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Summary. We formulate large deviations principle (LDP) for diffusion pair (X¢,£%) =
(X5,&7), where first component has a small diffusion parameter while the second is ergodic
Markovian process with fast time. More exactly, the LDP is established for (X¢,»¢) with
ve(dt, dz) being an occupation type measure corresponding to £. In some sense we obtain
a combination of Freidlin-Wentzell’s and Donsker-Varadhan’s results. Our approach relies
the concept of the exponential tightness and Puhalskii’s theorem.

1. Introduction

Let ¢ be a small positive parameter, (X¢,£%) = (X7, &;)t>0 be a diffusion pair defined on
some stochastic basis (2, F,F = (F;)i>0, P) by 1t6’s equations w.r.t. independent Wiener
processes W; and V;:

IXF = ACXE. )it + VEBLXE €D

1
dg; = (éft)dtJr 7 a(&)dV; (1.1)
subject to fixed initial point (zq, 20).

Assume (X°¢,£°) is an ergodic process in the following sense. Let p(z) be the unique
invariant density of &%,

v P (dt, dz) = p(z)dtdz,

and Yt is a solution of an ordinary differential equation Yt = A(X;) with A(z) =
[ A R z)dz subject to the same initial point xg . Then for any bounded continu-
ous functlon h(t, z)and T > 0

e—0 0

P—lim [ At &)dt = // (t, 2)vP)(dt, dz),
P — lim (X5, X) =

e—0

(1.2)

where rp is the uniform metric on [0,7]. The above-mentioned ergodic property is a
motivation to examine LDP for pair (X¢,£°), or more exactly for pair (X¢,v¢), where
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V¢ = 1°(dt, dz) is an occupation measure on (Ry x R, B(R}) @ B(R)) (B(R4), B(R) are
the Borel o-algebras on R, and R respectively) corresponding to £°:

V(A X T) = /OOO [(teA, &€ cT)dt, AcB(R,), T cB(R). (1.3)

A choice of v¢ as the occupation measure is natural since the first ergodic property in (1.2)
is nothing but
P — lim pp(v%,v?)) =0,
e—0
where pr is Levy-Prohorov’s distance for restrictions of measures v° and v») on [0, 7] x R.

Also the first Ito’s equation in (1.1) and the predictable quadratic variation <M 5> , of a

martingale M7 fo € £5)dW, can be represented in the term of v©

Xs—xo—l-// v (ds,dz) + /e M,
(M?), = / /32 (X5, 2)v°(ds, dz).

The random measure v° obeys the disintegration v°(dt,dz) = dtK,-(t,dz) with the tran-
sition kernel K,-(t,dz) being probabilistic Dirac’s measure that is v values in space
M = Mg o) of o-finite (locally in t) measures v = v(dt,dz) on (R x R,B(R;) ® B(R))
obeying the disintegration v(dt,dz) = K, (t,dz)dt with the probabilistic transition kernel

W(t,dz) ([ K r Ku(t,dz) = 1). X° values in the space C = Cjg o of continuous function.
Deﬁne metrics r and p in C and M respectively, letting

X X" A1
T(X’,X”):Zrk( 721@ ) and p(v/,v" ZPkV V"
k>1 k>1

Evidently ergodic properties (1.2) are equivalent to

P — lim [r(X®, X) + p(v°, I/(p))} =0

e—0

and so for examination of the LDP for (X<, ) we choose the metric space (C x M, r X p).

Recall the definition of LDP from Varadhan [1] adapted to our setting. The family (X<, )
obeys the LDP in the metric space (C x M, r x p) if
(0.) there exists a function L(X,v), X € C,v € M, values in [0, 0o], such that its level sets
are compacts in (C x M, r x p);
(1.) for any open set G from (C x M, r X p)

li logP((X5,15) € G) > — inf L(X,
lim__oelogP((X°,1°) € G) > (xlil)ea( v);



(2.) for any closed set F' from (C x M, r x p)

lim._oclogP((X¢,0°) € F) < — inf L(X,
im._oelog P((X®,1°) € F) < (XIB)GF (X,v).

The function L(X,v), meeting in (0.), (1.), and (2.), is named rate function (action func-
tional in the terminology of Freidlin and Wentzell [2] or good rate function in the termi-
nology of Stroock [3]).

Below we recall well known particular results in LDP’s related to pair (X¢,£°) and give
corresponding forms of rate functions which will be inherited by a rate function for our
setting. Note at first LDP for family p®(dz) = v°(]0,1],dz) (on the space of probability
measures supplied by Levy-Prohorov’s metric) proved by Donsker and Varadhan [4], [5],
6], [7] for a wide class of Markov processes £§ = &;/.. Corresponding rate function obeys
an invariant form: for any probabilistic measure p on R

1) = =inf [ S aa)

where £ is backward Kolmogorov’s operator, respecting to &, and where ‘inf’ is taken over
all functions u(z) from the domain of definition for the operator £. For the diffusion case,
Gértner’s type of I(u) is well known ([8]):

I(n) { 2 [r0?(2) ["ni((j)) — ’:((;))]Qm(z)dz, dp =m(z)dz, dm(z) = m’'(z)dz, (1.4)

00, otherwise.

Freidlin-Wentzell’s result, [2], is devoted to LDP for diffusion X¢ with drift A(z) and
diffusion B?(z) (independent of z) in the space of continuous functions on every finite
time interval, supplied by the uniform metric. A rate function, say, for [0, 7] time interval
is given by

B2(Xy)
0, otherwise.

1 [X:—A(X0)]? dt, dX, = X.dt, Xo =
S(X): { 2f0 t tl, 0 o (15)
Other type of LDP for a degenerate diffusion X¢ defined by the first equation in (1.1) with
B(z,z) =0 and & = & /., where & is Markov process values in a finite state space, also is
well known from Freidlin [9]. In this case rate function has a form similar to (1.5) (H(y, x)
is some non negative function):

S(x { Jo H(Xy, Xo)dt, dX, = Xedt, Xo =g (1.6)

00, otherwise.

All above-mentioned LDP’s are inspired the examination of the LDP for (X¢,v¢). In some
sense, the LDP for (X<, ) is a combination of Donsker-Varadhan’s and Freidlin-Wenzell’s
results. Namely LDP for v° is a generalization one for u® while LDP for X*¢ is implied
by LDP for v° and for a diffusion martingale scaled by /. Hence, a rate function for
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(X¢,v°), is defined as a sum: L(X,v) = L1(X,v) + La(v), where L;(X,v) and Ly(v)
respect to X¢ and v® and what is more L;(X,v) has the same form as S(z) in (1.5)
with A(Xt) and B?(X;) replaced on A, (t,X;) = [, A(Xy,2)K,(t,dz) and BZ(t, X;) =
[ B*(Xt,2)K, (t,dz), where K, (t,dz) is the transition kernel of measure v.

Note that & € R and so the LDP for its occupation measure responds to a non compact
diffusion case. Also note that diffusion parameter B?(z,z) is not assumed to be non
singular and consequently B?(z,z) = 0 is admissible. The last allows to derive LDP for
a singular diffusion parameter case from LDP for v° using the contraction principle of
Varadhan [1] (continuous mapping method of Freidlin [10]). This result extends above-
mentioned [9] for non compact case.

In contrast with Freidlin and Wentzell [2], Donsker and Varadhan [4-7], Gértner [8], and
Veretennikov [11-12], and many others (see e.g. Acosta [13], Dupuis and Elis [14]) our
method of proof is based on Puhalskii’s theorem [15-16] and relies concepts of exponential
tightness and LD relative compactness.

The paper is organized as follows. In Section 2, we formulate the general assumptions and
the main result. Section 3 contains the method of proving LDP which also has been used
in [17]. In Section 4, we check the exponential tightness while in Section 5 and 6 the upper
and lower bounds in local LDP are verified. The main results are proved in Section 7. All
technical results are gathered in Appendix.

2. Assumptions. Main result

1. We fix the following conditions which are assumed to be fulfilled hereafter.
(A.1) A(z,z) and B(zx,z) are continuous in (z, z), Lipschitz continuous in z uniformly in z,
and sup (JA(0, z)| + | B(0, 2)|) < oo;

(A.2) 02(2) is bounded and and uniformly positive function; it is continuously differentiable,
having bounded and Lipschitz continuous derivative;
(A.3) b(z) is Lipschitz continuous, satisfying

| l|im b(z)sign z = —o0.
It would be noted that (A.2) and (A.3) imply, so called, assumption (H*) from [6].

