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. .  . 
LAGRAfiGIAN SIMTLARITY . . MODELING OF VERTXCAL DIFFUSION 

. . . . ' . FROM <GROUND,+~VEL SOURCE.-- 

Thomas W .  Horst  

Abstract: . . Seve'ral .a1 ternate  Lagrangi'an s i m i l a r i t y  p red ic t ions  o f  t u rbu len t  

d i f fus ton  i n  a thenal ly-s t ra t i . f ied . turbulent  shear f l o w  were compared w i t h  

the P r a i r i e  Grass ground+:d eve1 ; crosswi nd- integrated t r ace r  concentrat ion 

data. The best-agreement w i t h  the data was found by assuming t h a t  the eddy 

d i f f us i v i . t y  K o f  a passl've contaminant corresponds t o  t h a t  o f  heat, by 

ustng an exponent-.r. equal. to-. 1.5 ~r 2 i n  the v e r t i c a l  contaminant d i s t r i b u t i o n  

e ~ ~ [ - ( . i / b i ) ~ ] ,  and by ustng Chaudhry and Meroneyls. equation 
. . 

'dE/dx ..=... ~ ( f  )if u ( c ~ )  - 

f o r  - the..downwlnd, growth o f -  the mean. hel'ght--?-.of the d i f f u s i n g  contaminant. 



Nomenclature , 

, . 

constant o f  v e r t i c a l  d i s t r i b u t i o n  

constant re la t i ,ng  advection wind t o  2 
spec i f i c  heat o f  a i r  a t  constant pressure 

dimensionless wind p ro f i l e ,  Eq. ( 1  1 ) 
acce lera t ion due t o  g r a v i t y  

v e r t i c a l  heat f l u x  

eddy d i f f u s i v i  ty o f  contaminant 

eddy d i f f u s i v i t y  o f  heat 

eddy d i  f f u s i  v i  ty  o f  momentum 

von ~a!rma\l's constant 
3 

. Obukhov 1 ength [-u, PC e/ (kgH)] 
P 

release ra te .  of' contaminant 
2 Richardson number .,[g(:ae/az]/e(au/az) 1 

constant = 1.55, Eq. ('15) 

.exponent. o f  ' v e r t i c a l  d i s t r i b u t i o n  

mean wind speed 
1/ 

f r i c t i o n  v e l o c i t y  [(.rip) 2 ]  

downwjnd coordinate 

mean downwind.distance o f  contaminant 

vert. ica1 coordinate 

mean height o f  contaminant 

roughness 1 ength 

Kh/s O r  a t  neutra-l stabi-1 i t y  

gamma-funct-ion, r ( z )  = j: t 2-1 ,-tdt 

poten t ia l .  temperature 

densi ty o f  a i r  _ _  .--. . . .  
surface shearing s t ress  

dimensionless temperature gradient  [u,kt (pc / ~ ) a ~ / a z ]  
P 

dimension1 ess wind shear [(kzlu,) au/az] 

crosswind-integrated contaminant concent ra t ion.  



' 4  In t roduc t ion  

b g r a n g i a n  s i m i l a r i t y  theory i s  a promising basis f o r  the desc r i p t i on  

.of v e r t i c a l  d i f fus f  on from a.ground-1 evel source i n  a thermal l y - s t r a t i f i e d  

boundary layer .  The dimen'sional relationships o f  Monin (1  ) and Batchelor  (2) 
have been quant i f ied by compari,rig Lagrangian s i m i 1 a r i . t ~  t o  g rad ien t - t rans fe r  

theory (3, - - - -  4, 5, 6,). However, app l i ca t ton  o f  s im i l a r . i t y  theory t o  the 

p.redict ion of contaminant concentrat ions a lso depends on knowing: h e '  , 

proper eddy d i ' f fus iv i  t y  f o r  pas'sive ,contaminants; and the form o f  the 

. , 
v e r t i c a l  d i s t r i b u t i o n  o f  contamin.ation and how i t  depends- on thermal s t a b i l  i ty. 

