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LAMPERTI-TYPE OPERATORS ON A WEIGHTED SPACE

OF CONTINUOUS FUNCTIONS

R. K. SINGH AND BHOPINDER SINGH

(Communicated by Palle E. T. Jorgensen)

Abstract. For a locally convex Hausdorff topological vector space E and for a
system V of weights vanishing at infinity on a locally compact Hausdorff space
X, let CV0(X,E) be the weighted space of E-valued continuous functions
on X with the locally convex topology derived from the seminorms which
are weighted analogues of the supremum norm. A characterization of the
orthogonality preserving (Lamperti-type) operators on CV0(X,E) is presented
in this paper.

1. Introduction

The operators which preserve orthogonality and are order bounded are called
Lamperti operators, whereas those preserving only orthogonality are called disjoint-
ness preserving operators. We prefer to call the orthogonality preserving operators
Lamperti-type operators.

Arendt in Example 2.2 of his paper [3] proves that every Lamperti operator
between Banach lattices of complex-valued continuous functions on compact Haus-
dorff spaces is a weighted composition operator. At the same time, a much more
general result characterizing Lamperti-type operators between arbitrary Banach
lattices has been proved by Abramovich in [1]. In Theorem 1 of [5], Jamison and
Rajagopalan by using the Arendt’s result have characterized Lamperti-type opera-
tors on the Banach space C(X,E) of continuous functions from a compact Hausdorff
space X into a Banach space E. A result similar in spirit to that of [5] with E
as a locally convex space is proved by the authors in [8]. Recently, Chan [4] has
extended the result of [5] to the setting of function modules. More information on
the topic can be found in the monograph [2] of Abramovich, Arenson and Kitover.

For a Nachbin system V of weights (non-negative upper semi-continuous func-
tions) on a locally compact Hausdorff space X and for a Hausdorff locally convex
topological vector space E, let CV0(X,E) denote the weighted space of all contin-
uous functions f : X → E such that vf vanishes at infinity on X for every v ∈ V ,
which is equipped with a Hausdorff locally convex topology derived from the semi-
norms that are weighted analogues of supremum norm. When E = C, we write
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CV0(X,C) as CV0(X). For more details and references on the weighted spaces, we
refer to Summers [9], and Singh and Manhas [7].

Let T be a selfmap on X and let θ be a function on X which takes values either in
C or in B(E), the space of all continuous linear operators on E. Then the weighted
composition operator on CV0(X,E) induced by the pair (θ, T ) is the continuous
linear operator on CV0(X,E), which is denoted by Wθ,T and has the following form:

Wθ,T f(x) = θ(x)(f(T (x))) for all f ∈ CV0(X,E) and x ∈ X.

See [7] for details of such operators on the weighted spaces.
In this paper, by using a technique different from [3], [4], we prove (in Theorem 3

below) that every Lamperti-type operator on CV0(X) is a weighted composition
operator, for the case when V is C+

0 (X), the system of all continuous weights
vanishing at infinity on X . We, then, apply this theorem to obtain a similar result
on CV0(X,E).

2. Lamperti-type operators

Let us start with the following definition:

Definition 1. Let f, g ∈ CV0(X,E). Then f and g are called orthogonal (in
symbols: f ⊥ g) if for each x ∈ X at least one of the values f(x) or g(x) is zero. A
linear operator A : CV0(X,E) → CV0(X,E) is Lamperti-type if Af ⊥ Ag whenever
f ⊥ g.

In order to present the main result of this paper, we need the following notation
and a result from Summers [9]:

Let E∗ denote the continuous dual of E, Mb(X) be the set of all bounded regular
Borel measures on X , and K+(X) be the system of all constant weights on X . For
any f ∈ CV0(X) and any t ∈ E, the function ft defined by setting ft(x) = f(x)t
for all x ∈ X clearly belongs to CV0(X,E). In particular, the constant function
1 ∈ CV0(X) and the constant t-function 1t ∈ CV0(X,E) whenever V consists of
the weights vanishing at infinity on X .

Theorem 2 ([9, Theorem 3.16]). Let V be a Nachbin family on a locally compact
Hausdorff space X with C+

0 (X) ≤ V ≤ K+(X). Then the map Φ : Mb(X) →
CV0(X)∗ defined as Φ(µ)f =

∫
f dµ for all f in CV0(X)∗ is a (linear) surjective

isomorphism, and in this case we write CV0(X)∗ = Mb(X).

From now on, we work under the assumption that X is a locally compact Haus-
dorff space, V = C+

0 (X), and E is a Hausdorff locally convex topological vector
space.

Theorem 3. Let A be a continuous linear operator on CV0(X). Then A is Lam-
perti-type if and only if there exists a selfmap T on X and a function h in CV0(X)
such that A = Wh,T . Moreover, T is uniquely determined and continuous on the
set N(h) = {x ∈ X : h(x) 6= 0}.
Proof. It is clear that if A = Wh,T for some h and T , then A is a Lamperti-type
operator on CV0(X).

