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Abstract: The shear modulus and normalized shear modulus degradation curve are the fundamental
parameters describing soil behavior. Thus, this article is focused on the stiffness characteristic of
15 different Warsaw cohesive soli represented by the parameters mentioned above. In this research,
standard resonant column tests were performed in a wide shear strain range, from a small one,
where soil behaves like an elastic medium, to a medium one, where soil has an unrecoverable
deformation. Collected data allows the authors to create empirical models describing stiffness
characteristics with high reliability. The maximum shear modulus calculated by the proposed
equation for Warsaw cohesive soil had a relative error of about 6.8%. The formula for normalized
shear modulus estimated G/GMAX with 2.2% relative error. Combined empirical models for GMAX,
and G/GMAX allow the evaluation of Warsaw cohesive soil’s shear modulus value in a wide shear
deformation range, with a very low value of the relative error of 6.7%.

Keywords: stiffness; shear modulus; resonant column; clay; clay mineral; empirical model;
laboratory studies

1. Introduction

It is commonly known that deformation characteristics of soils in soil dynamics and earthquake
engineering are expressed in terms of shear stiffness (G) and damping ratio (D), which are the
fundamental parameters describing soil behavior [1]. Knowledge of soil stiffness is required to calculate
ground movements and obtain solutions to soil–structures interaction systems [2], when subjected
to cyclic and dynamic loadings, i.e., earthquakes, machine vibration, vehicular traffic, blasting,
pile driving, etc.

Soil behavior is generally nonlinear and plastic in nature. However, at the low shear strain level,
below 10−3%, the soils’ response is usually assumed to be linear and elastic. Therefore, the corresponding
properties are referred to as small strain properties or elastic properties [3]. The small strain properties
of soil include shear modulus (GMAX), Young’s modulus (EMAX), bulk modulus (KMAX), constrained
modulus (MMAX) and Poisson’s ratio (ν). As recognized, shear modulus decreases and damping ratio
increases as shearing strain amplitude (γ) increases exceeding the threshold level defined in, e.g., Bai [4].
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These properties are regarded as the nonlinear dynamic properties and they are usually described by
the modulus reduction (G/G0) and damping curves. They are of important for the response analysis of
several dynamic problems, especially for high strain cases (γ > 10−3%) [5].

Values of small strain soil properties can be measured both in field and laboratory using dynamic
techniques and through a wide range of strains in the laboratory only. Laboratory testing plays a
vital role in soil stiffness determination. Still, it is already noted that they can suffer from various
disadvantages such as sample disturbance, sample preparation and apparatus sophistication [6].
Two different methods predominate in laboratory tests. The first one involves measuring the local
strain in triaxial testing [7,8], using some standard instrumentation, e.g., the linear variable differential
transformer (LVDT) [9] or submersible proximity sensor [10]. The second method is carried out
under quasi-static loading and includes the potential use of dynamic testing, such as resonant column,
bender elements and cyclic triaxial testing [11]. It is worth emphasizing that resonant column (RC)
tests and combined resonant column/torsional shear (RC/TS) studies are one of the most popular in
determining GMAX and G/GMAX.

The small strain and nonlinear dynamic soil properties are affected by a number of parameters
with varying levels of importance. These parameters can be divided into two groups, namely factors
related to loading conditions (strain amplitude, mean effective stress, long term time effect, number of
loading cycles, loading frequency or strain rate, overconsolidation ratio or loading history) and factors
regarding physical properties of soil (soil type, size, shape of grains or void ratio) [12]. Hardin and
Black [13] proposed a function to describe factors that influence shear stiffness as follows:

G = F(σ0, e, H, S, τ0, C, A, f , T,θ, K) (1)

where, G is the shear modulus, σ0 is the mean principal effective stress (or isotropic confining pressure),
e is the void ratio, H is the ambient stress history, S is the degree of saturation, τ0 is the deviatoric
component of ambient stress, C is the grain characteristics (grain shape, gradation and mineralogy),
A is the strain amplitude of vibration/loading, f is the frequency of vibration/loading, θ is the soil
structure and K is the temperature. Over the last decades, many investigations were conducted to find
the most important factors [4,5,13].

In this article, the results of RC tests performed for the investigation of the dynamic properties
of natural mineral cohesive soils from Warsaw in the context of man-made vibrations such as traffic
(trains, buses and lorries) and civil construction activities (installation of piles or sheet piles, tunneling,
demolishing structures, etc.) are presented. The behavior of soils and the relationships for the
estimation of GMAX and G/GMAX for cohesive soils proposed in the literature are described. Numerous
researchers proposed their own model for soil stiffness calculation. Nevertheless, they proved to be
inappropriate for the soil studied (clay mixtures and sand mixtures) in this publication. The resulting
large inconsistencies between the measured values of deformation parameters and these calculated
from the literature models determined the further search for more suitable formulas in order to
reduce, e.g., absolute and relative errors. Thus, the major contribution of this work is to provide new
empirical expressions, based on the own experiments, to correlate small strain and nonlinear stiffness
to important factors (e.g., mean effective stress, void ratio and plasticity index), which compromise
useful but straightforward tools in modeling the behavior of Warsaw mineral cohesive soils.

2. Extended Empirical Formulas for Cohesive Soils

The importance of small strain shear modulus (GMAX) for dynamic problems was referred to as
the same level as that of shear strength for stability analysis [14]. Lefebvre and Leboeuf [15] pointed out
that the small strain shear modulus is a fundamental characterization of soil deformability and plays a
crucial role in dynamic response analysis. Small strain shear modulus is also called maximum shear
modulus, initial shear modulus or low-amplitude shear modulus and denoted, beyond G0, by GMAX.
GMAX is constant and independent of the shear strain level for γ ≤ γt

e = 10-5, where γt
e is the linear
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elastic threshold shear strain [16] or nonlinearity threshold strain. Shear modulus is essential for small
strain cyclic situations caused by wind or wave loading. It is equally important to predict soil behavior
while designing highways, runways and their surrounding structures. Shear modulus can be used
as an indirect indication of various soil parameters. It correlates well to other soil properties such as
density, fabric and liquefaction potential and sample disturbance [17].