' . Th i s .  pap.er ' inyes2;.igates these po in ts  by comparing a1 t e rna t i ve  Lagrangian 

s i m i l a r f t y  p red ic t ions  t o  atmospheric measurements o f  the ground-level,  

crosswind,-tntegrated concentrat ions (CWIC-) o f  a. . d i f f u s i n g  - t r ace r  ,-- r a t h e r  . . 

than t o  d i r e c t  measurements o f  the. v e r t i c a l  spread o f  t h e  t r a c e r ;   his -=-. : , ' , 

- .  approach has the disadvantage t h a t  add i t i ona l  assumptions are requ i red t o  

specify .. the . .verti'ca.li contami'nant d i s t r i b u t i o n ,  bu t  i t  a lso  has several 

advantages* Ground-level tracer.measurements are  made more o f t en  than . 

elevated measurements, sfmply because ground-level measurements are more 

economical , and t h e  measurement arrays:-=general l y  have 1 arger - numbers o f  

samplers-. . -.Thus more, ground-1 evel measurements a re -  avai lab1 e - a t  1 arge 
. . 

extremes ~f thermal s t a b i l  ity a n d a t  1 arge downwind distances .- . Second, . 
' 

t he  ground-level--CWrC estimates are p o t e n t i a l  ly--more re1  i a b l  e s ince a la rgBr  

number' of concentrat ion samp'l es cont r ibute .  t o  a s i  ng l  e est imate o f  the  CWIC 2..- 

than. i s  genera-I-ly t h e  case f o r -  d i  rec-t es : t imatesof -  the v e r t i c a ~ l  spread and : 
~l SO s i ~ l c e  the crosswind. edges o f  t 'he  t r ace r  plume are more 1 i k e l y - t o  be 

we1 1 -defined than.  the upper edge. 

2."Pred~ctiori'of'the'Ground-Level concentrat ion , 

Monin-Qbukhov s i m i l a r i t y  .theory proposes t h a t  the proper t ies  o f  turbu.7" 

l e r ~ c e  w t t h i n  a t h e r m a l . 1 ~ - s t r a t i f i e d  . . surface f l u x  l aye r  a re  determined s o l e l y  

by z ,  r ,  H,, P, c and g/e. Equivalent ly ,  these may be reduced t o  the he ight  
P 

z, the f r i c t i o n  v e l o c i t y  u,, and the  Obukhov. leng th  L. Lagrangian s i m i l a r i t y  

theory '  (1) extends t h i s  proposal t o  the d i f fus ion o f  passive contaminants 



w i t h i n  the  surface f l u x  layer .  The mean r a t e  o f  v e r t i c a l  displacement f o r  

p a r t i c l e s  re leased f r ~ q  ground . l e v e l  - i s  assumed ' t o  be 

where Z i s  the.mean he igh t  o f  t h e  d i f f u s i n g  m a t e r i a l  and G i s  a  f u n c t i o n  o f  

thermal s t a b i l i t y  equal , t o  .un i  ty f o r  a d i a b a t i c  cond i t i ons .  The mean r a t e  

of h o r i z o n t a l  ,displacement is  assumed t o  b e .  

Given t h e  constants a  and c- and f u n c t i o n a l  forms f 0 r .G  and t h e  wind p r o f i l e ,  

i may then bedetermined.  as .a ' f unc t i on  o f  i ,  u, and L. 

Assuming t h a t  v e r t i c a l  diffusion:-:from a  g round- leve l  source can a l s o  

be descr ibed by g r a d i e n t - t r a n s f e r  theory,  Chaudhry and Meroney (5 )  - have 

shown t h a t  

where-$ i s  a l s o  : u n i t y  f o r  a d i a b a t i c -  c o n d i t i o n s  and descr ibes  t h e  dependence 

on thema1:stabi.l i.ty of. the. v e r t i c a l  eddy . -d i : f fus iv i  . t y  o f  t h e  contaminant, 

Combination o f  (2)  and (3)  leads t o -  - - 

~ h a u d h r y  and Meroney use. Oh i n  (4)  and (5)., f o l l o w i n g  t h e  suggest ion 

of Monin and Yaglom (8) - t h a t  the  eddy d i f f u s i v i t i e s  o f  heat  and a  passive 

substance a re  equa l .  Th is ,  choice i s  supported by t h e i r  comparison o f  t he  

p red ic ted  f w i t h  t h a t  measured 100 m downwind of t h e  source du r ing  t h e  



