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This paper presents the results of en experiménts] study of
the verticsl rise of golitary waves on impermsable slopss conducted
in the laberatory of the Beach Ercsion Beard. The test proyram,
analysis of the data, and preparntion of the report were accomplish-
ed h’ J'I Yo Hl]l, Jr., of the Etgﬂ.mering Division and Mrgﬂ M,
Watts of the Research Diviaion,

The testine for this study was conducted ahxtly before the
beginning of World Wer I1 and contemplated additional testing was
curtailed due to the war, The experimental data presented are not
complete in terms of covering the desired range of conditions,
Em the results obtained are believed to merit publication at

time,

Tests using oscilistory waves in connection with wave run-up
on varioua types of impermesble shore structures are currently
being made for the Beach Zrosion Board at the Woterveye Experiment
Stetion of the Jorps of Engineers, Vicksburg, MNississippl and
additional lsborstory studies of wave run-up on impermesble slopes
as a result of tsunamis are %o be undertaken scon by the Heach
Erosion Board., The weturways Experiment Station tests and con-
templated tsunasi study are in effect a contimuostion of the satudy
presented hurein,
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LAREANRY INVESTIGATICN OF THE WERTICAL RIS OF
SOLITAEY WAVES (M DMPERMZATLE SLOPES

NIRODECTTON

1., Purposs. The maxizmum elevation of wave run-un is an [srortant
parsmeter TRat must be considered in the design of shore line structures.
This sarameter is capecially significant for ccastal protective works having
& =loping seasard face, The condition in which the slone iz Blarketed with
a permesble material has been studisd to soms extent, but 1ittle informatien
is available for the case ~here the sloninp surface is impermcable., This
is particularly true for suchk woves as chanmel surges, lood waves, and
tsunanls, all of whish have casentially the mature of solftar. saves. 4B
Lthe «robler (n these cases ie to provile seconoplieal rretactios apminst one
large wave, the major -ortion of the strunture may not be aubiected Lo
wavey of normal or even storm inotensity. Faclunsl dats on the Redipht that
waves will rise on an impermeable slope will add the coastal enpineer In
arriving at the maximum elevalion of this typa structure ard help assess
the volume of flooding landward of the structure during extreme wave zon-
ditions,

2, The purposs of this laboratory study iz to determine and evaluate
the ralationships between wave height, water Jdepth, impermeable slope angla,
and the maximum elevation reached by a wave rurning up the slose, The
investigation wes carried out by emcloying & solitary type sava, therafore the
data presented cannot neceasarily be extrapolated to the sane of = train of
oscillatory waves. Incidental data relative to wave velocity became available
mm thﬂ l&nh

3. Progedurs. It was realiszed that ths ums of a trailn of oscillatory
waves in tiis particnlar study would result in 2 cam-lex water =u=face
pattern throughout the wave tank, since much of the penrrated or inecident
vave energy would be reflected from the impermeable slere in the Torm of
vaves, and this pondition would male it difficult to obtain reliskle test
measurements of tha generated waves. The sardbhlem, therefore, wme confined
to the properties of & solitary type wave and by conasidering the influenc-
ing variables, the various varsmeters could first be derived through
dimensional analysis, Utilizing the dimensionless parameters as an index,
the investigation then Llovolved evaluating these narameters by setting up
the oxperimental apparatus for genarating the solitary wave, setablishing
slopes, and develoning the necessary instrumentation "or obtaining pertinent

4, The laboratory apparatus permitted testing with the following
rages of conditions:

Slopes - (degrees) =5 to 5
5t111 water depth - (feet) = (.50 to 2,25
Wave heights - (feel) = 0,005 te 0.5
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The testing program was arranged 50 that two of the above varisbles conld
be held constant md Lthe third varlsd with sach test, and wave run-up values
meastired for various cambinations of comditions.

UEVELQOPHENT OF DIMENSTYONLESS PARAMFTERS

5, The variables involved in this study appeared to be:
linear dimensions

= height of wave above still water Immedialely before
becoming influenced by the slope

= s5ti11 water despth

Wwave run-up on slope and expressed as vertical height
above still water

length of wave, crest to crest

glope of seaward face of structure expressed as the
vertical angle in degrees between the structure face and
the hordizontal

4 JE o - =0 =
L]

Einematic and dynamic suantltles

C = velocity of trawvel of wave crest

ET‘ total potential and kinetic energy of wave above still
water

Physical properties of the [luid

p = density of the fluid
W = dynamic viscosity of the fluid

Utilizing Puckingham's Pi Theorem (1)# the following general ecualion =zan
be written

fﬁhd:ﬁnluslﬂrgqriﬂlil}'n {1]
If each term is expressed in dimensional units of 1 L; time T, and
Mass M, there will be six dimensionless w terms in function.

