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INTRODUCTION

A central problem in analytic number theory is to gain an understanding of

character sums
> x(n),

n<x

where x is a non-principal Dirichlet character x (mod ¢). It is easy to show that
such character sums are always < ¢ in absolute value, while G. Pdlya and I.M. Vino-
gradov (see [3]) improved this to < ,/glog ¢ around 1919, and H.L. Montgomery and
R.C. Vaughan [13] to < /gloglogq in 1977, assuming the Generalized Riemann
Hypothesis (GRH). Up to the constant this is “best possible” since R.E.A.C. Pa-
ley [14] had shown, in 1932, that there exist character sums (with real, quadratic
characters) that are > ,/gloglogq.

In many applications one is interested in when the above character sum is o(x)
with x substantially smaller than q%"ro(l)7 that is,

(1) > x(n)

n<x

= o(z).

In 1957, Burgess [2] used ingenious combinatorial methods together with the “Rie-
mann Hypothesis for hyperelliptic curves” to establish (1) whenever = > qu“’(l)7
for any quadratic character mod ¢, with ¢ prime (and subsequently generalized
this to any non-principal character x (mod ¢) when ¢ is cubefree; with the smaller
range z > ¢s o) otherwise). Recently Friedlander and Iwaniec [4] have supplied
a different proof of Burgess’s result, and Hildebrand [9] observed that one can “ex-
trapolate” Burgess’s bound to the range = > qi’o(l). However, Burgess’s range
has not been substantially improved over the last forty years although it is widely
believed that such an estimate should hold for = >, ¢°.

In this paper we investigate the distribution of the size of character sums, and in
particular in what range the estimate (1) should hold. For example on this question
we prove:
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366 ANDREW GRANVILLE AND K. SOUNDARARAJAN

Corollary A. Assuming that the Riemann Hypothesis is true for L(s,x), the es-
timate (1) holds if logxz/loglogq — oo as ¢ — oco. This is “best possible” in the
sense that, for any given A > 0, for every prime q there exists a non-principal
character x (mod q) such |3, - x(n)| >4 , where x = log™ q.

The proof of the first part of this result is inspired by Montgomery and Vaughan’s
paper mentioned above. In fact, modifying and refining their argument we will get
upper bounds on character sums in all ranges, assuming GRH, which we believe
are close to the truth — we will discuss a more refined conjecture below.

To believe one’s upper bounds are close to the truth, one wants to show that
there are character sums of comparable magnitude. Previous arguments showing
that such sums exist, as in Paley’s work described above, have relied in part on using
the law of quadratic reciprocity and Dirichlet’s theorem for primes in arithmetic
progression to find discriminants for which many of the small primes are quadratic
residues. Such an argument seems unlikely to generalize to characters of high
order, and might make one suspicious that perhaps one can only obtain particularly
large character sums (for instance, > ,/qloglogq) when the character is real and
quadratic. However this is not so, as we shall show below with a very different
proof, involving high moments of character sums.

In the large character sums that we exhibited to prove Corollary A, we showed
that they are large by establishing, for those characters, that the character sum
over “smooth integers” is particularly large. Here “smooth” refers to integers with
only small prime factors, and we define

V(w,y; )= Y, [,
n<x
pln = p<y
for any arithmetic function f. Our work on upper and lower bounds motivates our
belief that character sums can only be large because of extraordinary behaviour of
the values of x(p) for small primes p. We formalize this as the following conjecture:

Conjecture 1. There exists a constant A > 0 such that for any non-principal
character x (mod q) and for any 1 < x < q we have, uniformly,

> x(n) = W(z,y;x) + o(¥(x,y; X0)),

n<x
where y = (log ¢ + log® z)(log log q)4.

The function ¥(z,y) := ¥(x,y; 1), the well-known counting function for smooth
numbers, has been extensively investigated. For any fixed v > 0, we know that
lim, oo U(z,2Y/%) /2 exists and equals p(u), where p(u) = 1 for 0 < u < 1 and
is the real continous function satisfying the differential-delay equation p'(u) =
—p(u — 1)/u for all u > 1. We note that p(u) = 1/u*T°™ as u — co. In §3b
we will discuss several further estimates for W(z,y), though see [10] for a survey.

Note that Conjecture 1 implies the results of Corollary A, and, in fact, further

that if
> x(n)

n<z

Az, q) == max

?

then A(x,q) ~ ¥(z,logq) whenever logz = o((loglog q/logloglog q)?), for any
prime gq.
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LARGE CHARACTER SUMS 367

Assuming the GRH it is known that there exists n < log® ¢ with (n,q) = 1 for
which x(n) # 1; assuming Conjecture 1 this would be improved to n < 10g1+0(1) q
(see [3] for the latest unconditional work on this problem).

In the wider range = < exp(y/log q), Conjecture 1 implies that

> x(n)

n<x

T logx
where u = g

< U(z, (log q) ' ToM)) = oz losd
= (:E, ( og Q) ) yuto(u)’ 10g log q’

(2)

for any non-principal character x (mod q).

We shall establish lower bounds on character sums by various different methods
in this paper (and in [6] and [7]). These will imply that, in most ranges of z, the
value of y needs to be at least roughly as large as the value for y given in Conjecture
1.

We shall establish that Conjecture 1 holds with y = log? ¢log? z(loglog q)o(l),
assuming GRH, by extending the method of [I3]. This implies the upper bound
< x/u**°) in (2), as well as the first part of Corollary A.

We shall also establish that Conjecture 1 holds for “almost all” characters y
(mod q) when z < exp((loglog q)°™"). More generally we shall show that Conjec-
ture 1 with y = log ¢ log z(log log q)o(l) holds for almost all non-principal characters

X (mod g).
Rather than the size distribution, one might be interested in the “angle distribu-
tion” of large character sums (modg). For example, if a character sum

is “large”, in what directions can it point? Below we show, unconditionally,
that for any fixed A > 0, for any given angle 6, there are non-principal char-
acters x modulo any prime ¢ for which the character sum up to logAq equals
{ei® + 0(1)}p(A)log” q. In [7] we show the complementary result that there are
non-principal characters y modulo any prime ¢ for which the character sum up to
q/2 equals {e? + o(1)}(e? /) /qloglogq.

We shall also consider analogues of our results for real characters, when appro-

priate; that is,
> (%)
— )
—\n

n<lx

A fr—
R(% Q) qSIIIIIDET}S(%

where D runs over fundamental discriminants. We establish similar and, in some
cases, stronger versions of the results for A(z, q).

In the next section we give a more technical description of our results. In partic-
ular our results mostly apply to characters modulo any integer ¢, not just primes,
and with various complicated error terms.

1. STATEMENT OF RESULTS

We begin with an unconditional, weak version of Conjecture 1 which works for
“almost all” characters x (mod q).

Theorem 1. Let 1 < z < q be given. For all but at most q17$ characters x
(mod ¢) we have

D (J), y) 5
] . O 7/ > 1 I logl .
§ X(TL) (J), Y; X) ( (log log q)2 ) ) whenever Yy = log qlog l‘( oglog q)

n<x
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1
For all but at most q1 (eglog)? characters x (mod ¢) we have

> x(n)| <

n<x

(z, (log g + log® z)(log log )°).

Remark. Let w(q) denote the number of distinct prime factors of ¢. Tenenbaum [16]
showed that U(x,y; x0) < (¢(¢)/q)¥(z,y) whenever logy > (log2w(q))(loglogz).
Since 1 > (q)/q > 1/loglogq we see that the error term in Theorem 1 can be
rewritten as O(¥(z,y; xo)/ loglog q) in this range.

Assuming the GRH we can establish results similar to (but weaker than) The-
orem 1, but valid for all non-principal characters. The prototype for our result
appears as Lemma 2 in [13]. There, Montgomery and Vaughan show that if
(mod ¢) is non-principal and the GRH holds, then

> X(n) = (z,y;x) + Ozy~ 7 log* g),

n<x

when log? ¢ < y < # < ¢q. Their objective was not to establish this in as wide a
range as possible; however, ours is, so we modify and refine their method to obtain
the following result.

Theorem 2. Let x be any non-principal character (mod q), and assume the Rie-
mann Hypothesis for L(s,x). If 1 <z < q and y > log? qlog® z(loglog q)'2, then

ZX xy,x)—kO((\Il(xi’y)Q).

= loglogq)
Further

> x(n)

n<z

< U(z,log? q(loglog q)%°),

and so the estimate (1) holds when logx/loglogq — oo as ¢ — c.

Remarks. To compare this with Montgomery and Vaughan’s result, the error term
in the first part of Theorem 2 could have been written as the rather more com-
plicated O(¥(z,y) log qlog z(loglog q)4/\/§). Similarly, the error term in the first
part of Theorem 1 can be considerably sharpened.

As in Theorem 1 the error term can be rewritten as O(¥(x, y; xo0)/ loglog ¢) when
logy > (log2w(q))(loglog z).

We now proceed to the problem of finding large character sums, beginning with
the range x < exp((loglogq)?>~¢). Here we get large character sums, pointing in
any given direction.

