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Abstract. We investigate large deviations for the empirical measure of the position
and momentum of a particle traveling in a box with hot walls. The particle travels
with uniform speed from left to right, until it hits the right boundary. Then it is
absorbed and re-emitted from the left boundary with a new random speed, taken
from an i.i.d. sequence. It turns out that this simple model, often used to model
the interaction of a free particle with a heat bath, displays unusually complex large
deviations features that we explain in detail. In particular, if the tail of the update
distribution of the speed is sufficiently oscillating, then the empirical measure does
not satisfy a large deviations principle, and we exhibit optimal lower and upper
large deviations functionals.

1. Introduction

We consider the motion of a particle in a box [0,1[. The particle moves with
uniform velocity v; from left to right, until it reaches 1 and it is instantaneously
absorbed and re-emitted at 0 with a new random speed vy. Then the particles
travels again through the box with constant speed, and so on. If the sequence (v;);>1
is i.i.d. the stochastic motion we have described is Markovian and arises naturally
in the simulation of a heat bath Eckmann and Young (2004, 2006); Larralde et al.
(2003); Lin and Young (2010); Mejia-Monasterio et al. (2001). In this paper our
main goal is to study the large deviations of the law of the empirical measure of the
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canonical coordinates (g, p;) representing position and momentum of this process.
In spite of the simple description enjoyed by the Markov process (g, p:), it features
unusual large deviations properties.

0 o> 1

1.1. A non-standard large deviations principle. A wide literature deals with large
deviations of the empirical measure of Markov processes, after the seminal work
of Donsker and Varadhan Donsker and Varadhan (1975). However, neither their
theory or its extensions can be applied in this case, nor they would provide the
right result. On one hand, we prove that even the existence of a large deviations
principle can fail for certain choices of the marginal law of the i.i.d. sequence (v;);.
On the other hand, when large deviations exist, the associated rate functional can
differ from the related Donsker-Varadhan functional. The main point is that, if
the random variables exp(c/v;) have infinite expectation for some ¢ > 0, then the
probability for the particle to assume a slow velocity of order t~' before time ¢
is not negligible at the large deviations level as ¢ — +o00. Thus, when looking at
events of exponentially small probability, the empirical measure may show features
quite far from its typical behavior, and in particular it may concentrate on measures
which are singular with respect to the invariant measure of (¢:, p:) (we recall that
this cannot happen if the correct large deviations functional coincides with the
Donsker-Varadhan one).

Another approach to study the large deviations of the empirical measure of the
process, would be to use the inversion map for processes depending on an underlying
renewal process, see Duffy and Rodgers-Lee (2004). However this method is effective
only if the sequence 1/v; of times of return to 0 is bounded, and indeed in the general
case one obtains with this approach the wrong rate functional.

In other words, the presence of long tails in the distribution of the return time
1/v; leads standard approaches to fail, and requires a specific analysis. The heavy
tails phenomenon induces a slow convergence to the invariant measure (when it
exists), and results of the Donsker-Varadhan type are not allowed. It also induces
a lack of regularity of the inversion map, and thus renewal techniques cannot be
applied directly as well.

1.2. Setting and notation. At time ¢t = 0 the particle is at position gy € [0, 1] with
speed po > 0, so that the time of the first collision with the wall at 1 is
1—qo

To = To(qo, po) := .
Po

We consider an i.i.d. sequence (v;);=1 2,... such that v; > 0 a.s. for all . When the
particle reaches 1 for the i-th time, it is re-emitted from 0 with speed v;. The time
to reach 1 again is then 7; := 1/v;. We denote the law of 7; by ¥ (dr) and the law
of v; = 1/7; by ¢(dv).

Let us then consider the classical delayed renewal process associated with (7,,)n>1

T, =To+711+ -+ Tn, n > 0.
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The right-continuous process (q;, pi)i>o is now defined by

(qtapt) = F(q07p07t7 (Tn)nZI) =

(90 + pot, po) if t < T, (1.1)
(t_rf—"’l, L) i T,-1 <t <T,, for somen > 1.

Next we define the empirical measure of the process (g, pi)i>0 as
1
Mt = 7 6(qs,p3) ds € P([Oa 1[XR+)
t S

where, for X a metric space, we denote by P(X) the set of Borel probability mea-
sures on X, equipped with its narrow (weak) topology.

We first state some basic properties of the process (qi, pi)i>0 to be proved in
section 7. Next, we introduce our main results, concerning large deviations princi-
ples for the law quo’p‘)) of g, when the set P([0, 1[xR ) is equipped with its weak
topology.

1.3. Basic properties. We define the family of operators

Pif(g,p) = E(f(F(a,p,t,(Ta)n))),  (a,p) € [0,1[xRy, (1.2)
for all bounded Borel function f : [0, 1[xRy — R, where F is defined in (1.1). The
following result easily proved:

Proposition 1.1. The process (qi, pi)i>0 s Markov and (P,);>0 has the semigroup
property: Prys = P, Ps, t,5 > 0.

For any probability measure p on Ry x [0, 1] such that p(p) := [ p p(dg, dp) € R,
let us set

1
i(dg, dp) := ——p ju(dg; dp).
fi(dg, dp) ) p(dg, dp)

For any m = 7(dp) € P(Ry) with 7(p) := [ pn(dp) € R we also set

D S
7(dp) = ety (dp). (1.3)

and we denote by P, the law of an i.i.d. sequence (v;);>1 with marginal distribution
m, i.e.

P, = ®iEZ’;7T(d'Ui)- (14)

Proposition 1.2. Let m € P(Ry) with w(p) € R%.. Under Pz, iy — dq®7 a.s. as
t — +oo.

