1/;) s 12) e L.
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Proof. The polynomial term e;(1 — ¢) doesn’t contribute to coefficients with ¢ >
dege;. The term (1 — t)k+%€2(1 —t) is a linear combination of thin-plate splines,
starting with s = k + % Thus it contributes the first term on the right above. By
Remark 22 the function ¢4 is in H?2,, so it can be written as YV =L, "L g k-
The second term on the right follows directly from this fact. Finally, the form of
the étm(f)’s leads to the second statement. O

Before leaving the topic, we point out that, when L%J > n, we have determined
the precise asymptotics of the Fourier-Legendre coefficients for the Wendland func-
tions. Heretofore only upper and lower bounds were known.

Gaussians. The Fourier-Legendre coeflicients for the Gaussians, which are given
below, may be found in [36, Ex. 37, p. 383], [15, Example 5.2], and [22] §4.3]:

Yo (t) = e7200=0 5 > 0,
. o
Yo () = 21 (32) ™" €77 Iy, +4(0),

where I, ¢ is an order A\, + ¢ modified Bessel function of the first kind. For all
£ >0, the coefficient 4, (¢) satisfies this bound [22] Proposition 4.3]:

(3.8)

2056_2U7THT+1 20£7Tn;rl
3.9 —_— <A ) < —.
. res g =70 S

Multiquadrics. The Hardy multiquadrics are treated in [22] §5]. The results are:
mq,(t) = —\/02+2(1 —t), 6 >0,

a0 —1/2)
(@2 +2)120(0 + A, + 1)
—1/2 1/2 4
« oF, -1/ 7 (+1/ 4y
2 2 (02 +2)2
Here, oF} is the usual hypergeometric function. Expressions for Fourier-Legendre

coefficients for generalized multiquadrics may be found in [22] §5]. Again, this
time for ¢ sufficiently large, the coefficient mq,(¢) satisfies the following bound [22]

Proposition 5.1]:
-1 5 N\
= —1-n
52+2) <mqs(f) < Cyf (62+2> .

Ultraspherical generating functions. For n > 2, the ultraspherical polynomi-

(3.10) i, (0) =

i+ A+ 1

(3.11) Ce—z 1 (

als PZ()‘") are frequently defined in terms of the generating function [33, Equation
(4.7.23)] below:

(3.12)

When n = 1, Ay = 0, the expansion is in terms of the Ty(¢)’s, the Chebyshev
polynomials of the first kind. In this case, the generating function is simply the
Poisson kernel:

2
Pw(t):%, 1>w>0,

3.13 ~ 1, ¢ =
(3.13) By~ b f 0,
2w, > 1.
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4. APPROXIMATION

The approximation part of the analysis makes use of kernels and frames, which
are related to them. These were studied in [Il 12| [I4] [I8 21] and further devel-
oped in [26]; we review them here, along with a number of other results impor-
tant to attaining the goals of this paper. First, we will develop various types of
Marcinkiewicz-Zygmund inequalities for the sphere. Although some of these were
previously derived [I7} 16 [21], those pertinent to both the approximation and the
stability analysis are new.

Second, using frames we establish a Bernstein inequality for spherical polynomi-
als. Again, using frames we establish various distance estimates for ¢ € H é and
we discuss Green’s function solutions to LGg = §. As we have mentioned earlier,
these form a very important class of SBFs. Finally, at the end of the section we
will complete the approximation part of the analysis.

4.1. Kernels. Let x(t) € C¥(R), with k > max{2,n — 1}, be even, not identically
0, and satisfy

(4.1) KOO < CeQ+t)) " forallt e R, r=0,...,k,

where o > n + k and C, > 0 are fixed constants. We remark that all compactly
supported, C* functions that are even satisfy ([@I)). Functions in the Schwartz class
S(R) that are even satisfy (41 for arbitrarily large k& and . Given such a &, define
the family of operators

Kem = k(eln) = D K(e(L+Xn))Pp, 0<e < 1,

£=0

along with the associated family of kernels
r(0) + 25207 K(el) cos 8, n=1,

12)  Ken(6m)i=
. N { >0 H(5(54—)\n))%ﬂo‘")(cos@), n>2,

cos 6

where cosf =¢-npand 0 <e < 1.

It is worthwhile noting that (t) = e~*" satisfies (@I)) and that the corresponding
kernel is essentially the heat kernel for S™.

We will need several results concerning these kernels and operators. First of all,
we require the estimates on the LP norms for the kernels. Material closely connected
to the theorem below appeared in [I2 Proposition 4.1].

Theorem 4.1 ([2I, Theorem 3.5 & Corollary 3.6]). Let x satisfy (@I, with k >
max{2,n—1}. If 0 < 0 < «, then there is a constant By, . > 0 such that the kernel
K., satisfies the bound

ﬁn k,k —
4.3 K., (cosf)| < ————g7"
(13) Ken(cost)| < 1245
Moreover, we have that
(4.4) [ Kenllp := [ Ken(cos0)|Lr(sn) < Cn,k,n57n/p,~

These operators can be applied to functions in LP(S") or even distributions in
D'(S™), provided  decays fast enough; compact support will certainly work. As
the result below shows, all of them are bounded operators taking LP(S™) — L2(S").
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Theorem 4.2 (|21, Theorem 3.7]). If k satisfies [@)), with k > max{2,n}, then,
for alll <p<oo and 1 < ¢ < oo, the operator K. ,,: LP(S") — L(S™) is bounded
and its norm satisfies

Kesnllpg < Cruston(dem—1e™) "G =2+

where Cy, k., 15 a constant that depends only on n,k,k, and where ()4 = x for
x>0 and (z)4 = 0 otherwise.

We point out that more can be said when x has restrictions on its support. The
result below follows from the spherical harmonics of degree L ~ 1/¢ being in the
kernel (i.e., null space) of K. ,, when x(¢) = 0 near ¢t = 0.

Remark 4.3. If k(t) = 0 for |t| < 1, then for any spherical harmonic in II;_, where
L. = [e7'=\;'| ~ & ! orless, then we have g. := K. ,g = K..,(g9— P), and hence
l9ellg < KeinllpgErL. (9)p-

Another important result for x supported away from ¢ = 0 and having fast decay
is the one below, which follows directly from Theorems FI] and To simplify
matters, we will assume that x is also compactly supported.

Corollary 4.4. Let k > max{2,n}. If the support of k is compact and does not
include t = 0, then, for every fized v in C, the function &(t) := [t|7k(t) is also an
even C* function that satisfies @2). Moreover, LYK, ,, = E_WRE,H. Finally, for real
v, we have the two bounds below:

1_1 11
HLVKE,an,q S Cn,k,k(4wn71)_(;_E)Jrg_fy_n(;_aﬁra

”L’yKe,néHp < Cn,k:,/%g_fy_n/p/a
where ¢ is the Dirac distribution and thus LYK, ,,6 is the kernel for LYK, .

4.2. Marcinkiewicz-Zygmund inequalities. Marcinkiewicz-Zygmund (MZ) in-
equalities provide equivalences between norms defined through integrals and ones
defined through discrete sums. For S™, these were developed in [I7, [16, 21]. We
will need to adapt these MZ inequalities to estimate certain sums.

Let X C S™ be the set of centers; also, let ¢ = gx, h = hx, and p = px := h/q
be the separation radius, mesh norm, and mesh ratio, respectively. We will need
a decomposition of the sphere into a finite number of nonoverlapping regions. The
Voronoi tessellation corresponding to X will serve our purpose here, although many
other decompositions will work as well.

Let R¢ be the Voronoi region containing X. Denote the collection of these regions
by X = {R: C S"|{ € X} and its partition norm by || X|| = maxee x {diam(R¢)}.
It is easy to show that the following geometric inequalities hold:

(4.5) h < || X <2h and ?H)?M(Rg) > cnq”.
ce

Here ¢,, is a constant related to the volume of S™. We will need these later. For a
sequence space version of the results below, see [I3] Proposition 4.1].

