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ABSTRACT.

The goal of this thesis was to isolate classes of bounded linear operators
in L,(I) which on the one hand still have some of the well-known and useful
properties of positive operators, but which on the other hand are large enough
to include some important classes of operators (e.g. the Hilbert transform and
the singular operators derived from it) that cannot be dominated by positive
operators.

In Chapter I, we study as a first class of this kind the L, regular op-
erators. By definition such operators map equiintegrable sets in L,(I) into
equiintegrable sets in L,(I) and sets compact in measure into sets compact in
measure. We show that with respect to duality and pertubation theory they
have properties similar to positive operators.

In Chapter II, we study strongly L, regular operators as the class of op-
erators, which preserves growth restrictions of L, functions (formulated in
terms of nonincreasing rearrangements of functions). We show that such op-
erators can be extended to bounded linear.operators on certain Lorentz and
Marcinkiewicz spaces. Many important operators in analysis are in this class
since we can show that all interpolated operators are strongly L, regular.

Chapter III contains some representation theorems for linear operators in
L,(I) by kernels of distributions, which are motivated by the representation of

positive operators by stochastic kernels.



INTRODUCTION.

This research is motivated by the following well-known and useful prop-
erties of a regular!) operator T in L,(I), 1 < p < oo: |
1) For any 0 < h € L,(I), there exists a 0 < g € Ly([) such that |f| < h
implies |T'f| < g (cf (Scha II)).
2) There is a density g € Ly(I) such that g~ V/PTg!/? extends to a bounded
linear operator in L,(gdp) for any 1 < r < oo, i.e. T can be extrapolated to
L, and L., spaces (cf [Wei III)).
3) There is a stochastic kernel (p5).cr of signed measures on I such that for
all f e Ly(I):

7f(e) = [ fdue 2.

and the modulus |T'|: Ly(I) — Lp(I) of T is given by

(=) = /I fdlus] ae. (cf [Arv]).

Each of these properties gives a characterisation of regular operators.
Hence, it is clear that e.g. the Hilbert transform and other singular integral
operators, which are not regular, cannot have these properties.

In this study, we look for conditions similar to 1), 2), 3), but somewhat
less restrictive so that they are satisfied by useful operators like the Hilbert
transform which do not meet the above conditions.

N L,(I) — Ly(I) is called regular if there exists a positive operator § :
Ly(I) — Lp(I) with |Tf| < S|f| for all f € Ly(I).

vi




In Chapter I, we consider the following weaker version of 1) for an operator
T:Ly(I)— Ly(I):

1') If A C L,(I) is an equiintegrable subset?), then T(4) C L,(I) is equiinte-
grable.

While 1°) is a selfdual property, we show in Section 1.2. that T has
1°) if and only if (iff) its dual T' : Ly(I) — Lg(I), 1/p+ 1/q¢ = 1, maps
sets compact in measure into sets compact in measure. Operators with this
property and 1) we call L, regular. Then, in Section 1.3., we extend a recent
result on regular Fredholm pertubations to this much larger class of L, regular
operators. Indeed, every bounded linear operator T : Ly(I) — Ly(I), 1 <
p < 2, satisfies 1’), and every operator obtained by interpolation is L, regular
(Section 1.2.). For p = 1, we get a particularly complete characterisation of L,

regular operators in terms of the representation 3) (see Section L.1.).

In order to obtain a version of the extrapolation result 2), we introduce
strongly L, regular operators in Chapter Il as bounded linear opertators T :
L,(I) — Ly(I), 1 < p < oo, satisfying:

2’) For any 0 < h € Ly(I), there exists a 0 < g € Ly(I) such that f* < h*
implies (T'f)* < g* where f* is the nonincreasing rearrangement®) of f.

This condition is stronger than 1’) - in Section II.1. we construct a com-
pact operator without 1?) -, but still weak enough so that interpolated op-
erators and singular integral operators are strongly L, regular (see Section
11.8.).

2) For the definition of equiintegrable subset in L,(I), see Appendix A.

3) For the Definition of the nonincreasing rearrangement, see Appendix B.
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In Section II.6., we show that a strongly L, regular operator extends to a
bounded operator on appropriately chosen Lorentz and Marcinkievicz spaces,
i.e. a weaker version of 2) still holds. Further extrapolation results are given

in Section II.7.

In Chapter III, we give representations of L, operators resembling 3),
but with the measures (p;) replaced by various kinds of distributions. This
raises the question whether (strongly) L, regular operators can be understood
in terms of the distribution appearing in their representation (just as regular
operators are singled out by the fact that the u,’s are measures) - but this
question remains open.

We need various auxiliary results on equiintegrable sets, rearrangements
and regular functions which we collect in the two appendices. For the conve-

nience of the reader, we also include some results on basic sequences in L,(I).

viil



CHAPTER L

L, REGULAR OPERATORS.

1. Definitions and Examples.

In this chapter, let I := (0,1) with (normalized) Lebesque measure p, and

assume 1 < p < oo, unless indicated otherwise. As usual, ;}—, + ;—, =1.

Definition 1.1. A linear and bounded operator T : L,(I) — L,(I) is
called L, regular if it satisfies the following two conditions:
(P1) T maps equiintegrable subsets of L,(I) into equiintegrable sets in L,(I).
(P2) If A C Lp(I) is norm-bounded and compact in measure, then T(A) C
L,(I) is compact in measure.

A non-empty set A C L,(I) is called equiintegrable if for any ¢ > 0,

there exists a ¢ > 0 such that

/ FPdp < ¢
| fl>e

for any f € A.
A non-empty set A C L,(I) is called compact in measure if for any
sequence (f,) C A, there exists a subsequence (f,;) C (fr) and a function

f € A with f,, — f in measure.

If1 < p < oo, (P2) is equivalent to the following: T preserves convergence
in measure, i.e. if (f,) C Lp(I) is bounded and converges to 0 in measure, then

(Tfrn) C Lp(I) converges to 0 in measure.

1




Elementary examples for L, regular operators, 1 < p < oo, are finite-
dimensional and compact operators. Also, these properties are always fulfilled

for certain p (see Theorem 2.2.).

The class of L, regular operators is rather large, as the following examples

show.

Example 1.2. Every regular operator T : L,(I) — L,(I), 1 < p < oo,
i.e. every operator for which there is a positive operator § : L,(I) — Lp([I)
with |Tf| < Sf forall f € LY(I) (cf§IV.1., p 229 of (Scha II)), in particular

every positive operator is L, regular. (For p = 1, see Example 1.6.)

Proof: To see that T satisfies (P1), choose an equiintegrable set M C
Lp(I). Then, for all € > 0, there is a 0 < (* < oo such that M C B¢ + €Uy,
where B¢ := {f € L,(I): |f| < C} and Uy, is the unit ball of L,(I). Then

T(A) C{f:fI SCITN} + €| TWUL,,

where |T| is the modulus of T (cf §1V.1., p 229 of (Scha II)). It follows that
T(A) is equiintegrable in L,(I). That T also satisfies (P2), now follows from
the Duality Theorem 2.1. in the next section, since T : L, (I) — Ly (I) is

also regular.

Example 1.3. The Hilbert transform T : L,(T') — L,(T"), 1 < p < oo,

is L, regular. Here we define the Hilbert transform on the unit circle I’ by
HT f(s) := lim HT f(s),
e—0+

where s € (—m, 7] and

N fls=1) . _ 1 /(1)
H‘ f(\) oo »[r>|t|2e Ztan(t/Q)dt s \[r>|a—t|2€ Zta‘n((s - f)/z)dt




Since it is well-known (cf Theorem I1.2.4., p 117, and Theorem 2.6., p 118 of
(Tor)) that the Hilbert transform on the unit circle I' is a bounded linear op-
erator on L,(T'), 1 < p < oo, it follows from the interpolation result (Theorem
2.3.) in the next section that the Hilbert transform is L, regular. Of course,
this result implies that a large class of singular integral operators are also L,

regular.

Next we give some examples of L, operators which are not L, regular.

Example 1.4. Let (r,) and (h,) denote the Rademacher functions and
the Haar system as defined in Appendix A.2. If (h!,) denotes the Haar functions
normalized in Ly (I) where 1 < p < 2, then (h!,) forms an unconditional basis
for L, (I) (cf Appendix A.2.). By Lemma A.2. and Khintchine’s Inequality

(cf Appendix A.2.), we have that

T =3[ thidu)

defines a bounded linear operator T' : L,(I) — L,(I). Since h,, — 0 in
measure and Th], = r,, it is clear that T violates (P2). The dual operator
T': Ly(I) — Ly (I) maps ry, into k], for all n, and therefore does not satisfy

(P1).

Example 1.5. Denote by F : Ly(—00,00) — Ly(—00,00) the Fourier
transform on the real line (—o0,00), i.e. for f € Ly(—00,00) N Ly(—00,00),
let

Ff() = @n™ [ flalede

(here dx stands for the Lebeque measure) with the isometric extension to all

of Ly(—o0,00) given by Plancherel’s Theorem.



Fix f € Li(—00,00) N Ly(—00,00), ||fll2 = 1, supp f C K where K C
(—o00,00) is compact. Set g(t) := Ff(1) for t € (~o0, ).

Define (fn) C Li(—00,00) N Ly(~00,00) by fu(t) := f(t —n). Then
gn(t) 1= Ffa(t) = Ff(t) e t-ae. (cf §VIL1., p 121 of (Kat)). Therefore,
Flg, = fn, thus Fg, = F(Ffn) = fn (cf Theorem VI.1.11., p 125 of (Kat)).
Here, = denotes the complex conjugate to z.

Observe that |g,| = |g| and ||faxg]| — 0 as n — oo for any bounded set
2 C (—00,00). Thus (g,) is equiintegrable in Ly(—o00,0), and (f,) converges

to 0 in measure.

Choose ( € Lij(—00,0), 0 < ( < o0 on (—o0,00), and consider the
isometry J : Ly(—o00,00) — Ly[(—00,00),(dx] given by f — f o (~!. Note
that Ls[(— o0, 00), (dz] is isomorphic to L(I) if I := (0,1).

Then T := JFJ~?! does not have (P1) and (P2).

Indeed, for () and (§n) given by fo = J fn and gn = Jgn, we see that
Tfr = §n and TG, = ﬁ But (f,) converges to 0 in measure, while (§,) is

equiintegrable in Lz|(—o0, ), (dz].

Example 1.6. Every bounded linear operator T : L;(I) — Ly(I) can be

written as T = T9 4+ T® where T® and T are operators of the form

o0

Tf(z) = Y _ an(z)f(oa(z))

n=1
(here a,, : I — (—n0,00), oy : I — I are Borel functions such that for g-almost

all (p-a.a.) = € It |an(®)| > |ant1(z)], Sooe lan(®)] < oo and on(z) # om()

Lun=1

for m # n) and
T4f(z) = / F(w)dva(y)



(here (v;)zex is a kernel of diffuse measures on I). For more details, see
Proposition 2.6. and Theorem 6.2. of [Wei IV]. As in Example 1.2., one can
show that T always has (P1). With respect to (P2), we have that
1) T* always has (P2).
2) T9 has (P2) iff the image of the unit ball U in L,(I) is compact in measure.
In short: T is L; regular iff T%(U) is compact in measure. Furthermore:
3) There are integral operators without (P2), and not every L; operator T
with T'(I7) compact in measure is an integral operator.
4) Let p be a diffuse measure on T such that the Fourier coefficients i(n) do
not converge to 0. Then T does not have (P2).

Note that every Ly operator which maps Loo(I) into Loo(I) defines an L,

regular operator T : L,(I) — L,(I) for all 1 < p < oo (e.g. by Example 1.2.).

Proof: 1) For (P2), it is enough to demonstrate that if (f;) is bounded
in Li(I) and f;(y) — 0 for all y € I, then T°f;(z) — O for p-a.a. z € I.

This certainly holds when the sum in the definition of T is finite. To
reduce the general case to such finite sums, we choose by Egoroff’s Theorem
E, CcI, E, C Epyy C ... with (I — UE,) = 0 and f: lar(z)] — 0 as
m — oo uniformly on each E,. Now it follows that Tfi(y)k:mo in measure for
7 — oo on each F,,.

2) If T¢(U) is compact in measure, then (P2) is obviously satisfied. On the
other hand, let (f,) C L,(I) be a normalized sequence such that (Tf,) is
not compact in measure. If we can find a normalized (g,) C Ly(I) with
p(supp gn) — 0 and ||T%g, — T f,|| — 0, then (P2) cannot hold for T. This

is a consequence of the following claim.



Claim: For every f € Ly(I) and € > 0, there is a function g € Ly(I) with
p(supp g) < e and ||T9f — Tg|| < e.
Proof: 1t follows from the proof of the Lemma in [Wei V] that the claim

holds for functions of the form f = p.(A)_] X .- For a general function f €

Ly(I), choose a simple function f= Z (A )XA with || f - f|

. For

each 7, there is a function g; with u(supp gi) < 5, supp g; C A; and

IT9g; — T4 (p(A:) " x,  <
2IITH

Then g := Zn: a;g; has the desired properties.

3) In orderlfol find an integral operator T in Ly(I) with T(U) not compact in
measure, we first choose a quotient map S of l; onto the span-closure R of the
Rademacher functions (see Appendix A for their definition, also consult (Lin)).
If P is a further quotient map of L;(I) onto l;, then T := SoP : Ly(I) — L(I)
is weakly compact, since R is isomorph to I, (see Khintchine’s Inequality,
Lemma A.2. of the Appendix), and therefore an integral operator (cf Section
II1.2., p 67 of (Die)). But T(U) = Up is not compact in measure, since it
contains the Rademacher functions.

To find the second operator, we choose a subspace X of L;(I) whose unit
ball is compact in measure, but does not have the Radon-Nikodym property
(cf [Bou II}). Then there is an operator T : Ly(I) — X C Ly(I) which is
not representable, and therefore not an integral operator (cf Section III.2 of
(Die)), although T'(U') C Ux is compact in measure.

4) I |ji(ng)] > € > 0, then T(e™*?) = fi(ny)ei™ ! forms a subspace of T(U)

which is not compact in measure. Hence T does not have (P2) by Part 2).