Given the importance of GMAX and the relative scarcity and cost of in-situ seismic measurements,
many researchers have developed empirical relations to estimate GMAX based on results from dynamic
laboratory tests, e.g., Carlton and Pestana [18]. Generally speaking, each empirical equation is expressed
as functions of void ratio (e) and effective confining stress (σ’0) as

GMAX = A f (e)σ′n0 (2)

where, A denotes the equation coefficient and f(e) denotes the function of the void ratio. As reported
in the literature, and based on the authors’ research [19], small strain shear modulus significantly
increases with confining pressure and distinctly decreases with the void ratio.

In Table 1, some proposed in literature relationships for estimation of GMAX for cohesive soils,
based on laboratory cyclic and dynamic tests, are summarized.

Table 1. Relationships for GMAX of cohesive soils.

Equations Soil Type Reference

GMAX = 3231· (2.97−e)2

(1+e) ·(σ
′
0)

0.5 Remolded Edgar Plastic Kaolin and
Boston blue clay

Hardin and Black 1968 [13]

GMAX = 445· (4.4−e)2

(1+e) ·(σ
′
0)

0.5 Remolded specimens of kaolinite and
calcium bentonite

Marcuson and Wahls 1972 [20]

GMAX = 1576· (2.97+e)2

(1+e)
·(σ′0)

0.5 Various clays; e = 0.48-1.36 and
PI=12−30.3%

Kim and Novac 1981 [21]

1.GMAX = 4500· (2.97+e)2

(1+e)
·(σ′0)

0.5

2.GMAX = 141· (7.32+e)2

(1+e)
·(σ′0)

0.6

1. Kaolinite PI = 25%
2. Alluvial clays; e = 1.5−4.0 and

PI = 40−100%
Kokusho et al. 1982 [22]

GMAX =

370· 1
(0.3+0.7e)2 ·(σ

′
0)

0.54
·(pa)

(0.46) Silty clays Stokoe et al. 1995 [23]

GMAX = 600·e−1.3
·(σ′0)

0.5
·(pa)

(0.5) Italian clays; e = 0.6−3.0 and
PI = 10−75%

Jamiolkowski et al. 1995 [24]

G0 = 5000·e−1.3
·(σ′0)

0.5 Seven clays; e = 1.47−3.29 and
PI = 19−116%

Shibuya and Tanaka 1996 [25]

1.GMAX = 358·e−1.21
·(σ′0)

0.57
·(pa)

(0.43)

2. GMAX = 506·e−1.1
·(σ′0)

0.42
·(pa)

(0.58)

1. Sandy silt, silty sand
2. Clayey silts;

e = 0.48−1.07 and PI = 10−38%
D’Elia and Lanzo 1996 [26]

GMAX = 9600 ∗ 1
(1+1.2e2)

∗ (σ′0)
0.5 Clays; e = 0.583–1.068 andPI = 9−27% Vrettos andSavidis 1999 [27]

GMAX = (6290− 80PI)·e−0.63
·(σ′0)

0.5 Undisturbed cohesive soils;
e = 0.365−1.118 and PI = 5−46%

Kallioglou et al. 2008 [1]

GMAX = A· (2.95+e)2

(1+e)
·(σ′0)

0.5

A = 1700SC + 2000; SC ≤ 0.6
A = −2000SC + 4300; 0.6 < SC ≤ 0.8

Compacted clays and sand-clay
mixtures; PI = 12−50%

Hassanipour et al. 2011 [28]

GMAX

p′r
= 20000

(1+e)2.4 ·(
σ′0
p′r

)
2 Various clays and silts; e = 0.48−6.15

and PI = 10−150%
Vardanega and Bolton 2013 [29]

1.GMAX = 3.02σ′00.68

2. GMAX0 = 0.82σ′00.96
Various cohesive soils from Warsaw;

e = 0.34−0.6 and PI = 14.8−27.5%
Sas et al. 2017 [30]

Where: e—void ratio (-), σ’0—effective stress (kPa), pa—atmospheric pressure = 100 kPa, p’r—reference
pressure = 1 kPa, PI = plasticity index (%), SC—sand content (-).

When using the empirical equations, one needs to take into consideration the test method and the
effective strain range for which the interested relationship is pertinent. It was challenging to measure
behaviors at small strains accurately in the old days by static tests. Therefore, resonant column tests
were frequently used. However, at present, small strains with a 10−6 shear strain level can be measured
according to the development of measurement devices.
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As the same importance as small strain dynamic properties of soil, the nonlinear dynamic soil
properties also play an essential role in analyzing the dynamic behavior of ground motion during,
e.g., strong earthquakes. The shear strains induced in surface deposits during such earthquakes
motions may be estimated around 10−2–1% [31]. This is only one example that shows that it is very
necessary to investigate the strain-dependent dynamic characteristics of soils at a wide range of strains,
from 10−4 to 10−2, in the laboratory.

Vucetic and Dobry [32] based on a review of cyclic loading test results for normally and
overconsolidated clays (OCR = 1−15), and sands, concluded that the plasticity index (PI) is the
main factor controlling the variation of G/GMAX versus γ. It was proved that higher values of PI

correspond to higher values of reduction of shear modulus. According to the authors’ research [30],
confining pressure significantly influences the shear modulus reduction curves. A confining pressure
increases G/GMAX curve shifts to a higher position.

In Table 2, some important relationships, selected from the literature, for the determination of
G/GMAX–γ curves are summarized.

Table 2. Relationships for G/GMAX of cohesive soils.

