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We prove a sample path Large Deviation Principle (LDP) for a class
of jump processes whose rates are not uniformly Lipschitz continuous in
phase space. Building on it, we further establish the corresponding Wentzell—
Freidlin (W-F) (infinite time horizon) asymptotic theory. These results apply
to jump Markov processes that model the dynamics of chemical reaction net-
works under mass action kinetics, on a microscopic scale. We provide natural
sufficient topological conditions for the applicability of our LDP and W-F
results. This then justifies the computation of nonequilibrium potential and
exponential transition time estimates between different attractors in the large
volume limit, for systems that are beyond the reach of standard chemical re-
action network theory.

1. Introduction. The dynamics of chemical reactions are usually modeled by
mass-action equations: A system of a polynomial ordinary differential equations
which relate the evolution of concentrations of chemical compounds. These sys-
tems of equations inherit their structure from the topology of the Chemical Re-
action Network (CRN) they model, and the interplay between topology and dy-
namics of mass action systems is the object of study of chemical reaction network
theory [1, 12, 20]. These sets of ODEs approximate the interactions of the individ-
ual molecules involved. The discrete nature of chemical reaction systems can be
captured by discrete models where the state of the system is given by the number
of molecules of each type that are present in the reactor. In this framework, when
a reaction occurs, the input molecules combine to form the output ones, and the
system jumps to a new state. The dynamics of such systems are in general mod-
eled stochastically as a pure jump Markov process [11], Example C, Section 11,
whose jump rates are approximations of the reaction rates found in deterministic
mass action models. Finally, assuming that the system has volume v, one can study
how the stochastic dynamics of the process X describing the concentration of the
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different chemical species at time ¢ scale with the parameter v. This is the object
of study of this paper.

Similar discrete stochastic mass action kinetics models have been applied to dis-
ease propagation dynamics [27], genetic algorithms [24], and for the simulation
of noisy biochemical reaction networks through the application of the so-called
Gillespie algorithm [17]. Asymptotics such as limit theorems on the convergence
of the stochastic trajectories toward the deterministic ones have been proven in the
probability literature [11]. More recently, results on product-form steady state dis-
tributions for a certain class of CRNs have been obtained in [2, 6] and conditions
for the irreducibility and ergodicity of the stochastic chemical dynamics of reac-
tion networks have been presented in [19, 25]. Our work extends these results to
the domain of large deviations theory, identifying a large class of CRNs to which
that theory applies. We prove in particular that Wentzell-Freidlin exit time esti-
mates can be applied to such systems, rigorously justifying the widespread use of
potential theory [15, 16, 22] and ultimately allowing for the analysis of events that
play a key role in, for example, theoretical biochemistry [3, 4] and that are not
covered by deterministic mass action models, because deterministic models do not
allow for transitions between different attractors.

1.1. The model and its sample path LDP. We consider a set of chemical
species S = {s1, 52, ..., 54}, whose interactions are described by a finite set of
reactions R = {r1,r2, ..., ryn}. Throughout, we denote by Ny the set of natural
numbers including 0. Each reaction is uniquely identified by its substrates (in-
put species) and products (output species), and we express such a reaction as
r={c, — chu), with ¢, ¢ € Ng representing the multiplicity of the species
s; € S in the input or output of the reaction. The set C of complexes consists of
all ¢, (with # = “in” or “out”), and for each reaction r € R we define the reaction
vector ¢” :=ch, — ¢/ € Z%. A CRN is thus defined by the triple (S,C, R).

EXAMPLE 1.1. The system

Iy y) 3
(1.1) g—~A+B—=~2B—~A

is a CRN with § = {A, B} and R = {r1, r2, r3}. The set of complexes of these re-
actions is C = {&, {A + B}, {2B}, {A}} = {(0,0), (1, 1), (0, 2), (1, 0)} [in the basis
spanned by (A, B)].

In this paper, we study the behavior as a function of v of the scaled process
(X}); :=v "N, iel,....d,
where N; € Ng’ represents the number of molecules of the d species and X/ €

(v~ 'Np)? denotes their number density (in mols) at time ¢. The interactions among
molecules are then described by each reaction r € ‘R standing for a possible jump
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of the process X} — X/ + v=1¢", with ¢” the reaction (or jump) vector associated
with r € R. Correspondingly, X; is a continuous time pure jump Markov process
with generator

(1.2) (Lo X)) =0 Y AP @) (f(x+v ") — f(x))

reR

for f : (v"!Np)? — R and the volume-normalized mass action kinetics jump rates

d .
(1.3) AP () = koI T ((vrx \ )(c{n)i!

i=1 cin)'
for some reaction (rate) constants k, > 0, where (Z) denotes the binomial coeffi-
cient which by convention is zero when b ¢ [0, a] and || - ||; denotes the £{-norm.

The mean-field character of this model reflects the underlying assumption of ho-
mogeneous stirring of the reactor. The scaling in v of the rate constants makes
them asymptotically extensive quantities in (1.2) and takes into account that it is
harder for molecules to meet as v increases.

REMARK 1.2. For a fixed volume v and initial condition Xj = x; €
(v"'Np)?, the process X/ is confined to S}C’g = {xg + {X,erarc” 1 €
(v~ 'Ng)™}} N R4, where R represents the set of nonnegative real numbers. In-
deed, X/ cannot jump outside of (v™'Np)¢ since Aﬁv) (x) =0 for any r € R such

that x + v~ 1¢” ¢ (v 'Np)? so the corresponding summand in (1.2) is then zero
[regardless of f(-)].

REMARK 1.3. In the limit v — oo, the sample paths of the processes X}
starting at X§ = x5 — Xxo € Rfﬂ almost surely converge—uniformly over [0, T']
for any 7' > O—to the solution ¢ (¢) of the deterministic ODE

d
(14) LY, =x,
4 rerR

having the asymptotic reaction rates

d .
(1.5) 2 () 1= ky [
i=1
provided that a solution of (1.4) exists up to time T (see [11], Theorem 2.1, Section
11, where such a functional law of large numbers (FLLN) is derived for certain
CRN5s).

We show in Section 2 that under the following mild assumption on the generator
L, of the scaled process, the solution X} to the corresponding martingale problem
satisfies a sample path LDP in the supremum norm, with an explicit rate function
(see Theorem 1.6). While proving this LDP we also verify that in this setting the
ODE (1.4) admits global solutions (and that the FLLN of Remark 1.3 holds).
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ASSUMPTION A.1. Let X} be the solution of the martingale problem gener-
ated by the generator £, of (1.2). We assume:

(a) There exist b < oo and a continuous, positive function U (x) of compact
level sets, such that for some nondecreasing function v' : Ry — Ry,

(1.6) (L,UY)(x) <e” Vo> v/([x]l1). x € (v~ 'No)%,

where UV (-) denotes the vth power of U (-).
(b) With positive probability, starting at X = 0 the Markov process X} reaches
in finite time some state x in the strictly positive orthant (v~'N)<.

REMARK 1.4. The existence of a solution X; to the martingale problem gen-
erated by £, with initial condition x; € (v 'Np)? is guaranteed by standard theory
(see [26], Theorem 8.3), up to the possibility of explosion. In Lemma 2.1 we show
that this possibility is ruled out by Assumption A.1.

