
◆♦♥❛♠❡ ♠❛♥✉s❝r✐♣t ◆♦✳
✭✇✐❧❧ ❜❡ ✐♥s❡rt❡❞ ❜② t❤❡ ❡❞✐t♦r✮

▲❛❣r❛♥❣✐❛♥ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✇✐t❤ ◆♦❞❛❧
■♥t❡❣r❛t✐♦♥ ❢♦r ❋❧✉✐❞✲❙♦❧✐❞ ■♥t❡r❛❝t✐♦♥

❆❧❡ss❛♥❞r♦ ❋r❛♥❝✐

❘❡❝❡✐✈❡❞✿ ❞❛t❡ ✴ ❆❝❝❡♣t❡❞✿ ❞❛t❡

❆❜str❛❝t ❚❤✐s ✇♦r❦ ♣r❡s❡♥ts ❛ ❢✉❧❧② ▲❛❣r❛♥❣✐❛♥

❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✭❋❊▼✮ ✇✐t❤ ♥♦❞❛❧ ✐♥✲

t❡❣r❛t✐♦♥ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❋❧✉✐❞✲❙tr✉❝t✉r❡

■♥t❡r❛❝t✐♦♥ ✭❋❙■✮ ♣r♦❜❧❡♠s✳ ❚❤❡ P❛rt✐❝❧❡ ❋✐✲

♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✭P❋❊▼✮ ✐s ✉s❡❞ t♦ s♦❧✈❡

t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞s ❛♥❞ t♦ tr❛❝❦ t❤❡✐r

❡✈♦❧✈✐♥❣ ❢r❡❡ s✉r❢❛❝❡✱ ✇❤✐❧❡ t❤❡ s♦❧✐❞ ❜♦❞✐❡s

❛r❡ ♠♦❞❡❧❡❞ ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❋❊▼✳ ❚❤❡ ❝♦✉✲

♣❧❡❞ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ t❤r♦✉❣❤ ❛ ♠♦♥♦❧✐t❤✐❝

❛♣♣r♦❛❝❤ t♦ ❡♥s✉r❡ ❛ str♦♥❣ ❋❙■ ❝♦✉♣❧✐♥❣✳ ❆❝✲

❝✉r❛❝② ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧

✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞ ❛r❡ ♣r♦✈❡❞ ❛❣❛✐♥st s❡✈❡r❛❧

❜❡♥❝❤♠❛r❦ t❡sts✱ ✐♥✈♦❧✈✐♥❣ ❝♦♠♣❧❡① ✐♥t❡r❛❝✲

t✐♦♥s ❜❡t✇❡❡♥ ✉♥st❡❛❞② ❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞s ❛♥❞

s♦❧✐❞s ✉♥❞❡r❣♦✐♥❣ ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❆ ✈❡r②

❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❞ ❡①✲

♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ✐s ♦❜t❛✐♥❡❞✳

❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥

❛❧❣♦r✐t❤♠ ❛r❡ ❛❧s♦ ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ❣✐✈❡♥ ❜②

❛ st❛♥❞❛r❞ ●❛✉ss✐❛♥ ♠❡t❤♦❞ ❛♥❞ t❤❡✐r ✉♣♣❡r✲

❜♦✉♥❞ ❝♦♥✈❡r❣❡♥t ❜❡❤❛✈✐♦r ✐s ❛❧s♦ ❞✐s❝✉ss❡❞✳

❑❡②✇♦r❞s ◆♦❞❛❧ ■♥t❡❣r❛t✐♦♥ · P❋❊▼ · ❋❙■ ·

❋r❡❡✲❙✉r❢❛❝❡

■♥t❡r♥❛t✐♦♥❛❧ ❈❡♥t❡r ❢♦r ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥
❊♥❣✐♥❡❡r✐♥❣ ✭❈■▼◆❊✮✱ ❯♥✐✈❡rs✐t❛t P♦❧✐t❡❝♥✐❝❛ ❞❡
❈❛t❛❧✉♥②❛
❈❛rr❡r ●r❛♥ ❈❛♣✐t❛♥✱ ❯P❈ ❈❛♠♣✉s ◆♦r❞✱
❇❛r❝❡❧♦♥❛
❊✲♠❛✐❧✿ ❢❛❧❡ss❛♥❞r♦❅❝✐♠♥❡✳✉♣❝✳❡❞✉

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts ❛ ▲❛❣r❛♥❣✐❛♥ ❋✐♥✐t❡ ❊❧✲

❡♠❡♥t ▼❡t❤♦❞ ✭❋❊▼✮ ✇✐t❤ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥

❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❋❧✉✐❞✲❙tr✉❝t✉r❡ ■♥t❡r❛❝✲

t✐♦♥ ✭❋❙■✮ ♣r♦❜❧❡♠s✱ ❛❧s♦ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢

❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞ ✢♦✇s✳ ❚❤❡ ❧❛r❣❡ ♠♦t✐♦♥ ❛♥❞

❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✢✉✐❞✱ ❛s ✇❡❧❧ ❛s t❤❡ ❞❡t❡❝✲

t✐♦♥ ♦❢ t❤❡ ✢✉✐❞✲s♦❧✐❞ ✐♥t❡r❢❛❝❡✱ ❛r❡ ❤❛♥❞❧❡❞

✇✐t❤ t❤❡ P❛rt✐❝❧❡ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✭P❋❊▼✮

❬✶✻✱✷✽✱✶✼❪✱ ❛ ✇❡❧❧✲❛ss❡ss❡❞ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡

t❤❛t ❝♦♠❜✐♥❡s t❤❡ ▲❛❣r❛♥❣✐❛♥ ❋❊▼ s♦❧✉t✐♦♥

♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ✇✐t❤ ❛♥ ❡✣❝✐❡♥t

r❡♠❡s❤✐♥❣ str❛t❡❣②✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ s♦❧✐❞

♣❛rts ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❛r❡ ♥♦t ✐♥✲

✈♦❧✈❡❞ ✐♥ t❤❡ r❡♠❡s❤✐♥❣ ♦♣❡r❛t✐♦♥s ❛♥❞ t❤❡②

❛r❡ s♦❧✈❡❞ ✇✐t❤ ❛ st❛♥❞❛r❞ ❋❊▼✳ ❚❤❡ str♦♥❣❧②

❝♦✉♣❧❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❋❙■ ♣r♦❜❧❡♠ ✐s ♦❜t❛✐♥❡❞

✇✐t❤ t❤❡ ♠♦♥♦❧✐t❤✐❝ str❛t❡❣② ❝❛❧❧❡❞ ❯♥✐✜❡❞ ❢♦r✲

♠✉❧❛t✐♦♥ ❬✶✼✱✶✸❪✳ ❚❤✐s P❋❊▼✲❋❊▼♠♦❞❡❧ ②✐❡❧❞s

t♦ ❛ ❝♦♥❢♦r♠✐♥❣✲♠❡s❤ ❋❙■ ❛❧❣♦r✐t❤♠✱ i.e. t❤❡

❝♦♥t❛❝t ❡❧❡♠❡♥ts ✭t❤♦s❡ ❡❧❡♠❡♥ts ❝♦♥♥❡❝t✐♥❣

s♦❧✐❞ ❛♥❞ ✢✉✐❞ ❞♦♠❛✐♥s✮ ❤❛✈❡ ♦✈❡r❧❛♣♣❡❞ ✢✉✐❞

❛♥❞ s♦❧✐❞ ♥♦❞❡s ❛t t❤❡ ✐♥t❡r❢❛❝❡✳ ❚❤❡ r❡s✉❧t✲

✐♥❣ ♠❡s❤ ✐s ✉s❡❞ t♦ ❞✐s❝r❡t✐③❡ t❤❡ ❣♦✈❡r♥✐♥❣

❡q✉❛t✐♦♥s ❛s ✐♥ ❛ st❛♥❞❛r❞ ❡❧❡♠❡♥t❛❧ ❋❊▼✱ ❜✉t

t❤❡✐r ✐♥t❡❣r❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ♦✈❡r t❤❡ ♥♦❞❛❧

♣❛t❝❤❡s ❛♥❞ ♥♦t ♦✈❡r t❤❡ ❡❧❡♠❡♥ts✱ ❛♥❞ t❤❡

str❡ss❡s✴str❛✐♥s ❛r❡ ❞❡✜♥❡❞ ❛t t❤❡ ♥♦❞❡s ❛♥❞

♥♦t ❛t t❤❡ ●❛✉ss ♣♦✐♥ts✳ ❚❤❡ ✐♥t❡❣r❛t✐♦♥ ♣r♦✲



✷ ❆❧❡ss❛♥❞r♦ ❋r❛♥❝✐

❝❡❞✉r❡ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♥♦❞❛❧

✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ❢♦r ❋❊▼ ♣r❡s❡♥t❡❞ ✐♥ ❬✼❪✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣♦✐♥ts ♦❢ ✐♥t❡r❡st ✐♥ t❤❡

❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ❝♦✉♣❧❡❞ P❋❊▼✲❋❊▼ str❛t❡❣②

✇✐t❤ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥ t♦ ❋❙■ ♣r♦❜❧❡♠s✳

■♥ t❤❡ r❡❝❡♥t ✇♦r❦ ❬✶✵❪✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥

t❤❛t P❋❊▼ ✇✐t❤ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥ ✭✐♥ t❤❡ ❢♦❧✲

❧♦✇✐♥❣✱ nodal PFEM✮ ♣r❡s❡♥ts s♦♠❡ ✐♠♣♦r✲

t❛♥t s❦✐❧❧s ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞

❛♥❛❧②s✐s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝❧❛s✲

s✐❝ P❋❊▼ ✇✐t❤ ❡❧❡♠❡♥t❛❧ ✐♥t❡❣r❛t✐♦♥ ✭✐♥ t❤❡

❢♦❧❧♦✇✐♥❣✱ elemental PFEM✮✱ t❤❡ ♥♦❞❛❧ P❋❊▼

s❤♦✇❡❞ t♦ s✉✛❡r ❧❡ss ❢r♦♠ ♠❡s❤ ❞✐st♦rt✐♦♥✱ t♦

❣✐✈❡ ❛ ♠♦r❡ ❛❝❝✉r❛t❡ str❡ss ✜❡❧❞✱ ❛♥❞ t♦ ♥❡❡❞

❢❡✇❡r ✐t❡r❛t✐♦♥s t♦ ❝♦♥✈❡r❣❡✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡

s❛♠❡ ♠❡s❤✱ ✐t ✇❛s s❤♦✇♥ t❤❛t t❤❡ ❡❧❡♠❡♥t❛❧

P❋❊▼ ✐s ♠♦r❡ ❛❝❝✉r❛t❡ ✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡

✉♥❦♥♦✇♥ ✈❛r✐❛❜❧❡s ✭♥♦❞❛❧ ✈❡❧♦❝✐t✐❡s ❛♥❞ ♣r❡s✲

s✉r❡s✮ ❛♥❞ ❤❛s ❛ r❡❞✉❝❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st

t♦ ❜✉✐❧❞ ❛♥❞ s♦❧✈❡ t❤❡ ❧✐♥❡❛r s②st❡♠✳

■♥ ♥♦♥✲❧✐♥❡❛r s♦❧✐❞ ♠❡❝❤❛♥✐❝s✱ ♥♦❞❛❧ P❋❊▼

❤❛s ❛♥ ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡ ✈❡rs✉s ❡❧❡♠❡♥t❛❧

P❋❊▼✳ ■♥ ❢❛❝t✱ ✐♥ ❛ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞✱

r❡♠❛♣♣✐♥❣ ♦♣❡r❛t✐♦♥s ♦❢ ❤✐st♦r✐❝❛❧ ✈❛r✐❛❜❧❡s ❞✉r✲

✐♥❣ t❤❡ r❡♠❡s❤✐♥❣ st❡♣ ❛r❡ ❛✈♦✐❞❡❞ ❜❡❝❛✉s❡ ❛❧❧

✈❛r✐❛❜❧❡s✱ ✐♥❝❧✉❞✐♥❣ str❡ss❡s ❛♥❞ str❛✐♥s✱ ❛r❡

st♦r❡❞ ❛t t❤❡ ♥♦❞❡s✳ ❚❤✐s ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡ ❝♦♥✲

s❡r✈❛t✐♦♥ ❛♥❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❤✐st♦r✐❝❛❧ ✈❛r✐✲

❛❜❧❡s ❜❡❝❛✉s❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦rs ❛r❡ ❝♦♠♣❧❡t❡❧②

❛✈♦✐❞❡❞✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ r❡♠❛r❦

t❤❛t t❤✐s ❞♦❡s ♥♦t ♠❡❛♥ t❤❛t ❛ ♥♦❞❛❧ ✐♥t❡❣r❛✲

t✐♦♥ ♠❡t❤♦❞ ✐s ❝♦♠♣❧❡t❡❧② ✐♠♠✉♥❡ ❢r♦♠ t❤❡

r❡✲❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ ♠❡s❤✳ ■♥❞❡❡❞✱ ❛s ❢♦r t❤❡

st❛♥❞❛r❞ ❡❧❡♠❡♥t❛❧ P❋❊▼ ❬✾❪✱ ❛❧s♦ ❛ ♥♦❞❛❧ ❛♣✲

♣r♦❛❝❤ ♠❛② s✉✛❡r ❢r♦♠ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❣❡♥✲

❡r❛t❡❞ ❜② t❤❡ ❝❤❛♥❣❡s ♦❢ ❡❧❡♠❡♥t❛❧ ❝♦♥♥❡❝t✐✈✲

✐t② ❛♥❞ t♦♣♦❧♦❣② ✭e.g. t❤❡ ❝r❡❛t✐♦♥ ♦r ❡❧✐♠✐♥❛✲

t✐♦♥ ♦❢ ♥❡✇ ❜♦✉♥❞❛r② ❡❧❡♠❡♥ts✮✳ ❚❤❡ r❡s♣♦♥s❡

♦❢ ❛ s♦❧✐❞ ♥♦❞❛❧ P❋❊▼ t♦ t❤❡s❡ r❡♠❡s❤✐♥❣ s✐t✲

✉❛t✐♦♥s ✐s ❛♥ ✐ss✉❡ t❤❛t ❞❡s❡r✈❡s ❛ ❞❡❡♣ s♣❡❝✐✜❝

st✉❞② ❛♥❞ ✐t ✐s ❝♦♥s✐❞❡r❡❞ ♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢

t❤❡ ♣r❡s❡♥t ✇♦r❦✳

❆♥♦t❤❡r ✇❡❧❧✲❦♥♦✇♥ ♣r♦♣❡rt② ♦❢ ❋❊▼ ❢♦r✲

♠✉❧❛t✐♦♥s ✇✐t❤ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥ ✭✐♥ t❤❡ ❢♦❧✲

❧♦✇✐♥❣✱ nodal FEM✮ ✐s t❤❛t t❤❡② ❛r❡ ❡①♣❡❝t❡❞

t♦ ❣✐✈❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ s♦❧✉t✐♦♥ t♦ t❤❡ ❡❧❛st✐❝

♣r♦❜❧❡♠ ❬✷✶✱✷✵✱✽❪✳ ■♥ ❬✶✵❪✱ ❛♥ ❛♥❛❧♦❣♦✉s ❜❡❤❛✈✲

✐♦r ✇❛s ❛❧s♦ ❢♦✉♥❞ ❢♦r t❤❡ ♥♦❞❛❧ P❋❊▼ ✐♥ t❤❡

❝♦♥t❡①t ♦❢ ✢✉✐❞ ❞②♥❛♠✐❝s ♣r♦❜❧❡♠s✳ ■♥ ♦t❤❡r

✇♦r❞s✱ ❢♦r ❛ ❣✐✈❡♥ ♠❡s❤✱ ❛ ♥♦❞❛❧ ❋❊▼ ❣✐✈❡s

❛ s♦❢t❡r ✭✐♥ ✢✉✐❞ ❞②♥❛♠✐❝s✱ ❧❡ss ✈✐s❝♦✉s✮ s♦✲

❧✉t✐♦♥ t❤❛♥ t❤❡ ❡①♣❡❝t❡❞ ♦♥❡✱ ❝♦♥tr❛r② t♦ ❛

❋❊▼ ✇✐t❤ ❡❧❡♠❡♥t❛❧ ✐♥t❡❣r❛t✐♦♥ ✭✐♥ t❤❡ ❢♦❧✲

❧♦✇✐♥❣✱ elemental FEM✮✱ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦

t❤❡ s♦❧✉t✐♦♥ ❢r♦♠ ❜❡❧♦✇✳ ■♥ t❤❡♦r②✱ t❤✐s ❞✉❛❧

♣r♦♣❡rt② ❡♥❛❜❧❡s t♦ ❣❡t ❛ r❛♥❣❡ ♦❢ ♣♦ss✐❜❧❡ s♦✲

❧✉t✐♦♥s ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ r❡s✉❧ts ♦❢ ❛♥ ❡❧❡♠❡♥✲

t❛❧ ❋❊▼ ✭❧♦✇❡r✲❜♦✉♥❞ s♦❧✉t✐♦♥✮ ❛♥❞ t❤♦s❡ ♦❢

❛ ❤♦♠♦❧♦❣♦✉s ♥♦❞❛❧ ❋❊▼ ✭✉♣♣❡r✲❜♦✉♥❞ s♦❧✉✲

t✐♦♥✮✳ ❚❤✐s ✇❛②✱ ♦♥❡ ❝♦✉❧❞ ♦❜t❛✐♥ ❛♥ ✐♥❞✐❝❛t✐✈❡

♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ❡①♣❡❝t❡❞ s♦❧✉t✐♦♥ ❛❧s♦ ✉s✐♥❣

r❡❧❛t✐✈❡❧② ❝♦❛rs❡ ♠❡s❤❡s✳ ❚❤✐s ❢❡❛t✉r❡ ❝♦✉❧❞ ❜❡

✈❡r② ❤❡❧♣❢✉❧ ❢♦r s♦♠❡ ❞❡♠❛♥❞✐♥❣ ✢✉✐❞✱ s♦❧✐❞✱

♦r ❋❙■ ♣r♦❜❧❡♠s✱ ✇❤❡r❡ ✜♥❡ ♠❡s❤❡s ❝❛♥♥♦t ❜❡

❡♠♣❧♦②❡❞ ❞✉❡ t♦ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st r❡❛s♦♥s✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ str❡ss❡s ❛♥❞ str❛✐♥s ❛t t❤❡

♥♦❞❡s ❣✐✈❡s ❛♥♦t❤❡r ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡ t♦

♥♦❞❛❧ ❋❊▼ ♠♦❞❡❧s✳ ■♥ ❢❛❝t✱ ✐♥ ❛ ♥♦❞❛❧ ♠❡t❤♦❞✱

t❤❡ ♦♥❡✲✜❡❧❞ ❛♣♣r♦❛❝❤ ✭e.g. ✈❡❧♦❝✐t② ❢♦r♠✉❧❛✲

t✐♦♥✮ ✐s ❡①♣❡❝t❡❞ t♦ ❣✐✈❡ t❤❡ s❛♠❡ s♦❧✉t✐♦♥ ❛s

❛ ♠✐①❡❞ ♠❡t❤♦❞ ✉s✐♥❣ ♣r❡ss✉r❡ ❛s t❤❡ ❛❞❞✐✲

t✐♦♥❛❧ ♥♦❞❛❧ ✉♥❦♥♦✇♥ ✭e.g. ✈❡❧♦❝✐t②✲♣r❡ss✉r❡

❢♦r♠✉❧❛t✐♦♥✮✱ ❛t ❧❡❛st ✐❢ t❤❡ ♣r♦❜❧❡♠ ✐s ♥♦t

❢✉❧❧②✲✐♥❝♦♠♣r❡ss✐❜❧❡ ❛♥❞ ❞♦❡s ♥♦t r❡q✉✐r❡ st❛✲

❜✐❧✐③❛t✐♦♥✳ ❚❤✐s ❢❡❛t✉r❡ ✐s ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧

✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❋❙■ ❛♥❛❧②s✐s✱ ✇❤❡r❡ ♠✐①❡❞

❝♦♥❢♦r♠✐♥❣✲♠❡s❤ ♠❡t❤♦❞s ✇✐t❤ ●❛✉ss✐❛♥ ✐♥✲

t❡❣r❛t✐♦♥✱ s✉❝❤ ❛s t❤❡ ❡❧❡♠❡♥t❛❧ P❋❊▼ ❢♦r♠✉✲

❧❛t✐♦♥s ❬✶✼✱✶✸❪✱ r❡q✉✐r❡ t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ♦❢ t❤❡

♣r❡ss✉r❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛t t❤❡ ✐♥t❡r❢❛❝❡

♥♦❞❡s✳ ❚❤✐s ❝♦♠♣❧✐❝❛t✐♦♥ ✐s ❛✈♦✐❞❡❞ ✐♥ ❛ ♥♦❞❛❧

✐♥t❡❣r❛t✐♦♥ ❋❊▼ ❢r❛♠❡✇♦r❦ ❜❡❝❛✉s❡ t❤❡ ♥♦❞❛❧

♣r❡ss✉r❡s ❛r❡ ✉s❡❞ ♦♥❧② ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡

✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞s ❛♥❞ ♥♦t t♦ s♦❧✈❡ t❤❡ ❝♦♠✲