Let us denote by B, the Banach algebra of all bounded linear operators

T :Ly(I) — Lp(I) and by R, the subset of all L, regular operators.

Theorem 1.7. R,, 1 < p < o0, is a norm-closed subalgebra of B, which

is full in the sense that for an invertible T' € R,,, we have that T~ € R,,.

Proof: It is easy to see that R, is a subalgebra. R, is closed in the
operator norm since a bounded sequence (f,) C Ly(I) is equiintegrable (con-
verges to 0 in measure) if for every ¢ > 0, there is an equiintegrable se-
quence (gn) C Lp(I) (a sequence (gn) which converges to 0 in measure) with
llgn — full < e

Finally, assume that T is invertible and L, regular. If § := T~! does
not satisfy (P1), then there is a normalized equiintegrable sequence (f,) C
L,(I) such that (Sf,) is not equiintegrable in L,(I). By Lemma A.l. of the
Appendix, we can write a subsequence of (Sf,) - call it again (Sf,) - as a
sum of an equiintegrable sequence (g,) C L,(I) and a disjoint sequence (h,,),
where ||g,|| does not converge to 0. Then f, = TSf, = Tg, + Th,, where
(Tgn) still is equiintegrable and (Th,) converges to 0 in measure. Since (f,)
also converges to 0 in measure, it follows from Lemma A.2. Part A) that
T gnl] — 0. Since T is invertible, we obtain the contradiction ||g,|| — 0.

It can be shown similarly that T satisfies (P2). For p > 1, this also follows
from the duality result in Theorem 2.1, since T" : L(I) — L, ([I) is invertible

and L, regular.

Remark 1.8. That the algebra R, is full, in particular implies that the
spectrum of T € R, is the same with respect to R, as with respect to B,.

It is well-known (cf Sect. IV.1., p 231 of (Scha II)) that this is not true



for regular operators and the algebra of regular operators considered in Sect.
IV.1. of (Scha II). This also indicates that the L, regular operators are a
meaningfull extension of the classical regular operators: The resolvent operator

of a regular operator may not be regular but is at least L, regular.

2. Duality and Interpolation.

In this section, we show that for 1 < p < oo, L, regularity is a self-dual
property (Theorem 2.1.) and automatically holds for interpolated operators
(Theorem 2.3.). Some of these properties were already used to find the exam-

ples in Section 1.

Theorem 2.1. Assume T : L,(I) — L,(I) is linear and bounded. Then:
T has (P1),iff T' : Ly (I) — L, (I) has (P2). T has (P2), iff T" has (P1).

Proof: i) Assume T has (P1), but T' does not possess (P2). Then
we may assume without loss of generality (wlog) that there is (f;,) C Ly (1),
/L1l = 1 such that (f) converges to 0 in measure, but (T"f},) does not.

By Lemma A.1. of the Appendix, we may wlog write T'f] = g, + h),
where (g1, ) is an equiintegrable and (k!,) a pairwise disjoi1'1t sequence in L, (I).
Since (T"f!) is not equintegrable, we have 0 < limsup||g},||. Thus, wlog, we
may assume g., Z 0 for all n and 0 < lim||g,,|| < 0.

Using the Hahn-Banach theorem, we obtain (gr) C Ly(I),||gn|| = 1 with
gn(gn) = llgnll-

As before, utilizing Lemma A.1. of the Appendix, we obtain wlog an



equiintegrable sequence (U, ) and a disjoint sequence (u,) in Ly(I) such that
for all n, U, and u,, have disjoint support and g, = U,, + u,,. The bounded-
and disjointness of (u,) imply its convergence to 0 in measure; in particular
we have that u,(g),) — 0 (cf Lemma A.2. of the Appendix). Also, since
lgnll = Un(gs)+un(gL), we can assume wlog, possibly by taking a subsequence
of (U,), that there is a § > 0 such that U,(g],) > 6 for all n.

Since by (P1), (T'U,) is equiintegrable and (f;,) a bounded sequence con-
verging to 0 in measure, by Lemma A.2. of the Appendix, we have f/ (TU,) —
0. Since (h},) is a disjoint and bounded sequence while (U, ) is equiintegrable,
again by Lemma A.2. of the Appendix, we have hl,(U,) — 0.

On the other hand, we see that f](TU,) = ¢;,(Un) + h.(U,). This forces

Un(gt) = gn(Un) — 0. This contradicts U,(g),) > 6.

ii) Now suppose that T has (P2), but 7" does not possess (P1). Again, we
then may assume that there exists a sequence (f]) which is equiintegrable
in Ly (1), but (T'f,) is not; furthermore (cf Lemma A.1. of the Appendix)
T'f, = g,,+h., where (g;,) is equiintegrablein L, (I), (h},) is a disjoint sequence
with k!, # 0 for all n and lim ||k} || > ¢ for some ¢ > 0.

As in Part i), applying the Hahn-Banach Theorem to (k!,) and utilizing
Lemmmata A.1 and A.2. of the Appendix, we obtain a normalized sequence
(hs) C Lp(I), an equiintegrable sequence (/) C Lp(I) and a disjoint sequence
(un) C Lp(I) such that for any n and some § > 0: h,, (k) = ||h||, hn = Un+un
and w,(h],) > & (since U,(hl,) — 0 as n — oo).

Furthermore, by (P2) and Lemma A.2, we have f(Tu,) — 0. But
also f)(Tun) = gh(un) + Rl (). This forces hl (u,) — 0. This contradicts
wn(hly) > 6.
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The reverse implications follow by considering the dual operators.

Theorem 2.2. Assume T : L,(I) — L,(I) is a bounded and linear
operator.
A) T always has (P1) if 1 <p < 2.
B) T always has (P2) if 2 < p < .
The Fourier transform (cf Example 1.5.) shows that neither Part A) nor Part

B) hold for p = 2.

Proof: A) Let (f.) C Lp(I) be equiintegrable. Since (f,) is weakly
compact, we may assume ||f,|| = 1 and f, — 0 weakly. By Prop. 1.a.12., p
7 of (Lin I), there exists a subsequence of (f,) - call it again (f,) - which is
basic.

If p = 1, then the equiintegrability of (f,) is equivalent to its weak (se-
quential) precompactness (cf Sect. IV.2., Theorem 1 of (Die)). Since T is
bounded, it is also weakly continuous, and (T'f,,) weakly converges to 0. Thus
(T f») is equiintegrable.

Let 1 < p < 2, and assume that (T'f,,) is not equiintegrable. By Lemma

A.3. and Lemma A.4. of the Appendix, we see that for T # 0:

(Y lanl) /P 2 T DS anT fmll 2 ITN7 (Y lanl?)' P

for some ¢, ¢! > 0 and some subsequence (f(,)) C (f»).
But this implies that ( f(,,)) is equivalent to the unit vector basis of [,. By

Lemma A.4. of the Appendix, ( f(,)) cannot be equiintegrable, a contradiction.

B) Let 2 < p < co. Assume that there is a normalized sequence (f,) which

converges to 0 in measure, but (I'f,) does not converge to 0 in measure.
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Furthermore, wlog, suppose that (T'f,) does not contain any subsequences
converging to 0 in measure.

By selecting a subsequence again, we may assume that (T'f,) C M for
some € > 0 (cf Lemma A.4. of the Appendix). Thus by Theorem 3., p 166 of
[Kad], (T f) is equivalent to the unit vector basis of [,.

Since (f,) contains a subsequence - call it again (f,) - equivalent to the

unit vector basis of [,,, we see that

O anlP) 2 <TIND anfall S € (D laal?)/?

for some ¢, ¢! > 0. This would imply I, C I, with p > 2 which is impossible.

Theorem 2.3. Assume 1 < py < p; < oo and T : Lp,(I) — L, (I),
¢ = 1,2 be linear and bounded. For any p, p1 < p < p2, T is a bounded linear

operator from L,(I) into L,(I) which in addition is L, regular.

Proof: T is an operator from L,(I) into L,(I) by the Riesz Interpolation
Theorem (cf Theorem IV.1.7., p 192 of (Ben)). According to the previous
duality theorem, it suffices to show that T satisfies (P2).

To this end, assume there is a bounded sequence (f,,) C L,(I) converging
to 0 in measure such that (T'f,) does not converge to 0 in measure. An
application of Hélder’s inequality shows that ||fnllz 1y — 0 for any ¢ < p.
Choose g with p > ¢ > p;. The boundedness of T' as an operator from Ly(I)
into L,(I) then implies ||Tfy||z,ry — 0.

But convergence in norm induces convergence in measure in Ly(I) and

L,(I).
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3. L, Regular Operators as Fredholm Pertubations.

Although the class of L, regular operators is much larger than the class
of regular operators, it still shares some of the operator-theoretic properties
of regular operators. For example, we show in this section that an L, regular
admissable Fredholm pertubation is compact (Corrollary 3.4.). This extends
a result of [Cas] on regular operators.

The main step to obtain 3.4. is the following characterization of strictly

singular operators.

Definition 3.1. An operator T : L,(I) — Lp(I) is called strictly sin-
gular if T|ps is not an isomorphic embedding for any infinite-dimensional

subspace M of L,(I).

In Hilbert spaces and in the sequence spaces [,, 1 < p < oo, the class
of strictly singular operators coincides with the class of compact operators (cf
Theorem 5.2.2., p 82 of (Pie I)), butin L,(I), p # 2, there are strictly singular
operators which are not compact (cf §5.3. of (Pie I)). We shall now show that

these examples cannot be L, regular.

Theorem 3.2. An L, regular, bounded linear operator T' : L,(I) —

Ly(I), 1 < p < o0, is strictly singular if and only if it is compact.

Proof: It is well-known that every compact operator is strictly singular.
(Indeed, if T'[ps is compact and an isomorphism of M onto T(M), then M has

to be finite-dimensional.)
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Now consider the case where T : L,(I) — Lp(I) is strictly singular with
p > 2. Assume T is not compact. Then we can select an unconditional
normalized basis (fn) C Ly(I) weakly converging to 0 and satisfying for some
6§ > 0 and all n: |[Tf.|| > é. Then (T f,,) weakly converges to 0.

Applying Lemma A.l. of the Appendix, we may write wlog f, = gn + hn
where (g, ) is an equiintegrable, (h,) is a disjoint sequence and for all n, g,
and h,, are pairwise disjoint.

By (P1) and (P2), we have that (Tg, ) is equiintegrable and (Th,) con-
verges to 0 in measure. Thus (Th,) converges weakly to 0, since (Thy) is

bounded. Also, as T'g, = T'f,, — Thp, (T'gsn) converges weakly to 0.

i) Assume first that for some d > 0, we have that ||Tg,|| > d for all n.

Applying Lemma A.4. of the Appendix, we see that for some ¢ > 0:

(Tgn) C Mp(I) :={f € Lp(I) : p{|f| Z €|l fII} = €},

where jt denotes (normalized) Lebesque measure. By Theorem 3., p 166 of
[Kad], we may assume wlog that (Tg») is equivalent to the unit vector basis of
l,. The above condition on the equiintegrable sequence (g,), i.e. the fact that
llgnll > d/||T||, together with an application of Lemma A.2. of the Appendix
imply wlog that (g») is equivalent to the unit vector basis of ;.

Setting M := Span [gn], we see that T'|ps is an isomorphism, and thus T

cannot be strictly singular.

ii) We may therefore assume wlog that (T'g,) converges to 0 in norm and
also that for some d > 0: ||Th,| > d, for Thy, = Tf, — Tgy.
Thus Lemma A.3. of the Appendix can be applied to (Th,): We obtain

wlog that (T'h,) is equivalent to the unit vector basis of I,.
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On the other hand, since (h,) is a disjoint sequence weakly converging
to 0, satisfying for all n: ||h,|| > d/||T||, we may assume wlog that (h,) is
equivalent to the unit vector basis of [,,.

Thus a contradiction is immediate for M := span [hy].

The case 1 < p < 2 is now quickly settled via the Duality Theorem 2.1.,

since by [Wei I], T' is strictly singular.

The case p = 2 follows from the fact quoted above that in a Hilbert space
compact and strictly singular operators always coincide. (If T is not compact,
then there is a normalized sequence (f,) € L2(I) with f, — 0 weakly and
inf ||Tf.]l > 0. Now both (f,) and (Tf,) contain subsequences which are

equivalent to the unit vector basis of [;.)

Definition 3.3. A) A bounded, linear operator S : L(I) — L,(I) is
called a Fredholm operator if the dimension of its kernel and the codimen-
sion of its range are both finite.

B) A bounded, linear operator T': L,(I) — Ly(I) is an (admissable) Fred-
holm pertubation if for every Fredholm operator § : L,(I) — L(I) the sum

T + S still is a Fredholm operator.

It was shown in [Wei I] that T : L,(I) — L,(I) is an admissable Fredholm
pertubation iff T is strictly singular. Theorem 3.2. now gives:
Corollary 3.4. An L, regular operator I' is an admissable Fredholm

pertubation iff T' is compact.

Recall that every Fredholm operator S : L,(I) — L,(I) has a Fredholm
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inverse, i.e. a (Fredholm) operator T : L,(I) — Lp(I) such that I — ST is

compact.

Theorem 3.5. Every Fredholm inverse of an L, regular Fredholm oper-

ator is also L, regular.

Proof: We only show (P2) since (P1) is similar to Theorem 1.7.

Let (f,) be a bounded sequence in L,(I), 1 < p < 0o, converging to 0 in
measure. We have to show that (5f, ) converges to 0 in measure.

By Lemma A.l., write (Sf,), wlog, as the sum of an equiintegrable se-
quence (g, ) and a disjoint sequence (h, ). Write TS = I + Ky and ST = I+ K
where K;, 1 = 1,2, are compact operators.

Since (fn) is bounded and converges to 0 in measure, we have (K;f,)
converges to 0 in norm.

Applying T to Sf, = gn + h,, gives T'g, = Ky fn + fn — Thy. Since all the
terms on the right converge to 0 in measure, we see that (T'g, ) converges to 0
in measure.

