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ABSTRACT. In this paper we introduce the concept of lacunary statistical and lacunary
strongly convergence of generalized difference sequence of fuzzy real numbers. We prove
some inclusion relations and also study some of their properties.

1. Introduction

The concept of fuzzy set was introduced by L. A. Zadeh in 1965. Later on
many research workers were motivated by the introduced notion of fuzzy sets. It
has been applied for the studies in almost all the branches of sciences, where math-
ematics has been applied. Many workers have studied the applications of fuzzy sets
by introducing the notions of fuzzy topology, fuzzy orderings, fuzzy measure, fuzzy
linear programming etc.

Workers on sequences spaces have also applied the notion of fuzzy real numbers
and have introduced sequences of fuzzy real numbers and have studied their different
properties. Tripathy and Sarma [21], Bilgin [2], Altin, Et and Colak [1], Tripathy
and Baruah ([13], [14]), Tripathy and Borgohain [15], Tripathy and Dutta ([16],
[17]) have studied some classes of sequences of fuzzy real numbers.

The notion of new type of generalized difference for sequence spaces is intro-
duced by Tripathy and Esi [18]. The notion of generalized difference Lacunary
sequences is studied by Tripathy and Mahanta [20]. The notion of lacunary sta-
tistically convergent sequences of fuzzy numbers is studied by Altin, Et and Colak
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[1] and Blign [2], which motivated us to introduce and investigate the notion of
generalized difference for sequences of lacunary statistical and lacunary strongly
convergence of sequences of fuzzy real numbers.

A fuzzy real number X is a fuzzy set on R and is a mapping X : R — I(= [0, 1])
associating each real number ¢ with its grade membership X ().

A fuzzy real number X is called convezif X (t) > X (s)AX (r)=min (X (s), X (r)),
where s < ¢t < r. If there exists to € R, such that X (¢9) = 1, then the fuzzy real
number X is called normal. A fuzzy real number X is said to be upper semi-
continuous if for each ¢ > 0, X~1([0,a + ¢)), for all @ € I is open in the usual
topology of R. The set of all upper semi-continuous, normal, convex fuzzy number
is denoted by R(I).

The a-level set of a fuzzy real number X, for 0 < a < 1 denoted by X¢ is
defined as X* = {t € R: X(t) > a}; for a = 0 it is the closure of the strong 0 cut
(i.e. closure of the set {t € R: X(t) > 0}).

For each r € R, 7 € R(I) is defined by

1, ift=r,

r(t) = {0: if £ # 0.

Let d: R(I) x R(I) — R be defined by

su

d(X,Y) = 0<a <1

{max{|X1 Yla"‘Xg _Y2a|}}7
where X = [X®, X¢] and Y* = [V}, Y.

It is well known that (R(I),d) is a complete metric space. The additive identity
and multiplicative identity in R(I) are denoted by 0 and 1 respectively.

2. Definitions and preliminaries

The notion of statistical convergence was studied by Fast [6] and Schoenberg
[9] at the initial stage independently. Later on it was studied from sequences space
point of view and linked with summability theory by Rath and Tripathy [8], Tripathy
([9], [10]), Tripathy and Sarma [22], Tripathy and Sen ([23], [24]) and many others.
The idea of statistical convergence depends on the density of subsets of the set N
of natural numbers. The density of a subset E of N is defined by

lim . .. .
§(E) = 0 oo Z xe(k), provided the limit exists,

where xg is the characteristic function of F.
A sequence (x1) is said to be statistically convergent to L, if for every ¢ > 0,
d({k € N : |xx — L| > €}) = 0. In this case, we write stat-lim z, = L.
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Let p = (pr) € £oo, be a sequence of positive real numbers. Let (ay), (bg) be two
sequences of complex numbers . Then we have the following well-known inequality

\ak + bk|p’“ < K(|ak|pk + ‘bk|p’“),

where K=max(1,277!) and H = *[Pp.

By a lacunary sequence 6 = (k,.);r = 0,1,2,3,... where kg = 0, we mean an
increasing sequence of non-negative integers with h, =k, — k,._1 — 00, as r — o0
The intervals determined by 6 will be denoted by I,. = (k,_1, k] and ¢, = kfil for
r=1,23, ...