♣r❡ss✐❜❧❡ ♦r q✉❛s✐✲✐♥❝♦♠♣r❡ss✐❜❧❡ s♦❧✐❞s✳

❆❧❧ t❤❡ ❞❡s❝r✐❜❡❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦❞❛❧

✐♥t❡❣r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❡①♣❧❛✐♥ t❤❡ ❣r♦✇✐♥❣ ✐♥✲

t❡r❡st ✐♥ ❛♣♣❧②✐♥❣ t❤✐s t❡❝❤♥✐q✉❡ t♦ ❛ P❋❊▼

❢r❛♠❡✇♦r❦✳ ❚❤❡ ✜rst ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤✐s ✜❡❧❞

✇❛s ❣✐✈❡♥ ❜② ❬✸✺✱✸✹❪ ✇✐t❤ t❤❡✐r s♦✲❝❛❧❧❡❞ ❙♠♦♦t❤❡❞

P❛rt✐❝❧❡ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✭❙P❋❊▼✮✳ ❚❤❡

❛✉t❤♦rs t♦♦❦ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ t❤❡ ❙♠♦♦t❤❡❞

❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✭❙❋❊▼✮ ❬✶✾✱✷✻✱✸✽✱✶✽❪✱

❛♥❞ ❛♣♣❧✐❡❞ s✉❝❝❡ss❢✉❧❧② t❤❡✐r P❋❊▼✇✐t❤ ♥♦❞❛❧



▲❛❣r❛♥❣✐❛♥ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✇✐t❤ ◆♦❞❛❧ ■♥t❡❣r❛t✐♦♥ ❢♦r ❋❧✉✐❞✲❙♦❧✐❞ ■♥t❡r❛❝t✐♦♥ ✸

✐♥t❡❣r❛t✐♦♥ t♦ ❣❡♦♠❡❝❤❛♥✐❝s ❛♣♣❧✐❝❛t✐♦♥s✳ ▼♦r❡

r❡❝❡♥t❧②✱ ❬✶✵❪ ❡①♣❧♦r❡❞ t❤❡ ♥♦❞❛❧ P❋❊▼ ✐♥ t❤❡

❝♦♥t❡①t ♦❢ ✉♥st❡❛❞② ❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞ ❞②♥❛♠✲

✐❝s✳ ❚❤❡ ♣r❡s❡♥t ✇♦r❦ ✇❛♥ts t♦ ❢♦❧❧♦✇ t❤✐s ✐♥✲

✈❡st✐❣❛t✐♦♥ ❧✐♥❡ ❛♥❞✱ ❢♦r t❤❡ ✜rst t✐♠❡ ✐♥ t❤❡ ❧✐t✲

❡r❛t✉r❡✱ ✐t ❛♥❛❧②③❡s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ♥♦❞❛❧

P❋❊▼ t♦ ❋❙■ ♣r♦❜❧❡♠s✳ ■♥ ❢❛❝t✱ ❞❡s♣✐t❡ t❤❡

❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣✉❜❧✐s❤❡❞ P❋❊▼ ❢♦r♠✉❧❛t✐♦♥s

❢♦r ❋❙■ ❛♥❛❧②s✐s ✭e✳g✳ ❬✶✼✱✷✹✱✹✱✷✸❪✮✱ st✐❧❧✱ t❤❡r❡

❞♦❡s ♥♦t ❡①✐st ❛ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❧✐t❡r✲

❛t✉r❡✳ ◆♦t❡ t❤❛t✱ ❛❧s♦ ✐♥ t❤❡ ❢❛♠✐❧② ♦❢ ❙❋❊▼

♠❡t❤♦❞s✱ t❤❡r❡ ❛r❡ ♦♥❧② ❛ ❢❡✇ ❡①❛♠♣❧❡s ♦❢ ❢♦r✲

♠✉❧❛t✐♦♥s ❢♦r ❋❙■ ✭e✳g✳ ❬✸✾✱✸✽✱✸✼❪✮✱ ❡s♣❡❝✐❛❧❧②

✐♥ ♣r❡s❡♥❝❡ ♦❢ ❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞s✳

❋r♦♠ ❛ ❜r♦❛❞❡r ♣❡rs♣❡❝t✐✈❡✱ t❤✐s ✇♦r❦ s❤♦✉❧❞

❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❢✉rt❤❡r st❡♣ t♦✇❛r❞s ❛ ✉♥✐✲

✜❡❞ ♥♦❞❛❧ P❋❊▼ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ♥♦♥✲❧✐♥❡❛r

✢✉✐❞ ❛♥❞ s♦❧✐❞ ♠❡❝❤❛♥✐❝s✳

❚❤❡ ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝✲

t✐♦♥ ✷✱ ✜rst✱ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ♦❢ t❤❡

♣r♦❜❧❡♠ ❛r❡ ♣r❡s❡♥t❡❞✱ ❛♥❞ t❤❡♥✱ t❤❡ ❢✉❧❧② ❞✐s✲

❝r❡t✐③❡❞ ❢♦r♠ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❞❡r✐✈❡❞ ✐♥ ❛

♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥ ❢r❛♠❡✇♦r❦✳ ■♥ ❙❡❝t✐♦♥ ✸✱ t❤❡

❢✉♥❞❛♠❡♥t❛❧s ♦❢ P❋❊▼ ❛r❡ r❡❝❛❧❧❡❞ ❛♥❞ t❤❡ ❛❧✲

❣♦r✐t❤♠ t♦ ❞❡t❡❝t t❤❡ ✢✉✐❞✲s♦❧✐❞ ✐♥t❡r❢❛❝❡ ✐s ❡①✲

♣❧❛✐♥❡❞✳ ❙❡❝t✐♦♥ ✹ ♣r❡s❡♥ts t❤❡ ❧✐♥❡❛r✐③❡❞ ❢♦r♠

♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ✐t ❞❡s❝r✐❜❡s t❤❡ ❋❙■ s♦✲

❧✉t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ✈❛❧✐❞❛t✐♦♥ ❡①❛♠♣❧❡s ❛r❡

♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✻ ❣✐✈❡s

t❤❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ❛♥❞ ♣r❡s❡♥ts t❤❡ ❢✉✲

t✉r❡ r❡s❡❛r❝❤ ❧✐♥❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ✇♦r❦✳

✷ ●♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s

■♥ t❤❡ s♣✐r✐t ♦❢ t❤❡ ❯♥✐✜❡❞ ♠❡t❤♦❞ ❢♦r ❋❙■ ❬✶✼✱

✶✸❪✱ s♦❧✐❞ ❛♥❞ ✢✉✐❞ ❢♦r♠✉❧❛t✐♦♥s ❛r❡ ❤❡r❡ ♣r❡✲

s❡♥t❡❞ t♦❣❡t❤❡r✳ ❚❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ♦❢

t❤❡ ♣r♦❜❧❡♠ ❛r❡ t❤❡ ♠♦♠❡♥t✉♠ ❜❛❧❛♥❝❡ ❛♥❞

t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❛♥❞ t❤❡② ❛r❡ ❢♦r♠✉❧❛t❡❞

✐♥ ❛♥ ❯♣❞❛t❡❞ ▲❛❣r❛♥❣✐❛♥ ❢r❛♠❡✇♦r❦✱ ❛s ✐♥

t❤❡ st❛♥❞❛r❞ P❋❊▼ ❬✶✻❪✳

❈❛❧❧✐♥❣ Ω t❤❡ ✉♣❞❛t❡❞✴❞❡❢♦r♠❡❞ ❞♦♠❛✐♥

❛♥❞ ❜❡✐♥❣ (0, T ) t❤❡ t✐♠❡ ✐♥t❡r✈❛❧✱ t❤❡ ♠♦♠❡♥✲

t✉♠ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s r❡❛❞

ρv̇ −∇ · σ − b = 0 ✐♥ Ω × (0, T ) ✭✶✮

✇❤❡r❡ ρ ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♠❛t❡r✐❛❧✱ v̇ ✐s t❤❡

t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✈❡❧♦❝✐t② ✈❡❝t♦r✱ σ ✐s t❤❡

❈❛✉❝❤② str❡ss t❡♥s♦r ❛♥❞ b ❛r❡ t❤❡ ❜♦❞② ❢♦r❝❡s

♣❡r ✉♥✐t ♦❢ ✈♦❧✉♠❡✳

❚❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥✱ ♦r ❝♦♥t✐♥✉✐t②✱ ❡q✉❛✲

t✐♦♥ ✐s ✇r✐tt❡♥ ❛s ❬✷✾✱✶✷❪

1

κ
ṗ− dv(v) = 0 ✐♥ Ω × (0, T ) ✭✷✮

✇❤❡r❡ κ ✐s t❤❡ ❜✉❧❦ ♠♦❞✉❧✉s ♦❢ t❤❡ ♠❛t❡r✐❛❧

❛♥❞ t❤❡ ✈♦❧✉♠❡tr✐❝ ❞❡❢♦r♠❛t✐♦♥ r❛t❡ dv ✐s ❞❡✲

✜♥❡❞ ❛s

dv(v) = ∇ · v = tr❛❝❡ (d) ✭✸✮

✇❤❡r❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥ r❛t❡ d ✐s ❝♦♠♣✉t❡❞ ❢r♦♠

t❤❡ ✈❡❧♦❝✐t② ❛s

d =
1

2

(

∇v + [∇v]
T
)

✭✹✮

❚❤❡ s②st❡♠ ♦❢ ❊qs✳✭✶ ✲ ✷✮ ♠✉st ❜❡ ❝♦♠✲

♣❧❡t❡❞ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s✳

❖♥ t❤❡ ❉✐r✐❝❤❧❡t ✭Γv✮ ❛♥❞ ◆❡✉♠❛♥♥ ✭Γt✮

❜♦✉♥❞❛r✐❡s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ✐♠✲

♣♦s❡❞

v − v̂ = 0 ♦♥ Γv ✭✺✮

σ · n− t̂ = 0 ♦♥ Γt ✭✻✮

❜❡✐♥❣ v̂ ❛♥❞ t̂ t❤❡ ♣r❡s❝r✐❜❡❞ ✈❡❧♦❝✐t✐❡s ❛♥❞

tr❛❝t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ n t❤❡ ♦✉t❣♦✐♥❣ ♥♦r✲

♠❛❧ ✈❡❝t♦r t♦ t❤❡ ❞♦♠❛✐♥ ❜♦✉♥❞❛r✐❡s✳

✷✳✶ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥

❋♦❧❧♦✇✐♥❣ ❛ st❛♥❞❛r❞ ●❛❧❡r❦✐♥ ❛♣♣r♦❛❝❤✱ ❊qs✳✭✶✲

✷✮ ❛r❡ ✐♥t❡❣r❛t❡❞ ♦✈❡r t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦✲

♠❛✐♥ ❛♥❞ ❡❛❝❤ t❡r♠ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❡st ❢✉♥❝✲

t✐♦♥s✳

❆❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❛♥❞

✉s✐♥❣ t❤❡ ✈❡❝t♦r t❡st ❢✉♥❝t✐♦♥s w✱ t❤❡ ✇❡❛❦

❢♦r♠ ♦❢ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s ❊q✳✭✶✮ r❡❛❞s
∫

Ω

ρw · v̇ dΩ +

∫

Ω

d(w) : σ dΩ

−

∫

Ω

w · b dΩ −

∫

Γt

w · t̂ dΓ = 0

✭✼✮



✹ ❆❧❡ss❛♥❞r♦ ❋r❛♥❝✐

❆♥❛❧♦❣♦✉s❧②✱ ✉s✐♥❣ t❤❡ s❝❛❧❛r t❡st ❢✉♥❝t✐♦♥

q✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦ ❢♦r♠ ♦❢ t❤❡ ❝♦♥t✐♥✉✐t②

❡q✉❛t✐♦♥ ✭❊q✳✭✷✮✮ ✐s ♦❜t❛✐♥❡❞
∫

Ω

1

κ
q ṗ dΩ −

∫

Ω

q dv dΩ = 0 ✭✽✮

❆s ✐♥ t❤❡ st❛♥❞❛r❞ ❋❊▼✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧

❞♦♠❛✐♥ Ω ✐s ❞✐s❝r❡t✐③❡❞ ♦✈❡r ❛ ✜♥✐t❡ ❡❧❡♠❡♥ts

♠❡s❤ ❝♦♠♣♦s❡❞ ❜② tr✐❛♥❣❧❡s ✭t❡tr❛❤❡❞r❛ ✐♥ t❤r❡❡✲

❞✐♠❡♥s✐♦♥s✮✳ ▲✐♥❡❛r s❤❛♣❡ ❢✉♥❝t✐♦♥sN ❛r❡ ✉s❡❞

t♦ ✐♥t❡r♣♦❧❛t❡ t❤❡ ✈❡❧♦❝✐t② ❛♥❞ ♣r❡ss✉r❡ ✜❡❧❞s✱

❛s ✇❡❧❧ ❛s t❤❡ t❡st ❢✉♥❝t✐♦♥s✱ ❛s ❢♦❧❧♦✇s

v(x, t) = N(x)v̄(t) w(x, t) = N(x)w̄(t)

p(x, t) = N(x)p̄(t) q(x, t) = N(x)q̄(t)
✭✾✮

◆♦t❡ t❤❛t t❤❡ ✉♣♣❡r s②♠❜♦❧ (̄·) t❤❛t ❛♣♣❡❛rs

✐♥ ❊q✳✭✾✮ ❞❡♥♦t❡s ❛ ♥♦❞❛❧ ✈❛r✐❛❜❧❡✳ ❚❤✐s ❝♦♥✲

✈❡♥t✐♦♥ ✇✐❧❧ ❜❡ ❛❧s♦ ✉s❡❞ ❢♦r t❤❡ r❡st ♦❢ t❤❡

❞❡r✐✈❛t✐♦♥✳

❈♦♠❜✐♥✐♥❣ ❊qs✳✭✾✮ ✇✐t❤ ❊qs✳✭✼✲✽✮✱ t❤❡ ✇❡❛❦

❢♦r♠s ♦❢ t❤❡ ❧✐♥❡❛r ♠♦♠❡♥t✉♠ ❛♥❞ ❝♦♥t✐♥✉✐t②

❡q✉❛t✐♦♥s tr❛♥s❢♦r♠ ✐♥t♦
∫

Ω

ρNTN dΩ ˙̄v +

∫

Ω

BTσ dΩ

−

∫

Ω

NT b dΩ −

∫

Γt

NT t̂ dΓ = 0

✭✶✵✮

∫

Ω

1

κ
NTN dΩ ˙̄p−

∫

Ω

NT dv dΩ = 0 ✭✶✶✮

✇❤❡r❡ t❤❡ ♦♣❡r❛t♦r B ✉s❡❞ ✐♥ ❊q✳✭✶✵✮ ✐s

❞❡✜♥❡❞ s✉❝❤ t❤❛t ❬✷❪

d(x, t) =B(x)v̄(t)

=
1

2

(

∇v(x, t) + [∇v(x, t)]
T
) ✭✶✷✮

✷✳✷ ❙♣❛t✐❛❧ ✐♥t❡❣r❛t✐♦♥

■♥ t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ ✇❡❛❦ ❢♦r♠ ✭❊qs✳✭✶✵✲✶✶✮✮

✐s ✐♥t❡❣r❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ♦✈❡r t❤❡ ♥♦❞❛❧ ♣❛t❝❤❡s

♦❢ t❤❡ tr✐❛♥❣✉❧❛r ♠❡s❤✳ ■♥ t❤❡ ❜✉❧❦✱ t❤❡ ❛r❡❛

♦❢ t❤❡ ♥♦❞❛❧ ♣❛t❝❤ ✐s t❤❡ ♦✈❡r❛❧❧ ❛r❡❛ ♦❢ ❛❧❧

♥❡✐❣❤❜♦r✐♥❣ ❡❧❡♠❡♥ts✱ s❡❡ t❤❡ ❣r❛♣❤✐❝❛❧ r❡♣r❡✲

s❡♥t❛t✐♦♥ ✐♥ ❋✐❣✉r❡ ✶❛✳ ■♥st❡❛❞✱ ❢♦r ❛ ♥♦❞❡ I

❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✢✉✐❞✲s♦❧✐❞ ✐♥t❡r❢❛❝❡ ❋✐❣✉r❡ ✶❜✱

t✇♦ ❞✐✛❡r❡♥t ♥♦❞❛❧ ❛r❡❛s ♠✉st ❜❡ ❞❡✜♥❡❞✱ ♦♥❡

❢♦r t❤❡ ✢✉✐❞ ♣❛rt ✭ΩI
F ✮ ❛♥❞ ♦♥❡ ❢♦r t❤❡ s♦❧✐❞

♦♥❡ ✭ΩI
S✮✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ♥♦❞❛❧ ♣❛t❝❤ ❛r❡❛

ΩI ♦❢ ♥♦❞❡ ■ r❡♣r❡s❡♥t✐♥❣ t❤❡ ♠❛t❡r✐❛❧ m ✐s

❞❡✜♥❡❞ ❛s

ΩI
m =

neI
m

∑

α=1

Ωα
m

3
✭✶✸✮

✇❤❡r❡ Ωα
m ✐s t❤❡ ❛r❡❛ ♦❢ t❤❡ ♥❡✐❣❤❜♦r ❡❧❡♠❡♥t

α ♦❢ ♠❛t❡r✐❛❧ m ❛♥❞ neIm ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❧✲

❡♠❡♥ts ♦❢ t❤❡ s❛♠❡ ♠❛t❡r✐❛❧ s❤❛r✐♥❣ ♥♦❞❡ I✳

❚❤❡ ♠❛t❡r✐❛❧ ♦❢ t❤❡ ❡❧❡♠❡♥ts ✐s ❣✐✈❡♥ ❜② t❤❡

♠❛t❡r✐❛❧ ♦❢ t❤❡ s❤❛r❡❞ ♥♦❞❡s ✭✐♥t❡r❢❛❝❡ ♥♦❞❡s

❤❛✈❡ ❜♦t❤ ♠❛t❡r✐❛❧s ❞❡✜♥✐t✐♦♥s✮✳

✭❛✮ ■♥t❡r♥❛❧ ♥♦❞❡ I

✭❜✮ ◆♦❞❡ I ❛t t❤❡ ✐♥t❡❢❛❝❡

❋✐❣✳ ✶✿ ●r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♥♦❞❛❧ ♣❛t❝❤✳
(a) ♣❛t❝❤ ❛r❡❛ ΩI ♦❢ ❛♥ ✐♥t❡r♥❛❧ ♥♦❞❡ ■✳ (b) ❋❧✉✐❞
❛♥❞ s♦❧✐❞ ♣❛t❝❤ ❛r❡❛s ✭ΩI

F
❛♥❞ ΩI

S
✱ r❡s♣❡❝t✐✈❡❧②✮ ♦❢

❛ ♥♦❞❡ I ❧♦❝❛t❡❞ ❛t t❤❡ ✢✉✐❞✲s♦❧✐❞ ✐♥t❡r❢❛❝❡✳

❈♦♥s✐❞❡r✐♥❣ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ ❞♦♠❛✐♥s✱ ♥♦❞❛❧

❛♥❞ ❡❧❡♠❡♥t❛❧ ❛r❡❛s ❛r❡ ❞❡✜♥❡❞ s✉❝❤ t❤❛t

∫

Ωm

dΩ =

NNm
∑

I=1

ΩIm =

NEm
∑

α=1

Ωαm ✭✶✹✮



▲❛❣r❛♥❣✐❛♥ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✇✐t❤ ◆♦❞❛❧ ■♥t❡❣r❛t✐♦♥ ❢♦r ❋❧✉✐❞✲❙♦❧✐❞ ■♥t❡r❛❝t✐♦♥ ✺

✇❤❡r❡ NNm ❛♥❞ NEm ❛r❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r

♦❢ ♥♦❞❡s ❛♥❞ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠❡s❤ ♦❢ ♠❛t❡r✐❛❧

m✳

❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ❛♥❞ t♦ ❧✐❣❤t❡♥ t❤❡

♥♦t❛t✐♦♥✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ s✉❜✲✐♥❞❡① s♣❡❝✲

✐❢②✐♥❣ t❤❡ ♥♦❞❡ ♠❛t❡r✐❛❧ ✐s ♦♠✐tt❡❞ ❛♥❞ t❤❡

❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧ ❢♦r♠✉❧❛t✐♦♥

✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦♥ ❢♦r ❛ ❣❡♥❡r❛❧ ♠❛t❡r✐❛❧✳ ◆♦t❡

t❤❛t t❤✐s ✐s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ s♣✐r✐t ♦❢ t❤❡ ❯♥✐✲

✜❡❞ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ✢✉✐❞ ❛♥❞ s♦❧✐❞ ♠❡❝❤❛♥✐❝s

❬✶✺✱✶✸❪✳ ❚❤❡ s✉❜✲✐♥❞✐❝❡s f ❛♥❞ s s♣❡❝✐❢②✐♥❣ t❤❡

✢✉✐❞ ❛♥❞ s♦❧✐❞ ♣❛rts✱ r❡s♣❡❝t✐✈❡❧②✱ ✇✐❧❧ ❜❡ ✐♥tr♦✲

❞✉❝❡❞ ✐♥t♦ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦♥❧② ✇❤❡♥ str✐❝t❧②