To prove otherwise, suppose that A is a Lamperti-type operator on CV0(X). Let
x ∈ X such that µx = ex ◦ A 6= 0, where ex ∈ CV0(X)∗ is the point evaluation
at x (ex(f) = f(x) for all f in CV0(X)). We claim that spt(µx), the support of
|µx|, is a singleton set. If this is not true, then let us take distinct points x1 and x2
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in spt(µx), and consider two open sets G1 and G2 in X with disjoint closures and
which also contain x1 and x2 respectively. Let f1 and f2 be continuous functions
on X such that −1 ≤ fi ≤ 0, fi(xi) = −1, and fi(X\Gi) = {0} for i = 1, 2. Then
it is clear that f1, f2 ∈ CV0(X) are orthogonal. Since µx ∈ CV0(X)∗, there exists
a µ ∈Mb(X) such that Φ(µ) = µx (cf. Theorem 2). This implies that

Af(x) = µx(f) = Φ(µ)f =

∫
f dµ

for all f in CV0(X). But, for f = f1 and f = f2, we have

Af1(x) =

∫
f1 dµ ≥

∫
−1 dµ = (−1) · µ(G1) 6= 0

and

Af2(x) ≥ (−1) · µ(G2) 6= 0

which yields that

|Af1(x)| · |Af2(x)| 6= 0.

This contradiction shows that spt(µx) is a singleton set.
Let N = {x ∈ X : ex ◦ A 6= 0}. Then for each x in N , there exists exactly one

T (x) in X such that spt(ex ◦ A) = {T (x)}. Thus there exists h(x) ∈ C\{0} such
that

ex ◦A = h(x)eT (x) for all x in N.

For x outside N , let h(x) = 0 and T (x) be arbitrary. Then we see that

Af(x) = ex ◦A(f) = h(x)eT (x)(f) = h(x)f(T (x))

for all f in CV0(X) and x in X . Thus A = Wh,T . Since 1 ∈ CV0(X), we have
h = A1 ∈ CV0(X). The fact that

f(T (x)) =
Af(x)

h(x)

holds for all f in CV0(X) and x in N(h) implies that T must be continuous on the
set N = N(h).

Next, applying the technique used in [8], we proceed to obtain a similar version
on the vector-value space CV0(X,E).

Suppose A is an operator on CV0(X,E). For each t in E and t∗ in E∗, we define
the operator St,t∗ on CV0(X) as

St,t∗f(x) = t∗(Aft(x))(1)

for all f in CV0(X) and x in X . Then it is clear that St,t∗ is Lamperti-type if A is.
Also, for each x in X , if we define π(x) : E → E as

π(x)t = A1t(x) for all t in E,(2)

then it is easy to see that each π(x) is an operator on E, and π ∈ CV0(X,Bs(E)),
where Bs(E) is the space B(E) equipped with the strong operator topology.

Proposition 4. Suppose the operator St,t∗ as defined in (1) is Lamperti-type on
CV0(X). Then there exist a selfmap Tt,t∗ on X and a function ht,t∗ in CV0(X)
such that

St,t∗ = Wht,t∗ ,Tt,t∗ .
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Moreover, Tt,t∗ is continuous in a neighbourhood of each x0 for which π(x0)t 6= 0
and, further, Tt,t∗ is independent of t and t∗.

Proof. It follows from Theorem 3 that St,t∗ is a weighted composition operator on
CV0(X), and the fact that Tt,t∗ is independent of t and t∗ can be proved in a similar
way as shown in [5, p. 310].

Theorem 5. Let A be an operator on CV0(X,E). Then A is a Lamperti-type oper-
ator if and only if there exist a selfmap T on X and a function π in CV0(X,Bs(E))
such that T is continuous on the set N(π) = {x ∈ X : π(x) 6= 0} and A = Wπ,T .

Proof. Suppose A = Wπ,T for some π and T . Then it is clear that A is a Lamperti-
type operator on CV0(X,E).

For the converse part, suppose A is a Lamperti-type operator on CV0(X,E).
Then, for each t in E and t∗ in E∗, the operator St,t∗ as defined in (1) is a Lamperti-
type operator on CV0(X) and (2) implies the existence of π in CV0(X,Bs(E)).
According to Proposition 4 there exists a selfmap Tt,t∗ on X and a function ht,t∗

in CV0(X) such that Tt,t∗ is continuous on N(π) and

St,t∗f(x) = ht,t∗(x)f(T (x))(3)

for all f in CV0(X), where T (x) = Tt,t∗(x) for all x in X since Tt,t∗ is independent
of t and t∗, and

ht,t∗(x) = St,t∗1(x) = t∗(A1t(x)) = t∗(π(x)t),(4)

which is obtained by using (1) and (2) in (3). Thus we see that

t∗(Aft(x)) = St,t∗f(x) = t∗(π(x)t) · f(T (x)) = t∗(π(x)ft(T (x)))

for all f in CV0(X), t in E, t∗ in E∗, and x in N(π). This fact implies that the
following formula is valid:

Aft(x) =

{
π(x)(ft(T (x))) for x in N(π),

0 otherwise.
(5)

But the closed linear span of the set {ft : f ∈ CV0(X), t ∈ E} is dense in CV0(X,E)
[6, Theorem 4], so we conclude that (5) is valid for all f in CV0(X,E). This shows
that A = Wπ,T .
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