2. It is well known (see [18]) that under (A.2) and (A.3) £° is ergodic process obeying the
unique invariant density

exp (2 fo

s dy
p(z) = const. y ) :

05 (2.1)

For a,ny v from M With the transition kernel K, (t,dz), deﬁne K, (t,dz)-averaged drift
= [ A( v(t,dz) and diffusion parameter BZ(t,x) = [, B*(x,2)K,(t,dz). If



v is absolutely continuous w.r.t. A(dt,dz) = dtdz, put

n(t,z) = 3—1(15,2). (2.2)

If the density n(t, z) is absolutely continuous w.r.t. dz: d,n(t,z) = n’(t, z)dz, a function
n’(t, z) is chosen to be measurable in t, z.
Throughout the paper, we use conventions 0/0 = 0 and min(inf)(()) = occ.

For every v € M and X € C define two quantities (comp. (1.4) and (1.5)):

n(t,z) p(2)
0, otherwise;

S(X.w) = {fo e AV GXOP 3 X — Xdt, Xy = 0

/ / 2
Fl) = { 1 SR 02(2)[nz(t’z) — 2@\ (¢, 2)dzdt, dv = ndA, dyn = n.dz

BZ(t,Xy)
0, otherwise.

(2.3)

3. Now we are in the position to formulate the main result.

Theorem 2.1. Under (A.1), (A.2), and (A.3) the family (X¢,v°) obeys the LDP in
(C x M, r x p) with rate function

L(X,v)= %S(X, v)+ éF(V)

4. LDP’s for families (X¢) and (£°) run out from Theorem 2.1.
Corollary 2.1. (v°) obeys the LDP in (M, p) with rate function §F(v).

Corollary 2.2. (comp. [9]) (X¢) obeys the LDP in (C,r) with rate function S(X) =
inf,enm L(X, v). In particular, if B(z,z) = 0, it is sufficiently to take ‘inf’ over all v from
M with the transition kernel K, (t,dz) = p(dz) with du = m(z)dz such that the density
m(z) = %’ﬁ(z) is absolutely continuous w.r.t. dz (m'(z) = d";—iz)). In this case, rate

function it d cd
S(X) _ { B fo ts t ) ' ’ 0 Zo (24)
0, otherwise,
where ) /()72
H(y,x :inf/azz m\eE)_P) m(z)dz, 2.5
() =inf | ()| =25 () (2:5)

and where ‘inf’ is taken over all above-mentioned measures p such that
y = / Az, z)m(z)dz.
R

As an example, also the LDP for the family of the Donsker and Varadhan occupation
measures u°(dz) = v°([0,1] x dz), corresponding to diffusion case, can be derived from
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Theorem 2.1. In fact, due to the contraction principle, (1°) obeys the LDP with Gértner’s
type rate function (see (1.4)) I(u) = inf £ F (), where ‘inf’ is taken over all v € M such
that

v(dt,dz) = I(1 > t)dtu(dz) + I(1 < t)vP) (dt, dz).

3. Preliminaries

For proving LDP for the family (X¢, »¢) in the metric space (CxM, r x p) we apply Dawson-
Gértner’s type theorem (see e.g. [19]. Following it the LDP in (C x M, r X p) is implied
by LDP’s in the metric spaces (Cg ) X Mg ], 7n X pn), n > 1, where Clo,n) is the space
of continuous functions on the time interval [0, n], Mg,y is the space of finite measures on
[0,n] X R, having probabilistic transition kernel w.r.t. dt, r,, is the uniform metric, and p,,
is Levy-Prohorov’s metric. The definition of the LDP in (Cg ) X Mg ), 7n X py) is given
in terms of (0.), (1.), and (2.) with obvious modifications. Moreover, if L, (X,v),n > 1
are rate functions, corresponding to LDP’s in (Cig ) X Mg nj,7n X pn),n > 1, then rate
function in (C x M, r x p) is defined as

L(X,v)= Slrllan(X’ v). (3.1)

Hence only the LDP in (Cig 1) x Mg 1,77 X pr) has to be checked for any T' > 0. Our
approach in proving the LDP in (Cjo 1) X Mg 71,77 X pr), T > 0 relies the concept of the
exponential tightness and notions of LD relative compactness and local LDP. Below we
give necessary definitions.

Definition 1. The family (X¢,v°) is said to be exponentially tight in the metric space
(Cio,1) X Mo, 77,71 X pr), if there exists an increasing sequence of compacts (Kj);>1 such
that

limli_r%e log P((X®,v°) € {Cjo,71 x Mg 11} \ K;) = —o0. (3.2)
J &~

(Deuschel and Stroock [20], Lynch and Sethuraman [21].)

Definition 2. The family (X ¢, v°) is said to be LD relatively compact in (Cjg, 7 x Mg 17, r7 X
pr), if any decreasing to zero sequence (g ) contains further subsequence (gx) ((x) C (ex))
such that the family (X°®*,v%*) obeys the LDP in (Ciy ) x Mo 7}, 77 X pr) (with rate
function Ly(X,v)).
(Puhalskii [15-16].)

Definition 3 The family (X, v°) is said to be obey the local LDP in (Cjo 71X Mo 77, 77 X pT)
with local rate function ZT(X, v), if for any (X, v) from Cj 1y x Mo 1

lim Tim. oc log P ((rr (X%, X) + pr(v7, v) < )

= lim lim, e log P ((rr (X, X) + pr (v, v) < 9)

= —Lp(X,v). (3:3)



(Freidlin and Wentzell [2].)

The connecting component of these notions used in the proof of the next result is Puhalskii’s
theorem [15-16]. Below we formulate only the first part of it.

Theorem P. If (X¢,v°) is exponentially tight family in (Cjo 7] X Mg 7],77 X pr), then
it is LD relatively compact.

The following result is a reformulation of Theorem 1.3 from [17].

Proposition 3.1. The exponential tightness and the local LDP for the family

(X*=,v%) in (Cjo,1) X Mg, 1), 77 X pr) imply the LDP in (Cio 7] X Mg 7}, 77 X pr) for this
family with (good) rate function Ly (X,v) = Ly(X,v), where Ly (X,v) is the local rate
function.

4. Exponential tightness in Cy 7} x Mg 7

Theorem 4.1. Under assumptions (A.1), (A.2), and (A.3) the family (X¢,v°) is expo-
nentially tight in Cyo 7 x Mg 7.

Proof. Following Definition 1, (3.2) has to be checked. It is clear it takes place if

lim hmglogP(X € Cpory \ Kj) = —0

Jj €—0

hmhmslogP(V € Mjo,1 \K )

j e—0

—00, (4.1)

where K ]’ and K ]’-’ are appropriate increasing sequences of compacts from Cg 77 and Mg 7
respectively. It is naturally to use as compacts K j’ increasing sets of uniformly bounded
and equicontinuous functions from Cjy 7 parametrized by j. Since the process (Xf,&5)¢>0
is defined on a stochastic basis with the filtration F one can use Aldous-Puhalskii’s type
sufficient conditions (see [15], and also Theorem 3.1 in [17]) for C-exponential tightness:

lim hmz—:logP(sup|X | >j) =—o0

j e—0
lim limelog sup P(sup X5, — X5 >n) =—o0, V>0, (4.2)
6—0e—0 T<T—6§  t<

where 7 is a stopping time w.r.t. the filtration F. Following Theorem 3.1 in [17], (4.2)
implies the validity of the first part in (4.1) with above-mentioned compacts K’; of uniformly
bounded and equicontinuous functions. Now, choose relevant compacts K/, j > 1:

K7 = () {v e Moy ;/0 /|Z|>m v(dt,dz) < g(m)}, (4.3)

mz2j
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where g(y),y > 0 is positive continuous decreasing function with lim g(y) = 0. In fact, if
y—00

vy € K,k > 1 then we have for any m > j sup/ / k(dt,dz) < g(m) that is the

|z\>m

set K/ is tight and by Prohorov’s theorem (see [22]) is relatively compact. On the other
hand, since the set {z : [2[ > m} is open a limit of any converging sequence from K7’ also
belongs to K that is K7 is compact in (Mg 1), pr). Evidently K C K, ,. Below we
choose a special function g(y), suited to assumption (A.3), to satisfy the second part in
(4.1).

We check the validity of (4.1) in the next two lemmas.

Lemma 4.1. Under (A.1) the first relation in (4.1) holds.

Lemma 4.2. Under (A.2) and (A.3) the second relation in (4.1) holds.