2
Theorem 3. Let q be large, and suppose logx < %. For all |0| < 7 there
2
are at least ¢' ™% characters x (mod q) for which

, 1 log z(log log log ¢)?
__ 0 .
> " x(n) =" W(z,logg; x0) + O (‘I’(x’ log q) (ng N (loglog q)2 '

If ¢ has no prime factors less than log q, then we may write the above as

1 1 1 loglogl 2
3 x(n) = ze? o8r \ (1,0 , logz(logloglogq)” )
log log ¢ log = (loglog q)?

n<x
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This implies the second part of Corollary A.

Theorem 3 is not useful when ¢ has many prime factors less than log q. We next
deduce, by a very different method, lower bounds of more or less the same strength
for these cases.

Theorem 4. Suppose x = (10logq)? = ¢°V) for some B > 1. Then

pit+ e
Z X(n)‘ > Alog )"

n<x

max
X7#X0

If, in addition, q has less than (log q)B/(B“)*E distinct prime factors, then

Z x(n)| > S
(41og z)Bl+1

Applying Theorem 4 appropriately, we can deduce the following corollaries.

Corollary 1. Iflogz > (loglogq)?, then

max Z x(n)

XFXo
n

log 1
> zexp <—(1 +0o(1)) logxM)

loglog q

If, in addition, q has less than (logq)'~¢ distinct prime factors, then this bound
holds in the extended range logx/loglogq — oo.

Remark. There are < ¢/ exp((logq)'~¢) integers ¢ < z failing the restriction “q
has less than (log¢)!=¢ distinct prime factors”.

Corollary 2. Fiz o in the range % <o<1. If

(log ) ™% <z < exp((logg)~7°M),

then

> 2.

> x(n)

If, in addition, w(q) < (logq)2 ¢, then this bound holds whenever = > (log q)**.
In any case we have

1
max max ——
z>1 x#x0 7

> x(n)

So far we have dealt with the range z < exp((log q)%’f). We now proceed to the
range when z is larger, dealing first with the range loglogz = (% +0(1)) logloggq.

Theorem 5. Suppose that logx = 7+/log qloglogq with T = (loglogq)o(l), and
let n =71+ 1/7. There exists a constant ¢ > 0 such that for any sufficiently large

q, there exists a non-principal character x (mod q) for which

1 1+ log(nT) log ¢
N Z x(n)| > exp (C n loglogq )"

n<z
As a consequence we get Corollary 3 below, which improves Corollary 2 in the

_1
case g = 3-

(logg)' 7 > ’

> exp (14 loglog q
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370 ANDREW GRANVILLE AND K. SOUNDARARAJAN

Corollary 3. There exists a constant ¢ > 0 such that for all integers q

1
ZX > exp| ¢ 084 .
loglog q

n<x
Next we consider the range when log z/+/log gloglog q is large, but z is smaller
than ¢°.

Theorem 6. Suppose both log q/logx and logx/+/logqloglogq — oo. There ex-
ists a non-principal character x (mod q) for which

Zx

n<x

max max —
x#xo z>1

log a (1+0(1))
vl1og qloglogq

When x is as large as a power of ¢ we obtain:

Theorem 7. Let k > 2 be an integer and suppose exp(lolgofgogq) <z< q%. Then

there exists a non-principal character x (mod q) for which

: > x(n)

n<z

> (logq) U505 o1 ),

N

Once > ¢, Theorem 7 reduces to the bound A(z,q) > /z(logq)°") which
follows immediately from the mean square of > _ x(n). However it is possible
to obtain non-trivial information here by appealing to (essentially) the Poisson
summation formula. We quote Pdlya’s Fourier expansion (see Lemma 1 of [13])

H
7(x) X(h) h -1
— 1—e(—Lz 1 H™ "1
® X =5 3 B et + 01+ ot loga)
- h£0
where x is primitive and 7(x) is the usual Gauss sum. Since |’7’( )= va (3)

suggests a relation of the type A(z, q)* *,%A(E’ q); now 4 < qz so that applying

the ideas behind our earlier theorems should lead to a good lower bound for A(z;, q).
While we cannot show such a result for every x, using (3) we can obtain good bounds
for A(t,q) for some t < z. Naturally one would expect A(t, q) to be an increasing
function of ¢ (at least most of the time) but we don’t know how to prove this.
For convenience, we state this result only for primes ¢, so that every non-principal
character is primitive.

Theorem 8. Let g be a large prime. Given exp(cy/logq) > N > 2 (for a small

positive constant c) we have
1 log g
—U(N, —————— .
ZVIy ( ’ (loglogq)m)

Zx

Whenlog N = 7+/Tog qloglog q with T = (loglog q)°™") we have (for a small positive

constant ¢ andn =1+ 1/7)
141 1
oIV exp(c +log(nr) | logg >
n loglog ¢

max max
t<q/N x#xo (modq)

max max
t<q/N x#xo (modq)

Zx
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LARGE CHARACTER SUMS 371
If both log q/log N and log N/+/log qloglog g — oo, then
log g

log N (+o)rog
>\/q/N [ ———— .
ZX i/ (vlogqloglogq>

Lastly if exp( ;lgo‘éq) < N < q%¥~¢ for an integer k > 2, then
Zx S Va/N (logg) T,

Several different authors (for example [1]) gave the same explicit version of Pa-
ley’s result: There are infinitely many non-square, positive integers ¢ and integers
x = x4 for which

(4)

max
t<q/N x#m modq)

max max
t<q/N x#xo (modq)

> (g)‘ 2 i\/c_lloglogq,
1<n<z n 4
where v ~ 0.5772156649... is the Euler-Mascheroni constant. We can prove
that there are many characters x (mod ¢) for which }°, _ , x(n) is of such large
magnitude, and points in any given direction, for any given prime ¢. Further,
whenever g(logq)™* < x < q we can show that A(x,q) > pay/qloglogq, where
pa = 1/AAH°(A) a5 A — oco. The proofs of these results will appear in [7], be-
cause they are more closely related to the methods of that paper. Note, though, in
Theorem 11 below we obtain some results of this type for real characters.

We now turn our attention to getting bounds for Ag(z,q); that is, exhibiting
large character sums for real characters. We begin by showing that the lower bound
implicit in Conjecture 1 holds in a very wide range for real characters.

Theorem 9. Suppose q is large and that 1 < x < exp(y/logq). Then
D
= | > ¥(x, Llogq).
max Z <n>‘ > ¥(z, 5logq)

<|D|<2
q<| \_anx

Consequently for a fired real number B there are fundamental discriminants D in
the range g < |D| < 2q with

> @) > (p(B) +o()a >px,  where z = (Llogg)”

Theorem 9 is the analogue of Theorems 3 and 4 above. From Theorem 9 we can
deduce the analogues of Corollaries 1 and 2 for real characters.

It seems to have been widely believed that Y- v, vy, (£2)=o0(z) when z/ log? D
— 00 (see, for instance, page 379 of [11])), perhaps in analogy with the known result
Zp<m(%) = o(m(x)) in this range, assuming GRH. However Theorem 9 shows
that this widely held view is false. It seems safe to hazard the guess that, for all
non-principal characters y (mod ¢), we have, uniformly,

N4z

Z X(n) < xlfl/loglogq.
n=N
Set
1 D
a(B :limsupi (—)
B =tmsw ooy 2 (5

<(log|D))"
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Clearly a(B) =1 for 0 < B < 1, and from Theorem 9 we know that «(B) > p(B).
If the GRH is true, then a(B) < p(%), by Theorem 2. Conjecture 1 predicts that
a(B) = p(B) but this is not known for any B > 1. In Theorem 3 we obtained
large character sums pointing in any given direction. Mark Watkins asked us if the
analogue for real character sums holds; that is, can one get real character sums to
be large and negative? Precisely, what can one say about

- 1 D
o=ty e 2 (5)

n<(log|D|)?

Interestingly 3(B) can never be as small as —1. Indeed in [6] we have shown that
B(B) > §1 = —0.656999 ... (see Theorem 1 of [6] for a definition of d;) for all B,
and in fact S(B) = §; for 0 < B < 1. Answering Watkins’ question we also show
there that G(B) < 0 for all B, but it is an open problem to determine G(B) and
a(B) for B > 1.

We obtain the following analogue of Theorems 5, 6 and 7, but in a much wider
range.

Theorem 10. Suppose that q is large and exp((logq)z) < x < ¢/ exp((logq)2).
Then there exist fundamental discriminants D in the range q < |D| < 2q with

% > (%) > eXp((l + 0(1))@)

= loglog g

Notice that Theorem 10 is much stronger than the bounds of Theorems 6 and 7,
as soon as logx > v/log q(loglog q)%. This difference is especially noticeable when
x is like a small power of ¢, and suggests that Theorems 6 and 7 are unlikely to be
“best possible”.

In the next result we use Poisson summation (as discussed after (3)) to get lower
bounds for character sums when x is very large, in terms of smooth numbers. This
suggests that we should be able to make another conjecture like Conjecture 1 for
large «, which takes this natural symmetry into account. We have not yet felt able
to formulate this appropriately.