1.4. Large deviations rates. In this section we define the rate functionals I and I
for the large deviations of (quo"p 0))t>0, and some preliminary notation is needed.
First, for convenience of the reader, we recall here the
Definition 1.3. Let (P¢);~0 C P([0,1[xR). For two lower semicontinuous func-
tionals I, T: P([0, 1[xR1) — [0, +00], (Pt)t>0 satisfies
- a large deviations upper bound with speed t and rate I, if
— 1
m - < —i .
A 7los PO = = 1) o)

for each closed set C C P([0,1[xRy)
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- a large deviations lower bound with speed t and rate I, if

lm +1ogP,(0) > — inf T(u) (L.6)

t——+o00 ue
for each open set O C P([0,1[xR4).

The family (P;);~0 is said to satisfy a large deviations principle if both the upper
and lower bounds hold with same rate I = 1.

For X a metric space, p € P(X) and f € Li(X,du), p(f) = p(f(z)) =
Ju(dz) f(x) denotes the integral of f with respect to p. For i, v probability mea-
sures on X, H(v | p) is the relative entropy of v with respect to pu, this notation is
used regardless of the space X.

For £ € [0, 1] we define the measure A, € P([0,1]) as

11 dg if € €01
N(dg) = 0,¢((q) dg . ]0,1] (17)
do(dq) ift=0
where dg is the Lebesgue measure on [0, 1[. Let us define Q5 C P([0,1[xR4) as
Qo == {p(dg, dp) = n(dp) dg, # € P(RY), m(p) < +o0} (1.8)
and 2 C P([0,1[xRy) as
1= { p(da, dp) = crm(dp) dq + oz o (dp) dg + a3 b0 (dp) Ae(da) -

(1.9)
a; € [O, 1], ar+oaxt+az=17me€ P(Ri), 7T(p) < 400, L € [O, 1)}

where here and hereafter we understand 7 (p) := [pn(dp) €0, +o0].

If € Q then the writing (1.9) is unique up to the trivial arbitrary choice of
m or ¢ when respectively oy = 0 or a3 = 0. We adopt throughout the paper the
convention

0-00=0. (1.10)
Definition 1.4. Let
&= sup{c ER : ¢(eP) < —i—oo} € [0, +o0], (1.11)
€ := —limlimelog ¢([e(1 — 6),e(1 + 8)]) € [0, +o<]. (1.12)
510 |0

If moreover m € P(R,) satisfies m(p) < +oco, define 7 as in (1.3). Then the
functionals I and I are defined as

~ _1 . . . 1 C
() = {alw(p) H(7|¢) + (a2 +as™ )¢ ifpe Q is given by (1.9) (1.13)
400 otherwise
- H (7 ¢ if e Qs given by (1.9
() = {aw(p) (7]0) +a2€+as 7€ itpe Qisgivenby (19) (0
400 otherwise

Lemma 1.5. For any ¢ € P(R}) we have £ > £ > 0 and therefore 1 > 1.

Proof: If ¢ < £ then ¢(e®/P) < 400 and therefore

O P L COET s E



Large deviations for a random speed particle 743

so that
€ = —limlimelog ([e(1 — 8), (1 + 6)]) > c
510 20
and letting ¢ T & we have the result. 0

The following example shows that the inequality & > & can be strict.

1 . —
Ezample 1.6. Let ¢ := 7 2672] dg-5. Then £ =1 and § = +o0.

Jj=0

Proof: For ¢ >0

1 .
c/ _ - (c—1)27
/e pd)(dp) - Zze
j=0
which is finite if and only if ¢ < 1, so that { = 1. On the other hand, it is easy to
check that for 6 < 1/2 and e; = 3277, ¢([g;(1—0),&;(1+8)[) = 0, so that € = +o0.
O

However, for many cases of interest one has £ = ¢. For instance, if ¢ is such that

£+ L(p
(b([O;pD = €xXp <_% ) p Z Oa
for some function L continuous at 0, then & = ¢. This is for instance the case
if ¢(dp) = exp~¢P ¢ p~2dp for some ¢ > 0 (which corresponds to exponential
interarrival times) or ¢(dp) = p" M (p)dp for some r > 2 and some function M
slowly varying at 0 (which yields £ = 0 and interarrival times with polynomial
decay).

1.5. Main results. Recall that a functional J : P([0,1[xR;) — [0, +o0] is good if
its sublevel sets are compact, namely if the set {u € P([0,1[xRy) : J(u) < M}
is compact for all M > 0. In other words, a functional is good iff it is coercive
(namely its sublevel sets are precompact) and lower semicontinuous (namely the
sublevel sets are closed).

Proposition 1.7. The functionals I and I are good.

We can now state the main result of this paper.

Theorem 1.8. For all (qo,po) € [0,1[x 0, +00], the sequence (quo’po))bo satisfies
a large deviations upper bound with with speed t and rate 1, and a large deviations

lower bound with with speed t and rate 1.
The sequence (quo’m))

good rate 1 iff £ = &.

t>0 satisfies a large deviations principle with speed t and

1.6. A comparison with previous work. We note that in Lefevere et al. (2011a)
we have studied a large deviations principle for the empirical measure of renewal
processes, which turns out to be strictly related to Theorem 1.8. We recall the
definition of backward recurrence time process (Ai)e>0 and the forward recurrence
time process (By)e>o are defined by

At ::t—SNtfl, Bt = SNt—t, tZO,
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where S :=0, S, =71 +---+7,,n>1, and

Nt = Z ]'(Sngt) = inf {n Z O : Sn > t}

n=0

is the number of renewals before time ¢ > 0, see Asmussen (2003). Then we can
see that, in our context, if Ty = 0 then

B o
A+ B’ pt_At‘f'Bt,

Therefore one could expect that a LDP for (A, By)i>o yields an analogous LDP
for (g, pi)i>0 by a contraction principle. However, (i, pt)i>0 is not a continuous
function of (A, By)i>o, in particular if A, + B, — +oc then ¢, can oscillate in [0, 1].
Indeed, the LDP for the empirical measure of (A, Bt)r>o at speed ¢ holds for any
inter-arrival distribution for the i.i.d. sequence (7;);>1 and the rate functional is
similar to I'in (1.13), but it does not contain the last term with /=1, see Lefevere
et al. (2011a).