REMARK 1.5. Assumption A.1(b) requires that all chemical species can be
created, at least indirectly, starting from zero, hence from any other possible state
of the system. In particular, there must exist at least one chemical reaction without
substrates, namely, with ¢{ = 0. Such constant rate reactions are used, for exam-
ple, in mass action models of cellular dynamics [2] and continuous-flow stirred-
tank chemical reactors [12], to model inflow of chemicals from the environment
(correspondingly, these CRNs often also have certain products exit the network,
reflected by a mass loss in some reactions). It is possible to have an LDP without
Assumption A.1(b), but then even when starting at xj — xo which is strictly pos-
itive, we may have a path of finite rate that leads to 8Ri and stays there forever.
This would create problems establishing the Wentzell-Freidlin estimates.

Proceeding to state our sample path LDP, hereafter Do 7 (Ri) denotes the space
of cadlag functions z : [0, T] — R‘j_ equipped with the topology of uniform con-
vergence. For z(-) in the subspace ACo,T(Ri) of absolutely continuous functions
from [0, T'] to }Ri, let z/(-) denote its Radon—-Nikodym derivative with respect
to Lebesgue measure. Further, for A = (A,) e R, ¢ = (¢,) e R}, £ € R? and
" eRY, et

L\, &) := sup {(9,5) - Z Ar[exp((0, ")) — 1]}

(1.7) e rer
) q
:mf{Z[kr —q, +quog—r} iq € QR(%‘)},
rerR )Lr

where Or(§) :={g €RY : Y, crqrc” =&} and (0,&) is the inner product of
0,&eRY.
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THEOREM 1.6. For A.(-) of (1.5) and any x§ — xo € R? | under Assump-
tion A.1 the sample paths (X} :t € [0, T]} with X§ = x§, satisfy the LDP in
Do,T(Ri) with rate v and the good rate function

T
/0 L(((0).20)dt  if2(0) = x0 & z € ACo 7 (RY),

00 otherwise.

(1.8) Iy7(2):=

That is, for any set I" C Do,T(]Ri), denoting by T'° and T the interior and, respec-
tively, the closure of T, we have

1 _
(1.9) limsup — logPP,0[ X} € T] < — inf I, 7(2),
v—o00 U 0 zel
] .
(1.10) l}fglo%f; log Py [X; eT?] > _zlenl“fo L, 7(2).

REMARK 1.7. The identity (1.7) is well known (see [28], Theorem 5.26), and
since the function [b — u 4 ulog(u/b)] is positive whenever u # b, it yields that
the Lagrangian L(A, &) vanishes iff § =), . A,c". Thus, the rate I, r(z) of
(1.8) is zero iff z(-) solves on [0, T], the ODE (1.4) starting at z(0) = x¢ (see [28],
Exercise 5.14).

1.2. Topological stability and strongly endotactic networks. Standard large
deviations theory is not directly applicable for proving Theorem 1.6, because we
need to deal with jump rates that are neither bounded away from zero, nor globally
Lipschitz continuous. The diminishing jump rates at the boundary are handled by
adapting our system to the framework of mean-field interacting particle systems,
and thereby applying [9], Theorem 3.9, whereas Lemma 2.1 takes care of the lack
of global Lipschitz continuity by employing Lyapunov stability theory to estab-
lish exponential tightness. In doing so, a most important challenge is to phrase a
stability condition strong enough for such exponential tightness, and a sufficient
condition for escape from the boundary (in extension of [29]), that are both appli-
cable to a broad collection of CRNs.

This is precisely what we do next, with our topological conditions summarized
by Assumption A.2 below. Specifically, given a finite set Q C R? and a vector
w e R, we call

Qu:={ce Q:(w,c—c')>0forall ¢’ € 0},
the w-maximal subset of Q and consider the following collection of CRNs.
DEFINITION 1.8 ([18]). The network (S, C, R) is called strongly endotactic

if for any nonzero w € R?, the set Ry, C R of reactions such that i € (Cin)w con-
tains at least one reaction satisfying (w, ¢") < 0 and no reaction with (w, ¢") > 0.
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“tb.

FiG. 1. The Ri-diagram for Example 1.1. A vector w in the space of complexes and the corre-
sponding orthogonal hyperplane has been drawn in red to identify the w-maximal subset of the input
complexes (Cip)w: the complex A + B.

This class of CRNs is well known (see [18]), and algorithms to determine if a
network is strongly endotactic are devised in [21] (using variants of the simplex
algorithm).

EXAMPLE 1.1 (continued). The network of Example 1.1 is represented as in
Figure 1, where we identify (Cip),, by sweeping Ri with a hyperplane orthogonal
to w € R? (here for d = 2, drawn in red), and taking the last point of Cj, that
such hyperplane intersected. It is easy to see that our specific network satisfies the
requirements of Definition 1.8 and is therefore strongly endotactic.

While in a strongly endotactic reaction network, all reactions “point inward”
with respect to the faces of the convex hull of Ci, (etymologically endo-tactic:
inward-arranged), our LDP requires addressing the following additional boundary
concept.

DEFINITION 1.9. A nonempty subset P C S is called a siphon if every reac-
tion r € 'R with at least one output from P also has some input species from P.

ExXAMPLE 1.10. It is readily checked that the sets P = {A}, {A, B} are
siphons of the network
A—2A—~3A+2B— A,
whereas { B} is not.

We make the following assumption on the topological structure of CRNs. We
call (S8, C,R) an asiphonic strongly endotactic (ASE) network if it satisfies
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ASSUMPTION A.2. The CRN (S, C, R)has the properties:

(a) Itis strongly endotactic, as in Definition 1.8,
(b) It has no siphon P C S.

REMARK 1.11. Assumption A.2(b) is equivalent to finding, for any nonempty
P € S, some reaction from R that produces at least one output in P while requir-
ing no input species from P. When this holds, then, for any state x on the P-
boundary of ]RflF (namely, having x; = 0 for all s; € P), there is some reaction of
a nonvanishing rate that brings the system back to a higher-dimensional subspace
of Ri. Following a sequence of such jumps, we conclude that any asiphonic CRN
satisfies Assumption A.1(b). This definition coincides with the one of exhaustive
CRNs introduced in [19].

Combining the following result with Remark 1.11 yields the LDP of Theo-
rem 1.6 for the ASE networks of Assumption A.2.

PROPOSITION 1.12 (Existence of a Lyapunov function). If the network is
ASE, the generator L, of (1.2) satisfies Assumption A.1(a) for the chemical Lya-
punov (continuous) function

d
(1.11) Ux):=d+1+) xi(logx; — 1) : R — Rx.
i=1

The connection between Lyapunov stability analysis and large deviations rate
functions is an active area of research (see, e.g., [S]). Also, the problem of stability
of mass action kinetics systems has been addressed in [2, 12, 18, 20] and sufficient
conditions for the existence of a globally attracting steady state for the determin-
istic dynamics of such systems have been established in [1, 7, 12]. In particular,
the existence of a global attractor for a certain class of CRNs is proven in [1, 18]
using the chemical Lyapunov function of (1.11). These results have been extended
in [18] where the same function is used for showing the existence of a compact at-
tracting set for strongly endotactic CRNs. However, none of the references above
deal directly with the generator £,, using the chemical Lyapunov function to es-
tablish exponential tail estimates for the finite-time distributions of such stochastic
processes, as we do in Section 3 [where we prove Proposition 1.12 by verifying
(1.6) for this function].

REMARK 1.13. Proposition 1.12 implies that it is sufficient to check a set of
graphical conditions to guarantee the applicability of a LDP to the dynamics of
CRNs. This is most advantageous for applications in, for example, biochemistry,
where typically d > 100 and quantitative estimates like (1.6) would be prohibitive
to check. Note furthermore that our conditions do not depend on the reaction rate
constants k,, which are often very difficult to determine.
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1.3. Quasi-potential and exit time asymptotic. Following the Wentzell-Freid-
lin approach, we utilize our sample path LDP to define the corresponding quasi-
potential (as in [14]), and provide asymptotic analysis over an infinite time horizon,
for quantities of interest such as the exit time from some domain D C RZ, or the
transition time between different attractors of (1.4) (as proposed by [15]). To do
so, we first assume that the domain of interest D has the following mild regularity
properties.

