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Abstract

We consider quantum state transfer relative to the Laplacian matrix of a graph.
Let N (u) denote the set of all neighbors of a vertex w in a graph G. A pair of vertices
u and v are called twin vertices of G provided N (u) \ {v} = N (v) \ {u}. We inves-
tigate the existence of quantum state transfer between a pair of twin vertices in a
graph when the edge between the vertices is perturbed. We find that removal of any
set of pairwise non-adjacent edges from a complete graph with a number of vertices
divisible by 4 results Laplacian perfect state transfer (or LPST) at 5 between the
end vertices of every edge removed. Further, we show that all Laplacian integral
graphs with a pair of twin vertices exhibit LPST when the edge between the vertices
is perturbed. In contrast, we conclude that LPST can be achieved in every complete
graph between the end vertices of any number of suitably perturbed non-adjacent
edges. The results are further generalized to obtain a family of edge perturbed cir-
culant graphs exhibiting Laplacian pretty good state transfer (or LPGST) between

twin vertices. A subfamily of which is also identified to admit LPST at 7.
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1 Introduction

Continuous-time quantum walks, initially used by Farhi and Gutmann in [12], plays an
important role in analysing various quantum transportation phenomena. Quantum state
transfer is one such phenomenon where the states of physical systems are transferred
between two points in a quantum-network. Several models are studied for efficient infor-
mation processing, a good account of such studies on quantum-network engineering can
be found in [20]. Let there be a quantum-network modelled by a graph G with vertex
set {uy,ug,...,u,}. The adjacency matrix A = [aij] relative to G is an n X n matrix
with a;; = 1 if there is an edge between w; and u;, otherwise a;; = 0. The degree matrix
D of G is an n x n diagonal matrix indexed by the usual ordering of vertices, where the
diagonal entries are the degree of the corresponding vertices. The positive semidefinite
matrix L = D — A is known as the Laplacian matrix of G (see [15]). Unless otherwise
stated, we consider all graphs to be simple, undirected and connected. A continuous-time
quantum walk on a graph G relative to the Laplacian matrix L is defined by the unitary
matrix

Ur(t) :=exp (—itL) = Z %Lk, where t € R and i = v/—1. (1)

k>0

The transition matrix UL (t) describes the evolution of states in a quantum system in
which the XYZ-interaction model (see [7]) is adopted. However, in an XY-interaction
model, the adjacency matrix of G is considered in (II) instead of the Laplacian matrix
when defining the continuous-time quantum walk. It is well known that for a regular
graph the study of state transfer relative to adjacency matrix and Laplacian matrix are
equivalent in a sense that both considerations provide the same information. Now we
discuss few properties of the transition matrix. A graph G is said to exhibit Laplacian
perfect state transfer (LPST) between two distinct vertices u, and wy, if there exists 7 € R
such that

U (1) e, = ey, for some v € C, (2)

where e, and e, are the characteristic vectors corresponding to u, and u,, respectively.

The study of perfect state transfer in quantum spin networks was initiated by Bose [6]. We



find that LPST occurs on several regular graphs, such as cubelike graphs [3], [§], integral
circulant graphs [4] and distance regular graphs [10], etc. The effect of Laplacian state
transfer on few graph operations can be found in [Il, 2, 26]. However, it is found in [11]
that there is no tree with more than two vertices exhibiting LPST. Remarkably, in [17],
Kirkland et al. shown that the Laplacian quantum walk helps detect a faulty link or
matchings in a complete graph. Few other results on LPST can be found in [18] [19].

In @), if we have a = b and 7 # 0 then G is said to be periodic at the vertex u,
at time 7. A graph is called periodic if it is periodic at all vertices at the same time.
The spectral decomposition (see [16]) of the transition matrix can be used to find an
important class of periodic graphs. Suppose the Laplacian matrix L has the distinct
eigenvalues puy, fto, . .., . If the corresponding projections onto the eigenspaces of L are
denoted by FEi, Es, ..., E), then the spectral decomposition of the transition matrix can

be obtained as

M=

UL(t) = exp (—itL) = » exp (—ip;t) (3)