Proposition 4.5. Fiz ( € S" and k > n+2. Let K.(n) := K. ,(n-C). Then, there
is a constant C' = C,, . 1, for which

as) ikl - X urolK.©) <0

fex

{ 1Xl/e X <e,
(xh/e)™ Xl =e.
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Moreover if ( € X, then

(Ix[/e)="  1x] <e,
’/ n mldp(n) — > M(R£)|Ks(f)|‘ SCW,;C{(&/HX'),?_“_Q x> e

X36#¢

Proof. This is a strengthened version of [2I, Proposition 4.1]. Since its proof is
similar to that result, we will only sketch it here, referring the reader to [21] for the
technical details.

The inequalities in both (6] and (1) involve bounding sums of contributions
from each R¢ having the form

D¢ :_‘/ |Ke(77)|dﬂ(77)—N(R£)|Ka(§)|‘S/ | K (n) — K (&)|du(n).
Re¢ Re

Take ¢ to be the north pole of the sphere and 6 to be the co-latitude. Divide
the sphere into M ~ =/||X| bands, B,,, in which (m — )n/M < 6 < mzn/M,
m=1,..., M. Each R¢ can have nontrivial intersection with at most two adjacent
bands, because diam(R¢) < [|X| ~ w/M. Thus, if R C By, U By,41, then its
lowest and highest co-latitudes satisfy (m —1)m/M < 6, < 02’ <(m+1)w/M. As
is shown in [21], for m = 2,..., M —1, the sum of the D¢ from all Re C By, U By, 41
is bounded above by the quantity
1

m+

Cn K,k e T tr

(4.8) > De< e / ——dt.
ReCBmUBpt1 Me %ﬂ— 1+t

If R¢ > ¢, then dealing with the corresponding D¢ can be done by estimating the
integral that bounds the contribution from the region R¢ in the cap 0 < 0 < 27/M,

49) D¢ <C,  (Me)™ M tdt <C;{,€k{(M5)2 Me>1,
’ & = Yn,k,k

o 14tk = (Me)n 1 Me < 1.

Now, let M = |7 /||X||], precisely. Adding up the D for all ¢ € X yields the bound
in ([@6), which was implicit in the proof of |21, Proposition 4.1].

To get (), we need to adjust M so that all Re # ¢ are contained in the bands
B,,UBy41, m=2,...,M — 1. This is easy to do. Just take M = [(7 — ¢)/||X]|].
Summing the De bounded in ([{8) and taking care of some double counting yields

jus
€

Cn,ﬁ,k t"
el — 3 sl < G [ e

X2E#4¢ 7

Chr RO AL
Ll dt
Me - 14tk

IA

Me

o (Me)=t  Me>1,
<

= ek (Me)k—n=2 Me <1,
from which (£7) follows easily. O

Let f € L'(S") and set f. := K., * f; the function f is not assumed to be
zonal. We wish to estimate the difference Ex = ||| f-]1 — Dcex | f=(&)|n(Re)|. Tt
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is straightforward to show that

B < 3 [ 1700~ f-€)dutn) < sup POl
cex cesm
where Fi x(C) = > ¢ex ng |Ken(n- () = Ko (€ - Q)|dp(n), which is the quantity
estimated in Proposition 25l Applying that proposition and Remark 4.3}, we obtain
the desired estimate below.

Corollary 4.6. Let x satisfy (&I), with k > n + 2, and, for f € L*(S"), let

fe = Ko * f. If X is the decomposition of S™ described above, || X| > € and
=le7t =X\t ~ et then

(4.10)

"fs”l -> fs(f)W(RE)' < Chk (|X||/€)n{

fex

Er. ()1, s(t)=0,]t| <1,
I £1l1, otherwise.
Remark 4.7. If f is zonal, i.e. f(£) = (¢ - (), then the right side [EI0) is in-

dependent of the variable (. Also, the strict inequality ||X|| > e isn’t absolutely
necessary. The results still hold when ||X|| and ¢ are comparable.

For the most part, we will use these results to bound the sums ’ E§€X ag f-(€)|,
under the assumption that ||X'|| > e. Using Corollary [L.0 for that case, we see that

|ao
W@ < ol S RO
g):( ) minge x pu(Re) ;( :
|a]o
g Cn K, X .
e s (el + o (176" 1122

From Theorem 2] ([@H), and h = pq, with L. ~ ¢~ ! and pg ~ | X|| > . we have
that

n_—n ELs(f)la if H(t) =0, |t| <1,
a1 | eer] <o |

fex 11, otherwise.

If f is a zonal function, then, by Remark 7] we may use the || - || norm on the
left above.

We want to make the same kind of estimate, but with f being replaced by d¢, the
usual Dirac delta function. Thus f; is replaced by K.(-) := K. ,%6(-) = K., ((-)-().
A nearly identical argument to the one used above, coupled with {6 for ||X] > ¢
and the bound on ||K.|; from Theorem 2] results in

(4.12)

> aeK(()-€) < Ol
feX

The constants on the right above hold uniformly, so we thus have

> acko(()-€)

feXx

(4.13) < Cp"e™"a]so-

o0

The two bounds above are very similar and can be used in combination. They
will be needed to complete the approximation part of the analysis. There is another
bound, somewhat different from these two, that we will need in section
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Lemma 4.8. If pg ~ ||X|| > &> 0 and if k > n+ 2, then

(4.14) rcne%)(( [ Ken(€- Ol < Chprg ™
X3E#C

Proof. In equation (7)), Proposition {5 again for ||X|| > ¢, an argument similar
to the ones used above gives us

DL

X2EA4C §t—Re

3

k—n—2
|Ka,n(77'<.)|dtu‘(77)+c7/z/,m,kqin (||X|) '

Using fSn—RC | K n(n-Q)ldu(n) < | K:nllh < Cheks e < 1, and maximizing over
¢ € X, we obtain ([£I4). O

This estimate is more delicate than ([@I3]), because the term missing from the
sum is K. ,(¢-¢) = K. (1), which turns out to be O(¢~"). For £/q small enough,
the sum ([@I4) will be majorized by K. ,,(1). This is needed as part of a diagonal
dominance argument.

4.3. Frames. We now address the question of the frame decomposition mentioned
previously. Our approach follows the one in [2I]. As mentioned earlier, others are
certainly possible. For this, we need a function a € C*(R),which we may assume is
even, with support in [-2, —3]U[3, 2], and satisfying |a(t)|? + |a(2t)]* = 1 on [3,1].
Such a function can be easily constructed out of an orthogonal wavelet mask mq
21 §8.3]. In fact, if mo(€) € C*F1, then a(t) := mo(mlogy(|t])) on [-2,—3]U[3, 2],
and 0 otherwise, is a C* function that satisfies the appropriate criteria. Define
b e C*(R) by

(4.15) b(t) == ! =<1,

' o le@®P > 1
Using the properties of a we see that ijfoo la(t/27)|2 = b(t/27) if t > 0. In the
sum on the left, only terms with j > |log,(¢)] contribute. Terms with j < |logs(?)]
are identically 0.

The quantity [log,(t)] is obviously important. On S", the integer that corre-
sponds to it is this:

. 0 n=1,

(4.16) = ogstrn)] >3
The integer j, helps us in defining our frame operators, which we now do. Let
A; == a(2777InL,) and B; := b(2777J~L,). Taking into account the support of
a, we have By = Z;-I:O AjA; forn > 2. For n = 1, a projection Py onto the

constant function enters, and B; = Py + Z;-]:o AjA;f. We will need the following
approximation result concerning these operators.

Proposition 4.9 ([21] Proposition 5.1]). Let k > max{n, 2}, and let b be defined
by @EID), with a € CH(R). If f € LP(S"), 1 < p < oo, and if L > 0 is an integer
such that 2=7=n < (L + \,)7!, then

(4.17) 1f =Bufllp < CopnEL(f)p, EL(f)p = distrs(f,1IL).
Also, for 1 <p < oo or, if p= o0, for f € C(S™), we have lim;_,, B;f = f.
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Bernstein/Nikolskii inequalities. There are several inequalities that follow eas-
ily using frames. We will give a Nikolskii-type inequality, which is a well-known
inequality ([I5, Proposition 2.1] and [2I) §3.5]). From our point of view, the most
important inequality derived here is a Bernstein theorem for spherical polynomials
[28, Theorem 2 (English transl.)]. An independent proof is given in [10, Proposition
4.3]. For the convenience of the reader, short proofs for both are given below.