Theorem 11. Let q be large. For any exp(y/logq) > N > 2 there exists a funda-
mental discriminant D with ¢ < |D| < 2q such that

D) 1 1 loglog q
> = >>¢6—W(N,—logq>{1+7 :
BN (n N 9 log(A + 2)

where N = (% logq)*. In particular if exp((loglogq)?) > N > 2, then there erists
a fundamental discriminant D with ¢ < |D| < 2q such that

2 <2)‘ ~ % VIDlloglog |D|.

n
n<|D|/N

2. THE PLAN OF ATTACK

We define complex, multiplicative random variables X, as follows: X,, is multi-
plicative; that is, if n = T, pi", then X, = ], X3i. For primes p, X, is equidis-
tributed on the unit circle, and for different primes p and ¢, X, and X, are inde-
pendent. Thus E(X,,X,,) = 1if m = n, and E(X,,X,,) = 0 otherwise. Here, and
below, E(-) denotes the expectation.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



LARGE CHARACTER SUMS 373

Let f be any arithmetical function, and let k and n be integers. Below we shall

put
dif(n, ) = Z_ Fma) ... fimy),
so that i
k
(Z x(n)f(n)) = 3 dis(n,)x(n)
and .

(Z an(n)>k = > dps(n,2) X,

n<z n<zk
We shall abbreviate di, r(n, z) to di(n,x) when f is the function f(n) = 1.

Lemma 2.1. Let x, q, and k be integers with x* < q, and let f be any arithmetic
function. Then

1 2k ok
S X [ = X |dk,f(n,x>|2—E( S Xofn) >
x (mod q) 'n<z (Zé)gc:kl (nfqu)le

Proof. This is immediate from the definition of X,, and the orthogonality of the
characters (mod q):

0 otherwise.

{1 if a =b(mod q), (ab,q) =1,

O

Our plan (see §4 and §6) is to obtain large lower bounds for the quantity in
Lemma 2.1 (in the case f(n) = 1) so as to obtain large non-trivial character sums.
In order to do this, we need to eliminate the principal character term (which is
often large for trivial reasons) which is included in the sum in Lemma 2.1.

For any arithmetic function f we define

Ar(x,q) := max
(@) Xx#Xo (mod q)

> x(n)f).

n<x

Proposition 2.2. Let q be large, > logq, and suppose k is an integer with z* <
q. For any arithmetic function f we have

2k

1
Af(l‘,q)Qk > @ Z
x (mod q)

Proof. Write A = A¢(x,q), and define

> xo(n)f(n)

n<x

> x(n)f(n)

n<z

Ap = Z Xo(n), Aq =

n<x

and Ag = Z Xo(n)|f(n)|2-

n<x
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374 ANDREW GRANVILLE AND K. SOUNDARARAJAN

Note that the Cauchy-Schwarz inequality gives A? < AgAs. A straightforward
computation, using the orthogonality relations for characters, gives that
2

Ay:é% S o)

ga(q X (mod q) [n<z

and thus
( A2\ YR o
8- 25) < (o X S| )(om X 1) san
SO(C]) ©(q) x (mod q) n<z QO(C]) x (mod q)
X#X0 XF#X0

by Holder’s inequality. This then implies
2 2
A? (1 _ Lo ) =NA? - B0l <Ay <A2 _ A ) < AgAZ.
¢(q) ¢(q) ¢(q)

If k > 2, then z < /g and so (1 — Ag/¢(q))* = 1+ o(1), which, combined with the
line above, implies that A?* < AKA2k. Therefore

2k
1 AP (plg) — 1A% Ag
(2.1) — x(n)f(n <= 4 ,SA%(—O—I—l).
) e(q) 2 |2 X e(q) e(q) v(q)
X (mod q) |[n<z
By the small sieve we know that for > logg
v(q)
Ag = 1<e¢ T
(n,(j):l
for some absolute constant ¢ > 0. Hence
A <t A < ACI cp(q)
q
and the proposition follows upon inserting this estimate in (2.1). O

We cannot expect to get good lower bounds for A (x,q) for all arithmetic func-
tions f, since there may be a good deal of cancellation in determining the sum
di,f(n,x), making > |dj s(n,x)|* small. We shall focus on a large class F of
arithmetic functions defined as follows: f € F if f(n) = g(n)h(n), where g is a
multiplicative function with |g(n)| = 1 for all n, and h(n) > 0 for all n. Note that
F includes p(n) (the Mébius function), w(n) (the number of distinct prime divisors
of n), d(n) (the divisor function), and n’ (for a real number t) among others.

Lemma 2.3. Suppose f and g are arithmetic functions with f(n) > g(n) > 0 for

all m. Then for all integers k > 1
2%k 2%k
> ZE( > Xng(n) >

E( > Xnf(n) 2

n<x
If f € F with |f(n)| > 0 for all squarefree n, then

2k
E( > Xuf(n) ) > 6% Y u(N)?di(N, )%,

n<zx N<zk
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LARGE CHARACTER SUMS 375

Proof. If f(n) > g(n) > 0, then dj s(n,z) > di,g(n,z) and so the first assertion
follows from Lemma 2.1. If f € F and |f(n)| > 6 for all n, then for squarefree
N we have |d, s (N, z)| > 6%d) (N, x) and so the second statement follows from the
first part of the lemma. O

In §3 we collect together several results from multiplicative number theory;
chiefly on smooth numbers (integers not having large prime factors), and round
numbers (integers having many prime factors). We shall use these in §4 to estimate
the 2k-th moments of Zi< » Xn, where the flat “p” indicates that the sum is over
squarefree n coprime to ¢; and in §6 to get good estimates for large moments of
Y n<w Xn- We show in §5 how the estimates of §4 lead to the large character sums
given in Theorems 4 through 7, and Corollaries 1, 2, and 3. We note that these
results depend only on the lower bounds for Z?\K o dx(N,z)? given in Theorems
4.1 and 4.2. In view of Lemma 2.3 we may thus generalize these results for Ay
when f € F with |f(n)| > 1.

Theorems 4—7, Corollaries 1-3 Revisited. Let f € F be any arithmetic func-
tion with |f(n)| > 1 for all n. Then Theorems 47 and Corollaries 1-3 all hold for
Ay(z,q) in place of A(z,q).

In §7 we derive Theorems 1 and 3 as consequences of the analysis of §6. In §8 we
obtain the conditional result Theorem 2. The case of real characters (Theorems 9-
11) are dealt with in §9. Lastly, Theorem 8, which is a consequence of the “Fourier
flip” 2 — £, is proved in §10.

3. SMOOTH AND ROUND NUMBERS

3a. Integers with a specified number of prime factors. Estimating = (z,y),
the number of integers up to x with exactly y distinct prime factors, has long been
a central topic of additive number theory. Hardy and Ramanujan [§] established
the famous upper bound

x (loglogz + O(1))¥~!
log (y — 1) ’
uniformly for all y. However good lower bounds, even on the order of magnitude

for m(x,y), when y > loglogz were not known until recently. In 1984, Pomerance
[15] made an important breakthrough in showing that

m(z,y) <

LytO(#) 1
(3.1) m(x,y) = z 7L, where L = log o8 % ,
logz  y! ylogy
in the range
log x
3.2 log1 <y< ——.
(32) 8 ng_y_?)loglogx

Pomerance only claimed to have proved this result in the narrower range with
y > (loglogx)?. However he gives a slightly worse error term in one place in his
proof than is necessary, with the resulting loss in the range of applicability. This
mistake is corrected in the proof of Theorem 3.1 below; taking m = 1 there implies
the lower bound in (3.1). The upper bound in the missing range follows from Hardy

and Ramanujan’s result.
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Although it appears that we have imposed some rather severe extra restrictions,
it turns out that we can obtain the following result with minor modifications to
Pomerance’s proof. Here Zb indicates that the sum is over squarefree arguments.

Theorem 3.1. Given integers x,y and m, let z = max(y?,w(m)). If (3.2) holds
and, in addition,

(3.3) Y2 <z <,
then
(3.4)
b LyvtO($) 1
Z 1> < 7L, where L = L(x,y,z) := log _98T ).
logz  y! ylog+/z

n<e, w(n)=y
(n,m)=1

To prove this theorem we require the following lemma.