j=1
It is now evident that if all Laplacian eigenvalues of a graph G are integers then G is
periodic at 27 (see [13]). Such graphs with integer eigenvalues are known as Laplacian in-
tegral graphs. An important family of Laplacian integral graphs are the complete graphs.
A complete graph on n vertices is denoted by K, where every pair of vertices are joined
by an edge. We denote I to be the identity matrix and J to be the matrix with all entries
equal to 1, where the size of the matrices I and J are assumed to be clear from the con-
text. The Laplacian matrix of K, is obtained by L = nl — J which has the eigenvalues
0 and n with multiplicities 1 and n — 1, respectively. The corresponding projections onto
the eigenspaces are %J and [ — %J . Therefore the spectral decomposition of the transition

matrix of K, relative to the Laplacian can be evaluated as

UL(t) = %J + exp (—int) (1 - %J) . (4)

If u, and up are two distinct vertices of K,, then

UL (e <2,

<

which implies that all complete graphs with more than three vertices never admit LPST.

Similar arguments has been presented in [9] to establish that K, n > 3, does not exhibit
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perfect state transfer relative to the adjacency matrix. In contrast, the main conclusion
in [7] observes that the complete graph Ky, with a missing edge exhibits LPST. This
motivates us to study state transfer on graphs with an edge perturbation between twin
vertices that attributes to Laplacian perfect state transfer.

We also find a class of edge perturbed circulant graphs exhibiting Laplacian pretty
good state transfer which was introduced in [14]. A graph G is said to exhibit Laplacian
pretty good state transfer (LPGST) between two distinct vertices u, and uy if there is a

sequence 7, € R such that

lim Uy, (1) e, = yep, for some v € C. (5)

k—00

In (B), if we have a = b and 7, # 0 for all k, then G is said to be almost periodic at
u, with respect to the sequence 7. The graph is said to be almost periodic if there is a

sequence 7;(# 0) € R such that

lim Ug (1) = I, for some v € C,

k—o0

where [ is the identity matrix of appropriate order. Among regular graphs, we find a
good number of circulant graphs graphs exhibiting pretty good state transfer and almost
periodicity in [21, 22, 23]. Now we briefly define circulant graphs and introduce some
relevant notations for convenience. Let (I',+) be a finite abelian group. A Cayley graph
over I' with the connecting set S satisfying 0 ¢ S C I' and {—s:s € S} = 5 is denoted
by Cay (T',S). The entries of I' are the vertices of Cay (', S) where two vertices a,b € T’
are adjacent if and only if a — b € S. In case I' = Z,,, then the Cayley graph is known
as circulant graph. Let n € N and D be a set consisting of proper divisors of n then for
d € D, we define
Sp(d) = {z € Zy, : ged(x,n) = d} and S,(D) = U Sp(d).
deD

The set S, (D) is called a ged-set of Z,,. In [25], we find a complete characterization of

integral circulant graphs as follows.
Theorem 1. A circulant graph Cay (Z,,S) is integral if and only if S is a gcd-set.

The cycle C,, is a Cayley graph over Z, with S = {1,n — 1}. The eigenvalues and

2mi
n

eigenvectors of C), are well known. Suppose w,, = exp ( ) is the primitive n-th root of
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unity. For 0 <1 <n —1, let \; be the eigenvalue of C,, corresponding to the eigenvector
v;. Then

21 T
Al = 2cos <—7T), and v; = [1,wl ...,wl("_l)] . (6)
n

n? n

Now we give a brief introduction to Kronecker approximation theorem on simultaneous
approximation of numbers, which plays an important role in characterizing state transfer

on circulant graphs.

Theorem 2. [3]/[Kronecker approzimation theorem] If o, ..., oy are arbitrary real num-
bers and if 1,04, ...,0; are real, algebraic numbers linearly independent over @Q then for

€ > 0 there exist ¢ € Z and py, . ..,p; € Z such that
‘qﬁj —p; — oy <e

In the following sections we investigate Lpalacian state transfer in edge perturbed

graphs.