Theorem 4.10. Let S € I1;,. Then, for 1 <p,q < oo and for v > 0, we have
(4.18) (Nikolskii) [|Slly < CpanLE0%]S],,

(4.19) (Bernstein) [|S|[gz < G\ L7|[S][p.

Proof. Let v > 0 and suppose L+ \,, < 277/, From the definition of By, it is easy

to see that By reproduces I, and so B;S = S for all S € II,. By Theoremd.2] with
. 1 1

k=band e =277 ~ L1 we see that ||S||y < Cpgnl™ %~ %S|y, S € I

Dependence of the constants on b and k disappears upon taking the infimum over

these two quantities, yielding (£IS]).

We now establish the Bernstein inequality. If S € II, then so is L7.S, and
we have that ByL)S = LS, provided L + \, < 2/%in. Using the expansion
Bs= Z}]:o A;jA;, we see that

J J
LS = AALTS = LTAASS.
j=0 j=0
Consequently, we have that |55 = IS, < 37 LA A7 1]l Applying
Corollary 4, with x(t) = |a(t)|? and e = 27977 for each j, then yields:

J
1Sl < (Zz<ﬂ‘”‘m)ca,w||5|p
=0

o(J+in+1)y _ 9iny
<
- 27 -1

where again L ~ 2777»_ In the last inequality of the chain above, we can take the
infimum over all a satisfying the requisite conditions. This yields ([EI9). O

CanrllISlly < L7Conq ISy

Distance estimates. Frames can be used to estimate the distance in LP(S™) from
the polynomials to a function in a smoother space. If f € LP, let EL(f), :=
distr»(f,II1). Because B;f is a spherical polynomial in Iys+5,+1, we have

EL(f)p <If = Bufllps L4 Ap <27 HL

Because B f converges to f in all LP, 1 <p < co and p = oo if f € C(S"), we also
have that

o0

EL(£)p < If =Bsflly < D IAA; £,

j=J+1
where the right side above may be infinite. Now, suppose that f = L)h, h € Hg(S").
In that case, we have A;ATLYh = L;(ﬂ_W)AjA;fLﬁh. From this and Corollary 4]
with p <+ ¢, we arrive at

1

IAAS LA, = Ly C ) AASLER], < 27 GG D00 C, g
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Insert this in the equation above, sum the appropriate geometric series, and take
L ~ 27%0n to get

Byresn (L3R)p < Chsy qpn2” P77 G000 1) g

which was essentially obtained by Kamzolov [9]. Now, since the left side above
is unchanged if we replace L) by L} — S, S € Ilys+5,, we can replace ||h||Hg by

Eyrtin (L2R),. Collecting these results yields the proposition below.

Proposition 4.11. Let v > 0, and 8 > v + n(% — 1—1))+), where 1 < p,q < co. If
h e Hg, then there is a constant C' = Cy, g ~,q such that
Byrin (Lih)p < (I = By < Cnpya2” OG0 D40 By, (L),
Green’s functions and their properties. Let > n/p’. Recall that the Green’s
function solution to LELG 3 = 0 is a kernel with an expansion in spherical harmonics
having coefficients @g(@, m) = (£ + \)~P. Properties of Green’s functions (pseudo-
differential operator kernels, really) on manifolds have been studied extensively
(cf. [8]). Our aim here is to use frames to obtain properties and various distance
estimates that we need here quickly, and in a self-contained way, for SBFs of the
form ¢35 = G + Gp * ¢, where ¢p € L'. Because the ¢g’s are not in any of the
Bessel-Sobolev spaces Hg, they have to be treated separately from the class in

Proposition [11] above

We begin with Green’s functions themselves. Note that A;ATGs = L;ﬂAjA;fé.
Since AjA% = |al>(27777"L,), where both a and, of course, |a|?, have compact
support that excludes ¢ = 0, we may apply Corollary @4} with ¢; := 2~0UFJn) {0
get this:
(4.20) IAJALGslly < Crpacy ™7 = Cpp a2 Bn/PIGT0),

Thus, for 8 > n/p’, the terms in Z?io AjA;Gg are bounded by a geometric series,
and so the Weierstrass M test implies that the series converges in L”. That is, we
have shown that when 8 > n/p’ the limit lim;_,o, B;Gp is in LP. A simple duality
argument then shows that the kernel Gg = lim;_,o, ByG3 in LP(S™). Summing the
geometric series in [E20) yields |G — B;Ggll, < €27 B=/P)(T+in),

These results also give us error bounds in HP(S"). If v > 0, then L"Gs = Gs—,
and LYB;Gg = ByG—,. This and the estimate above imply that if, in addition,
B >~+n/p, then

(4.21) IG5 = BsGolluy = 1Gs—y = BsGpsllp < C27 P77 7/PD ),

Perturbations of G can be dealt with, too. Let 1 be in L!. By Theorem E2]
(#20) and Remark 3] we have that, for all j > J,

IATA; G ¥l < |AA;Gpll1p Barvan ()1 < C27 P00 By (),
Summing a geometric series and using ([@2]]), we arrive at the following bound.

Proposition 4.12. Let v > 0, 8 > v +n/p/, e; = 270U%n) and let ) € L' be
a zonal function. If ¢g = G + Gg * 1, then ¢pg € HE and there is a constant
C = Chp g,y,a, Which depends only on n, B, v, and the function a, such that

Earvin (L708)p < (I = Bs)9sllar

< Cnpiya (1 + &5 Byrisn (Wl)é?””/”

(4.22)
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4.4. Approximation analysis. The task at hand is to estimate the norms
(I = Bs)glluz/lal,, where g € Gx 4. Our approach will be to carry this out
for p = 1 and p = oo, then use the Riesz-Thorin theorem to obtain the result for
all intermediate values of p.

The easier of the two cases is p = 1. Since g € Gx g, then g =3 . v agd((-) - §).
Again, let €; = 2-(+3n) From the triangle inequality, the rotational invariance of
the norms involved, and Proposition [£.11] and Proposition it follows that

(I =By)gllm < lahll( —Bs)olm
B Byren (L)1 ¢ € H}
< OB 2 n p
< Ce;lals { (1+ Eyrvin(¥)1) ¢=Gp+Gpx1.

The p = oo case requires using frames. Again, we have that

o0

I =Bgllu= < > 1AALgllo
Jj=J+1
where AjALY g = > .y acAjATLYO(() - €). By equation @II), with f = L) ¢,
K., n corresponding to s(t) = |a(t)|?, h > ey > ¢j, all j > J, and L. ~ 277 we

have
ALl = | S ach(()-€)| < Come; lalo Bavn (L
fex o
By Proposition E.11] and Proposition L12] with J there replaced by j, p = co, we
have

Eyivin (L20), ¢ € Hé )
(1 + el Eyivin(¥)1) ¢=Gp+Gpx*.
Since Fyi+in (f)1 < Fos+in (f)1 when j > J, in the inequality above we may replace

the distances with respect to 2777 with ones with respect to 2/77». Doing so and
again summing a geometric series, we obtain

Eoresn(LEG)1 ¢ € H},
1+ 59E2J+J‘n (77/1)1) ¢ = Gﬁ + Gﬁ * .