♥❡❝❡ss❛r②✳

❯s✐♥❣ t❤❡ ♥♦❞❛❧ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛✲

t✐♦♥❛❧ ❞♦♠❛✐♥✱ t❤❡ ❧✐♥❡❛r ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s

✭❊q✳✭✶✵✮✮ ❛r❡ r❡✇r✐tt❡♥ ❛s

NN
∑

I=1

∫

ΩI

ρN IN IdΩ ˙̄v
I
+

NN
∑

I=1

∫

ΩI

[

B̄I
]T

σ dΩ

−

NN
∑

I=1

∫

ΩI

N Ib dΩ −

NN
∑

I=1

∫

Γ I
t

N I t̂ dΓ = 0

✭✶✺✮

✇❤❡r❡ s②♠❜♦❧
∑

s❤♦✉❧❞ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡

st❛♥❞❛r❞ ❋❊▼ ❛ss❡♠❜❧② ♦♣❡r❛t♦r✱ ❛♥❞ t❤❡ ♥♦❞❛❧

B̄ ✐s ❝♦♠♣✉t❡❞ ❢♦r ❛ ❣❡♥❡r✐❝ ♥♦❞❡ I ❛s

B̄I =








N I
1,x 0 ... N I

I,x 0 ... N I
nnI ,x

0

0 N I
1,y ... 0 N I

I,y ... 0 N I
nnI ,y

N I
1,y N I

1,x ... N I
I,y N I

I,x ... N I
nnI ,y

N I
nnI ,x









✭✶✻✮

❋♦❧❧♦✇✐♥❣ ❬✼❪✱ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ s❤❛♣❡ ❢✉♥❝✲

t✐♦♥s ✐♥ ♠❛tr✐① B̄ ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❡❧❡✲

♠❡♥t❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥s ❛s

N I
J,j =

1

AI

neI
∑

α=1

Nα
J,j

Ωα

3
✭✶✼✮

❊①♣❧♦✐t✐♥❣ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ s❤❛♣❡ ❢✉♥❝✲

t✐♦♥s ❛♥❞ ❜❡✐♥❣ t❤❡♠ ❡q✉❛❧ t♦ ♦♥❡ ❛t t❤❡ ♥♦❞❡s✱

t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦❞❛❧ ✐♥t❡❣r❛t❡❞ ❢♦r♠ ♦❢ t❤❡ ❧✐♥✲

❡❛r ♠♦♠❡♥t✉♠ ✐s ♦❜t❛✐♥❡❞

NN
∑

I=1

ρΩI ˙̄v
I
+

NN
∑

I=1

[

B̄I
]T

σ̄IΩI

−

NN
∑

I=1

bIΩI
−

NN
∑

I=1

αI
Γ
t̂IΓ I = 0

✭✶✽✮

✇❤❡r❡ Γ I ✐s t❤❡ ♥♦❞❛❧ ❝♦♥t♦✉r ❧❡♥❣t❤✱ αI
Γ

✐s

❡q✉❛❧ t♦ ♦♥❡ ✐❢ t❤❡ ♥♦❞❡ I ❜❡❧♦♥❣s t♦ ❛ ◆❡✉✲

♠❛♥♥ ❜♦✉♥❞❛r② ❛♥❞ ❡q✉❛❧ t♦ ③❡r♦ ♦t❤❡r✇✐s❡✳

❆❢t❡r ❛♥❛❧♦❣♦✉s ♦♣❡r❛t✐♦♥s✱ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞

❢♦r♠ ♦❢ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✭❊q✳✭✶✶✮✮ ✐s

❝♦♠♣✉t❡❞ ❛s

NN
∑

I=1

1

κ
ΩI ˙̄pI −

NN
∑

I=1

d̄IvΩ
I = 0 ✭✶✾✮

✇❤❡r❡ t❤❡ ♥♦❞❛❧ ✈♦❧✉♠❡tr✐❝ ❞❡❢♦r♠❛t✐♦♥ r❛t❡

d̄Iv ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ♥♦❞❛❧ ❞❡❢♦r♠❛t✐♦♥

r❛t❡ t❡♥s♦r d̄ ❛s

d̄Iv = trace
(

d̄I
)

✭✷✵✮

✇✐t❤

d̄I = B̄I v̄nnI

✭✷✶✮

✇❤❡r❡ ✈❡❝t♦r v̄nnI

❝♦♥t❛✐♥s t❤❡ ✈❡❧♦❝✐t② ❝♦♠✲

♣♦♥❡♥ts ♦❢ ♥♦❞❡ I ❛♥❞ t❤♦s❡ ♦❢ ✐ts ♥❡✐❣❤❜♦r

♥♦❞❡s✳ ■♥ ✷❉✱ ✐ts s✐③❡ ✐s 2nnI ✱ ✇❤❡r❡ nnI ✐s t❤❡

♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦rs ♦❢ ♥♦❞❡ I ♣❧✉s ♦♥❡✳

✷✳✸ ❚✐♠❡ ✐♥t❡❣r❛t✐♦♥

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❢✉❧❧② ❞✐s❝r❡t✐③❡❞ ❢♦r♠

♦❢ ♣r♦❜❧❡♠ ❊q✳✭✶✽✲✶✾✮✱ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢

♥♦❞❛❧ ✈❡❧♦❝✐t✐❡s ❛♥❞ ♣r❡ss✉r❡ ♠✉st ❜❡ ❞❡✜♥❡❞✳

❋♦r ❛ ❣❡♥❡r✐❝ t✐♠❡ ✐♥t❡r✈❛❧
[

nt; n+1t
]

♦❢ ❞✉✲

r❛t✐♦♥ ∆t✱ t❤❡ ♥♦❞❛❧ ❛❝❝❡❧❡r❛t✐♦♥s ˙̄v ❛r❡ ♦❜✲

t❛✐♥❡❞ ✉s✐♥❣ ❛ s❡❝♦♥❞ ♦r❞❡r ◆❡✇♠❛r❦ s❝❤❡♠❡

❛s ❬✷✼❪

n+1 ˙̄v =
2

∆t

(

n+1v̄ −
nv̄

)

−
n ˙̄v ✭✷✷✮

❈♦♠❜✐♥✐♥❣ ❊q✳✭✷✷✮ ❛♥❞ ❊q✳✭✶✽✮✱ t❤❡ ❢✉❧❧②

❞✐s❝r❡t✐③❡❞ ❢♦r♠ ♦❢ t❤❡ ❧✐♥❡❛r ♠♦♠❡♥t✉♠ ❡q✉❛✲

t✐♦♥s ❛t t✐♠❡ n+1t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

n+1Rm := n+1F d+n+1Fσ
−

n+1F e = 0 ✭✷✸✮



✻ ❆❧❡ss❛♥❞r♦ ❋r❛♥❝✐

✇❤❡r❡ F d✱ Fσ✱ ❛♥❞ F e ❛r❡ t❤❡ ❞②♥❛♠✐❝✱ ✐♥t❡r✲

♥❛❧ ❛♥❞ ❡①t❡r♥❛❧ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❢♦r❝❡s ✈❡❝✲

t♦r✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤❡② ❛r❡ ❝♦♠♣✉t❡❞ ❛s ❢♦❧✲

❧♦✇s

n+1F d =

NN
∑

I=1

ρ

[

2

∆t

(

n+1v̄ −
nv̄

)

−
n ˙̄v

]

n+1ΩI

n+1Fσ =

NN
∑

I=1

[

B̄I
]T n+1σ̄I n+1ΩI

n+1F e =

NN
∑

I=1

n+1bI n+1ΩI

−

NN
∑

I=1

αI
Γ

n+1t̂I n+1Γ I

✭✷✹✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢

t❤❡ ♣r❡ss✉r❡ ✐s ❝♦♠♣✉t❡❞ ❛s

n+1 ˙̄p =
1

∆t

(

n+1p̄− np̄
)

✭✷✺✮

❆♥❛❧♦❣♦✉s❧② t♦ ✇❤❛t ❤❛s ❜❡❡♥ ❞♦♥❡ ❢♦r t❤❡

❧✐♥❡❛r ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s✱ t❤❡ ❢✉❧❧② ❞✐s❝r❡t✐③❡❞

❢♦r♠ ♦❢ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ❛t t✐♠❡ n+1t ✐s

✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

n+1Rc := n+1F p
−

n+1F v = 0 ✭✷✻✮

❜❡✐♥❣

n+1F p =

NN
∑

I=1

1

κ∆t

(

n+1p̄− np̄
)

n+1ΩI

n+1F v =

NN
∑

I=1

n+1d̄Iv
n+1ΩI

✭✷✼✮

✷✳✹ ❙t❛❜✐❧✐③❛t✐♦♥

❋♦r ✐♥❝♦♠♣r❡ss✐❜❧❡ ♠❛t❡r✐❛❧s✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥

✐s st❛❜✐❧✐③❡❞ ✐♥ ♦r❞❡r t♦ ❝✐r❝✉♠✈❡♥t t❤❡ ✉♥❢✉❧✲

✜❧❧♠❡♥t ♦❢ t❤❡ inf − sup ❝♦♥❞✐t✐♦♥ ❬✸❪✳ ■♥ t❤✐s

✇♦r❦✱ t❤❡ s❛♠❡ st❛❜✐❧✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♣r❡s❡♥t❡❞

✐♥ ❬✶✵❪ ❛♥❞ ❜❛s❡❞ ♦♥ t❤❡ ❋✐♥✐t❡ ■♥❝r❡♠❡♥t ❈❛❧✲

❝✉❧✉s ✭❋■❈✮ st❛❜✐❧✐③❛t✐♦♥ t❡❝❤♥✐q✉❡ ❬✷✼❪ ✐s ✉s❡❞✳

❚❤❡ ❋■❈ st❛❜✐❧✐③❛t✐♦♥ t❡r♠s ❛✛❡❝t ♦♥❧② t❤❡

❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✭❊q✳✭✷✻✮✮✱ ✇❤✐❧❡ t❤❡ ♠♦✲

♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✭❊q✳✭✷✸✮✮ ✐s ❧❡❢t ✉♥❝❤❛♥❣❡❞✳

❋♦r t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ♣❛rts ♦❢ t❤❡ ❞♦♠❛✐♥

✭✐♥ t❤✐s ✇♦r❦✱ t❤❡ ✢✉✐❞ ♣❛rts ♦♥❧②✮✱ ❊q✳✭✷✻✮ ✐s

♠♦❞✐✜❡❞ ❜② ❛❞❞✐♥❣ t❤❡ st❛❜✐❧✐③❛t✐♦♥ t❡r♠ F τ

❛s ❢♦❧❧♦✇s

n+1Rc := n+1F p
−

n+1F v + n+1F τ = 0 ✭✷✽✮

✇✐t❤

n+1F τ = τ
(

L n+1p̄+M
Γ

n+1p̄+ n+1fp

)

✭✷✾✮

✇❤❡r❡ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r τ ✐s ❝♦♠✲

♣✉t❡❞ ❛s ❬✷✼❪

τ =

(

8µf

h2
+

2ρ

δ

)

−1

✭✸✵✮

❜❡✐♥❣ h ❛♥❞ δ ❛r❡ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐st❛♥❝❡s ✐♥

s♣❛❝❡ ❛♥❞ t✐♠❡ ❬✷✼❪✳

▼❛tr✐❝❡s L✱ M
Γ
❛♥❞ fp ♦❢ ❊q✳✭✷✾✮ ❛r❡ ❞❡✲

✜♥❡❞ ❡❧❡♠❡♥t❛❧❧② ❛♥❞ ✐♥t❡❣r❛t❡❞ ❢♦r ❡❛❝❤ ✢✉✐❞

❡❧❡♠❡♥t e ❛s

Le =

∫

Ωe

[∇∇∇N
e
]T∇∇∇N

edΩ, ✭✸✶✮

[

M IJ
Γ

]e
=

∫

Γ e
t

2

hn

N INJdΓ ✭✸✷✮

❛♥❞

[

f I
p

]e
=

∫

Γ e
t

N I

[

ρv̇n −
2

hn
(2µfdn − t̂n)

]

dΓ

−

∫

Ωe

[∇∇∇N
e
]T bdΩ

✭✸✸✮

✇❤❡r❡

∇∇∇N
e =





Ne
1,x Ne

2,x Ne
3,x

Ne
1,y Ne

2,y Ne
3,y



 ✭✸✹✮

❛♥❞ hn ✐s ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣❤t ♦❢ t❤❡ ❡❧❡♠❡♥t✱

v̇n ❛♥❞ dn ❛♥❞ t̂n ❛r❡ t❤❡ ♥♦r♠❛❧ ♣r♦❥❡❝t✐♦♥s ♦❢

♥♦❞❛❧ ❛❝❝❡❧❡r❛t✐♦♥✱ ❞❡❢♦r♠❛t✐♦♥ r❛t❡✱ ❛♥❞ ✐♠✲

♣♦s❡❞ tr❛❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳



▲❛❣r❛♥❣✐❛♥ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✇✐t❤ ◆♦❞❛❧ ■♥t❡❣r❛t✐♦♥ ❢♦r ❋❧✉✐❞✲❙♦❧✐❞ ■♥t❡r❛❝t✐♦♥ ✼

✷✳✺ ❙tr❡ss❡s ❞❡✜♥✐t✐♦♥

■♥ ♦r❞❡r t♦ ❝❧♦s❡ t❤❡ ❢♦r♠✉❧❛t✐♦♥✱ t❤❡ str❡ss❡s

♦❢ t❤❡ ✐♥t❡r♥❛❧ ❢♦r❝❡ t❡r♠ ✭❊q✳✭✷✹✮✮ ♠✉st ❜❡ ❞❡✲

✜♥❡❞✳ ■♥ t❤✐s ♠❡t❤♦❞✱ str❡ss❡s ❛♥❞ str❛✐♥s ❛r❡

❞❡✜♥❡❞ ♥♦❞❛❧❧② ❛♥❞ ♥♦t ❛t t❤❡ ●❛✉ss ♣♦✐♥ts✱

❛s ✐♥ t❤❡ st❛♥❞❛r❞ ❡❧❡♠❡♥t❛❧ ❋❊▼✳ ❈♦♥❝❡r♥✲

✐♥❣ t❤❡ ❝♦♥st✐t✉t✐✈❡ ♠♦❞❡❧s✱ ✢✉✐❞s ❛r❡ ❛ss✉♠❡❞

t♦ ❜❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❛♥❞ ◆❡✇t♦♥✐❛♥✱ ✇❤❡r❡❛s

❛ ❤②♣♦❡❧❛st✐❝ ❧❛✇ ✐s ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ s♦❧✐❞

♣❛rts ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳

✷✳✺✳✶ ❋❧✉✐❞ ♥♦❞❛❧ str❡ss t❡♥s♦r

❋♦r ✢✉✐❞s✱ t❤❡ ♥♦❞❛❧ ❈❛✉❝❤② str❡ss t❡♥s♦r ❛t
n+1t ✐s ❝♦♠♣✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ st❛♥❞❛r❞

◆❡✇t♦♥✐❛♥ ♠♦❞❡❧ ❛s

n+1σ̄ = 2µf

(

n+1d̄−
1

3
n+1d̄vI

)

+n+1p̄I ✭✸✺✮

✇❤❡r❡ µf ✐s t❤❡ ✢✉✐❞ ❞②♥❛♠✐❝ ✈✐s❝♦s✐t②✳ ❚❤❡

♥♦❞❛❧ ❞❡❢♦r♠❛t✐♦♥ r❛t❡ t❡♥s♦r d̄ ✐s ♦❜t❛✐♥❡❞

❢r♦♠ ❊q✳✭✷✶✮ ❛♥❞ t❤❡ ✈♦❧✉♠❡tr✐❝ ❞❡❢♦r♠❛t✐♦♥

r❛t❡ ❢r♦♠ ❊q✳✭✷✵✮✳

❚❤❡ ✢✉✐❞ ♣r❡ss✉r❡s ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡

st❛❜✐❧✐③❡❞ ❢♦r♠ ♦❢ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✭❊q✳✭✷✽✮✮✳

◆♦t❡ t❤❛t ❛❧❧ t❡r♠s ♦❢ ❊q✳✭✸✺✮ ❛r❡ ❞❡✜♥❡❞

♥♦❞❛❧❧②✳ ❚❤✉s✱ ✐♥t❡r♣♦❧❛t✐♦♥ ♣r♦❝❡❞✉r❡s ❛r❡ ♥♦t

r❡q✉✐r❡❞ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ str❡ss❡s✳

❚❤✐s r❡♣r❡s❡♥ts ❛♥ ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡ ♦❢ ♥♦❞❛❧

✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡❧❡✲

♠❡♥t❛❧ ♦♥❡s✳

✷✳✺✳✷ ❙♦❧✐❞ ♥♦❞❛❧ str❡ss t❡♥s♦r

❋♦r s♦❧✐❞s✱ t❤❡ ♥♦❞❛❧ ❈❛✉❝❤② str❡ss t❡♥s♦r ✐s

❝♦♠♣✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦❡❧❛s✲

t✐❝ ♠♦❞❡❧

n+1σ̄ =nσ̄ + 2µs∆t

(

n+1d̄−
1

3
n+1d̄vI

)

+ n+1∆p̄I

✭✸✻✮

✇❤❡r❡ µs ✐s t❤❡ s❡❝♦♥❞ ▲❛♠é ❝♦♥st❛♥t✳

❋♦r ❝♦♠♣r❡ss✐❜❧❡ s♦❧✐❞s✱ t❤❡ ♥♦❞❛❧ ♣r❡ss✉r❡

✈❛r✐❛t✐♦♥ n+1∆p̄ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❞✐r❡❝t❧② ❢r♦♠

t❤❡ ♥♦♥✲st❛❜✐❧✐③❡❞ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✭❊q✳✭✷✻✮✮

❛s

n+1∆p̄ =n+1 p̄− np̄ = κ∆t n+1d̄v ✭✸✼✮

◆♦t❡ t❤❛t t❤✐s ❞✐r❡❝t r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡

♣r❡ss✉r❡ ❛♥❞ t❤❡ ✈♦❧✉♠❡tr✐❝ str❛✐♥ r❛t❡ ✐s ❢✉❧✲

✜❧❧❡❞ ❡①❛❝t❧② ✐♥ ❛ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥ ❢r❛♠❡✇♦r❦

❜❡❝❛✉s❡ ❜♦t❤ ✈❛r✐❛❜❧❡s ❛r❡ ❞❡✜♥❡❞ ❛t t❤❡ ♥♦❞❡s

✭d̄v ✐s ❝♦♠♣✉t❡❞ ♥♦❞❛❧❧② ❢r♦♠ t❤❡ ♥♦❞❛❧ ✈❡✲

❧♦❝✐t✐❡s ✉s✐♥❣ ❊q✳✭✷✵✮✮✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛st t♦

st❛♥❞❛r❞ ●❛✉ss✐❛♥ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s ✇❤❡r❡✱

t②♣✐❝❛❧❧②✱ t❤❡ ✈♦❧✉♠❡tr✐❝ str❛✐♥ ♠❡❛s✉r❡ ✐s ❝♦♠✲

♣✉t❡❞ ❛t t❤❡ ●❛✉ss ♣♦✐♥t ✇❤✐❧❡ t❤❡ ♣r❡ss✉r❡s

❛♥❞ t❤❡ ✈❡❧♦❝✐t✐❡s ❛r❡ ❞❡✜♥❡❞ ♥♦❞❛❧❧②✳ ❈♦♠❜✐♥✲

✐♥❣ ❊q✳✭✸✻✮ ❛♥❞ ❊q✳✭✸✼✮✱ ✐t ②✐❡❧❞s✿

n+1σ̄ =nσ̄ + 2µs∆t

(

n+1d̄−
1

3
n+1d̄vI

)

+ κs∆tn+1d̄vI

✭✸✽✮

❛♥❞

n+1σ̄ = nσ̄ + 2µs∆tn+1d̄+ λs∆tn+1d̄vI ✭✸✾✮

✇❤❡r❡ λs ✐s t❤❡ ✜rst ▲❛♠é ❝♦♥st❛♥t ❛♥❞ κs =

λs +
2

3
µs ✐s t❤❡ s♦❧✐❞ ❜✉❧❦ ♠♦❞✉❧✉s✳

❘❡♠❛r❦❛❜❧②✱ ✐♥ ❜♦t❤ ❊qs✳✭✸✽✮✲✭✸✾✮✱ ✇❤✐❝❤

❛r❡ ❡q✉✐✈❛❧❡♥t t♦ ❊q✳✭✸✻✮✱ t❤❡ str❡ss❡s ❛r❡ ♦❜✲

t❛✐♥❡❞ ✉s✐♥❣ ♦♥❧② t❤❡ ♥♦❞❛❧ ✈❡❧♦❝✐t✐❡s ❛♥❞ ♥♦t

t❤❡ ♥♦❞❛❧ ♣r❡ss✉r❡s✳ ❍❡♥❝❡✱ ❢♦r t❤❡ s♦❧✐❞ s♦❧✉✲

t✐♦♥ t❤❛t ❞♦❡s ♥♦t ♥❡❡❞ st❛❜✐❧✐③❛t✐♦♥✱ t❤❡ ♣r❡s✲

s✉r❡ ✐s ♥♦t ✉s❡❞ ❛s ♥♦❞❛❧ ✉♥❦♥♦✇♥ ❜❡❝❛✉s❡

t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥ ✐s ❡①♣❡❝t❡❞ t♦ ❤❛✈❡

t❤❡ s❛♠❡ ❛❝❝✉r❛❝② ✐♥ str❡ss❡s t❤❛♥ t❤❡ ♠✐①❡❞

✈❡❧♦❝✐t②✲♣r❡ss✉r❡ ♠❡t❤♦❞✳ ❚❤✐s ❛❧s♦ ❛❧❧♦✇s ❛✈♦✐❞✲

✐♥❣ t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♣r❡ss✉r❡ ❞❡❣r❡❡s ♦❢

❢r❡❡❞♦♠ ❛t t❤❡ ✢✉✐❞✲s♦❧✐❞ ✐♥t❡r❢❛❝❡✱ ❛s ✐t ✇❛s

r❡q✉✐r❡❞ ✐♥ t❤❡ ❡❧❡♠❡♥t❛❧ ✈❡rs✐♦♥ ♦❢ t❤✐s ❋❙■

♠❡t❤♦❞ ❬✶✸❪✱ ❜❡❝❛✉s❡ ♥♦❞❛❧ ♣r❡ss✉r❡s ❛r❡ ✉s❡❞

❛s ✉♥❦♥♦✇♥s ♦♥❧② ❢♦r t❤❡ ✢✉✐❞ s♦❧✉t✐♦♥✳

✸ P❋❊▼ r❡♠❡s❤ ❛♥❞ ✢✉✐❞✲s♦❧✐❞

✐♥t❡r❢❛❝❡ ❞❡t❡❝t✐♦♥

■♥ t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ ❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞ ✢♦✇ ❞②✲