ASSUMPTION A.3. The compact D C Ri is the closure of its interior, with
boundary 9D that is a piecewise twice continuously differentiable submanifold of
]Rﬂl_. Furthermore, there exists a ball B C D so that for all x € B and y € D the set
D contains the line segment between x and y.

DEFINITION 1.14. The quasi-potential between any x, y € Ri is

Vp(x,y) :=inf inf L. ; (D},

D(X, y) 120 {Z(~)€D,z(t)=y}{ e ( )}

for I, ;(z) of Theorem 1.6. We say that x, y are D-equivalent (denoted x ~p y), if
Vp(x, y) =Vp(y, x) = 0. We further define

Vp(A,B):= inf Vp(x,y) VYA, B CD,
x€A,yeB
and use V(-, -) for VM(" 3.

The equivalence x ~p y defines compact sets K; C D where the process can
move with probability exp(—o(v)). Throughout, we make the following assump-
tion about their structure.

ASSUMPTION A.4 ([14], Condition A, Section 6.2). There exist £ compact
sets K; C D such that:

(a) every w-limit set of (1.4) lying entirely in D is fully contained within
one K;,

(b) for any x € K; we have x ~p y if and only if y € K;,

(c) for all K;, the set K; minimizing Vp(K;, K;) is unique.

We further assume that the conic hull Co{c"},er of vectors {¢’ },er is R?.

Such K; are called stable if V(K f (K ;S)C) > 0 for § > 0 small enough (where
B? denotes the §-neighborhood of the set B in the || - ||{-norm). The most probable

transitions between {K f} for small § > 0 and v — o0 [i.e., those transitions that
connect any such K is to the unique K? with i # j minimizing Vp(Kf, K f.)] de-

fine a deterministic dynamic on the finite collection of stable compact sets. Such
dynamic can be partitioned into disjoint cycles, with each cycle m consisting of a
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single transitive point (7 = {i}) or a periodic orbit 7 = {i} — i — -+ — i; — i1}
(cf. [14], Section 6.6, for the precise definition). Thanks to Assumptions A.3 and
A.4, adapting the machinery of [14] to our setup, we transfer in Section 4 the sam-
ple path LDP to the following result about the time it takes the CRN to exit D or a
cycle  and the probability cost of relevant exit paths.

THEOREM 1.15 ([14], Theorems 5.1, 5.3, 6.2, Section 6). Consider a CRN
satisfying Assumption A.1 and the process t — X} starting at x5 — x € D°. Let
Tp denote its exit time from a set D that satisfies Assumptions A.3 and A.4 and let
Ty its first hitting time of U j ¢ K? foracyclemwr C{1,..., L} and sufficiently small
& > 0. Then, with nonrandom Mp(x), Wp and Wp(x, y) as in [14], Section 6, we
have that for any x in a compact F C D° and y € 9D

N |
(1.12) Slg%vll)ngo ;logPXS[“XgD — |, <8]=Wp — Wp(x, y),

1
(1.13) lim —logE,v[tp] = Wp — Mp(x).
vV—00 p 0
Furthermore, with C(1r) < oo as in [14], Section 6.6, any y > 0 and uniformly in
(1.14) Jim Po[[v ogzz — C(m)| < y]=1.

REMARK 1.16. Note that models in cell biology [4] usually have significantly
larger dimension d than many other applications of Wentzell-Freidlin theory.

2. Proof of Theorem 1.6. We start by showing that Assumption A.1(a) yields
exponentially negligible exit probability from the compact level sets of the function
UQ).

LEMMA 2.1. Let {X}} be a Markov jump process with generator (1.2) and
initial condition x§ € (v~'No)4. Under Assumption A.1(a), there is, for every o,
B, v, a finite 04 g,y , so that

) 1
(2.1 hmsup—log( sup ng[ sup ||X,”H1>Qa,ﬁ,y])§—a.

v—>o0 U lxglli <y re[0,eP?]

PROOF. For each ¢, there is a ¢ = o(£) so that {x : U(x) < £} is a subset of
the ball

(2.2) Ky :={x eR% :|x[li <o}
Considering the v-dependent stopping times

(2.3) oo :=1inf{r >0: X ¢ K,),
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and the stopped processes X ;=X g@ Ap» it follows by Markov’s inequality that
for any T,

Pyl sup 1X1 > o] =Py lI%5°1, > )
t€[0,T]

<PylUX7%) > (] <t Eg[UY(X7°)],

from which we get (2.1) once we show that

1 ~
(2.4) sup lim sup — log sup Ey [UY(X ;’Q)] < 0.

ozy v=>00 U x|y <y, T <ef?
To this end, as U (-) is continuous, sup||x||l§y{U(x)} < e” for some » = x(y) <
oo. Further, when || X§|l1 < o, the Markov process X tv ® has the generator £, of
(1.2) restricted to K, and is confined for any v > 1 to a compact (K,)¢ with ¢ :=

sup, ||c"[l1 < oo. Thus, combining Dynkin’s formula [10], Section 5.1, with As-
sumption A.1(a) we find that for some v, € [1, 00), all v > v, and ||x5]l; <y <o,

. oo AT
2.5) Eg[U"(X7°)] <U"(xg) +Eyx [/ (L UY)(XY) ds] <e™ +Te.
0

Considering for T < eP?, the limit as v — oo of v™~! times the logarithm of (2.5)
leads to (2.4) and thereby concludes the proof. [

REMARK 2.2. Lemma 2.1 can be alternatively proved by defining a super-
martingale from the condition (1.6) on our generator, and applying [13], Theo-
rem 4.20, to it.

The Markov jump process X, corresponds to the generator of (1.2), now
with reaction constants Tk, for which Assumption A.1 continues to hold. This
changes A(-) of (1.5) to TA(-), hence transforms I, 7(z(r)) into Iy, 1(z(tT))
[since L(TA,y)=TL(X, T_ly)]. Thus, w.l.o.g., we take hereafter 7 = 1 and pro-
ceed to establish the exponential tightness of an exponentially equivalent process
X?.

LEMMA 2.3. Under Assumption A.1(a), the Co,l(]Ri)-valued processes )N(;’
obtained by linearly interpolating the jump points of t — X!, form an exponen-
tially tight family in the uniform topology, which for uniformly bounded ||xj ||y is

further exponentially equivalent to {X}'} in the uniform topology on DO,I(Ri)-

PROOF. For any consecutive jumps of X occurring at (random) times #| < f2,
we set

~ t—n
X! =X, +—(X; — X}).
t n tz_l,l( 1% l‘l)
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Hence, | X? — X?||; < v~'¢ for finite ¢ := sup, ||c"|l1, all # > 0, and v, yielding
the exponential equivalence of (X /} and {X/} (in the uniform topology). As for
the exponential tightness of {X /}in Co,l(R ), note that for any ¢ > s,

|XP =X}, < v eNsn(XY),
where N[ ;1(X") counts the number of jumps by XV in the time interval [s, ¢].
Further, as Aﬁv) (x) < Ar(x) for all x € R, we have for 0o of (2.3) and any v >
1 the monotone coupling N[ (X") < M[i’t] on [0, 0,], where M? is a Poisson
process of intensity v A€ and

Q.= sup {Z A (x)}
xE(Kg)° reR
In view of the Arzela—Ascoli theorem and Lemma 2.1, it thus suffices for the stated
exponential tightness of {X}'} to show that

lim limsup v ! logP[ sup {M[Qs = vs] = —00,
(2.6) 80 v—o0 0<s<t<(s+8)Al

Yo < o0, e > 0.
To this end, by tail estimates for the Poisson(25 vA?)law, forany ¢ > 0 and o < oo,

lim limsup v~ ! log P > ve —00.
s v_)OOP g [ [0,25] 1=

Further, if [t —s| < § and n = [1/6§], then
0 Y
M < ma’;_l{M[is,(uz)s]} =: M.