Prai r ie  Grass SO2 diffusion experiments. I t  i s  a l so  supported by crawford 
('2). a.nd Dyer and Hicks (E) , who found tha t  the eddy. t ransfer  mechanisms of 

heat and water vapor were the same, by Galbal ly ( l l ) ,  - who came to  a simil'ar 
conclusion for  the  t ransfer  of heat and ozone, 'and by S inc la i r  e t  a1 (12) - 
for  heat, water vapor and carbon dioxide. Niieuwstadt and van Ulden m], 
however, have recently found tha t  numerical so1 utions of the diffusion 

equation produce comparable agreement with the ,100 m Pra i r ie .  Grass data 

using e i the r  $, or  $m/a, where a i s  the value of $,,//9,, f o r  neutral s t r a t i -  
. . f icat ion.  

. . 
By assum.ing--a vertical dis tr ibut ion of the material equal to  

. . 

the crosswj ndzintegrated concentration ~ ( x  ,z) mayal so -be predicted from 

Lagrangian- s imiiar i  ty  theory @) . However, Ma1 hotra and Cermak (14), - 
simulating-atmospheric diffusion from a surface source i n  a wind tunnel 
fo r  both neutral :and. unstable -thermai. ' s t r a t i f  i c a t i ~ n , ~  found tha t  .the e f fec t  
of ins tabi l i ty  was to  i n c r e a s e t h e  scale  of theCdiffusion w i  t h o i t  a1 tering' 
the form of the diffusing plume, Hence the influence of Z / L  on F appeqrs 
to  be qui te  weak. 

Malhotra and Cermak's data f i t  the form 
.. , ... 

w i t h  -a val uezof-r---+~ 1.4- appropriate: t o  both neutral .and. unstable conditions. 

Pasqu-i 11~-(-7.~~repor;ts-thiit~~for neutral conditions ' a value of r = 1 ; 15 was 
found :I00 m downwind: of t h e .  sburce dur ing  7 t r a c e r  re1 eases a t  Porton ,. . . . . 

~ngland-,-'-and- a; value-of--1.5 wasfound:::at 229 : m  dur ing-  29-releases a t  
Cardington.,:.-Eng.l.and. --.E'l1 i o t  (151. - has investigated-the vert ical- .dis tr ibut ion 

of t racer  measured during Pra i r ie  Grass a t  100 m downwind of the source 
and reported an average value of r = 1 .5 fo r  the. 41 re1 eases analyzed, He 

found tha t  a Gaussian value of 2 f o r  r is  an overestimate except for  f a i r l y  
stable thermal ,s.trati;fi;cati-00, tha t  1 - 5  was more appropriate for. near-neutral 
conditio'ns, arid t h a t  r was i e s s  t h a n  1 .5 for unstable s l r a t l f i c a t f o h ,  Analyzing . . 



the same data, Nieuwstadt and van Ulden (13) - found values o f  2.0, 1.3,. 

and 1.0 f o r  s tab le ,  neu t ra l  and' unstable s ' t r a t i f  i c a t i o n ,  respeci t ) re ly,  . + 

The constant  b  o f  Eq. (7)  is determined from t h e  d e f i n i t i o n  o f  2 ,  

t o  be equal t o  . r ( l / r ) / r ( 2 / r ) ,  where I' i s  the gamma func t ion .  x(x,z=O) 
. i s  determined by. t h e  con t i nu i t y  cond i t i on  . . . 

Subs t i t u t i ng  ( 7 )  i n t o -  (9 )  and p u t t i n g  the  r e s u l t  i n  dimensionless form, 

where f i s  a dimensionless f unc t i on  desc r ib ing  the  wind p r o f i l e ,  
: ? .  , 

u (z )  = - U* [ f  (z /L)  - f ( i . /~ )  1 . (11) 
k 

F ina l l y ,  the  constant  c i n  (2)  i s  determined by c a l c u l a t i n g  the  mean 

advection ve l oc i t y ,  ' ' 

Again using (7) ,  

. . . . 
. . . . .  , .  . . . .  

whi t h  may be evaluated w i t h  the  a i d  o f  (1 0) .  