Since T has (P1) and (P2), (Tg») also is equiintegrable and by Lemma
A.2. Part A) of the Appendix, we get ||Tg,|| — 0. But f, = Tg,,— K, fn —Th,
and
(*) Sfn=8Tgn — SKyfn, — SThy,
thus STh,, = h, + K;h,. Hence (§Th,) converges to 0 in measure, and from

(*), we see that (Sf,) converges to 0 in measure.

Remark 3.6. Theorem 3.5. implies that the essential spectrum of an L,
regular Fredholm operator S equals the spectrum of its equivalence class S in

the quotient algebra R,/ K, modulo the compact operators K, in Ly(I). Again,
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the relation between the essential spectrum of S and spectra with respect
to quotients of the classical regular operators is much more complicated. In
particular, the essential resolvent of a regular operator consists not necessarily
of regular operators, but according to Theorem 3.5., these operators still are

L, regular.

4. L, Regularity in Terms of Rearrangements.

The following theorem provides an equivalent characterization of Condi-

tion (P1).

Theorem 4.1. Assume T : L,(I) — Ly(I) ,1 < p < o0, is a bounded
and linear operator. Then T satisfies Condition (P1) if and only if one of the
following equivalent conditions holds:

(R1) For any sequence (f,) C Lo(I) satisfying f,, < f for some nonincreasing
nonnegative function f € L,(I) and all n, there exist a subsequence (fix)) C
(fn) and a nonincreasing function g € L,(I) with (T f(x))* < g for any k.
(R2) For any sequence (f,,) C L,(I) satisfying f,* < f for some nonincreasing
nonnegative function f € L,(I) and all n, there exist a subsequence (f(x)) C
(fn) and a nonincreasing function g € L,(I) with (T f(x))** < g for any k.
(R3) f A C Ly(I) is a set such that {f* : f € A} is norm-compact, then
{{Tf)" : f € A} is norm-compact in L,(I).

In Condition (R1), (R2) or (R3), we may require that the functions f or
g {or both) are regular, or we may replace any of them by their second rear-

rangements.
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Proof: (P1) = (R1) If f; < f € Ly(I), then (f.) and, by assumption,
(T'f») are equiintegrable sequences in L,(I). By Lemma B.6., i) = iii) of

the Appendix, there is a subsequence (T'f,,) and a function g € L,(I) with
(Tfr)* <g.

(R1) = (P1) Let M C L,(I) be equiintegrable. For any sequence
(Tf:) C T(M), by Lemma B.6., i) = iii), there is a subsequence ( f,, ) C (fx»)
and a function f € Ly(I) with (fn,)" < f. By assumption, there is a subse-
quence - say {fn,) C (fn,) - and a function g € L,(I) with (T'f,,)* < g. Now

Lemma B.2., iii) = i) of the Appendix implies that T'(M) is equiintegrable.
(P1) = (R2) follows in the same manner using Lemma B.2., i) = iv).
(P1) = (R3) directly follows from Lemma B.2., i) = ii).

(R1) == (R2) <= (R3) follows as in Lemma B.6.

By Lemma B.7., it is clear that in Condition (R1) or (R2), regularity for
any of the functions may or may not be required. Since for an L, function f
with 1 < p < oo, we have that f < f** and |[f**|| < Dy||f|| with D, := S5
(cf Remark B.4. of the Appendix), we may also replace f or g (or both) by

their second rearrangements in either of the conditions (R1) or (R2).

There is also an easy reformulation of (P2) in terms of rearrangements:

Proposition 4.2, Let T : L,(I) — L,(I), 1 < p < o0, be bounded and
linear. Then (P2) is equivalent to:
(P2’) I{ (f,) is a bounded sequence in L,(I) and f:(x) — 0 for all ® € I, then
(Tfn)*(x) — 0forall x € I.
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Proof: It follows from the definition of f* that f;(z) — 0 for all = iff

fn — 0 in measure.



CHAPTER II.

EXTRAPOLATION.

5. Strongly L, Regular Operators.

Unless indicated otherwise, the same assumptions on p and p' hold as in
Chapter I, i.e. 1 < p < oo and % -+ 1—37 =1 where q := p' = 00 if p = 1. In this
chapter, with the exception of Section 8, I denotes either the interval (0,1) or
(0, 00).

Definition 5.1. A bounded linear operator T : L,(I) — Ly(I) is called
strongly L, regular if:

(S1) For every nonincreasing nonnegative function g € Lp(I), there exists a
nonincreasing nonnegative function h € Ly(I) such that f € L,(I), f* < g
implies (T'f)* < h.

Remark 5.2. In our proofs, we shall need the following equivalent vari-

ations of Condition (S1):

(S2) For every nonincreasing nonnegative function g € Ly([), there exists a
nonincreasing nonnegative function A € L,(I) such that f € L,(I), f** < g
implies (T'f)** < h.

(S3) There is a constant ¢ > 0, depending only on T : Ly(I) — Lp(I), such
that for every nonincreasing nonnegative function g € L,(I), ||g|| < 1, there
exists a nonincreasing nonnegative function h € L,(I), |jh|} < ¢ such that

f € Ly(I), f** < g implies (Tf)** <h.

19



20

Furthermore, in Condition (S1), (S2) or (S3), we may require that the func-
tions f or g (or both) are regular, or we may replace any of them by their

second rearrangements.

Proof: The equivalence of the conditions (S1) and (S2), as well as the
last sentence of the remark are shown as in Theorem 4.1. Thus let us establish
that Condition (S2) induces the validity of Condition (S3).

To this end, assume that there is a sequence ( fm) C Lp(I) of nonincreasing
nonnegative functions with || f|| = 1 such that (a,,) given by a,, :=inf { ||h|| :
h € Ly(I) is nonincreasing and nonnegative, and f € L,(I), f** < fr,, implies
(Tf)** < h} does not stay bounded. Wlog, we may assume that o, > 4™.

Set F :=Y 2"™f,,. Thus F € L,(I). Applying (R2) on the nonincresing
nonnegative function F, we obtain a G € Ly(I) and such that f € Ly(I),
f** < F implies (T'f)** < G. Since f,, < 2™F for all m, by the definition
of (am), we see that ||2™G|| > 4™ or ||G|| > 2™ for any m. This contradicts

G € Ly(I).

Remark 5.3. By Section 1.4. every strongly L, regular operator on
I :=(0,1) satisfies (P1). But there are L, regular - even compact - operators
which are not strongly L, regular as the following example shows. (For further

examples of strongly L, regular operators see Section 8.)

Example 5.4. Forn >0, 1 < p < oo set
B := 2P (n 4+ 1)7Y/? [In(n + 2)]71/7,

Let I :=(0.1) and F,, : I — [0,00), n > 0, be given by

otherwise.

3 —n—1 -n,
= {27 <oz
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F,) Cc L,(I) is a disjoint sequence converging to 0 in norm.
P g

Let () denote the set of Rademacher functions and
P : L,(I) — span [r,] C Ly(I)

be the canonical projection. It is well-known that P is a bounded and linear
operator, e.g. Khintchine’s Inequality (see Remark A.2. of the Appendix). We
now define the linear operator L : 5paii [r,] — L,(I) by Lr, = F,.

Finally, define T' := L o P : L,(I) — §pan [g,].

Claim: T is compact.

We can write T' as T' = x(9,2-n)T + Xx(2-»,1)T where the second operator
is finite-dimensional (its range is in the span of Fj,...,F3n_;) and the first
operator satisfies ||x(o,2-»T|| — 0 as n — oo.

Indeed, for f = > anr,, we get
Ixo2-m TP = 1 Y axFellP =3 lax|Pl| Fi .
k= k=n

i) If 1 < p < 2, an application of Holder’s inequality gives with 4 :=2/(2 — p)

that
< (X a2 (S IFlAPy? A < A1 k= A(n(k + 1))~ 4)P/4,
k=n k=n k=n
ii) If 2 < p < 00, we estimate

(e o)
< sup || Fi| O laxP)P2 < n=VP| £,

k=n
In any case, we showed that ||x(g,2-#T'|| — 0 for n — oo, and T is compact.

Claim: For g = 1, Condition (S1) cannot be met.
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Indeed, for any n > 0, we have r; = g = 1, (T'r,)* = F; and F;(z) =

Br-y for 0 <z <27 "1, Since

/2— B2 de =1/2(n+1)"'n(n + 2),
2

-n—1

and

[ o=,
—n-1

n>0 Y2
any h as in (S1) would have to satisfy h(z) > 3, for ae. 27" 1 <z <277,

Therefore, such h cannot lie in L,([).

Thus T is not strongly L, regular.

6. Extrapolation into Lorentz and Marcinkiewicz Spaces.

For the remainder of this chapter, if 1 < k < oo, let || || denote the norm
on Ly(I) for I := (0,1) or (0,00). Also, it is understood that if I := (0,1),
then any condtition involving behaviour of a function at oo must be modified
in an appropriate manner or omitted.

Under slight assumptions on g and h, it is possible to express Condition

(S2) in terms of Marcinkiewicz spaces. We shall need the following definitions.

Definition 6.1. A nondecreasing function ¢ : I — (0,00) satisfying
&(0+) := limz—o+ ¢(z) = 0 is called quasiconcave if for ¢ > 0, the function
#(t)/t is nonincreasing (cf p 47 of (Kre)). We define the concave majorant

¢ of a quasiconcave function ¢ by

B =sup {3 Nt) : 420, S h=1, S At =t}
i=1 i=1 i=1
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Then 14 < ¢ < ¢ (cf p 49 of (Kre)). If %(f) given by (f)(t) := tf(t) for
t > 0 and some measurable function f on I is a quasiconcave function, then

its concave majorant is denoted by ¥(f). We set %(f)(0+) := tEr& P(f)(),

¢its concave majorant is denoted by ¥(f). We set 9(f)(0+) := tE}& P(f)(2),
$(f)(00) = lim $(£)(t) and fu(t) :=t/£(2).

#(0+) := lim, 04 #(z) = 0 and @(co0) := lim,; .o #(z) = oo is defined to

be the collection of all measurable function z = z(¢) on I := (0,1) or (0, 00)
satisfying
oo
lellacer = [ (1) do(®) < o0,
0
where z* denotes the first rearrangement of = on I (see Appendix B). A(¢) is
a separable Banach space under || ||s(¢) (see (Kre), pp 107-115). Under these
assumptions on ¢, the dual space is the Marcinkiewicz space M(¢) given

by the norm
1 h
T 1= SUP = z*(s) ds .
Ieane = 2 555 [ (0

Remark 6.2. If I := (0,1) or (0,00) and ¢(t) = ¢a(t) := '~/ for some
1 < a < ooandany 0 < ¢ <1, then according to p 220 of (Ben), we see that
M(L*) = M(¢o) = L**(I), and its dual space is A(L*') = A(¢q) = L¥ *(I).
Here, LP9(I),1 < p < ¢, I :=(0,1) or (0,00), denotes the Banach space
of all measurable functions f for which the norm
[P @)t~ de /1 if1<g< oo

= I
I

is finite. Note that for ¢ > p, the above expression only defines a quasinorm,
but that there is an actual norm equivalent to it (cf Definition 2.b.8., p 142 of
(Lin II)). For p = q, it is clear that L?9(I) coincides with L,(I).
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For 1 < p< oo and 1 < ¢ < 00, in the definition of the norm of L?4(T),
we may replace the first rearrangement f* of the function f by its second
rearrangement f** without altering the Banach space (up to isomorphism).
Furthermore, the dual space of LP%(I) for 1 < p < co and 1 < ¢ < oo is
isomorphic to L? ¢ (I). (See (Ben), Lemma 4.5., p 219 and Corollary 4.8., p
221.)

Lemma 6.3. Let T : L,(I) — L,(I) be a bounded linear operator. Let
g,h € Lp(I) be regular functions satisfying Condition (S2) for this operator
T. If I := (0, 00), also assume ¥(g)(oc0) = 9(h)(oc0) = co. Then
(S4) T defines a bounded operator from M(¥(g)) = M(¥(g9**)) to M(3(h)) =
M(y(h**)).

Proof: The regularity of g implies that g** < M|g] g. Since h < h**,
we see that T satisfies the following: f** < ¢**, f € Ly(I) implies (T f)** <
M|[g] h** where M|[g] denotes the constant of regularity for g (cf Remark B.4.
of the Appendix).

Let f; denote either g** or h**. Then 3(f;) are quasiconcave functions,
since for example ¥(g**)(2) = tg**(¢) = fot g(s)ds is nondecreasing, while g**(¢)
is nonincreasing. Furthermore, the concave majorants satisfy ¥ (f;)(0+) = 0
and (f:)(o0) = oo.

If || 1l g geeyy < 15 then for any t > 0:

f**(t) S

| -t

R 2 ok
Ba™)(0) < Zula™ D
or f** < 2g¢**. Condition (S2) then implies (T f)** < 2M(g] h**, i.e.

T fllarqacneeyy < 2M|g].
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According to Remark B.4. of the Appendix, we see that g < g** < M{g] g.
Therefore, we have ¥(g) < ¥(g**) < M|g] ¥(g). Looking at the Marcinkiewicz
norms, we see that M(1(g)) and M(¢(g**)) are equivalent. Furthermore, from
Definition 6.1., we have 14(g) < 9(g) < ¥(g). Thus M(4(g)) and M(%(g))

are isomorphic.

Clearly, the same holds for M(¢(R)), M(s(h)) and M(3(h**)).

The following technical lemma will be needed in the sequel.

Lemma 6.4. Assume that T : L,(I) — Lp([) is strongly L, regular.
Define h : Ly(I) — Li(I) by

h(g) := sup{(Tf)** : f € Ly(I), f** < (¢"/7)**}

(for the definition of Li(I), see Lemma B.7. of the Appendix). Then:
i) there is a constant C' > 0 such that ||h(g)|, £ C ||g||i/p;
ii) if g; < g2 with g; € Li(I), then h(gy) < h(g2);
iii) if g; T g with gi,g € L3(I), then h(g:) T h{g).
Proof: h: Ly(I) — L3(I) is well-defined by (S2) and the last sentence

of Remark 5.2. Thus Part i) is an immediate consequence of (S3) of Remark

5.2. Also, Part ii) is clear.

To show Part iii), consider h*(g) := sup{(Tf)** : f € Lp(I) is a step

function, f** < (g'/?)**}.