Hence, applying the union bound for the maximum A;Ig? of n identically distributed
Poisson(2§v A9) variables yields (2.6), and thereby concludes the proof. []

Let M(S,) denote the probability simplex over S, = {*} US and ¢, :=
(I,c") = lleggellt = Nyl the number of molecules gained (or lost, if negative)
in each chemical reaction. For ¢ > 0 and {A,(:)} of (1.5) such that (1.4) admits a
solution ¢ : [0, 1] — Ri (i.e., no blowup on [0, 1]), we consider w(¢) satisfying
the ODE

2.7) i—’j =071 Y Aelopls)(—chc’),  pu(0) € Mi(S.),
rer

establishing a strictly positive lower bound on {1(¢)|s} that holds uniformly over
ln(©)sllt < y/o < 1 with arbitrary, fixed y and all o large enough. This quan-
tity is a rescaled projection on M (S,) of the ODE (1.4) with initial condi-
tion [|£(0)|l1 < y provided sup, [|£(f)|l1 < 0. In other words, adding a “vacuum”
species {x}, we map ¢ (¢) onto (), describing the dynamics a system conserving
the total number of molecules. Note that u(7) can be seen as the empirical measure
of an IPS in the limit of infinite number of particles.
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LEMMA 2.4. Let Assumption A.1 hold and assume that (1.4) has a solution

fort €10, 1]. Then, for any y > 0 and for some 0o(y ), if 0 = 00(y) and o (0)|s <
y, the solution w(t) of (2.7) satisfies u(t) € M(S,) fort € [0, 1].

Further, there exist D € N and b = b(o) > 0 such that for any such u(t) we
have

(2.8) us () =bt?  vre[0,1i=1,....d.

PROOF. Starting at (1, ©(0)) = 1, it follows from the definition of ¢} that
(1, u(t)) = 1 for all r > 0, with the bijection

(2.9) () =ou@ls =¥ (u®),  m0):=1-0"¢@)

between w(-) of (2.7) and the assumed finite solution ¢(-) of (1.4) with
1£(0)]|1 <y.Inparticular, £(0) = ¥ (u(0)) € I?Q of (2.2) yields ¢ () € R‘fr and the
condition ot (0)|s < y translates into || (0)||; < y. Our claim that () € M1(S,)
for ¢t € [0, 1] is thus just

1°

o(y):= sup  sup ¢, < oo,
IO <y r€l0,1]

which holds for go(y) <1+ 01,0,y of (2.1) (indeed, simply contrast the FLLN of
Remark 1.3 with the exponential decay in v of probabilities from Lemma 2.1).

Next, for any o > 0 we multiply each reaction constant k, by Q“C{n“ﬁl and
w.lLo.g. set hereafter o = 1. Identifying s; = j, split the RHS of (2.7) at coordinate
i to a sum over reactions in R!, := {r € R: ¢; > 0} and over those in R" :={r €
R : ¢; < 0}. The contribution from R’+ is a polynomial P;(-) in {u1,..., uq} of
positive coefficients (namely, k.c;, r € R!,). Further, ¢; < 0 requires (c{,); > 1
so the contribution of R’ is of the form i Qi () for another polynomial Q;(-)
with positive coefficients. Let e(?) := u(t)|s — y(¢), for the solution y(¢) of the
modified ODEs

dyi

(2.10) E:P,-(y(t))—Cy,-(t), i=1,....d,y(0)=pn0)ls,

where

C:= 1+m<a;(sup{Qi(M) t € M(S0)} < oo.

Each P;(-) is increasing w.r.t. the natural partial order on R% | hence

de;

- TCa =P+ =P +m(C—0i(w)=0,

as long as e(¢) and y(¢) are both in Ri, with a strict inequality as soon as p; () > 0.
Hence, starting at ¢(0) =0 and y(0) € R%, we establish (2.8) by showing that
the same inequality holds if one substitutes the solution y(-) of (2.10) to wu(-),
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uniformly over all y(0) Ri. We achieve this goal by utilizing Assumption A.1(b)
in at most d steps, to get that for some Dy € N and by > 0,

(2.11) yi (1) > byt Pk, vt € [0, 1],y(0)eRi,ieSkT{l,...,d}.
Specifically, starting at Sp = & let S = Sg—1 U 05k for
0Sk:=1{j ¢ Sk—1:Ir e R, (Cour); > 0 and VI ¢ Sy, (ciy); = 0}.

In particular, 0S5 consists of all product species in reactions with ¢{, = 0 and
from Assumption A.1(b) we know that dS; is nonempty (see Remark 1.5). Such a
reaction with ¢{, = 0 and an output i € dS; contributes to P;(-) a positive constant
term k. ; :=k,c;. For y € Rfﬂ any other reaction may only increase P;(y), hence
:= inf inf {P; 0.
= Aot
Bounding the solution of (2.10) from below taking 3¢ instead of P;(y(¢)), and

considering the worst case y; (0) = 0, we deduce that for k =1, D; =1 and any
i €08y,

t
(2.12) yi (£) > %k/ e CU=9) D=1 o> p 1P|
0

for some by = s g(C, Dy) > 0 and ¢ € [0, 1]. Increasing to k = 2, observe that if
Sk—1 # S then by Assumption A.1(b) there must be a reaction r that has at least
one product not from Si_; while all of its substrates are from Si_1. In that case,
the nonempty set dS; consists of the products of such reactions that are not in
Si—1 and for any i € 95 areaction r = r; € R of this type contributes to P; (y(¢))
a positive term of the form

ki |1 yl(t)(cir“)lZkr,i(bk—lfD"‘l)Zi,

1eSk—1
for ¢; .= ||cir12|| 1, where we relied on already having the bound (2.11) for [ € 5.
Setting
. 0
Dy:=1+ Dy_ j = krib;'
k + Dy 1;2321;1{13,}, sy irg)lgk{ rib 1},

recall that other reactions may only increase P;(y(¢)), hence for i € 0S; and ¢ €
[0, 1],

Pi(y(0)) = st P,

Exactly as we have done for k = 1 and D = 1, inserting such a lower bound into
(2.10) and considering the worst case solution [y; (0) = 0], results with (2.12). Fur-
ther lowering by to have the same bound extend also to all i € Sy and proceeding
if necessary to k = 3 and beyond exhausts finally all of S after at most d steps. [
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PROOF OF THEOREM 1.6. Recall the Skorokhod J;-topology on Dy ; (Ri)
which is metrizable by the coarsening of the sup-norm