The quantity ~ , z , ~ ( x , z = O ) / k Q  has been calculated as  a function o f .  

x/z, and zat-from-(-5);--00) and- (-1-3)-.- : Businger e t -  al-'-s (1 - 6) formulas .-.:- 

f o r  Oh and Om have been used, along with Paulson's (17) - integral of the 
. . 

' Businger e t  a1 formula f o r . ' + i  t o  get f :  .. 

- I t2  oh(<)  = 0.74 (1 -9 i ) .  . 
\ 

~ ~ ( 5 )  = (1-155) 
-1 /4 

f ( 5 )  = I n <  -2 
. . 

' . .  . 

. . 

1/4 .. where 5 = Z / L ,  q~ = ( . I  -15 5)  - and k- = -0;35. ~ a l  culations have been made 

with $ equal: t 0 . 9 , ~ ;  $ and $/a; w i t h  r = 1 ,  1.5 and 2; and a1 so using an 
m- 

a l te rna te  foimula -for z as a function of x proposed by van Ulden (1'978). 

In the- fol lowing--section these predictions are  compared t o  data from the 

P ra i r i e  Grass experiments.' I :  

3 . .  Comparisons with Observations - -  - -  
. . 

~ u r i n ~  ~ r o j e k t - ~ r a i  r i e  .Grass (18) ;  - ;tracer concentrations were measured 

a t  a - height-of 1.5m along arcs  a t  . di-stances: . of 50m, loom, Z o o m ,  400m, and 

800.m- f rom the--source-;=- - ~ h e s e ;  ground-l eve1 . meas&-ements were .summed a1 ong :: - --. 

each' arc  -.and divided by. the source strength t o  give the normalized CWIC a t  

ea.ch downwind distance. Concurrent vert ical  prof i les  of wind speed and 

temperature were used t o  estimate L and u, f o r  each diffusion experiment. 
Second-order polynomials in 1 n z were f i r s t  f i t  t o  t h e  profi les  by a . 

least-squares technique, and the, gradient Richardson number was calculated 



a t  several heights from the f i t t e d  profi les  and converted t o  z/l, usi,ng 

and the empirical formulas f g r  $,, and 4m. . The f r i c t i o n  velocity was then 

calculated by a least-squares f i t  of the empirical wind profi1.e function f 

to  the measured wind profi le ,  using the value of '  L previously calculated 

f o r  a height of 2 m and a roughness length z, = 0.6 cm. 

In Figs. 1-4 the observed u,i(x,z=1.5m)/Q a r e  plotted as  a functidn 
of thermal s t a b i l i t y  parameterized 'by 1/L: The open c i r c l e s  denote 

cases where the computed L varied by more than a fac tor  of 2 between the. 

heights of 1 rn and 4 rn, indicating tha t  the empirical formulas for  4m and 

(h were n o t  compatible- w i t h  the observed-prof i l e s  of wind and temperature. 

This occurs~most~-y- -for. shrongqy . stable-rstrat-if ication-.when --thezsur-face 

flux layer may be qui te  shallow- compared -to- the height of the profi le  

, measurements and ther vert ical  extent .of the diffusing plume. 

Eddy DiTfusivi ty  

Fig .  ..I compares the data - a t  400m with Lagrangian s imilar i ty  prediction 

using r-=; 1.5 and $:=.$h,- % and -$,,/ai- A similar  comparison i s  found a t  a1 1 

distances;.- While the predictions a re  l ' i  tt1.e: different-  fo r  strongly s table  

conditions, the superiority- of ,-$<.is q u i t e  obvious- fo r  near-neutral and 

unstable .therrnal~-~tratifications-~=-~~~/~1- i s  a good predictor only near 

neutral .  s tabi l  i t y -  wherc i  t matches cp- by defini t ion.  
) . I  

h 
. ... 

Vertical Distri but.ion 

The predictions of u,x/Q a r e n o t  as- sens i t ive  to  the value of r. 
Figs. 2 and-3 compare-the data a t  lOOm and 800m with Lagrangian s imilar i ty  

predictions using 4 = Oh and r-E 1 and 2. The curve for. r = 1.5 i s  

intermediate and 1 ies  closer  to  the curve f o r  r = 2 ,  predicting values 10% 

to  15% greater that-, the r = 2 curve a t  800m. 