In Lefevere and Zambotti (2010); Lefevere et al. (2011b, 2010) our random speed
particle in a box is used to construct a class of dynamics which can model the
transport of heat in certain materials and which displays anomalous large devia-
tions properties, in particular a lack of analyticity of the LD rate functionals of
certain physical observables like the energy current. The results of this paper clar-
ify such anomalies, which are related with the appearance of the additional terms
multiplying & in the expression (1.13) of I.

Finally, we note that the process (¢:, p:)i>0 is a simple example of a piecewise
deterministic process, see Davis (1993); Jacobsen (2006). For other results on large
deviations of a class of piecewise deterministic processes, see Faggionato et al.
(2010).

qt t> 0.

2. The rate functionals

In this section we study the rate functionals I and I defined in (1.13) and, respec-
tively, (1.14). We recall that any p € © can be written in the form (1.9); however
7 or £ are not uniquely defined if a; = 0 or ag = 0 respectively. In order to have a
notational consistency and avoid to distinguish all different cases, throughout this
section we set m = ¢ whenever a; =0 and ¢ = 1/2 whenever ag = 0.

We denote by Ch(Ry) the space of all bounded continuous functions on Ry =
[0, +o0f.

Lemma 2.1. For all m € P(Ry) and a >0
m(p) H (7 | ¢) = sup (m(pg) — 7(p) log ¢(e¥))
©

= sup (7(pp) —7m(p)logp(e?)) = sup 7(pyp)
¢ p(e?)=a 01 p(e?)=1

where the suprema are taken over ¢ € Cp(Ry).

Proof: 1t is well known that

H(7|¢) = sup (7(p) —logg(e?)).
»€Ch(Ry)
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Now, suppose that ¢(e?) = a > 0 and set ¢ := ¢ — loga. Then

(pp) — m(p) log $(e¥) = m(py) — m(p) log p(e")
and ¢(e?) = 1. Therefore the quantity

sup  (m(pp) — m(p)logp(e?)) = sup  (m(pyp) — 7(p)log p(e¥))
1 p(e®)=a o p(er)=1

does not depend on a > 0 and is equal to

sup ;(ug): (m(pp) — m(p) log (e¥)) = Sup (m(pp) — m(p) log p(e¥))

=n(p) H (7| ¢).
O
The proof of Proposition 1.7 is splitted in the two following proofs for I and I.

Lemma 2.2. The sublevels of 1 are compact.

Proof: Let (tn)n C P([0,1[xR4+) be a sequence of probability measures such that

@ I(pn) < 400. (2.1)
We need to prove that (uy, )y is precompact (coercivity of I') and that for any limit
point p of (p,), lim, . I(pn) > I(p) (lower semicontinuity of I). Notice that

(2.1) implies p, € Q for n large enough, i.e. by (1.9), we have

pin(dp, dq) = o1 n T (dp)dq + a2, S0(dp)dq + az ., o(dp) e, (dq) (2.2)

with 7, (p) < +o0.
Coercivity of 1. Let us first show that

lim _pin(p) < 400 (2.3)
By the bound (2.1) and the definition (1.13) of I
C
Un(p) < ——
)= HG9)
for some finite constant C' > 1. On the other hand, by (2.2)
1
n = Q1 Ty < Ty = =
12 (p) 1, (p) (p) Wn(pfl)

and thus
C

= T, W7 l9) V 7a ()
The denominator in the right hand side is uniformly bounded away from 0. Indeed,
if there is a subsequence (7, )x along which H(7,, |¢) vanishes, then 7,, — ¢, and
thus lim infy, 7, (p71) > ¢(p~!) > 0. Thus (2.3) holds.

For each M > 0, the set Qp := {p € Q : p(p) < M} is compact, and by (2.3),
i € Qs for some M large enough and for any n. Thus (uy, ), is precompact.

lim 115 (p)

Semi-continuity of 1. Let p € P(Ry) be such that along some subsequence, again
denoted (ptn)n, tn — . Passing to subsequences, still labeled by n for notational
simplicity, we can assume that «;, — @&; for i = 1,2,3 and £, — £ € [0,1] as
n — +o0. Note that, in general, one could have that &; # a; and £ # /.
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Since fin (p) = a1,n T (p) is uniformly bounded by (2.3), if @ > 0 then (m,), is
compact in P(R4). Therefore, up to passing to a further subsequence

liTIln Ty, = O (ﬂ( +(1- 5)50) (2.4)
for some § € [0,1] and ¢ € P(Ry4) such that (({0}) = 0 and ((p) < +oo. In the

same way
lim a37n)\gn = 073)\[.
n

Thus patching all together, we have p € €, in particular

p(dp, dq) = am(dp) dq + a2 do(dp) dg + a3 do(dp) Ae(dq),
with
ayp = f3
g = Qg + 541(1 — ﬂ) + 073]].{1}([7)
i (2.5)
Q3 = d31[011[(£)

T=( if a3 >0

and m € q is chosen arbitrarily whenever a3 = 0. Therefore, we want to prove
that

lim I(pn) = lm  [pn(p) H(7n|o) + (a2m + asnly?) €]

n—-+o0o n—-+4oo
> u(p) H(7|¢) + (a2 + a3 £71) &,
with the usual convention 0 - oo = 0. Since

lim (aon+as,6,') >a+asl ' =a+asl ' —a(1-73)

n—-+4oo

to conclude we are left to prove

im i, (p) H(7n|@) = @18 u(p) H(7|9) + £ (1 — ). (2.6)

n—-+o0o
Recall that

pn (D) H(7n|¢) = arnma(p)  sup  (Fn(p) — log d(e?))
PECH(Ry)

=ai, sup  (mn(pp) — mn(p) log ¢(e?)).
P€CL(R4)

By a limiting argument, it is easily seen that the supremum in the above formula
can be taken over the set of measurable functions ¢ such that

e? € LiRy,9),  prpe(p) € Li(Ry, m). (2.7)

Let us fix ¢ > 0 such that ¢(e®/?) < 4+o00. For § > 0, let x = x5 : Ry — [0,1] be
a smooth decreasing function such that x(p) = 1 for p € [0,6] and x(p) = 0 for
p>2§. For § >0 and ¢ € Cp(R), consider the test function

@s(p) = gx(p) + (1 =x()el), p>0.