♥❛♠✐❝s ✐s ❞❡s❝r✐❜❡❞ t❤r♦✉❣❤ t❤❡ P❋❊▼✳ ❚❤✐s

♠❡t❤♦❞ ❝♦♠❜✐♥❡s t❤❡ tr❡❛t♠❡♥t ♦❢ ♠❡s❤ ♥♦❞❡s



✽ ❆❧❡ss❛♥❞r♦ ❋r❛♥❝✐

❛s ♠❛t❡r✐❛❧ ♣❛rt✐❝❧❡s ✇✐t❤ ❛♥ ❡✣❝✐❡♥t r❡♠❡s❤✲

✐♥❣ t❡❝❤♥✐q✉❡ t♦ s♦❧✈❡ ❛❝❝✉r❛t❡❧② ❧❛r❣❡ ❞❡❢♦r✲

♠❛t✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ ❛ ▲❛❣r❛♥❣✐❛♥ ❋❊▼✳ ❙❡✈✲

❡r❛❧ ❡①❛♠♣❧❡s ♦❢ ✐ts s✉❝❝❡ss❢✉❧ ❛♣♣❧✐❝❛t✐♦♥ t♦

❝♦♠♣❧❡① ♥♦♥✲❧✐♥❡❛r ♣r♦❜❧❡♠s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥

t❤❡ ❧✐t❡r❛t✉r❡✱ e.g. ❬✸✵✱✹✱✸✻✱✷✺✱✻✱✶✶❪✱ ❥✉st t♦

♠❡♥t✐♦♥ s♦♠❡ ♦❢ t❤❡ ♠♦st r❡❝❡♥t❧② ♣✉❜❧✐s❤❡❞

P❋❊▼✲❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥s✳

■♥ t❤❡ P❋❊▼✱ t❤❡ ❋❊▼ ♠❡s❤ ♥❡❡❞s t♦ ❜❡

r❡❜✉✐❧t ✇❤❡♥❡✈❡r ✐t ❜❡❝♦♠❡s ❡①❝❡ss✐✈❡❧② ❞✐s✲

t♦rt❡❞✳ ❚❤❡ ♥❡✇ ♠❡s❤ ✐s ❜✉✐❧t ♦✈❡r t❤❡ ❝❧♦✉❞

♦❢ ♣♦✐♥ts ❢♦r♠❡❞ ❜② t❤❡ ♥♦❞❡s ♦❢ t❤❡ ♣r❡✈✐✲

♦✉s ✭❞✐st♦rt❡❞✮ ✢✉✐❞ ♠❡s❤ ❛♥❞ ❛❧❧ t❤❡ s♦❧✐❞

❜♦✉♥❞❛r✐❡s ✭❋✐❣✉r❡ ✷❜✮✳ ❚❤✐s st❡♣ ✐♠♣❧✐❡s t❤❡

❡❧✐♠✐♥❛t✐♦♥ ♦❢ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♣r❡✈✐✲

♦✉s ✢✉✐❞ ♠❡s❤✳ ◆♦t❡ t❤❛t t❤✐s st❡♣ ❞♦❡s ♥♦t

❛✛❡❝t t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧ ✐♥t❡✲

❣r❛t✐♦♥ ♠❡t❤♦❞✱ ❛s ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐s st♦r❡❞

❛t ♥♦❞❡s ♣♦s✐t✐♦♥✱ ✇❤❡r❡❛s ✐t ✐s ❝r✐t✐❝❛❧ ❢♦r ❡❧❡✲

♠❡♥t❛❧ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s t❤❛t st♦r❡ ❤✐st♦r✲

✐❝❛❧ ✈❛r✐❛❜❧❡s ❛t t❤❡ ●❛✉ss ♣♦✐♥ts✳ ❚❤❡ ❉❡❧❛✉✲

♥❛② ❚r✐❛♥❣✉❧❛t✐♦♥ ✐s t❤❡♥ ♣❡r❢♦r♠❡❞ ♦✈❡r t❤❡

❝❧♦✉❞ ♦❢ ♥♦❞❡s ✭❋✐❣✉r❡ ✷❝✮✱ ❛♥❞✱ ✜♥❛❧❧②✱ t❤❡

❆❧♣❤❛ ❙❤❛♣❡ ♠❡t❤♦❞ ✐s ✉s❡❞ t♦ r❡❝♦❣♥✐③❡ t❤❡

❛❝t✉❛❧ ❝♦♥t♦✉rs ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥

✭❋✐❣✉r❡ ✷❞✮✳

❚❤❡ P❋❊▼ r❡♠❡s❤✐♥❣ ❛❧❣♦r✐t❤♠ ❛❧❧♦✇s ❢♦r

t❤❡ ❛✉t♦♠❛t✐❝ ❞❡t❡❝t✐♦♥ ♦❢ t❤❡ ✢✉✐❞✲s♦❧✐❞ ✐♥t❡r✲

❢❛❝❡✳ ❚❤✐s ♦❝❝✉rs ✇❤❡♥ ✢✉✐❞ ❛♥❞ s♦❧✐❞ ❞♦♠❛✐♥s

❛r❡ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ ❤❛✈❡ ❛t ❧❡❛st ♦♥❡ ❝♦♥♥❡❝t✲

✐♥❣ ❡❧❡♠❡♥t s✉✣❝✐❡♥t❧② s♠❛❧❧ ❛♥❞ r❡❣✉❧❛r t♦

❢✉❧✜❧❧ t❤❡ ❆❧♣❤❛ ❙❤❛♣❡ ❝r✐t❡r✐❛ ✭❋✐❣✉r❡ ✷❞✮✳

❚❤❡ ❝♦♥❢♦r♠✐♥❣✲♠❡s❤ ❝♦♥t❛❝t ❣✐✈❡♥ ❜② t❤❡

P❋❊▼ r❡♠❡s❤ ❛❧❣♦r✐t❤♠ ❢❛❝✐❧✐t❛t❡s t❤❡ ❋❙■ s♦✲

❧✉t✐♦♥✱ ❛s ✐t ✐s ♦♥❧② r❡q✉✐r❡❞ t♦ ❛ss❡♠❜❧❡ ♣r♦♣✲

❡r❧② ✢✉✐❞ ❛♥❞ s♦❧✐❞ ❝♦♥tr✐❜✉t✐♦♥s ✐♥t♦ t❤❡ s♦❧✈✲

✐♥❣ ❧✐♥❡❛r s②st❡♠✱ ❛s ✐♥ ❛ st❛♥❞❛r❞ ✜♥✐t❡ ❡❧✲

❡♠❡♥t ❛♥❛❧②s✐s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ♠✉st

❜❡ ❣✉❛r❛♥t❡❡❞ t❤❛t✱ ❛t t❤❡ ✐♥t❡r❢❛❝❡✱ ✢✉✐❞ ❛♥❞

s♦❧✐❞ ♠❡s❤❡s ❤❛✈❡ s✐♠✐❧❛r s✐③❡ ❛♥❞ s♦ ❛✈♦✐❞✐♥❣

t♦♣♦❧♦❣✐❝❛❧ ✐♥❝♦♥✈❡♥✐❡♥❝❡s✱ s✉❝❤ ❛s t❤❡ ♣❡♥❡✲

tr❛t✐♦♥ ♦❢ ✢✉✐❞ ♥♦❞❡s ✐♥t♦ t❤❡ s♦❧✐❞ ❞♦♠❛✐♥✳

✹ ❙♦❧✉t✐♦♥ s❝❤❡♠❡

❚❤❡ ✢✉✐❞✲str✉❝t✉r❡ ✐♥t❡r❛❝t✐♦♥ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞

❢♦❧❧♦✇✐♥❣ t❤❡ s❝❤❡♠❡ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ❯♥✐✜❡❞

✭❛✮ ▼❡s❤ ❛❢t❡r ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♣r❡✈✐♦✉s st❡♣

✭❜✮ ❙t❡♣ ✶✿ ❡r❛s❡ ✢✉✐❞ ❡❧❡♠❡♥ts

✭❝✮ ❙t❡♣ ✷✿ ❝r❡❛t❡ ❉❡❧❛✉♥❛② tr✐❛♥❣✉❧❛t✐♦♥

✭❞✮ ❙t❡♣ ✸✿ ❞♦ ❆❧♣❤❛ ❙❤❛♣❡ ❝❤❡❝❦

❋✐❣✳ ✷✿ P❋❊▼ r❡♠❡s❤✐♥❣ ❛♥❞ ❝♦♥t❛❝t ❞❡t❡❝t✐♦♥ ❛❧✲
❣♦r✐t❤♠✳

❋♦r♠✉❧❛t✐♦♥ ❬✶✺✱✶✸❪✳ ❋❧✉✐❞s ❛♥❞ s♦❧✐❞s ❛r❡ s♦❧✈❡❞

✇✐t❤✐♥ t❤❡ s❛♠❡ ❧✐♥❡❛r s②st❡♠ ✐♥ ❛ ♠♦♥♦❧✐t❤✐❝

✇❛②✱ ❣✉❛r❛♥t❡❡✐♥❣ ❛✉t♦♠❛t✐❝❛❧❧② ❛ str♦♥❣ ❋❙■

❝♦✉♣❧✐♥❣ ❛♥❞ ❛✈♦✐❞✐♥❣ t❤❡ ✐t❡r❛t✐♦♥s ♦❢ ✢✉✐❞

❛♥❞ s♦❧✐❞ s♦❧✉t✐♦♥s✱ ❛s ❢♦r st❛❣❣❡r❡❞ ❛♣♣r♦❛❝❤❡s✳

❋✉rt❤❡r♠♦r❡✱ ❛s ♥♦❞❛❧ ♣r❡ss✉r❡s ❛r❡ ✉s❡❧❡ss ❢♦r

t❤❡ s♦❧✐❞ s♦❧✉t✐♦♥ ❛❝❝✉r❛❝② ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✺✳✷✮✱

✐t ✐s ♥♦t r❡q✉✐r❡❞ t♦ ❞✉♣❧✐❝❛t❡ t❤❡ ♣r❡ss✉r❡ ✉♥✲

❦♥♦✇♥s ❛t t❤❡ ✢✉✐❞✲s♦❧✐❞ ❢r♦♥t✐❡r✱ ❝♦♥tr❛r② t♦

t❤❡ ❤♦♠♦❧♦❣♦✉s ❡❧❡♠❡♥t❛❧ ❛♣♣r♦❛❝❤❡s ❢♦r ❋❙■

❬✶✺✱✶✸❪✳

❋♦❧❧♦✇✐♥❣ ♣r❡✈✐♦✉s ✇♦r❦s ❬✶✸✱✶✹✱✶✵❪✱ t❤❡ ♥♦♥✲

❧✐♥❡❛r s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✈✐❛ ❛ t✇♦✲st❡♣ ✐t❡r✲

❛t✐✈❡ ♣r♦❝❡❞✉r❡✳ ❆t ❡❛❝❤ ♥♦♥✲❧✐♥❡❛r ✐t❡r❛t✐♦♥✱

✜rst✱ t❤❡ ❧✐♥❡❛r ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s ✭❊q✳✭✷✸✮✮

❛r❡ s♦❧✈❡❞ ❢♦r t❤❡ ✐♥❝r❡♠❡♥ts ♦❢ ♥♦❞❛❧ ✈❡❧♦❝✐✲



▲❛❣r❛♥❣✐❛♥ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✇✐t❤ ◆♦❞❛❧ ■♥t❡❣r❛t✐♦♥ ❢♦r ❋❧✉✐❞✲❙♦❧✐❞ ■♥t❡r❛❝t✐♦♥ ✾

t✐❡s ❢♦r ❜♦t❤ s♦❧✐❞ ❛♥❞ ✢✉✐❞ ♣❛rts ✐♥ ♠♦♥♦❧✐t❤✐❝

❋❙■ s♣✐r✐t✳ ❚❤❡♥✱ ✐♥ t❤❡ ✉♣❞❛t❡❞ ❝♦♥✜❣✉r❛t✐♦♥✱

t❤❡ st❛❜✐❧✐③❡❞ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✭❊q✳✭✷✽✮✮ ✐s

❝♦♠♣✉t❡❞ ♦♥❧② ❢♦r ✢✉✐❞ ♥♦❞❡s✳ ❚❤✐s s❝❤❡♠❡ ✐s

r❡♣❡❛t❡❞ ✉♥t✐❧ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✈❡❧♦❝✐t② ❛♥❞

♣r❡ss✉r❡ s♦❧✉t✐♦♥s ✐s ♥♦t r❡❛❝❤❡❞✳

❋♦r ❛ ❣❡♥❡r✐❝ ♥♦♥✲❧✐♥❡❛r ✐t❡r❛t✐♦♥ k+1✱ t❤❡

✐♥❝r❡♠❡♥ts ♦❢ ♥♦❞❛❧ ✈❡❧♦❝✐t② ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠

t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r✐③❡❞ ❢♦r♠ ♦❢ t❤❡ ♠♦♠❡♥t✉♠

❡q✉❛t✐♦♥s ❛s

(

kM + kK
)

k+1∆v̄ = −
kRm ✭✹✵✮

✇❤❡r❡ ∆v̄ ✐s t❤❡ ✈❡❝t♦r ♦❢ ✐♥❝r❡♠❡♥ts ♦❢ ♥♦❞❛❧

✈❡❧♦❝✐t✐❡s✱ kRm ✐s t❤❡ r❡s✐❞✉❛❧ ♦❢ t❤❡ ❧✐♥❡❛r ♠♦✲

♠❡♥t✉♠ ❜❛❧❛♥❝❡ ❛t t❤❡ ♣r❡✈✐♦✉s ♥♦♥✲❧✐♥❡❛r ✐t✲

❡r❛t✐♦♥ ✭❊q✳✭✷✸✮✮✳

❚❤❡ ♥♦❞❛❧ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛ss ♠❛tr✐①

M ✐s ❝♦♠♣✉t❡❞ ❛s

kM I
ii =

ρ

2∆t
kΩI ✭✹✶✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ st✐✛♥❡ss ♠❛tr✐① K ✐s

❛ss❡♠❜❧❡❞ ♥♦❞❛❧❧② ❛s ❬✼❪

kKI = [kB̄I ]TC kB̄I kΩI ✭✹✷✮

✇❤❡r❡ ♠❛tr✐① kB̄I ✐s ❝♦♠♣✉t❡❞ ❛t ❡❛❝❤ ♥♦♥✲

❧✐♥❡❛r ✐t❡r❛t✐♦♥ k ❢r♦♠ ❊q✳✭✶✻✮✳

❚❤❡ ❝♦♥st✐t✉t✐✈❡ ♠❛tr✐① C ❝❛♥ ❜❡ ✇r✐tt❡♥

✐♥ ❛ ✉♥✐✜❡❞ ♠❛♥♥❡r ❢♦r ✢✉✐❞s ❛♥❞ s♦❧✐❞s ❛s

C =







κ̄∆t+ 4µ̄
3

κ̄∆t− 2µ̄
3

0

κ̄∆t− 2µ̄
3

κ̄∆t+ 4µ̄
3

0

0 0 µ̄






✭✹✸✮

✇❤❡r❡ ❢♦r s♦❧✐❞s µ̄ = µs∆t ❛♥❞ κ̄ = κs✱ ✇❤✐❧❡

❢♦r ✢✉✐❞s µ̄ = µf ❛♥❞ κ̄ = θκf ✳ ❚❤❡ ♣❛r❛♠❡t❡r

θ ✐s ✉s❡❞ t♦ r❡❞✉❝❡ t❤❡ ✢✉✐❞ ❜✉❧❦ ♠♦❞✉❧✉s ✐♥

♦r❞❡r t♦ ❛✈♦✐❞ t❤❡ ✐❧❧✲❝♦♥❞✐t✐♦♥✐♥❣ ♦❢ t❤❡ ❛❧❣❡✲

❜r❛✐❝ ❧✐♥❡❛r s②st❡♠✳ ❚❤❡ ♣r♦❝❡❞✉r❡ t♦ s❡t t❤❡

♦♣t✐♠✉♠ ✈❛❧✉❡ ♦❢ θ ❤❛s ❜❡❡♥ ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✷❪✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ t❤❡

st❛❜✐❧✐③❡❞ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✭❊q✳✭✷✽✮✮ ✐s s♦❧✈❡❞

❢♦r ✢✉✐❞s ♦♥❧②✳ ❆t ❡❛❝❤ ♥♦♥✲❧✐♥❡❛r ✐t❡r❛t✐♦♥✱

t❤❡ ♥❡✇ ♣r❡ss✉r❡ ✐♥❝r❡♠❡♥ts ✭k+1∆p̄✮ ❛r❡ ❝♦♠✲

♣✉t❡❞ ❛s

(Mκ +L+M
Γ
) k+1∆p̄ = −

kRc ✭✹✹✮

✇❤❡r❡ ❡❛❝❤ ♥♦❞❛❧ ❝♦♠♣♦♥❡♥t ♦❢ ♠❛tr✐① Mκ ✐s

❝♦♠♣✉t❡❞ ❛s

M I
κ =

1

κf∆t
kΩI ✭✹✺✮

❜❡✐♥❣ κf t❤❡ ✢✉✐❞ ❛❝t✉❛❧ ❜✉❧❦ ♠♦❞✉❧✉s ✐s ✉s❡❞✳

❋♦r ❛ ❣❡♥❡r✐❝ t✐♠❡ st❡♣
[

nt; n+1t
]

♦❢ ❞✉r❛✲

t✐♦♥ ∆t✱ t❤❡ s♦❧✉t✐♦♥ s❝❤❡♠❡ ✐s s✉♠♠❛r✐③❡❞ ✐♥

t❤❡ ♣s❡✉❞♦✲❝♦❞❡ ❣✐✈❡♥ ✐♥ ❆❧❣♦r✐t❤♠ ✶✳

✺ ❱❛❧✐❞❛t✐♦♥ t❡sts

■♥ t❤✐s s❡❝t✐♦♥✱ ✜✈❡ ♥✉♠❡r✐❝❛❧ t❡sts ❛r❡ ❛♥❛✲

❧②③❡❞ t♦ ✈❛❧✐❞❛t❡ t❤❡ ❋❙■ s❝❤❡♠❡ ♣r♦♣♦s❡❞ ✐♥

t❤✐s ❛rt✐❝❧❡✳ ❚❤❡ ✜rst t✇♦ t❡sts ❛r❡ ♣r♦♣♦s❡❞

t♦ ✈❛❧✐❞❛t❡ t❤❡ s♦❧✐❞ ❛♥❞ t❤❡ ✢✉✐❞ ♥♦❞❛❧ ❢♦r✲

♠✉❧❛t✐♦♥s✱ s❡♣❛r❛t❡❧②✳ ■♥ t❤❡ t❤✐r❞ t❡st✱ t❤❡

✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛ ❢❛❧❧✐♥❣ ❤✐❣❤❧② st✐✛ ♦❜✲

❥❡❝t ✇✐t❤ ❛ ❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞ ✐s ❛♥❛❧②③❡❞✳ ❋✐✲

♥❛❧❧②✱ t✇♦ ❝♦♠♣❧❡① ❜❡♥❝❤♠❛r❦s t❡sts ✐♥✈♦❧✈✲

✐♥❣ ❤✉❣❡ ✢✉✐❞ s♣❧❛s❤❡s ❛♥❞ ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts

♦❢ s♦❧✐❞ str✉❝t✉r❡s ❛r❡ r❡♣r♦❞✉❝❡❞ ♥✉♠❡r✐❝❛❧❧②

❛♥❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❧✐t❡r❛t✉r❡✳

✺✳✶ ❉②♥❛♠✐❝ r❡s♣♦♥s❡ ♦❢ ❛ ♣❧❛♥❡ str❛✐♥

❝❛♥t✐❧❡✈❡r

■♥ t❤✐s ✜rst ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡✱ t❤❡ ❞②♥❛♠✐❝

r❡s♣♦♥s❡ ♦❢ t❤❡ ♣❧❛♥❡ str❛✐♥ ❡❧❛st✐❝ ❝❛♥t✐❧❡✈❡r

♣r❡s❡♥t❡❞ ✐♥ ❬✶❪ ✐s ❛♥❛❧②③❡❞✳ ❚❤❡ ❝❛♥t✐❧❡✈❡r✱ ✐❧✲

❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✱ ❤❛s ❧❡♥❣t❤ L = 25 ❛♥❞

❤❡✐❣❤t D = 4✳ ❨♦✉♥❣ ♠♦❞✉❧✉s✱ P♦✐ss♦♥ r❛✲

t✐♦ ❛♥❞ ❞❡♥s✐t② ❛r❡ E = 104✱ ν = 0.25 ❛♥❞

ρ = 0.25✱ r❡s♣❡❝t✐✈❡❧②✳ ❆t ✐ts ❢r❡❡ ❡❞❣❡ ❛ ❧♦❛❞

P = 40 ✐s ❛♣♣❧✐❡❞✳

L

DP

❋✐❣✳ ✸✿ ■♥✐t✐❛❧ ❣❡♦♠❡tr② ♦❢ t❤❡ ♣❧❛♥❡ str❛✐♥ ❝❛♥✲
t✐❧❡✈❡r✳

❚❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦❜t❛✐♥❡❞ ✈❡rt✐❝❛❧

❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ t♦♣ r✐❣❤t ❝♦r♥❡r ✐s ♣❧♦t✲

t❡❞ ✐♥ ❋✐❣✉r❡ ✹ ❛♥❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ r❡s✉❧ts ♦❢



✶✵ ❆❧❡ss❛♥❞r♦ ❋r❛♥❝✐

❆❧❣♦r✐t❤♠ ✶ ❋❙■ s♦❧✉t✐♦♥ s❝❤❡♠❡ ❢♦r ❛ t✐♠❡ st❡♣✳

✶✿ k ← 0, v̄0 ← n+1v̄✱ p̄f
0 ← n+1p̄f ✱ σ̄0

s ←
n+1σ̄s

✷✿ ✇❤✐❧❡
‖∆v̄k+1‖

‖v̄0‖
❛♥❞

‖p̄k+1

f − p̄k

f‖

‖p̄0
f‖

≤ t♦❧❡r❛♥❝❡ ❞♦

✸✿ ∀ ♥♦❞❡ ❈♦♠♣✉t❡◆♦❞❛❧❆r❡❛(✮ ⊲ ❊q✳✭✶✸✮
✹✿ ∀ ♥♦❞❡ ❈♦♠♣✉t❡◆♦❞❛❧❙❤❛♣❡❋✉♥❝t✐♦♥❉❡r✐✈❛t✐✈❡(✮ ⊲ ❊q✳✭✶✼✮
✺✿ σ̄k+1

s ← ❯♣❞❛t❡❙♦❧✐❞❈❛✉❝❤②❚❡♥s♦r(v̄k+1) ⊲ ❊q✳✭✸✾✮

✻✿ σ̄
k+1

f ← ❯♣❞❛t❡❋❧✉✐❞❈❛✉❝❤②❚❡♥s♦r(v̄k+1, p̄k+1

f ) ⊲ ❊q✳✭✸✺✮

✼✿ Rk+1
m ← ❯♣❞❛t❡▼♦♠❡♥t✉♠❘❡s✐❞✉❛❧(¯̇v

k+1
, σ̄k+1) ⊲ ❊q✳✭✷✸✮

✽✿ ∆v̄k+1 ← ❙♦❧✈❡▲✐♥❡❛r▼♦♠❡♥t✉♠(Rk+1
m ) ⊲ ❊q✳✭✹✵✮

✾✿ x̄k+1, v̄k+1, ¯̇v
k+1
← ❯♣❞❛t❡❑✐♥❡♠❛t✐❝s(∆v̄k+1)

✶✵✿ Rk+1
c ← ❯♣❞❛t❡❈♦♥t✐♥✉✐t②❘❡s✐❞✉❛❧(v̄k+1, p̄f

k) ⊲ ❊q✳✭✷✽✮

✶✶✿ ∆p̄
k+1

f ← ❙♦❧✈❡❙t❛❜✐❧✐③❡❞▼❛ss❇❛❧❛♥❝❡(Rk+1
c ) ⊲ ❊q✳✭✹✹✮

✶✷✿ p̄
k+1

f ← ❯♣❞❛t❡❋❧✉✐❞Pr❡ss✉r❡s(∆p̄
k+1

f )

✶✸✿ ✐❢ Mesh distortion > t♦❧❡r❛♥❝❡ t❤❡♥
✶✹✿ ❊r❛s❡▼❡s❤❊❧❡♠❡♥ts() ⊲ ❋✐❣✉r❡ ✷❜
✶✺✿ ❉❡❧❛✉♥❛②❚r✐❛♥❣✉❧❛t✐♦♥() ⊲ ❋✐❣✉r❡ ✷❝
✶✻✿ ❆♣♣❧②❆❧♣❤❛❙❤❛♣❡() ⊲ ❋✐❣✉r❡ ✷❞

❬✶❪✳ ❆ ✈❡r② ❣♦♦❞ ❛❣r❡❡❡♠❡♥t ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡

s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞✳
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Belytschko−Bindeman (1993)
Present approach

❋✐❣✳ ✹✿ ❉②♥❛♠✐❝ r❡s♣♦♥s❡ ♦❢ ❛ ♣❧❛♥❡ str❛✐♥ ❝❛♥✲
t✐❧❡✈❡r✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t♦♣ ❧❡❢t ❝♦r♥❡r ✈❡rt✐❝❛❧
❞✐s♣❧❛❝❡♠❡♥t✳ ❘❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✿ ❬✶❪✳

❋✐❣✉r❡ ✺ s❤♦✇s t❤❡ ❝❛♥t✐❧❡✈❡r ❛t t = 4.55s✱

✇❤❡♥ t❤❡ ♠❛①✐♠✉♠ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✐s

r❡❛❝❤❡❞✳ ❚❤❡ ✈❛❧✉❡ ♦❢ str❡ss ❝♦♠♣♦♥❡♥t σx ♦❜✲

t❛✐♥❡❞ ❛t ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ ♠❡s❤ ✐s ♣❧♦tt❡❞ ♦✈❡r

t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❛♥❛❧②③❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡

❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧ ❛♣♣r♦❛❝❤ ❛♥❞

t♦ ❝♦♠♣❛r❡ ✐t t♦ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ st❛♥✲

❞❛r❞ ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤ ❡❧❡♠❡♥t❛❧ ✐♥t❡❣r❛t✐♦♥✳

❙❡✈❡♥ ❞✐✛❡r❡♥t ❞✐s❝r❡t✐③❛t✐♦♥s ✇✐t❤ ♠❡❛♥ ❡❧❡✲

❋✐❣✳ ✺✿ ❉②♥❛♠✐❝ r❡s♣♦♥s❡ ♦❢ ❛ ♣❧❛♥❡ str❛✐♥ ❝❛♥✲
t✐❧❡✈❡r✳ ❘❡s✉❧ts ❛t t = 4.55s✳ ❚❤❡ ♣❧♦tt❡❞ ❝♦♥t♦✉rs
❛r❡ t❤❡ ♥♦❞❛❧ ✈❛❧✉❡s ♦❢ σx✳

♠❡♥t s✐③❡ s♣❛♥♥✐♥❣ ❢r♦♠ ✹ ✭♦♥❡ ❡❧❡♠❡♥t ♣❡r

❤❡✐❣❤t✮ t♦ ✵✳✵✻✶✷✺ ✭✻✹ ❡❧❡♠❡♥ts ♦✈❡r t❤❡ ❝❛♥✲

t✐❧❡✈❡r ❤❡✐❣❤t✮✱ ❛r❡ ✉s❡❞ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡

❛♥❛❧②s✐s✳

❋✐❣✉r❡ ✻❛ ♣❧♦ts t❤❡ ♠❛①✐♠✉♠ ✈❡rt✐❝❛❧ ❞✐s✲

♣❧❛❝❡♠❡♥t ♦❜t❛✐♥❡❞ ❢♦r ❡❛❝❤ ♠❡s❤ ✇✐t❤ t❤❡

♣r♦♣♦s❡❞ ♥♦❞❛❧ ❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ❤②♣♦❡❧❛st✐❝

♦♥❡✲✜❡❧❞ ❱✲❊❧❡♠❡♥t ✭✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤

❡❧❡♠❡♥t❛❧ ✐♥t❡❣r❛t✐♦♥ ❬✶✹❪✮ ❛♥❞ t❤❡ t✇♦✲✜❡❧❞

❱P✲❊❧❡♠❡♥t ✭♠✐①❡❞ ✈❡❧♦❝✐t②✲♣r❡ss✉r❡ ❢♦r♠✉❧❛✲

t✐♦♥ ✇✐t❤ ❡❧❡♠❡♥t❛❧ ✐♥t❡❣r❛t✐♦♥ ❬✶✹❪✮✳ ❚❤❡ r❡❢✲

❡r❡♥❝❡ s♦❧✉t✐♦♥ ❬✶❪ ✐s ❛❧s♦ ♣❧♦tt❡❞ ✐♥ t❤❡ s❛♠❡

❣r❛♣❤✳ ❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t ❜♦t❤ ❡❧❡♠❡♥t❛❧

❛♥❞ ♥♦❞❛❧ ❢♦r♠✉❧❛t✐♦♥s ❝♦♥✈❡r❣❡ t♦ t❤❡ ❡①✲

♣❡❝t❡❞ r❡s✉❧ts✳ ❍♦✇❡✈❡r✱ ❛s ❡①♣❡❝t❡❞ ❬✷✶✱✷✵❪✱

✇❤✐❧❡ ❡❧❡♠❡♥t❛❧ ❋❊▼ ❢♦r♠✉❧❛t✐♦♥s ❝♦♥✈❡r❣❡ t♦

t❤❡ s♦❧✉t✐♦♥ ❢r♦♠ ❜❡❧♦✇ ✭t❤❡ ❝♦♠♣✉t❡❞ s♦❧✉✲

t✐♦♥ ✐s st✐✛❡r t❤❛♥ t❤❡ ❡①♣❡❝t❡❞ ♦♥❡✮✱ t❤❡ ♥♦❞❛❧

✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞ ❣✐✈❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ s♦❧✉✲



▲❛❣r❛♥❣✐❛♥ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✇✐t❤ ◆♦❞❛❧ ■♥t❡❣r❛t✐♦♥ ❢♦r ❋❧✉✐❞✲❙♦❧✐❞ ■♥t❡r❛❝t✐♦♥ ✶✶

t✐♦♥ ✭t❤❡ ❝♦♠♣✉t❡❞ s♦❧✉t✐♦♥ ✐s s♦❢t❡r t❤❛♥ t❤❡

❡①♣❡❝t❡❞ ♦♥❡✮✳
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❋✐❣✳ ✻✿ ❉②♥❛♠✐❝ r❡s♣♦♥s❡ ♦❢ ❛ ♣❧❛♥❡ str❛✐♥ ❝❛♥✲
t✐❧❡✈❡r✳ ▼❛①✐♠✉♠ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ♣❡r✲
❝❡♥t❛❣❡ ❡rr♦r ❢♦r ❞✐✛❡r❡♥t ♠❡s❤❡s✳ ❘❡❢❡r❡♥❝❡ s♦❧✉✲
t✐♦♥✿ ❬✶❪✳ ❱✲❊❧❡♠❡♥t ❛♥❞ ❱P✲❊❧❡♠❡♥t ❛r❡ ❱❡❧♦❝✐t②
❛♥❞ ❱❡❧♦❝✐t②✲Pr❡ss✉r❡ ❢♦r♠✉❧❛t✐♦♥s ✇✐t❤ ❡❧❡♠❡♥t❛❧
✐♥t❡❣r❛t✐♦♥ ❬✶✹❪✳

❆♥ ❡rr♦r ♠❡❛s✉r❡ ✐s ❞❡✜♥❡❞ t♦ ❝♦♠♣❛r❡

q✉❛♥t✐t❛t✐✈❡❧② t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧

♠♦❞❡❧ t♦ t❤♦s❡ ♦❢ t❤❡ t✇♦ str❛t❡❣✐❡s ✇✐t❤ ❡❧❡✲

♠❡♥t❛❧ ✐♥t❡❣r❛t✐♦♥✳ ❋♦r t❤❡ t❤r❡❡ ♠❡t❤♦❞s✱ t❤❡

❡rr♦r ♦❢ ❡❛❝❤ ♠❡s❤ ✐s ❝♦♠♣✉t❡❞ ❛s t❤❡ ♣❡r❝❡♥t✲

❛❣❡ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✐ts s♦❧✉t✐♦♥ ❛♥❞

t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ✜♥❡st ♠❡s❤✱ ♥♦r♠❛❧✲

✐③❡❞ ❜② t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ❬✶❪ ✭✻✳✽✽✮✳ ❚❤❡ r❡✲

s✉❧ts ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ s❤♦✇ t❤❛t t❤❡ t❤r❡❡ ❢♦r✲

♠✉❧❛t✐♦♥s ❣✐✈❡ ❛ q✉❛❞r❛t✐❝ ❝♦♥✈❡r❣❡♥❝❡ ✇✐t❤

t❤✐s ❡rr♦r ♠❡❛s✉r❡✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ s❛♠❡ ♠❡s❤✱

t❤❡ ♥♦❞❛❧ ❛♣♣r♦❛❝❤ ✭♦♥❡✲✜❡❧❞ ♠❡t❤♦❞✮ ❣✐✈❡s

❛ ♠♦r❡ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥ ✈❡rs✉s ✐ts ❡❧❡♠❡♥t❛❧

❝♦✉♥t❡r♣❛rt ✭t❤❡ ❱✲❊❧❡♠❡♥t✮✱ ❛♥❞ ❛ s❧✐❣❤t❧②

❤✐❣❤❡r ❡rr♦r t❤❛♥ t❤❡ ♠✐①❡❞ ❱P✲❊❧❡♠❡♥t✳

■♥ s✉♠♠❛r②✱ t❤❡s❡ r❡s✉❧ts ❝♦♥✜r♠ t❤❛t ✐♥

s♦❧✐❞ ♠❡❝❤❛♥✐❝s✱ ❤♦♠♦❧♦❣♦✉s ♥♦❞❛❧ ❛♥❞ ❡❧❡✲

♠❡♥t❛❧ ❢♦r♠✉❧❛t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ t♦❣❡t❤❡r t♦

❜♦✉♥❞ t❤❡ ❡①♣❡❝t❡❞ s♦❧✉t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡②

s❤♦✇ t❤❛t✱ ❢♦r t❤❡ s❛♠❡ ♠❡s❤✱ t❤❡ ♥♦❞❛❧ ❛♣✲

♣r♦❛❝❤ ❣✐✈❡s ❛ ♠♦r❡ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥ t❤❛♥

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♥❡✲✜❡❧❞ ❡❧❡♠❡♥t❛❧ ♠❡t❤♦❞✳

❚❤✐s ✐s ❛ttr✐❜✉t❛❜❧❡ t♦ t❤❡ ❢❛❝t t❤❛t✱ ❜② ❝♦♥✲

str✉❝t✐♦♥✱ ✐♥ t❤❡ ♥♦❞❛❧ ❋❊▼✱ t❤❡ ♠❡s❤ ♥♦❞❡s

❤❛✈❡ ❧❛r❣❡r s✉♣♣♦rt t❤❛♥ ✐♥ t❤❡ ❡❧❡♠❡♥t❛❧ ❋❊▼✳

■♥ ♦t❤❡r ✇♦r❞s✱ ✐♥ ❛ ♥♦❞❛❧ ♠♦❞❡❧✱ t❤❡r❡ ✐s ❛

✇✐❞❡r ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡✲

❞♦♠ ♦❢ t❤❡ ❡♥t✐r❡ ♠❡s❤ ❬✼❪✳ ❚❤✐s tr❛♥s❧❛t❡s

✐♥ ❛ ❧❛r❣❡r ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ st✐✛♥❡ss ♠❛tr✐①✱

✇❤✐❝❤ ✐♥ t✉r♥ ②✐❡❧❞s t♦ ❛ ❤✐❣❤❡r ❝♦♠♣✉t❛t✐♦♥❛❧

❝♦st t♦ ❜✉✐❧❞ ❛♥❞ s♦❧✈❡ t❤❡ ❧✐♥❡❛r s②st❡♠✱ ❜✉t

❛❧s♦ t♦ ❤✐❣❤❡r ❛❝❝✉r❛❝② ♦❢ t❤❡ ♠❡t❤♦❞✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ t❤❡ ♦♥❡✲✜❡❧❞ ♥♦❞❛❧ ❢♦r♠✉❧❛t✐♦♥ ❤❛s

s❤♦✇♥ t♦ ❣✐✈❡ ❛ s❧✐❣❤t❧② ❤✐❣❤❡r ❡rr♦r t❤❛♥ t❤❡

t✇♦✲✜❡❧❞ ✈❡❧♦❝✐t②✲♣r❡ss✉r❡ ❡❧❡♠❡♥t❛❧ ♠❡t❤♦❞✳

◆♦t❡ t❤❛t t❤✐s r❡s✉❧t ✐s ✐♥ ❧✐♥❡ ✇✐t❤ ✇❤❛t ✇❛s

❢♦✉♥❞ ✐♥ ❬✶✵❪ ❢♦r ✢✉✐❞ ❞②♥❛♠✐❝s ♣r♦❜❧❡♠s✳

✺✳✷ ❲❛t❡r ❞❛♠ ❜r❡❛❦ ❛❣❛✐♥st ❛ r✐❣✐❞ ✇❛❧❧

❚❤✐s s❡❝♦♥❞ t❡st ✐s ✉s❡❞ t♦ ✈❛❧✐❞❛t❡ t❤❡ ✢✉✐❞

❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❋❙■ ♠❡t❤♦❞✳ ❚❤❡

♣r♦❜❧❡♠ ❝♦♥s✐sts ♦❢ r❡♣r♦❞✉❝✐♥❣ t❤❡ ❝♦❧❧❛♣s❡

♦❢ ❛ ✇❛t❡r ❝♦❧✉♠♥ ❛❣❛✐♥st ❛ r✐❣✐❞ ✇❛❧❧ ♣r❡✲

s❡♥t❡❞ ✐♥ ❬✷✷❪✳ ❚❤❡ ✐♥✐t✐❛❧ ❣❡♦♠❡tr② ♦❢ t❤❡ t❡st

✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✼✳ ❚❤❡ ✢✉✐❞ ♣r♦♣❡rt✐❡s ❛r❡✿

❞❡♥s✐t② ρ = 997kg/m3✱ ❞②♥❛♠✐❝ ✈✐s❝♦s✐t② µ =

0.00089Pa·s ❛♥❞ ❜✉❧❦ ♠♦❞✉❧✉s κ = 2.1·109Pa✳
❆ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡s❤ ♦❢ ✷✸✼✺✵ tr✐❛♥❣❧❡s ✇✐t❤

♠❡❛♥ s✐③❡ 3mm ❤❛s ❜❡❡♥ ✉s❡❞✳

❋✐❣✉r❡ ✽ s❤♦✇s ❛ q✉❛❧✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥

❜❡t✇❡❡♥ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞ t❤❡ ❡①♣❡r✲

✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡ ♣✐❝t✉r❡s s❤♦✇ t❤❛t

t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧ P❋❊▼ ✐s ❝❛♣❛❜❧❡ t♦ r❡✲

♣r♦❞✉❝❡ t❤❡ ❝♦♠♣❧❡① ❞②♥❛♠✐❝s ♦❢ t❤❡ ❡①♣❡r✐✲

♠❡♥t❛❧ t❡st✱ ❢r♦♠ t❤❡ ✜rst ❝♦❧❧❛♣s❡ ♦❢ t❤❡ ✇❛✲

t❡r ❝♦❧✉♠♥ t♦ ✐ts ✐♠♣❛❝t ❛❣❛✐♥st t❤❡ t❡r♠✐♥❛❧

r✐❣✐❞ ✇❛❧❧ ❛♥❞ ❝♦♥s❡q✉❡♥t ✇❛✈❡s ❛♥❞ s♣❧❛s❤❡s

❢♦r♠❛t✐♦♥✳



✶✷ ❆❧❡ss❛♥❞r♦ ❋r❛♥❝✐

H

L

d

h

h=0.3m

d=0.6m

L=1.61m

H=0.6m

❋✐❣✳ ✼✿ ❲❛t❡r ❞❛♠ ❜r❡❛❦ ❛❣❛✐♥st ❛ r✐❣✐❞ ✇❛❧❧✳ ■♥✐t✐❛❧
❣❡♦♠❡tr②✳

■♥ ❋✐❣✉r❡ ✾ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss t✐♠❡ ✭t∗✮ ❡✈♦✲