Proof of Lemma 4.1. Put
Z{ =sup|Zy|.
<t

By virtue of (A.1) we have |A(z, z)| < ¢(1 + |z|). Therefore, with ¢ < T, we derive from
(1.1)
t
X5 < y;c0|+£/ (14 X5*)ds + e M5, (4.4)
0

where M; fo ,€2)dW;. Due to Bellman-Gronwall’s inequality, (4.4) implies X3*
const.(1+ /e M E"‘) Wlth const., depending only on |z, ¢, and T. Therefore, the first part
of (4.2) holds if

lim lime log P (MZ* > j) = —oc. (4.5)

j e€—0

On the other hand, by Chebyshev’s inequality P(pr* > j) < j_l/EE(M?‘)l/E and so,
elogP(Mg* > j) < —logj + elog E(M%*)l/e. Thereby (4.5) holds if

lime log E(Mrfp*)l/s < 00. (4.6)

e—0

Below we check the validity (4.6). Assuming 1/¢ > 2 and applying It6’s formula to | Mg |'/¢,
we get

1 t
M1 = 2 [ (s MBS €)W

1—5

= [z s

that is [MF|'/¢ is a submartingale obeying a decomposition: |M¢g|'/¢ = Nf + Uf with local
martingale Ny and predictable increasing process

1 — t
= [ B g, (47)
0



Then, due to a modification of Doob’s inequality (see [23], Theorem 1.9.2)

e 1 1/e
B(M)"" < (—) " EUT. (4.8)
Now evaluate from above |M2|V/s=2B?(X¢,£2). By virtue of (A.1) |B(z,2)| < (1 + |z|).
Thereby, due to above-mentioned upper bound X5* < const.(1+ MZ*) which remains true
with replacing T on s for any s < T', we arrive at

[ME[VEm2 B2 (XS, €5) < const (14 [MZ|M*72 4 |MZ |7
< const.(1 4+ (ME*)1/9),
Substituting the last upper bound in (4.7) and using (4.8) we obtain (¢t < T)
E(M:*)te < @fg [1 + E(M;*)Y/¢]ds. Hence, by Bellman-Gronwall’s inequality, an

upper bound E(Mg*)1/e < comstT expfeonst.T holds and implies (4.6). Consequently the
first part in (4.2) is valid. To check the second part in (4.2), first use obvious estimates:

(sup\Xm X:|>n) < P(Sglngi — X7 >0, X7 <j) +P(XF > )
t<
< 2max [P(sup]XiH — XE| >, X5 <), P(X5 > j)]
t<s
Thence, due to proved above the first part of (4.2), the validity of the second part follows
if

lim lime log sup P(sup\XH_t X >0, X5 <j)=—o0, j=1,7>0. (4.9)
0—0e—0 T<T-§  t<

The simplest way for verifying of (4.9) consists in checking the validity of both

lim lime log sup P sup ‘/ 2,69) ds’ >n, X5 < j) —00

6—0e—0 T<T—6§  t<§

lim lime log sup P sup ‘\/_/ £69) X7 < j) = —o0. (4.10)
6—0e—0 T<T—8§  t<§

Obviously, the first part in (4.10) holds. To verify the second, note that the process
\/_fTHB XE,£5)dWy is continuous martingale w.r.t. the new filtration F7 =
(]:T+t)t>0 (see Ch.4, §7 in [23]). It has the predictable quadratic variation (Y<¢), =

e’ T B?(X¢£,&5)ds. Also define a positive continuous local martingale (w.r.t. the same
filtration FT)

1
Zf = exp (\Yf — 5A2<Y€>t), AER (4.11)
which is simultaneously a supermartingale (see [23], Problem 1.4.4) and so for any Markov

time o (w.r.t. F7) EZS < 1. Take 0 = inf{t < ¢ : |Y| > n}. Evidently the second part of
(4.10) holds if

lim limelog sup P(YS >n (or < —n),0 <6, X7 <j)=—o0, (4.12)
6—0e—0 T<T-§
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By virtue of an obvious inequality EZST (ch >n, X7 < j) < 1 we find that

)\2
elogP(Y; >n,0 <0, X7 < j) < —sup [)\17 — COHSt.?&S] (4.13)
A>0
and since supyso[An — const.%ég] = ﬁ:ms (4.12) with ‘> n’ is implied by (4.13). The

validity (4.12) with ‘< —n’ is proved in the same way.
Proof of Lemma 4.2. Tt is clear that {v° € Mo ) \ KJ'} = {£(j,v°) < oo}, where

((j,v) =min{m > j : /o /||> v(dt,dz) > g(m)}. (4.14)

Therefore, the second part of (4.1) is equivalent to

lim lime log P(4(j,v°) < o0) = —o0. (4.15)

j e—0

To verify (4.15), choose a special function g(y) satisfying above-mentioned properties. To
this end introduce non linear operator

0  o2(z). 02 0 .2
e+ T (Y]

(4.16)

and choose a non negative twice continuously differentiable function u(z) such that

— sup Du(v) = —d > —o0,

vER
lim inf [ — Du(z) + sup Du(v)] = oco. (4.17)
J—oo|z|>j vER

Under assumptions (A.2) and (A.3) one can take any of function u(z) with properties:
u(0) =0, u/(2) =sign z, |z| > 1, and 0 < u”(z) < 1. With chosen u(z) put

g(y) = |zi|n>fy [ — Du(z) + sup Du(v)] 12 (4.18)

Introduce a positive continuous local martingale (the martingale property is checked by
It6’s formula)

75 = exp (ul€5) — ul€o) / Du(£5)ds). (4.19)

It is simultaneously a supermartingale (see Problem 1.4.4. in [23]) and so EZ5 < 1. The
last implies
EI({(j,v°) < 00)Z7 < 1. (4.20)
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Inequality (4.20) can be sharpen by changing of Z7 on its lower bound on the set
{E (4,v°) < oo} which can be chosen non random. Taking into account that fOT Du(&s)ds =
fo [ Du(z)v*(ds,dz) and 6(], €) > j we

log Z% > —u(&y) — — / /|>é } [ — Du(z) + d]v°(ds, dz)
ar 1 .
—ult) = g \z|>12§,u8)[ 2) +d] / /||>e(],us) (ds, d)
dT 1 .
—u(&y) — — g M;ﬁg’ys) [ Du(z) + d] (=log Z.).
> —u(&) — d_T + 1 inf [ — Du(z)+ d}l/Q (=log Z,).

Thereby, from (4.20), with Z7 repalced on Z,, we derive

elog P(£(j,1°) < 00) < eu(éo) +dT — inf [ —Du(z )+d]1/2

121>
i.e. (4.15) is implied by (4.17).

5. Upper bound for local LDP in Cyy 1) x Mg 1

In this Section, we consider family (X*,v°) from Cjy 1) X Mg ). Parallel to F(v) and
S(X,v), given in (2.3), let us define Fr(v) and Sr(X,v) by changing integrals ‘[° in
(2.3) on ‘fOT’. Put

Lo(X,v) = %ST(X, V) + éFT(y). (5.1)

Theorem 5.1. Under (A.1), (A.2), and (A.3) for every (X, v) from Cjp 7} x Mg 1
lim limelog P (rr (X, X) + pr(v°,v) <6) < —Ly(X,v).

6—0 e—0

Proof of this theorem is based on

Lemma 5.1. Assume (A.1), (A.2), and (A.3). Then for every piece wise constant function
A(t) = D>, A(ti)I(t; <t < tiy1) (with not overlapping intervals [t;,t;+1)), and for every
compactly supported in z and continuously differentiable (once in t and twice in z) function
u(t,z), and X € Cyo g1, v € Mjg 1

lim limelog P (rr(X*°, X) + pr(v°,v) < 9)

0—0 e—0
{ZA V[ Xrntss — Xrar] - / / A(Xy, 2)u(d, dz)

——//)\2 B2Xt,)(dtdz) //Dutz) (dt,dz),
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where D is the non linear operator defined in (4.16).

Proof. The following well known fact will be used hereafter. If N; (Ny = 0) is continuous
local martingale and <N > is its predictable quadratic variation, then the exponential
process Z; = exp (Nt (1/2) <N > ) is a continuous local martingale too, and what is more
if N/, N/’ are continuous local martingales (N, = N}/ = 0) with the mutual predictable
quadratic variation <N "N > . = 0 and Z;, Z}’ are corresponding exponential processes,

then the process Z;Z, is also local martingale which, being positive, is a supermartingale
too (Problem 1.4.4 in [23]) and so EZ;Z]' < 1,t > 0.