Since ¢ < &, then s satisfies the integrability conditions (2.7) and therefore
Hn (p) H(frn|¢) > al,n(ﬂn (p@(?) — Tn (p) log d)(e‘”))

— i [ema(3) + map(1 = )9) — Ta(@) log 8(e#)] . D
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If now

o(e?) <1, (2.9)
then for each ¢ < ¢ there exists dy(c, ¢) such that for each 6 < dg(c, @)

d(e¥?) < 1. (2.10)

In particular, if ¢ € Cy(R,) satisfies (2.9) and § < dg(c, ), then the logarithm in
the last line of (2.8) is negative. By (2.4) then

lm  p,(p) H(7nle) >

n—+oo
z an(l = P)e+anfr(p(l — x)p) — arfn(p)log ¢(e”).
Since m({0}) = ¢({0}) = 0 and e¥s < e/? € L(¢), as & | 0 we have x = x5 | Lo}
and by dominated convergence
m(p(1=x)p) = w(pp),  B(e”) — d(e?).
Finally, taking the limit ¢ T £, we obtain that the inequality
lim pin (p) H(Tn|¢) = a1(1 = B)¢ + ar S m(pg) — an S m(p)log 6(e”)

=a(1-B) €+ afn(p)[7(p) —log d(e?)],

with the usual convention 0- oo = 0, holds for any ¢ € C,(R4) satisfying (2.9). By
Lemma 2.1, taking the supremum of the quantity in square brackets in the last line
of (2.11) over all ¢ satisfying (2.9), we obtain (2.6). O

(2.11)

Lemma 2.3. The sublevels of 1 are compact and 1 is lower semicontinuous.

Proof: SinceI < I, then {T < M} C {I < M} and therefore by Lemma 2.2 {T < M}
is pre-compact. Let us now show lower semi-continuity. We set J :=1—1> 0 and
we remark that

az 7! (€=¢&) if p e Qis given by (1.9)

I(p) = :
+00 otherwise

with the usual convention 0- oo = 0. Since €2 is closed in P([0, 1[xRy), then J is

lower semi-continuous; indeed, the only non trivial case is for a sequence Q2 > u,, —

w such that as,, — 0, and in this case by (2.5) above u €  must be given by (1.9)
with ag = 0. Therefore J(u) =0 < lim,, J(11,), since € > €. O

The next lemma will be used in the following.
Lemma 2.4. Let
Q:={peQ: (1.9) holds with ay =0, ¢ >0} (2.12)

Then Q is I-dense in P([0,1[xR.), namely for each p € P([0,1[xR) such that
I(p) < +o0 there exists a sequence (jin)n in Q such that p, — p and lim, I(1,) <

I(p).
Proof: Since I(i1) < +oo then p € Q and it can be written as in (1.9). If ag = 1,
then we consider ¢, := ¢+ 1/n and

tin(dq, dp) := do(dp) Ar,, (dg),

where n € Z is large enough to have ¢ 4+ 1/n < 1. Therefore we can suppose that
a1 + ag > 0. In what follows, if a3 = 0 then 7 := .
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Let ¢ := max{{ — ¢,0} for ¢ > 0 and define
pn(dg, dp) = (a1 + a2) 7 (dp) dg + azdo(dp)re(dg),

(g Ljy/n. ool () T(dp) o e/? Lio,1/n)(p) ¥(dp)
a1 + ag w(]1/n, +o0[) f[O,l/n] ec/P y(dp) :

Then p, € Q and p,, — u. Note that
i H (70, | ¢) = a1 H(7| ) +ase < an H(T[§) + a2

and from this it follows easily that lim,, I(1,) < I(u). O

3. Preliminary estimates

3.1. Law of large numbers. In this section we prove Proposition 1.2, which will
come useful in the following.

Proof of Proposition 1.2: By (3.3), it is enough to prove that Pz-a.s. i, = dg® 7
as t — +o0. For all f € C(]0,1] x Ry) we have
’L/Nt+1(t751\7t)
/ f(qath+l)dQ'
0

Zv / f(g;vi) dq +

=1

tUNH‘l

By the strong law of large numbers a.s.

ngrfoonzvz/ flg,vi dq—/ #(f(q,p)/p)dg = %/@ m(f(g,p)) dq.

By the renewal Theorem, a.s.

. Nt 1 ﬂ-(p) *
lim — = = =u(p) € RY.
t—too t Ez(m1)  [p 1—17 m(dp) () +

Therefore a.s.

1
t~;+oo t Ntzvl/ f q’vl _A Tr(f(Qap))dq

On the other hand, by the law of large numbers a.s.

Shn
lim — =7(1/p) = —,
n—+oo N (p)
so that a.s.
Sy, N, - S
lim 22 = lim ﬂ—t:l7 lim N — 0.
t—+oco t—-+oo Nt t t——+o00 t
It follows that a.s.
1 ’L)Nt+1(t SNt) _SN
dg| < 1i £ 0o = 0.
Jim | [ f@onoi)da) < Jim SN g
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3.2. A simplified empirical measure. We consider the case of a particle which is
emitted from ¢ = 0 at time ¢t = 0 with initial speed v; = 1/7y. In other words, we
suppose that Ty = 0 and we consider the (undelayed) classical renewal process

SO::Ou Sn::Tl+"'+7—n7 nZL

and the corresponding counting process
oo
Nt ::Zﬂ.(sngt), tZO
n=1

We define the process (q;,D;)t>0, where
(qtuz_?t) = F(tu (Tn)n21) = (UNt-i-l (t - SNr) 7UNt+1)

t— 81 1
_<¢,—) if S,1<t<S, n>1t>0.