Kizmaz [7] defined the difference sequence space for crisp set. The notion was
generalized by Colak and Et [3] by introducing the notion of A™-convergence of
sequences. Different classes of difference sequence spaces were investigated by Esi,
Tripathy and Sarma [4], Et, Altin, Choudhary and Tripathy [5], Tripathy [11],
Tripathy, Altin and Et [12], Tripathy and Mahanta [20] and many others. The
notion of difference sequences was generalized by Tripathy and Esi [18] in a different
way as follows.

Throughout £, ¢, ¢y denote the classes of bounded, convergent and null se-
quence spaces of crisp numbers. Let m > 0 be an integer. Then Z(A,,) = {(xy) €
w: (Apxy) € Z}, for Z =Ly, ¢, ¢, where A,z = T — Zgm for all k € N. For
m = 1, the space £ (A), c(A), co(A) are studied by Kizmaz [7].

Different types of genrralized difference Cesaro sequence spaces were introduced
and investigated by Tripathy, Esi and Tripathy [19]. We introduce lacunary A7 -
statistically convergent and lacunary A}, (p)—strongly convergent sequences of fuzzy
numbers. The generalized difference A has the following binomial representation:

n
Ar Xy = Z(—l)” ( ;) Xtmy, for all k € N, m,n > 0 are integers.
k=1

Definition. Let X = (X}) be a sequence of fuzzy numbers. Then the sequence
X = (Xy)is said to be A}, — bounded if the set {A} Xy : k € N} of fuzzy numbers
is bounded and A}},— convergent to the fuzzy number Xy, written as kir;‘o Al Xy, =

X, if for every € > 0, there exists a positive integer kg such that J(A?nXk, Xo) <e,
for all & > k.

Let (I (A7), cF(A") denote the set of all A" — bounded sequences and all
A — convergent sequences of fuzzy numbers respectively.

Definition. Let 0 = (k)22 be a lacunary sequence. A sequence X = (Xj) of
fuzzy numbers is said to be lacunary A}, -statistically convergent to a fuzzy number
Xy if for every € > 0,
e 1 d(A™ Xy, Xo) > e} =0
—_— N 5 =& =Y,
r — oo h, " m ks 20

where the vertical bars denote the cardinality of the set.



568 Binod Chandra Tripathy and Achyutanada Baruah

We denote this as Xj, — Xo(SZ (A7) or S§'—lim (A7)Xy = Xo. The set of
all lacunary AT, — statistically convergent sequence is denoted by S§ (A?). In the
special case § = (27), we denote by ST (A").

Definition. Let 0 = (k)2 be a lacunary sequence, X = (X}) of fuzzy numbers
and p = (pr) be any sequence of positive real numbers. Then the sequence X is
said to be lacunary AT, (p)—convergent if there is a fuzzy number Xg such that

lim 1
r h,
kel

[d(A}, X}, Xo)]P™ = 0.

n

We write Xj, — Xo(NJ (A%, (p))) or Nf (p)—lim (A7) Xy, = Xo. We shall use
NF (A7, (p)) to denote the set of all lacunary strongly A", (p)—convergent sequences
of fuzzy numbers.

When 0 = (27), we denote (N (A%, (p))) by |oF A" (p)| and for py = p, for all
k € N, We denote (N3 (A7, (p))) by Ny (A, p).

3. Main results

Theorem 1. The classes of sequences (5 (A", (p)), ¥ (A", (p)), N (A%, (p)) and
SF(A™  (p)) are closed under the operations of addition and scalar multiplication.