213)  dy(a,z) =inf]lTl. + sup [21(5) — z2(r ) I
sel0

where ||7|ls := sup;, log{|t(s) — 7(¢)|/Is — t]} for strictly increasing s > 7(s)
with 7(0) =0, (1) = 1. By Lemma 2.3 and the inverse contraction principle
of [8], Corollary 4.2.6, it suffices to establish the weak LDP for {X}} in the
metric space (D0,1(Ri), dy,) (in this standard reduction we also rely upon [8],
Lemma 1.2.18, to upgrade from weak LDP to full LDP before employing the in-
verse contraction, and on [8], Theorem 4.2.13, to transfer the LDP in the uniform
topology from {X}} to {X}}). Next, consider the Markov jump process X ; € of
generator (1.2) and volume-normalized jump rates

(2.14) APex) == AP WI(Ix] <o —v7'cl),

*

where I(A) is the indicator function over a set A. Taking ¢, := sup, |[c] |l1 V
llcouell1 and

(2.15) sup{[ x5, } + ¢ <o,
v>1
assures that {X; ¢, ¢ v > 1} is confined to I? of (2.2) and in view of Lemma 2.1,
(2.16) hm n_limsup v~ MogP[X["? # X}'] = —o0,
V—>00

where X;© £ X / represents the event where the paths of X; and of X +"¢ (coupled
to X/ until the rates of the two processes differ) do not coincide on ¢ € [0, 1]. By
taking 7 as the identity map in (2.13), we further have for all v that
dj (X', X') < sup ||X“ X', <vlé
t€l0,

and consequently the required J;-weak LDP for { X ;} follows from the local LDP
for {X/} with respect to the d, -metric balls (see [8], Theorem 4.1.11). In view of
(2.16), the latter local LDP follows from having for any z € Do’l(Ri) and all o
large enough [which may depend on z(-)],

2.17) 1nf hmsup —logPyy v[dy (X709, 2) < 8] < —14,1(2),
V—>00
(2.18) inf hmmf— logPe[dy (X", 2) < 8] = —1Ix1(2).

§>0 v—>00

In establishing these bounds, we tackle the diminishing rates A,(-) at BR‘j_ by
employing a LDP from [9] for the empirical measure sample-path ¢ — u} of
n mean-field interacting particles. Specifically, fixing z € DO,I(Ri) let y :=
1+ sup, 0,17 lz(1) [|1- Since for any v and o,

(2.19) dn(X"€,z) <1 = [X/%:re[0,11}CK,,



LARGE DEVIATIONS THEORY FOR CHEMICAL REACTION NETWORKS 1835

the choice of jump rates AV-¢(-) outside K y is irrelevant for the bounds (2.17) and
(2.18). Choosing an integer o with o > 200(y) > 2y which is further large enough
for (2.15) to hold, the process X Y€ is confined to EQ of (2.2) so has at most
n = vo molecules (to simplify notation, take w.l.o.g. v € N). We thus consider the
evolution of n indistinguishable particles, each labeled by a type from S,, where
nuy (x) counts the x-particles that compensate the ¢/, molecules gained/lost at each
reaction. Starting at v(xg); particles of type s; € S and n — v||xj |1 of x-type, our
goal is to have for W(-) of (2.9) the continuous bijection

(2.20) X[ =w(p),  um=1-07 X,

To this end, a chemical reaction r € R is mapped to the simultaneous change of
L= |lci Il Vv el lli < co particle types, where given u”, any ordered £,-tuple
icS! that has type-count configuration ((c})4, ¢;,) independently changes into

an ordered ¢,-tuple j € S!" that has type-count configuration ((c})—, ¢, at the
rate

krgr!vlfllci'nlll

M, (") (D)4t

(cD)+

(2.21) rfj’)’”(,w) —

where M, = Z,!Z/[(lcﬂ)! ]_[?:1 (ciil(coyp)i!] is the number of pairs (i, j) matching
the specified type-count configurations [and to accommodate all possible CRNs
we permit i; = j; for some /, unlike [9], equation (2.1)]. Indeed, for A;C of (2.14)
and {Fg)’”} of (2.21), the generator of u” in [9], equation (2.7), has total jump

rate vA, ¢ (¥ (+)) in each direction (=cl,c"), r € R, thereby yielding the bijection
property (2.20). From (2.21), it is also easy to check that for any u"* — wu,

- , 7y =+ _.
At (W) = Eens = ),

where k, > 0 is independent of . Such {Fi(jr)(u)} satisfy the uniformity condi-
tion of [9], Assumption 3.1. On M4 (S,) 1= {t € M1(Sy) : s > 1/2} they also
have the Lipschitz continuity of [9], Assumption 2.2, and taking into account
the factor v/n between volume normalizations, we have on M (S,) the Lips-
chitz continuous asymptotic normalized reaction rates Q_l)\r(\I/(M)) for " that
satisfy [9], Property 2.3. As shown in [9], Section 6, having [9], Property 2.3,
throughout M (S,) yields the LDP upper bound for {u}} in the J;-topology of
Do,1(M1(S,)), at rate n. Here, jg — W~ !(xg) and the asymptotic reaction rates
for u" depend only on W (). Consequently, the rate function controlling the LDP
upper bound for {1 (¢)} is

J(w) =0 'y 1 (¥ (),

and upon compensating for the factor v/n between the two rates, such an LDP
upper bound for {u" (¢)} readily yields (2.17). Our problem fails to satisfy the Lip-
schitz continuity of [9], Property 2.3, when u, = 0. However, o > 2y guarantees
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that . > 1/2 on lIJ_I(E,,), which in view of (2.19) is all that matters for (2.17).
As explained at the start of the proof, upon combining (2.17) with the exponential
tightness of Lemma 2.3, we get the stated LDP upper bound of (1.9) (for T =1).
In particular, due to exponential tightness the LHS of (1.9) is zero for some com-
pact I'. The same applies then for the infimum of 7, 1 (-) over this compact set, and
hence I, 1(¢) = 0 for some ¢ € ACo,l(Ri) with ¢(0) = xo. Recall Remark 1.7
that such ¢(-) must satisfy the ODE (1.4) for ¢ € [0, 1]. We note in passing that
the same argument applies for any finite 7 (as explained just prior to Lemma 2.3),
yielding the existence of global solutions for this ODE and further, the FLLN of
Remark 1.3 then holds when v /(logk) 1 0o, by combining the stated LDP upper
bound and the Borel-Cantelli lemma.

Next, note that we have (2.18) as a consequence of the LDP lower bound of
[9] holding for {u}'}, equation (8.1). As mentioned in [9], Remark 8.6, such LDP
applies when having in addition to [9], Property 2.3 and Assumption 3.1, also the
n-ergodicity of [9], Assumption 3.3, and that the solution of the ODE (2.7) satisfies
[9], Property 4.13. The latter amounts to having the lower bound of (2.8) also
for p.(t). Having o > 20¢(y), from Lemma 2.4 this holds whenever starting at
u(0)|s < y/o which is precisely pl (I? y) [and thus all that is relevant for (2.18)].
The n-ergodicity of [9], Assumption 3.3, amounts here to being able to reach a
particle population that exhibits all d + 1 elements of S, upon starting at n >> 1
particles from a fixed, single type from S, and Assumption A.1(b) guarantees this
when starting at only x-particles. We thus have also [9], Assumption 3.3, except at
the face u, = 0 on the boundary of M (S,). While the behavior at that face plays
a role for some events, thanks to (2.19) it is irrelevant here. [

3. The stability of ASE networks. The proof of Proposition 1.12 is long and
technically challenging, so we first sketch in Section 3.1 the proof of (1.6) for x
away from BRi to familiarize the reader with the techniques used in the subse-
quent sections, where we carry out this proof in full detail.