Let A\(t) and u(t, z) be functions involving in Lemma 5.1. Put

1 t
N = 2 [ B,
Ny = \/—/ a(§5)dV.
Evidently
' 2
(N, = ¢ [ ReB s
1 t
(N"), =< / ()2 (s,€5)0”(£5)ds. (5.2)
0
Since Wiener processes W; and V; are independent and so <N "N > , = 0 a process

1
Zy = exp (N[ + N/ = 5[(N'), + (N"),]) (5.3)
is local martingale and also a supermartingale with
EZ; <1,t > 0. (5.4)

Note that

N| = 1/ A(s)[dXE — A(XE,&)ds] (5.5)
0

€

and also find similar representation for N/'. Due to It6’s formula we obtain

I [ o@ave =t ) — .60 - [ witonas - [ 2uts.goras

where £ = b(z)%4 + UQZ(Z) 2—2 and consequently

t t
NY = u(t. &) = u(0.€0) + [ (s 6ds =2 [ Luls. s (5.6)
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(5.4) implies an obvious the inequqality
EIl(rp(X®, X) + pr(v°,v) <6)Zp < 1. (5.7)
which can be sharpen by changing of Zp by its lower bound. To this end evaluate from

below log Zr on the set {rr(X®, X) + pr(v°,v) < 6}. For both N — %<N’>T and N7 —
%<N”>T we get

N’}' Z )\ XT/\tl+1 - XT/\t-L']

__/ / A(X,, 2)v(dt, d=) ——/ /V (t)B2(X,, 2)v(dt, d=)

- ’)\(tz)| ‘X’%/\ti+1 - XT/\ti+1’ + |X§_‘/\ti - XT/\ti
< 7

T
+ [ MOIAGE. ) - A 6)lds
0
5 [ RO - BX s
+\/ / A(Xe, 2)| + 22 (t )BQ(Xt,z)][zﬁ—y](dz,dt)‘} (5.8)
and
Ni = 5 (V) = =2 [ 1ou(s,€0) + (o, 65)lds + u(T ) —u(0.60) = [ s, €0
T T
:_é/o /RDU(S,Z)yE(dz,ds)+u(T,g;)—u(o,go)—/O ug(s, €5)ds

> L / ! / Du(s, 2)(dz, ds)
1 / /Du 5, 2)[V° — v](dz, ds)

T
+dMT£®%+dM&®H+8A (.5 ds ). (59)

The terms in the curly brackets in the right hand sides of (5.8) and (5.9) are random vari-
ables. Nevertheless, they can be evaluated from above on the set {rr (X, X)+ pr(vc.v) <

5} by non random quantities. Evidently fOT Jr MNOAXF, &) — A(Xy, &5 )|ds < const.Td
and 3 fo N2(1)|B2(X5,£5) — B%(Xy,£5)|ds < const.d fOT[l + | X¢|]ds. Denote by H(s,z) =

A(s)A(Xs, 2) + %} Since A(s) is piece wise constant function without loss of a
generality one can assume that it is simply constant. Then function H(s, z) is bounded
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continuous function and so, by Lemma A.1 (see Appendix) for any v > 0 and k& > 1 there

exist increasing continuous function b} (y),y > 0 with h}(0) = 0 and decreasing sequence
ok, k > 1 with li]?a ¢r = 0 both dependent on H (s, z) and v only such that

T
[ 0l = @sds)| <5+ 06 +
0 R
Further, by the remark to Lemma A.1
T
| / / Du(t, 2)[v* — v)(dt,dz)| < 5+ 17(6),
0 R

where h7(y) is an icreasing continuos function with ~A7(0) = 0 depending on Du(s, z) and
v only.

Hence, we the lower bounds (with positive const.’s):

N’T—%<N’>T [ZA ) X7nti i — X1at,] // A(X,, 2)v(dt, dz)
/ /AQ 1) B2(X;, 2)v(dt, dz)}

_ const. ( +R(0) + gok)) (5.10)

and
1 17 :
NJ— Z(N"), > ——/ /Du(t,z)y(dt,dz)— const (s+7+m0) +o0).  (511)
2 T eJo Jr €

By virtue of (5.10) and (5.11) one can choose a non random lower bound:

log Zp > [ZA V[ Xrntss — Xrar,] / / A(Xy, 2)v(dt, dz)

//)\2 BQXt,)(dtdz——/ /Dutz (dt,dz)

t.
= S (e AT(6) + RO + n)-

= log Z,.
Hence and from (5.7), with replacing of Zp on Z,, it follows

elog P (r (X, X) + p(v®,v) < 0)

[Z )\ XT/\tH_l XT/\t / / Xt7 (dta dZ)

——//A2 B2Xt,)(dtdz) //Dutz) (dt,dz)

+const.] (e 49+ 1(8) + h(5) + n) ). (5.12)
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The desired result holds since the term in the curly brackets of the right hand side in (5.12)
goes to zero if limit ‘limy_ oo lim~_olims_olim. o’ is taken.

Proof of Theorem 5.1. follows from Lemmas 5.1, A.2, and A.3 (see Appendix) since

_sup{ZA VXnrss — Xran] - / / A(Xy, 2)u(dt, dz)
_5/0 /R)\2(t)BQ(Xt,z)u(dt,dz)}+i1gf/o /RDu(t,Z)V(dt,dZ)

= [350(X,0) + S Fr(v)] = ~La(X ).

6. Lower bound for local LDP in Cj 7 X Mg 7

Theorem 6.1. Under (A.1), (A.2), and (A.3), for every (X,v) from Cjy 1)x € Mg 1

h_m(5_>0h_m‘s—>0510gP(TT(XE7X) + pT(sty) < 5) > _LT(X7 V)'

Evidently for X, v such that Ly (X,v) = oo it is nothing to prove. Therefore below we
consider only the case L7(X,v) < oo which distinguishes subsets from Cp 7 x Mg 1p:

(i) dX; < dt and $S7(X,v) = 2f0 Wdt< 00;
(ii) dv =ndX, d.n=nldz and §Fr(v) = 3 fo I vﬂ(l(tzz)) ,z)dzdt < 0o, where
0?(2) [ni(t,2)  p'(2)
J(t2) = UL . 1
o) =50 o) .

It is convenient to consider further subset (ii’) of (ii):
(ii’) the function v, (t, z) is compactly supported in z and continuously differentiable in (¢, z),
having bounded partial derivatives.

The central role in proving Theorem 6.1 plays

Lemma 6.1. Assume (i), (ii’), and inf, ., B*(z,2) > 0. Then for any § > 0 and v > 0
2
there exists an increasing continuous function h.(y) with h,(0) = 0, depending on 1);5—?;))

and v only, such that
lim,_,oelog P (rr (X, X) + pr(v°,v) < 6) > —Lp(X,v) — v — hy(6).

Proof. Put

b,(t,z) = b(z) +v,(t, z)
X, — A, (t, Xy)

G,(t,x,2) = Byt X))

B(z,z) + A(z, 2) (6.2)
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and parallel to (X¢,£5) introduce, on the same stochastic basis, new diffusion pair (X¢, £):
AX7 = G, (t, X7, &)dt + VeB(XF, &)W,

A = b8t + o ()Y, (6.3)

subject to the same initial point (zq, 50) Also denote by v¢(dt, dz) the occupation measure
corresponding to £&%: 7°(A x T') = [[CI(t € A, & € I)dt.

By virtue of the formula b(z) = %Z((;)) +0'(z)o(z) (see (2.1)) we get 21;”2((2;) = 7:}&;?4—2(:((;))

by (t,y)
€xXp (2 o 02(;; dy)
o?(z)

1, coincides with n(t, z). Then by Lemma A.5 (see Appendix)

and so p,(t,z) = c(t) , with norming constant ¢(t) such that [, p,(t,2) =

P — lim pr(75,v) =0 and P — limry(X, X) =0. (6.4)

e—0 e—0

Denote by Q¢ and Q¢ distributions of (X7, € )<, (f(f,gf)tg respectively. By Theorem
7.18 (Ch. 7 in [24] Q¢ is absolutely continuous w.r.t. Q¢ and

dQs 1 1 1 1
= — M7 — —(M* Mpr — —(M .
ng( 75) eXp(\/g T 2€< >T+\/E T 2€< >T)’ (65)
where
€ t v
M; = —/ W8 gy g, — - [ e A X) gy
0 (fs) 0 B, (s, Xs)
" l(s, €5) CX — Au(s X))
M* :/”—Lsds and (M :/ 2 PR S ds.
(), 0o o2(&) M), 0 Bi(s, Xs)
By virtue of (6.5) and the rule of changing for probability measure we obtain
dQ* > -
P(ro(X*,X) + pr(v,v) £0) = B[ (€ (X E)0r(XX) 4 pr70) <0)]. (69

The desired lover bound can be derived from (6.6) provided that a relevant lover bound
for the right hand side of (6.6) can be found. Use an obvious inequality:

I (X%, X) + pr(5°,v) < 8) = I(rr(X%, X) + pr(i°,v) < 6, |M5| < k, [Mg]| < k)

and estimate from below log %()?5, €°) on the set {rp (X, X)+pr(05,v) < rN{|M%| <

k} N {|Mr| < k}. Noticing that L(M),. = LS(X,v)r and L [ [, ”géf 2) (¢, 2)dzdt =
L Fr(v) we obtain

dQ® . ~ 2k 1 (s z) —
log i (X, 6) > - —LT(X v) 25‘/ / o2(2) [V°(dt,dz) — n(t, z)dzdt|.
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By the remark to Lemma A.1 (see Appendix), for any v > 0 there exists increasing
vp(5,2)

continuous function h-(y) with ~Avy(0) = 0, depending on ~&rsy and v only, such that

1 (T [ 03(s,2) -
5| /0 /R P . d) = (1, 2)dzdt] <94 1 0)
Then the lower bound for the right hand side of (6.6) is the following: —\2/—’“5 —1Lr(X,v)+
v+ hy(8)]. It implies
€IOgP(T‘T<XE,X) + pT(V€7 V) < 5) > _LT(X7 V) - 2]{7\/5— Y h’y(é)
+elogP(rp (X5, X) + pr(v°,v) < 6, [M§| <k, |Mr| <k).
Thus the statement of the lemma holds since

lim lim P (rr(X*, X) + pr (7%, v) <6, [M7| <k, |Mr[ < k) =1
E—

what follows by virtue of (6.4), obvious limy P(|My| > k) = 0 and

E|M;[?  E(M*), _ const.
L =

P(MF| > k) < = S

— 0,k — oo.