❧✉t✐♦♥ ♦❢ ♥♦r♠❛❧✐③❡❞ r❡s✐❞✉❛❧ ❤❡✐❣❤t ✭h∗✮ ❛♥❞

✇❛✈❡ ❢r♦♥t ♣♦s✐t✐♦♥ ✭x∗✮ ✐s ♣❧♦tt❡❞✳ ❚❤❡ ❞✐✲

♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s ❛r❡ ❝♦♠♣✉t❡❞ ❛s t∗ =
√

t/(g/h)✱ h∗ = ymax/h ❛♥❞ x∗ = (xmax −

d)/d✳

❚❤❡ ♣❧♦tt❡❞ r❡s✉❧ts s❤♦✇ ❛ ✈❡r② ❣♦♦❞ ❛❣r❡❡✲

♠❡♥t ❜❡t✇❡❡♥ t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞

❛♥❞ t❤❡ ❧❛❜♦r❛t♦r② t❡st✳

❚❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ✐s

❛❧s♦ ❝♦♥✜r♠❡❞ ❜② t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣r❡ss✉r❡

❡①❡rt❡❞ ❜② t❤❡ ✢✉✐❞ ♦♥ t❤❡ r✐❣✐❞ ✇❛❧❧✳ ■♥ ❬✷✷❪✱

t❤r❡❡ ♣r❡ss✉r❡ s❡♥s♦rs ✇❡r❡ ♣❧❛❝❡❞ ❛t ❞✐✛❡r❡♥t

❤❡✐❣❤ts ♦❢ t❤❡ r✐❣✐❞ ✇❛❧❧✱ ♥❛♠❡❧②✱ s❡♥s♦r A ❛t

y = 0.03m✱ s❡♥s♦r B ❛t y = 0.05m ❛♥❞ s❡♥s♦r

C ❛t y = 0.08m✳ ■♥ ❋✐❣✉r❡ ✶✵✱ t❤❡ r❡❝♦r❞❡❞

t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r❡ss✉r❡ ✈❛❧✉❡s ❛t t❤❡

s❡♥s♦rs ✐s ♣❧♦tt❡❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♥✉♠❡r✐✲

❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧

❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ♣❧♦tt❡❞ ❞✐♠❡♥s✐♦♥❧❡ss ♣r❡s✲

s✉r❡ ✐s ❝♦♠♣✉t❡❞ ❛s p∗ = p/(gρh)✳ ❚❤❡ r❡s✉❧ts

s❤♦✇ ❛❣❛✐♥ t❤❡ ✈❡r② ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥

t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳

❚❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ✐s ❝❛♣❛❜❧❡ t♦ ❝❛♣t✉r❡

❛❝❝✉r❛t❡❧② t❤❡ t✐♠❡ ♦❢ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✢✉✐❞

str❡❛♠ ❛❣❛✐♥st t❤❡ s❡♥s♦rs ❛♥❞✱ ❞❡s♣✐t❡ s♦♠❡

r❡❞✉❝❡❞ ♦s❝✐❧❧❛t✐♦♥s✱ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡

❡①❡rt❡❞ ✢✉✐❞ ♣r❡ss✉r❡✳

✺✳✸ ❲❡❞❣❡ ✇❛t❡r ❡♥tr②

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❡♥tr② ♦❢ ❛ s♦❧✐❞ ✇❡❞❣❡ ✐♥t♦

❛ ❜❛s✐♥ ✜❧❧❡❞ ✇✐t❤ ✇❛t❡r ✐s r❡♣r♦❞✉❝❡❞ ♥✉♠❡r✲

✐❝❛❧❧② ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧✲❜❛s❡❞ ❢♦r♠✉❧❛✲

✭❛✮ t = 0.160s ✭❜✮ t = 0.277s

✭❝✮ t = 0.450s ✭❞✮ t = 0.862s

✭❡✮ t = 1.023s ✭❢✮ t = 1.167s

❋✐❣✳ ✽✿ ❲❛t❡r ❞❛♠ ❜r❡❛❦ ❛❣❛✐♥st ❛ r✐❣✐❞ ✇❛❧❧✳ ❘❡✲
s✉❧ts ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧ P❋❊▼ r❡s✉❧ts ✭✉♣♣❡r
✜❣✉r❡s✮ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s ❬✷✷❪ ✭❧♦✇❡r
✜❣✉r❡s✮ ❛t s✐① t✐♠❡ ✐♥st❛♥ts✳

t✐♦♥ ❢♦r ❋❙■✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧

❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ t❡st ♣r❡s❡♥t❡❞

✐♥ ❬✸✸❪✳ ❚❤❡ ✇❡❞❣❡ ✐s ♠❛❞❡ ❢❛❧❧✐♥❣ ♦♥ t❤❡ ✇❛t❡r

❛t r❡st ❢r♦♠ ❛ ❤❡✐❣❤ ♦❢ 1.3m✳ ❚❤❡ ✐♥✐t✐❛❧ ❣❡♦♠✲

❡tr② ♦❢ t❤❡ t❡st ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✶✳

❚❤❡ ✇❡❞❣❡ ✐s ♠♦❞❡❧❡❞ ❛s ❛ ❤②♣♦❧❡❛st✐❝ s♦❧✐❞

✇✐t❤ ❤✐❣❤ st✐✛♥❡ss✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✇❡❞❣❡✬s

♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❛r❡ E = 109Pa✱ ν = 0 ❛♥❞
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❋✐❣✳ ✾✿ ❲❛t❡r ❞❛♠ ❜r❡❛❦ ❛❣❛✐♥st ❛ r✐❣✐❞ ✇❛❧❧✳ ❉✐✲
♠❡♥s✐♦♥❧❡ss t✐♠❡ ✭t∗ =

√

t/(g/h)✮ ❡✈♦❧✉t✐♦♥ ♦❢ ❞✐✲
♠❡♥s✐♦♥❧❡ss r❡s✐❞✉❛❧ ❤❡✐❣❤t ✭h∗ = ymax/h✮ ❛♥❞
✇❛✈❡ ❢r♦♥t ♣♦s✐t✐♦♥ ✭x∗ = (xmax − d)/d✮✳ ❊①♣❡r✲
✐♠❡♥t❛❧ r❡s✉❧ts ❢r♦♠ ❬✷✷❪✳

ρs = 466.07kg/m3✱ ✇❤✐❧❡ ❢♦r t❤❡ ✇❛t❡r ρf =
103kg/m3✱ µf = 10−3Pa · s ❛♥❞ κf = 2.1 ·

109Pa ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳

■♥ t❤✐s t❡st✱ ✐t ✐s ❝r✉❝✐❛❧ t♦ ❝❛♣t✉r❡ ❛❝❝✉✲

r❛t❡❧② t❤❡ ❛❝t✉❛❧ t✐♠❡ ♦❢ t❤❡ ✇❡❞❣❡✬s ✐♠♣❛❝t

♦♥ t❤❡ ✇❛t❡r✳ ❚❤❡r❡❢♦r❡✱ ❛ ✈❡r② ✜♥❡ ♠❡s❤ ✐s r❡✲

q✉✐r❡❞ t♦ r❡❞✉❝❡ t❤❡ s✐③❡ ♦❢ t❤❡ P❋❊▼ ❝♦♥t❛❝t

❡❧❡♠❡♥ts ✭s❡❡ ❋✐❣✉r❡ ✷✮✳ ❉✐✛❡r❡♥t ♠❡s❤❡s ❤❛✈❡

❜❡❡♥ ❛♥❛❧②③❡❞ t♦ s❡❧❡❝t t❤❡ ♦♣t✐♠✉♠ ♠❡s❤ s✐③❡

❢♦r t❤✐s ♣r♦❜❧❡♠✳ ❋✐❣✉r❡ ✶✷ s❤♦✇s t❤❡ t✐♠❡

❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❡❞❣❡

✭t❛❦❡♥ ❛t t❤❡ ❧♦✇❡r ✈❡rt❡① ♦❢ t❤❡ ✇❡❞❣❡✮ ♦❜✲

t❛✐♥❡❞ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥t ♠❡s❤❡s✱ ✇❤♦s❡ ♠❡❛♥

s✐③❡ s♣❛♥ ❢r♦♠ 6cm t♦ 0.75cm✳ ❚❤❡ ♣❧♦t s❤♦✇s

❝♦♥✈❡r❣❡❞ r❡s✉❧ts ❢♦r t❤❡ ✜♥❡st ♠❡s❤✳ ❍❡♥❝❡✱

t❤❡ t❡st ✐s ❛♥❛❧②③❡❞ ✉s✐♥❣ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞

✇✐t❤ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ ❛ ♠❡❛♥ ♠❡s❤ s✐③❡
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❋✐❣✳ ✶✵✿ ❲❛t❡r ❞❛♠ ❜r❡❛❦ ❛❣❛✐♥st ❛ r✐❣✐❞ ✇❛❧❧✳
❉✐♠❡♥s✐♦♥❧❡ss t✐♠❡ ✭t∗ =

√

t/(g/h)✮ ❡✈♦❧✉t✐♦♥ ♦❢
♥♦r♠❛❧✐③❡❞ ♣r❡ss✉r❡ ✭p∗ = p/(gρh)✮ ❛t t❤r❡❡ ❞✐❢✲
❢❡r❡♥t ♣♦s✐t✐♦♥s ♦❢ t❤❡ t❡r♠✐♥❛❧ ✈❡rt✐❝❛❧ ✇❛❧❧ ✭♣♦s✐✲
t✐♦♥s ❬x✱y❪ ♦❢ s❡♥s♦rs ❆✱ ❇ ❛♥❞ ❈ ❛r❡ ❬1.61m✱0.03m❪✱
❬1.61m✱0.05m❪ ❛♥❞ ❬1.61m✱0.08m❪✱ r❡s♣❡❝t✐✈❡❧②✮✳
❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢r♦♠ ❬✷✷❪✳

♦❢ 0.75cm ❛♥❞ ❝♦♠♣♦s❡❞ ❜② ✻✽✵✵ ❛♥❞ ✶✶✷✶✺✵

s♦❧✐❞ ❛♥❞ ✢✉✐❞ tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts✱ r❡s♣❡❝t✐✈❡❧②✳

■♥ ❋✐❣✉r❡ ✶✸ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛t ✜✈❡

t✐♠❡ ✐♥st❛♥ts ❛r❡ ♣❧♦tt❡❞✳ ❆❢t❡r ❛ ❢r❡❡✲❢❛❧❧ r❡❣✐♠❡✱

t❤❡ ✇❡❞❣❡ ❛❢t❡r ❛ ❢r❡❡ ❢❛❧❧ ✐♠♣❛❝ts t❤❡ ✇❛t❡r
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Mesh size 6.00cm
Mesh size 3.00cm
Mesh size 1.50cm
Mesh size 0.75cm

❋✐❣✳ ✶✷✿ ❲❡❞❣❡ ✇❛t❡r ❡♥tr②✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❡❞❣❡ ♦❜t❛✐♥❡❞ ❢♦r ❞✐✛❡r❡♥t
♠❡s❤❡s✳

r❡s❡r✈♦✐r✳ ❚❤✐s ♦❝❝✉rs ❛t ❛r♦✉♥❞ t = 0.514s
✇❤❡♥ t❤❡ ❡❞❣❡ r❡❛❝❤❡❞ ❛ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② ♦❢

❛r♦✉♥❞ 5m/s ✭❋✐❣✉r❡ ✶✸❛✮✳ ❚❤❡♥✱ t❤❡ ✇❡❞❣❡

♣❡♥❡tr❛t❡s t❤❡ ✢✉✐❞ ❣❡♥❡r❛t✐♥❣ t✇♦ s②♠♠❡tr✐✲

❝❛❧ ✇❛✈❡s ❛t ✐ts ❜♦r❞❡rs ✇❤✐❧❡ ✐t ✐s ❞❡❝❡❧❡r❛t✐♥❣✳

■♥ ❋✐❣✉r❡ ✶✹✱ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✈❡r✲

t✐❝❛❧ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ♣r❡ss✉r❡ ❝♦♠♣✉t❡❞ ❛t

♣♦✐♥t ❆ ♦❢ ❋✐❣✉r❡ ✶✶ ❛r❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦♥❡s

♦❜t❛✐♥❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ✐♥ ❬✸✸❪ ❛♥❞ ♥✉♠❡r✐✲

❝❛❧❧② ✐♥ ❬✸✶❪✳ ❚❤❡ t✐♠❡ t̂ = 0 ✉s❡❞ ✐♥ t❤❡ ❣r❛♣❤s

♦❢ ❋✐❣✉r❡ ✶✹ r❡♣r❡s❡♥t t❤❡ ♠♦♠❡♥t ♦❢ t❤❡ ✐♠✲

♣❛❝t ♦❢ t❤❡ ✇❡❞❣❡ ♦♥ t❤❡ ✇❛t❡r r❡s❡r✈♦✐r ✭t̂ =

t− timpact = t− 0.514✮

❖♥❝❡ ❛❣❛✐♥✱ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡

♣r♦♣♦s❡❞ ♥♦❞❛❧ P❋❊▼ ❢♦r ❋❙■ s❤♦✇ ❛ ✈❡r②

❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❧✐t❡r✲

❛t✉r❡✳

✭❛✮ t❂✵✳✺✶✹s

✭❜✮ t❂✵✳✺✺✺s

✭❝✮ t❂✵✳✻✵✵s

✭❞✮ t❂✵✳✻✺✵s

✭❡✮ t❂✵✳✼✵✵s

❋✐❣✳ ✶✸✿ ❲❡❞❣❡ ✇❛t❡r ❡♥tr②✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❛t
✜✈❡ t✐♠❡ ✐♥st❛♥ts✳

✺✳✹ ❋✐❧❧✐♥❣ ♦❢ ❛♥ ❡❧❛st✐❝ ❝♦♥t❛✐♥❡r ✇✐t❤ ❛

✈✐s❝♦✉s ✢✉✐❞

❚❤✐s ♣r♦❜❧❡♠ ✐s ❛ ❜❡♥❝❤♠❛r❦ t❡st ❢♦r ❢r❡❡✲s✉r❢❛❝❡

✢✉✐❞ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❤✐❣❤❧② ❞❡❢♦r♠❛❜❧❡ s♦❧✐❞s✳

❚❤❡ t❡st ✇❛s ✐♥✐t✐❛❧❧② ♣r♦♣♦s❡❞ ✐♥ ❬✺❪ ❛♥❞ t❤❡♥

s❧✐❣❤t❧② ♠♦❞✐✜❡❞ ✐♥ ❬✶✸❪ t♦ ✐♠♣r♦✈❡ ✐ts r❡♣r♦✲

❞✉❝✐❜✐❧✐t②✳ ❚❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ t❡st ❝♦♥s✐sts ♦❢

t❤❡ s✉❞❞❡♥ r❡❧❡❛s❡ ♦❢ ❛ ♠❛ss ♦❢ ❛ ❤✐❣❤❧② ✈✐s✲



▲❛❣r❛♥❣✐❛♥ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✇✐t❤ ◆♦❞❛❧ ■♥t❡❣r❛t✐♦♥ ❢♦r ❋❧✉✐❞✲❙♦❧✐❞ ■♥t❡r❛❝t✐♦♥ ✶✺
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❋✐❣✳ ✶✹✿ ❲❡❞❣❡ ✇❛t❡r ❡♥tr②✳ (a) ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢
t❤❡ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❡❞❣❡✳ (b) ❚✐♠❡ ❡✈♦❧✉✲
t✐♦♥ ♦❢ t❤❡ ♣r❡ss✉r❡ ❛t t❤❡ ♣♦✐♥t A ♦❢ ❋✐❣✉r❡ ✶✶✳
❘❡❢❡r❡♥❝❡ r❡s✉❧ts✿ ❙P❍ ❢♦r♠✉❧❛t✐♦♥ ❬✸✶❪ ❛♥❞ ❡①♣❡r✲
✐♠❡♥t❛❧ t❡st ❬✸✸❪✳

❝♦✉s ✢✉✐❞ ✭ρf = 103kg/m3✱ µf = 102Pa · s

❛♥❞ κf = 2.1 ·109Pa✮ ♦✈❡r ❛♥ ❡❧❛st✐❝ ❯✲s❤❛♣❡❞

❝♦♥t❛✐♥❡r E = 2.1 · 107Pa✱ ν = 0.3 ❛♥❞ ρs =

20kg/m3✮✳ ❚❤❡ ✐♥✐t✐❛❧ ❣❡♦♠❡tr② ♦❢ t❤❡ ♣r♦❜❧❡♠

✐s ♣r♦✈✐❞❡❞ ✐♥ ❋✐❣✉r❡ ✶✺✳

❆ ♠❡❛♥ ♠❡s❤ s✐③❡ ♦❢ 3cm ✐s ✉s❡❞✳ ❚❤❡ ✐♥✐✲

t✐❛❧ ♠❡s❤ ♦❢ t❤❡ ✈✐s❝♦✉s ✢✉✐❞ ✐s ❢♦r♠❡❞ ❜② ✶✾✺✸✵

tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts✱ ✇❤✐❧❡ t❤❡ ♦♥❡ ♦❢ t❤❡ ❡❧❛s✲

t✐❝ ❝♦♥t❛✐♥❡r ❜② ✼✺✵✼ ♦♥❡s✳

❚❤❡ ✇♦r❦s t❛❦❡♥ ❛s r❡❢❡r❡♥❝❡ ❢♦r t❤✐s t❡st

❛r❡ t❤❡ r❡❝❡♥t ♣✉❜❧✐❝❛t✐♦♥s ❬✹❪ ❛♥❞ ❬✷✸❪✱ ✇❤❡r❡

t✇♦ st❛❣❣❡r❡❞ ♠❡t❤♦❞s ❢♦r ❋❙■ ✇❡r❡ ♣r❡s❡♥t❡❞✳

❇♦t❤ ♠❡t❤♦❞s ✉s❡ ❛ P❋❊▼ ✇✐t❤ ❡❧❡♠❡♥t❛❧ ✐♥✲

t❡❣r❛t✐♦♥ ❢♦r t❤❡ ✢✉✐❞ s♦❧✉t✐♦♥ ❛♥❞ ❛ ❋❊▼ s♦❢t✲

✇❛r❡ ✭❛ ❝♦♠♠❡r❝✐❛❧ ♦♥❡ ✐♥ ❬✷✸❪ ❛♥❞ ❛♥ ✐♥✲❤♦✉s❡

❝♦❞❡ ✐♥ ❬✹❪✮ ❢♦r t❤❡ s♦❧✐❞ s♦❧✉t✐♦♥✳

h

H

w

b

R

S

w=4.87m 
h=2.5m 
b=1.3m

H=3.75m 
R=2.25m 
S=0.2m

❋✐❣✳ ✶✺✿ ❋✐❧❧✐♥❣ ♦❢ ❛♥ ❡❧❛st✐❝ ❝♦♥t❛✐♥❡r ✇✐t❤ ❛ ✈✐s✲
❝♦✉s ✢✉✐❞✳

❆ q✉❛❧✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ r❡✲

s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧ ❋❙■

s❝❤❡♠❡ ✭♣✐❝t✉r❡s ❛t t❤❡ ❧❡❢t✮ ❛♥❞ t❤♦s❡ ♣r❡✲

s❡♥t❡❞ ✐♥ ❬✹❪ ✭♣✐❝t✉r❡s ❛t t❤❡ r✐❣❤t✮ ✐s s❤♦✇♥ ✐♥

❋✐❣✉r❡ ✶✻ ❢♦r s✐① r❡♣r❡s❡♥t❛t✐✈❡ t✐♠❡ ✐♥st❛♥ts✳

❉❡s♣✐t❡ t❤❡ ❝♦♠♣❧❡①♥❡ss ♦❢ t❤❡ ♣r♦❜❧❡♠✱ t❤❡

✜❣✉r❡ s❤♦✇s ❛ ✈❡r② ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥

t❤❡ t✇♦ ❞✐✛❡r❡♥t P❋❊▼ ❢♦r♠✉❧❛t✐♦♥s✳

❆ q✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❧✐t❡r❛✲

t✉r❡ r❡s✉❧ts ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✼ t❤❛t r❡♣♦rts

t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t

♦❢ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ❡❧❛st✐❝ str✉❝t✉r❡ ♦❜t❛✐♥❡❞

❜② t❤❡ t✇♦ r❡❢❡r❡♥❝❡ ✇♦r❦s ✭❬✹❪ ❛♥❞ ❬✷✸❪✮ ❛♥❞

t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧ P❋❊▼✳ ❚❤❡ t❤r❡❡ ❢♦r♠✉✲

❧❛t✐♦♥s s❤♦✇ ❛ ✈❡r② ❣♦♦❞ ❛❣r❡❡♠❡♥t✱ ❡s♣❡❝✐❛❧❧②

❞✉r✐♥❣ t❤❡ ✜rst 4s ♦❢ ❛♥❛❧②s✐s ✇❤❡♥ ❛❧❧ t❤❡

♣❡❛❦s ♦❢ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❛r❡ ✇❡❧❧ ❝❛♣✲

t✉r❡❞ ❜② ❛❧❧ ♠❡t❤♦❞s✳ ❆❢t❡r t❤✐s ✜rst ✹s ♦❢ ❛♥❛❧✲

②s✐s✱ t❤❡ t❤r❡❡ ❢♦r♠✉❧❛t✐♦♥s s❤♦✇ s♦♠❡ ❞✐s❝r❡♣✲

❛♥❝✐❡s✱ ❜✉t t❤✐s ✐s ❛❧♠♦st ✉♥❛✈♦✐❞❛❜❧❡ ✐♥ s✉❝❤

✉♥st❡❛❞② ♣r♦❜❧❡♠s✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✇♦rt❤ ♥♦t✲