3.1. Toric rays and outline of the stability proof. Following the geometrical
analysis of [18], we first define toric rays, using throughout for w € R", z € (R} )?
and 6 € R the operators

log(z) := (logzi,...,logz,) € R",
=g ) € (RY),
oY = (6"1,...,0"") € (R})’.
DEFINITION 3.1. To each w in the unit sphere $"~!, we associate the w-toric
ray

TV = U v C Rﬁ_.
6>1
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We also introduce the toric ray parameters

0(z) :==exp([log@)[,).  w):= log(2),

(3.1) logf(z)
O, w):(RL) - Ry x S"71, z=0()"@.
REMARK 3.2. To see why U(:) of (1.11) is most suitable for mass action
systems, note that along a w-toric ray
(3.2) VU (") =1log(0™) = (log6)w,
while the derivative of the ODE (1.4) at a point on such a ray is
=2 e =% k(0" e’ = 3" kWi
§=0"  ,eR ¢=0 rer rer
Thus, at x = 0" the time derivative of U (£(¢)) for the solution ¢ (¢) of (1.4) is

d _ s rig(w.ch)
6a  ueo)|  =(vuw. dt>‘§:9w—(log9)§zkr(w,c)9 .

(3.3) E

¢=6v

For fixed w and 6 >> 1, the sum on the RHS of (3.4) is dominated by reactions
r € Ry (maximizing (w, ci;)). Thus, in strongly endotactic CRNs, where at least
one such reaction contributes negatively to this sum by having (w, ¢") < 0, and no
other reaction r in R, contributes positively to it, the LHS of (3.4) will also be
negative for all large enough 6. As shown in [18], if this applies uniformly over
w € §971 then for some compact K we have %U(;(r)) < 0 whenever ¢(t) ¢ K,
so (1.4) has an absorbing compact set. Indeed, suppose to the contrary, that for
some diverging sequence x(j) € Ri

(3.5) iU(g'(t)) >0 VjeN.
dr £=x(j)

By compactness of S?~!, upon passing to a suitable subsequence, the corre-
sponding toric ray parameters x(j) = 6(;j)*/) form a toric jet of frame w =
{w® : k < £} (see Definition 3.11 and [18], Lemma 6.7), where w(j) — w
and 6(j) — oo. By compactness of [1, oo], there exists a further subsequence
along which x(j )’N) converge for each k (possibly to co), implying the conver-
gence of the functions @, (x) := k, (w, c’)@“"’cirn). For strongly endotactic CRNSs,
one can show [18] that along such a toric jet, for any r € R there exists r’ € R
whose contribution @,/ (x(j)) to the RHS of (3.4) is such that lim; ¢,/ (x(j)) <0
and —@, (x () /(@ (x(j)))+ — oo (where 0~! := 00), contradicting (3.5).

REMARK 3.3. Note that in the components s; € S where w; is negative, the
value of % decreases as & — oo. Such w are therefore used to parametrize
through (3.1) points in (v~ 'Np)¢ that are at a distance < 1 from the boundary
{x; =0}.
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Proposition 1.12 amounts to having for some finite b, for any x € (v"'Np)¢ and
for v > v'([lx[l1),

(3.6) Y AVO[U (x+v7) = U ()] <.
reR

Recall that Aﬁ”) (x) < A,(x) which is uniformly bounded on compacts, as is U (x).
Hence, there exists a finite » = b(p) such that (3.6) holds for any v > 1 whenever
Ixll1 < o. Letting

A
LYx):=Ux) QY x) —1), 0W:=U(x+v7!)/U W),

0o =1x € (v"'No)? 10 < IIxlh < ¢},

we thus establish Proposition 1.12 upon showing that for some ¢ < oo any ¢’ > g,
x € AZ’Q, and v > v'(¢’), we have

BN a0 =Y ke <0, V) =k AV LY (),

rerR
where, by (1.3) one considers in ™ (x) only r such that vx > ci, (thus x + vler e
]Rfi). Subject to having the v-independent approximation for all x € (v~'N)¢,

hr(x) + O)x (1)
U(x)

we can prove (3.7), at least for a strictly positive x, by contradiction. Specifically,

one can show that it suffices to rule out having V) (x(j)) > 0 along a rapidly

diverging volume-jet (v(j), x(j)). That is, along some diverging toric jet x(j) =

0(H*W) e (v(j)~'N)4, with (j) — oo and frame w, such that v(j) — oo ar-

bitrarily fast [i.e., allowing for an arbitrary v'(¢) in Definition 3.13]. Similar to

Remark 3.2, we arrive at a contradiction by showing that for some v’ any such v’-
divergent volume-jet (v, x) and r € R, there must exist #’ € R ;) such that even-

38 oW = exp[ ] with i, (x) := (VU (x), ¢'),

tually <pr(7) (x) <0 and —gof/v)(x) /(@ (x))4 — o0o. To this end, we first show in
Lemma 3.14 that for v'(0) = ¢ and some constants §,» > 0, along any v’-divergent
volume-jet (v, x) framed by w, eventually

(3.9) AP @) 2800 (x) V€ Ry,

which as Aﬁv)(x) < Ar(x), implies that for C < oo, any r € R and r’ € Ry,
eventually

o ()| _ k' apr0) [ LY ()
o) T ka0 1LY ()
Referring to the first part in the RHS of (3.10) as a monomial term [since
kr_/l)»r/ (x)/ k.- Do) = Q(w,cﬁ:—c{n)]’ and to the second part (in the absolute value

(3.10) =: P{\)(x).
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sign) as Lyapunov term, we then show that for any r € R, if eventually LY x)=>0
then by [18], Proposition 6.24, there exists r’ € R ;) with h,(x) — —oo such that
along the divergent volume-jet,
3.11) lim P (x(j)) = oo.

J—>0o0 ’
Indeed, relying on (3.8) we establish (3.11) by proceeding according to whether
» = 1im; |h, (x)| is finite or infinite. Specifically, we have the following cases:

(a) Lyapunov domination, where s, is finite and with U(x) — oo we have
that Lﬁv)(x) remains uniformly bounded. The existence of r'(r) € Rya) with
L;l,)) (x) — —oo resulting from [18], Proposition 6.24 (see Lemma 3.17), combined
with [18], Lemma 6.22, to bound the monomial term away from zero, concludes
the proof.

(b) Monomial domination, where s, = 00 so Qﬁv)(x) = MU (1 4 o(1))
by (3.8). This implies, by [18], Propositions 6.20 and 6.24, the existence of r’ €
R such that |L£1,}) (x)/LﬁU)(x)l = OO~ WV UMY whose exponent goes to
zero as j — 00. On the other hand, for such r” by [18], Lemma 6.22, the exponent
of 6 in the monomial term of (3.10) is (eventually) strictly positive and bounded
away from zero along the toric jet, thereby establishing (3.11).

In order to establish (3.7) also on dR?, we need to extend the preceding pro-
gram to deal with boundary effects such as the divergence of VU (x). This is done
by separately considering each face of Ri. In particular, Section 3.2 establishes
(3.8) in a more general form, substituting VU (-) with the v-dependent Vr(") U()
of (3.12). Section 3.3 adapts the definitions of toric jet and strongly endotactic
CRNs from [18] as needed for B]Rj’_. This and the corresponding results from [18],
Section 6, are then used in Section 3.4 to show the divergence of Pr(lﬂ (x), first
for Lyapunov domination (in Lemma 3.21), and then for monomial domination
(in Lemma 3.22). Finally, Section 3.5 follows the preceding outline in combining
everything to a proof of Proposition 1.12.