Claim: For any g € Li(I), we have h°(g) = h(g).
Proof: Fix g € Li(I). Given f** < (g'/P)**, choose a sequence of step

functions (fn) C Lp(I) satisfying f;* < f** and ||f — fallp = 0 as n — oo.
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Then ||Tf — Tfnllp — 0, and thus
(TH™ = nli_'n;o(Tfn)** < h*(g).

Thus, h(g) < h’(g). Since clearly h(g) > h°(g), we have the claim.

It therefore suffices to show Part iii) for £°(g). Furthermore, since g; 1 g
implies h(g;) < h(g) by Part ii), it is enough to show that for any ¢ > 0, there

exists IV such that

1B*(gn)llp 2 [R*(9)]lp — €

for any n > N.

By Fatou’s Lemma, we can choose N such that ||g'/? — g,ll/pllp < ¢ for any
n>N. A

Assume f € L,(I) is a step function with f** < (¢*/?)**. Then f** <
(h1 + h2)** where h; := (g;/p)* and hy := (¢'/P — g,l/p)* are nonnegative and
nonincreasing. Indeed, this follows from the fact that (k + 1)** < (k* + 1*)**
(ie. [H(k +1)*dp < fi(k* +1*)dp) for any functions k,l1 € L,(I). Just set

/p /P_

k:= g2/ and I := g*/P — g}

We may now apply Theorem IIL.7.7., p 173 of (Ben) to obtain step func-
tions f1, fo € Ly(I) with f = fi + f; and f;* < h}* for i = 1,2. Thus,

(TH™ = (T(fr + )" < (TH)" +(TFH)"

< RO(RE) + h°(hE) = h*(gn) + R2([g/7 — gL/7IP),

1.e.

h*(g) < h°(h]) + h*(hE) = h*(gn) + h°([g"/? — g3/7PP).
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Therefore, for some constant C > 0 and n > N,
I18°(9)llp < 1R°(gn)ll + C g — g3/7llp < B*(9a) + C ¢,

This implies ||[k°(g)]l, < [|R*(gn)|lp + C € which completes the proof.

Lemma 6.5. If T : L,(I) — Ly(I), 1 < p < o0, is strongly L, regular,
and its dual T : Lo(I) — L4(I) is strongly L, regular, then the following holds
for some C' > 0 and some nonincreasing positive function h € L,(1):
if f € Ly(I) and f** < h'/P, then (Tf)** < Ch/P; and,
if f€ Ly(I)and f** < k9, then (T'f)** < ChY/1.

Proof: Given g € Li(I), let h(g) be defined as in Lemma 6.4., and
he(g'/P) € Ly(I) denote the regular function obtained when Lemma B.8. of
the Appendix is applied to f = h(g) € Ly(I), i.e. he(g'/?) stands for h(h(g))

in Lemma B.8. This regular function then satisfies

he(g*/?) > h(g),

e/p+1

Dihe(g*/7)] < L

’

and

lhe(g*P)p < (1 + €)C1 [lglly’?,

where C, is the constant obtained in Part i) of Lemma 6.4.

The same may be done for the dual operator T : Ly(I) — L4(I): For any
¢ > 0 and any g € Lj(I), by Lemma 6.4. and Lemma B.8. of the Appendix,
there is a constant C; = C3(q,T) > 0 and a regular function H(g'/9) =
he(H(g)) € Ly(I) such that

H(g"/%) 2 H(g) = sup{(T"f)"* : f € Lo(I), f** < (g"/9)™*},
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€/g+1

1/9y] <
D[He(g )] — 1+€ ’

and

IHc(g79)lg < (1 + €)C |lgll}/°.

Claim: The functions h(g/?) and H(g/?) for any ¢ > 0 satisfy:
a) g1 < gz, where g; € Li(I), implies he(g]'”) 1 he(93’”) and He(g}'") 1
He(g;/q); even
B) gn 1 g, where g,g; € Li(l), implies he(gn'”) T he(9"/?) and He(gn'") 1
H(g'/9).

Proof: We shall show the claim for h(g'/?); the other case is similar.
a) If g1 < gz, then h(g1) < h(g2) by Lemma 6.4. Part ii). By Lemma B.8.

Part iii) of the Appendix, we have that

he(91'?) = he(h(91)) < he(h(g2)) = he(93'7)-

B3) By Lemma 6.4. Part iii), we have that h(g;) T h(g) if g; T g. As for Part

a), Part 3) now follows from Lemma B.8. Part iv) of the Appendix.

Set Se(g) := H{(1+ e)"’Cl_p[he(gl/p)]p+ (1+¢)79C, ¥ [H(g"/?)]?}. Then
1Se(9)llx < gl

Let A > 0 be given.

Pick any (nonincreasing strictly positive) regular function go € L;(I) with
Dlgo] < min{A, 1}, go(0+) = oo and {|goll; = 3. If I := (0,00), we can also
arrange zl)(gé/p)(oo) = oo and dv(g;/q)(oo) = oo. Furthermore, once we fix
1 < | < 0o, we may require ¥(g})(0+) = oo, too. According to Theorem

1.1.7., p 6 of [Rug), we see that g;/m is regular for any 1 < m < oco.
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We define a sequence (g,) C Li(I) of nonincreasing positive functions
by gn+1 := go + Se(g9n). Then g,y1 > gn and ||gn|l1 < 1, as one can check

inductively:

In+1 = go T+ Se(gn) > go + Se(gn—-—l) = Gn,

(this is a consequence of Part a) above) and

1
lgn+all < ligoll + lISe(gn)ll < ligoll + 5 llgnll.

Using Part ) above and Fatou’s Lemma, it follows that the sequence
(gn) converges a.e. to a nonincreasing positive function g € Ly([) satisfying
g:(0+4) = o0, g¢ = go + Se(gc). Also, if I := (0, 00), then ¢(g3/p)(oo) = oo and

¥(g¢?)(c0) = co.

First Major Claim: We now wish to demonstrate that for any 1 < m < oo,
A > 0, we can choose ¢ = ¢(m, A) > 0 such that for any g € L}(I), the function
[Se(g))}/™ is regular with D[[S(g)]'/?] < ¢+ A and D[[Sc(g)]*/?] < p + A.

Proof: We shall apply the regularity statements of Lemma B.8. Part v) of
the Appendix on the functions [h(g'/?)]?/™ and [H,(g*/9)]9/™ for appropriate

€ > 0. The following fact is needed:

For any oo > n > 0 we can find a constant ¢,, > 0 such that for all ¢, > 0,
we have

(*) ;M a+b)™ <a™+ b < cya+b)".

Taking n := m, 1 < m < oo in (*), by Lemma B.8. Part v) of the

Appendix (here 0 < k < p translates to 0 < p/m < por1 < m < o0, and



0<k<qto0<g/m<gorl<m< o), for any g € Lj(I) and any

p/m—1 ¢/m~1
1-1/m’'1-1/m’

0}

€> €m = €n(p, q) := max{

- 1mauc{p—m,q—m,O}

we obtain a constant ¢ = ¢(p, ¢, m,T’) such that
¢ {[he(g*/P)P/™ + [He(g* /)Y ™}

< [Se(@™ < e {[helg"P)P/™ + [Ho(g"/9)}9/ ™}
Thus, [S(g)]*/™ is regular.
Claim: We have

1/m 1 e+max{p,q}
D[[S:(9)] /m < m er1

Proof: Since

’

1
ho(g'/P) < LPH1L
Dihe(g™™)) = 7

we have that
pe/p+1l  le+p

1/pyp/m] « £ = —
D[he(g ) ]_m 1+e¢ me+1

(cf Lemma B.8. Part v) of the Appendix). Similarly, we obtain

letgq
m l+e me+1’

D{[H.(g"")"/™] < ge/atl _

The claim now follows from

D[[Se(g)]l/m] < max{D[he(gl/P)P/m],D[He(gl/q)q/m]}.

30
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Thus, if € — oo, then D[[S(g)]'/™] — % or M[[Se(9)]'/™] — 1=i7m-
Therefore, given A > 0, taking m = p in the above inequality, we can pick
€ > €, so large such that M[[S.(¢)]'/?] < ¢+ A. Similarly, taking m = ¢ in the
above inequality, we can choose € > 0 so large such that M[[S.(g)]*/?] < p+ A,

too.

This proves the first major claim.

Second Major Claim: We now want to show that for any 1 < m < oo,

there is € = ¢(m,A) > 0 such that

g:/™ = [g0 + Se(ge)/™
is regular with M[g:/p] < g+ A and M[ge]/q] <p+A.

Proof: Since g;/m is regular, by the above, we obtain that gé/m-l—[Se(g)]l/m
is regular. Taking n := 1/m in (*), we see that [go + Sc(g)]'/™ is regular for
any 1 <m < oo and any € > €.

Furthermore, since D[go] < min{A,1}, we have for A > 0 (sufficiently

small) that

e 1 <
Mg, ]_I_A/p_q+A
and
l/q < <
Mig, ]—I—A/q_p+A'

Therefore, if € > €, is sufficiently large, we have for any g € Li(I) that
M(lgo + Se(g)]'/P1 < g+ A

and

M((go + Se(9)/7] < p + A.
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This holds in particular if we choose g = g.. Therefore, for 1 < m < o©

and ¢ > ¢, sufficiently large we obtain that

gel/m = [90 + Se(ge)]]/m

is regular with

M[g}/?} = M([go + Sc(9)]V/?) < ¢+ A

and

Mg}/ = M[[go + Sc(9)]'/?) < p+ A.
This is the second major claim.
Finally, if f** < g2/? < (g}/?)**, f € L,(I), then
(Tf)* < ho(g}/?) <4V/7(1 + €)Cy g2/7,
and, if f** < gel/q < (g:/q)**, f € Ly(I), then
(Tf)*™* < H(g}?) < 4Y9(1 + €)C, g2/9.

Choosing C := max{4'/?C,, 4'/9C.;} (1 + ¢), shows that for h := g:
If f € L,(I) and f** < h*/?, then (Tf)** < Ch'/P; and
if f € Ly(I) and f** < h'/9, then (T"f)** < CR/9.

This proves Lemma 6.5.
Applying Lemma 6.3. to T and h!/? as g and k in (S4), and then again
to T' and h'/9 as g and k in (S4), we obtain:

Theorem 6.6. If T : L,(I) — Lp(I), 1 < p < o0, is strongly L, regular,
and T" : Ly(I) — L4(I)is strongly L, regular, then there exists a nonincreasing

positive function h € L1([) such that: T extends to a bounded map
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from M((h1/?)) into M(3(h'/P))
and

from A($([h1/9]**)) into A(H([R1/9]**)).

Furthermore, for any A > 0 and any 1 < ! < oo, we can choose this
function h € Ly(I) such that
i) we have h(0+) = oo, ¥(h')(0+) = oo, and, if I := (0, c0),

P(R'/P)(00) = $(h/7)(c0) = o0;

it) A*/? and h'/9 are regular with constants of regularity M[h!/P] < ¢+ A and
MR <p+ A,

Remark 6.7. If we only know that T is strongly L, regular without any
assumption on its dual 7", then a simplified version of our argument gives a
one-sided extrapolation result:
there is a regular function g € L,(I) with (g) concave such that T defines a
bounded map from M(¥(g)) into M(¢(g)).

7. Further Extrapolation Results.

7.1. Boyd Indices and A-Numbers: Let [ := (0,c0). A Banach
space (E, || ||) of measurable functions on I is called symmetric if f € E and
lg| < |f| a.e., implies that g € E and ||g|| < ||fl, and if ¢ is equimeasurable
with f, then ¢ € E and |lg|| = ||f|]. This is equivalent to: If f € E and
f* 2 g%, then g € E and || f|| 2 [g].
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The lower and upper dilation exponents of E are given by

ap = lim _____ln”D,H

a—0+ Ins

and

B = lim 2Dl

s—oo  Ins
where ||D,|| denotes the norm of the linear operator D, : E — E given by
D, f(t) := f(t/s) for s,t € (0,00).
Their recipicals are called the upper and lower Boyd indices denoted
as pg := 1/ag and gg :=1/PE.

Given a measurable, everywhere finite function h on I := (0,00), define

fors>0
h(t/s) .o h(t/s)
= h(s) := —_
Bo) = e Ty 2 Bl =Rl
If the following limits exist:
Ins Ins
hy:= 1 h = llm ———
Bo = I a0 ™ B = BB ey
also,
b= L Ins dh o= I Ins
=00 T a—l—vnt;lo ln]l(s) and Lo ' a«l—{lc‘alo lné(S)’

we refer to them as the h-numbers (kg h koo, k_ ) of the function k. In

general, they satisfy

hg <h, and hy <h_.

7.2. T-Admissability: For the remainder of this section, the symbol
T:Ly,(I) — Ly(I), 1 < p < oo, is reserved for a strongly L, regular operator
whose dual T" : Ly(I) — Ly(I) is strongly L, regular, while h € Ly(I) stands
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for a function which is obtained when Theorem 6.6. is applied on T and T",

i.e. a function such that: T defines a bounded map
from M(¢(h*/?)) into M((h'/P)),

and also

from A($([R'/9]*)) into A(S([R'/7]™)).

Furthermore, we shall assume that h € L;(I) meets all the technical assump-
tions of Theorem 6.6. for some A > 0 and !l > 1. Such a function A will be
called T-admissable.

The following theorem does not make any assumptiongson [ > 1,

Theorem 7.3. Let I := (0,00). Assume h is T-admissable with its

h-numbers satisfying
Pheo > (ak,)'

(In particular, this forces ph_ > 1 and gh, >1.)
Furthermore, assume that

1 1

Mpie T MR Z 1.

Then T defines a bounded map from any symmetric space F into E whose

Boyd indices (pg, ¢r) satisfy

Phy > pE > 98 > (gR,)'.