Lemma 3.2. Let I be any interval, and let s > 2 be an integer. Then

1\° s(s—1)< 1)( 1)52 1 ( 1)5
E ) 222 E - E Z < E - < E i
( p> 2 p? p - PLo--Ds p
pel pel pel pl,py;éjpstel pel
pi distinc

Proof. The upper bound is immediate, and the lower bound follows by induction
on s, after noting that

> w2 e (G )

Prope€l P1..-Ps P11 -1 \,er Ps—1
p; distinct p; distinct
1 1 1 1
z(}j— y L spy oy L
pe]p pri-pe—r Pl -Ps—1 pelp pripe—z P1-+-Ps=2
p; distinct p; distinct

O

Proof of Theorem 3.1. If m is an integer with exactly k distinct prime factors and
Pk is the kth smallest prime, then

b b

(3.5) D - Y

n<z, w(n)=y n<z, w(n)=y

(n,m)=1 pln = p>py
This is evident from noting that if ¢q,...,¢ are the distinct prime factors of m
that are > pg, and r1,...,r; are the primes < p, that do not divide m, then each

integer q1qs - - - qit counted in the sum on the right side of (3.5) corresponds to a
distinct integer ry7s - - - 7t counted in the sum on the left side.
Note that L > log3, and put s = [£=5-] and J = [log(L + 20)] — 2. We define

1+20
1 ,
the intervals I_, = (z,x%] and I; = (x%,x%] (for 0 < j < J—1). We get
a lower bound on the right side of (3.5) by counting only those integers n of the
formn =n_1ng...nj_1p, where n_; consists of exactly y — 1 — sJ distinct primes
from I_q, n; (for 0 < j < J — 1) consists of exactly s distinct primes from I;, and
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r v <p< W is prime. Hence using the prime number theorem

tHENEDY > T ﬁl(; n%)

N—1,N0;-.-,NJ—1 2e/—1 J=—
z v <p<

-
n_jing...mjy_1

Appealing to Lemma 3.2 we determine that

3L O (o))

n_y

and that for0 <7< J -1

o - A Colm)

g

It follows that

y—1—sJ .
z L O(#+1ky)

3.5 logy
(8:5) = 2logz (y —1—sJ)!s!J6 ’

and Theorem 3.1 follows upon using Stirling’s formula, keeping in mind that y > L
in our range. [l

Lemma 3.3. Let ¢ be a positive integer, and suppose y > 202. For all x > y°,

log 1 1)t
T 1<<1x (log ochJrlO'( )
n<z,Q(n)=~ o8y ( - )
pln = p>y

Proof. Given a squarefree integer m with exactly j (< ¢) distinct prime factors all
larger than y, there are < 77 integers n with Q(n) = ¢ and having exactly the

same prime factors as m. Moreover if n < z, then m < n/y*~7 < x/y’~7. Thus the
sum we seek is

¢
<207 X wm)

m<xz/y* 7

w(m)=j

By the Hardy-Ramanujan upper bound this is

f—j =1 L apne—j
Z J log logz + O(1))7~ < " (loglogz 4+ O(1)) Z (j0) 4
logy (=1 log y (£—1)!

and the result follows as y > 2/2. O

3b. Smooth numbers. Given real numbers x > y > 1 and an integer ¢ we define
Se(x,y) to be the set of integers < x having exactly ¢ prime factors (counted with
multiplicity) larger than y. We denote the cardinality of Se(z,y) by Ue(z,y). The
case £ = 0 gives rise to smooth numbers; that is, integers free of large prime factors,
and we write S(z,y), ¥(z,y) in place of So(x,y), o(z,y). Estimating ¥(z,y) has
been the focus of much attention, and we quote below the best results known.
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logz
logy *

Theorem 3.4. Let x > y > 2 be real numbers, and put u =
€ > 0 the asymptotic formula

(3.6) U(z,y) = zp(u) (1 + O(MD

logy

For any fized

holds uniformly in the range 1 < u < exp((log y)%_s). The weaker relation

V(z,y) i
(3.7) log — = (1 +0 (exp(—(log u)s ))) log p(u)
holds uniformly in the range 1 < u < y'~¢. Lastly, as u — 00,
log 1 2
(3.8) log p(u) = —u (logu +loglog(u+2)—140 (%) )
Proof. See Theorems 1.1 and 1.2 and Corollary 2.3 of [10]. O

We next give a bound for ¥(z/z,y) in terms of ¥(zx,y).

Proposition 3.5. There is an absolute constant ¢ such that for all 1 < z < z and
y 2> 2,
log 2 \I/(J), y)

V(2 y) < (cloga) sy ——=.

Proof. We prove this when 1 < z < y; the general case follows by repeated applica-
tion of this result. From Corollary 1.7 of [I0] we obtain W(Z,y) < ¢, ¥(z,y)z~ /=¥
where ¢; > 0 is some absolute constant and o« = a(z/z,y) is the unique positive
solution to log(z/z) = >_ -, logp/(p* —1). Notice that

logz > log(x/z) > Z ATEZ) > yia ZA(n) > 4yia

n<y n<y

This shows that y=* < 4(logz)/y so that z=* < (4log x)%/z The result
U(z/2,y) < ci(4log )08 2/ 198 YW (2, ) /2 follows for 1 < z < y, and repeated appli-
cations of this result give U(z/z,y) < c1(4c; log )08 2/ 198 ¥ (2, ) /2 in general. O

We note here a useful corollary of this result:

Corollary 3.6. Let 0 < k < 1, and let ¢ be as in Proposition 3.5. Suppose y >
1
e(clogz)T=+. Then

1 logy ¥(z,y) Lz logy ¥(z,y)
— d —log — « ——=—22~,
Z i S T an Z e Ogn<<(1_,€)2 o
n€S(z,y) neS(z,y)
If y > (clogx)?, then
Z log% < U(x,y).
neS(z,y)
Proof. By partial summation

1 “1 Y(z,y) Yty
— = —dv =27 .
Z nk /17 tmd (t’y) Tk + '%/1 ti+k dt

neS(z,y)
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Using Proposition 3.5 the second term above is

log(c log x)

\I/ z ]_ og(x/t \If x logy
< HM/ t—"i(clogx)1 R dt = (z,9) / i dt
1 1

log(clog x) ’
xT t’H_ logy

and using our hypothesis on y this is

o Klogy ¥(z,y)
— 1—=r xh

The first part of the corollary follows. The other two assertions are proved similarly.
O

Lemma 3.7. Let x >y > (logx)'™¢, and put u = logz —hen

logy

¥(z,ylogy) < loglog y
2\ IPeT) oy 96959
U (z,y) log(y logy)
Proof. By Lemma 2.2 and Corollary 2.4 of [I0] we get

(logu + O(log log(u + 2)))> .

BT _ (o 25980, Ottt +2)
(%) log(y log y) |

The lemma follows upon combining this with (3.6) when u < exp((logy)? ), and
(3.7) for larger w. O

3
2

and that x > z > xy_%. Then

v
U(x+ z,y) — ¥(z,y) > z%

Lemma 3.8. Suppose y > (logx)

This follows from Theorems 5.1 and 5.2 of [I0]. The next result is an immediate
consequence of Corollary 2.4 of [10].

Lemma 3.9. p(u —v) < p(u) if |v] € 1/log2u, for u,u—v > 1.
4. THE 2k-TH MOMENT OF Eiq Xn
In this section we prove upper and lower bounds on the 2k-th moment of
Z?Kx Xy, where (throughout this section) the b indicates that the sum is over

squarefree n coprime to q. These bounds will be useful in deducing many of our
large character sums results.

Theorem 4.1. Let k > 1 be an integer, and put K = max(k,w(q)). Uniformly for

all x > K we have
2k\ o 0’
) <o

2k 2 L)'
) o (b22)

(4.1) E( ben > X

n<x n<x
and
b 2k % b 5%
E( Z X, ) > ( Z dk(N,a:)2>
n<z N<azxk
(4.2) . _a logr_\ * log 087 o
' = (loga) % \klog K 8\ klog K '
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Proof of the upper bound (4.1). Observe that

E( > X %) = > dp(N,x)?

n<x N<zk
= #{bl,bg,... ,bk,Bl,BQ,... ,Bk S xX bl...bk = BlBk}

To each solution above we associate a k x k “g.c.d.-matrix” of integers A = (a; ;)

defined as follows: Put a1,1 = (b1, B1), and then define (using induction on i + j)

oo (T o)
LV ’ ’
H£<j Qgp H£<i ae,j

so that, for 1 < i <k,

k k
bi = H Qi p and Bi = H agq-
=1 =1

We will bound the number of k£ x k integer matrices A = (a; ;) with all row

and column products H?:l Qi H]Z=1 ag,; less than z, which thus implies an upper
bound in our original problem. The number of choices for ay  is

< min( a: a: ) < < .
Hf;ll aip Hf;ll i Hf;ll(ai,kak,i)%
Next we sum over the possibilities for a;, ar; (1 < i < k —1). Notice that
aix <z/ Hf;ll a;; and ag,; < z/ Hf;ll a;,i, and so

D L D L
a; K ik Hj:l az; ak,i ki Hj:l a;;

0,
Thus given a;; (1 <4,j <k — 1), the number of possibilities for the last row and
column of A is
22k_2$k
T icijero1aij

We now sum this over all the possibilities for a;; (1 <4,j <k —1). Keeping in
mind that H;:ll a;; <z foralll <i<k—1, wesee that this is

. 1 dr_1(n)\ "
2k—2 _k _ 02k—2_k —
<2 xg( > )_2 x(zin ) |

e Qg fo—
ai1...a; k-1 bk—1 n<z

Now for any a > 0

2 : dk—l(n) « § : dk—l(n) fey k—1 o 1 o
n<z " =t n<zx nite = v C(l * 04) o « + (1)

Choosing (optimally) o = k/logx we obtain (since k < logx)

Z di—1(n) < log z kfleo(k)
n  ~\k '

n<x
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To sum up, we have shown that