Tn Tn

Then, for any initial condition (go,po) € [0, 1] x |0, +00], the process (q;, p;) can be
written in terms of (G,, B;)t>0

(go + pot, po) it t<Ty,
(gt pt) = (3.1)
(G710, Pr—7) it t>1Tp.

We consider now the empirical measure 7, of (g, D;)i>0

Ty = - dg. 7.y ds € P([0,1[xRy), >0,
0,¢]
and we denote by P; the law of 7i,. An explicit computation shows that for all
measurable f: [0,1] x Ry — R bounded from below

1
tthJrl

1 N 1 1 UNg+1(t—SNy)
=1 > [ fawdit —— [ Flg.ow)da (32)
i=1 ' 70 0

By (3.1), for any initial condition (pg, qo) and t > T,

1 T t—Ty _
e = 7 ) O(go+spo.po) 45 + KTy
so that
_ 2Ty
1t — T, [l ot < - t > To, (3.3)

where || - || tot denotes the total variation norm. Therefore, the large deviations rate
functionals of (p;);>0 and (@,)i>0 are the same, see Dembo and Zeitouni (2010,
Chap. 4), and thus Theorem 1.8 is equivalent to the following

Theorem 3.1. The sequence (P)i>o salisfies a large deviations upper bound with
with speed (t) and rate I and a large deviations lower bound with with speed t and
rate 1.
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4. Upper bound at speed t

4.1. A heuristic argument. Let us show the basic idea of the upper bound. Let
us suppose for simplicity that £ = 0. We want to estimate from above for A a
measurable subset of P ([0, 1[xR)

! 1 =171, (f) t7(f) ; 1 th, (f
_ — _ _ t t < — _ 7, (f)
; logP(A) ; logEy (]l(uteA) e e ) 7Ptelf w(f)+ . log E (e )

where we choose an arbitrary f : Ry — R such that ¢(ef/”) = 1. For such f one
can see that

1 -
n logE, (et“t(f)) =0

and then we obtain

lim sup — logIP’(ut eA)<—  sup {mf w(f)] .
t——+oo fro(et/r)=1 TeA
By a minimax argument
sup inf w(f)} = inf sup  7(f)| = inf sup  7(py)| -
frp(ef/p)=1 L’GA TCA | £ p(ef/P)=1 TEA | 4 pev)=1

By Lemma 2.1, the quantity in square brackets is equal to 7(p) H(7 | ¢) and we
have the upper bound.

4.2. Ezxponential tightness.

Lemma 4.1.

MEIEOO tl}IJPoo - log]P’(ut( ) > M) = —c0. (4.1)

In particular the sequence (Py)isq is emponentmlly tight with speed t, namely

inf lim - 1og P:(K) = —oc.
KccP([0,1[xR4) t—+o0 ¢

Proof: Note that by (3.2), if [tM]| > 1
_ N, t— SNt
>y = {5

t tTNt—i-l

> M} CA{Ni+1> [tM]} = {S|im) <t}
Therefore by the Markov inequality
P(fi,(p) > M) <P (Spnr) <t) < e'E (e Sun) = et~ LM loge

where ¢c™1 ;= E (e_l/vl) < 1. The inequality (4.1) follows by taking the limsup as
t — 400 and M — +o0. Since for any M > 0 the set { € P([0,1[xRy) : pu(p) <
M} is compact, exponential tightness follows. O

4.3. Free energy. For f € C.([0,1] x R}) we set

/ f(r,v)dr, (q,v) €]0,1] x Ry.

Let A be the set of all bounded lower semicontinuous functions f : [0, 1[xR; — R
such that

Cy = / d(dv) e/ B/P <1 (4.2)
10,400
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and

5>0

Dy = sup/ B(dv) e TP < oo, (4.3)
(0,1/s]

Proposition 4.2. For all f € A

t

. D
sup Eg (7)) = sup E, (exp </ f@@)ds)) < gow < oo (44)
t>0 t>0 0 f

Proof: Since C'y > 0, we can introduce the probability measure

1 v
or(dv) := o o(dv) e
/
and denote by ¢, the law of S, under Py,. Then we can write by (3.2)

Eq (exp (/tf@s’ps )) Eg (L (n,—0) exp (tf(tv1,v1)))
+ ZE;& < (Ny=n) €XP (i fa = Sn) f((t - Sn)”n+1vvn+1)>>

i=1

d) d’U t f(tv,v) + / Oj Cn dS / gf)(d’l)) e(tfs) F((t—s)v,v)
/ Z 0,1/(t—s)|

< Dy Zcf .
n=0

1-Cf
(]
Lemma 4.3. For all p € Q2
?‘é‘i“(f) = 1(p). (4.5)
Proof: For ¢ € Cc(Ry), ¢ <& 6> 0and m e (0,1), let
Lig my(r
Fosiom(rn) = o) + Lo 22 ) € f0,1[xE.
Then
1 - c *
5 fc,é,ga,m(lvp) = Sp(p) + ;1[0,5[(19)7 pE IR-{-'
Notice that
/ ¢(d’l)) esfcygﬁ‘,,m(sv,u) _ / ¢(dp) exp (/ dr fc,5,@7m(p7 T))
(0,1/s] (0,1/s] [0,ps) p
c ps) A'm c
= [ o) exp (psoto) + SLoaip) L) <ol [ gy envien
(0,1/s] p m (0,400)

which is bounded uniformly in s, so that (4.3) holds for f = fcs54.m. Let now
a<l. If

ple?)=a<1 (4.6)
then there exists dp = do(c, ¢) such that for all § < dy

Cposrom = 0 (esHiT00) <1
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and therefore f. s, m € A. Now, if p is given by (1.9) then
(11
P feb,0,m) = c1m(pp) + cag + caz min {?7 E} .