Equations Soil Type Reference

G
GMAX

= K(γ, PI)σ′
m(γ, PI)−m0

0
m(γ, PI) −m0 =

0.272[1− tanh
{

ln
(

0.000556
γ

)0.4
}

]e−0.0145PI1.3

K(γ, PI) = 0.5
[

1 + tanh
{

ln
(

0.000102+n(PI)
γ

)0.492
}]

n(PI) =



























0, 0 f or PI = 0
3.37·10−6PI1.404 f or 0 < PI ≤ 15
7.0·10−7PI1.976 f or 15 < PI ≤ 70

2.7·10−5PI1.115 f or PI > 70

Various cohesive soils
Ishibashi, I. and Zhang

1993 [33]

G
GMAX

= 1
1+(γ/γr)

α

γr =
(

0.0352 + 0.00101·PI·OCR0.325
)

σ′0.348
0 ; α = 0.919

Various cohesive soils Darendeli 2001 [5]

G
GMAX

= 1
1+(γ/γr)

α

α = 0.0021PI + 0.834; γr = γr1(σ
′
0/Pa)k

k = 0.316 exp(−0.0142PI); γr1 = 0.0749 + 0.0011PI

Various cohesive soils Zhang et al. 2005 [34]

G
GMAX

= b + c
(

0.5 +
atan( PI−d

e )
π

)

+ f
(

0.5 +
atan( γ−g

h )
π

)

+

i
(

0.5 +
atan( PI−d

e )
π

)(

0.5 +
atan( γ−g

h )
π

)

b = 0.99418785; c = −2.1598671; d = 10.039495;
e = −16.863967; f = 0.06296143; g = −0.01368813;

h = −0.02900694; i = 5.9454009

Undisturbed cohesive soils;
e = 0.365−1.118 and

PI = 5−46%
Kallioglou et al. 2008 [1]

G
GMAX

= 1
1+(γ/γr)

0.943 ; γr = 0.0037PI
Various clays and silts;

e = 0.48−6.15 and
PI = 10−150%

Vardanega and
Bolton 2013 [29]

1. G
GMAX

= 1
1+6.141γ0.9122e(−1.546γ+0.00983γ2)

2. G
Gmax

= 1
1+aγbe(cγ+dγ2)

1. Clays
2. Universal model for all soils

Amir-Faryar et al.
2017 [35]

Where: e—void ratio (-), PI—plasticity index (%),γ—shear strain (%), OCR—overconsolidation ratio (-),σ’0—effective
stress (kPa), Pa—atmospheric pressure equal 100 kPa.

3. Tested Materials, Test Device and Testing Procedure

3.1. Soils Characterization

The comprehensive analysis of shear modulus of cohesive soils required, in addition to identifying
the factors affecting soil stiffness, to select appropriate locations for collecting the tested material.
Therefore, three different test sites were selected, i.e., Pełczyńskiego (test site No 1), Bartycka (test
site No 2) and Pory (test site No 3) [36], from which the soil samples are particularly exposed to
the occurrence of various types of paraseismic vibrations caused by human activities, primarily
traffic. Every test site was located in Warsaw, test site No 1 in the northwestern part of the city



Minerals 2020, 10, 1127 5 of 19

namely in the Bemowo district, test sites No 2 and 3 in the southern part of Warsaw in two different
locations in Mokotów district. The names of the polygons come from the streets where the samples
were collected. Standard procedures for soil sampling were followed according to Polish Standard:
PN-B-04481:1988 [37]. In each case, Shelby samplers were used to collect the material for testing.
From the excavations in every test site, large samples were taken and subsequently transported to the
laboratory. From their least disturbed fragments in the laboratory, the samples of appropriate size
for dynamic testing were cut off. From the test site No 1 (Pełczyńskiego) 7 samples were collected,
from a depth of 2.0 to 7.5 m below surface. From the test sites No 2 and 3 (Bartycka and Pory),
altogether 8 samples were received, from a depth of 1.5 to 9.5 m below surface.

Four types of clay, namely sandy clay, silty clay, sandy silty clay and clay, and one type of sand,
i.e., clayey sand [38,39], were used in this study in order to investigate the stiffness characteristics of
Warsaw mineral cohesive soils. In Table 3, the index properties of tested material determined from the
laboratory tests are summarized. The grain size distribution curves for all soil samples are presented
in Figure 1.

Table 3. Physical properties of test materials and the range of mean effective stress.

Test
Site

Test
Name

Soil
Type

d50

(mm)
WC
(%)

LL
(%)

PL
(%)

PI
(%)

p’
(kPa)

e0

(-)
OCR

(-)

No 1

1 clSa 0.11 11.06 17.70 11.10 6.60 60–240 0.322 3.33–1
2 sasiCl 0.06 17.41 36.50 14.10 22.40 90 0.478 1.00
3 sasiCl 0.1 10.76 24.50 12.47 12.03 75–415 0.304 2.13–1
4 saCl 0.08 12.23 37.00 11.45 25.60 45–315 0.365 1.00
5 clSa 0.095 15.57 41.70 14.26 27.40 90–315 0.403 1.00
6 clSa 0.1 10.5 18.20 9.10 9.10 45–315 0.429 1.00
7 sasiCl 0.09 12.68 27.10 12.32 14.80 55–165 0.389 1.00

No 2
8 saCl 0.098 11.75 22.10 11.50 10.60 50–200 0.405 2.8–1
9 sasiCl 0.078 18.85 32.75 15.96 16.80 90–390 0.562 1.00
10 clSa 0.11 14.43 21.20 12.24 8.96 70–210 0.436 1.00