Proof. (i) We shall prove the result only for the case NI (A", (p)). The other cases
can be proved similarly.
Let X € NF (A", (p)) and ¢ € R. Then

lim 1 Iim 1 -
L n Pk — _ n Pk
ook [d(cA” X, cXo)] .~ (leld(A}, Xk, Xo)]
kel, kel,
lim 1 TAm
< {max{1, |c|H}}]C oo 2 AL X Xo)l
" kel,
=0.
Thus cX € NGF(A:an (p))-
(ii) Let X, Y € N{(Afn, (p)). Then
lim 1 TIAN n Pk
s oo T 2o AARX © ALY, Xo @ Y0)]
r kel,
lim 1 - n Dk lim 1 7 n Pk
SK| e D ALK Xo)4 D o Y (ALY Yo))
" kel " kel,
=0.

Therefore X &Y € N (A", (p)) -



Lacunary Statically Convergent and Lacunary Strongly Convergent 569

Theorem 2. If X = (X;) € NI'(A%) N |oF (AR)|, then Nf —lim A", X = |0

Proof. Let |oF|- lim AT X}, = Xo and NF —lim A" X, = X/. Also suppose that

Xo # X/
Then
1 7, n
T 40, = A d(A™ X;, Xo) + W Z d(AT X, X))
el el
1 _
> hT Zd(XmXo)
I,
= 7(X0’X({)

Since X € NJ (A",), we have 7. — 0 as r — oo. Thus we have for sufficiently large
r, 7 > 1d(Xo, X4).

Therefore
1 & 1
;?Z (A7, X5, Xo) 2;72 (A7, X, Xo)
i—1 el
h,
:—TT
k.
=(1 )
1 1 - /
> Z —)d(Xg, X}).
—2( QT) ( 0, O)

For sufficiently large r, since X = (X;) € |o¥'(A",)|, the left hand side of the above
inequality converges to 0, so we have ¢, — 1, i.e. sup ¢, < co. Thus if, sup ¢, < oo,
then NJ'(A%) C |oF(AD)].
Thus we have NF—limA? X, = X/ imply | o | ~limA” X, = X{.
Which gives

1 - / 1< - /

- Zd(Aani,X - Z d(A" X;, Xo) > d(Xo, X4) > 0.

Which yields a contradiction as both the summation of left hand side converge to

0. Therefore X = Xé. O

Theorem 3. The class of sequence NI (A", (p)) is not solid in general.

Proof. The result follows from the following example. a
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Example 1. Let n =1, m =2, p,, = 1, for all k odd and py = 2, for k even.
Consider the sequence (X}) defined by

X =1, forall k€ N.

Then B
X = 0 (No(Az2, (p)))-
Now let
ak:(]'? ]-7 07 07 17 13 Oa Oa 1; ]-a 07 0»_ y Ty Ty T 7_)~
Then

(arXk) & Ny (A2, (p))-
Hence N{'(As, (p)) is not solid.

Example 2. Let m=1, n=1, § = (2") and pp = 1 for all kK € N.
Consider the sequence (X}j) defined by

kt+1, for —3 <t <0,

Xp(t)=q1—kt, for0<t< 7,
0, otherwise.
Now th2 4 th42k+1 1 1
L for—E—k—HgtSO,
AXp(t) = W7 forOStS%—l—k%rl,
0, otherwise.

Then clearly (Xi) € N{(A, (p))-

Consider the sequence (f8,) defined by Bx = 1, for all k¥ odd and 8; = 0,
otherwise.

We have (8, X)) ={X1,0, X3,0, X5,0, —, —, —} ¢N{(A7(p)). Hence N{(A,(p))is
not solid. =

Theorem 4. NI (A" (p)) is not symmetric in general.
Proof. The result follows from the following example. O

Example 3. Let m =2, n =1 and p; = 3, for all k£ odd and py, = 4, for all k even.
Consider the sequence (X}) defined by

Then (Xx) — 0(N; (A%, (p)))-
Let (Y)) be a re-arrangement of (X}) defined by

(Yy) = (1,1,0,0,1,1,0,0,1,1,...).
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Then clearly (Y;) &€ NF (A", (p)). Hence NI (AT, (p)) is not symmetric.

Theorem 5. The class of sequence NE (AT, (p)) is not convergence free in general.