Proof of Theorem 6.1. Assume (i), (ii), and inf, , B?(z,2) > 0. Due to Lemma A.4 (see
Appendix), one can choose a sequence v*) k > 1 of measures such that for every k the
function v, (¢, 2) satisfies (ii’) and what is more p(v,v*®)) — 0, Ly(X,v®)) — Ly (X, v).
On the other hand, by Lemma 6.1 for any 0 > 0 and v > 0 there exist increasing continuous
function h., x(y) with h, x(0) = 0, depending on v¥), such that

lim__elog P(rp (X%, X) 4 pr(v*,v™) <6) > —Lp(X,v™) =~ — hy 4(5).

Choose ko (3) such that for any k > ko(8) we have 0 < § — pr(v,v*)) < §/2. Then, taking
into account the triangular inequality: pr(v%,v) < pr(v%,v®) + pr(v, v(¥)), we arrive at
a lower bound:
li_rnfs—>08 IOgP(TT(st X) + pT(ng I/) < 5)
> lim, e log P (rr (X<, X) + pr(v,v ™) < 6/2)
> —Lp(X,v®)) — v — b, 1(5/2).
The right hand side of the last inequality converges to — Ly (X, v) if limit

limplima_olimg_o’ is taken.
~v—0 0

Assume only (i) and (ii). Parallel to the process X{ introduce new diffusion X; P30

AX7 7 = AXTP, €6 )dt + VE[B(X] 7, &)dW, + fdW]]
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subject to the same initial point g, where W/ is a Wiener process independent of (W, £5).
The diffusion parameter here is B2(x, z) + 32 and so, due to proved above,

1i_In<S—>0h_rnfs—>08 10g P(TT(XE’ﬁv X) + pT(Vav I/) < 5) > _Lg“(X7 V)v

where Lé{(X, V) = %S@(X, v) 4+ § Fr(v), and where

<X, — A, (y, X;)]?
spxm = | [éﬁu,xfij ]

Evidently limg_,o Sg(X, v) = S7(X,v). On the other hand, by Lemma A.6 (see Appendix)

éin%mg_)oslogP(rT(Xg’ﬁ,Xs) > 1) = —00.

To get the desired result, we combine both these facts. Namely, using the triangular
inequality: rp(X¢, X) < rp(X#, X¢) + rp(X#, X) and taking = §/2 we arrive at an
upper bound
P(TT(X‘E’B,X) + pr(v°,v) <9)
< P(rT(XE,X) + pr(v°,v) < 5/2)
+P(rr(X5P,X%) > 6/2)
< 2max [P(rT(XE,X) +pr(vF,v) < 6/2),P(rp(X5F, X°) > 5/2)]

which implies

li_m(5—>0h_m5—>0810gP(TT(X€7X) + pT(VE7V) S 6) Z _éln%)Lg’(Xa V) - _LT(X7 V)'

Other approach for establishing lower bound with singular diffusion parameter can be
found in Puhalskii [25].

7. Proof of main result

Proof of Theorem 3.1. Due to Theorems 4.1, 5.1, and Proposition 3.1 the family (X<, v°)
obeys the LDP in (Cjg 3 X Mg z], 7% X pr) with rate function Ly(X,v). Then it obeys the
LDP in the metric space (C x M, r x p) with rate function sup, Li(X,v) = L(X,v).

Proof of Corollary 2.1. The result holds since infxcc S(X,v) is attained at X7, being a
solution of a differential equation: X; = A, (¢, X7) subject to X§ = xg, and so S(X°,v) =
0.

Proof of Corollary 2.2. The first statement is obvious.
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Assume B?(x,2) =0. In this case S(X,v) = 0 for any X; being a solution of a differential
equation X; = fR (X¢, 2)n(t, z)dz subject to Xog = xp; otherwise S(X, ) = oo. Therefore

_[/()(7 V) — { 8 lnfy:Xt:fR A(Xt’z)n(tvz)dZ,X():xO F(]/)
. otherwise.

On the other hand, since F'(v) < oo implies dv = nd\, d.n = n’,dz, assuming measurability
in ¢t of function

) / (2)72
H(t, Xy, Xy) = inf / o?(2) [nz(t, ) _p (z)} n(t,z)dz (7.1)
V:Xt:fR A(X¢,z)n(t,z)dz,Xo=z0 J R ’I’L(t,Z) p(z)

we arrive at independent of ¢ function H(t,y,x) = H(y,x), or by other words, ‘inf’ in
(7.1) can be taken over all measures v with densities n(t,z) = m(z). The last means the
desired result holds if the function

/ / 2
H(y,z) = inf / o2(2) {m (2) _ M} m(z)dz  (7.2)
{ dm =m'dz R m(z)  p(z)
y= [ Al (2)dz
is measurable. We check this by shovvlng that level sets of H(y,x) are closed.

Let ¢ > 0 be fixed and (yn, z,),n > 1 be a sequence from {(y,z) : H(y,z) < ¢} converging
to a limit point (yo,z). Show that H(yo,zo) < ¢. By virtue of assumption (A.1) the set
A(y,z) = {m :y = [ A(z,z)m(z)dz} is closed in the Levy-Prohorov metric that is for

every fixed (y,z) there exists a density m®®) from A(y,z) such that

Jeo? ()] W)(z))'_p’<z>]2m<y,x>(z)dz dm@™) = (m®)Ydz
Hyz) = 1 In” O omai — ’ (7.3

00, otherwise.

Note that the function H(y,x), defined in (7.3), obeys a following property: there exists
a measure v¥?) from Mg 1}, having density m¥*) () w.r.t. dtdz, such that H(y,z) =

Fi(vW®). Since £ F1(v) is good rate function level sets {y,z : H(y,z) < c} are compacts.
Therefore H(yo,xo) < c.

Appendix

1. Evaluation via Levy-Prohorov’s metric.

Lemma A.1. Let T > 0, v',v" € My q), pr(v',v") = q, and f(t,z) be bounded con-
tinuous function. Then for any v > 0 and k > 1 one can choose increasing continuous
function h)(y),y > 0 with h)(0) = 0 and decreasing sequence @y, k > 1 with lilgn v =0

both depending on f(t,z) and only from one of v' or v such that

)/OT/Rf(t,z)[y'—y"](dt,dz) < v+ 1] (q) + on.
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Remark. If f(t,z) is bounded compactly supported continuos function, then the state-
ment of the lemma remains true with k) (y) = h?(y) and ¢, = 0.

Proof. Assume f(t,z) is continuously differentiable (one in z and twice in (¢, z)) and
compactly supported in z. Denote by F'(t,z) = /([0,t] x (—o0, 2]) that is F'(t, z) is the
distribution function correspoding to /. Integrating by parts we get

//ftz (dt, d2) //af” azgtg’zz)]F’(t,z)dzdt

and consequently (F” is the distribution functions corresponding to v")

‘/ /f” v =\ dz) —/ /IF (t,2) = F" (1, 2)|m(t, =) dzdt,

where m(tu Z) = |E (ta Z)| + |m (t,2)|

Assume f(t, z) is compactly supported in z and continuous only. Then, approximating it
by compactly supported and continuously differentiable in z function f7(t,z) in a sense
sup, , |f(t,2) — f7(t,2)| < g5, due the foregoing proof, we get

‘/ /f () —v")(dt.dz)| <7+/ /|F (t,2) — F(t, 2)|m (¢, 2)dzdt

with m7(t, z) = |azf7(t 2)| + |atazf7(t 2)|

In the general case, one can choose a decomposition f(t,z) = fr(t,2) + gk(t, z), where
fr(t, z) is continuous compactly supported in z on the interval [—k, k] function while
gk (t,z) = 0 on the interval [—(k — 1/2), (k — 1/2)] and is bounded: |gx(t,2)| < L. Then by
foregoing result we get

‘/(]T/Rf(t,z)[z/ — V"](dt,dz)’ <7+ /OT/R |F'(t,2) — F"(t, 2)|m] (t, z)dzdt

T
+ L/ / [V +V"](dt,dz),
0 Jlz|>k-1/2

where m] (t,z) = | Z £l (¢, 2)| + |%;Zf2(t, 2)|. Evaluate from above the last integral from
the right hand side. To this end, choose an increasing sequences z, " 0o, k — 0o such
that zp <k —1 / 2 and for every k z; and —zj are points of continuity for the distribution
function F'(T, z). Then