Applying the Riesz-Thorin theorem in conjunction with the bounds above, we com-
plete the approximation part of the problem:

1A AL gl < Clalaep™e? " {

I~ B2l < Clalps ]

Theorem 4.13. Let v >0, 1 <p<oo, B>v+n/p, e = 2=(Hin)  Ifhy > €5
and if g € Gx ¢, then
(4.23)
||(I - BJ)gHH$ < Cpn/p’ei—'y—n/p' { E2J+jn (Lﬁ(b)l ¢ c Hé,
|a|p (1+E2J+j" (’(/J)l) ¢:G5+G5*’(/J

5. STABILITY

The problem that we address here is estimating the norm |a|, in terms of the
LP(S™) norm of g, where g(x) = dex asp(x-§) and ¢ € LP is an SBF. Specifically,
we wish to estimate the p-norm stability ratio

rg,p := max laly
P gag#0 gl
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which we defined in ([J)). This quantity exists and is finite because the set
{p(x - §)}eex is a linearly independent, finite set of functions. The quantity rg,,
provides a measure of the linear independence of the set, albeit one that scales with
the norm of ¢. Once ¢ is fixed, it depends completely on the geometry of X.

For a continuous SBF ¢, this is related to the stability of the interpolation matrix
for ¢ and X. However, we are only assuming that ¢ is in LP, and thus evaluating ¢
on X is meaningless. Even so, using a smoothed version of ¢ allows us to connect
the two concepts.

5.1. Stability ratios and interpolation matrices. Let x > 0 be in C*(R),
k > n+2, and let it satisfy [@I)). Of course, since k is not identically 0, we also
have that there is some open interval on which x > 0. Consider the corresponding
operator K., = r(eL,) and its kernel K. ,. To smooth g(x) = } .y acp(x - &),
apply K., to both sides. Doing this yields

(5.1) 9:(x) = Kemg(x) = Y ag Ko ndb(x - €) -
fex N———
¢E(X : 5)

We want to relate rg , to quantities in a standard SBF interpolation problem
on X involving ¢.. The function ¢. is a spherical harmonic, with nonnegative
Fourier-Legendre coefficients, whose degree depends on the support of . It is thus
a positive definite function on S™, but not an SBF.

The interpolation matrix corresponding to ¢ is

Ae = [¢(n - lemex-

Later, as a by-product of our analysis, we will establish the invertibility of A.,
provided e satisfies certain conditions. When ¢ is sufficiently small, one can also
establish it by using a result of Ron and Sun [27, Theorem 6.4]: Let X C S™ be
fixed and let ¢ be a positive definite function, but not necessarily an SBF (i.e.,
some of coefficients t)(¢) may vanish). Then, there is an integer jx., such that
the interpolation matrix A, will be positive definite if the set of integers on which
1[)(6) > ( contains at least jx , consecutive even integers and jx , consecutive odd
integers. With our assumptions on &, in particular, that x is not identically 0, it
is clear that for sufficiently small ¢ there are arbitrarily large sets of consecutive
integers for which ¢.(¢) > 0. Thus A. is (strictly) positive definite, and hence
invertible, for all such .

Our approach will again be to use the Riesz-Thorin theorem. Let y. := g¢.|x,
the restriction of g. to X. Using (BJ), we can interpolate g. on X:

Ye = Aca, A. = [‘ﬁs(’] : 5)}5,776)('

Solving and taking the ¢! norm, we see that

laly < IAZ alyel s [yel =D lg=(€)].
teX

By our assumptions on x and by (£II]), we have that |y.|1 < Cp cxp™e "lgllLr.
Consequently, for ¢ € L' we have that

rg,1 < Cﬂ,n,kpnain”Aglnl .
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Similarly, working with p = co we obtain

laloo < ||A5_1H00|y5‘00> Yoo = Igg%“%(ﬁ)l} < 19lloo-

Recall that AZ! is a selfadjoint matrix, and that for such matrices the p = 1 and
p = 0o norms are equal: |AZY|o = [|[AZY||1. Hence, for ¢ € C (p = o), we obtain
rg,00 < [IAZ 1
Applying the Riesz-Thorin theorem to these bounds yields the following:

Proposition 5.1. Let ¢ < ||X|| and let ¢ € LP. Then,
rg.p < Ol cp"/Pe P A

5.2. (! stability estimates for interpolation matrices. The estimates we need
next are for ||AZ!(|1, and the approach we take to get them will depend on ¢ and

the behavior of the ¢(¢)’s. We will first deal with the Green’s function case, in
which ¢(¢) decays algebraically. After that, we will deal with the case in which ¢
is C*°, and ¢(¢) has very fast decay.

5.2.1. SBFs that are perturbations of Green’s functions. A straightforward way to
estimate the 1-norm of the inverse of a matrix is to use diagonal dominance tech-
niques if the matrix is amenable to them. To that end, split an n x n matrix A
into its diagonal D and off-diagonal F', so A = D + F'. We then have the following
standard norm estimate, whose proof we omit.

Lemma 5.2. If D is invertible and |[D7'F|1 < 1, then A is invertible and
[A=H < [[D7HL QA = ID7F[l) !

We can apply this to A.. The diagonal part is D = ¢.(1)I, and so |[D7}|; =
(1)t and ||D71F||; = ¢-(1)71||F||;. Since the 1-norm of a matrix is the maxi-
mum of the 1-norms of its columns, our condition becomes
(5.2) 6e() T IFIh = ¢(1)Tmax D [pe(n-€) < 1.

X XSern

We now want to deal with a special ¢., which is not necessarily generated by an
SBF ¢. Let 1 be a zonal function in L', so that

N .
U(E ) = 3 B0 (E ).
/=0 nwn

We will assume that 1+1(¢) > 0 for all £ > 0 and that  has support in |t| € [1, 00).
Take ¢. = K., + K., %1, where K., is the kernel for the operator x(cL). In
addition, define ¢, = K., 9. Since ¢.(£) = r(e(€ + A\,))(1 4+ 1(£)) > 0, we see
that ¢. is a positive definite spherical function, but not an SBF. Using ([@I4]) yields

Yoodeen- Ol < D 1Kenm-Ol+ D [¢e(n-9)]

X3&#n X2&#n X2&#n
< Chuwrqg "+ Z [Pe(n - )|
£eXxX
Thus, from this and equation (II]), with «(¢) = 0, |¢| < 1, we have shown that
(5.3) Z 00| < Crei(q" + p"e " Er (Y)1), Le = [1/ = Anl.
X3&#n
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Thus we have bounded the sum involved in the diagonal dominance condition
(E2). Next, we will deal with ¢-(1). We have the following chain of inequalities:

¢8(1) = K&n(l) + K * (1)

o0

= N R0+ M) (1 + D (0))dy
£=0

> ¢ Z H(E(f + An))dzl = COKs,n(l)a
=0

where ¢y = ming>o(1 + ¢(¢)) > 0. (This is true because ¢ € L' implies that
() = 0 as £ — 0o.) Furthermore, it is easy to see that

oo

Ken(1) = S m(e(l 4+ An))dr ~ g*"/ Rt
=0 !
>0
Thus, ¢c(1) > Cy) . ™" From this and (5.3)), we arrive at the bound below:
(54)  ID"IFYy < Coe ((5/0)" + 9" Er (0)1), Lo = [1/2 = M.

By choosing € < ¢ sufficiently small, we can make C,, ., xp"Er. (1)1 less than 1/4,
since E,_(¢)1 — 0 as L. — oo. At this point, the choice of & depends only on
and the mesh ratio p. If necessary, we may then choose € smaller still in order to
force the first term on the right to be less than 1/4. With this choice of €, which
depends on p, n, k and k, we obtain |[D71F||; < 1/2. By Lemma B2, we get the
bound on ||AZ1(|; below.

Proposition 5.3. Suppose that r has support in |t| € [1,00). Let ¢p. = K., +
K. n *%, where 1 € L' is a zonal function satisfying 1 + ¢ (€) > 0 for £ > 0.
Then there are constants ¢ and C, which depend on ¥, on p, n, Kk and k, such that
whenever € < cq, we have ||AZ||1 < Ce™.

The proof above required conditions on the support of k in order to deal with the
perturbation generated by . If 1 is 0, then there is no need for such restrictions.
Also, the term involving p is gone, and it is no longer involved in determining ¢ and
C. We collect these observations below.

Remark 5.4. If ¢» = 0, then Proposition 5.3 holds without restriction on the support
of k, and neither ¢ nor C' depends on p.