£ f'ﬁir T “3! “"‘""‘F\‘,s} = 0 (2}

Selecting variables of length d, velocity €, and density , with the
remaining terms acpearing singly in cach group with a nepative exponent,

it follows
m - & 1 pﬂ wl "h " dxh crl: p:h gt
m, = &2 0% p%2 71 ng = a5 o 25 r-:f_‘l
e @ OBl L @
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Expressing sach term in dimensional units of W=-1-T &d sclving values [or
the ex-onents, there results

o 0.-1 : B -0 o=k
medC pd wdh m=dC o W d/n
- - 1
nztdﬂﬂ_-ai.l-#t ng-dzczrgl-dzc- /%,
L0 a0 0., i
MoEC RIS weedup YT edT Al
and
M, =@ (fys Ty Ty Wy ) (3)

Subst ituting, their results

a b e B d e
R/d = ¥ E}‘r‘fd] » (L/d)7, (5)7, {F:EE_} » {E_I:L..J'] ] )
g

If it is assumed that the wave height amd still sater depth are the dominant
characteristics of the solitary wave apd the wave lencsth is infinite, the

m, term can be sliminated., Tast data (3) 5) 11lustrate that for a
'gli-'n.ry wave the velooity of wave propagation is a function of the still
water depth and wave height, and the total potential and kinetic emergies
of the wave form above Lhe still water level are approximately equal; these
relationships being

£? - gd (5}

By = LSl pn¥/2 a¥? (6)
where g 18 the acceleration of gravity.

If equations ES} and (A) are considered in the re torm, the term can be
reduced to & (h/d)¥ which is identieal to the n7 term; thus showing that
the energy paramster 1l automatically handled uh&n evaluating the h/d
parameter, It is belisved viscous effectis would be peglipible in this
study which would eliminate the evaluation of the Reynolds number or Tige
With these considerations the function to be studied reduces to

Rid =¥ I:rhm' {s}‘] (7)
where the constant ¥ and exnonents a, and ¢ can be evaluated by test data,

6, In evalusting the above parameters, certain relationahips of s
solitary wave must be conaidered. In general, the solitary wave 1s a wave
of translation and can he considered essentially irrotational, If fristicn
effects are not considered and the desth is constant, the wave has a

permacent form and constant velocity in the direction of nropagation with



a theoretical 1y infinite wave length, The fluid particles are positively
‘displaced in the passage of this type of wave; the particle motion being
that of accelaration, from sero to maximm weloeity /wave crest), and
deceleraticon back to sero after passage of the wave crovt, The positive
horizental displacement of the floid particles is proportional to Lthe wave
volume, This motion differs from fluid motion in oscillatory waves in that
oscillatory waves are periodic and move the fluid particles in essentially
a circular or elliptical path, with no sppreciable poaitive displacement.
Various degrees of approximatiom have been presanted in published literature
concerning theoretical solutions for the actions of the solitary wave by use
of the dynamical souations of motion in an infinite seriea. The ecsential
solitary wave characteristics can be described by Lhe wave helght and still
water depth, (2}, (3), (k). These are as follows:

Wave profile
2|, m V2
hx-hmh [—MI:' {I'Ct-} fﬂ]
where h:: = helght of surface orofile above still water at any noint x
h = maxlmusm halght above still water
d = still water depth

x = barizontal displacement of point of measuremant Crom vertical
axie of reference

C = veloclity of wave traval
t = Lime slapsed since rassapge of save crest past vertical axis
of reference
Velocity of wave propapation
2

C" = gd (%1
Total wave energy
By = L3h pen¥? g¥/2 (43

The dimensfonlese parameters developed in carapraph © can be evalusted,
by use of the above relationships and experimental data of wave height, etill
water depth, and wave run-up.

APTARATUS AND PROCEDURE
7. Wave Tank, The wave tank used for this investipaticn wss = con-

crete tank D5 feet long, 1L feet wide and L feet deep. The wave penerator

was located &t ons end of the tank and the impermealile slope at the other.
Figore 1 is a schematic diagram of the laboratory apparatua,

L
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B, & pusher Lype wvave peterator was constructed for this study which
produced & positive uniform horizontal motion in any depth of water. A
water ballas: tank mechanically linked through a bell crank to the pusher
was raised by a winch te & specific elevation, When the brake was tripped
the downward motion of the drums transmitted through the linkage arrangement
imparted a horiscntal movement of the pusher face., Waves of various heiphts
could be generated and reproduced by sdjustment of the welght and fall of
drums,