2k di_1(n) k—1 ] (k—1)2
IE< 3 X ) < 922k <Z e > <o (—Oix> O,
n

n<x n<lx

and (4.1) follows. O

Proof of the lower bound (4.2). We bound
b |2 b
E( Y Xa >z > AW x)?

n<z N<zxk
by focussing only on special values of N for which we expect di(N,x) to be large.
Specifically, we let y denote an integer parameter to be chosen later, and consider
only those N < z* which are squarefree, coprime to ¢, and have ky distinct prime
factors. Using Cauchy’s inequality, we find that

(4.3) S (N, )2 > < ) dk(N,x)> m

N<zk N<zF
w(N)=ky

We shall choose y = [kLg], where Ly = log(klﬁjgng). Using (3.1) (after checking

that the constraint (3.2) is met) we find that

k kaJrO(ﬂ) 1
m(z®, ky) = v - , where L = log _%8T )
klogz  (ky)! ylog(ky)
Since Lo — L = log { + log hffg(k[g) < log Ly, we conclude that
L log L
44 Eky) = —— 0 O ky=222)).
(4.4) (", ky) Flozz ()l v

Next observe that

S g > ST

N<zk mi,...,mp<T
w(N)=ky w(m;)=y
where the * indicates that the sum is over squarefree m1 coprime to ¢, and pairwise
coprime. We deduce from (3.5) that this is

k
> ( Z u(n)2> , where ¢ = (k — 1)y + w(q).
n<z,w(n)=y
pln = p>p;
Now we use Theorem 3.1 to bound this quantity. Our assumption that klog K <
e ltlogzr ensures that the criteria (3.2) and (3.3) are met. Hence, with z =
max (¢, y*),

y+O()

9 x L log z
g > —_ here L, =1 — .
Hn)” 2 logz y! where fa Og(ylog \/E>

n<z,w(n)=y
pln == p>pe
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Since Lg — L1 < log Lg, we obtain

b ab Lk log Lo
. > - 0 .
(4.5) Z di(N,z) > (og 2)F yiF exp (O (ky T >)

N<zF
w(N)=ky

Using (4.4) and (4.5) in (4.3) we deduce

1

b 7 PoOLE (ky)e log L
( Z dk(N7 $)2> > z 0 (kl'/) . eXp(O(w)>7
y! Lo

_ L
NSxk (logx)l 2k

and the lower bound (4.2) follows upon using Stirling’s formula, and recalling the
definitions of y and Ly. O

b

Next we give lower bounds on the 2k-th moment of )

X,, when z is small
(roughly, = K4 for some integer A).

Theorem 4.2. Let k and A be positive integers, and put K = max(k,w(q)). For
all z > (4(Ak + K)log(Ak + K))* we have, uniformly,

TN ; L ok
E > E 2 3
X, ) > ( dr(N, ) ) > <logx>

n<wz N<zk

[NFS

(4.6) E(

Proof. Plainly
<

where the * indicates that we sum over only those N that are squarefree and
composed of exactly Ak prime factors, all less than z'/4. Note that for such N,
di(N,z) is at least the number of k-tuples myq, ..., my whose product is N, where
each m; is the product of exactly A primes. Thus dy(N,x) > (Ak)!/A!*, and so

b AE)! * Ak) 1

N<gk N<z*

b

>

n<z

2k
) = Z bdk(N,l‘)Q > Z dk(Nax)Qa

N<zF N<gF
(N,q)=1

—~

—~

1
P1,..,PARST A

(N,9)=1 Pi#DPj.pitq
Ak
(Ak)! 3 .
(4.7) > e L (7@ = > 1= +1).
Jj=1 pla
péx%

By the prime number theorem, and our lower bound for z, we get

1 Az Az
T — 1— Ak > n(z7) — Ak — K > —Ak—K > .
(@) Z = (z7) ~ logx ~ 2logx
pla
pr%
Using this, and Stirling’s formula, in (4.7) we get Theorem 4.2. O
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5. APPLICATIONS TO LARGE CHARACTER SUMS

In this section, we use Theorems 4.1 and 4.2 to deduce many of our results on
large character sums. We split these results in two parts: when

1
loglog z < (5 +0(1)) loglog g,
where we use Theorem 4.2, and when
1
loglog xz > (5 +0(1))loglog g,

where Theorem 4.1 is most useful.

5a. Large character sums when loglogz < (% +0(1)) loglog g.

Proof of Theorem 4. Recall that x = (10logq)? for some B > 1. We take k =

[112%] and A = [B]. Notice that K = max(k,w(q)) < (1 + 0(1))10201%);(1, and so

kA+ K < glog’i‘éq. We check now that the condition of Theorem 4.2 is met, and
=)

[B] [B]

&2 {L‘%+75
>
logx> ~ (4logx)B]

This gives the portion of Theorem 4 not having any restriction on gq.

A>>xé<

For our next application we suppose that w(q) < (log q)BLH_E. Here, we take
A=[B]+1and k = [z4 /(10logz)]. Our bound on w(q) ensures that the condition
of Theorem 4.2 is met, and so

Bl+1
2

A 2 _r >___*r

> log x ~ (4logzx)BlH1

This gives the second part of Theorem 4. Corollaries 1 and 2 are immediate conse-
quences. [l

5b. Large character sums when loglogx > (% +0(1)) loglog g.

Proof of Theorem 5. We take k = [ %gol%] for a fixed but sufficiently small

positive constant ¢. Since K < logq, one can verify that the condition z > K°* of
Theorem 4.1 is met. Hence by (4.2) we get

z2 log x 3 log x o)
A log ————
> log )1~ 2 \ klogloggq ng‘loglogq
(log z)

T3 nT H e o)
B (logx)l_ﬁ 2 6 .

The result follows if ¢ is sufficiently small. O

Proofs of Theorems 6 and 7. Both these results follow upon using (4.2) with k =
[logq]: the hypotheses in the theorems ensure that = > (log ¢)°* > K¢*. O

log x
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6. THE 2k-TH MOMENT OF )

n<x

Here we explore more finely the 2k-th moment of > X,. Put

\Pé(xay;Xn) = Z Xn.
n€Se(z,y)

X, behaves like Uy (z,y; X,,) most of

n<x

Our aim in this section is to show that )
the time, for an appropriately chosen y.

n<x

Theorem 6.1. Suppose k > 2 is an integer and that y > Clog®z for a large
absolute constant C. Then
2k> -

“(

n<x
1
klogylog®z ? klog® zlogl
o (LY (o sl
Y Y
Proof. Put u = logy By Minkowski’s inequality

2k\ 5% 2k\ 5%
o )" el ve])
[u] N
(©.1) < DB ([ Pelwy: X))
£=1

Observe that

B0y X)P) = Y S0

my,mieS(x/yty)  ni<z/mini<z/m;
Q(ni)=0(n})=¢
plnini = p>y

[u]
Z\I’K z y7

> X — Wola,y; Xn)

n<x

Now, given N = nj...ng, the number of factorizations N = nj..nj with each
Q(n}) = £ is < (k£)!/01% and so the inner sum over n;, n} is

ke
= Z (g!k) g(k 1)/2 H Z L.

MN1yee. Nk n,<9c/m,
ni S /M Q(ni)=¢
Q(m):é

p|n; = p>y
plni = p>y I

Using Lemma 3.3 (note that y > Clog? z > 2¢?) this is

ke (loglogfc + 0(1))k(£71) c k 1
T my...my (£—1)k logy ) ((k=1)/2
P (2kloglog x)**

my ...my ({logyloglogx)k

Now
Xn

w2, w)

neS(z/yt,y)

mi..mEp=mj...mj neS(z/yt,y)
mym;eS(z/y",y)
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and, by Corollary 3.6 and Proposition 3.5,

Y(z/y', y) < logy(clogz)* Y(@,y)

1
Z <L logy———————= .
—— y)w/_ (x/y")? Vay

Therefore, combining the bounds above, we get
1/2 2 £/2
L logy cklog” xloglog x
E (|¢(,y; Xn) ") < @
(Wit s X)) < W) (roils) (L

for some constant ¢ > 0. Therefore, substituting this into (6.1), we get

2k %
" )

< U(z,y) logy UQ% 1 cklog? zloglog x ik
’ loglog x — 0/ y

1
klog? z 1 2 klog? zlog
< o) (FEEL ) op (0 R REREL) )

since Z;‘io f%/j!% < ef for all £ > 0. This proves the theorem. O

We now derive a good lower bound for the 2k-th moment of 3 _  X,. This is
a considerable refinement of Theorem 4.2, in the case that ¢ = 1.