2 LPST on Edge Perturbed Graphs

Let G be a graph with vertex set {us,us,...,u,}, and let the Laplacian matrix of G be
L. If u, and u, are two distinct non-adjacent vertices of G then Laplacian matrix of

G + {uq, up}, where u, and w, are joined by a new edge, becomes
LT =L+ (e, —e) (e, —ep)",

where e, and e, are the characteristic vectors corresponding to u, and u,, respectively.
Again, if u, and u, are two adjacent vertices of G then the Laplacian matrix of the edge

perturbed graph G — {ug, up} is
_ T
L™ =L— (e, —ep) (e, —€yp)

Observe that L™ and L~ are perturbations of the Laplacian matrix L with the rank one

matrix M = (e, — e,) (e, — €;) . Here we consider a more general perturbation

L*=L+aM, a € R.



The matrix L* can be realised as the Laplacian matrix of G + a {ug, up} where the weight
of the edge between u, and w, in G is increased by «. Let N(u) denote the set of all
neighbors of a vertex v in G. We prove the following result mentioned in [24]. Notably,
the condition in the following Lemma guarantees the existence of an automorphism of the

graph G swapping u,, u, and fixing other vertices.
Lemma 1. If N (u,) \ {up} = N (up) \ {us} then the matrices L and M commute.

Proof. Enough to consider the following cases as the problem is symmetric in a and b.

Since the Laplacian is a symmetric matrix, we observe that
e’ LMe, =elL(e, —e;) =elLe, —elLe, = el Le, —e] Le, = e MLe,.

Further, for any k ¢ {a, b}, we have el LMe, = 0 = el M Le;. Now the degrees of u, and

uy are equal, and therefore eZLea = ebTLeb. Hence we have
el LMe, =el'L(—e, +e,) = —el Le, + el Le, = (ef - e;{) Le, = el M Le,.

For an arbitrary k ¢ {a, b}, notice that el LMe; = 0. Since N (uy)\{us} = N (up) \ {ua},
we have
el MLej, = < T—eb)Lek = 0.

This completes the proof. O

Now we determine the transition matrix of the edge perturbed graph as follows. Recall

that M = (e, — e;) (e, — €;)" and therefore
M? = (e, —e) (ea —e) (e —€)) (s — &) =2 (e, —€) (ea —€,)" = 2M.

In general, we obtain M* = 2*='M, whenever k > 1. Observe that

t
exp (—iatM) = I+Z o

k>1

t
- 1+Z —iot) ok,

k>1

= I+ % (exp (—2iat) — 1) M.

If L and M commute then
exp (—itL*) = exp (—it (L +aM)) = exp(—itL)exp (—iatM)

1
= exp(—itL) |1+ 5 (exp (—2iat) — 1) M|,



which determines the transition matrix of the perturbed graph in terms of the transition

matrix of the unperturbed graph. We incorporate the above observation as follows.

Proposition 1. Let G be a graph on n vertices uy, us, . . . , Uy, having Laplacian matrix L.
Suppose that u, and uy are two distinct vertices of G with N (ug) \ {up} = N (up) \ {ta}-
Then the transition matriz of the edge perturbed graph with Laplacian L* = L + aM,
where M = (e, — €) (eq — €)" and o € R, is given by
1
Ura(t) = Ur(t) | I + 3 (exp (—2iat) — 1) M|,

where Up(t) is the transition matriz of the unperturbed graph.

Now we draw the following conclusions. The last part of the proof of Theorem [3l uses

a technique appears in [14].

Theorem 3. Suppose the conditions of Proposition[dl is satisfied. If the unperturbed graph
G ezhibits Laplacian perfect state transfer at time 7 between the vertices u, and u,, then

so does the edge perturbed graph with Laplacian L* provided one of the following holds:
1. p,q € {a,b} with at € 77,

2. p,q & {a,b}.

Moreover, if p € {a,b} and q & {a,b}, then there exists no Laplacian perfect state transfer

in the perturbed graph between w, and u,.
Proof. By Proposition [I] the transition matrix of the edge perturbed graph is
Upe(t) = UL(8) |1 + % (exp (~2iat) — 1) M|,
where M = (e, — e;) (e, — €,)" and o € R. Note that ar € 7Z implies exp (—2iar) = 1,

and therefore Upe(7) = Up(7), which proves part ({l). In case ¢ & {a,b}, we have Me, =0

and hence
ULa (t)eq = UL(t)eq. (7)

This proves our claim in part (2). Since N (uq) \ {us} = N (up) \ {ua}, there is an
automorphism of G swapping the vertices u, and u;, and that fixing all other vertices.