9., The impermeable slope was constructed of 1/li-inch masonite on a wooden
support which included tenslon and compression members to check a "breathing®
type of movement of the slope under wave action. &1l surface joints on the
slope, and the space between the slope and walls of the wave tank wera filled
with an olam eompound and covered with a rubber varnish to insure water
tight conditions. A system of hand screws attached Lo the slope permitted ad-
justment of the various slope anglea and alsc adjustment of the slope to
maintain a constanmt distance between the wave pencrator face and the point
of intersection of the still water lavel with the zlope. The toe of the
slope was securaed to the tank floor before each test,

10. TWave velocity messurements weres made by use of a key poaiticned
at each end of the tank and auxiliary equimment. The closure of the key by
the wave energized a sclenoid which operated a stop watoch, Wawve heights
at the toe of the slope were recorded by visual obsarvaticn as the wave
passed an observation window emuicped with an etched scale, 5till water
depth measurements were made vith point pages, The 1imit of wave run-up
on the slope was read visually from & scale laid along the slope and the
vertical rise on the slope was computed therafrom., Adjustments of the
still water level values were made because of modification of levels by

disslacement of the pusher face. however the maximme porrection was only in
the order of one percent,

11. Test Conditions and Procednre. The slope angles smelacted were S,
10, 15, 25, and L5 degrees, Still water dapths were 0.50, 0,75, 1,00, 1.25,
1.50, 1,75, 2.00, and 2,25 feet, 7The throws on the rusher, to create wave
h&id’l‘hﬂ up to ﬂ.s fml-.. nre D-gn; u-?s, l-m; snd 1-25 feat., Combinations
of the above values of variables renuired approximately 160 tests. Rasically
the test procedure was:

@) adjustment of slove angle and position;
(b) adjustment of throw on wave gemerator;

(e) adjustment of still water levelj

(d) setting of instruments for automatic recording of data
pertinent to wive wvalocity;

(e) release of brake tc generate wave;

(f) Observation of wave height and wave rum-up,

6
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ANALYSLS OF HESULTS

12. Wave Run-up. The datas for all test runs on each slope angle are
given in Table 1. g«- tubul stion includes the measured xave height sbove

stil]l water h, the measured s=ti1] water depth d, the vertiecal comporent of
wave run-up K, and the various dimensionless ratios needed to investigate
the relationships developed in paragraph G.

13. Figure 2 shows plots of the relationship R/d « K(h/d)® for each
slops used, The data as plotted on log-log psper indicate that a straight
line can be drown through the points. The equatien of this line is of the
form as the nbove relationahip, Table 2 gives the constent K and the ex-
ponent & for this relationship as associated with each slope angle, Although
the arithmetical differences of K with various slope =ngles are not great,
there is sufficient evidence to indicate that the slope influences the
relationship. This evidence can also be noted in the small changes of the

TAHLE 2
Relationship R/d = K(n/d)®

__Siope %‘la
degrees gent K a

5 0,087 2,15 0,810
10 .16 el 1.042
15 Uy 260 3.75 1.120
2:’5 " .hhﬂ 3-35 1,122
[ J 000 3,10 1,150

exponent & for the verious slope angles. Figure } is a plot of the values
of K and 0 sgainst the tsngent of the glope angle. As can be seen there
app@ars to be & change in relationship near a slope angle of 12 degrees.
For the limdts of slope angle between © and 12 degrees

K =11 shé7 (5)

8w 1,9 503 (10)
and for the limite of alope angle between 12 and 4T degrees

K = 3,05 57013 (11)

a = 1,15 8002 (12)

When these values are substituted into the derived relationship there
results for 5 to 12 degrevs

R/d = 11 8967 (h;a}l-yso'ﬁ (13)

R/d = 3.05 570413 (/q)1-1580-%% (1)
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Although Lt comnot be ntated precisely why this change takes place at approx-
imately the 12 degree slope, it is probeble that the flstier slopes introduce
frictionsl effects between the toe of the slope and the intersection of the
stil] water level with the slops face which reduce the wave run-up.

the toe

the intersection of the still water level with the siope is reduced,

tands to reduce the frictional sffects. For wave run-up on stesper nlopes,
the welight and inertis of tlw wave beoomes the predominant factors rather
than the bottom frictional effects.

1. In connection with another rtudy (5), tests were made to study
the reflection of energy of a aclitary wave from permezble slopes and a8
a phase of thiz atudy some tests were made with impermeshle slopes. The
impermeable slope tests were not extensive, however there was an indication
that the reflected cnergy did not fellow the samé basic 1aw for all slope
englea, Indicationn were that the relationship changed near the 37-degree
slope. The data of these tesmts end of the report herein cannot be readily
interplotted to shed more light on this fact, however, the tuo sets of data
{1lustrate that there is a change of relstionship with slope which is pro-
bably due to 2 chenge in the propertdon of energy lost by friction. It
then appears that in this investigation for the range of conditions tested,
the dissipation of wave energy is at & minimum sroand the 17 degree slope;
consequently the highest values of the vertical comporent of weve run-up Will
ocour.