Theorem 6.2. Let k > 2 be an integer. Then for all y > 2 we have

2" 2y log log x 1
> v .
s ) vees( -2t o))

Proof. Using Lemma 2.3 with f(n) = 1 and g(n) = the characteristic function of

S(z,y) we have
2k 2k
()= 5, <)

We bound the right side above by picking only those X,, for which |arg(X,)| <
m(logx)~2 for all p < y (where arg is defined to lie between —7 and m). The

n<z

n<z neS(z,y)

probability of this happening is clearly (log x)’Q’T(y). For such a choice of X,,’s note
that
Q v
3 Xn—W@ﬂﬂS Yool Y (n) o ¥@y)
log” z log z
neS(z,y) neS(z,y) neS(z,y)
Hence
2k
2k k
E > U(z,y)™ exp| —2n(y)loglogz + O ——
x
neS(z,y) 08
and the result follows. O

Combining Theorems 6.1 and 6.2 we get good upper and lower estimates for
large moments of > X,; and in fact, we get an asymptotic formula for very
large k.

n<z
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Corollary 6.3. If k > C'logx is an integer, then
B
\Il(x,klog5klogx)<1+0( )> >E( >
n<lx

1
klog x
o1 + v0e 1) (1 0( 1)
If log k/+/log x loglog x — oo, then

(6.4 B

Proof. From Theorem 6.2 we get

o ﬁ klog x 1 Ing
E > U O — .
(Zx]) zvesmo(o(ns 7))

The lower bound of (6.3) now follows upon appealing to Lemma 3.7. Using
Minkowski’s inequality and Theorem 6.1 (with y = k10g4k10g x) we get, since

“(

)'“ (14 o(1)W(a, k).

n<z

n<z

2k\ =t
) < E([Wo(a, y; X))

log x z logx))>
Ol Y (x,y)| —— o
" < v y)(log%) exp( (1og3k

1
< \Il(x,klog4klogx) exp(O < ng >)
log” k

n<x

The upper bound of (6.3) follows from this and Lemma 3.7. By Lemma 3.7 we
deduce that if k& > exp(y/logz), then

log1 2
U(z, k(log k)°M) = W(z, k) exp <O <10g xM) >
log” k
Therefore (6.4) follows from (6.3). O

7. IMPLICATIONS FOR CHARACTER SUMS: PROOFS OF THEOREMS 1 AND 3

o

Observe that for any integer k < 184 and any y, we have

— logx
2k
)3 <

> x(n) = Uz, y;x)
X (mod q)
Using Theorem 6.1 we deduce that if y > C'log® x, then

> X = U(z,y; X,)

n<z

@(Q)

n<z

2%
@(q) S D xn) =¥z, yx)
X (mod ¢) 'n<z
logylog® 2\ * 2]og log  log?
(71) Sck\II(a:,y)%(k ogyyog a:) exp(O(k og 0533 og az:))7

for some constant ¢ > 0.
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Proof of Theorem 1. We choose k = [log ]. Tt follows from (7.1) that for any A > 1

there are fewer than qA~2F characters xy (mod q) not satisfying

> x(n) fcyx)‘

n<z

log ¢ log z:1 3 log ¢ log 2 log 1
< A\I/(x,y)(M) exp(o( e g))

Taking y > log ¢ log x(loglog q)®> and A = 10 above, we obtain the first assertion
of Theorem 1.

Next, take y = (log g 4 log? z)(loglog q)* and A = exp((loglol%q)z). We deduce

_ 1
that with at most q1 (oglog ) exceptions

1
Zx L U(x,y)exp| O 98T ) < U(z,ylogy),
(loglogg)?
n<x
using Lemma 3.7. This gives the second part of Theorem 1. O

We now move towards the proof of Theorem 3. We begin with a lemma which
may be of independent interest.

Lemma 7.1. Let f(n) be any completely multiplicative function with |f(n)] = 1
for all n. Let 2 < x < exp((log q) ), and let y = log q/(log x(loglog q)®). There are

at least q ~ Goglos a? characters x (mod q) with

S wm= Y fn (((x y'xo)>

neS(z,y) neS(z,y) 10g 1Og Q)
(n,9)=1
Proof. Note that for any integer k < 1125 1

x(n)f(n) +1 X, +1
2. Ty > T

2k
neS(z,y) neS(z,y)
(n,q)=1 (n,q)=1

o

We give a lower bound for the right side of (7.2) by the argument of Theorem 6.2.

We pick only those X,, with |arg(X,)| < @ for all p < y. This happens with

probability > (log )~ ™) > exp(—3y), and for such a choice

> %—‘I’(xvy;Xo)+O< > M>—\P(w,y;><o)<1+0(iiz)>-

nES (@) neSy) 1084
(n.q)=1 (n,q)=1

1
(7.2) o >

¥ x (mod q)

It follows that

oy |y i
X (mod q) 'neS(z, y) 2
(n,q)=

log q

1 2%k
> U(z,y; XO)%e*?’y (1 + O( ng)) )
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We deduce immediately that there are at least ¢(g)e ¥ (1 + 0(112§ ’;))2’“ characters
x (mod ¢) with

3 M‘>\P(x,y;x0) <1+O(f>iz>>

Choosing k = [log ¢/ (log z(loglog q)*)] we conclude that there are > qlf(l%’lig 0?
characters x (mod ¢) for which

) o +1‘ ‘I’(x,y;Xo)<1+O(m)>.

neS(z y)
(n,q)=

(7.3)

Let o = (3, e5(2.1), (n.g)=1 X(n).f(1))/¥(z, y; X0), so that || <1, and (7.3) states
that |a + 1] = 2+ O(1/L*) where L = loglog ¢q. By the triangle inequality we have
2> 1+|al > Ja+1] = 24+0(1/L*), and so [1—a|? = 2(1+|a|?)—|a+1|?> = O(1/L*).
Thus |1 — a] = O(1/L?) and the lemma follows. O

2
Proof of Theorem 3. We suppose that logz < %

7.1, and put y; = logg(loglogq)”. Using Theorem 1 and Lemma 3.7, we get that

. Let y be as in Lemma

. 1— 1 .
with at most ¢~ Tes= exceptions

> x(n) fcy1,x)+0((ql(x7’yl)2>

= loglog q)
U(x,logq
= Wz i) + O (o)~ Wla ) + O sl )
log x(log log log q)?
(loglog )2 '

(7.4) W)+ O (wx, log q)

Given any angle 0, we take f(n) = nee7 in Lemma 7.1. We deduce that there
are at least ql_ﬁ characters x (mod ¢) with

U(z,yx)= Y. neer+ (‘I’(xyXo)>

nesom) (loglog ¢)°
(n,q)=1
: log(z/n) | ¥(z,y;Xo)
— 9 . ) )
=Y @muix0) +O( 2 logz | (loglogg)?
nes(z.y)
(n,q)=1
V(z,logq)
log x

=W (z, ¥ x0) + 0<

by Corollary 3.6 and Lemma 3.7. Theorem 3 follows by combining this with (7.4).
(|

8. RESULTS CONDITIONAL ON GRH: PROOF OF THEOREM 2

We begin with two standard lemmas which we shall use to prove the conditional
Theorem 2.
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Lemma 8.1. Let s = o + it with ¢ > % and |t| < 3q. Let % < o0p < o, and

suppose that there are no zeros of L(z,x) inside the rectangle {z : o9 < Re(z) <
1, |Im(z) —t| <3}. Then

I
|log L(s, x)| < 089
g — 0o

Proof. First note that if o > 2, then |log L(s,x)| < 1 and there is nothing to
prove. We may hence assume that o < 2. Consider the circles with centre 2 + it
and radii r := 2 — 0 < R := 2 — 09, so that the smaller circle passes through s. By
our hypothesis, log L(s, x) is analytic inside the larger circle. For a point z on the
larger circle we use the estimate |L(z, x)| < 2q|z| < ¢?, so that

Relog L(z, x) = log |L(2, x)| < 3logg.

The Borel-Carathéodory theorem precisely states that for any point on the smaller
circle (and so for s in particular) we have

R+
log L < log L — T |log L(2 + it
| log (s,x)I_R_r‘z_ggﬁ:RRe og Lz, x) + 75— log L(2 + i, x)|
1 1
< log g + < 21
o — 0o g — 0g g — 0o

O

Lemma 8.2. Let s = 0 + it with o > % and |t| < 2q. Let y > 2 be a real number,
and let % < 0g < 0. Suppose that there are no zeros of L(z,x) inside the rectangle
{z:00 <Re(z) <1, [Im(z) —t| <y+3}. Put oy =min(ZE2, 0 + Then

y
log q _

log L( — .

g L(s:x) Z 10gn O<(01—00)2y )

1
logy)'

Proof. Without loss of generality we may assume that y € Z + % By Perron’s
formula (see [3]) we obtain, with c=1—0+ @,

c+iy y zy: 1 00 y 1
- log L(s + w, x)=—dw = 0(_ >
270 Jo—iy ( w = m logm Y= note |log(y/n)|
y
1 71 .
(8.1) mg glogm +O0(y 7 logy)
We move the line of integration from the line Re(w) = ¢ to the line Re(w) =

01 — o < 0. Our hypothesis ensures that the integrand is regular over the region
where the line is moved, except for a simple pole at w = 0 with residue log L(s, x).
Hence the left side of (8.1) equals log L(s, x) plus

1 o101y o1—0+1iy ctiy w lo
%</ +/ +/ )1ogL(s+w,x)%dw < iQy"l_",

c-iy 1oy 1oty (01—00)
using Lemma 8.1 to estimate log L(s + w, x) in the above integrals. The result
follows. 0

If we assume the GRH for L(s,x), then the hypotheses of Lemmas 8.1 and 8.2
are met with o9 = 2, and so the conclusions drawn there are valid. The advantage
of these formulations is that they can be used unconditionally for many characters y

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



390 ANDREW GRANVILLE AND K. SOUNDARARAJAN

(mod ¢q) by appealing to zero-density estimates; we exploit this to get large values
of L(o,x) in [1].