We now take an SBF ¢ of the form ¢ = Gz + G * 1, where Gg is the Green’s
function for L? and ¢ € L'. Our aim is to establish a bound on the stability ratio
for such a ¢.

Theorem 5.5. Consider the SBF ¢ = Gg + Gg * 1), where Gg is the Green’s
function for LP and ) € L*. Let X be a set of centers with separation radius q and
mesh ratio p. Let G = Gy x be the corresponding SBF network. Then there is a
constant C'= C(n, ¢, B) such that the stability ratio of G satisfies

(5.5) t.p < Cp™/7q"/7' =5,

Proof. Since we are assuming that ¢ is an SBF, the coefficients of the L' function
¥ must satisfy 1+ (€) > 0 for all £ > 0. Assume k satisfies (1)) and has support
in |t| € [1,00). The corresponding ¢. is just ¢. = K., ¢ = K. ,,(Gg + G * ¢).
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By Corollary 4] we have that K. ,Gg = aﬁKE n = R(eL), where &(t) = [t|Pk(t)
satisfies (E]]) From this, we have that ¢, = ¢ qﬁs If we let A, be the interpolation
matrix for ¢., we see that A. = e A.. The function qba satisfies the conditions on
the corresponding function in Proposition (.31 Thus, by choosing ¢ < ¢q, we have

IAZ = e P AZ L < Cen P
From Proposition (1], we obtain
1 _ _ -
rg.p < Cﬁ{f)kva/PE n/p”A6 1H1 < C/pn/pgn/p B
Choosing ¢ as large as possible, namely ¢ = cq, we have

rg.p < Cp"/p n/p’ -8

where the constant C' = C'(n, &, k, ¢, p, 3). By taking the infimum over all x, p and
k, we reduce the dependency of C' to C = C(n, ¢, ). This completes the proof. [

5.2.2. Infinitely differentiable SBFs. Let ¢ be an infinitely differentiable SBF. The
fast decay of the Fourier-Legendre coefficient é(f) requires a different approach to
bounding rg than the one used to obtain Theorem As before, we let A, be
the N x N interpolation matrix for ¢. = K. ,¢. In addition, we will let A be
the corresponding matrix for ¢. By standard matrix estimates, the norm [[AZ1||;
satisfies

IAZ )l < N2 AT 2.

Since A. is a positive definite selfadjoint matrix, the norm [|AZ 1|2 is equal to the
reciprocal of Apin (A:), the smallest eigenvalue of A.; that is, [|AZ1|l2 = 1/Amin(Ae).
We will begin by estimating this eigenvalue. In preparation for this, we define the
quantity

(5.6) Smin(L) == min ¢(£) > 0,

0<¢<L
where the strict positivity follows from ¢ being an SBF.

Proposition 5.6. Let k > 0 be in CK(R), k > n+ 2, and let it satisfy @I)). In
addition, suppose that supp(k) C [—2,2] and that k < 1. Then, there are constants
c=Cpur >0 and C =C, x> 0 such that for all e < cq,

Amin(A) > Amin(Ae) > CQZBmin(LE/Q)E_n, Ls/2 = \_2/5 — )\nj
Proof. Using the Rayleigh-Ritz principle, we thus have
IAZH 3" = Amin(Az) = min a*A.a,

aeCN

where A. = [¢:(1 - §)]e.nex. Because ¢, is a (positive definite) zonal function, we
can use its expansion in spherical harmonics to represent Amin(Ae) via

an a£

cex

(5.7) Amin(Az) = min i Z ((L+ )

N
aE(C ¢=0 m=1
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Since the support of x is [~2,2], the sum above cuts off at L./, := [2/e — A, ].
Consequently, we can bound below Apin(Ac) this way:

La/2 dy 2
)\min(Ae) > (bmin(Ls/?) anel(iCI}V Z Z ’i((é + /\n)g) Z n,m(ﬁ)af )
£=0 m=1 fex

Amin ([Ke.n (€ - 1)])

Note that Amin([Ken (- 1]) = || Ken (€ m)] 72" < | [Ken(€-m] 71T, because
[IBll2 < ||B||1 for all selfadjoint B. The existence of ¢ and C' and their dependencies,
along with || [K: (€ 1)) 7|1 < Ce™ for € < eq, follow from Proposition and
Remark 54 Finally, applying the Rayleigh-Ritz principle, (51), and 0 < k < 1,
we have that Apin(A) > Amin(Ac). This finishes the proof. O

There are two immediate consequences that follow from Proposition The
first is a bound on the stability ratio in this case.

Theorem 5.7. Consider the SBF ¢, where ¢ is assumed to be infinitely differen-
tiable, and let X be a set of centers with separation radius q and mesh ratio p. Let
G = Gy, x be the corresponding SBF network. Then there are positive constants
C =C .k and c = ¢y 1 Such that the stability ratio of G satisfies
qn1/p'=1/2)
rg.p < Cp™P i where Legjo = 2/(cq) — An).
¢111i11(ch/2)

Proof. Since ||[AZY||; < NY/2||AZY|2, Proposition B8 implies that for & < cq,

_ N1/2gn
A1 < Cnep——
(bmin(Ls/Q)
By Proposition B0l we then have that
N1/2pn/pen/v’
rG.p < Crmkp—F—7——
¢min(L5/2)
Noting that N ~ ¢~" and choosing € = cq, which is as large as possible, we obtain
the desired inequality. O

The second consequence is a new stability estimate for interpolation via a C'*®
SBF ¢. Again, let A be the interpolation matrix for ¢ on the set X. By Proposi-
tion B8] [|A7 |2 = Amin(A4) 71 < CEn/(ZBmin(LE/Q). Taking € = cq, we obtain a new
bound on the norm of A~!:

n

q

(5.8) jA7; < C- .
min(ch/Q)

6. BERNSTEIN INEQUALITIES AND INVERSE THEOREMS

In this section, we will discuss both direct and inverse theorems for approxima-
tion by SBFs. For an overview of these notions, see [3].
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6.1. Bernstein inequalities. Bernstein inequalities are a primary tool in obtain-
ing inverse theorems. In the introduction, we gave a strategy for obtaining Bernstein
theorems. We have completed the preparation required to state and prove them.
Our first result is for SBFs that are perturbations of Green’s functions.

Theorem 6.1. Consider the SBF' ¢ = G + Gg * 1, where Gg is the Green’s
function for LP and ) € L*. Let X be a set of centers with separation radius q and
mesh ratio p, and let G = Gy x be the corresponding SBF network. If 1 < p < oo,
0<y<B—n/p and g € G, then

(6.1) gl zz < Calgllp-
Proof. Recall that |[gllgr < [[Bsgllgz + [[(I — By)gllgz, where B; is the frame

reconstruction operator defined in section 3l Of course, from ([£I7]), this operator
is bounded independently of J. From the polynomial version of the Bernstein
inequality in @IJ), we have that [|Bsgllyr < C277|Bygll, < C277||g|l,, which

implies (IZ). Inserting the approximation estimate (£23]) and the stability-ratio

estimate (B8] into ([2)) yields
lglly < (€207 + €270 (1 4 By (01 gl

< ¢ (0(2‘](1)7 + C’(Q*Jq)(ﬂfwfn/p/)(l + H1/J||1)> lgllp-

The integer J is still a free parameter. Choose it to be J = |—logy(q)]. The
Bernstein inequality (G) then follows on noting that ¢ < m, 8 —~—n/p’ > 0, and
l#||1 is finite and fixed. O

Up to a point, an SBF ¢ € C°° is handled in the same way as one related to a
Green’s function. In particular, using the argument above, coupled with the approx-
imation estimate ([£23]), with 8 = v+ n, and the stability estimate in Theorem (7]
we obtain
(6.2)

B=3)EL(LE¢)

: lgllp, L =27*,
¢min(ch/2) )

where L.g/o = [2/cq — Ay |. Because ¢ € C™, it is in Hg for all 5. The inequality
thus holds for all 8 > v +n/p’. The object here is to find a constant L = ag™?,
where « is independent of ¢, such that the ratio on the right above is bounded. The
other terms will be controlled easily in that case. To obtain a simple, applicable
condition, we need the following lemma.