A comparison of these data. w i t h  the Lagrangian s imilar i ty  predictions 

does not indicate an increase of r w i t h  increasing s t a b i l i t y .  More notice- 

able i s  a change from r ' = ' 1 . 5  t o r  = 2 with increasing distance. A t  50m 



and lOOm the 'predict ions f o r  r = 1.5 a re  best ,  i n  agreement with E l l i o t ' s  

(15) - average value determined from the elevated t r ace r  measurements-at--100m. 

A t  200m the predictions for  r = 1.5 and r = 2 are  equally good, and a t  400m 

and' 800m the predictions f 0 r . r  = 2 are  best.  A value of r = 1 gives the ' 

poorest f i t  to  the data a t  a l l  distances. 

A n  Alternate Relation Between and x 

Applying the same technique used by Chaudhry and Meroney (5), - van 

Ulden (5) recently proposed the relat ion 
.. . - 

with pT='-1..55,' to  rep'lace:-'('5-). Eqs. (5) and. (3'5)- can- both r e su l t  from 

the same approach-. - because..'they.-are -.both approximate :sol.utions- based on - -  - 

s l  i g h t l j  -different  assumptions. A choice between the two mu'st f i na l ly  be' 

based on a comparison with observations. 

Fig. 4 compares the Pra i r ie  Grass.data a t  200m t o  the predictions of 

(5)  and (15) w i t h  @ = Oh and r = 1.5. A s imilar  comparison i s  found a t  a l l  

distances. - Eq. (15) i s - b e t t e r  than (5)  fo r  strongly s table  and unstable 

condi tions--where--the data. are  fewer, more scat tered and (on the . s tab le  

side)- ' 1 ess re1 iable'. However f o r  near-neutral 'stab' i l  i ' ty, -.05<1/C<.05, 

Eq.- (-15) overpredicts u,X/Q and Eq. (5) i s  c lear ly  bet ter .  For neutral .. 

stabi-1 i ty, .  @ = 1 and 'the -only difference .betwe,en the equations i s  the choice 

of t.he advecting. wind.. .Since c = 0.63 f o r  r = .1.'5., E q .  (15) 'speci.fi.es a 

wind speed atmore-than-double-.the helght,  causing- 5 t o  be low. and u,x/Q 
t o  be high. . . 

,- .. 

. . . . 

4. Conclusions ' . ' . .  

Several ,alter-mite Lagra,ngian s imi lar i ty  predictions have been compared 

w i t h  the ground-level, crosswind-integrated t raker  corlcentration data from 

the Pra i r ie  Grass atmospheric diffusion experiments. ' Very good comparisons 

w i t h  the data were obtained .with.the assumption tha t  the eddy d i f fus iv i ty  of.  



a passive contaminant. i s  equal t o  Kh and f ~ r  values of the exponent r in 
t h e  vertical ' .distribution e q u a l t o  e i t h e r  1.5 or 2. ~ o t i c e a b l ~  pqbrer . . 

comparisons were found w i t h  e i t h e r  r = -1 o r  the assumption of an eddy 
" .  

diffusivi ty equal t o  K,,, or at$,, where a i s  the neutral value of K h , K ,  
The ground-level data did not indicate a dependence.of the  exponent, on 
thermal stabi 1 i ty  . .Two forms of the Lagrangian s imilar i ty  relat ions f o r  

i were tested. chaudhry and Meroney's (3) equation, 

was. found to provide a bet ter  overall' f i t  t o  the data than van Ul den's (6)  

equa t i  on, . . I 

-part icular ly ii.n. near;neutra'l' condi ti.ons where' .the 1 a t t e r  equation 
, a noticeably overpredicts u,x/Q. 



' Figlire 1 -. Measured. cuntaminant concentrations 400m downwind of 
. . . . . . . . . . .- . . . . . - - . . . - . . - . . - .--the source compared- to predictions .for several' chaices 

of eddy' diffusivity. 



Figure 2. Measured contaminant concentrat ions 1 OOm downwind of 
the  source compared t o  predic t ions  f o r  two ve r t i c a l  
d i s t r i bu t i ons .  



Figure 3. Measured contaminant concentrat ions 800m downwi nd o f  
the source compared to predictions for two vertical 
distributions. ' ' 
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