Proof. The result follows from the following example. a

Example 4. Let m=1, n=1, § = (2") and pr = 1 for all k € N.
Consider the sequence (X}) defined by

kt+1, for—%gtgo,

Xp(t)=q1—kt, for0<t< 7,
0, otherwise.
Now
th2 4 thk4-2k41 1 1
w, fOr—E_m§t§O7
AX (1) = ¢ 2Lt - for 0 <t <} 4
0, otherwise.
Then clearly (Xj) € NF(A).
Now consider
Lk for —k <t <0,
Yi(t) = 5L, for 0 <t <k,
0, otherwise.
We have
LEREL D for —k— 1<t <0,
AYy(t) = ’f;ﬁl, for0<t<k+1,
0, otherwise.

But (Y;) ¢ Nf(A). Therefore the class of sequences NZ'(A, (p)) is not convergence
free in general. o

Theorem 6. Let 6 = (k)2 be a lacunary sequence and let X = (X) be any
sequence of fuzzy numbers. Then

(i) For lim-inf g, > 1, we have |o¥' (A", p)| € NF(A", (p)).

(ii) For lim-sup g, < oo, we have NF(A™, (p)) C |oF (A", p)|.
Proof. (i) Let X € |o¥' (A", p)| and lim-inf g, > 1, then there exist § > 0 such that
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¢ > 1+ for all ¥ > 1. Then for X € |oF' (A", (p))], we write

1 _
. [d(AR, Xkti, Xo)]P*
" kel
1 k., 1 kr_1
= D AL Xesis X = o S AT X X))
" k=1 " k=1
k kr—1
ke [ 1 < ky_ 1 -
= h(k [d(A7 Xk+i, Xo)}“) - - A > [d(A7 Xyyi, Xo)P
T T o1 T r—1 1
Since h, = k,, — k,_1, we have f% < 1T+6 and k;:l < %.
o kp—1 —
Then the terms % STA(AY Xiti, Xo)]PF and ﬁl—l > ld(AT, Xkti, Xo)]PF con-
k=1 k=1

verge to 0 as r — oo unifromly in i. Hence X € NS (A", (p)).

(ii) Now suppose that lim-sup ¢. < oo, then there exists M > 0 such that
¢ < M for all 7 > 1. Let X € N'(A, (p)) and £ > 0 be given, we can find ng > 0
and K > 0 such that

1 _
W Z [d(A} Xiti, Xo)]PF <e, for every j > ng and all ¢
I kel

and

o |
T S AL Xy X < K, forall j=1, 2, 3,---.
kel

Now let s be any integer with k,._; < s < k., where r > ng. Then

1N -
= D ld(AT X, X))
k=1

1 - on 1 .
< o 2 AL X, Xo)lP* o+ 1= 3 (AL Xis, Kol + .
reh kel
1 _
+ k Z[d(AZleH, Xo)]Px
r—1 kel,
ki 1 . ek 1 o
< Ky 1 k1 Z[d(A7rle+ia Xo) P + T — Z[d(AkaJm Xo)P* + . ..
kel vt
kng — kng—1 1 _
* 0 ; d A:’IL’LX (2] Xo)]P* + ...
kr_1 kng — kng—1 k;[ [d( k+ 0)]
0o
k?” B krfl 1

A(A™ Xpri, Xo)|P*
o R 2 A X, o)
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sup 1 kn, sup 1 - ky — kn,
d(A} Xpviy X + . — AP Xpgi, Xo)JPF————2
J S 1k, ; ktir Xo)]PF bor Tiznohy 2 [d( k+i> X0)] o
kng
< K— +eM.
kr—l
Since k,_1 — o0 as n — oo, it follows that
IR
— Z[d(AZXk_H, Xo)]P* — 0, unifromly in 7.
et
Hence X € |of' (A", (p)|. a

4. Conclusions

We have introduced the concept of lacunary statistical convergence and lacu-

nary strongly convergence of fuzzy real numbers. We have shown that the spaces
are closed under addition and scalar multiplication and are complete metric spaces.
We have verified the solidness, symmetricity, convergence free properties of these
classes of sequences. It is shown that N/-lim A" X; = |o|-lim A" X;. We have
provided examples for the results those fail to hold. The result proved in this article
generalizes and unifies several existing results.
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