15, It ia to be noted that if the relationship B/d = K(h/a)®
s maltiplied by d/h there resulte

R/h = K(h/a)®? (15)

If the evalusted constant and exponent as found in the preceding paragraph
are substituted, thore results

for § to 12 degree slope R/h = 1].!‘[5]"':l"5""'f {h{d}l'p{ma'ﬁ'l (16)
for 12 to L% degree slope B/h = J.DS{E)'G‘”(M:!}L 15(8)0+ %R (17)

16. ave welocity. Comparisons of messured .nd somputed wave velecities
baned on measured 5t41) water level , d, snd wzwve heights sbove still
water, h, are given in Tasble 3. Data from this table are shown graphically
in Figure L. In comparing and computed velocities, the Lagrange velocity
1sw (3) € = +&7 ' indicates good agreement for velocities between £ and £
feet por pecond. Delow 6 feet per second this law requires a factor to
provide sgreement betwesn observed and computed values this factor bLelng a
function of the wave height. The limits of d and h in the wave tank would
not permit the generstion of waven with wvelocities much greater than 8

feet per second., For wave ties less than 6 feet per recond the more
exact relation C = -gld + appoars to provide the best agreement, and
holds true until the welocity is in the order of L feet per second which
is the Jower limit of the dats. At this value, it can be noted that the
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relation € = i{d+ 3) ' approaches the line of equivalence. These relation-
ships and test data indicate thet if the curvature of the wave surface is
small, the veloeity of propagation is closely related to 57 whereas if

the curvature or wave helght is large this relationship must be adjusted
to include the effect of wave height. In terms of error in using these
relationships for this investigation it can be seen by another plot in

Figure L that for h/d values between (.25 and 0.50 the maximum error in

uging C = +E({d+ 2 is + 2,5 percent, and for h/d values between 0,15 and
G.thhm-rrur'fnm; = is + 5.0 percent.

TASLE 3
COMPARISON OF MEASURED WAVE FROPAGATED
VELOCITY (C) AND COMPUTED VELOCITY BASED ON MEASURED h AND d

Measured Measured Measured

h d c c? 02 - gd % g(dsh) C%= g(d+h) C2e (d+] h)
ft. ft. ft./sec. £té/sec? 2
0.332 2.25 8.00 64,00  T2.5 T1a7 83.2 88.5
0.312 2,00 7.60 €0.90 6l 67.8 Thak 7945
04 302 1.75 7.62 58,10 E 3 61.2 6640 7.0
0.282 1.50 6.96 148,50 8.3 52.08 57.3 62.0
0.272 1.29 G.00 .00 40,2 lslea6 1490 52.3
0.212 0.75 525 27.60 241 27.5 30.9 3.3
0.252 0.50 .57 20.85 164 20,1 2l.2 26.2
SUMMARY

17, The general equation for wave run-up as derived in paragroph S is

. a b
R/ = X | (h/)®, (L/0)®, (s)°, LET?T y4 - )

Preliminary investigations and an analysais of the quantities involved as
related to test data, suggested that only two of the sbove perameters need
be considered; namely,

R/d = K |(n/d)a, (5]{]
The data indicated that there was relationship common to 2]l factors involwed;

however the relationahip was not constant within the limits tested. The
relationships determined for different alope angles were:

13



a. between 5 and 12 degrees
B/d = 11(8)0°67 (n/q)1-9(8)C-3>
b. between 12 to LS degrees
R/d = 3,05(5)~013 {Mﬁjl.ls{sjﬂ.uz

18, In this investigation it was found that measured velocities of
wave propagation agreed with computed velocities if adjustments were made
for verious limits of h/d values, The relationships giving the best
agreement are as follows:

C = 1&d for h/d values between 0,15 and 0,2lL;
C =/ Eld + /2] for h/d values between 0.25 and 0.50.
CONCLUDING REMARES

19, The relationships developed in this report are based on the
results of tests utilizing a solitary or translatory type wave. The
extrapolation of these results to the case of progressive cscillatory
waves would be gquestionable,

20, No scale relationship was used in this study, however prototype
aspumptions can be made and applied to the developed relationships with
the result being, it is believed, in the right order of magnitude. For
example, for an essentially impervious earth dike with a slope of 1 on 1.5
and an h/d value of 0,5, it can be computed from the last equation in
paragreph 17 that R = 2,92h. The function is such that the wave run-up
decreases slishlly as the slope approsches 1 on 1.
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