Since 7(py) = p(p) 7(p) then
Sup (i(f) 2 supsupsup (i fe,s.6.m)
feA

© cm

= u(p) sup {7 () —log ¢(e?)} + pu(p) loga + (az + asl™") ¢

(with the usual convention 0 - co = 0) where the supremum on ¢ is performed over
[0, 60(c, ¢)[, the supremum on (¢, m) over [0,&] x [0, 1] and the supremum on ¢ over
p € C.(Ry) satisfying (4.6). By Lemma 2.1 the supremum over ¢ satisfying (4.6)
does not depend on a and equals u(p) H(7|¢), so that finally

;telgu(f) 2 sup {u(p) H(7|¢) + (az + asl™ )¢ + p(p) loga} = 1(p)
0

Proof of Theorem 1.8, upper bound: For M > 0, let Qp = {u e Q: ulp) < M}
and

=— 1 .
Ry = — tl}gloo n log P+ (Q5)-
For A measurable subset of P([0,1[xR,) and for f € A, by (4.4),

1 1 DU 1 . . .
S1ogP(A) =  logE, (etmmefwx)h) < 7 log {eftmfm HHE, (etutm)}

< — inf 5
Jnf u(f) + Ogl—cj

and therefore )
lim = < —i ) )
dim —logPy(A) < ;ggu(f) (4.7)

Let now O be an open subset of P([0, 1[xR ). Then applying (4.7) for A = ONQyy

lim — log P:(0) < t@ %log [2max (P (O N Qar), P(Q5))]

t—+4oo t
< — inf —-R = — inf AR
< Inax< e u(f), M) enf n(f) A R
which can be restated as
lim — logPt(O) < — inf If () (4.8)
t——4oo t ne®

for any open set O and any f € A and M > 0, where the functional Iy 5s is defined
as

Tyt (1) = w(fYNRy  if g€ Qu
f.M ’ +00 otherwise

Since f is lower semicontinuous and Q2); compact, I7 s is lower semicontinuous.
By minimizing (4.8) over f € A and M > 0 we obtain for every open set O

lim - log P:(O) < —sup inf If M (1)
t——+o0 f, MHE
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and by applying the minimax lemma Kipnis and Landim (1999, Appendix 2.3,
Lemma 3.3), we get that for every compact set K

— 1
. - < _ 3
tl}I_ElOO ; log P+(K) < ;22 iu]\g Ly ar(pe)

ie. (P¢)r>0 satisfies a large deviations upper bound on compact sets with speed ¢
and rate

I(p) = sup{Ipar(p), M >0, f €A}, peP(0,1] %[0, +00),

and since limps—, 4o Ry = +00 by Lemma 4.1

I(p) = sup{l(n), f € A}
where
u(f) itpeQ
Ip(u) ==
400 otherwise
Thus () > I(p) by Lemma 4.3. Therefore (P;)i>o satisfies a large deviations

upper bound with rate I on compact sets, and by the exponential tightness proved
in Lemma 4.1, it satisfies the full large deviations upper bound on closed sets. [

5. Lower bound at speed t

We are going to prove the lower bound in Theorem 1.8.

Proposition 5.1. For every pu € Q there exists a family Q. of probability measures
on P([0,1[xRy) such that Q; — §,, and

lim lH(Qt |Py) < I(n).

t——4oo t
Proof: Let us first suppose that u €  as in (2.12), i.e.
p(dg, dp) = acm(dp) dg + (1 — ) Ae(dgq) do (dp) (5.1)
with o € [0,1] and 7 € P(Ry), m := 7w(p) € R%, £ €]0,1[. Notice that pu(p) =

an(p) € Ry.
Suppose first that u(p) = 0, i.e. & = 0. In this case, we define by P*° the law on
R_Z:* such that under P*? the sequence (vi)i>1 is independent and
(1) vy has distribution
L1 —=0) L(1+9)

PO (v € dv) = ¢ (dv | K,), K= — ==

(2) for all i > 2, v; has law ¢.
Under P*9, 77, is a.s. equal to

ﬁ _ ]]-[O,tvl](dQ)

t tv1

Let us set Q; := P"® o7, '. Then we have

v, (dp).

lim lim =0,.
510 t1+oo0 Qi =0

Moreover
H(Q:|Py) <H (]P)t’(s | ]P’¢) = —log ¢(Ky),
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so that
tilToo —H(Q:|P) < - 13%“2{3 7 log([e(1 = 48),e(1 - ) =71 € =T(p).

We suppose now that o €]0,1[ and therefore u(p) = an(p) > 0. We set T} :=
|pu(p)t] and we suppose that ¢ > 1/u(p). Let us also fix 6 €]0,(1 — «)/2[. Let
us define by P9 the law on R L such that under P* the sequence (v;)i>1 is
independent and

(1) for all i < T}, v; has law 7
(2) vr,41 has distribution

pto (vp,41 €dv) = ¢ (dv ’ Kt) , K, = [

(3) for all i > T} 4+ 2, v; has law ¢.
Let us set Q; :=P" o ﬁt_l. Let us prove now that

G 02

By the law of large numbers, under Pz we have a.s.
S, .St Ty 1

li = lim =2t =_—_ = 1.
ST ST T Ty W =S

However St, has the same law under P and under P49, so we obtain

lim P (‘STT —a‘ > 5) = lim P: (‘SZ —a‘ > 5) =0. (5.3)

t——+oo t——+oo

Therefore, if we set

S
At = {‘ Zt - a‘ < 67 STt'i‘l > tu |UTt+1(t - STt) _€| < 5}

then, by (5.3) and by the definition of K; above, we obtain that for all § €]0, (1 —
a)/2]
lim PY°(4,) = 1.