No 3

11 siCl 0.018 17.53 37.25 17.14 20.10 120–410 0.473 1.00
12 siCl 0.0077 19.84 44.60 19.49 25.10 85–310 0.591 2–1
13 siCl 0.01 21.98 51.27 23.65 27.60 145–290 0.595 1.38–1
14 siCl 0.0091 22.95 63.50 26.82 36.70 160–320 0.634 1.25–1
15 Cl 0.002 26.04 70.95 33.11 37.80 95–285 0.747 6.32–2.11

where: WC—initial water content, LL—liquid limit, PL—plasticity limit, PI—plasticity index, p’—mean effective
stress, e0—initial void ratio, OCR—overconsolidation ratio, d50—the diameter of the soil grains, which together with
the smaller ones account for 50% of the total sample.
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Figure 1. Grain size distribution curves of the test materials.
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All examined soils were classified as mineral cohesive soils of the tertiary (test names: 1, 3, 11, 12,
13, 14 and 15) and quaternary (test names: 2, 4, 5, 6, 7, 8, 9 and 10) origin. Only fine-grained soils were
tested in the laboratory. They were from semi-stiff (LI = −0.19 for test 15) to hard-plastic (LI = 0.24 for
test 10) condition, where LI means the liquidity index. Based on Atterberg limits values [40], it was
determined that our soil samples were from slightly plastic with a plasticity index (PI) less than 7 (1, 6,
10) through to medium plastic, 7 < PI < 17 (3,7,8,9), and up to highly plastic materials, PI > 17 (2, 4, 5, 11,
12, 13, 14, 15). The overconsolidation ratio (OCR) calculated according to ISO 17892-5:2017 [41] allowed
us to include all Quaternary soils to normally consolidated soils, with one exception, namely test No 8.
The preconsolidation pressure (σ’p) of this specimen was 140 kPa despite of its shallow deposition
below the surface. Tertiary soils were classified as overconsolidated soils with OCR > 1.0.

3.2. Mineralogical Identification

Due to the examination in this work of clays with a high liquid limit, i.e., LL ≥ 50%, samples 13,
14 and 15 from test site No 3 (Pory), under low load conditions and possible water soaking, there was
a risk of their significant swelling. This could then have a negative impact on the reduction of their
strength. The swelling process consists of increasing soil volume while absorbing water. The swelling
ability is related to clay minerals’ hydrophilic character that makes up cohesive soils and their large
specific surface [42]. Clay minerals are electrochemically active. The presence of even a small number
of them in the soil can highly affect its physical and mechanical properties. As the content of clay
minerals in soil increases, its properties become more and more similar to those of the minerals
mentioned above.

Among clay minerals, there are three main groups called kaolinite, illite and smectite
(montmorillonite and beidellite) [43]. Clay minerals are hydrated aluminosilicates of Al, Mg and Fe
that belong to layered silicates with packet structure. A detailed description of clay minerals’ structure
can be found, e.g., in Grim [44].

Thus, before conducting dynamic tests on selected mineral cohesive soils, it was necessary to
identify their mineral composition, especially three samples 13, 14 and 15. The mineral composition
has a significant impact on the swelling potential of clays. The most common tests on soils mineral
composition are:

• X-ray structural analysis;
• Thermal analysis;
• Microstructural analysis in scanning electron microscopy (SEM) [45].

These methods should be used mainly in combination, which allows a quantitative description of
minerals found in soils [46].

Based on the experiments, it was detected that the content of clay minerals in clay samples collected
from test site No 3 was around 45%, mostly montmorillonite. Montmorillonite is the dominant mineral
build bentonite. It is formed as a result of weathering volcanic tuffs in an alkaline and highly saline
environment. Montmorillonite is a very soft phyllosilicate group of minerals that form when they
precipitate from water solution as microscopic crystals, known as clay. Montmorillonite, a member
of the smectite group, is a 2:1 clay, meaning that it has two tetrahedral sheets of silica sandwiching a
central octahedral sheet of alumina. The ability of this mineral to swell is related to the pressure of
water vapor, and the type of cations that occur between the layers. Ions Ca2+, Mg2+ and Li+ have a
strong polarizing interaction that binds more permanently water molecules than cations K+ and Na+.
In formation, montmorillonite is similar to illite. The main difference between montmorillonite and
illite is the lack of potassium ion binding individual packages [44].

According to the clay fraction (Bekkouche classification) content in samples 13, 14 and 15, this soil
material can be characterized by medium swelling potential [47]. According to the FHA/HUD
classification [48], in which fine-grained soils are divided into five groups with different levels of
expansiveness, based on the plasticity index and liquid limit, examined clays belong to the group
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of very swelling soils. Based on the obtained swelling pressure values (Table 3) and according to
Chen [49], soil from the Pory test site has an average swelling potential. In Table 4, the expansive
properties of tested materials are summarized.

Table 4. Expansiveness characteristics of tested materials.

Test Name Soil Type
Total Clay
Minerals

(%)

Content of
Expansive Clay

Minerals (%)

Montmorillonite
(%)

Illite (%)
Kaolinite

(%)
σcs

(kPa)

13 siCl 41.30 33.60 33.60
trace

content
7.70 105

14 siCl 41.30 29.20 29.20 0 12.10 120

15 Cl 43.70 34.50 34.50
trace

content
9.20 90

where: σcs—swelling pressure, determined by the method of graduated loading of the swollen specimen.

3.3. Test Device and Dynamic Testing Procedure

In this research, the fixed–free resonant Stokoe type column apparatus, manufactured by the
British company, GDS Instruments Ltd. [30,50], was employed to evaluate small strain stiffness and
modulus degradation of Warsaw mineral cohesive soils. A solid cylindrical specimen is placed in
a triaxial cell, installed on a cell base, which is fixed to the cell base stand (the passive end). It is
surrounded by fluid (water) in an inner tube, compressed air in the triaxial cell and subjected to an
isotropic confining pressure (σ0) and back pressure (ub).

The RC tests involve the specimen’s excitation in sinusoidal vibrations, due to the electromagnetic
drive system that induces the electromagnetic field. This system consists of a set of four magnets,
placed on four rotor arms and positioned between four pairs of drive coils. The electromagnetic field’s
vibrations are transferred to the free end of the specimen (its upper part). This free part of the specimen
is therefore loaded with a torque of the desired excitation characteristics. The frequency and amplitude
of vibrations are controlled during tests, with the frequency being gradually increased, starting from
the selected minimum value. Monitoring the frequency and amplitude of the applied voltage allows
finding the resonant frequency at which the signal (acceleration) size is the largest and means that
the moving system has reached the state of the mechanical resonance. The vibration amplitude is
monitored by the accelerometer’s output power, which is located on the drive plate. With the known
value of the resonant frequency (f1), together with the sample geometry and conditions of end restraint,
it is possible to back-calculate the transverse wave velocity (VS) propagating in the specimen as a result
of vibrations.