3.2. Approximation lemmas. The image of R¢ under the exponential map is
(Ri)“, so we will establish (3.7) separately on the various faces of 8Rfi by con-
sidering the relevant CRNs (S, C, R(P)) where, for any nonempty P C S,

R(P) := {r € R : supp{c,} < P}
denotes the reactions with substrates only from P. To this end, identify such
P =(Siys--s8i dp) of cardinality |P| = dp> 1 with the corresponding indices

(i1, ...,idp), denoting by sS4 (P) the restriction of a space s4 (be it R4, ]Ri, Ng
or N?), to these coordinates (i.e., having zero values outside P). Aiming at the
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approximation (3.8) for x € (v"'N)4(P) and r € R(P), we modify VU (x) to

log x;, i€P,
(3.12) (VU (x)), = Ylog(v™ieh), i esupp{ch, ) NP,
0 otherwise.

We write &, (x) for functions that are uniformly bounded in x by some &, — 0 as
v — o0 and &(x) for any globally bounded function of x.

LEMMA 3.4.  Setting gp(x) := ||log(x)|, for p =1, 2, we have that

261(x) _d+ )
vU(Xx) = vU(x)

(3.13) <ey(x)  Vxe(w 'N)

PROOF. The first inequality in (3.13) directly results from the fact that x? +
1 > 2|x| for all x € R. Next, since g(x) < \/Esupi{llogxﬁ} and U(x) > 1, by
(1.11) it suffices to show that

logy|?
ogy] <e(y)  Vyzvl

vly(logy —1) +2] —
For y € [v™!, v], the LHS is at most (log v)z/v — 0 as v — oo, whereas for y >
v > ¢ the LHS is bounded above by 2log y/(vy) < 2logv/v? — 0 as v — oo.
O

REMARK 3.5. Hereafter, for any r € R(P), we consider w.l.o.g. only r-
relevant x, namely those for which vx 4+ ¢” € N4, for otherwise the corresponding
term disappears in (3.7) (see Remark 1.2).

LEMMA 3.6. There is a finite v, such that for any P C S, all r € R(P) and
all r-relevant x € (v~ 'N)4(P), one has for v > v,:

hY (x) + m)}

(v) _
0" (x) = exp[ e

where hﬁ") (x) := (Vr(v)U(x), ).

PROOF. Since the number of possible P and r is finite, it suffices to prove the
claim for fixed P and r. We have in terms of f :=v[U (x + vlen) — Ux)]/U(x)
that

0w =(1+ %) — exp[f — vR(f/v)]

where the nonnegative R(y) :=y — log(1 + y) satisfies
(3.14) R(y) =2y*  V¥y=z=-1/2.
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Now, for any r € R(P) and x € (v~ 'N)¢(P) with vx +¢” € Ng we have that
(3.15) FU@ —hY @) ="y (vxiscf) — (¢ 1) = e(x)
ieP
is uniformly bounded since ¥ (b;c) := (b + c)log(l + ¢/b) decreases in b >
max(1, —c). Hence, from (3.15), (3.12) and Lemma 3.4,
(v) 2 2

Lo (hr <x)> N ( e(x) ) _ v

27 ~\U®) U(x) U(x)
Since U(x) > 1, we see that (f/v)2 < 2¢gy(x)/v < 1/4 for some v, finite, any

v = v, and all x, in which case by (3.14) we have that vR(f/v) <2f?/v < 455,
as claimed. [

3.3. Strongly endotactic subnetworks and divergent volume-jets. Throughout,
for nonempty P € S and w € RY we denote by 7p : RY — RYP the projection
onto the coordinates with indices in P. Proceeding to adapt for (S, C, R(P)) key
definitions from CRN theory, such as strongly endotactic (see [18)), for all w € R¢
with nonzero projection wp := wpw, let R(P),, denote the reactions having c; in
the w-maximal subset of Cin (P) = {c{, : r € R(P)}. Clearly, R(P),, depends only
on wp which w.l.o.g. is in the (dp — 1)-dimensional unit sphere S* and w.l.o.g.
we further identify Ci, (P) with 7pCin (P).

DEFINITION 3.7. Fixing wp € S, a reaction r € R(P) with supp{c’,,,} C P
is called w-dissipative, w-null or w-explosive according to (w, ¢") = (wp, wpc")
being negative, zero or positive, respectively. Any r € R(P) having some product
species not within P is considered w-dissipative (regardless of w). Similarly, r €
R(P) is {w}-explosive, {w}-null or {w}-dissipative, if the relevant property holds
for all but finitely many elements of {w} C S”.

REMARK 3.8. For P = S our Definition 3.7 of w-dissipative and w-explosive
reactions, coincides with [18], Definition 6.15, of w-sustaining and w-draining
reactions, respectively. The nomenclature was changed to stress the behavior of
reactions for ||x||; > 1 which is of interest here: dissipative (explosive) reactions
contribute to the decrease (increase) of the Lyapunov function along trajectories
far away from the origin.

We next extend Definition 1.8 of strongly S-endotactic CRN to P C S. Such an
extension is needed in light of Remark 3.2, and made relevant by Lemma 3.10.

DEFINITION 3.9. For any w € R with nonzero projection onto P (or wp €
S%), the CRN (S, C, R(P)) is called w-strongly P-endotactic if the set R(P)y
contains at least one w-dissipative reaction, and no w-explosive reactions. Such a
CRN is called strongly P-endotactic if it is w-strongly P-endotactic for all w as
above.
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LEMMA 3.10. Any strongly endotactic (S, C, R) is strongly P-endotactic for
all PC SifR(P) # 2.

PRrROOF. Fixing P C S with R(P) # &, suppose that for a nonzero w there is
a w-explosive r € R(P)y . Since the nonnegative Ziézp(c{r;)i iszero iff r’' € R(P),
setting w, = w; for i € P and w; = —y for i ¢ P we have that R,y = R(P),, for
y large enough. Further, supp{c"} € P hence (¢", w’') = (¢", w) > 0, so having r €
R, contradicts Definition 1.8. For the same reason, if every reaction in R(P),, is
w-null, then for large y the same applies for every reaction in R, in contradiction
with Definition 1.8. [

To show that (3.7) holds whenever v > v'(||x||1) and vx € N4(P) with ||x|; >
0, requires an approximation framework for sequences x(j) = 0(;)*/) satisfying
0(j) —> ocoand w(j) — w® in SP. To this end, we follow [18], Section 6, in cod-
ing the latter convergence by a suitable d,-dimensional frame [23]: an orthonormal
system (ONS) w := {w @, ..., w@)} c SP such that

(k+1)
(3.16) lim p

Jim - =0 Vek<d. B = g0 (j) = (w(j), w®).

For generic {w(j)}, one needs a full dp-dimensional basis of S”, but degeneracy
allows for d, < dp [e.g., ! alone suffices when all w(j) lie on a single toric
ray]. Further, the order within w is adapted to the sequence, so that the angle be-
tween w(j) and w® decays faster with each increase of k. Through the following
definition, by slight abuse of notation we suppress the index j for elements of the
sequence {x(j)} and other related quantities to increase the readability of forth-
coming formulas.

DEFINITION 3.11 ([18], Definitions 6.2, 6.18). (a) A unit jet on a frame w is
a sequence {w} = {w(j)} of unit vectors in the conic hull Co(w) satisfying (3.16).

(b) A toric jet {x} is a sequence Q(j)w(j) € RiO(P) for a unit jet {w} and
6(j) — oo.

(c) A unit jet {w} and the corresponding toric jets are adapted to (S, C, R(P))
if the classification of each r € R(P) according to Definition 3.7 is conserved by
all w(j) with j e Nand forall k =1, ..., d,, lim; Gﬁ(k) exists and takes values in
[1, 00].