In particular, for any 1 < r < oo, T defines a bounded map from L*"(I)

into L™ , and thus also from L, into Ly(I), provided that
into L*"(I), and thus also from L(I) into Lx(I ided tl
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Proof: Set

t

o e 1/p1a*y—1 [
$o(t) := po(t) := ([A/7]™)7°(t) = Sy R1/P(s)ds

and
b1(t) = (1) = LRI (1) = / B/3(s)ds

for t € (0,00). Clearly,
¢1(0+) = ¥1(0+) = 0.

Furthermore,

$0(0+) = o (0+) =0
by L’Hépital’s Rule. Also,

$o(00) = 1ho(oc0) = oo,
since (h/P)** € L,(I), and

P1(00) = 91(00) = oo,

since fot hl/q(s) ds > thl/q(t) = "/’(hl/q)(t)-

Claim: ¢; = 1;, 1 = 1,2, are quasiconcave functions.
Proof: Clearly, ¢;(t) is nondecreasing, while ¢o(t)/t is nonincreasing. Fur-

thermore,

(B1(8)/8) = t7 {=(RV/9)**(t) + R1/9(1) } < 0,

and thus ¢;(¢)/t is nonincreasing. Finally,

(1/61() = t71 {=(h/P)*" (1) + hV/7(2) } < 0,
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and thus ¢;() is nondecreasing.

Claim: ¢o#7? is nonincreasing over I := (0, 00).

Proof: Differentiating the function ¢o¢; ! shows that (oo l)' < 0iff

hi/P(t) h/9(t)
N CZORONCIOR0)

for all ¢t € I. This is satisfied if

1 1
> 1.
ise] + g 2!

Since A(do) C M((do)+) and A(d1) C M((¢1)s) (cf p 130 of (Kre)), we
see that T extends to a bounded map from A(dg) into M((t):), and from

A(¢1) into M((11).).

Thus all the assum.ptions of Theorem 6.1., p 129 of (Kre) are met: We
obtain that T extends to a bounded map from any symmetric space E into
Ey:={f € Li(I)+ Lo(I): f** € E} C E (for the definition of L;(I)+ Loo(I)
see Section 3.3., pp 15 -16 of (Kre), also see p 125 of (Kre)), if the lower and

upper dilation exponents (ag,Bg) of E satisfy v1 > Bg 2> ag > 8.

Here -
b e lim In ||D8”A($o)-—>A($O) - lim Ego—(lﬁl
0 — 8—00 lns = Jm lns
and ~
vy = Lim In "Da”A(q'Sl)_.A((;l) - lim I_IIM
1™ ot Ins o T

Indeed, note that according to pp 59 and 99 of (Kre), we obtain for a concave
function ¢ with ¢(0+) = 0 and ¢(o0) = oo that the norm of the dilation
operator D, : A(¢) — A(¢) satisfies || D,||a(p)—n(p) = (1/3).
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We have that

1 1 7 1
A 7e] BV < IDulac i) = £a(1/2) < 2MIAY/7] s

and

1 -1 _ 1 1 -
anapira)* &) /1 < Dallasy)—acdn) = 24(1/5) < 2M[RY9) s B(s) /1.

Indeed, if #o(t) = ([R}/P]**)~1(¢) is concave (with ¢o(0+) = 0 and ¢y(c0) =

00), then, for example, || Ds||a(g0)—a(g0) = B,(1/3)

g BTN gy AT R)

— " — MI[RYP) BYP().
S5 Ry ol ey = MIBETIETG)

The factor 2 occurs because ¢g is only assumed to be quasiconcave.

Similarly, one proves the opposite inequality:

1 y
saa(ri7e) 2oV S 1DsllaGo—ao

as well as the inequalities in the case of ;.

Finally,
Ind (1/s 1/p
b = lim _____150( /2) = lim Ink 7(s) = '1"}—,
s—co  Ins s—oo Ins Pho
while :
. Ing (1/s) . In{sh™'/i(s)} 11
y=lm ——=lm —— =1- -—

s—0+ Ins s—0+ Ins gh '

Taking recipicals, gives the claim in terms of Boyd indices.

The last statement then follows immediately from the fact that for any

1<k <ooandl<r < oo, the lower and upper Boyd indices of L*7"(I) are k
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(cf Section 2.b., p 142 of (Lin II)), and that L**(I) coincides with Li(I) (cf
Remark 6.2.).

Remark 7.4. Assume h € L;i(I) meets the assumptions of Theorem 7.3.
From Formula (1.24), p54 of (Kre), a computation as in the proof of Theorem
7.3. shows that the h-numbers (hg, b, ko, 2 ) of a T-admissable function h

=0’ =00 =
on I := (0,00) always satisfy
1/p<hy<hy<coandl/g<h <h < oo

Indeed, in this proof, we saw 8, = #. The lower dilation exponent to the

same quasiconcave function, namely to ([A'/?]**)~1(t), computes as vo = ;,,]L—.
Ry
Formula (1.24) of (Kre) states 0 < vy < §g < 1.

A similar argument works for the quasiconcave function t ([h!/9]**)(t).

Remark 7.5. From Theorem 6.6., it is clear that we can select a sequence

of T-admissable h, € Ly(I) with
DIRY?] L L, DRl | 2,
p q
and thus also

L S
MIRY?) T MRV

The following theorem takes this into account.

Theorem 7.6. Assume h is T-admissable for some 1 < ! < oo as in the
technical assumptions of Theorem 6.6. with I := (0,1). Furthermore, suppose
that for some 0 < ¢ < }%,

1 1
> 1
MiE7e] T a2

€
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and also require that

1

min{m{h!/7], m{!/7]} 2 1=,

where
1

m[W] := ;Iéi} W (z) /; W(t) dt.

Then T extends to a bounded map
from E into E := {f € Ly(I) + Loo(I) : |t f**(t)]|E < o0},

provided
pboo >PE 2 9E > (qgo)"
Proof: For z,y real, define for t € I := (0, 00),

v [ 17 <1
f=(t)"{tv 1> 1.

Note that this function is continuous on I, in particular at ¢ = 1.

Set
o 1= fo “d0,
by = f{ ¢,
o = f2.do,
and
&1 = f51,

where ¢; = ¥;, 1 = 1,2, are defined as in the proof of Theorem 7.3.

Claim: These four functions 5,- and Ji, t = 1,2, are quasiconcave with

$:(0+) = $,(0+) =0
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and
$i(00) = ¢(00) = o0
Furthermore, aoa;] is nonincreasing over I := (0, 00).

Proof: As in the proof of Theorem 7.3.,

Bo(04) =3, (0+) = ¢,(0+) = 0.

By L’Hopital’s Rule,

- i € $1/(pl)—¢
#ole0) = (1 =) lims 5y = (1~ B amwgoprs = O

since € < 1/(pl) and limy—,q4 t*/'h(t) = [(R})(0+)]'/! = co.

As in the proof of Theorem 7.3.,
P1(00) = go(00) = ¢, (0c0) = co.

By I’'Hopital’s Rule,

$1/p—¢

do(00) = (1 —¢€) lnn W =

since € < 1/p and h € L,(I).

The functions @;(t), i = 1,2, t € I, are nondecreasing.

Indeed, as in the proof of Theorem 7.3., v',(t) and @, (t) are nondecreasing.

For t < 1, as in the proof of Theorem 7.3., 1,(t) is nondecreasing. For
t > 1, we see that E:,(t) > 0, since

1
I_GZW'
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For t > 1, as in the proof of Theorem 7.3., ¢o(t) is nondecreasing. For

t < 1, we see that a:,(t) > 0, since

—_— > —
1—-€¢2> m[hl/P]

The functions ai(t)/t, 1 = 1,2, t € I, are nonincreasing.

Indeed, we easily conclude as in the proof of Theorem 7.3. that t,(t)/¢
and ¢,(t)/t are nonincreasing.

For t > 1, we see as in the proof of Theorem 7.3. that %,(t)/t = 11(t)/t

is nonincreasing. For ¢ < 1, %,(t)/t is nonincreasing, since (¢,(t)/t)' < 0 if

1
GSI—W—].

For t < 1, we see as in the proof of Theorem 7.3. that ¢,(t)/t = ¢,(t)/t

is nonincreasing. For ¢ > 1, ¢,(t)/t is nonincreasing, since (¢,(t)/t)' < 0 if

1
GSI—'W.

Thus ¢;, 1 = 1,2, are quasiconcave functions.

| The function ¢y¢; s nonincreasing over I := (0, 00).
Indeed, for any ¢t € I, we see that

tl—e’

[irV/p(s)ds [ hY9(s) ds

} Bo(t)d1 (2) =
1
|

Differentiating as in the proof of Theorem 7.3., then shows that ( 3031—1 ) <0
if
1 1

>1—ce¢
M) T a2
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This proves the claim.

Note that f;¢,f° < 1. Thus %; < 9; or (¥;)x > (¥;)s. Therefore,

1/(%:)s < 1/(%:)sy and M((%:)s) C M((%;)4).
Note that f°_, f¢ > 1. Thus ¢; > ¢; or 1/¢; < 1/¢;. Therefore, M($,) D
M(g:), and by duality, A(4;) C A(:).

Since T extends to a bounded map from A(d;,-) into M(%;) (cf proof of The-

orem 7.3.), the above continuous embeddings show that T' defines a bounded

map from A(¢;) into M((¢;).) for i = 1,2.
Furthermore, we see that Joi;l = 8051—1. Also,
w(2) 1= Bo®)F2 () = Fr (Do) (D657 () = F(8) = .

Therefore, when we apply Theorem 6.1., p 129 of (Kre), we see that T extends

to a bounded map from any symmetric space E into E where
1fllg = It~ fF*(D)ll=,
if the upper and lower dilation exponents (ag,[g) of E satisfy
6o < ap < Bp < 7.
Here &y and 7, compute as follows. Note that for s > 1, we have that

e _ f2(ts)
s < £ (1/9) = T <1,

while for s < 1, we have

L2 L0/ = e >

s€.
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Therefore, as in the proof of Theorem 7.3., 8 = lim,_, oo

In{¢ f° }1/s Ind (1/s 1/p
= lim {8of_H1/e) < lim —————éo( /=) = lim Ink (s) _11 = &y,
s—ro0 Ins s—oo  Ins s—~oo  Ins pho
while 7, = lim, o4 ~210L
Infsh™/%(s)} _ 11
=1i- Eg =71

In{¢. f<}(1/s
= pm MELIA/)
s—0+ Ins s—0+ Ins
In fact, y1 + € > 7y > 71 and §g 2> 8o > 6o — ¢. Here 8 and v1 are defined as
in the proof of Theorem 7.3. This shows the claim.
Remark 7.7. Suppose that h € L,(I), € > 0 are as in Theorem 7.6. For

E := Li(I) with pho, > k > (qh,)' and k < 1/ (omit if ¢ = 0), we see by
Remark 6.2. that
9= [ reentae= [rmep bt a= g o
. ) 1/k—e'

Therefore, T extends to a bounded rnap from Ly(I) into L . x(d)-

Finally, let us look at a particular function h € Ly(I) for I := (0,1). This
will be important at the end of the next section (Remark 8.10.).

Proposition 7.8. If h is T-admissable for I := (0,1) where the function

h:(0,1) — (1,00) is given as
h(t) := t~/7 for some 1 < v < oo,

then, for 1 < r < oo, .
T extends to a bounded map from L?7(0,1) into L?"(0,1),

provided p lies strictly between vp and (vq)'.
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Furthermore, if ¥y > 2max{1/p,1/q}, then T defines a bounded map from
L3(0,1) into L2(0,1).

Proof: We observe that, if h is T-admissable, then the operator T extends
to a bounded map from L(19"1(0,1) into L(¥9)"1(0,1), and from L7P°(0,1)
into L"7*°(0,1), i.e. is an operator of weak types ((vq)',(vq)') and (yp,vp).
Here, we use the continuous imbedding L**°(0,1) C L*!(0,1) for 1 < k < oo.
The Theorem now follows from the Marcinkiewicz Interpolation Theorem (cf
Theorem 4.13., p 225 of (Ben)), since vp # (vq)' always.

Also, we see that yp > 2 and (vq)' < 2, if v > 2max{1/p,1/q}.

8. Examples of Strongly L, Regular Operators.

We shall show here that the Hilbert transform and the Calderon operator
are strongly L, regular. Since the Hilbert transform is the basic building block
for many singular integral operators and the Calderon operator is the typical
operator of weak type, they give raise to many concrete examples of strongly

L, regular operators.

8.1. The Calderon Operator: Let I := (0,1) or (0,00). Consider the

following integral operators defined for 0 < a <1 and 0<b< 1:

Pf(t) =1 [ ()2
and
Qsf(1) :=r"/t s"f(s)%ﬁ
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for t € I and f € Ly(I) N Loo(I). (The upper limit of the second integral is to
be replaced by 1, if I := (0,1). We shall assume such modifications whenever
necessary.)

The Calderon operators are then given by
Sa,b = P, + Qb-

Notice that for any nonnegative function f € Ly(I) N Loo(I), Sq,5f is nonin-

creasing, since for example

d t d
EPaf(t) = —at_“/o‘ saf(s)js- + f(t) 1

and thus

%Sa‘bf(t) = —-at_“/(; .sz“f(s)d:;51 - bt"b/; sbf(s)d—s <0.

8

Furthermore, if 0 < b < a < 1, we may write

Sapf(t) = f " f(o)Ce(s)ds,

where

sa—l sb—-l

Ct(s) := min {T, t_b}

is nonincreasing. Indeed, it is easy to see that

T B
Ci(s) = { sbil lfs _t

T if3>f,

since, for 0 < b < a < 1, we have that (s/t)* < (s/t)® if 0 < s < t, while

(s/t)* > (s/t)bif s >t > 0.



Theorem 8.2. If 1/p < a <1 and b < 1/p, then the Calderon operator
Sa,» extends to a strongly L, regular operator, and its dual S , : Lo(J) —

L(I) to a strongly L, regular operator.

Proof: Let I := (0,00). Then P, extends to a bounded linear operator
P, : L,(I) = Lp(I)if 1/p < a < 1, while @y : L,(I) — Ly(I) is bounded for
0 < b < 1/p according to Theorem II1.5.15., p 150 of (Ben).