After it had been trimmed to its nominal dimensions (diameter approximately 70 mm and height
approximately 140 mm), each specimen was installed in the triaxial cell base and then enclosed by a
membrane. The apparatus was assembled and preliminary tests started, including flushing, saturation
using the back pressure method and isotropic consolidation. Saturation degree was evaluated by
estimating Skempton’s parameter B. The consolidation process was carried out in stages, at various
levels of p’, in such a way that the next consolidation pressure was always 1.5 or 2 times higher than
the current one. The highest mean effective stress obtained in the tested mineral cohesive soil from
Warsaw was 410 kPa. This limitation resulted from the maximum air pressure in the compressed air
network in the laboratory.

The dynamic tests were conducted in the following order:

• Selection of the output amplitude, which determined the amount of shear strain applied to the
specimen. For this purpose, a step-by-step approach was used [51].

• Drawing of the frequency response curve and observation of resonant frequency from
torsional vibrations.

• Stiffness analysis and shear modulus calculation based on the determined resonant frequency.
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• Calculation of torsional strain from the angle of twist of the test specimen.
• Repeating of 1-4 steps with an increasing applied voltage, maximum up to 1.0 V.
• Next consolidation stage with an increased effective stress.
• Repeating steps 1–6.

All the test activities described above were then repeated for 15 specimens.
In this article, results for the torsional vibration are only presented. Calculations were made

according to ASTM D4015-92 [52].

4. Results and Discussion

4.1. Small Strain Shear Modulus G0

In order to measure maximum shear modulus (GMAX), a very low voltage was applied on the
free end of the sample. As a result, a very small shear strain, from 10-4% to 10-2%, was obtained.
In this shear strain range, the resonant frequency of the soil specimen has a constant value. Thus,
shear modulus has a constant maximum value, which corresponds to a linear elastic response of soil to
dynamic loadings.

The results of the maximum shear modulus depending on effective stress on every specimen are
presented in Figure 2. GMAX increases with effective stress (p’), which confirms the studies of the other
researchers [30,35,36,51,53,54]. The maximum shear modulus varies from about 50 MPa for specimen 6
and effective stress 45 kPa to 205 MPa for specimen 3 and effective stress 415 kPa. The change of every
maximum shear modulus is presented by curves described with the best fitting by the power function
with a determination coefficient above 0.99. This indicates that the increase in GMAX with effective
stress is nonlinear in cohesive Warsaw soils. This is opposite to Kallioglou et al. [1] and Darendeli [5],
but the same trend is presented in Sas et al. [30]. Despite different curves equations, every researcher
confirms that effective stress has the greatest impact on the maximum shear modulus value.

p’
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Figure 2. Maximum shear modulus GMAX against mean effective stress p’.
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As it can be seen in Table 1, almost in every equation the void ratio can be found. Thus besides
effective stress e is one of the most important parameters affecting the stiffness of the cohesive
soils [1,13,20–29]. In Figure 3 GMAX depending on the void ratio (e) is presented for tested soils.
The void ratio for all tested soils varied from 0.28 at p’ equals 415 kPa to 0.75 at p’ equals 95 kPa.
Specimens with the highest clay mineral, i.e., 13, 14 and 15 have the largest void ratio. In every
specimen, the void ratio decreases with increasing consolidation stress. However, this decrease is
different for each soil. The highest e reduction can be found in sample 9 (the greatest angle of the
trendline). Although a wide range of consolidation stresses, other specimen have preferably low void
ratio reduction. The best-fitting function described the change of e for tested soils were the quadratic
function. The exception was samples 2, 5, 13 and 14 because of only one consolidation stage in the
case of sample 2 and only two consolidation stages in samples 5, 13 and 14. Increasing GMAX with
decreasing in the void ratio is clearly visible in Figure 3. This phenomenon is connected straight
forward with effective stress. Namely, p’ increases, then the sample’s dimensions are decreasing due
to the consolidation process. Therefore porosity and void ratio decreasing and stiffness described by
shear modulus increase. This proves that e and p’ are the main factor affecting stiffness represented by
GMAX.

p’

This proves that e and p’ are the main factor affecting stiffness represented by 

 

—

p’

Figure 3. Maximum shear modulus (GMAX) against void ratio (e).

Some researchers indicate that the maximum shear modulus of cohesive soil is much affected by
sand content [28] and plasticity index [1]. Mentioned parameters can be found in equations proposed
by Kallioglou et al. [1] and Hassanipour et al. [28]. These parameters are connected because PI is
correlated with clay mineral content in the soil mixture and it directly influences the amount of sand
and gravel grains. The plasticity index of tested soils varies from about 5% to about 40%, which is
very similar to materials tested by Kallioglou et al. [1]. However, any trend cannot be found—the
maximum shear modulus increases in every specimen, but it is caused by an increase in effective stress.
The increase of PI does not affect in any way the maximum shear modulus. Therefore, plasticity index
and sand content are useless in the equation to describe the maximum shear modulus in the case of
tested Warsaw cohesive soils [30].
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4.2. Empirical Equations for GMAX

In order to find a correct and reliable empirical model to predict GMAX, a statistical analysis was
carried out. Firstly, the matrix of the linear correlation was estimated. This method checks the linear
relationship between two variables. The main parameter describing the relationship’s strength is the
Pearson correlation coefficient, which varies from -1 to 1. The closer to 0 the correlation coefficient is,
the weaker the correlation is and the opposite, the coefficient -1 or 1 means perfect correlation.