We now assume the Riemann Hypothesis for L(s, x), and proceed to prove The-
orem 2. Define

L(s,x;y) = L(s,x)p];[y(l - %)

so that L(s, x;y) is regular in the whole plane. Note that

log L(s, x; y) = log L(s, x) + Z log (1 _ X]E{J))

p<y
Y
A(m)x(m) ( 1 )
=log L(s,x) — ——=——— 40 —— |,
( ) mz:; ms logm Ig mmee(s)
m>2

and so if Re(s) > 1 + = and |Im(s)| < 2¢, we get by Lemma 8.2

logy
(8:2) |log L(s, x; )| < Cloggqlog”y,
where C' > 0 is some constant.
Assume, without loss of generality, that the fractional part of x is % Letu = }zg ”y”
and put c =1+ loéx. By Perron’s formula
1o et X)) 2
> x(n) = Wlwyix) = 5~ (L(S,X)—H<1— S ) );ds
n<x emioe P<y p
Lo X\ 2
“omi) pl:[y(l T (exp(log L(s, x;y)) — 1)?655

[y .
(8.3) :ZE > Xz(—m)/

=1 " neS(z/y"y)

c+i00

<1ogL<s,x;y>>é<f>S£

—ioo n S

Now note that (log L(s, x;y))¢/¢! = > o_, as(m,y)m~*, where |a(m,y)| <1 for
all m. Hence, by the lemma of section 17 of [3],

1 ctioo 2\ ds

C—100

1 fetie/n 2\ °ds S| 1
_ log L(s, ;) [ £) & - -
it |, (s b)) ()% +O<mz R

=1

1 ctixz/n N S s
= onil) /Cm/n (log L(s,x;)) <E> 5 + O(log ).

We move the line of integration to the line segment from k —ix/n to k+ix/n where

K= 1+ loéy. Using (8.2) we obtain
1 ctico x\ ds 2\ " (Clogqlog? y)* x
logL(s, x;9) (L) &« (L) 28908 Y) 150 T 4165,
il /HOO (log L(s, x:)) <n> S < (n) 7 og — +logz
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Using this in (8.3) we obtain

ONORLTENN

n<x
[u] 2 N\/¢ u
(Clogqlog™y) " x -
< E a0 E ﬁbgﬁ—i— E \I/(?,y)logx.
=1 neS(z/y*,y) =1

Using Proposition 3.5 and Corollary 3.6 we deduce that (keeping in mind y >

log® z)
- clogx ‘
(7 y) < U(z,y)
and
K U
Z r log T« {(clogz) log?y Z(a:, y)
nk n y (1—k)
neS(z/yty)
Hence
> x(n) - ‘I’(xvy;x)‘
n<x
< U(x y)§]3<log2y(mogqlogxlog2 y)' + (clogx>‘10gx>
e (0 —1)ly2 y
log ¢ log  log? log ¢ log z log?
(8.4) < @(x,y)wm@(w))
Yz Yz

It is of interest to compare (8.4) with the bound of Theorem 6.1.

Deduction of Theorem 2. The first assertion follows by taking

y= 1og2 q 1og2 z(loglog q)l2

in (8.4). Next, taking y = log® g(loglog ¢)'* in (8.4) we get

> x(n) < U(z,y) exp(O (U&) ) ,

3
= loglog q)

and using Lemma 3.7 this is < ¥(z,log? ¢(loglog ¢)?°), as desired. O

9. LARGE CHARACTER SUMS FOR REAL CHARACTERS

9a. Proofs of Theorem 9 and Theorem 10 for “small” z. Let y > 2 be
a parameter to be chosen later and put b = b(y) = 4[], p. Choose a (mod b)
such that ¢ =1 (mod 8), and (%) =1 for every odd p < y. Note that a squarefree
integer D = a (mod b) is a fundamental discriminant satisfying (%) =1 for all
p < y. We obtain the lower bounds of Theorems 9 and 10 by averaging over

fundamental discriminants of this special type, and choosing y appropriately.
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Write n < x as n = rs, where plr = p <y and p|s = p > y. Note that if
D =a (mod b), then (£) = (£). Thus

o X oY (D)- X X X wor(Y)

q<D<2q n<z reS(zy) s<z/r q<D<2q
D=a (modb) pls = p>y D=a (modd)

If s is not a square, then using u(D)? = Eaz\D w(a)

> wor(2)= X e X (%)

9<D<2q agA ¢<D<2q
D=a (mod b) (a,b)=1 o?|D
D=a (modb)
q
0] — +1
o Z (&)
V2q>a>A

and by (a modification to the proof of) the Pélya-Vinogradov inequality this is

va
Vb

upon choosing A = ﬁ/(b%si). If s is a square, say s = t2, then we see similarly

(9.2a) < A\/Elogs+\/§+Aib < G+ LEsTlogs,

that
(9.2b)
D q ot 1 .
> wwr(2)= X wwr= LI (1- ) ot
g<D<2g q<D<2q Py p
D=a (modb) D=a (modb) ptt

(d,t)=1

Note that (9.2b) with s = ¢t = 1 counts the number of fundamental discriminants
g <D <2q with D =a (mod b).
Using (9.2a,b) in (9.1) we deduce that

ERCURE
D=a (modb) B plt = p>y pft

It follows that there is at least one fundamental discriminant D = a (mod b) be-
tween g and 2q with

D p b, Vb s >
9.3 =) > —— + O —=2' T+ =it ).
(9-3) ;<n)— 2 2 Hp+1 <\/§x Vi
n<x reS(z,y) t2’<z/r plt
plt = p>y

We first use (9.3) to prove Theorem 9. Take y to be the smallest prime > % log q,

so that b(y) = q%“(l). Since = < ¢°1) we see, by counting only the t = 1 terms on
the right side of (9.3), that there is a fundamental discriminant ¢ < D < 2¢ with

3 (%) > ) 1+o0(1) > ¥(x, tlogg).

n<z reS(z,y)

This proves Theorem 9.
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To prove Theorem 10 in the range exp(y/logq) < x < q'/?, we take y =
(3 — 2€)log £ so that b(y) < (%)%’6. By (9.3) there is a fundamental discrimi-
nant ¢ < D < 2q such that

(9.4) Z< ) >N Hm+o (?).

n<x reS(z,y) t2<z/r DIt
plt = p>y
We get a lower bound on the right side by counting only those r < R (< 4””?) for
some parameter R to be chosen soon. The prime number theorem and the small

sieve show that for such r the sum over ¢ is > ”logy Hence the right side of (9.4)
is

>

ﬁ Z %>> \/E W(Rvy)

logy £ logy VR

Choose R = exp(2,/y) so that by Theorem 3.4 this is > \/zexp((2+o(1)) lc‘fy), as
needed.

9b. Proofs of Theorem 11 and Theorem 10 for “large” x. We shall consider
negative fundamental discriminants D, so that (£) = —1 and 7(xp) = i/|D].
Pélya’s Fourier expansion (see (3)) gives

T D\ _1 <~ (B) 1 JID|
— ) = 22 (1 —e(—=h/N O —— log | D
2 |D|n§|§D:|/N<n> 4h§mH (1 —e(=n/N)) + < o gl I)

(9.5) => (;Z) sin?(7h/N) + O<\/% + \/1?' 1og|D|>.

Let y be a parameter to be chosen later, and let b = b(y) and a be as in §9a. We
average (9.5) over fundamental discriminants ¢ < —D < 2¢ with D = a (mod b).
Arguing exactly as in the proof of (9.3), we deduce that there is a fundamental
discriminant D with ¢ < —D < 2¢ such that

T D 1 sin? (mrt?/N) P
I C IV M | P
n<|D|/N reS(H,y) t2<H/r plt

plt = p>y

Va b Vb z+)
+O<—+—1 +—H +-—H7*).
Vi H o8l Va Va

Choosing H = s / b% we deduce that for some fundamental discriminant D with
qg < —D < 2q we have

=T ()

n<|D|/N

1 sin?(nrt? /N) D b'
9.6 > - Ol ¢ —
( ) - Z r Z 12 D+ 1 + \/—
reS(H,y) t2<H/r plt
plt = p>y

o|w o
N——
N——
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We now get a bound on the right side of (9.6) for various ranges of N. Through-
out we shall take y = %1ogq so that b < q%“. Then H > ,/q, and the error term
in (9.6) is O(q~ 7).

We begin with the range v/logg > N > 2. (Note that by taking N = 2, the right
side above is 2 > _;; 1/r, where the sum is over those odd r whose prime factors
are all <y, which is > (e7/2)logy, and we thus recover Paley’s bound (4).)