// [V +v"](dt,dz) <2// "(dt, dz)
|z|>k—1/2 |z|>z;€
+| / / (v’ = v")(dt, dz)|
0 |z|>zk
T
< 2/ / V' (dt,dz)
0 |z|>zk

+ |F'(T, z) — F"(T, z1,) |
+ |[F'(T, —z) — F"(T, —z)|.
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Now evaluate from above |F'(t,z) — F"(t,z)| via ¢ and F’(t,z). From the definition of
the Levy-Prohorov metric (see e.g. [22], [26]) it follows: ¢+ F'(t — ¢,z — q) — F'(t,z) <
F'(t,z) = F"(t,z) < q+ F'(t+q,2+q) — F'(t, 2) and so

[F'(t,2) = F'(t,2)| < q+ [F'(t+ ¢, 2+ q) = F'(t— ¢,z — q)].
Hence, combining all obtained upper estimates, we arrive at the desired result with

1) (y) :y(2L+ /0 : /R mg(t,z)dtdz)

T
+ / / (F(t4+y,2+y) — F't -y, 2 — g)lm] (1, 2)dedit
0 R

+LIF(T+y,ze+y)— F (T -y, 2 — )|
+ LIF(T +y, =z +y) — F'(T —y, —2 — y)|

T
ok = QL/ / V' (dt,dz).
0 |z|>zp

The same proof takes place with F” instead of F”.

and

2. The Fenchel-Legendre transform.

Let A(t) = >, A(t:)I(t; < t < tiy1) with non overlapping intervals [¢;,¢;41). For any
X € Cyp,r) and v € My, 7] put fOT At)dXy = Y, M) [ Xrae, — X, Au(t, Xy) =
Jr A(Xy, 2) K, (t,dz), and B2(t, Xy) = [, B*(Xy,2)K,(t,dz). Let D be non linear operator
defined in (4.16).

Lemma A.2. For any X € Cjg ) and v € Mg 1

sup / ' INBAX, — (A (1, X,) — SX2(8)B2(E, X))t
0 2

T [X,—A,(t,X,)]? v
{ Ly BeppeCAlar dx, = Xyt

0, otherwise,

where ‘sup’ is taken over all piece wise constant functions A(t).

Lemma A.3. For any v € M p)

T
inf/ /Du(t,z)y(dt,dz)
o Jr
, T2
_ { —1 fOT I az(z)[nz(t’z) — 2@t 2)dzdt, dv =nd)\, don = nldz

n(t,z) p(2)
—00, otherwise,
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where ‘inf’ is taken over all twice continuously differentiable (once in t and twice in z)
compactly supported in z functions u(t, z).

Proof of Lemma A.2. For dX; &« dt the result follows from Lemma 6.1 in [17] (see also
Lemma 2.1 in [27]). For dX; = X,dt by lemma 6.1 [17] ‘sup fOT’ is equal fOT SUPxc R {A(Xt—

A(LX)) — INB2 X)) e = 3 [ Bt Xl

Proof of Lemma A.3. Assume dv = nd)\, d.n = n/,dz. Due to (2.1) Pz) . 2(z)=20(z)0(2)

" p(2) o?(2)

and so b(z) = 1 [0%(2)L ((ZZ)) +20(2)0’(2)]. Putting v(t, z) = u (¢, z) and taking into account

the formula for b(z) we arrive at

/ / Du(t, z)n(t, z)dzdt = / / (2)0’(2)]v(t, 2)

+o2(2)(vL(t 2) + v (t, z))}n(t,z)dzdt. (8.1)

Then, integrating by parts:

/ o?(2)(V(t, 2)n(t, 2)dz = —/ v(t, 2)[20(2)0’ (2)n(t, 2) + o (2)n.(t, 2)]dz,
R R

we obtain

/ / Du(t, 2)n(t, 2)dzdt

/ / nt, 2) + o(t, 2) [2En (t.2) —nat.2)] )dzdt. (82)

p(2)

(8.2) and the method of proving for lemma 6.1 in [17] imply

1nf/ / Du(t, z)n(t, z)dzdt = / / 1nf v 2n(t, 2)

+ v[—)n(t ,2) — ny(t, )Ddzdt

_ __/ / "Z 4,2) _ pl(z)fn(t, 2)dzdt.

p(z)

Thus for ‘dv = nd\, d.n = n’,dz’, the result holds.

Assume dv = n)\,d,n £« dz. Show that inf fOT S Du(t, z)n(t, z)dzdt = —oo. To this end,
take u(t, z) = u(z) and put v(z) = v/(2). The function v(z) is compactly supported and
continuously differentiable and, in particular, has the finite total variation. Put n(z) =
fOTn(t, z)dt and w(z) = 20%(2)n(z). It is clear that there exists a positive constant, say,
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¢ such that I(v) = £ [,[v*(2) + |v(2)[]n(z)dz + [, w(z)dv(2) is an upper bound for the
right hand Slde of (8.1). Show that I(v) can be chosen less than any negative quantity.
Use the fact that I(v) is well defined not only for compactly supported and continuously
differentiable function v(z) but also for any compactly supported function v(z) obeying
finite total variation. Assume that there exists a family of v*(z), « € (0, 1] such that

lim I (v¥) = —o0 (8.3)

a—0

and every function v*(z) obeys an approximation by v, (z),m > 1 of continuously differ-
entiable compactly supported functions in a sense

1177211[(1)%) = I(v?). (8.4)

We show that under (8.3) and (8.4) the desired result holds. In fact, for fixed a one can
choose a number m,, such that |I(v*) — I(vy, )| < 1. Hence we obtain

T
inf/ / Du(t, z)n(t, z)dzdt < I(vy, ) <1+ 1(vY) — —o00, a — 0.

Therefore, only (8.3) and (8.4) have to be checked. Since d,n <« dz the function n(z) is not
absolutely continuous and w(z) is inherited the same property. Therefore by the definition
of the negation for absolute continuity [28] a constant k can be chosen such that for any
a > 0 there exists a positive constant ¢ and non overlapping intervals (z.,z!') € [—¢,(],

such that >~ Jw(z)) —w(z})| >k and Y, f 2)dz < a. Put

1 "

v (z) = { —asien [w(=l) —w(z), 2z <z<
0, otherwise.

Show that (8.3) holds. Evaluate from above I(v®):

:€/R )+ [ (2 )]]n(z)dz—i—/ w(z)dv™(2)

R
é+ 1 / d”Zw(%)[v“(zé’)—v“(zm.
<e(1+ a)+Zw 7)) (2)) — v ()]

Now, summizing by parts, we find ), w(2])[v*(2]') —v*(2])] = = >_, v

(3

On the other hand, from the definition of v*(2) it follows >, v*(2})[w(z)) — w(%])] =
\/La > lw(z) —w(z)| = \/La Thereby

I(va)§€(1+\/a)—%—>oo, a— 0.
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Evidently to satisfy (8.4), it is sufficient to choose approximating functions v$,(z),m > 1
which are compactly supported and continuously differentiable and such that hm vy, z) =

v¥(z) in every point of continuity of v®(z).

Assume v € \. Put K" (dz) fo v(t,dz)dt and note that K”(dz) 4« dz. Use Lebesgue’s
decomposition: K"(dz) = q(z)dz+K L (dz), where g(z) is a density of absolutely continuous
part of K¥(dz) and K*(dz) is its singular part. Taking u(t, z) = u(z) which is compactly
supported, say, on [—c, c| we find

/ Du(z)v(dt,dz) = ) Du(z)q(z)dz + ) Du(z)K*(dz).

—C —C
Since |v/(2)] < [/ (0)] + [, \dy there exists constant, say, ¢, such that
[5.Du(z)q(z)dz < £(1+ f y)|dy) and so we arrive at an upper estimate

C

/ Du(z)v(dt,dz) < E( —I—/C |u"(z)|dz> +%/ a2 ()" (2) K+ (dz).

—C —C

Then, using the singularity of K (dz) and dz, one can choose u”(z) such that the second
integral is less any negative quantity while the first remains bounded.

3. Approximation of rate function.
For ‘dX = X.dt, dv =nd), d,n =n’dz’ denote by

/ / )—i((j))]Qn(t,z)dzdt.