✐♥❣ t❤❛t t❤❡ t❤r❡❡ s♦❧✉t✐♦♥s ♦s❝✐❧❧❛t❡ ❛r♦✉♥❞ ❛❧✲

♠♦st t❤❡ s❛♠❡ ✈❛❧✉❡ ♦❢ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t✳

■♥ t❤✐s t❡st✱ ✐t ✐s ♣❛rt✐❝✉❧❛r❧② ✐♠♣♦rt❛♥t t♦

❣✉❛r❛♥t❡❡ t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ✢✉✐❞

❞♦♠❛✐♥✳ ■♥❞❡❡❞✱ ❝❤❛♥❣❡s ✐♥ t❤❡ ✢✉✐❞ ♠❛ss ❧❡❛❞

t♦ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ❧♦❛❞ ❡①❡rt❡❞ ♦✈❡r t❤❡ ❡❧❛s✲

t✐❝ ❝♦♥t❛✐♥❡r ❛♥❞✱ t❤✉s✱ t♦ ❞✐✛❡r❡♥t ❞✐s♣❧❛❝❡✲

♠❡♥t ✜❡❧❞ r❡s✉❧ts✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥

t❤❛t ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ❝r✐t✲

✐❝❛❧ ❛s♣❡❝ts ♦❢ ❛ P❋❊▼ ❛♥❛❧②s✐s ❬✾❪✱ ❛❜♦✈❡ ❛❧❧

✇❤❡♥ ❤✐❣❤❧② ✉♥st❡❛❞② ♣r♦❜❧❡♠s ❛r❡ ❝♦♥s✐❞❡r❡❞✳

❋♦r t❤❡s❡ t✇♦ r❡❛s♦♥s✱ t❤❡ ♠❛ss ✈❛r✐❛t✐♦♥ ❤❛s



✶✻ ❆❧❡ss❛♥❞r♦ ❋r❛♥❝✐

✭❛✮ t❂✶✳✵✹s ✭❜✮ t❂✶✳✺s

✭❝✮ t❂✷✳✵s
✭❞✮ t❂✷✳✽s

✭❡✮ t❂✸✳✺s ✭❢✮ t❂✶✵✳✵s

❋✐❣✳ ✶✻✿ ❋✐❧❧✐♥❣ ♦❢ ❛♥ ❡❧❛st✐❝ ❝♦♥t❛✐♥❡r ✇✐t❤ ❛ ✈✐s❝♦✉s ✢✉✐❞✳ ❘❡s✉❧ts ❛t s✐① t✐♠❡ ✐♥st❛♥ts✳ ❋♦r ❡❛❝❤ s✉❜✲✜❣✉r❡✱
t❤❡ r❡s✉❧ts ♣❧♦tt❡❞ ❛t t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❛r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤✱ ✇❤✐❧❡ t❤♦s❡ ♦❢ t❤❡ r✐❣❤t
❛r❡ ❢r♦♠ ❬✹❪✳

❜❡❡♥ ♠♦♥✐t♦r❡❞ ✐♥ t❤✐s t❡st ❛♥❞ ✐ts t✐♠❡ ❡✈♦❧✉✲

t✐♦♥ ✐s r❡♣♦rt❡❞ ✐♥ ❋✐❣✉r❡ ✶✽✳ ❚❤❡ ❣r❛♣❤ s❤♦✇s

t❤❛t t❤❡ ♦✈❡r❛❧❧ ♠❛ss ✈❛r✐❛t✐♦♥ ❦❡❡♣s ❧✐♠✐t❡❞

✭❧❡ss t❤❛♥ 1.5%✮ ❢♦r ❛❧❧ t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡

❛♥❛❧②s✐s✳ ❚❤✐s ✐s r❡♠❛r❦❛❜❧❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡

✉♥st❡❛❞✐♥❡ss ♦❢ t❤❡ ✢✉✐❞ ✢♦✇ ❛♥❞ s❤♦✇s t❤❡

❣♦♦❞ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ s❦✐❧❧s ♦❢ t❤❡ ✉s❡❞ ♥♦❞❛❧

P❋❊▼✳

✺✳✺ ❈♦❧❧❛♣s❡ ♦❢ ✇❛t❡r ❝♦❧✉♠♥ ❛❣❛✐♥st ❛♥

❡❧❛st✐❝ str✉❝t✉r❡

❚❤❡ ❝♦❧❧❛♣s❡ ♦❢ ❛ ✇❛t❡r ❝♦❧✉♠♥ ❛❣❛✐♥st ❛ ❞❡✲

❢♦r♠❛❜❧❡ ♠❡♠❜r❛♥❡ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ❜❡♥❝❤♠❛r❦

♣r♦❜❧❡♠ ❢♦r ❋❙■ ✐♥✈♦❧✈✐♥❣ ❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞s

❬✸✷❪✳ ❚❤❡ ✐♥✐t✐❛❧ ❣❡♦♠❡tr② ♦❢ t❤❡ t❡st ✐s ♣r♦✲

✈✐❞❡❞ ✐♥ ❋✐❣✉r❡ ✶✾✳ ❋♦r t❤❡ ✇❛t❡r✱ ❛ ❞❡♥s✐t② ρ =

1000kg/m3 ❛♥❞ ❛ ✈✐s❝♦s✐t② µ = 0.001Pa·s ❤❛✈❡
❜❡❡♥ ✉s❡❞✳ ❚❤❡ ❡❧❛st✐❝ ♠❡♠❜r❛♥❡ ❤❛s ❞❡♥s✐t②



▲❛❣r❛♥❣✐❛♥ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✇✐t❤ ◆♦❞❛❧ ■♥t❡❣r❛t✐♦♥ ❢♦r ❋❧✉✐❞✲❙♦❧✐❞ ■♥t❡r❛❝t✐♦♥ ✶✼
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Present method
Cerquaglia et al. (2019)

Meduri et al. (2018)

❋✐❣✳ ✶✼✿ ❋✐❧❧✐♥❣ ♦❢ ❛♥ ❡❧❛st✐❝ ❝♦♥t❛✐♥❡r ✇✐t❤ ❛ ✈✐s✲
❝♦✉s ✢✉✐❞✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡✲
♠❡♥t ♦❜t❛✐♥❡❞ ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ❡❧❛st✐❝ str✉❝✲
t✉r❡✳ ❘❡❢❡r❡♥❝❡ r❡s✉❧ts ❢r♦♠ ❬✹❪ ❛♥❞ ❬✷✸❪✳
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❋✐❣✳ ✶✽✿ ❋✐❧❧✐♥❣ ♦❢ ❛♥ ❡❧❛st✐❝ ❝♦♥t❛✐♥❡r ✇✐t❤ ❛ ✈✐s✲
❝♦✉s ✢✉✐❞✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✢✉✐❞ ♠❛ss ✈❛r✐❛✲
t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ♠❛ss✳

ρ = 2500kg/m3✱ ❨♦✉♥❣ ♠♦❞✉❧✉s E = 103KPa
❛♥❞ P♦✐ss♦♥ r❛t✐♦ ν ❂ ✵✳ ❆ ♠❡s❤ ✇✐t❤ ❛ ♠❡❛♥

2L

L L

4L

H

D

L=0.146m

H=0.080m

D=0.012m

❋✐❣✳ ✶✾✿ ❈♦❧❧❛♣s❡ ✇❛t❡r ❝♦❧✉♠♥ ❛❣❛✐♥st ❛♥ ❡❧❛st✐❝
str✉❝t✉r❡✳ ■♥✐t✐❛❧ ❣❡♦♠❡tr②✳

♠❡s❤ s✐③❡ ♦❢ 2mm ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r ❜♦t❤ s♦❧✐❞

❛♥❞ ✢✉✐❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❚❤❡ ✐♥✐t✐❛❧

s♦❧✐❞ ♠❡s❤ ✐s ❝♦♠♣♦s❡❞ ♦❢ ✺✹✵ tr✐❛♥❣✉❧❛r ❡❧❡✲

♠❡♥ts✱ ✇❤✐❧❡ t❤❡ ✢✉✐❞ ❞♦♠❛✐♥ ✐s ✐♥✐t✐❛❧❧② ❞✐s✲

❝r❡t✐③❡❞ ✇✐t❤ ✷✹✸✼✺ tr✐❛♥❣❧❡s✳

■♥ ❋✐❣✉r❡ ✷✵✱ s♦♠❡ r❡♣r❡s❡♥t❛t✐✈❡ ♣✐❝t✉r❡s

♦❢ t❤❡ t❡st ❛r❡ ❣✐✈❡♥✳ ❚❤❡ ✐♠❛❣❡s s❤♦✇ t❤❛t

t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❝❛♥ ❝❛♣t✉r❡ t❤❡ ❝♦♠♣❧❡①

❜❡❤❛✈✐♦r ♦❢ t❤✐s ✉♥st❡❛❞② ♣r♦❜❧❡♠✱ ✐♥❝❧✉❞✐♥❣

t❤❡ ✐♥✐t✐❛❧ ❞❛♠ ❜r❡❛❦✱ t❤❡ ❧❛r❣❡ ♠♦t✐♦♥ ♦❢ t❤❡

❡❧❛st✐❝ ♠❡♠❜r❛♥❡ ✐♥❞✉❝❡❞ ❜② t❤❡ ✇❛t❡r ✐♠♣❛❝t

❢♦r❝❡✱ ❛♥❞ t❤❡ ❤✉❣❡ ✇❛t❡r s♣❧❛s❤❡s ❢♦r♠✐♥❣ ❛❢✲

t❡r t❤❡ ✐♠♣❛❝t t♦ t❤❡ r❡t❛✐♥✐♥❣ ✈❡rt✐❝❛❧ ✇❛❧❧✳

✭❛✮ t = 0.25s ✭❜✮ t = 0.40s

✭❝✮ t = 0.60s ✭❞✮ t = 0.70s

✭❡✮ t = 0.75s ✭❢✮ t = 0.90s

✭❣✮ t = 1.00s

❋✐❣✳ ✷✵✿ ❈♦❧❧❛♣s❡ ✇❛t❡r ❝♦❧✉♠♥ ❛❣❛✐♥st ❛♥ ❡❧❛s✲
t✐❝ str✉❝t✉r❡✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❛t ❞✐✛❡r❡♥t t✐♠❡ ✐♥✲
st❛♥ts✳ ❚❤❡ ✈❡❧♦❝✐t② ❝♦♥t♦✉rs ❛r❡ ♣❧♦tt❡❞ ♦✈❡r t❤❡
s♦❧✐❞ ❛♥❞ t❤❡ ✢✉✐❞ ♠❡s❤❡s✳



✶✽ ❆❧❡ss❛♥❞r♦ ❋r❛♥❝✐

❋✐❣✉r❡ ✷✶ ♣❧♦ts t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡

❤♦r✐③♦♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❧❡❢t t♦♣ ❝♦r♥❡r

♦❢ t❤❡ str✉❝t✉r❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞

❛♥❞ t❤♦s❡ ♦❜t❛✐♥❡❞ ❜② ♦t❤❡r ❋❙■ ❢♦r♠✉❧❛t✐♦♥s

♦❢ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t ❢♦r t❤❡
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Present method
Zhang et al. (2019)
Meduri et al. (2018)

Idelshon et al. (2008)

❋✐❣✳ ✷✶✿ ❈♦❧❧❛♣s❡ ✇❛t❡r ❝♦❧✉♠♥ ❛❣❛✐♥st ❛♥ ❡❧❛s✲
t✐❝ str✉❝t✉r❡✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐s✲
♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❧❡❢t t♦♣ ❝♦r♥❡r ♦❢ t❤❡ str✉❝t✉r❡✳
❘❡s✉❧ts ❢r♦♠ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❛♥❞ ♦t❤❡r ♥✉✲
♠❡r✐❝❛❧ str❛t❡❣✐❡s ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ✭❬✶✼✱✷✹✱✸✼❪✮✳

✜rst 0.5s ♦❢ ❛♥❛❧②s✐s t❤❡r❡ ✐s ❛ ❣♦♦❞ ❛❣r❡❡✲

♠❡♥t ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ♠❡t❤♦❞s✱ ✇❤✐❧❡✱ ❛❢✲

t❡r 0.5s✱ ❛ ❝❡rt❛✐♥ ❞✐s❝r❡♣❛♥❝② ♦❢ r❡s✉❧ts ✐s ♦❜✲

s❡r✈❡❞✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❤✐❣❤ ✉♥st❡❛❞✐♥❡ss

t❤❛t ❝❤❛r❛❝t❡r✐③❡s t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❡st✳

❋✉rt❤❡r♠♦r❡✱ ✐t ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡

❞②♥❛♠✐❝s ♦❢ t❤❡ t❡st ❝❤❛♥❣❡s s✐❣♥✐✜❝❛♥t❧② ✇✐t❤

s♠❛❧❧ ✈❛r✐❛t✐♦♥s ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ❞❡✢❡❝✲

t✐♦♥ ♦❢ t❤❡ ❡❧❛st✐❝ ♠❡♠❜r❛♥❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❛

st✐✛❡r r❡s♣♦♥s❡ ♦❢ t❤❡ str✉❝t✉r❡ ②✐❡❧❞s ❛ ❤✐❣❤❡r

✉♣✇❛r❞s ♠♦t✐♦♥ ♦❢ t❤❡ ✢✉✐❞ ❛♥❞ ❛ ❞❡❧❛②❡❞ r❡✲

t✉r♥ ✇❛✈❡ ♦♥ t❤❡ str✉❝t✉r❡✳ ❚❛❦❡♥ ❛❧❧ t❤✐s ✐♥t♦

❛❝❝♦✉♥t✱ t❤❡ ♦✈❡r❛❧❧ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❧✐t❡r✲

❛t✉r❡ r❡s✉❧ts ❝♦♥✜r♠s ❛❣❛✐♥ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡

♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❢♦r ❋❙■ ♣r♦❜❧❡♠s✳

❋✐♥❛❧❧②✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝❤❡❝❦ ✐❢✱ ❛❧s♦ ✐♥

t❤✐s ❋❙■ t❡st✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❜♦✉♥❞ t❤❡ ❡①✲

♣❡❝t❡❞ s♦❧✉t✐♦♥ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ r❡s✉❧ts ♦❢ ❡❧✲

❡♠❡♥t❛❧ ❛♥❞ ♥♦❞❛❧ ❛♣♣r♦❛❝❤❡s✱ ❛s ✐t ❤❛s ❜❡❡♥

❞♦♥❡ ❢♦r t❤❡ s♦❧✐❞ ❞②♥❛♠✐❝s t❡st ♦❢ ❙❡❝t✐♦♥

✺✳✶✳ ❆s ❛❧r❡❛❞② ❡①♣❧❛✐♥❡❞✱ ❛ ♥♦❞❛❧ ❋❊▼ ✐s ❡①✲

♣❡❝t❡❞ t♦ ❣✐✈❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ s♦❧✉t✐♦♥✱ ❝♦♥✲

tr❛r② t♦ ❛♥ ❡❧❡♠❡♥t❛❧ ♠❡t❤♦❞ t❤❛t ❝♦♥✈❡r❣❡s

t♦ t❤❡ ❡①♣❡❝t❡❞ r❡s✉❧t ❢r♦♠ ❜❡❧♦✇✳ ❊①♣❧♦✐t✲

✐♥❣ t❤✐s ❢❡❛t✉r❡✱ ♦♥❡ s❤♦✉❧❞ ❜❡ ❛❜❧❡ t♦ ❣❡t ❛

r❛♥❣❡ ♦❢ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s ✉s✐♥❣ t❤❡ r❡s✉❧ts ♦❢

♥♦❞❛❧ ❛♥❞ ❡❧❡♠❡♥t❛❧ ❛♣♣r♦❛❝❤❡s✱ ❡✈❡♥ ✐❢ ♦❜✲

t❛✐♥❡❞ ❢r♦♠ ❝♦❛rs❡ ♠❡s❤❡s✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱

t❤❡ s❛♠❡ ❞❛♠✲❜r❡❛❦ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ✉s✐♥❣

❛ ❝♦❛rs❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ♠❡❛♥ s✐③❡ ✻♠♠ ✭✺✵

s♦❧✐❞ ❡❧❡♠❡♥ts ❛♥❞ ✷✼✵✵ ✢✉✐❞ ♦♥❡s✮ ✇✐t❤ ❜♦t❤

t❤❡ ♥♦❞❛❧ ❛♥❞ t❤❡ ❡❧❡♠❡♥t❛❧ ♠❡t❤♦❞s✳ ❋✐❣✉r❡

✷✷ s❤♦✇s t❤❡ ✜rst ✵✳✹s ♦❢ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢

t❤❡ ♠❛①✐♠✉♠ ❤♦r✐③♦♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡

str✉❝t✉r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧

♠❡t❤♦❞ ❛♥❞ t❤❡ ❡❧❡♠❡♥t❛❧ P❋❊▼ ❬✶✸❪✱ ✉s✐♥❣

t❤❡ ❝♦❛rs❡ ❛♥❞ t❤❡ ✜♥❡ ♠❡s❤✳ ❚❤❡ ❣r❛♣❤ s❤♦✇s

t❤❛t t❤❡ ❡①♣❡❝t❡❞ s♦❧✉t✐♦♥ ✭✐♥ t❤✐s ❝❛s❡✱ t❤❡

♦♥❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ✜♥❡st ♠❡s❤✮ ✐s ❡✛❡❝✲

t✐✈❡❧② ❜♦✉♥❞❡❞ ❜② t❤❡ ❝♦❛rs❡ ♠❡s❤ s♦❧✉t✐♦♥s

♦❢ ❡❧❡♠❡♥t❛❧ ✭❧♦✇❡r ❜♦✉♥❞✮ ❛♥❞ ♥♦❞❛❧ ✭✉♣♣❡r

❜♦✉♥❞✮ ♠❡t❤♦❞s✳ ❚❤✐s ❝♦♥✜r♠s t❤❛t✱ ❛❧s♦ ❢♦r

❋❙■ ♣r♦❜❧❡♠s✱ ♦♥❡ ❝♦✉❧❞ ✉s❡ ❤♦♠♦❧♦❣♦✉s ♥♦❞❛❧

❛♥❞ ❡❧❡♠❡♥t❛❧ ♠❡t❤♦❞s t♦ ❤❛✈❡ ❛♥ ❡st✐♠❛t✐♦♥

♦❢ t❤❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥ ❢r♦♠ r❡❧❛t✐✈❡❧② ❝♦❛rs❡

✜♥✐t❡✲❡❧❡♠❡♥t ♠❡s❤❡s✳ ❚❤❡ ❡①t❡♥s✐♦♥ ❛♥❞ ❢♦r✲

♠❛❧✐③❛t✐♦♥ ♦❢ t❤✐s ♣r♦♣❡rt② t♦ ♠♦r❡ ❝♦♠♣❧❡①

♥♦♥✲❧✐♥❡❛r ❋❙■ ❛♥❛❧②s❡s ❛r❡ ❧❡❢t ❢♦r ❢✉t✉r❡ st✉❞✲

✐❡s ❛♥❞ ❝♦♥s✐❞❡r❡❞ ♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢ t❤✐s

✇♦r❦✳
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❋✐❣✳ ✷✷✿ ❈♦❧❧❛♣s❡ ✇❛t❡r ❝♦❧✉♠♥ ❛❣❛✐♥st ❛♥ ❡❧❛st✐❝
str✉❝t✉r❡✳ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐s♣❧❛❝❡✲
♠❡♥t ♦❢ t❤❡ ❧❡❢t t♦♣ ❝♦r♥❡r ♦❢ t❤❡ str✉❝t✉r❡ ♦❜t❛✐♥❡❞
✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ♥♦❞❛❧ P❋❊▼ ❛♥❞ t❤❡ ❡❧❡♠❡♥t❛❧
P❋❊▼ ❬✶✸❪✱ ❢♦r ❛ ❝♦❛rs❡ ❛♥❞ ❛ ✜♥❡ ♠❡s❤✳



▲❛❣r❛♥❣✐❛♥ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✇✐t❤ ◆♦❞❛❧ ■♥t❡❣r❛t✐♦♥ ❢♦r ❋❧✉✐❞✲❙♦❧✐❞ ■♥t❡r❛❝t✐♦♥ ✶✾

✻ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❚❤✐s ✇♦r❦ ♣r❡s❡♥t❡❞ ❛ ♥❡✇ ♥♦❞❛❧❧② ✐♥t❡❣r❛t❡❞

❢✉❧❧② ▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ❢♦r ❋❧✉✐❞✲❙tr✉❝t✉r❡

■♥t❡r❛❝t✐♦♥ ✭❋❙■✮ ♣r♦❜❧❡♠s✳ ❚❤❡ ✢✉✐❞ ♣❛rts ♦❢

t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❛r❡ s♦❧✈❡❞ ✇✐t❤ ❛

r❡❝❡♥t❧② ♣r♦♣♦s❡❞ P❛rt✐❝❧❡ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞

✭P❋❊▼✮ ✇✐t❤ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥ ❬✶✵❪✱ ✇❤❡r❡❛s

t❤❡ s♦❧✐❞s ❛r❡ ♠♦❞❡❧❡❞ ✇✐t❤ ❛ ♥♦✈❡❧ ❤②♣♦❡❧❛st✐❝

♠♦❞❡❧ ✇✐t❤ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥✳ ❚❤❡ ✇❤♦❧❡ ❝♦✉✲

♣❧❡❞ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ✇✐t❤ ❛ ♠♦♥♦❧✐t❤✐❝ ❛♣✲

♣r♦❛❝❤ t♦ ❣✉❛r❛♥t❡❡ ❛ str♦♥❣ ❝♦✉♣❧✐♥❣ t♦ t❤❡

❋❙■ s♦❧✉t✐♦♥✳ ■t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t t❤❡

♣r♦♣♦s❡❞ ♠❡t❤♦❞ ✐s ♦♥❡ ♦❢ t❤❡ ❢❡✇ ❡①❛♠♣❧❡s ♦❢

❋❊▼ ❢♦r♠✉❧❛t✐♦♥s ✇✐t❤ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥ ❢♦r

❋❙■ ♣r♦❜❧❡♠s ✇✐t❤ ❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞s ❬✸✾✱✸✽✱