Using Remark B.4. and the inequality

/ " Fon(s)ds < [ " f(syn(s)ds

where 7 is any nonincreasing nonnegative function (cf Theorem 1.2.2., p 44 of

(Ben)), we see that for f € L,(I):

(Senf)(8) = Senf(t) < / " (a)u(s)ds < [ s,

0
if ¢; is the function of 8.1.
Given g € L,(I), where g is nonincreasing and nonnegative, set h :=

2(Sap(9**))* € Lp(I). Then,if 0 < f and f** < g, we obtain that
(Sapf)™ < 1/2 k.
For any f** < g, we obtain (cf Remark B.4.)
(Sapf)™ < (Sapf+)™ + (Sapf-)" < k.

Here f; and f_ denote the positive and negative part of f, resp. Thus S,

satisfies (S2) of Remark 5.2., and is strongly L, regular.

Since S;,b = S1-b,1—a, according to Definition II1.5.14., p 150 of (Ben),

the strong Ly regularity of the dual follows by the same argument.
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Finally, let I := (0,1). If S, denotes the Calderon operator on (0, 0)

while 5',,,,5 is the Calderon operator on (0,1), we see that for any f € L,(I):

ga,bf = X(o'1)Sa,bf’

and the result holds in this case, too.

8.3. Operators of Weak Type: Let I :=(0,1) or (0,00). An operator
defined from Loo(I) N Ly(I) into the set of measurable functions is of weak

type p, if there is a constant M > 0 such that for all f € L;1(I) N Loo(I):

(TF)"(t) < Me™H/P /m e ()2

0 s’
In terms of Lorentz norms, for 1 < p < oo, this says: | Tf|[p,c0 < M| fllp,1 (cf

Remark 6.2.).

The next theorem states that the Marcinkiewicz Interpolation Theorem

not only implies L, boundedness, but also strong L, regularity.

Theorem 8.4. Let T be of weak type ¢; and ¢g; with 1 < ¢; < ¢; < 0.
Then, for every p with ¢; < p < ¢z, T defines a strongly L, regular operator
T : Ly(I) — Ly(I).

Proof: Theorem IV.{.11, p 223 of (Ben) implies that T also is of joint
weak type (¢1,91;92,92), i-e. for f € Ly(I) N Loo(I), we get a constant ¢ > 0
such that (cf Definition IIL.5.4. of (Ben))

(Tf)*(t) <c Sl/qul/qz(f*)(t)'

Since 1/¢; > 1/pand 1—1/g, > 1—1/p, it follows from the Theorem 8.2. that

51/q1,1/q; is strongly Ly regular, and thus so is T
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Since L, bounded operators are in particular of weak type p, we get:
Corollary 8.5. Let T : L,(I) — L,(I) be a bounded linear operator
for all p € (a,b) with 1 < a < b < oo. Then T is strongly L, regular for all

p € (a,b).

8.6. The Hilbert Transform: Let I := (—o0,00). For f € Ly(I) N

Loo(I) define the maximal Hilbert transform H,,,. by
Hma::f(s) = Sl;lg |H€f(3)|,

where

H.f(s) 1= > / FO g 1 /mze f(:—‘t)dt.

T Jjs—t|>e S — ¢ T
For 1 < p < oo, we see from Theorem IIL4.7., p 134 of (Ben) that for some

c¢>0and any f € Ly(—o0,00):

(Hmazf)* S c Sl,O(f*))

where Sy, is the Calderon operator of 8.1. This, in paricular, implies the

boundedness of the (maximal) Hilbert transform for 1 < p < oo. (See also

Theorem III.4.9., p139 of (Ben).) Here we define the Hilbert transform
H : L,(—00,00) = Ly(—00,00)
as

Hf(s):= lim Hcf(s).

e—0+

If I := (—m,n], we define the Hilbert transform by

Hf(s) = lim H.f(s),
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where s € (—m,n| and

H.f(s) := —1/ flo=t) gy —l/ ) g

T Ja>it|>e Zta‘n(t/z) T Jr>|a—t|>e¢ 21:'8‘11((‘9 - t)/2)

Theorem V.2.4. of (Tor) shows that H defines a bounded linear operator

H : L,(I) — Ly(I) in this case.

By appealing to Theorem 8.2. in the case of I := (— o0, o), or to Corollary

8.5. if I := (—m, ], we get:

Theorem 8.7. Let I := (—00,00) or (—m, 7|, and 1 < p < co. Then the

Hilbert transform H defines a strongly L, regular operator.

For the unit circle I := I', which we cannonically identify with (—, 7], we
denote by S°°° __ a,e'™ the usual Fourier expansion of a function f € L,(T).

The spaces
H,(T) := span {e™:n=0,1,2,3,..}

are called the Hardy spaces on I'.

Corollary 8.8. Let 1 < p < 0o. The projection

fAy= Y ane™ = Pf(t) =D ane™
n=0

of L,(T') onto the Hardy space H,(T') is strongly L, regular.
Proof: It follows from Proposition III.3.1. and Proposition IIL6.2. of

(Tor) that the above projection is L, bounded iff H is bounded on L(—m,].

Define the Hardy-Littlewood maximal operator M for a locally in-
tegrable function f by

1
(MF)(w) = sup /Q (t)ldt,
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where the supremum extends over all subarcs @ C T, and p or dt, resp., denote
the normalized Lebesque measure on I'. Here T is naturally identified with the
interval (—m,7]. Then M extends to a bounded operator M : L,(I') — L,(T')

for any 1 < p < 0o. Note that M is not linear.

Remark 8.9. For 1 < p < oo, the Hardy-Littlewood operator on I’
satisfies (S1) of Definition 5.1.

Proof: It follows from Ezercise II1.12.(b), p 177 of (Beh) that for some
constant C > 0, the Hardy-Littlewood maximal operator satisfies (M f)* <

C f** for any locally integrable function f, and thus for any f € Ly(T').

Remark 8.10. The following special case of the Calderon operator,
namely S = S, is encounterd rather often. Clearly, S : L,(I) — L,(I),

I :=(0,00), is of the form

Sf(s) = %/jf(t)dt+/°° ﬂtt—)dt

with the obvious modification if I := (0,1).

IfI:=(0,1), for any 1 < v < oo, set
hy:(0,1) — (0,00) as h,(s) := s~ /7

(cf Proposition 7.8.). Then the Calderon operator on I := (0,1) satisfies

Shal®) = {1+ 772} o),

where ¢ € (0,1).
For any 1 < v < oo, by Remark 6.2. and Lemma 6.3., the Calderon
operator defines a bounded map from M(+(h,)) = L7°°(0,1) into L">°(0,1).
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Since § = Sy, is a selfdual operator (S;,o = 51,0 according to Definition
II.5.14., p 150 of (Ben)), S also extends to a bounded map from A(¥(g-)) =
L7'1(0,1) into L7 '1(0,1).

If I :=(0,00), consider

e ifo<t<1
hap(t) = {t—l/ﬁ ift>1

forl1 < a < ooand 0 < 8 < o©. A computation shows that the Calderon

operator satisfies

Sho o(s) = § (FI7a T QT+ (5 —0) ifs <1

i) Assume 0 < # < 1land 1 < @ < oo. Then hqog € Ly(I). Furthermore,

Shap < Che g is satisfied for

C =C(e,f):= max{1+ +

1

Fix 1 < p < co. Consider S as a bounded operator S : Lp(0,00) — L,(0,00).
If
l/p<p <1,

then ¢(hi{g) is a (quasi)concave function with
$(he/§)(c0) = oo.

Claim: If 8 > 1/p, then hi/‘g is a regular function.

Proof: For t <1, we see that

1 /t 1/p 1
h/3(s)ds = ————,
thi/2(1) Jo () 1—1/(pe)
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since p > 1 and thus pa > 1, and

1 l/q 1
8)ds = ————,
th/%(1) /; (%) 1-1/(ga)

since ¢ > 1 and thus go > 1.

Furthermore, for ¢ > 1, we obtain that

. t — ! /8- 1
tha.ﬁ(t)/(; has(s) ds__{l—l/oz_1—1/ﬁ}tl 1_1_1__1/13'

Thus, we need to require that p3 > 1 so that hl/,g is a regular function.
Note that (if also g8 > 1)

1 1
/(pa)’ 1 —1/(pB)

Mp/P) = max{— }=(®8) >4

and
1 1

~1/(qa)’ 1 -1/(¢B)

Therefore, the second condition in Theorem 7.3. fails, since

M[k/%) = max {5 }=(h) >

1 1
M[h,l/P] + M[hl/'J]

<1l/q+1/p=1.

Nevertheless, according to Lemma 6.3., we may conclude that S defines
a bounded map from M('qb(hl/’g)) into M(¢(hi<g )- Since p > 1 is arbitrary,
and hl/’g = hpa,gp, We see that for any 0 < f <1l and 1 < a < 0o, § extends
to a bounded map from M(¥(hyg)) into M((hq,g)), and by duality (S is
selfdual), from A(¥(hq,p)) into A(¢(ha,g)).

ii) Given 1 < a < oo, setting § := «, by Remark 6.2. and Lemma 6.3.,

we see that S defines a bounded map from M(¥(hq,a)) = L¥°(0,00) into
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L*®°(0,00), and also from A(t(ha,q)) = L% 1(0, 00) into L*1(0, c0), since §

is selfdual.

iii) Suppose now 1 < o, < oo. If we understand by
L' = £2'(0,1) N L (1, 00)

the space of all measurable functions f on (0, 00) satisfying
xX(o.nf € L¥1(0,00) and x(1,00)f € L? (0, 00),
and similarly define the space L%#>, then S defines a bounded map from

L8 into L"‘"ﬂ"l, and from L% jnto L%,



CHAPTER III.

REPRESENTATION OF L, OPERATORS BY KERNELS OF DISTRIBUTIONS.

9. Definitions and Examples.

Many well-known operators in analysis have a useful representation by

kernels of distributions.

Example 9.1. For every positive operator T' : L,(X,r) — Ly(Y,v),
1 < p < oo, there is a kernel (sty),cy of measures on X such that for all
f e Ly(X,p):
Tfly) = /f dp, v-a.e.

Example 9.2. The Hilbert transform H on Ly(—o0,™), 1 < p < o0, is
given by

Hf(z) = CL(f) p-ae.

for all f € L,(—o0,00), where » — (', is the kernel of Cauchy’s principle value

distribution

C:(f) = lim l‘/ Mdt
0T Sla—tjze} T

(cf Sect. IIL.4., p 126 of (Ben)).

Example 9.3. For f € Ly(-n0,x) N Ly(—>,o0), we may write the

Fourier transform
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where © — E is the kernel of the distribution

E.(g) = /ei’yg(y)dy-

In the case of the first example, we actually have a characterization of
positive operators in terms of the representing kernel. This leads us to the

following question.

Problem 9.4. Is it possible to characterize strongly L, regular operators

in terms of a representation

Tf(r) = D.(f)

where D, are distributions in an appropriate class?

Such a characterization would distinguish between Examples 9.1. and 9.2.
(which are strongly L, regular) and Example 9.3. (which is not strongly L,
regular).

At this point, we cannot answer the above question, but in the next sec-
tion, we give a general representation theorem for L, operators in terms of
distributions, which may be considered as a first step in this direction.

This theorem is motivated by Lemma 9.5. below. But first some notations.

We shall assume 1 < p < oo and ;l) + 1% = 1. Let X be an open, bounded
subset of RV. g will denote the Lebesque measure on X .

By WJ(X) with 1 < p < oo and n > 1 we denote the Sobolev space
consisting of all functions for which the following norm is finite:

1fllnp =D IDISI.

lil<n



Here the norm || || denotes the appropriate L, norm on X. We denote its
topological dual by W (X)) .
The Banach space L..(st,n,p) consists of all f(¢,z) = f(t)(z) on X x X

such that the following norm is finite:

A := ess SUPteX”f(i)”mP'

Similarly, one defines Lo (g, —n,p').
With the space D(X) of test functions we mean the space consisting of
all C*® functions with compact support with its usual topology. The distri-

bution space D'(X) is its dual.

The following illustrates that if certain assumptions are made on a linear
bounded operator T : L,(X) — L,(X), then its kernel can be described as a

distributional derivative.
For simplicity, let X := I := (0,1). Denote by J : L,({) — C(I) the

bounded linear operator given by

t
Jf(t) :=/ fdu
0
where 1 < p < 0o, Set T:= JoT : L,(I) — C(I), and denote its dual by
T': M(I) — Ly (I).
Lemma 9.5. { T:=JoT: L,(I) — C'(I) maps D(I) into D(I), then

d
dr

Tf(z) = (5-G(x))(f) x-a.e.
for any f € D(I), where G(z): I — Ly(I) for any = € I is given by

G(x)(y) = T'6.(y).
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Proof: Since Ly (I) C D'(I) and %Tf(m) = T f(z) in D(I), we have for
any f,( € D(I) that

< Lhf) cla) >= — < Tf(e), 1-() >

< Tf(z),{(x) >

- d - d
= - << b, Tf >, —Cz)>= - << Tz, f >, —((z) >
dr dzx

- << C), S > () 322 < Ge), S >, (() >

Since < G(°),f >= Tf(*) € D(I) and thus differentiable, we may apply
Remark A2.2., pp 1/8/49 of (Gel I) to obtain that

d , o d
T < G(z), f >=< EG(m),f > .

Therefore,

d
< Tf(z),((x) >=<< ;i;(r’(rv),f >,¢(x) >

for any ¢ € D(I). This gives the claim.

In Section 10, we shall deal with bounded linear operators which map
some Sobolev space W (X) into Loo(X). However, not all bounded linear

operators have this property as the following example shows.

Example 9.6. There exist bounded linear operators T : L,(X) — L,(X)
for which there is a G : X — L,(X) such that Th = G(h) for any h € L,(X),

but T does not map any Sobolev space W) (X) into Leo(X).