’ L7
lgllaz < CLY <1 + O M (qL)M /P =1

Lemma 6.2. Let 0 < u(¢) < o(f) be eventually decreasing sequences. Assume that
for every oo > 0 there is an integer my = mq(a, o) > 0 such that (*c(£) < o(27™().
If in addition for all ¢ sufficiently large there is an integer ma(a, p, o) > 0 such that
o(2m20) < Cy op(f), then with m = my 4+ mao,

1 o0
— *o(l) < Cup2 ™L7L
i 5,
Proof. Let m; = mq(a+ 2,¢). Then

S () <Y R e(0) < o(27™ML) Y P < @
(=L (=L (=L
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Replace L by 2™L in the inequality above, so that the sum on the left above is
bounded by (2mL)~'o(2m2L) < C, ,27™L'u(L). Dividing by u(L) yields the
desired inequality. O

Lemma 6.3. If there are two sequences pu(f) and o({) that satisfy the conditions
of Lemma and in addition satisfy u(€) < ¢(0) < o(¥), then there is an integer
m =m(B, ,n) such that for all L sufficiently large,

Eomp (L8
(6.3) Banillndh _ o gomp-1,
¢min(L)
Proof. Because ¢ is a O SBF, the error Ep(L2¢), satisfies
%) B8 p(An) B+n
B B (Z + An) PE ( ) In 2 [3+ 1
BL(Li¢) SwnBL(L)eo <> ™ Z "l(0)

(=L
where we have estimated factors independent of ¢ to get the term on the right.
Applying Lemma [6.2] then completes the proof. O

Putting all these results together leads to this theorem.

Theorem 6.4. Let ¢ be a C* SBF. If there are two sequences p(f) a ) that

o(t
satisfy the conditions of Lemma and in addition satisfy p(f) < ¢( ) < o),
then for every ~v > 0 Bernstein’s inequality,

HQHHS < Corpd "llgllps

holds for all g € Gy x, 1 < p < oo. In particular, it holds for the Gaussians,
multiquadrics, ultraspherical generating functions, and the Poisson kernel.

Proof. To get the inequality itself, use LemmaE 4l with 3 =~y +mn > v+ n/p’. The
statement concerning the list of functions may be established by checking that for
each of them the upper and lower bounds given in section [3 satisfy the conditions

on p(¢) and o(f). O

6.2. Direct theorems. In [I5 §4], we used a linear process to estimate the dis-
tance distzs (f,Gg,x), given that ¢ is a continuous SBF and f € LP. In several
important cases, including the Gaussian, the process produced a near-best approx-
imant. We will use a similar process here for an SEB of the form ¢g = Gg+Gg* 1,
Y € L', again obtaining the corresponding distance estimates. Such SBFs are at
least in L', but they might not be continuous. Our approach also makes use of
recently developed positive-weight quadrature formulas for S™, introduced in [I7]
and further developed in [2I]. We remark that a version of Theorem [6.8 with
the conditions on ¢ given in terms of sequence spaces involving the é(f)’s, was
established in [I3] Theorem 3.1].

The general framework is this. Let ¢ be an SBF, so that the Fourier-Legendre
coefficients qg(é) are positive for all £. Define ¢! to be the formal expansion

ORY /A

This expansion will converge in a distributional sense if the gzg(f)_l grow polynomi-
ally fast. Otherwise, i.e. for faster growth, the expansion is purely formal. Since we
are using it in connection with polynomials of finite degree, this is not a problem.
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For every spherical polynomial S € I, we can use ¢! to define an inverse for
the convolution operator S — ¢ * S € Iy, namely, the expression ¢! % S, which is
defined by the expansion

(4N, S(¢
*S Z Z )\nwn ))Yf,ma

=0 m=1

which is just the convolution of S with the polynomial ZzL 0 iJri‘)" ¢( )~ 1PZ(’\").
Suppose that S is a spherical polynomial for which degS + X\, < 2/t~ By
Theorem LI0, we have that B;S = S. In addition, S = ¢ * ¢! * S. Combining

these two then yields
S(@) =By o™ 55 = [ (Bj0) @m0 S)n)dutr).

The kernel By¢(x - 1) is a zonal polynomial with degree less than 27/F/»+1  In
addition, ¢! % S is a spherical polynomial of degree 27/7» =1, Thus, the integrand
above is a polynomial of degree less than 2/+in+1 4 9/ Fin=1 < 2J+jn+2,

We will discretize this integral by applying the quadrature formula in [21], §4.2].
Let X be a set of centers, with ¢, h, p, and X being the separation radius, mesh
norm, mesh ratio, and Voronoi (or similar) decomposition, respectively. Take L > 0

to be an integer. There are positive weights c¢, £ € X and a constant s, > 0 (cf.
[21, §4.1]) such that

(6.4) Fmdu(n) =)~ cef ()

sn fex

holds exactly for polynomials in Iz, provided that h < Is;'(L + A,)~'. The
weights behave like ¢ = O (h"), where the constants hldden by “big” O are de-
pendent only on the dimension n. Applying the quadrature formula to the integral
representing S yields

S(@) =Y ce(Bsg)(x-&)(¢~ !+ 9)(©).

cex

Of course we are assuming that h ~ 277, Let Q: 1 — Gy, x be given via

QgS(z) = D ced(x - €67+ 5)(6),
Lex
and let ¢ = QgS, where Q is used because of the operator’s relationship with
quadrature. The difference between g and S is thus

G- =3 el —By)(()- €)1+ 8)(€) = (I - By)g.
fex

We now want to estimate the H? norm of the difference g — S = (I —B;)g in
terms of ||¢p~1 x S||,. It is important to note that the norm ||¢~! % S|, depends on
the degree of S and on ¢. We will deal with it later.

The easiest way to estimate ||g—S|| gz is to employ Theorem LT3} where the norm
ratios [|({ —B.)gl gz /lal, have been estimated. Thus, the task to be accomplished
is to relate |al, to [[¢~! % S|,. To do this, we will again use the Riesz-Thorin
theorem.
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First of all, we have that ag, which is the coefficient of ¢((-)-€) in g, is given by
ag = ce(¢™1 % 8)(€). Thus, |ale = maxeex ce|(¢™! *S)(€)|. Since ce = O(h™), the
bound |a|se < Ch™||¢~! % S||s holds.

The p = 1 case requires more work. Now, [a|; = Y=, ce|(¢97! * S)(€)|. Since
ce = O(h") < Cpp"q"™ < Cpp" mingex p(Re) < CFp" u(Re), we have

C// n
ol < (3 utralis™ = 9)@01) < 2 ot

feX

The right-hand side above follows on applying the polynomial version of the
Marcinkiewicz-Zygmund inequality from [2T], Theorem 4.2], with 6 = 1/4, to bound
the sum in the middle by (5/4)[/¢~! % S||;. The Riesz-Thorin theorem then implies
that

lalp < Copp™ PR |67 5 5],
Combining this with the estimate [EZ3), where h ~ ¢; = 2~ (/+in) and noting that
g—5=(Qg —I)S, we obtain the following result.

Lemma 6.5. Let v > 0, 1 < p < o0, B >v+n/p, h ~2 Ut IfS isa
spherical polynomial of degree 27 Ti»=1 or less , then

Eortin (quﬁh Q€ Hé ,
L+ Eyrein (¥)1) ¢=Gp+Gpx1.

The ¢ case. We will now focus on the ¢g’s. Our immediate concern is estimating

||¢§1 * S|

Lemma 6.6. Let 1 <p<oo, >0, € L', and S € ll;. If ¢pg = Gg+ G * 9,
then there is a constant C = C,, p, v, which is independent of 5, L, and S, such that
the following holds:

(6.5) lg5" * Slip < Crpw

1(Qg = 1)Slz < Copp™h* 7 [l6~! *snp{ (

1S s

Proof. Note that (bgl xS = (LPpg) L+ LBS. The kernel G is a Green’s function
for L2, and so L?Lgbﬁ =0+ 01 =+, which is to be regarded as a distributional
kernel. Finding (L¢s)~!L2S requires solving L2¢s + T =T + ¢+ T = L2S for T
in ITz, which can be done directly, coefficient by coefficient. The solution T is of
course unique.