t——+o0

Moreover on A; we have Ny = T} and therefore by (3.2) on A,

dq O dp
dLL Z th+1(t—STt) (dq) 6th+1 (dp) (54)

Then for any f € Cp([0,1] x Ry) we have
P, (f) = p(f) > &) < P ({Im(f) — p(f)] > e} N Ar) + P(A7)

and we already know that P“°(A¢) — 0 as t — +oo. Now, by (5.4), by the law of
the large numbers and by the definition of A,

lim lim P ({[7(f) = ()] > 2} 1 Ap) =0

and we obtain (5.2).
Now we estimate the entropy

H(Q:|P;) < H (P |Py) = T, H(7|¢) — log ¢(K), (5.5)
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so that

— 1
lim Tm 5 H(Q:|Pt) < u(p) H(Fle) - (1 - a)f‘llgg%slogoﬁ([s(l —8),e(1=4)]

= p(p) H(7 | 6) + (1 — ) ™'E = T().

Then there exists a map t — 6(¢t) > 0 vanishing as ¢ T +oo such that Q; :=
Q:,5(t) — 0 and limt_t_l H(Q: | Py) < I(p). )

Let now p € Q\ Q. Then, by Lemma 2.4 we can find a sequence (), in Q
such that p,, — g and lim, T(j,,) < I(11). Moreover, we now know that there exists
for all n a family Q} of probability measures on P([0,1[xRy) such that Q} — d,,,
and )

T - H(Q) [Py < T(ju,)

With a standard diagonal procedure we can find a family Q; such that Q; — d,
and

T < H(Qu | Po) < T(u).

t——+oo t

6. Optimality of the bounds

In this section we show that, for £ < ¢, the law of 77, satisfies a large deviations
lower bound and a large deviations upper bound with different rate functionals.
Let us set v € P([0, 1] x]0, 4+o00]) as

s L o(dp) M(dg) i 6(1/p) = 1/4b(7) €]0, +o]

do(dp) A1(dq) if ¢(7) = +o0

or a, £ €10,1] an > 0, let " be the ball of radius ¢ in x |0,1]) centere
For a, ¢ d§ >0, let AS" be the ball of radius & in P(X d

at ay + (1 — a)\p with respect to the standard Prohorov distance. We want to
prove that there exist subsequences (t)r and (sg)r such that

v(dg, dp) := {

. . 1 a,l _ _ —1
%%llglalogPtk (A5 )— (1—a)l™¢,

. . 1 a,l o —1F
lim lim = log P, (A6 ) = —(1—a)l e

Since the upper and the lower bound are proved, it is enough to prove that there
exist subsequences (t1); and (sx)x such that

. . 1 a,l —1
’ > —(1 — .
(%1_{1(13 hin P log Py, (A5 ) > —(1—a)l™¢, (6.1)
. . 1 a,l —1F
’ < — — . .
(%1_{1(13 hlzn . logPs, (A5 ) <—(1—-a) ¢ (6.2)

The inequality (6.1) follows in the same way as the lower bound. Take Q; to
be the law of @, when (7;); is a sequence of independent variables with law ) but
for i = |at/y(7)], for which 7; has law (- |7 > ¢(1 — a)/¢). Then H(Q;|P;) <
—logy([t(1 — a)/¢, +o0]) and

(1-a)
¢

nTm%H(Qt|Pt) snTm—%logw([t(l — )/, +oo[) = £



756 R. Lefevere, M. Mariani and L. Zambotti

On the other hand @, — ay+ (1 — )¢ under Q;. Therefore the inequality in (6.1)
is obtained along a subsequence () realizing the liminf in the above formula.

We prove now the inequality (6.2). Note that for ¢ > 0,

N
_ SNt t T(xl) t— SNt
He == g Sn, 0z, @ A1 + ¢ Ozt @ Ai=sy,,, -

T(@N,+1)

Let
0 = {u(dq, dp) = an(dp) M (dg) + (1 — @) 8, (dp)Ae(dg) :
€101, 7 € P(Ry), 7(p) < +o0, £ € [0,1), v > o}
and notice that we can define a one-to-one map
Q3 pe (aymlv) €]0,1[xP(Ry) x [0,1) x Ry,

Moreover, if 21 3 pu, — p € €4, it is easy to see that necessarily the associ-
ated (o, Tn, b, vy) also converge to (a,m,¢,v) €]0,1[ xP(R1) x [0,1) x Ry, and
conversely. Therefore, there exists §; > 0 such that

e (R S B

so that
t— S
P, (A(‘;"e) <P, (SNt <tla+6y), —2 < £+61) :

TNi+1

Now, let us calculate for 0 < 8 <1 and h € [0,1]
t _
IED (SNt S ﬁta

B e T S Ep
giP(Sngﬁt,TnHz(1;6)t>=ip(5n§6t)ﬂb(m+12(1;6)t>
- ({( t+ooD Z]P (Sn < Bt) _1/)<[(1;6)t,+ooD E (Ng).

Therefore, recalling that E(N;/t) stays bounded, by the definition of &

t—S
hm logIP’ (SNt < St A h)
TN+1

(1-5)
h

(=0

¢

< hm 1og1/1 ({ t, 400 D + hm logIE(Nﬁt)

so that

€.

Therefore (6.2) is obtained along a subsequence realizing the limsup in the above
fomula.

—1 a,l (1 - CY)
hgnglogPt (A5 ) < - 7
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7. The Donsker-Varadhan rate functional

As we have shown in the previous sections, the Markov process (q¢, pt)i>o0 dis-
plays a non-trivial behavior at the large-deviations level. In this final section we
compute the functional that would be expected, should one apply naively the stan-
dard Donsker-Varadhan theory.