In Table 5, the correlation matrix for tested soils is presented. It can be noticed that the highest
linear relationship between GMAX and p’ was about 0.97 (Table 5 yellow color). This high relationship
can be also seen in Figure 2. Thus, mean effective stress is a necessary parameter in the maximum
shear modulus equation. From the other side, the void ratio had the lowest Pearson coefficient value
0.045, which indicates a very week correlation between GMAX and e. Thus, from a statistical point of
view e should not be placed in an empirical model. However, void ratio strongly correlated with clay,
silt, sand and gravel content and plasticity index (Table 5 yellow color). Thus, e described very well
physical properties of the tested Warsaw cohesive soils. Moreover, void ratio changed with effective
stress, which corresponded with the increased consolidation stress in laboratory studies. Therefore,
despite the low coefficient value between e and GMAX, the void ratio is commonly used in the equation
for the maximum shear modulus [1,13,20–30].

Table 5. Correlation matrix for tested soils where Cl, Si and Sa+Gr is the clay, silt and sand and
gravel content.

Cl (%) Si (%) Sa+Gr (%) PI (%) p’ (kPa) e (-) OCR (-)
GMAX

(MPa)

Cl (%) 1.000 0.510 −0.782 0.823 0.097 0.724 0.158 0.174
Si (%) 0.510 1.000 −0.935 0.542 0.236 0.620 −0.100 0.241

Sa+Gr (%) −0.782 −0.935 1.000 −0.732 −0.211 −0.747 0.008 −0.246
PI (%) 0.823 0.542 −0.732 1.000 0.089 0.653 −0.034 0.096

p’ (kPa) 0.097 0.236 −0.211 0.089 1.000 −0.016 −0.167 0.971
e (-) 0.724 0.620 −0.747 0.653 −0.016 1.000 −0.085 0.045

OCR (-) 0.158 −0.100 0.008 −0.034 −0.167 −0.085 1.000 −0.098
GMAX

(MPa)
0.174 0.241 −0.246 0.096 0.971 0.045 −0.098 1.000

After identification of the parameters for empirical equations, i.e., void ratio (e) and mean effective
stress (p’), and after investigation of previous equations (Table 1), and Figure 2; Figure 3, a basic
equation was created:

GMAX =
(

p′a
)

(be + c)2 (3)

where, GMAX—maximum shear modulus (kPa), a, b, c—constants e—void ratio (-) and p’—mean
effective stress (kPa). The proposed core was similar to models presented in Table 1, where in most
cases, effective stress was described by the power function and void ratio by a quadratic function.
Next, due to statistical software with the nonlinear regression module and the least-squares method
with the Gauss–Newton estimation constants: a = 0.61, b = 3.17 and c = 69.2.

In Figure 4, the relative error of the calculated to measured values of GMAX is presented for the
author’s empirical model and equation shown in Table 1. It is clearly seen that the equation proposed
in this article was the most reliable and predicted the maximum shear value with the highest accuracy.
The relative error of the authors’ equation was 6.8%. Very low relative error values below 15% also have
equations presented by [22,27] and Equation (1) in Sas, W at all. [30] Other models presented in Table 1
have error form values above 20%–50% [1,20,21,23,26] to values between 55% and 90% [13,25,26].
Four equations are extremely inaccurate, i.e., [24,28,29], Equation (1) in Kokusho, T et al. [22] and have
an error of 137.1%, 146.8%, 165.0% and 195.4% respectively.

More precise results of the measured GMAX versus the predicted maximum shear modulus by the
author’s equation are presented in Figure 5. In Figure 5, three red dashed lines are visible. One in
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the middle indicates equality between measured and predicted values and lines above and below the
middle line shows ±10% error. Most of the points on the graph are in the range between ±10% error.
A lot of results are placed directly in the equality line. Any single value did not significantly differ
from the rest of the results. The highest error was about 15%. The black dotted line is a linear trend
line described by the equation presented in the graph. It can be noticed that the black line was very
close to the red equality line, and the coefficient of determination was 0.95, which also proved accurate
and reliable GMAX values obtained by the proposed empirical equation.

 

’

’



Figure 4. Relative error (%) of the measured to calculated GMAX values by authors’ equation and
equation from Table 1.

’

’



Figure 5. Measured versus predicted by authors’ equation maximum shear modulus (GMAX) values.
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4.3. Modulus DegradationC G(γ)/G0

The shear modulus degradation curve and normalized shear modulus degradation curve is the
crucial deformation characteristic of the soil from the engineering point of view because it presents the
response of soil for loading in the real operation area of construction. Thus, after GMAX was obtained,
the applied voltage to the drive system was systematically increased to get a G modulus degradation
curve in a wide range of shear deformation.

In Figure 6a, shear modulus degradation curves at different mean effective stress for specimen 9
are presented. The increase in shear modulus values with an increase in mean effective stresses can be
seen at every strain level. Below a shear strain of about 0.001% constant values of G can be noticed.
These values corresponded to the maximum shear modulus (GMAX). In the above mentioned strain,
the values of G modulus started to decrease, firstly slowly, then more noticeably. It is connected with
the change of response of the soil for loading. When shear modulus has a constant value response of
soil is linear elastic, when the values of G start to drop the response change to nonlinear but still elastic.
When shear modulus decreases, the significant response is also nonlinear, but caused shear is plastic [16].
This phenomenon is better visible in Figure 6b, where normalized shear modulus degradation curves
(G/GMAX) at different mean effective stress for specimen 9 are presented. The red dashed line indicated
G/GMAX = 0.98. This value corresponds to the so-called nonlinearity threshold strain [32,55]. Above this
line, soil behaves linearly, and deformations are recoverable. The below response is nonlinear-elastic
until deformation reaches the degradation threshold strain [32,55]. Then strain becomes irrecoverable.
However, the value of G/GMAX correlated with that threshold strain varies from 0.85 to 0.65 depending
on the researchers and studied soil [55–58].

 

  
(a) (b) 

−

Figure 6. The example of (a) shear modulus (G) degradation curves and (b) normalized shear modulus
degradation curves (G/GMAX) at various mean effective stress (p’) for specimen 9.