Suppose P is the matrix of the automorphism then
Pe, = e, and Pe, =¢,, ¢ ¢ {a,b}.
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In this case P commutes with the Laplacian matrix L. As UL (t) is a polynomial in L, the

matrix P commutes with Uy (t) as well. Now using ([7]), we conclude that
elUpa(t)e, = el UL(t)e, = el U, (t)Pe, = el PUL(t)e, = ef Ur«(t)e,, q & {a,b}.

Since Ura(t) is an unitary matrix and a # b, there is no LPST in the perturbed graph
between wu, and u, whenever p € {a,b} and ¢q & {a, b}. O

Figure 1: The edge perturbed cycle Cj.

We know that the cycle C, exhibits PST at 7 = % between every pair of antipodal
vertices (see [I4]). If we add an edge between such a pair with weight ov = 2 (see Figure[I])
then a7 € nZ. Now Theorem [3] implies that the perturbed graph also exhibits PST at 7
between the same pair of vertices as Cy. Later we shall also use Theorem [3 to find LPST

in unweighted graphs. Next we register another conclusion deduced from Proposition [Il

Theorem 4. Suppose the conditions of Proposition U is satisfied. Let the unperturbed
graph is periodic at u, at time 7. Then the following holds:

1. If p € {a,b} with 2at € w(2Z + 1), then the edge perturbed graph exhibits Laplacian

perfect state transfer between u, and uy at T.
2. If p & {a,b}, then the edge perturbed graph is also periodic at the vertex u, at T.
Proof. Using Proposition [I, we obtain
1 :
ULa(t) = UL(t) 1 + 5 (exp (—220(t) — 1) M s

where M = (e, —e,) (e, —e,)" and a € R. If it satisfies 207 € 7(2Z + 1) then

exp (—2iat) = —1, and therefore

Upa(r) = Up(r) (I — M).



In part ([II), without loss of generality let p = a. Hence the following simplifies to
Ure(T)e, =UL(T) (I — M) e, = Up(7)e,.

If, in addition, the unperturbed graph is periodic at u, then it can be observed that the
edge perturbed graph exhibits LPST between u, and u, at 7. Finally, if p ¢ {a, b}, then
we have Me, =0, and

Upa(T)ep = Uw(7)ep.
Hence the claim in part (2]) is now follows. O

Consider the following corollary which generalizes the main result in [7] on Laplacian

perfect state transfer in complete graphs with a missing edge.

Figure 2: The complete graph Kg with disjoint edges removed.

Corollary 1. The complete graph K, on 4n vertices with a missing edge exhibits Lapla-
cian perfect state transfer. Moreover, removal of any set of pairwise non-adjacent edges
from Ky, results Laplacian perfect state transfer at 5 between the end vertices of every

edge removed.

Proof. The transition matrix of Ky, as given in ({l), is obtained by
, 1 , 1
Ur(t) =exp (—itL) = —=J + exp (—4int) ([ — =T ) .
n n

If an edge between two vertices u and v is deleted then the perturbed graph has the
Laplacian L® with o = —1. Note that Ky, is periodic with 7 = 7. Since Ky, is periodic
at u with 2ar € 7(2Z + 1), by Theorem [ the edge deleted complete graph exhibits
LPST between u and v at time 7. Moreover, if x and y are two vertices distinct from

both u and v then the perturbed graph is periodic at both  and y at 7. In a succession,



if the edge between x and y is now removed then again by Theorem M the resulting graph
exhibits LPST between x and y at time 7. Also Theorem [3] implies that the deletion of
the edge between x and y does not disturb LPST between u and v at time 7. Continuing

this process, we obtain the desired result as demonstrated in Figure O

Recall that all Laplacian integral graphs are periodic at 7 = 27. Assume that G is a
Laplacian integral graph having a pair of vertices u and v with N (u)\ {v} = N (v) \ {u}.
Suppose we reset the edge weight between v and v to i. It means that, if the unperturbed
graph has an edge between v and v then consider o = —%, otherwise let a = i. In any case,

we have 2ot € 7(27Z + 1) and hence Theorem [ applies to have the following conclusion.

Corollary 2. Suppose G is a Laplacian integral graph having a pair of distinct vertices u
and v with N (u) \ {v} = N (v) \ {u}. If the edge weight between u and v is set to § then
the edge perturbed graph exhibits Laplacian perfect state transfer between u and v at time

2m. Moreover G is periodic at rest of the vertices at 2.