7.1. The generator. We want to compute the infinitesimal generator (L, D(L)) of
the process (q¢, pi,t > 0), in the following weak sense: we say that f € D(L) if
f:10,1] x Ry — R is bounded continuous and there exists a bounded continuous
Lf:]0,1] x R} — R such that

t
Pf(en) = fap)+ [ PLfapids, %120, (q.0) € 0,1 xRy,
0
where (P;);>0 is the transition semigroup of (q;,pi, ¢ > 0) defined in (1.2). Then
we have the following

Proposition 7.1. The domain D(L) of L contains the set of bounded continuous
f:00,1] x Ry — R such that (q,p) — pg—g is bounded continuous and

f(lap) = f(()’ 1/7) 1/’(d7')7 vp € RJF? (71)

and for such functions Lf = paf

Proof: We recall that we denote the law of 7; by ¢ (d7) and the law of v; = 1/7; by
¢(du). The law of S,, := 71 + -+ + 7, is denoted as usual by the n-fold convolution
Y™ and we recall that T,, = Ty + 5,,. Then we can write

P; f(qo,po) =

t—"T,—1 1
= ]l(t<Tg) f(qo0 + pot, po) + ]l(t>T0 Z ( _i<t<t) f (717 —>)

Tn Tn

= Ly<n) f(qo0 + pot, po)+

t—Tp—s 1
e T
t>T) Z 0,t— T()] (S) ]t—T()—S,-'rOO[w( T)f T T

= Lgeny) flqo +p0t7p0)+

t—To—s 1
Hlom [ ) [ b(dr) <7 —)
[0,t—Tp] Jt—To—s,+00[ T T

where we recall that T}, = To(q,p) + 71 + - - - + 7, and we set ¥**(ds) = do(ds) and

fes) b o0 b
Ul th =3 / A CELICUESY / ¥*(ds), 0<a<b.

The renewal measure U(ds) gives the average nurnber of collisions in the time
interval ds. Let now g : [0,1]x ]0, +oo[+— R bounded and continuous. We define

/ dpdq g(q,p) Lucryqp)) Prf(a:p)
[0,1[xR

(1—tp) ™
=/ dp/ dqg(q,p) f(q+tp,p),
Ry 0
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Ix(t) r:/ dpdq g(q,p) Lusmy(q.p)) Prf(a:0)
[0,1[xR4

= / dpdqg(q.p) 1(@14,9)/ U(ds)-
[0,1[xR

[07t_l;pq]

t—11 5
==
]t—%—s,—i—oo[ T T

IA(L+(s—t4+7)p) t— 129 _g4 1
= [ 4(dr) U(ds) dp/ dqg(q.p) f + -]

R3 IAN(I+(s—t)p) T

Let us take the derivative in ¢

: d i 1-tp
Lt)=— h(t) = / dpp [/ dq g(q,p) folq+tp,p) —g(1 — tpm)f(l,p)}
0 0
= / dpdqgLy<r,) PLf — dpg(1 —tp,p) La_sp>0) f(1,p),
[0,1[XR+ ]R+
. d
h(t) = £ () =
INAH(s—t+m)p) T p—1=a _ 1
= [ (dr) U(ds) dp/ dg—=g(q,p) fg | —EF——, =
]Ri IN(1+(s—t)p)t T T T
+ s Y(dr) U(ds) dpp 1(0§1+(s—t)p§1) gL+ (s—=t)p,p) f (077'71)
RY

- U(dr) U(ds) dpp Lio<it(s—t4ryp<1) 9(1 + (s =t +7)p,p) f (1, 7'_1) .

g
Since ¢ x U = U — dy, if f satisfies the boundary condition (7.1) above, the last
term is equal to

- /}R2 Ul(ds) dpp 1(0§1+(s—t)p§1)9(1 + (s —t)p,p) i Y(dr) f (077'71)
+ +

+/ dpp Lio<1—4p) 9(1 — tp, p) Y(dr) f(0,771).
Ry Ry

By summing all terms, we obtain that for f satisfying (7.1)

t
/ g (Ptf—f)dpdq:/ g/ P,Lfdsdpdg.
[0,1[x Ry [0,1[xR4 0

On the other hand, if f € D(L) then we must have I (t) + I»(t) — [ g Lf dgdp as
t — 0. Now

hL(0+) = /]R+ dpp [/Oldqg(q,p) fala,p) —g(lap)f(lap)]

and since U(ds) = do(ds) + Ljo 4 oo[(s) U(ds)

i>(0+) = / dopg(Lp) [ wtdn) 0.7,
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Therefore

/ gLfdqdp=
[0,1[xRy
1
= / dp / dq g(q;p)p fq(a,p) +/ dppg(lm)/ b(dr) (F(0,771) = f(L,p)).
R, 0 R, Ry
If this is true for all bounded continuous g, then f must satisfy (7.1) above. O

7.2. The Donsker-Varadhan functional. We want now to show now that the func-
tional

Ipv(p)= sup (=(g~'Lg),) (7.2)
geD(L),g>0

differs from the correct large-deviations functional I.
Proposition 7.2. For all yu € Q, recall (1.9), we have

Ipv(p) = u(p) H (7| ¢). (7.3)
Proof: By assumption

11(dg, dp) = arm(dp) dg + a do(dp) dg + as do(dp) Ne(dg).
Then for g € D(L)

Lo 0,
—(g7"Lg)u :—al/ﬁ(dp)p/ a—qlogg: oq/ﬂ(dp)p log 9(0.p)
0

9(1,p)
= /ﬂ'(dp) p log g(0,p) — an /w(dp) p log ( A o(du) g((),u))

=arm(ph) — arm(p) log(¢(e")) = p(p) (7(h) — log(p(e")))
where h(p) :=log g(0,p). By Lemma 2.1, we can conclude. O

Comparing (7.3) with (1.13) one sees that the standard formula (7.2) fails to
take into account the non-trivial terms where ao and ag appear.
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