In Figure 6b, another issue is visible, namely the impact of the effective stress on normalized shear
modulus curves. It can be seen that the curve for 90 kPa effective stress starts to drop values at the
smallest shear strain, and the same values of G/GMAX reached at the smallest shear strain. The line
for 150 kPa went above the line for 90 kPa, and the characteristic for 210 kPa went above 150 kPa, etc.
The curve for 390 kPa reached the nonlinearity threshold strain at the highest shear strain. Thus, it can
be concluded that with the increase in the effective stress, the soil’s linear response for loading also
increase [1,5,9,21,32,36,55]. However, the change in the linear response range was not so significant.

In Figure 7a,b, six normalized shear modulus curves for six different samples at similar effective
stress are presented. In Figure 7a, the author’s results were compared with the normalized curves
proposed by Vucetic and Dobry [32], while in Figure 7b, the comparison was made between the authors’
curves and Sun et al. [59] proposition. Different kinds of black lines mark the normalized curves
proposed by Vucetic and Dobry [32] and Sun et al. [59], while various colors show Warsaw cohesive
soils curves.
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b. In some ranges, the author’s results 

] results and the author’s outcome 

  
(a) (b) 



’s

γ

𝐺/𝐺𝑀𝑎𝑥 = 11 + 𝑎𝛾𝑏𝑒(𝑐𝛾+𝑑𝛾2) (𝑃𝐼𝑓)
— — — —

− −

Figure 7. The example of normalized shear modulus (G/GMAX) degradation curves compared to Vucetic
and Dobry [32] (a) and Sun et al. [59] (b) curves for samples [1,3,9,11,12,14] with a different plasticity
index PI.

When analyzing Figure 7a, generally, medium agreement with curves proposed by Vucetic and
Dobry [32] can be noticed. The biggest difference can be observed between specimen 1 and curve for
PI = 0%. Namely, specimen 1 has a noticeable smaller range of elastic response than PI = 0% curve,
and it is completely missing the range for cohesive soil from 0% to 15% PI. However, specimens 3,
9 and 11 were fitted in the zone for soils 15−30% PI, but only in the elasto-plastic response range.
After reaching a shear strain of about 0.0079%, 0.17% and 0.23% specimens 3, 9 and 11, respectively,
were crossing the curve PI = 15%. Specimen 14 also missed the range for the corresponding type of soil.
However, the difference was not so significant as the case of specimen 1. The characteristic of specimen
12 was different. Firstly, it went to the off-target zone, but after reaching the shear strain at about 0.078%,
it crossed the appropriate curve for 30% PI. Similar trends could be noticed in Figure 7b. In some
ranges, the author’s results met appropriate curves proposed by Sun et al. [59], but in other shear
strain ranges, Warsaw cohesive soil characteristics were completely different. However, discrepancies
between Sun et al. [59] results and the author’s outcome were much bigger than this presented in
Figure 7a.

The comparisons shown in Figure 7a,b only prove that researchers should create as many regional
relationships as possible. There is no universal model in the case of stiffness degradation for every
type of cohesive soil.

4.4. Empirical Formulas for G(γ)/GMAX

A complete stiffness empirical model should contain an equation for the maximum shear modulus
and a formula for the normalized shear modulus degradation curve to obtain shear modulus in a
wide shear strain’s range. Therefore, the authors checked every model presented in Table 2. However,
these models’ relative error value was not satisfying for tested soils. Thus, the authors created a reliable
equation for the modulus degradation curve (G/GMAX) for Warsaw cohesive soil.

As in the GMAX model, the authors start with the linear correlation matrix (Table 6). Obviously,
the best correlation with G/GMAX had a shear strain (γ). To describe the test condition, especially
the change of effective stress, the void ratio with the second-best correlation to G/GMAX was chosen.
In Figure 7a,b the significant impact of the plasticity index on the shape of the normalized shear
modulus reduction curves is presented. Therefore, despite the low correlation value with G/GMAX,
this parameter also was chosen for the empirical model.
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Table 6. Correlation matrix for tested soils, where Cl, Si and Sa+Gr is the clay, silt and sand and
gravel content.

Cl (%) Si (%) Sa+Gr (%) PI (%) p’ (kPa) e (-) OCR (-) γ (%) G/GMAX (-)

Cl (%) 1.000 0.538 −0.775 0.830 0.093 0.726 0.387 0.045 0.062
Si (%) 0.538 1.000 −0.950 0.555 0.247 0.607 −0.050 0.048 0.137

Sa+Gr (%) −0.775 −0.950 1.000 −0.725 −0.219 −0.725 −0.106 −0.053 −0.126
PI (%) 0.830 0.555 −0.725 1.000 0.090 0.683 0.122 0.166 −0.032

p’ (kPa) 0.093 0.247 −0.219 0.090 1.000 −0.016 −0.343 −0.025 0.084
e (-) 0.726 0.607 −0.725 0.683 −0.016 1.000 0.170 0.023 0.148

OCR (-) 0.387 −0.050 −0.106 0.122 −0.343 0.170 1.000 −0.102 0.040
γ (%) 0.045 0.048 −0.053 0.166 −0.025 0.023 −0.102 1.000 −0.905

G/GMAX (-) 0.062 0.137 −0.126 −0.032 0.084 0.148 0.040 −0.905 1.000

Firstly, the authors tried to adopt the hyperbolic model like in [5,29,34] publications. However,
the results were not acceptable. Next, the core of the Amir-Faryar et al. [35] universal model for all
soils was used. To improve obtained results to the Amir-Faryar et al. [35] formula, the authors added
the part with the plasticity index. Below, the general pattern is presented:

G/GMax =
1

1 + aγbe(cγ+dγ2)

(

PI f
)

(4)

where, G/GMAX—normalized shear modulus (-), a, b, c, d, f —constants, e—void ratio (-) and PI—shear
strain (%). The authors adopted the same statistical software as in Section 4.2 for finding constants that
were respectively: a = 2.201, b = 0.721, c=−107.819, d = 1866.979 and f = −0.002.