© () ()

© O © ©

Figure 3: The complete graphs K3 and K5 with disjoint edges perturbed.

It immediately follows that all non-trivial complete graphs exhibit LPST with a single
edge perturbation. Further, repeated use of Theorem [B] and Theorem M] imply that per-
turbing disjoint edges in a complete graph results LPST at 27 between the end vertices
of each perturbed edge. In Figure Bl weights of each dashed edge in the complete graphs
K3 and K5 is set to i and LPST occurs between the end vertices of each dashed edge.

3 LPGST on Edge Perturbed Graphs

In the previous section, we have considered Laplacian state transfer between twin vertices

in a graph, and found conditions under which these graphs exhibit perfect state transfer.
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The conclusions can further be generalized to have LPGST in certain graphs. The fol-
lowing inference are immediate from the proof of Theorem Bl and therefore we omit the

proof for convenience.

Theorem 5. Suppose the conditions of Proposition[dl is satisfied. If the unperturbed graph
G exhibits Laplacian pretty good state transfer between the vertices u, and u, with respect
to the sequence 7, € R, then so does the edge perturbed graph with Laplacian L* provided
one of the following holds:

1. p,q € {a,b} with ar, € 77,

2. p,q & {a,b}.

Moreover, if p € {a,b} and q & {a,b}, then there exists no Laplacian pretty good state

transfer in the perturbed graph between u, and u,.

Next we include another conclusion which can be deduced immediately from the proof

of Theorem Ml

Theorem 6. Suppose the conditions of Proposition U is satisfied. Let the unperturbed
graph is almost periodic at u, with respect to the sequence 7, € R. Then the following

holds:

1. If p € {a,b} with 2at, € w(27Z+ 1), then the edge perturbed graph exhibits Laplacian

pretty good state transfer between u, and u, with respect to Ty.

2. If p & {a, b}, then the edge perturbed graph is almost periodic at the vertex u, with

respect to 7.

Now we use Theorem [l and Theorem [@] to find a class of edge perturbed circulant
graphs exhibiting LPGST. Before that we revisit the proof of Theorem 2.8 in [22] to
establish the following result that plays a crucial role in classifying LPGST in circulant
graphs. We use the resources as placed in [22] and avoid unnecessary repetitions to prove
the result. It is noteworthy that the continuous-time quantum walk relative to adjacency

matrix has been considered in the following.

Theorem 7. Let k € N, n = 2% and consider the circulant graph Cay (Z,,S) . If each
divisor d of n satisfies |S N S, (d)| =0 (mod 4) then Cay (Zn, S) is almost periodic with

respect to a sequence in (47 + 1) 5
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Proof. Recall that the eigenvalues of the cycle C), are

21
)\1:2005<—7T>, [=0,1,...,n—1.

n
Now the distinct positive eigenvalues of C), are linearly independent over @Q as appears
in the proof of Theorem 2.8 in [22]. For 1 <1 < 2 — 1, let us choose oy = —3. By the
Kronecker approximation theorem, for > 0 there exist ¢,m1,...,m=z_y € Z such that

forl=1,....,7 -1

)
lgh —my — oy < Dy i.e, ((4q+1)g) AN —2mym| < - (8)
Note that \; = —)\%_l = —)\%H = Ap—g holds for 1 <1 < % —1, and

)\0:2, )\%:O, )\%:—Qand)\an:O

4

If 0, denotes the eigenvalues of Cay (Zy, S) then

ZEED SEVED D I DY
)

ses din s€SNSK(d

Since each divisor d (# %,%) of n satisfy }S N Sn(d)’ =0 (mod 4), using Equation [§ and
the triangle inequality, we obtain that for § > 0 there exists ¢t € 7 (4Z + 1) so that for

each [ there exists an integer [” such that
‘Hlt — 2[”71" < 0.

The uniform continuity of exponential function implies that for € > 0, there exists t €
2 (4Z + 1) such that |exp [—i6jt] — 1| < e. If Hg(t) is the transition matrix relative to
the adjacency matrix of Cay (Z,,S) then we obtain the following as given in the proof of
Theorem 2.8 in [22].