✸✼❪✱ ❛♥❞ t❤❡ ✜rst ♦♥❡ ✐♥✈♦❧✈✐♥❣ ❛ P❋❊▼ ❢♦r✲

♠✉❧❛t✐♦♥✳

■♥ ❋❙■ ❛♥❛❧②s❡s ✐♥✈♦❧✈✐♥❣ ❝♦♠♣r❡ss✐❜❧❡ s♦❧✐❞s

❛♥❞ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞s✱ t❤❡ ✉s❡ ♦❢ ♥♦❞❛❧ ✐♥✲

t❡❣r❛t✐♦♥ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ✈❡rs✉s st❛♥❞❛r❞

♠❡t❤♦❞s ✇✐t❤ ●❛✉ss✐❛♥ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❛✈♦✐❞✐♥❣

t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ♦❢ ♣r❡ss✉r❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠

❛t t❤❡ ✢✉✐❞✲s♦❧✐❞ ✐♥t❡r❢❛❝❡✱ ❛s ♥♦❞❛❧ ♣r❡ss✉r❡s

❛r❡ ✉s❡❞ ❢♦r t❤❡ ✢✉✐❞ s♦❧✉t✐♦♥ ♦♥❧②✳

❚❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❤❛s ❜❡❡♥

✈❛❧✐❞❛t❡❞ ❛❣❛✐♥st s❡✈❡r❛❧ ❜❡♥❝❤♠❛r❦ ♣r♦❜❧❡♠s✳

■♥ t❤❡ ✜rst t❡st✱ t❤❡ ❝♦♥✈❡r❣❡♥t ❜❡❤❛✈✐♦r

♦❢ t❤❡ ♥♦❞❛❧❧②✲✐♥t❡❣r❛t❡❞ s♦❧✐❞ ♠♦❞❡❧ ❤❛s ❜❡❡♥

♣r♦✈❡❞ ❜② ❛♥❛❧②③✐♥❣ t❤❡ ❞②♥❛♠✐❝ ❜❡♥❞✐♥❣ ♦❢

❛♥ ❡❧❛st✐❝ ❝❛♥t✐❧❡✈❡r✳ ❚❤❡ t❡st ❤❛s ❜❡❡♥ ❛❧s♦

✉s❡❞ t♦ s❤♦✇ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣r♦♣❡rt② ♦❢ ♥♦❞❛❧✲

❜❛s❡❞ ❋❊▼ ♦❢ ❣✐✈✐♥❣ ❛♥ ✉♣♣❡r ❜♦✉♥❞ s♦❧✉t✐♦♥

t♦ t❤❡ ❡❧❛st✐❝ ♣r♦❜❧❡♠✳

❚❤❡♥✱ t❤❡ ❝♦❧❧❛♣s❡ ♦❢ ❛ ✇❛t❡r ❝♦❧✉♠♥ ❛❣❛✐♥st

❛ r✐❣✐❞ ✈❡rt✐❝❛❧ ✇❛❧❧ ❤❛s ❜❡❡♥ st✉❞✐❡❞✳ ❚❤❡ ♥✉✲

♠❡r✐❝❛❧ r❡s✉❧ts ❤❛✈❡ s❤♦✇♥ ✈❡r② ❣♦♦❞ ❛❣r❡❡✲

♠❡♥t ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s ✐♥

t❡r♠s ♦❢ ✇❛t❡r ♠♦t✐♦♥ ❛♥❞ ✈❛❧✉❡s ♦❢ ♣r❡ss✉r❡

❡①❡rt❡❞ ♦♥ t❤❡ r❡t❛✐♥✐♥❣ ✇❛❧❧s✳

■♥ t❤❡ t❤✐r❞ ❛♥❞ ❢♦✉rt❤ ✈❛❧✐❞❛t✐♦♥ t❡sts✱

t❤❡ ♥♦❞❛❧ ❛❧❣♦r✐t❤♠ ❤❛s s❤♦✇♥ t♦ ❜❡ ❛❜❧❡ t♦

s♦❧✈❡ ❛❝❝✉r❛t❡❧② ❋❙■ ♣r♦❜❧❡♠s ✐♥ ♣r❡s❡♥❝❡ ♦❢

❜♦t❤ st✐✛ ❛♥❞ s♦❢t ❡❧❛st✐❝ ❜♦❞✐❡s ❛♥❞ ❤✐❣❤❧②

✉♥st❡❛❞② ❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞ ✢♦✇✳ ❆ ✈❡r② ❣♦♦❞

❛❣r❡❡♠❡♥t ✇✐t❤ ❧❛❜♦r❛t♦r② ❡①♣❡r✐♠❡♥ts ❛♥❞ ♥✉✲

♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ❤❛s ❜❡❡♥ ❢♦✉♥❞

✐♥ ❛❧❧ ❝❛s❡s✳

■♥ t❤❡ ❧❛st t❡st✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t✱ ❛❧s♦

❢♦r ❋❙■ ♣r♦❜❧❡♠s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❜♦✉♥❞ t❤❡

❡①♣❡❝t❡❞ s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ ❝♦❛rs❡✲♠❡s❤ r❡s✉❧ts

♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♥♦❞❛❧❧② ✐♥t❡❣r❛t❡❞ ♠❡t❤♦❞

❛♥❞ ✐ts ❤♦♠♦❧♦❣♦✉s ❋❊▼ ✇✐t❤ ●❛✉ss✐❛♥ ✐♥t❡✲

❣r❛t✐♦♥✳

❚❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts ♣r♦✈❡s

t❤❡ s✉✐t❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦♣♦s❡❞ P❋❊▼✲❋❊▼

♠❡t❤♦❞ ✇✐t❤ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥ ❢♦r t❤❡ s♦❧✉t✐♦♥

♦❢ ❝♦♠♣❧❡① ❋❙■ ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ❧❛r❣❡ ♠♦✲

t✐♦♥s ♦❢ t❤❡ s♦❧✐❞ ❞♦♠❛✐♥s ❛♥❞ ❤✉❣❡ ❝❤❛♥❣❡s ♦❢

t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞✳

❋r♦♠ ❛ ❜r♦❛❞❡r ♣❡rs♣❡❝t✐✈❡✱ t❤✐s ✇♦r❦ s❤♦✉❧❞

❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❢✉rt❤❡r st❡♣✱ ❛❢t❡r ❬✶✵❪✱ t♦✲

✇❛r❞s t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ✉♥✐✜❡❞ P❋❊▼ ❢♦r✲

♠✉❧❛t✐♦♥ ❢♦r ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥ s♦❧✐❞ ❛♥❞ ✢✉✐❞

❜♦❞✐❡s✱ ✐♥❝❧✉❞✐♥❣ ❛❧s♦ ♣❤❛s❡ ❝❤❛♥❣❡ ♣❤❡♥♦♠✲

❡♥❛✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s ♦❜❥❡❝t✐✈❡ t✇♦ ❢✉rt❤❡r ❞❡✲

✈❡❧♦♣♠❡♥ts ❛r❡ r❡q✉✐r❡❞✳ ❋✐rst✱ t❤❡ ❡✛❡❝ts ♦❢

P❋❊▼ r❡♠❡s❤✐♥❣ ♦♥ t❤❡ s♦❧✐❞ s♦❧✉t✐♦♥ ♠✉st

❜❡ ❝❛r❡❢✉❧❧② ❛♥❛❧②③❡❞✳ ❚❤❡♥✱ ❛ ✉♥✐✜❡❞ ❝♦♥st✐t✉✲

t✐✈❡ ♠♦❞❡❧ ✇✐t❤ ❛ s♠♦♦t❤ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❤❛s

t♦ ❜❡ ❞❡✜♥❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✐♥t♦ t❤❡ ♥♦❞❛❧

✐♥t❡❣r❛t✐♦♥ ❢r❛♠❡✇♦r❦✳ ❇♦t❤ ❞❡✈❡❧♦♣♠❡♥ts ❛r❡

❧❡❢t ❢♦r ❢✉t✉r❡ ✇♦r❦✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts ❚❤❡ ❙♣❛♥✐s❤ ▼✐♥✐str② ♦❢ ❊❝♦♥✲
♦♠② ❛♥❞ ❈♦♠♣❡t✐t✐✈❡♥❡ss ✭▼✐♥✐st❡r✐♦ ❞❡ ❊❝♦♥♦♠✐❛
② ❈♦♠♣❡t✐t✐✈✐❞❛❞✱ ▼■◆❊❈❖✮ t❤r♦✉❣❤ t❤❡ ♣r♦❥❡❝t
P❘❊❈■❙❊ ✭❇■❆✷✵✶✼✲ ✽✸✽✵✺✲❘✮ ✐s ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧✲
❡❞❣❡❞ ❜② t❤❡ ❛✉t❤♦r ❢♦r t❤❡ ❡❝♦♥♦♠✐❝ s✉♣♣♦rt✳

Conflict of Interest

❚❤❡ ❛✉t❤♦r ❞❡❝❧❛r❡s t❤❛t ❤❡ ❤❛s ♥♦ ❝♦♥✢✐❝t

♦❢ ✐♥t❡r❡st✳

❘❡❢❡r❡♥❝❡s

✶✳ ❚✳ ❇❡❧②ts❝❤❦♦ ❛♥❞ ▲✳P✳ ❇✐♥❞❡♠❛♥✳ ❆ss✉♠❡❞
str❛✐♥ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ❡✐❣❤t ♥♦❞❡ ❤❡①❛❤❡❞r❛❧ ❡❧✲
❡♠❡♥t✳ ❈♦♠♣✉t❡r ▼❡t❤♦❞s ■♥ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✲

✐❝s ❆♥❞ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✵✺✿✷✷✺✕✷✻✵✱ ✶✾✾✸✳

✷✳ ❚✳ ❇❡❧②ts❝❤❦♦✱ ❲✳❑✳ ▲✐✉✱ ❇✳ ▼♦r❛♥✱ ❛♥❞
❑✳■✳ ❊❧❦❤♦❞❛❞r②✳ ◆♦♥❧✐♥❡❛r ❋✐♥✐t❡ ❊❧❡♠❡♥ts

❋♦r ❈♦♥t✐♥✉❛ ❆♥❞ ❙tr✉❝t✉r❡s✳ ❙❡❝♦♥❞ ❊❞✐t✐♦♥✳

❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ◆❡✇ ❨♦r❦✱ ✷✵✶✹✳



✷✵ ❆❧❡ss❛♥❞r♦ ❋r❛♥❝✐

✸✳ ❋✳ ❇r❡③③✐✳ ❖♥ t❤❡ ❡①✐st❡♥❝❡✱ ✉♥✐q✉❡♥❡ss ❛♥❞
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ s❛❞❞❧❡✲♣♦✐♥t ♣r♦❜❧❡♠s ❛r✐s✲
✐♥❣ ❢r♦♠ ❧❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs✳ ❘❡✈✉❡ ❢r❛♥ç❛✐s❡

❞✬❛✉t♦♠❛t✐q✉❡✱ ✐♥❢♦r♠❛t✐q✉❡✱ r❡❝❤❡r❝❤❡ ♦♣ér❛✲

t✐♦♥♥❡❧❧❡✳ ❙ér✐❡ r♦✉❣❡✳ ❆♥❛❧②s❡ ♥✉♠ér✐q✉❡✱
✽✭❘✲✷✮✿✶✷✾✕✶✺✶✱ ✶✾✼✹✳

✹✳ ▼✳▲✳ ❈❡rq✉❛❣❧✐❛✱ ❉✳ ❚❤♦♠❛s✱ ❘✳ ❇♦♠❛♥✱
❱✳ ❚❡rr❛♣♦♥✱ ❛♥❞ ❏✳P✳ P♦♥t❤♦t✳ ❆ ❢✉❧❧② ♣❛r✲
t✐t✐♦♥❡❞ ❧❛❣r❛♥❣✐❛♥ ❢r❛♠❡✇♦r❦ ❢♦r ❢s✐ ♣r♦❜✲
❧❡♠s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❢r❡❡ s✉r❢❛❝❡s✱ ❧❛r❣❡ s♦❧✐❞
❞❡❢♦r♠❛t✐♦♥s ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥ts✱ ❛♥❞ str♦♥❣
❛❞❞❡❞✲♠❛ss ❡✛❡❝ts✳ ❈♦♠♣✉t❡r ▼❡t❤♦❞s ✐♥ ❆♣✲

♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✱ ✸✹✽✿✹✵✾✕✹✹✷✱
✷✵✶✾✳

✺✳ ▼✳ ❈r❡♠♦♥❡s✐✱ ❆✳ ❋r❛♥❣✐✱ ❛♥❞ ❯✳ P❡r❡❣♦✳ ❆ ❧❛✲
❣r❛♥❣✐❛♥ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❛♥❛❧②✲
s✐s ♦❢ ✢✉✐❞✕str✉❝t✉r❡ ✐♥t❡r❛❝t✐♦♥ ♣r♦❜❧❡♠s✳ ■♥✲
t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥

❊♥❣✐♥❡❡r✐♥❣✱ ✽✹✭✺✮✿✻✶✵✕✻✸✵✱ ✷✵✶✵✳
✻✳ ▼✳ ❈r❡♠♦♥❡s✐✱ ❙✳ ▼❡❞✉r✐✱ ❛♥❞ ❯✳ P❡r❡❣♦✳

▲❛❣r❛♥❣✐❛♥✕❡✉❧❡r✐❛♥ ❡♥❢♦r❝❡♠❡♥t ♦❢ ♥♦♥✲
❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡
♣❛rt✐❝❧❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳ ❈♦♠♣✉t❛t✐♦♥❛❧

P❛rt✐❝❧❡ ▼❡❝❤❛♥✐❝s✱ ♣❛❣❡s ✶✕✶✻✱ ✷✵✶✾✳
✼✳ ❈✳❘✳ ❉♦❤r♠❛♥♥✱ ▼✳❲✳ ❍❡✐♥st❡✐♥✱ ❏✳ ❏✉♥❣✱

❙✳❲✳ ❑❡②✱ ❛♥❞ ❲✳❘✳ ❲✐t❦♦✇s❦✐✳ ◆♦❞❡✲❜❛s❡❞
✉♥✐❢♦r♠ str❛✐♥ ❡❧❡♠❡♥ts ❢♦r t❤r❡❡✲♥♦❞❡ tr✐❛♥✲
❣✉❧❛r ❛♥❞ ❢♦✉r✲♥♦❞❡ t❡tr❛❤❡❞r❛❧ ♠❡s❤❡s✳ ■♥✲

t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥

❊♥❣✐♥❡❡r✐♥❣✱ ✹✼✭✾✮✿✶✺✹✾✕✶✺✻✽✱ ✷✵✵✵✳
✽✳ ❍✳ ❋❡♥❣✱ ❳✳❨✳ ❈✉✐✱ ❛♥❞ ●✳❨✳ ▲✐✳ ❆ st❛❜❧❡

♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞ ✇✐t❤ str❛✐♥ ❣r❛❞✐❡♥t
❢♦r st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ ❛♥❛❧②s✐s ♦❢ s♦❧✐❞ ♠❡❝❤❛♥✲
✐❝s✳ ❊♥❣✐♥❡❡r✐♥❣ ❆♥❛❧②s✐s ✇✐t❤ ❇♦✉♥❞❛r② ❊❧❡✲

♠❡♥ts✱ ✻✷✿✼✽✕✾✷✱ ✷✵✶✻✳
✾✳ ❆✳ ❋r❛♥❝✐ ❛♥❞ ▼✳ ❈r❡♠♦♥❡s✐✳ ❖♥ t❤❡ ❡✛❡❝t

♦❢ st❛♥❞❛r❞ P❋❊▼ r❡♠❡s❤✐♥❣ ♦♥ ✈♦❧✉♠❡ ❝♦♥✲
s❡r✈❛t✐♦♥ ✐♥ ❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞ ✢♦✇ ♣r♦❜❧❡♠s✳
❈♦♠♣✉t❛t✐♦♥❛❧ P❛rt✐❝❧❡ ▼❡❝❤❛♥✐❝s✱ ✹✭✸✮✿✸✸✶✕
✸✹✸✱ ✷✵✶✼✳

✶✵✳ ❆✳ ❋r❛♥❝✐✱ ▼✳ ❈r❡♠♦♥❡s✐✱ ❯✳ P❡r❡❣♦✱ ❛♥❞
❊✳ ❖ñ❛t❡✳ ❆ ❧❛❣r❛♥❣✐❛♥ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥
♠❡t❤♦❞ ❢♦r ❢r❡❡✲s✉r❢❛❝❡ ✢✉✐❞ ✢♦✇s✳ ❈♦♠♣✉t❡r

▼❡t❤♦❞s ✐♥ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ❛♥❞ ❊♥❣✐♥❡❡r✲

✐♥❣✱ ✸✻✶✿✶✶✷✽✶✻✱ ✷✵✷✵✳
✶✶✳ ❆✳ ❋r❛♥❝✐✱ ■✳ ❞❡ P♦✉♣❧❛♥❛✱ ●✳ ❈❛s❛s✱ ▼✳❆✳

❈❡❧✐❣✉❡t❛✱ ❏✳ ●♦♥③á❧❡③✲❯sú❛✱ ❛♥❞ ❊✳ ❖ñ❛t❡✳
P❋❊▼✕❉❊▼ ❢♦r ♣❛rt✐❝❧❡✲❧❛❞❡♥ ✢♦✇s ✇✐t❤ ❢r❡❡
s✉r❢❛❝❡✳ ❈♦♠♣✉t❛t✐♦♥❛❧ P❛rt✐❝❧❡ ▼❡❝❤❛♥✐❝s✱
♣❛❣❡s ✶✕✷✵✱ ✷✵✶✾✳

✶✷✳ ❆✳ ❋r❛♥❝✐✱ ❊✳ ❖ñ❛t❡✱ ❛♥❞ ❏✳▼✳ ❈❛r❜♦♥❡❧❧✳ ❖♥
t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❜✉❧❦ t❛♥❣❡♥t ♠❛tr✐① ✐♥ ♣❛rt✐✲
t✐♦♥❡❞ s♦❧✉t✐♦♥ s❝❤❡♠❡s ❢♦r ♥❡❛r❧② ✐♥❝♦♠♣r❡ss✲
✐❜❧❡ ✢✉✐❞s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ❢♦r ◆✉♠❡r✐✲

❝❛❧ ▼❡t❤♦❞s ✐♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✵✷ ✭✸✲✹✮✿✷✺✼✕✷✼✼✱
✷✵✶✺✳

✶✸✳ ❆✳ ❋r❛♥❝✐✱ ❊✳ ❖ñ❛t❡✱ ❛♥❞ ❏✳▼✳ ❈❛r❜♦♥❡❧❧✳ ❯♥✐✲
✜❡❞ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ❢♦r s♦❧✐❞ ❛♥❞ ✢✉✐❞
♠❡❝❤❛♥✐❝s ❛♥❞ ❢s✐ ♣r♦❜❧❡♠s✳ ❈♦♠♣✉t❡r ▼❡t❤✲

♦❞s ✐♥ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✱
✷✾✽✿✺✷✵✕✺✹✼✱ ✷✵✶✻✳

✶✹✳ ❆✳ ❋r❛♥❝✐✱ ❊✳ ❖ñ❛t❡✱ ❛♥❞ ❏✳▼✳ ❈❛r❜♦♥❡❧❧✳
❱❡❧♦❝✐t②✲❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥s ❢♦r st❛♥❞❛r❞ ❛♥❞
q✉❛s✐✲✐♥❝♦♠♣r❡ss✐❜❧❡ ❤②♣♦❡❧❛st✐❝✲♣❧❛st✐❝ s♦❧✐❞s✳
■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ❢♦r ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s

✐♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✵✼ ✭✶✶✮✿✾✼✵✕✾✾✵✱ ✷✵✶✻✳
✶✺✳ ❙✳❘✳ ■❞❡❧s♦❤♥✱ ❏✳ ▼❛rt✐✱ ❆✳ ▲✐♠❛❝❤❡✱ ❛♥❞

❊✳ ❖ñ❛t❡✳ ❯♥✐✜❡❞ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ❢♦r
❡❧❛st✐❝ s♦❧✐❞s ❛♥❞ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞s✿ ❆♣♣❧✐✲
❝❛t✐♦♥s t♦ ✢✉✐❞✲str✉❝t✉r❡ ✐♥t❡r❛❝t✐♦♥ ♣r♦❜❧❡♠s
✈✐❛ t❤❡ P❋❊▼✳ ❈♦♠♣✉t❡r ▼❡t❤♦❞s ■♥ ❆♣♣❧✐❡❞

▼❡❝❤❛♥✐❝s ❆♥❞ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✾✼✭✶✾✲✷✵✮✿✶✼✻✷✕
✶✼✼✻✱ ✷✵✵✽✳

✶✻✳ ❙✳❘✳ ■❞❡❧s♦❤♥✱ ❊✳ ❖ñ❛t❡✱ ❛♥❞ ❋✳ ❉❡❧ P✐♥✳ ❚❤❡
♣❛rt✐❝❧❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✿ ❛ ♣♦✇❡r❢✉❧ t♦♦❧
t♦ s♦❧✈❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇s ✇✐t❤ ❢r❡❡✲s✉r❢❛❝❡s
❛♥❞ ❜r❡❛❦✐♥❣ ✇❛✈❡s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ❢♦r
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