In Table 7, the comparison between Equation (4) and other empirical models from the literature is
presented. The ideal model should give the linear trend line described by equation x=y. The second
column shows that from the compared model, Equation (4) proposed by the authors of this article is
the closest to equality between G/GMAXmeas = G/GMAXpred. It is worth to notice that formula presented
by Vardanega and Bolton [29] also has an equation close to equality between measured and predicted
results. Every given model has a determination coefficient above 0.8, which is a high-value for empirical
relationship. However, when R2 is compiled with the second column, only Equation (4) and the
Darendeli model [5] and Vardanega and Bolton [29] model seemed to be reasonable. Confirmation
of this statement could be found in 5th and 6th columns, where the absolute and relative errors are
presented. The smallest of both types of error has Equation (4) and the next model from [29] and [5].
The differences between these three models seem to be very slight. However, the normalized shear
modulus range was from 0 to 1, and the nonlinearity threshold strain was estimated based on specific
value G/GMAX = 0.98. Thus, the model described the degradation curve of this parameter should be as
accurate as it can because every 0.001 is essential and can impact a range of the soil’s elastic response
for dynamic loading.

Table 7. Comparison between the author’s empirical model and purposed by [1,5,29,34,35].

Reference
Linear Equation Described a

Trend Line
G/GMAXmeas.–G/GMAXpred. *

Determination
Coefficient R2

Error type
Absolute

(-)
Relative

(%)

Authors Equation (4) y = 1.0115x−0.0085 0.92 0.019 2.197

Darendeli 2001 [5] Y = 1.1295x−0.1112 0.87 0.028 3.290

Zhang et al. 2005 [34] y = 1.5295x−0.51 0.87 0.029 3.732

Kallioglou et al. 2008 [1] y = 0.5081x+0.5015 0.85 0.087 10.473

Vardanega and Bolton 2013 [29] y = 1.0781x−0.0618 0.86 0.028 3.283

Amir-Faryar et al. 2017 [35] y = 1.7552x−0.7458 0.83 0.034 4.391

* where, G/GMAXmeas.—normalized shear modulus measured (-), G/GMAXpred.—normalized shear modulus
predicted by compared empirical models (-), y—G/GMAXmeas., x—G/GMAXpred.
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In Figure 8, measured G/GMAX versus predicted G/GMAX for models with the smallest error is
presented, i.e., (a) Equation (4(b)) proposition by [5] and (c) [29]. In these figures, the middle red
dashed line was equal between measured and predicted results, lines above and below represent ±10%
error and the black line is a linear trend line. It can be seen that in Figure 8a, points were equally
spread out above and below line x = y. Thus, the trend line nearly overlapped x = y line. Only a few
points were not in the ±10% error zone. Quite similar trends could be noticed in Figure 8 b,c. From 1
to about 0.9 G/GMAX, most of the predicted values were lower than measured. Below G/GMAX = 0.8,
the trend was changing to the opposite, namely predicted values in most cases were higher than the
measured results.

 
 

(a) (b) 

 
(c) 

Figure 8. Measured versus predicted normalized shear modulus by empirical models purposed by
(a) the authors of this article and (b) Darendeli [5] and (c) Vardanega and Bolton [29].

The results from Table 7 and Figure 8 prove that from the presented empirical model, Equation (4)
proposed by the authors of this article, described normalized shear modulus degradation curves of
Warsaw cohesive soil with the highest accuracy and gave the most reliable results.

In Figure 9, the measured and predicted values of the shear modulus by combination of
Equations (3) and (4) are presented. Firstly, based on Equation (3) GMAX was estimated, next due to
Equation (4), shear modulus in a wide shear strain range was calculated. As before, the ±10% error
zone and y = x are marked by red dashed lines, and the linear trend line has a black color. In this
case, also the trend line was very near the x = y line. Moreover, the equation described the trend line
with a determination coefficient of 0.95, which was very high. Most of the points were in the ±10%
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zone, which confirms the high reliability of the presented model. The relative error of the combined
Equations (3) and (4) was only 6.7%.

 

p’

’

Figure 9. Measured versus predicted shear modulus by Equations (3) and (4).

Combination of Equations (3) and (4) allow creating the shear modulus degradation curve and
determine the shear modulus’ values in the real operation range of engineering structures. Thus, it can
be said that the presented empirical model thoroughly described stiffness represented by the shear
modulus of cohesive Warsaw soil.

5. Summary and Conclusions

In this article, stiffness characteristics, described by the maximum shear modulus and normalized
shear modulus curves, were estimated for 15 different Warsaw mineral cohesive soils using resonant
column standard tests. Studied soils were collected from three various test sites in an undisturbed
state. The authors created the empirical model describing the shear modulus characteristic in a wide
shear strain range. The main conclusions achieved in this study are summarized below, as follows:

1. The maximum shear modulus increased with an increase in mean effective stress.
2. Change of GMAX with increasing effective stress was described with the highest determination

coefficient R2 by the power function.
3. The significant GMAX empirical model parameter occurred as a void ratio e.
4. Change of e with GMAX was described with the highest R2 by quadratic functions.
5. Plasticity index (PI) occurred to have a marginal impact on the GMAX value.
6. The crated GMAX empirical model consisted of the power function of effective stress p’ and the

quadratic function of the void ratio e.
7. Proposed GMAX equation calculated the values of the maximum shear modulus of Warsaw

cohesive soils with the lowest relative error, of about 6.8%.
8. The shear strain had the highest impact on the shear modulus and normalized shear modulus

degradation curves.
9. With increasing both plasticity and effective stress, nonlinear threshold strain moved to higher

shear deformation. However, mean effective stress (p’) had a noticeably smaller impact on the
elastic range of shear deformation than plasticity index (PI).
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10. Proposed by the authors, the empirical model for the normalized shear modulus degradation
curve consists of equation estimated by Amir-Faryar et al. [35] for all soils and power functions of
the plasticity index (PI).

11. The presented equation had the lowest absolute and relative error in comparison with other
models, 0.019 and 2.197%, respectively.

12. Combined GMAX and G/GMAX equations allowed us to estimate the shear modulus value of
Warsaw cohesive soils in a wide shear deformation range with a low relative error of about 6.7%.

The proposed model was still preliminary and needed to be upgraded and confirmed by being
applied at various clayey sites.
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