—_

n—

% (exp [—i6it] — 1)| <.

’ [Hs(t)]o,o - 1’ -
I

I
=)

Hence Cay (Z,, S) is almost periodic with respect to a sequence in 5 (47Z + 1) as concluded

in the proof of Theorem 2.8 in [22]. O

Recall that all circulant graphs are regular, and therefore Theorem [7] also holds true

when considering continuous-time quantum walk relative to the Laplacian matrix. Now
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suppose k € N, n = 2% and consider a circulant graph Cay (Z,,S). It can be observed
that the vertices 0 and % are twin vertices of Cay (Z,,S) if and only if S = § — 5. In
fact, if S = % — S then for each x € 7, the pair of vertices x and 5 + x are twin vertices

of Cay (Zy, S). Therefore the following can be obtained as a corollary of Theorem

Corollary 3. Let k € N, n = 2% and consider a circulant graph Cay (Z,,S). Suppose
S = 5 — S and each divisor d of n satisfies }SﬁSn(d)} = 0 (mod 4). If a new edge
is added between a pair of twin vertices in Cay (Z,,S) then the resulting graph exhibits
Laplacian pretty good state transfer between the end vertices of the newly added edge with
respect to a sequence 7, € G (4Z + 1). Moreover, the perturbed graph is almost periodic at

the remaining vertices with respect to 7.

Proof. Since S =4 — S and 0 ¢ S the vertices 0 and § are not adjacent in Cay (Z,,S) .
Without loss of generality, let a new edge is added between the twin vertices 0 and § in
Cay (Zy, S) . By Theorem [1 the graph Cay (Z,,S) is almost periodic with respect to a
sequence T, € 7 (4Z 4 1). Note that the conditions of Theorem [l applies to Cay (Zy, S)

with u, = 0, up = 5§ and a = 1. Hence the perturbed graph admits LPGST between

n

5 with respect to 73, and it is almost periodic at the remaining vertices

u, = 0 and u, =

with respect to the same sequence 7. O

It is now evident from Theorem [l that new edges can be added successively between
the twin vertices in Cay (Z,,S) to obtain more pair of vertices exhibiting LPGST. We

illustrate this with the following example.

Figure 4: Edges perturbed circulant graph Cay (%Z,,S) with S = {1,3,5,7}.

Suppose n = 8, S = {1,3,5,7} and consider the circulant graph G = Cay (Z,, S).
Note that for x € Z,, the pair x and x + 5 are twin vertices in . Now if the vertices 0

and § are joined by a new edge then by Corollary [3, the perturbed graph exhibits LPGST
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between 0 and § with respect to a sequence 73, € 7 (4Z + 1), and it is almost periodic at
the remaining vertices with respect to the same sequence 7. Now if an another edge is
added to the perturbed graph between 1 and 1+ % then by Theorem Bl the resulting graph
exhibits LPGST between the pair of vertices 0 and § as well as 1 and 1 + 5 (see Figure
). Likewise new edges can further be added to obtain more pair of vertices exhibiting
LPGST. Although all circulant graphs satisfying conditions of Corollary Bl need not be
integral, Theorem [ ensures that G is an integral graph as S = Sg(1), and hence G is
periodic at 27. Now G is almost periodic with respect to 7, € 7 (4Z + 1), which implies

that 73, can be chosen to be the constant sequence 73, = 7. Hence all those perturbed graphs

iy

obtained from G exhibit Laplacian perfect state transfer at time 7

. We may generalize

this to all integral circulant graphs satisfying the conditions of Corollary

Corollary 4. Let k € N, n = 2 and consider an integral circulant graph Cay (Z,,S) .
Suppose S = §—S5 and each divisor d of n satisfies }S N Sn(d)} =0 (mod 4). If a new edge
is added between a pair of twin vertices in Cay (Zy,S) then the resulting graph exhibits
Laplacian perfect state transfer between the end wvertices of the newly added edge at 3.

Moreover, the perturbed graph is periodic at the remaining vertices at 7.

As in case of the circulant graph Cay (Z,,S) with S = {1,3,5,7}, we may now
successively add edges in Cay (Z,, S), which satisfy the conditions of Corollary [ to have
more pair of twin vertices exhibiting LPST at 7 in the edge perturbed graph.
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