Proof: Set p:=2, X := [ :=(0,1) and I, := [1/(n + 1),1/n) for n > 0.
Then

1=,



For each n, pick a function g, € Ly(I) ~ Leo(I) and f,, € W2(I) which both
are supported in I, and satisfy || fullr,r) = llgnllLcn = 1.
Define the linear operator T, : Lo(I) — Ly(I) for h € Lo(I) by

Thh := /X:Nh'fnd,“"gn-

Since T, fn = gn, the restriction of T}, to L2(I,) does not map WJ'(I,) into
L(I,). Thus T := i T, as an operator from Lo(I) into L,(I) is bounded
and linear, but does not map any WJ(I) into Les(I).

Define G : I — Ly(I) by G(1) := i gn(t): fn. An applica.tion‘ of Lebesque

n=1
Dominated Convergence Theorem demonstrates that Th = G(h) a.e. for any

h € L,(I).

10. Kernels with Values in Sobolev Spaces.

Our theorem provides representation of any bounded linear operator on

L,(©2) where  is an open, bounded subset of RN,

Theorem 10.1. If T : L,(22) — L,(§2) , 1 < p < o0, is a bounded and
linear operator, then there exists a G € Lo, (i, —2N,p') (cf 9.4.) such that for

any f € Lp(f), the following holds in the Bochner sense:
Tf = /(v’fdu.
Furthermore, for any g € VV];“’N(Q) , we have Tg(1) = G(t)(g) 1-a.e.

Proof: Let J : VV;N(Q) — Lo (f2) denote the canonical imbedding. Since

J is nuclear for 1 < p < oo by Theorem 3.c.5., p 186/87 of (Kon), we can
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write
Told:WN(X)— Leo(X)
as
TJf =Y An falf) gn,
n=0
where

(/\n) € ll, ”fn”—ZN.p’ = la and ”gn”IJw(n) = 1.

For f € Uw,, ,(n), the unit ball of Wz ,(€2), we have that
ITTFII < allgal.
Set g := Y |An||gn|- Then g € L,() and |Tf| < g. Set

Q,:={teN:g(t)<n}

and
Tn = Xq, Tlw2n (@) = Xa, (T 0 J) : WiV () = Loo(9).
Since
ITnllwar @) —Ly = sup xq, ITflllze(x) <7,
Ifllzn,p=1

we have that T, is a bounded linear operator. Since VszN is reflexive, we have
that

T) : Li(Q) — W;*N(Q)

is a weakly compact operator. The Dunford-Pettis Theorem (cf Lemma 11, p

75 of (Die)) thus provides for any n a

Gn: Q— W3;N(Q)

4
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such that for any f € L;(Q):
Taf = [ GaOft)utt).

Also, the norm of T, equals ess sup,cql|Gn(t)||-2np- Since for any t € Q,
and any n < m, we have that G,({) = Gn(t) as distributions, we may define

G by setting G(t) = G,(t) for t € Q5.

Claim: For g € VV;;’N(Q) and any n, we have T,g(x) = G,(x)(g) z-a.e. on §1.
First, it is clear that G,(x) = 0 for any n and = € 2 — Q,. Second, by
Theorem 6, p 47 of (Die), we see that

(T )9 / G o(t)(9)F(t)dplt).

Therefore, we get for any measurable set 4 C Q:

[ Toattidntt) = (Tox ) = [ Gattia)dutt),
A
which is the claim.

Claim: For g € VV:N(Q) we have Tg(x) = G(z)(g) z-a.e. on Q.
By the previous claim, we have for any n and any measurable set 4, C Q,

that [ Totwdut) = [ Gttt

A Ay
Tglt)dp(t) = ], Glng)au).
An An

Since we can write every measurable set A C § as the disjoint union of
A, C Q, — Qp_1 where n > 0 and Qg := ¢, the claim follows from Lebesque

Dominated Convergence Theorem.

Remark 10.2. We indicate an alterative proof of Theorem 10.1. which

is based on a disintegration result of [Edg].
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Assume that the operator T': L(2) — Lp(Q) maps W, () into Lo (Q).
Let T' : L1(Q) — W, () denote the dual operator to T'|w;(qa). Set

et Txs
A= { (B : E € B(Q), v(E) >0},

where B(2) denotes the collection of all Borel sets of 2. Since

||T'ﬁ

!
U(E) “Wp_,r(ﬂ) S ”T ||L1(Q)-—0VVP_'(Q)?

we see that A is weak® relative compact. Setting m(FE) := T'x, for any
E € B(Q), we see that m is a vector measure absolutely continuous with

respect to v.
Identifying S5 with Q, F' with B(f2), A with v and V with W 7(Q) in
Theorem 2.1., p 447 of [Edg], we obtain a G : £ — W, 7(Q2) such that

T'y, = / Gdv.
) E

As in the above proof, we now obtain that
Th = G(h) v-a.e.

for all A € W ().
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APPENDIX A.

Equiintegrability and Basic Sequences.

In this appendix, we give some basic results on equiintegrable and pairwise
disjoint sequences. These facts are essential for the proofs in Chapter I.

First, we show that any bounded sequence in L,(I), I := (0,1) with
(normalized) Lebesque measure 1, 1 < p < 0o, can be split into a disjoint sum
of an equiintegrable and a disjoint sequence. (For the history and extensions of
this device, consult [Wei VI}.) Then we show how equiintegrable and disjoint
sequences relate to basic sequences isomorphic to I; and [,. The latter results
are well-known in Banach space theory, but they are still scattered in the

literature and we collect them here for the convenience of the reader.

A non-empty set M C L,(I) is called equiintegrable if for any ¢ > 0,

there exists a ¢ > 0 such that

/ |f1Pdp < e
If]>e

for any f € M.
M is said to be disjoint, if for any two functions f,g € M, there are

disjoint measurable sets A, B C I with f|4 = 0 a.e. and g|g =0 a.e.
Lemma A.l. Let (f,) C Lp(I), I :=(0,1),1 < p < o0. Set

A(fr) == irnltf limnsup ||an'2m}fn||,
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I A(fr) is finite, there exist a subsequence (fn,) C (f») and two sequences of
functions (gx) and (ki) such that:

1) frn, = gr + hi for all k, and g, and hj are disjoint;

2) (gx) is an equiintegrable sequence in Ly([);

3) (h) is a sequence of disjointly supported functions.

Proof: If A(f,) = 0, then (f,) is an equiintegrable sequence. We may
therefore assume, wlog, that A(f.) # 0. We can find a subsequence (f;)) C
(fa) such that lim lx, fioll = Mfa) where Fr == { |fp] 2 7 }. Set g; =
f) = Xxr, fi) and ki := X fra)-

Claim: A(g») = 0. Assume not. Then we can find a subsequence (g;;) C
(9i), and sets G; := { |g;;] > j } such that liJr,n X, 9551l = A1 > 0. Thus,

”X{U(.'j)lZi}f(ii)” > IIXFijUGj f(;,)” Therefore,
DXgise, yi2is TP 2 Wxey, S lIP + lxa, FinllP = Mfa)? + A7 > A(fa)P,

a contradiction. Hence A(g,) = 0, and (g») is equiintegrable, as required in
Part 2).

The (h;) can be made disjoint using the following procedure: Reindexing
(f(s)), assume that h; = xr fi, Fi = {|f:] 2 i} and wlog |lh;|| > 0. Set
H; := hi/||hill = xF, fi/ l|IxF. fill.

Since A(f.) < oo, we have u(F;) — 0. Therefore, for any 0 < ¢ < 1,
there exists N(e) such that pu{|H;| > €} < p(F;) < € for any i > N(e). In
other words, (H;) converges to 0 in measure. Furthermore, if ¢ > N(¢) and

E := {|H;| > €}, then

1
/ |H;|Pdp = / |H;[Pdp — / |Hi|Pdp =1 — / |H;[Pdp > 1 —e.
E 0 E¢ {|Hil €}
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Thus, for € := 272, we can find n; such that g(E;) < 272 and

/ |Hp, [Pdp >1—272
E,

where E; := {|H,,| > 27?%}.
Again, we can find 72, > nj such that for j > 7i; we have that u(Ej) <273
and
/ |H;{Pdp > 1 — 28
Ei
where E7 := {|H;| > 273}. Since u(E’) — 0 as j — oo, we can find ny > i,
such that
/ |Hnp, Pdp < 273,
En2

Thus for E, := E™, we see that u(F;) < 273,

/ \Ho Pdpe > 1 - 273
E»

and
/ [H, [Pdu < 278,
E,

Inductively, we obtain a subsequence (H(;)) C (H;) and a sequence (E;)

of measurable sets such that u(E;) < 2771,

/ |HpylPdp > 1 — 2711
B,

and
-1

/ 3 B P < 271,

k=1

o0
Set 4;:= E; — U E;. (A4;) is a sequence of pairwise disjoint sets. Let
i k=1+1
hl = H(I)XA;- Then
- Bl = [ \HoPda= [ HoPdu+ [ (P
A Ef E - A
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<274 Y / |HyPdp < 27714 Y 27kt <ol
k=1+1"Y Bk k=141

Set -’—ll = ’.ll “XF(;)f(l)”' Then
Ik = Byl = lxra, fooll I — Hpll S M 278 =0

where M := Sl;p“XF(‘)f(l)” < 00, since A(fr) < oo.

Thus (k;) and (g,) given by g, := fi — h; meet all parts of the Lemma.

Lemma A.2. A) Let (f,) C L,(I), 1 < p < oo, be an equiintegrable
sequence converging to 0 in measure. Then ||f,]| — 0.
B) Let (f,) be a normalized sequence in L,(I), 1 < p < oo, which con-

verges to 0 in measure. Let (g,,) be an equiintegrable sequence in L,/(I). Then

J | fagnldp — 0.

Proof: A) i) Assume that even f, — 0 a.e. By the equiintegrability of

(f=), given any € > 0, we can find a constant ¢ > 0 such that

/ falPd < €
{|fal>c}

for any n. Thus, if f, — 0 a.e., then by Fatou’s Lemma

0< liminf/ |frlPdp < e +/ limsup |f, |Pdp
I {Ifnige}

n—oo n—oo

<e+ /limsup]fnlpdu = €.
] n—oo

Since € > 0 was arbitrary, we have the claim in this case.
ii) If || foll # 0, then there is a subsequence (fn') of (fn) with ||fn/]] > @

for some a > 0. But since f,,» — 0 in measure, there is a subsequence (f, ) of
k

(fn') with fn — 0 a.e. By Part i), ||fn; || — 0. Contradiction to || fu|| > a.



71

B) By Hélder’s inequality, hy := frgn is an equiintegrable sequence in L;([),

and converges to 0 in measure. Now we may apply Part A).

We now turn to basic sequences (f,) in L,(I), i.e. (fy) is a basis of
span|f,]. It is well-known (cf Proposition 1.a.12. of (Lin I)) that a sequence
(fr) with 0 < inf || fn]| < sup||fr|| < o0 and fr, — 0 weakly has a subsequence
which is a basic sequence.

A basic sequence ( f,,) of a Banach space X is said to be unconditional, if

o0
for any z € span|fy,], its basis expansion Z an fn converges unconditionnally,

n=0
(= o]
i.e. Z €nan frn, converges in X for any choice of €, € {0,1}. For further details,
n=0
consult Section 1.d. of (Lin I).

Let t € I. The sequence (r,) of Rademacher functions is given by
ro =1, 7o(t) := sgn sin (2"nt) for n > 0,

while the Haar system is defined as h; = 1 and, for & = 0,1,..., | =
1,2,...,2%
1 if (20-2)27k 1<t <(20-1) 275
horqi(t) = ¢ =1 if (20 —1)2-%-1 <t <21 27k"1
0 otherwise.
For the Rademacher functions, Khintchine’s Inequality holds: For some

constant ¢ = ¢(p) > 0 and any square-summable complex sequence (a,) we

have
oo oo o0
(Y 1anl)? <UD anrall S (O lanl?)'?,
n=0 n=0 n=0

where 1 < p < 00, and, as usual, || || denotes the norm on L,(I).
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If we normalize the Haar system in L,(I), 1 < p < oo, then they form an
unconditional normalized basis in Ly(I) (cf Definition 1.a.4., p 3 of (Lin I)).

Lemma A.3. A) For any normalized unconditional basis (fn) C Lp(I)

there exist a ¢ > 0 such that
if1<p<2: || anfall 2 (D laal’)’?,

if 2 < p<o0: ” Zanfn” <c (Z Ianlz)]/z'

B) For any normalized unconditional basis (f.) C Lp(I) we have for some

¢ > 0 that
if1<p<2: |3 anfull (Y lanl?)/?.
if2<p<oo: | Zanan >c (Z o |P) 77

C)If1 < p < oo, then any disjoint normalized sequence (f,) C L,(I) is

equivalent to the unit vector basis in [,.

Proof: Part A) easily follows from a result on p 131 of (Lin), while Part
B) can be found on p { of [Joh] or p 209 of [Ros]. Part C) is well-known and

easy to check:

j antalPdn = [ 3 lanl? folPdn = 3 lanl”

Lemma A.4. Assume that 1 < p < oo, and that (f,) C Ly([) is a

sequence converging weakly to 0 and satisfying

0 <inf|[fx]l < sup||fnll < oo.
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Consider the following conditions:

A) A subsequence (f5,) C (fn) converges to 0 in measure.

B) (fa) ¢ M for any ¢ > 0 where M := { £ € Ly(D): p{lf] > elf]} > ¢ .
C) There exists a subsequence (f,,) C (fn) which is isomorphic to the unit
vector basis of I,.

D) There are ¢ > 0 and a subsequence (f,, ) C (f-) such that for any () € I,:

i 1<p<2: | arfarll S (X lorl?)7?,
k k

if2<p<oo: | Zakfnk | >e¢ (Z |k [P) /2.
k k

E) (f») is not equiintegrable.
F) There exist a subsequence (f,,) C (f»), 2 6 > 0 and a sequence of disjoint
sets (Ex) such that for all k:

/ | fri IPdpe > 6.

E}

Then:

ifl<p<2: Ac—==B=C<«=D<+=E <= F,and

if2<p<ow: Ac=B<=C«= D= E<«+=F.

Note that if 1 < p < 2, then Part C) does not imply Part B), and if 2 < p < oo,

then Part E) does not imply Part D).