We count only the terms for which ¢ = 1 and r < y with 1 < {r/N} < 2 in

(9.6). Thus
. 2 y/N . 2
sin“(wr /N it sin“(wr/N
0.6)> Y SN oty > > L o)
r<y k=0 (k+1/4)N<r<(k+3/4)N
y/N

1
0g(y/N) +0(1) = g loglogq + O(1).

ool =
—

—ZNkH %[g}ﬂ)(l)z

Next we consider the range exp(y/loggq) > N > /logq. Here we bound (9.6) as
follows: Let 6 = 1/log(6log N/ logy).

6> Y I Lo

T

reS(Ny%,y)

Y 1 1 .
>N - —+0(q"7).
_ZN(k+1) > 50 7)

k=0 (k+1/4)N§n§(k+3/4)N

pln = p<y

First we focus on the range N < exp((loglogq)?). Appealing to the “smooth
numbers in short intervals estimate”, Lemma 3.8, and Theorem 3.4 this is

y’ 1
1 log(N(k+ 3)) log N
N 4 I
> ;;o Nk +1) ( logy > 00\ ogy 10 )lo8Y:

which gives the result since p(u + 1/log(6u)) < p(u) by Lemma 3.9.
Next if exp(v/Iogq) > N > exp((loglogq)?) we use Lemma 3.8, and ignore all
but the k = 0 term. This gives

1 N 1

The result follows from Lemma 3.9, completing the proof of Theorem 11.

To prove Theorem 10 in the range ¢'/? < z < ¢/ exp(y/Iogq), we consider the
range /¢ > N > exp(v/loggq). Let R < N/(4y*) be a parameter to be chosen
shortly. We bound (9.6) by considering only r € S(R,y), and then summing over
values where t = p is prime in the range VN/(2y/7) < p < V3N/(2y/r). Thus,
using the prime number theorem,

1 sin? (7 /Np?)
op= Y Loy el
reS(Ry) £}<p<@

1 W¥(Ry)
> .
resz: T logq \/Nlogq VR
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Taking R = exp(2,/y) and using Theorem 3.4, this is > (1/v/N) exp((2+o(1)) lc‘fy),
as needed.

10. PROOF OF THEOREM &

We consider only primitive characters x with x(—1) = 1. Note that for a twice
continuously differentiable function ® the Poisson summation formula gives

o0 (o)
n X7(x) _ s faX
Xn<I><—>—— Xa@(—).
n;oo() < qa;m() p
Define ®; to be the characteristic function of [—1,1], and let ®, be the r-fold
convolution of ®;. Note that ®,(t) is supported in [—r,7], ®,.(—t) = D,(¢), and
that ®,.(t) increases for t € [—r,0) and decreases for ¢ € (0,r]. Lastly, note that
A ~ . T
D,.(6) =D1(8)" = (%) if £ #£0, and = 2" if £ = 0. We shall use the Poisson
summation formula above with X = ¢/(rN) and ® = ®,. for an even value of r > 4,
so that the Fourier transform ®, is always non-negative.

On the one hand, we have

> e (%)= 2q§ﬂjvx(n>¢,«(§)

n=-—oo n=1

< 2" max

(10.1) <27 max

<29,(0) ax

> x(n)

n<t

> x(n)].

n<t

On the other hand, the right side of the Poisson sum formula has size (since |7(x)| =

V4 and X(—1) = 1)

(rN)71T

20, . a 2./q _ sin(27 %)\ "
TLN_ZX(G)(I)T<T_N>'_T—\]/V_ Z X(a)<TN
a=1 a=1 rN
Va rN\"
o X2 =
* (rN Z . \Ta
a>(rN)r—1
(rN)™T . -
2,/q _ sin(27 %) Va
10.2 = —— — ol +—=).
(102 | 2 (M) o
Now observe that for integers k& < % we have
(rN) ™1 . a 2k
2 sin(27 %
@ >l X Y(a)(%)
P (nodg)! a=1 rN
x(=1)=1
(rN)TT . BN 2k
sin(27 %)
= 2 (=) T)
h=1 rN
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Since r > 4 is even, note that sin"(27-%)/(Z)" > 0 for all a, and > 2" for all

rN

a < N, for some absolute constant c. Hence we get from Lemma 2.3 that

(7"N)ﬁ

E ()

rh
rN

N

>,

a=1

IE< 2k> > (02’“)%1@( %).

Combining the above statements thus gives

(10.3) max

N

>,

a=1

> x(n)

n<t

2k> : +0(1)

Va
>>7“N E

t<q/N

We may obtain a lower bound from this by appealing to the results of §4 and

86,

taking k = [(r — 1)log(g/2)/rlog(rN)] in the first three parts, choosing r ap-

propriately and replacing = in those arguments by N here. Thus the first part of
the theorem is a consequence of Corollary 6.3 with » = 4. The remaining parts of
the theorem follow by choosing r to be an even integer around loglog ¢, and then
applying Theorem 4.1 as in the proofs of Theorems 5, 6, and 7.

ACKNOWLEDGEMENTS

Thanks are due to John Friedlander for his persistent encouragement, to Mark
Watkins for the question discussed in the introduction, and to Carl Pomerance for
several helpful questions.

10.

11.

12.

13.

14.

REFERENCES

. P.T. Bateman and S. Chowla, Averages of character sums, Proc. Amer. Math. Soc 1 (1950),

781-787. MR 13:113d

. D.A. Burgess, The distribution of quadratic residues and non-residues, Mathematika 4 (1957),

106-112. MR 20:28

. H. Davenport, Multiplicative number theory, Second Edition, Springer Verlag, New York,

1980. MR 82m:10001

. J.B. Friedlander and H. Iwaniec, A note on character sums, Contemp. Math. J 166 (1994),

295-299. MR 951£:11058

. S.W. Graham and C.J. Ringrose, Lower bounds for least quadratic non-residues, Prog. Math

85 (1990), 269-309. MR 92d:11108

. A. Granville and K. Soundararajan, The spectrum of multiplicative functions (to appear).
. A. Granville and K. Soundararajan, The distribution of L(1,x) (to appear).
. G.H. Hardy and S. Ramanujan, The normal number of prime factors of a number n, Quart.

J. Math 48 (1917), 76-92.

. A. Hildebrand, A note on Burgess’s character sum estimate, C.R. Acad. Sci. Roy. Soc. Canada

8 (1986), 35-37. MR_87e:11095

A. Hildebrand and G. Tenenbaum, Integers without large prime factors, J. Théorie des Nom-
bres, Bordeaux 5 (1993), 411-484. MR 95d:11116

H.L. Montgomery, An exponential polynomial formed with the Legendre symbol, Acta Arithm.
37 (1980), 375-380. IMR. 82a:10041

H.L. Montgomery, Ten lectures on the interface between analytic number theory and har-
monic analysis, vol. 84, CBMS Regional Conference Series in Mathematics, AMS, 1994.
MR, 96i:11002

H.L. Montgomery and R.C. Vaughan, Exponential sums with multiplicative coefficients, In-
vent. Math 43 (1977), 69-82. MR 56:15579

R.E.A.C. Paley, A theorem on characters, J. London Math. Soc 7 (1932), 28-32.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=13:113d
http://www.ams.org/mathscinet-getitem?mr=20:28
http://www.ams.org/mathscinet-getitem?mr=82m:10001
http://www.ams.org/mathscinet-getitem?mr=95f:11058
http://www.ams.org/mathscinet-getitem?mr=92d:11108
http://www.ams.org/mathscinet-getitem?mr=87e:11095
http://www.ams.org/mathscinet-getitem?mr=95d:11116
http://www.ams.org/mathscinet-getitem?mr=82a:10041
http://www.ams.org/mathscinet-getitem?mr=96i:11002
http://www.ams.org/mathscinet-getitem?mr=56:15579

LARGE CHARACTER SUMS 397

15. C. Pomerance, On the distribution of round numbers, Number Theory (Proc. Ootacamund,
India), Springer Lecture Notes No. 1122, 1984, pp. 173-200. [MR 87b:11095

16. G. Tenenbaum, Cribler les entiers sans grand facteur premier, Phil. Trans. Roy. Soc. 345
(1993), 377-384. MR, 95d:11119

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF GEORGIA, ATHENS, GEORGIA 30602
E-mail address: andrew@math.uga.edu

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, PRINCETON, NEW JERSEY 08544

E-mail address: skannan@math.princeton.edu

Current address: School of Mathematics, Institute for Advanced Study, Princeton, New Jersey
08540

E-mail address: ksound@ias.edu

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=87b:11095
http://www.ams.org/mathscinet-getitem?mr=95d:11119

	Introduction
	1. Statement of results
	2. The plan of attack
	3. Smooth and round numbers
	3a. Integers with a specified number of prime factors
	3b. Smooth numbers

	4. The 2k-th moment of nx Xn
	5. Applications to large character sums
	5a. Large character sums when log log x (12+o(1)) log log q
	5b. Large character sums when log log x (12 +o(1))log log q

	6. The 2k-th moment of nx Xn
	7. Implications for character sums: Proofs of Theorems 1 and 3
	8. Results conditional on GRH: Proof of Theorem 2
	9. Large character sums for real characters
	9a. Proofs of Theorem 9 and Theorem 10 for ``small'' x
	9b. Proofs of Theorem 11 and Theorem 10 for ``large'' x

	10. Proof of Theorem 8
	Acknowledgements
	References