Also note one to one correspondence between density n(t, z) and function v, (t, z) defined

n (6.1):
— .0 P o (2 [T EY)
(t,2) =n(t,0) 3 p<2 /O ) dy). (8.5)

- / (¢, )\dy. (.6)
R

Lemma A.4. Let B*(xz,2) > (3% > 0. If S7(X,v) < oo, Fr(v) < oo, then v can be
approximated by a sequence of measures v®) k > 1, satisfying the property: dv¥) =
n®dx, d.n®) = n,(zk)dz, such that the function v, (t,z), corresponding to n'¥)(t, z), is
compactly supported in z and continuously differentiable in (t,z) and what is more

hmpT(l/, vF)y =0
hrnST(XV N =87p(X,v)

hlgn Fr(v'®)) = Fp(v). (8.7)
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Proof. Introduce a chain of expanding subclasses of measures v characterized in terms of
n(t, z) and v, (¢, 2):

0) v,(t, 2) is compactly supported in z and continuously differentiable in (¢, z);
t, z) is compactly supported in z and bounded;

nt2) S 0 and supt<T[n(t 0)+o(t)] < oo

\)

v, (t, 2) is compactly supported, infi<7 .cr

1w
)
)
)
)

v(t,2)
(%) p(2)
3) v, (t, z) is compactly supported, inf,<r .cr p(fzj) > 0;
4) v, (t, z) is compactly supported;
v

5) v, (t, z) satisfies the assumptions of the lemma.

The proof is based on the following fact. If measure v from calss ‘i’ (i=1,...,5) can be
approximated by v*®) k > 1 from class ‘i-1’ in a sense (8.7), then the statement of the
lemma holds.

Assume V(k), k > 1 is such that
Ap — lilgnn(k)(t, z) =n(t,z), (Ar(dt,dz) = Ijordtdz),

lim Fr(v'®) = Fp(v). (8.8)

Then by Scheffe’s theorem [29] [22] we have limy fOT [r In(t,z) = n®)(t, z)|dtdz = O that
is v®) converges to v in the total variation norm which implies convergence in Levy-
Prohorov’s metric too: pr(v,v®)) — 0. Since A, u) (t, X;) = [R A(Xy, 2) n®)(t, 2)dz and
B, (t,Xy) = [ B*(Xy,2)n (k)(t,2)dz by Lebesque dominated theorem Sp(X,v*) —
St (X, v). Therefore, for all steps of approximations only (8.8) has to be checked.

Assume v is from class ‘1’. Approximate v, (t,z) by ol )(t, z):

T
im v 2) — v (¢, 2))? n(t, z z =
i [ [ fou(t.2) = o 02 (1 4 nle, )tz =

where for all £ the functions v( )( t,z),k > 1 are compactly supported continuously differ-
entiable in (¢, z). Without loss of a generality one can assume that all function are bounded
by the same constant. Similarly to (8.5) define a density of v(¥):

p(z z P
n®(t, z) = n®)(t,0) EO; exp </0 %dy), (8.9)

—1
exp( 2 v (Ly) dy)dz) . Put

2(2)

with n®) (¢, 0) = ( Jn 2
v B (dt, dz) = n®) (L, z)dtdz.
Evidently v(®) belongs to class‘0’. It is easy to check that

v (8, 2) = v, (¢, 2) (8.10)
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and the validity of the first part in (8.8). To verify the second part in (8.8), note that
Fr(v®) = 4f0 I CAOIC) ) (t,2)dzdt and consequently

02(z)

T
|Fﬂﬂ—FﬂM“ﬂ§mmh/ /hmﬁg—m@m@umz
0 R

T
+const./ / [v2(t, 2) — (v, (t, 2))?|dtdz
o JRr

— 0, kK — oc.

Assume v is from class ‘2’. For the definiteness assume that there exists positive constant
2o such that v, (t,2) = 0 out of [—z,, 20]. Put fu,(,k)( t,z) = v,(t,2)I(|n,(t, 2)| < k), define

n®)(t, 2) by (8.9) and take v(*) with this density. It belongs to class ‘1’. Herewith, ok )(t 2)
is defined by (8.10). It is clear that the first part in (8.8) holds and below we check the
validity of the second part. We have

w>_4/ / vt qm( 2)| < k)yn®(t, z)dzdt
|12

o2 Z

v2(t, 2)
v) = 4/ / A n(t, z)dzdt.
0 |z|<zo 02(2)

The required convergence Fr(v¥)) — Fr(v) holds by Lebesgue dominated theorem since
n®(t,z) < p(2) exp (26(t)) < const.n(t, 2).

Assume v is from class ‘3. Putting v )(t, z) = v, (t,2)I(n(t,0) + ¢(t) < k) we arrive at

Mm@@_{n@@,n@®+¢@gk
e, nt0)+6(t) > k

and since n(¥)(t,0) < k + p(0) and ¥ (t) < k + [, [p'(2)|dz measure v*) with density
nF)(t, 2) belongs to class ‘2. It is clear that the first part in (8.8) holds and

Pr(v) — Fr(v®)] - 4 / /| ) 0ll2) 1o 0) 4 6(8) > Rp(z)dedt

O'Z

vy (t, 2)
< Const./ /|<zo 2(2) I(n(t,0) + ¢(t) > k)n(t, z)dzdt

— 0, k — oo.

Assume v is from class ‘“4’. Put n®(t,2) = P (t)(n(t, 2) V p(z)), where ¥ (t) =

-1
<fR (n(t, z) v p(z))dz) is norming constant. »(®) with this density belongs to class
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‘3. The first part in (8.8) holds and what is more limy c¢(*)(¢) = 1. On the other hand,
since v, (t, 2) = v, (t, 2)I(n(t, z) > p(z)/k) we obtain

Prv®) =4 [ ' / Uigt’z)ﬂn(t,z) > p(=)/B)e® (O)n, 2)dzdt

— 4

n(t, z)dzdt = Fr(v).

Assume v is from class ‘5’. Put v,(,k)(t, 2) = v, (t,2)T(|]z| < k) and define n(¥) (¢, 2) by (8.9).
Then ()
p(2)= oy 2>k
n®(t,z) =n®(t,0){ n(t,2), lz| <k
(

() k), z < —k.

Taking v®) with this density and noticing that hl]in n(k)(t, 0) =1 we find

T 2
L)y — O 2))” ) ynie. Vdzdt — (v
Er) = [ [ R it et~ Fr(),

i.e. both parts in (8.8) hold.

4. Ergodic property.

Consider diffusion pair (X'f ) 55 ) defined by Ito’s differential equations w.r.t. independent
Wiener processes W; and V;:

dXg = G(t, X;,&)dt + VeB(X{, &) dW,
> 1 1
dé; = ~0(t, &)dt + —=o(&)dV; (8.11)
Ve
subject to (xg, z0), where B(x, z) and o(z) are functions involving in (1.1). Assume b(t, 2)

is continuous it (¢, z), continuously differentiable in ¢, Lipschitz continuous in z uniformly
in t, and zb(t, z) is negative for large |z| uniformly in ¢. Also assume that

Xt — Ap(t, IL’)

G(t,z,z) = Bt 2)

B(z,z) + A(z, z), (8.12)

where A(z,z) involves in (1.1), X, is the Radon-Nykodim derivative of absolute con-
tinuous function X; from C with Xy = zo, Ay(t,z) = [ A(z,2)p(t, 2)dz, By(t,z) =

\/fR B2%(x, 2)p(t, 2)dz, and where (comp. (2.1))
exp (2 Lt dy)
0?(2)

with norming function ¢(t) such that [, p(t, z)dz = 1. Introduce an occupation measure
vE(dt,dz): DS(A x T) = [T I(t € A& € T)dt and put v(dt, dz) = p(t, z)dzdt.

p(t, z) = (1)
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Lemma A.5.

P—hmpT(V v) =0 and P — limrp(X°,X)=0

e—0
Proof. Tt is clear, the first statement of the lemma is equlvalent to: for any bounded and
continuous function h(t, ) fOT f R h(t (t,&5)dt — fo J h(t, 2)p(t, z)dzdt in probability or, for
he(t,z) = h(t, z) fo S bt y)p(t,y)dydt,

o [

First we check it for continuously differentiable in ¢, z function h(¢, z), having bounded par-
tial derivatives. Straightforward calculation brings Kolmogorov’s type differential equation
(t is fixed):

10
282( ( )p(t,l‘)) —b(t,Z)p(t,Z).
A conjugate differential equation
102(2)M + b(t, z)w(t, z) = h°(t, 2). (8.13)
2 0z
obeys a solution
2 S
w(t,z) = 22l 2) /_Ooh (t,y)p(t, y)dy.