Proof: A < B, E < F and B = D are clear.
Other directions are based on known results: (We may assume, wlog, that

| fnll =1.)
B = C: Theorem 2, p 164 of [Kad].
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D == E: For p = 1, this follows from the fact that the unit vector basis of I;
is not weakly compact, but equiintegrable sets are weakly compact in L;(I).
For 1 < p < 2, this follows from Theorem 8 of (Ros), and for 2 < p < 0o, from
Theorem § of [Kad].

F—= Bifl <p<2: Prop. I.1.15, p 21 of (Lin), also Lemma 1, p 4 and
Lemma 2, pp 12 - 13 of [Joh].

D= Bif2<p< oo: Lemma I, p 4 of [Joh] and Theorem 3, a <= d, p
166 of [Kad].

The remark at the end of the Lemma can be demonstrated by consider-
ing a sequence (g;) on L,(0,2) given by g; := f; + r; where (r;) denote the
Rademacher functions supported on (0,1) while (f;) is a normalized, disjoint
sequence supported on [1,2).

If 1 < p < 2, then (g;) satisfies Part C) since (f;) does by Lemma A.3.

Part C) and by Khintchine’s inequality:

1S angall? = 1Y anfal® + 1S anrall?
<l + O a2 <2 Jan,

and
1Y angall® 2 1) angnxon I? = D lowml?.

But also (g;) C M; for any 0 < e < 1/2.
If 2 < p < oo, then (g,) satisfies Part F), since (f;) does. But Part D)

cannot be valid, since this would imply for some ¢ > 0:

Z loea P 2 || Zan.‘]nnp 2| Z anmn|P 2 ¢ (Z |aen )P/

for any (ay) € I, which is impossible for p > 2.



APPENDIX B.

Rearrangements and Regular Functions.

In this appendix we collect some properties of rearrangements and regular
functions that are related to equiintegrable sets and L, operators. They will
be useful in Section I.4. and Chapter II. Unless indicated otherwise, I := (0,1)

or (0, 00).

Definition B.1. A function W : I — (0,00) is called regular if it
is strictly positive, left continuous and nonincreasing satisfying W(l—) :=
lim, ;- W(z) > 0 (lim exists because of left continuity) and fol W(t)dt < oo

such that its constant of regularity M[W] is finite where

1 x
M[W] = ilé;f) W (@) /(; W (t)dt.

Then we define
1

Furthermore, if W is regular and I := (0,1), set the infinitesimal constant

of regularity as

M(W) := limsup ! /W(t)dt
0

z—0+ :BVV(:B)

and
1

D(I’V) =1 W

Clearly, M(W) < M[W] and D(W) < D[W].
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Note that if I := (0,00), we do not require W to be integrable.

Remark B.2. A) Regularity on I := (0,1) or (0,00) is equivalent to
requiring that
°_W()
su ————dt <
zeﬁ’/o Wiz —1)

(cf Theorem 1.1.2., p 3 of [Rug]).

B) Assume that W € L,(I), I := (0,1), is differentiable (in the usual sense)

as a real-valued function and that the following limit exists:

Then:

i) If W is regular, then 0 < L < 1 and the infinitesimal constant of
regularity of W satisfies D(W) = L (cf Theorem 1.3.3., p 10 of [Rug]).

ii) If L <1, then W is regular and D(W) = L (cf Lemma 1.3.6., p 12 of
[Rug]).

iii) Under the assumptions of Part i) or Part ii), we have for any co > p >

WP is regular. <= p D(W) < 1.
Then, D(WP?) = p D(W). (See Theorem 1.3.4., p 10 of [Rug].)

C) Let M > 0, and W,W,, : I — (0,00), I := (0,1) or (0,00), be strictly
positive, left continuous and nonincreasing functions. Assume that (W,,) is
a sequence of integrable functions converging to W pointwise and in mean,
whose (infinitesimal) constants of regularity are no larger than M. Then W is

regular with (infinitesimal) constant of regularity at most M.



77

Definition B.3. We define the (first) rearrangement f* : I — (0, 00)

of a Lebesque measurable , a.e. finite function f : I — (0,00) by

Ff@):=inf {1 : ng(7) <},

where
ne(r):=p{t : |f(t)| >}

and p denotes the Lebesque measure on I. We assume that n¢(r) is finite for
some T € (0,00). In a similar way, one defines the (first) rearrangement for a
measurable, a.e. finite function on the real line (—;30, oo) or the unit circle I'.

Two measurable, a.e. finite functions f and g are said equimeasurable
if f* =g

The second rearrangement f** : I — (0,00) at t € I is defined as the

average of f* over the interval (0,1), i.e.

=1 [ o

Remark B.4. It is clear from the definition that f* always is nonin-
creasing and left continuous. For a nonincreasing nonnegative function {, we
therefore see that f(z) = f*(x) for all but possibly countably many z € I, and
f and f* define the same equivalence class in L,(I).

We always have f* < f**, and if the function f is regular, we have for all
zel:

£(2) < MIf] £ ().

For f € L,(I),1 < p < o0, we have that

IAE= 11 < 1P < g 1S
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where q denotes the conjugate index to p (cf Theorem 4.9., p 139 of (Ben)).
Our main reason for using the second rearrangement instead of the first, is the
following inequality which does not hold in general for the first rearrangement:

For two functions f,g € L,(I), we have
(f +9)"(z) < () + 9™ ()
for all z € I (cf §6.1., p 125 of (Kre)).

We shall need the following compactness principle.

Lemma B.5. If (f,) C Ly(I) is a sequence of nonincreasing nonnegative
equiintegrable functions, then there exists a subsequence (f(x)) of (f») and a

nonincreasing function f € L,(I) such that for any 0 < e < 1:
Jim ||f ~ fioll = 0.

Proof: Wlog, assume [ = (0,00). Helly’s theorem (cf Satz 3.2., p 247 of
(Vog)) inductively provides functions f™ € L,(1/m,00) for any m > 0 and

subsequences

(fgm)) C (fgm-v) C ... C (f,gl)) C (fa)
such that for any m > 0 and all continuity points z € (1/m,00) of f™:
fym(@) = f™(z)

Since for 0 < 1 < k, f* = f' on (1/l,00) except on an at most countable set,
we may pointwise define a (measurable) nonincreasing function f which for

any m > 0 equals f™ on (1/m, o) except on a countable set.
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Set f(xy := fx). Then (f(x)) converges pointwise to the measurable func-
k
tion f. Since (f,) is an equiintegrable sequence, we get from Lemma A.2 that

X[e,oo)f € LP(I) and

for any 0 < ¢. Also, the equiintegrability of (f,) implies its boundedness, say
|foll £ C for all n. It follows that ||[f™| < C for all m and f € Ly(I) by

Fatou’s lemma. Thus also ||f — f()l| — 0.

The second lemma deals with an alternate description of equiintegrability

in terms of rearrangements.

Lemma B.6. The following are equivalent for 1 < p < oo:
i) M C L,(I) is equiintegrable.
ii) The set {f*: f € M} is norm-compact in L,(I).
iii) For any sequence (f,) C M there exist a subsequence (f(r)) C (fn) and a
nonincreasing function f € L,(I) such that f(iy < f for any k.

iv) For any sequence (f,) C M there exist a subsequence (f(x)) C (f») and a

nonincreasing function f € L,(I) such that f(iy < f for any k.

Proof: i) = ii) follows from Lemma B.5.

ii) = iii) Given a sequence (f,) C M, we choose by Part ii) a subsequence
(f(x)) such that f(*k) — f € Lp(I) in norm. Set h(xy := fiy) — f(yy A f where
f(*k) A f denotes the pointwise infimum of f, and f.

Since || f¢) — fll = 0,

Jm Al =0
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and, by taking subsequences (h(;)) again, we obtain that

> bl < oo
l

Setting F' := f + 3 hqy, F € Ly(I), we see that (f;)) and F' have the
disired properties of Part ii).

iii) = iv) f(}) < f implies iy < f** € Lyp(I).

iv) = i) If M C L,(I) were not equiintegrable, we could find ¢ > 0 and

a sequence (f,) C M such that

Ix11fni>ny frll 2 €

From Part iv), we obtain a subsequence (f,,) C (f.) and and an L, function
f such that f; < fi* < f.

But then ||x{f>n,} fIl > € for any k, contradicting f € L,(I).

Lemma B.7. For any 1 < p < o0, € > 0, let L;(I) denote the class of
nonincreasing nonnegative functions f € L,(I) — {0}. Then, for any ¢ > 0,
there exists a map W, : L;(I) — Ly(I) such that for any f € Ly(I):

i) f SW(f),

i) [We(H)Il < 1+ lF,

iii) if f; < f; where f; € Ly(I), then We(f1) < We(£2),

iv)iffoT flie o< fi <...<fi<... < fand fo — f) where fi, f € Li(1),
then W (fa) 1 We(f),

v) We(f) is regular and the following inequality holds for any = € I:

[ wanmae < @+ ) a oW )
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where ¢ is the conjugate index to p (¢ = 1 if p = o0).

Proof: Define T : L,(I) — Ly(I) by Tg(z) := L J g(t)dt. Then T is a

bounded linear operator with

2. ifp<oo
= = -1
ITl=g= {51 25

for any 1 < p < oo (cf Lemma II1.3.9., p 124 of (Ben) with ¢ = p = A™!).
Thus, we may define § := Z:;o(%)" for any a > ¢ as a bounded linear
operator in Ly(I).

Set W := W(f) := Sf. Then W(1-) > 0 and fol W(t)dt < oo are clear.
Also, Part i) is satisfied.

Since T'g = ¢g** for every nonincreasing nonnegative function g € Ly(I),
we see that W is the sum of nonincreasing nonnegative functions and therefore

nonincreasing itself.

Part ii1) follows from TW < aW, i.e. since T and S are bounded (a > g):

T T+l
= = -\ > = .
aW = aSf aT;(a)f__; ——f=TW.
If we choose a := (1 + 1)q, then
— 1, T\n N, € n
IWI = 1571 < S UGS Yo () A1 < (1 + Ol
n=0 n=0

Thus Part ii) is clear.
Part iv) follows from the fact that S is a positive operator. Part v) is
immediate, since Part iv) shows W (fy) < We(f1) < ... S W(fi) < ... <

W.(f) and the continuity of S implies W(f;) — We(f).

Lemma B.8. For any 1 < p < o0, € > 0, there is a map h. : L (I) —

L3(I) such that for any f € Ly(I):
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i) f < he(f), and he(f) is the second rearrangement of a regular function,

i) |Re(HIl < (1 +€)q [ £,

iii) if f1 < fo where f; € L3(I), then he(f1) < he(f2),

iv) if fn T f where f;, f € L;(I), then he(fn) T he(f),

v) for any 0 < k < p and any € > max(0, T’f’%}—}—,), RE(f) = [he(£))* is regular,

and the following inequalities hold:

e+1 k e/p+1
B € gy and DI <k 22T,

Proof: The identity W(z) = «(W**)'(z) + W**(z) (z € I), valid for any
absolutely continuous, in particular any regular function W € L,(I), demon-

strates that for any 0 < k < o0 and 0 < ¢ < 1, the following are equivalent:
/ W(t)dt < (1 —¢)~ ! zW(z)
0

—

—a(W*)(z) _
W*(z) =

—

_a[(W*)H] (=)
RO

C.

Set h := W**. Then the last inequality is equivalent to
~z(h*)'(z) < ke h¥(z).
For 0 < k < p we see that

. k 1 *x1k .
t&l& th®(t) = tl_x’rgl+t[W 1(¢) = 0,
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since x0,)W** € Lx(I) if 0 < k < p. Therefore, assuming k¢ < 1 and
0 < k < p, integrating
—z(h*)'(z) < ke h*(z)

by parts gives

/2 RE(t)dt < (1 — k)™ ah®(z).

Thus, if W is regular, then h* = [W**]* for 0 < k < p is regular provided
kc < 1 where c is determined by M[W] = (1 — ¢)~1.

Given f € L,(I) — {0} and ¢ > 0, let W = W,(f) be the function ob-
tained when Lemma B.7. is applied. Let h = h(f) := [W(f)]**. Then
he(f)(1—) > 0 and fol he(f)(t)dt < oo are clear. Parts i), iii) and iv) fol-
low from the corresponding parts of Lemma B.7. and the properties of the
second rearrangement, in particular its continuity. Part ii) is an immediate
consequence of Lemma B.7. and Remark B.4.

Finally, we need to show Part v). For 1 < k < p, setting

(=) o= (1+ 2)g > MIW.(f)

shows
_€¢/p+1
T oe4+1 7
Taking
k-1 e/p+1
6>1——k/p (=& e 1 < 1),

we see that

be = k(e/p+1) <

c+1 L
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and thus h%(f) = [he(f)]* is regular with constant of regularity M[h¥(f)] no

larger than

1 e(l—k/p)—k+1 1 e+1
Gt = T @ Rt

For 0 < k < 1, any € > 0 will do. In this case, the regularity of h*(f) also

follows from Theorem 1.1.7., p 6 of [Rug].

Lemma B.9. For any 1 < p < oo, f € Ly(I), € > 0 and any bounded
linear operator T : L,(I) — Lp(I), there exists a nonincreasing function F €
L,(I) such that
) (TF)™* <(1+3)elT| - F,

i) |[Fl| < (1 + )l fll, and f < F,

where || || denotes the norm on L,(I) and g is the conjugate index to p.
Proof: Assume T # 0. Define inductively for any n > 0 the operators
Tn: Lp(I) — Lp(I)

by Tvf = (Tf)** and Tpi1f = (T(T.f))**. Then (T,) is a sequence of

bounded linear operators in L,(I), and a simple estimate shows that

1Tl < g™ ITN™ 1Al

where ¢ denotes the conjugate index to 1 < p < oo. Set

F:= Z a"Thiaf,
n=0

where
€

(1+e€) g Tl

a .=



Then

(TF)* = (Y a"T(Tof))* <D a™(T(Tuf)*
n=1 n=1

and

oo Gn”Tn” oo ¢
<
IFI < 3 5 g M1 < 2

n=1

d 1
= Z an_lTnf < _F7
n=2 a

YA < @+ 9l fl-
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