There is another way to look at this equation, in an L? setting. Suppose that we
want to solve Hf := f+v¢x f =hin LP, for 1 <p < oo and in C (for p = 00). The
operator norm for f — ¢ f is [[1]]1. By Theorem 9] we have that ||¢)—Bj¢|; — 0
as J — oo. It follows that the convolution operator with kernel 1 is the norm limit
of finite rank operators with convolution kernels, B j1. The operator 1« is therefore
compact on all LP and C; hence, Hf = f + v * f has closed range on these spaces.
Moreover, a simple coefficient argument shows that ker(H) = {0}. The Fredholm
Alternative 4, §VIL.11] then implies that ker(H*) = {0}, so H~! exists and is
bounded on all LP and C. Since ¢g1 %S = H LSS, we have that

(6.6) loz" * Sllp < IH Iyl Sl

We emphasize that |H |, is independent of 3, L, and S. It depends only on p,
n, and . Consequently, C,, , » = ||[H ||, and (EH) holds. O
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These lemmas lead to the following two direct theorems, the first for S € I,
and the second for f € HY.

Theorem 6.7. Let 1 < p < oo, v >0, and 8 > v+ n/p'. If S is a spherical
polynomial of degree 27Fi»=1 or less and if h = pg ~ 2777In then we have for

¢ = o3,

(6.7) dist 12(5, Gy x) < Copryipepd™ 07| |z
Proof. The two lemmas, when applied to ¢g, yield

(6.8) 1Qg — DSl < Copoy st h* 1S 1.

The result follows on observing that dist gz (5, Gy, x) < [[(Qg — I)S||gz. Note that
the dependence of C' on the particular frame operator disappears on minimizing
the constants involved over all functions a. (]

Theorem 6.8. Let 1 < p < oo, v>0, and B >~v+n/p. If f € Hg, then for
¢ =Gp+Ggxy, Y € LY,

diStHﬁ(]ﬁ Gs,x) < Cﬁmn,p,whﬁ_’yanf”H}j .

Proof. Let 2777J» ~ h and choose S to be the polynomial S = B;f; note that
QgS € Gy,,x. From these choices and (G.8), it follows that

If = QgSlluz < [If = Bsfllaz + (Qg — I)S||ux
<|If =By flluz + 770" CpnpllB fll ez
By Proposition @Il with p = ¢, we have
||f - BJf”H}y) S CB:'Y:naa2_(ﬁ_’Y)(J+jn)E2J+j" (Lgf)p S Cﬂ777”7ah5_’7||f|‘H5‘

From Proposition [1.9] we easily see that || B,]fHHg < Cﬁ,'y,n,aHfHHg- Combining all
of these inequalities establishes that

(6.9) I1f = QgSlluz < Coymawp™ B IIf |z

Since dist gz (f,Gp.x) < ||f — QgS|| gz, and since the distance itself doesn’t depend
on the particular frame function, minimizing over the a yields the result, with the
constant independent of a. [

The C*° case. The case in which the SBF ¢ is C'"*° was in large part done in
[15]. However, some adjustments need to be made because the estimates in that
paper did not involve H?. One difference is in estimating the norm [|¢~" * SJ|,,.

Lemma 6.9. Let 1 <p < oo, § >0, L >0 an integer, and S € l. If ¢ € HE
is an SBF, then there is a constant C = C,,, depending only on n, such that the
following holds:

- -3
(6.10) o™ # S|lp < Cp=———I1S |z,
L2, brin (L)

n ¥ min

where @min(L) = ming<r<r (€ + An)’@(0).
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Proof. We begin by estimating ||¢~**S5]||,. The case in which ¢ € Hf was essentially
done in the proof of [I5, Theorem 4.1]; the result, which makes use of the Nikolskii
inequality ([£IJ]), is the following. If S € I}, then the Nikolskii inequality implies
that

67" Slly = (Lh0) " * L3Sy < CuL™ 2724 (L) " # L)S 2 -

At this point, we simply use the 2-norm estimate done in [I5, Theorem 4.1] and a
second application of (LI]) to get

1(L5.6) ™" 5 L3S llz < (L@ (L))~ ILES e < CuL™G ™94 (L0 (L) M ILAS
Putting the two inequalities together completes the proof. O

Let ¢ € C*. We can now estimate the HY distance of S € Iy, to Gy x, in terms
of [|S|| gz, where 6 >~ +n/p'. In Lemma 6.5 let § =6 4+ n/2. Apply Lemma[G.0]

noting that L < 2/%i»=1 < p=1 implies that i3l < L"? < h=/2 to get the

following:
. Borisn (LY
(6.11) dist gz (S, Gorx) < Qg — 1)S]l sz < Copp™h® @( (L)¢)1||S|Hg.

Theorem 6.10. Let 1 <p<oo,v>0,d>v+n/p, and ¢ € C. If there is an
integer m = m(d, ¢) > 0 such that

§+n/2
E m Ln
(6.12) sup L2ntln” 760
>0 L§L¢min (‘6)

holds, and if S € Iy, with L < 27T3»=1=™ gnd h ~ 2777 then

<

Crino,g

(6.13) dist 12 (S, Gp.x) < Connpsrh® 7" S|z -
In addition, for f € HE, we have that
(6.14) diStHﬁ'(fa Gg,x) < Cm,n,p,wwhé_’ypn||f||H§’~

Finally, these estimates hold for Gaussians, multiquadrics, ultraspherical generating
functions and Poisson kernels.

Proof. 1t ([GI2) holds, then, since Ijsn\gzﬁmin(L) > I_/fl;S (273 =m) "it follows that

min

E2J+jn(|-fz+n/2¢)1 < E2J+fn(|-§1+n/2¢)l < Crnse
Lg(bmin(L) - L§L¢min(2J+j”_m) N o

and (GI3) follows from this and (GII). One can establish the H? distance esti-
mate ([GI4) using a proof virtually identical to that for Theorem Essentially
the same argument used in section can be used here to show that Gaussians,
multiquadrics, ete. satisfy (612]), and so the estimates hold for them, too. ]

6.3. Besov spaces. In this section, we review the definitions and basic facts re-
garding Besov spaces on S™. These spaces, which will interpolate between LP(S™)
and HY, are defined in [34]. Other, equivalent definitions of Besov spaces on S"
are given in [20]. Below, we will make use of a general construction found in [3]
Chapter 6] to characterize these spaces in terms of spaces of SBF networks, Gy x.
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There are two ingredients. First, we need to introduce certain sequence spaces.
If r >0 and 0 < 7 < 0o, we define for a sequence a = {a, }5°, of real numbers,

00 1/7
2" a, | , f0<T <00
(6.15) lallz.r = {2 ’
sup 2" |ay |, if 7= oo0.
n>0

The space of sequences a for which ||al| . < co will be denoted by b ...

The other ingredient in the definition of Besov spaces is a K—functional [3
Chapter 6]. For §,v > 0, 1 < p < oo and f € LP, the K—functional for LP
and HY is given by

(6.16) Ky (p, f,0) = giefg,,{llf = 9llp + 87 (lgllp + llgllaz)}-
Ifr>0,0<7 <00, r <, we define the class of all f € LP for which
(6.17) 1 lryrp = ILfllp + {CA (P, £, 27) bl llrr < 00

to be the Besov space B; ,. As we shall see, other than the requirement r < v,
the v dependence will disappear from the characterization of the space, so it isn’t
necessary to keep it in designating the space.

An important problem in approximation theory is to characterize Besov spaces
using degrees of approximation of functions. We recall the results [3, Theorems 7.5.1
and 7.9.1] as they apply in the context of the present paper.