It is clear that properties of h(t,z) are inherited by w(t, z) and so function u(t,z) =
fo w(t,y)dy is continuously differentiable once in ¢ and twice in z and what is more, due
to the boundness of w(t, z), there exists a positive constant, say ¢, such that |u(t,z)| <

llz] and |u(t, z)| < £|z]. Applying 1t6’s formula to wu(t, é;) and taking into account that
w(t, z) is solution of differential equation (8.13) we find u (7, gT) =u(0,&) + f 1(t, E5)dt

+\[ fo w(t 5,5) (ft)dvt + < fo he( t,£t)dt that is
T ~ ~
/o he(t, & )dt = eu(T, &7) — eu(0,&o)

T " T _ "
e / (&)t — e [ w(t, &)o@ )avs. (8.14)
0 0

The second term in the right hand of (8.10) converges to zero; the last term converges
to zero in probability since by Problem 1.9.2 in [23] the mentioned convergence fol-

lows from e fo 2(t ft) 2(¢8)dt — 0; other two terms converge to zero in probability
if lim._,p € EsuptST(f )2 = 0. To check the last, apply Itd’s formula to (££7)2:

¢ t
cEN2 2 CE\ CE 2 /e
(e&7)” = (&) +25/0 b(s,{s)fsds—l—efo o (&5)ds

t
4 9:%2 / o (E)av,
0
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The function b(s, z) is such that zb(¢,z) is negative for large |z| what implies (£7)2
(e€0)? + Teconst. + 2¢3/2 fg €20 (€2)dV,. Thereby E(c£5)2 < (e£0)? + Teconst. InNturn,
using Doob’s inequality (see e.g. Theorem 1.9.1 in [23]), we arrive at Esup,<,(£5)?
(e£0)? + Teconst. + const.e3 fOT E(c£7)2dt and, due to the obtained above upper bound for
E(£££)2, the result holds.

If h(t,z) is bounded and continuous only, it can be approximated by smooth functions
hm(t,2),m > 1 in the following sense: for any k > 1 lim,, sup,<r,|,|<x |P(t, 2) = hin(t, 2)| =
0. Since for every h,,(t, z) the statement of the lemma is proved, it holds for h(t, z) if

T
lim / / (Bt ) — hon(t, 2)|p(t, 2)dzdt = 0
m Jo JR
T

P—limTim [ |h(t,€) — ho(t, &) |n(t, z)dt = 0.

m e—0 0

The first takes place since limy fOT f|z|>k n(t,z)dzdt = 0 while the second from P —

lim,, lim. fo (I€)| > k)dt = 0 and the fact that one can choose smooth bounded
functions g (z),k > 1 such that I(|z| > k) < gr(2), limg gx(2) = 0,z € R and by proved

above fOT g1 (E5)dt — fOT Jr 9k (2)p(t, 2)dzdt — 0, k — oco.

To check the second statement, put A; = )Z'f — X;. From the first equation in (8.11) we
find

A= /[X‘j‘(Xf) (X2, &) + ARE,E) - X, ] ds
+f/
- [[® ;pé’j(;’s f 3’(3()?5,5:) - B(XE))]ds

+ /O {Xsépéf(;f) (B(X..E) — By(s, X.))] ds

+ [ (A8 - A E)as
+/O (A(X&g;:)_AP(S?XS))dS

t
Jm/E/BXE
0

Xo—Ay(5,X5)

For brevity put ¢s = Bp(s,Xs)

. Then by the Lipschitz continuity of A(z, z), B(z,z) in
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x uniformly in z, say, with constant ¢, we obtain
t
Al <t [ 1+ leads
0

+ sup ’ /1t ©s (B(Xs,gi) — Bp(s,XS))ds’

t<T

—|—sup‘/ Xs,fE Ap(s, ))ds‘

t<T

+\/Esur>’/ 5,6)

t<T

Therefore, by Gronwall-Bellman’s inequality

T
sup | < exp (£ (1+ g )ds)

t<T
f??‘/ 25 (B(Xo,E5) = Byls, X,))ds|
+f’3¥‘/ A(X,, &) = Ay(s, X)) ds|

—|—\/Esup‘/B =€)

t<T

Hence, the second statement holds if

P—hmsup\/gsup‘/ 55

e—=04<T t<T

=0 (8.15)

and for any measurable function 14 such that fOT 12ds < oo and any continuous function
C(z, z), being Lipschitz’s continuous in z uniformly in z,

— llm sup ‘/ ¥ (C (X, E5) — Cp(s, Xs))ds| =0, (8.16)
e=04<
where C)( = [ C(Xs, 2)p(s, z)dz. It can be shown (see e.g. the method of proving

the statement ( ) of Theorem 4.6 Ch. 4 in [24]) that sup,<r E(X?)? < const. and so

E fOT B2(X¢,£%)ds < const. Consequently, by Doob’s inequality (see e.g. Theorem 1.9.1
-~ 2

[23]) we get Esup,r ‘\/Efot B(Xj,fg)dWs‘ < econst. that is (8.15) holds. To check the

validity of (8.16) with ¢sC(z, z) > 0, note that, due to Problem 5.3.2 in[23], it is sufficient

to prove

—hm/ s (C(Xs, €) — Cpls, Xo))ds = 0, V¢ < T (8.17)

e—0
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and what is more, due to an arbitrariness of ¢, and C(zx,z), (8.17) implies (8.16) in
the general case since one can use separately (8.17) for positive (¢sC(x,2))" and nega-
tive (¢sC(x,z))” parts. Therefore, (8.17) remains to be verified. If 1, is bounded and
continuous, (8.17) takes place by virtue of the first statement of the lemma. If only

fOT ¥2ds < oo, approximate 1, by bounded and continuous functions wék), k > 1 such

that limy fOT(ws - gk))2ds = 0 and, due to the boundness in z of C(x,z) and Cauchy-
Schwartz’s inequality, we find that

‘/ w(k) (X f) (s, Xs) ds‘ < const. \// (k) )2ds — 0, k — oo

that is (8.17) takes place since it holds for every k.

5. LD-regularization.

Parallel to X7, defined in (1.1), determine new diffusion X,  with uniformly non singular
diffusion parameter B?(z, z) + (32, 3% > 0, letting

X7 = AP, €6)dt + VE[B(X] T, €)dW, + paw] (8.18)

subject to the same initial point o, where W/ is a Wiener process independent of (W, £5).

Lemma A.6. Under assumption (A.1) for every T > 0 and n > 0

élm lim, e log P(rp(X5P, X¢) > 1) = —oo.

Proof. Put A, = X{” — X¢, and
A(z", z) — A(2, 2)

1

B(2",z) — B(2', z)

1

a1 (2’2", 2) = as(z', 2", 2) =

/ ? / ’

T —x T —x

where for ' = 2" a;(2’,2,2),i = 1,2 are Radon-Nikodym’s derivatives. Note that for
' # a” a;(2', 2", z), are bounded, say, by constant ¢, and so a;(z’,2’,z) can be taken
bounded by the same constant. For brevity, denote by o (t) = ai(XEP XE €90 = 1,2.
(8.18) and (1.1) imply: A; = fo a1 (s)Agds + \/_fo as(8)AsdWy + /eBW/. Letting & =
exp (fg ai(s) — (g/2)a3(s)]ds + \/_fo as(s s) and using Ito’s formula, we find that

= \/eB& fo E7LdW! and thereby

¢
sup |A¢| < \/_Bsupc‘,’tsup’/ E-tdwl].
t<T t<T <7 ! Jo

Put I'y = {5 < infi<r & < sup,cp & < N} and use an upper estimate

§2¥|At‘ >1n) < P( sup}At‘ >n,In)+P(Q\T'y)

< 2max [P(fgg |A¢] >n,Tn), P(Q FN)]



32

which implies, due to the boundness of «;(s),7 = 1,2, the desired statement if

)=

limmgﬁoelogP ssup’/ as(s
N t<T

hm l1m5_>0€10gP(\/_ﬁsup )/ E-YdW!| >n,I'y) = —00, YN > 1. (8.19)
0

t<T

Let T={t<T: ‘foag (N/\/E)}anda:{tgt:‘fgé’;ldW;
is clear that (8.19) is equ1valent to:

> (n/vep)} Tt

lij{fnma_)()slogP(\/E/ az(s)dWy > N (or < —N)) =—o0

0

ﬁl;ir%ms_)()slogP(\/Eﬁ/ ENAW!. >n (or < —n),I'y) =—00,VN >1. (8.20)
- 0

Below we check (8.20). To this end with A € R, introduce continuous local martin-
gales: Z}! = exp ()\fo as(s)dW, — (\?/2) fo a3(s ds) and Z? = exp ()\fo ETHAW! —

(\2/2) fo 2ds> where each of them is a supermartingale too (see Problem 1.4.4. in [23])

that is EZ! < 1 and EZ2? < 1. Then we use obvious inequalities: EI(y/ fo as(s)dWs >
N)Z} <1 and EI(VEB [j EdW/] > n,Tn)Z2 < 1. Since for A > 0, log21 ()\N/\/_)
(A202T/2) and log ZL > (An/\/2B) — (A2N?T/2) on sets {/€ [} az(s)dW,; > N} and
{Vep fOU EsdW! > n, 'y} respectively, we arrive at (8.20) for ‘> N’ and ‘> 7', taking

= (N/\/el?T) and \? = (n/+/eBN?T). For ‘< —N’ and ‘< —n’ the validity of (8.20) is
proved in the same way.
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