Proposition 6.11. Let 1 < p < oo, v > 0, and let {V;}32,, with Vo = {0}, be a
nested sequence of finite-dimensional linear subspaces of LP, p < oo or C, p = o0
Suppose that for j =1,2,..., one has both the Favard (Jackson) estimate

(6.18) dist o (£, V;) < C277(|| fllp + 1 fll ).
for all f € HE, and the Bernstein inequality
(6.19) gz < C27 gl g € Vi

Then for 0 <r <=, 0<71 <00, f€ B, if and only if {distr»(f,V})}3g € br .

Proof. This is just [3, Theorem 7.5.1], with the sequence of spaces satisfying all
requirements listed in [3, (5.2), p. 216], except possibly density. This requirement
is in fact satisfied if the Favard inequality (6I8) is satisfied. To see this, note
that HZ contains all of the spherical polynomials, which form a dense set in L7,
1 <p < oo andin C. The Favard inequality (6.I8) then implies that the |J; V; is
dense in HY and therefore in LP, 1 <p < oo, or in C. 0

In the important case when V; = Ily;, Proposition gives the Bernstein
estimate, while Proposition 1] provides the Favard estimate. In addition, since
the criterion that {distze(f,II5s)}52, € b, does not depend upon =, it follows
that the Besov spaces B7 , are independent of the different choices of v > r in their
definition. This is why we don’t need to include the parameter v to index these
spaces.

Remark 6.12. The polynomial characterization of B] , is precisely the one given in
[20, Proposition 5.3], so that the “needlet” definition [20, Definition 5.1] is equiva-
lent to the one above. (See also [I§].) The needlet definition is itself known to be
equivalent (cf. [20]) to that given in [34]. It follows that all three are equivalent.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1676 H. N. MHASKAR, F. J. NARCOWICH, J. PRESTIN, AND J. D. WARD

Using the proposition above, one can also characterize Besov spaces using a
variety of spherical basis functions. To do this, we must first have an appropriate
nested sequence of sets of centers. By Proposition[ZI] we can find a nested sequence
{X;}320 € Fp, p > 2, each X having mesh norm h; := hy, satisfying ih]— <
hjy1 < %hj < %ho. If ¢ € L? is an SBF, then define the V;’s to be

(6.20) Vi=0sx,, j=12,..., and Vj = {0}.

These spaces have finite dimension equal to the cardinality of X; and, by virtue
of the X;’s being nested, are themselves nested. At issue then are the Favard and
Bernstein inequalities. Since any ¢ that satisfies both will provide us with a Besov
space via Proposition [G.11] we have the following result.

Corollary 6.13. Let 1 < p < oo, ¢ = G + Gg = 1), where ¢p € L' and 0 <
B. Fir 0 < v < f—n/p" and suppose that V; = Gy, x,, with X; as in (C20).
For all 0 < r < v and all 0 < 7 < oo, we have that f € By, if and only if
{distzs (f,Vj)}520 € brr. The same conclusion holds true, with any v > 0, for all ¢
that simultaneously satisfy [0.3) and [©12), including the Gaussians, multiquadrics,
etc.

Proof. When V; = G, x., the result follows immediately from the Bernstein in-
equality in Theorem and the Favard inequality in Theorem If ¢ satisfies
both (63) and (G.I2)), then it also satisfies both the Bernstein inequality in Theo-
rem and the Favard inequality in Theorem As before, with the same set
of Vj’s, the same conclusion holds. [l

6.4. Inverse theorems. Inverse theorems give indications of rates of approxima-
tion being best, or nearly best, possible. We now establish inverse theorems for
the approximation rates in the previous section and in [I5]. These involve Bessel-
potential Sobolev spaces, and in addition Besov spaces.

Theorem 6.14. Let 1 < p < oo and let ¢ be as in Theorem or Proposition [6.4].
If for f € LP, 1 < p < o0, or f € C(S™), p = oo, there are constants 0 < p < 7,
t € R, and ¢y > 0 such that

h#
(6.21) dist 1o (gn) (f, Gp.x) < cf —

&) logtz(hxl)
holds for all X € F,, then, for every 0 < v < u, f € HE(S™). If [©2I) holds for
v = p and some t > 1, then f € HE(S"™). Moreover, if in addition ¢ satisfies the
conditions in Corollary 613, then for any T >t~1 > 0 and 0 < r < p, the function
[ is in the Besov space B7 .

Proof. Let the V;’s be as in ([6.20), and set f; := argmin (diStLp(Sn)(f, Vj)), which
always exists because V; is finite dimensional. Since the V;’s are nested, we have
that f; € Vj, for all k > j. We want to show that f; is a Cauchy sequence in HY.
From the Bernstein estimate in Theorem [G.] (or Proposition [64]) and the inequality
hj+1/qj+1 < p, we have

1fj+1 = Fillaz < Co Ryl i = il < Co Ryl (1 fien = Fllp + 1F = Fillp)-
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By (621), we also have
1fi41 = fillag < Cepp”hyty (BY,  logy *(hyq1) + Y logs ' (hy)
< Ccpp’hg2”=UHD ((ho+j+1) " +2"(ho+4)7")
< Clep2=mmmij=t

where C’ is independent of j. Take k > j. Using the previous inequality and a
standard telescoping-series argument, we arrive at the following:

k
I1f5 = fullgy < C7(D 27 mm ),

m=j

Letting j,k — oo, we see that ||f; — fxllgz — 0 when p > v and 7 € R or when
p=vandt>1. Thus, f;isa Cauchy sequence in HZ and is therefore convergent
to f e HP. Moreover, by ([6.2I) with X = X, we see that f; — f in L?, so
f = f almost everywhere. Hence, we have f € HP. The statement concerning
Besov spaces follows from two things: the observation that a; := distz»(f,V;) <
cp271 57 so ||a||;,» < oo whenever 0 <7 <y and 7t > 1, and Corollary 613 O

For the case v = pu, 0 < t < 1, the inverse theorem fails for Bessel-potential
Sovolev spaces, but still remains valid for Besov spaces with 7 > ¢~1.

7. CONCLUDING REMARKS

There are connections between this paper and [I5] [13]. In these papers, quasi-
interpolatory SBF mnetworks were obtained yielding near-best approximants for
functions in Sobolev classes. The associated quasi-interpolation operators were
constructed in the Fourier domain. The paper [I5] focused on sequences corre-
sponding to the ¢> case treated within this paper. The paper [I0] dealt with
sequences connected to the “perturbations of Green’s functions” case. For exam-
ple, let ¥ be a perturbation of a Green’s function as described in this paper. If the
Fourier coefficients of ¢ satisfy the “difference condition” as stated in [I3], then it
is in L'. The examples given in section 3 satisfy both kinds of conditions.

In [15, 03], the quasi-interpolatory SBF networks were shown to give the best
results in the sense of n-widths. In this paper, using the frame approach, we have
shown that the quasi-interpolatory networks are also optimal for approximation
of individual functions. Also note that in [I3], Marcinkiewicz-Zygmund measures
generalizing the measure that associates p,(R¢) with each £ were introduced. These
measures were used to derive [I3] Proposition 4.1 & (4.15)], which have overlap with
the current Proposition 4.4, Lemma 4.7 and estimate (5.4).

In [I0], the quasi-interpolation polynomial operators were further utilized to
show that, in the presence of certain singularities, they exhibited better approxi-
mation properties than traditional methods. Also [I0, Propositon 4.3] is related to
Proposition 4.10 given here. Finally there is material closely connected to Theorem
4.1 appearing in [6] and [I2], Proposition 4.1]. Another version of the operator B
was introduced in [T4]: o;(f) = 212;0 h(1/27)P,(f), where h : [0,00) — [0,00) is a
function in C*, equal to 1 on [0, 1/2] and 0 on [1, 00). An early form of Theorem 4.1
was Theorem 3.4 of [I4]. Frames, based on the o ;(f) operator can be constructed
as in [II} 18] using h(t) — h(2¢) in place of k used in the construction given here.
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Finally we mention that the idea of using minimal separation for converse theo-
rems and Bernstein inequalities goes back to [29]; see also [II]. Also, for the neural
network community, we note that the number of neurons is not used as a measure
of complexity, but rather the minimal separation of the nodes.
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