REMARK 3.12. When the unit jet {w} is adapted to (S, C, R(P)) and clear
from the context, in view of point (c) we call a reaction r € R(P) dissipative or
explosive, per Definition 3.7, without explicitly indicating the choice of w(j).

Having assigned any r € R(P) with supp{c},;} P as dissipative reactions, it
is necessary for the strategy presented in Section 3.1 to ensure that their contri-
bution to a (x) is negative along {(v, x)} in case r € R(P) ). Since for such a
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reaction lim,, (Vr(v) U(x), ") = —00, we obtain in Lemma 3.16 the desired behav-
ior of Lgv)(x) by choosing, for every x to have v > v'(||x||;) for a function v’(-)
increasing fast enough. Our next definition guarantees that this condition on v is
met along {x}.

DEFINITION 3.13. Fixing P C S and an increasing function v’(g), we call a
sequence of {(v,x) : vx € N4 (P), v > v'(||x|1)} a (v, P)-divergent volume-jet if
{x} is a toric jet for a unit jet {w} framed by w that is adapted to (S, C, R(P)),
such that limj_, o [|x[|1 = oo.

As we show next, using this framework further yields the estimate (3.9) [which,
as outlined in Section 3.1, is the first step in proving (3.7)].

LEMMA 3.14. Setting v'(0) = €9, there exists § > 0 such that for any frame
w, r € R(P) g and (V', P)-divergent volume-jet (v, x) framed by w, eventually,

(3.17) A () = AP (x) = 8 (x).

PROOF. Letting £(j) := j!j~/ for j e Nand £(0) = 1, we set

d
5= [1&(ch),) > 0

As mentioned before, comparing (1.3) and (1.5) one gets the first inequality of
(3.17) for any x € (v~'Ng)4, v > 1. Further, the ratio Aﬁv)(x)/)\r(x) is nonde-
creasing in each vx; and equals 6, when vx = ¢} . Thus, setting § = min, §, it
suffices to show that for r € R(P) g and a (v', P)-divergent volume-jet {(v, x)}
framed by w, we eventually have vx; > (c} );. This trivially holds if (cf ); =0, so
the proof is complete upon showing that, along {(v, x)},

(3.18) i esupp{ci,}] = lim {logv+ w;logf} = co.
J—>0o0

l-(l)} =: ¢ and both ||x|; and 6 diverge, we
have ¢ > 0. Further, w; — 11)1-(1) is finite and logv > log v/(||x||1) = ||x]|1 so (3.18)
clearly holds whenever ¥ > 0. In case ¥ = 0, the vector w") € S” has nonposi-
tive coordinates, so u')l.(/l) < —1/\/2 for some i’ € P. Since lim; w = wW it then
follows that eventually w; < —1/4/2d =: —¢. Since i’ € P and vx € N?(P), this
implies that v > 6% > 0¢. Recall Remark 1.5 that some ' € R(P) has clrI; =0,
hence (v, mpci,) > 0forany r € R(P) g . Thatis, when i € supp{c] } we have
that w; — u')i(l) =0 and as logv > ¢ log6, we recover (3.18) and with it, complete
the proof. [J

Since (log ||lmpx]|1)/(logf) — max;{w

Finally, adapting [18], Definitions 6.8, 6.15, each possible frame within S7,
induces two key indices (classifications) for reactions r € R(P).
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DEFINITION 3.15. For P C S and ordered ONS w C S”: (a) Let super; =
R(P)4m and define for k > 2 the nested subsets super; of reactions having cj_
in the w® -maximal subset of {mpci, : r € super;_;}. (b) The level £ within w of
r € R(P) having supp{c’,,} € P is £ := inf{k : (W®, wpc”) # 0} (with £ = oo
when no such k exists), setting £ = 1 if r has some product species outside P.

3.4. The dominance of dissipative reactions. Turning to the proof of (3.11),
we first bound (in the setting of Lemma 3.14), the contribution to the Lyapunov
term when ' € R(P) ;) and supp{c(’),ut} ;(_ ‘P, allowing us thereafter to simultane-
ously treat such reactions and those in R(P) ;) with supp{cg:n} C P, ultimately
using their negative contribution to dominate any positive term in a‘*)(x) from
3.7).

LEMMA 3.16. For v'(0) = €2 and any (v', P)-divergent volume-jet (v, x)
framed by w:

(@) Ifr € R(P)ga and supp{ch,} € P, then

n ()
(3.19) limsup{ } <0
j>oo L logf
(b) If r € R(P) has supp{cy,} € P then s = o0 iff r has finite level £ and
lim 08" = 00

PROOF. (a) Recall that A (x) = (VPU(x),¢"), so setting o := (Ipe,

cou) > 0 and n, := (Ipc log cf, i) Which is finite, we have from (3.12) that

o)

3.20 =
( ) log6 logo

Because 6 = 6(j) — oo, the first term on the RHS decays to zero and the sec-
ond term converges to (WM, wpc”). While proving (3.18), we have seen that if
¥o= max,-{u')l-(l)} > 0, then logv > ||x||; (for the v'-divergent volume-jet), re-
sults with (logv)/(logf) — oo and consequently (3.19) holds. In case { = 0,
we have shown in that same proof that (logv)/(logf) > ¢ > 0 along the diver-
gent volume-jet and further that (D, mpci,) =0 when r € R(P);a) . Recall that
" = by — ¢l with ¢, € RY and ¢ = 0 amounts to —i") € R%. Thus, in this
setting (WD, wpe”) < 0, which by (3.20) recovers (3.19).

(b) If r € R(P) has supp{c,,} € P, then hﬁ”)(-) = h,(-) is independent of v and
in (3.20) we have o, = 1, = 0. Further, recall Definition 3.11 that {w} C Co(w),
so if r has infinite level then 4, (-) = 0, while if it has finite level £ within w, then
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by (3.16), along the divergent volume-jet

. hgv)(x) - (£) r

from which the stated criterion for divergence of |A 5”) (x)| follows. [

Our next result shows that LSJ) (x) — —oo for any dissipative r’ € R(P) 0
with sz = 0o (see Section 3.1 for explanation about the Lyapunov domination).

LEMMA 3.17.  Forv'(0) =e€®, if r € R(P) g with . = 00 is dissipative for
a (v, P)-divergent volume jet (v, x) framed by w, then

lim LY (x) = —oo.
j—00

PROOF. By Definition 3.13, the toric jet {x} is adapted to (S,C, R(P)).
Hence, if supp{c,} € P and r € R(P) is dissipative, then by Definition 3.7 and
(3.2),

A (x) = by (x) = (log)(w, mpc”) <0 Vj.
Since s, = 00, it follows that hﬁv) (x) > —o0 as j — oo, which by part (a) of

Lemma 3.16 applies also when supp{c’,,} ¢ P. Fixing y < oo, since &(x) of
Lemma 3.6 is uniformly bounded, we thus have that for all j large enough,

2

2U (x)

LY ) =U@)(QW(x) —1) <U@[e 70 —1] < —y +

(ase™ <1—y+ y; for y € R, ). Recalling from Definition 3.13 that ||x(j)|1 —
0o, and consequently U (x(j)) — oo, we complete the proof by taking j — oo
followed by y — oco. [

We plan to show that if » € R(P) has Lﬁ")(x) > 0 along some (v, P)-
divergent volume-jet {(v, x)} for v'(0) > €%, then (3.11) holds for a {w}-dissipative
r’ € R(P)zm. To this end, we first introduce the CRN Cme in which nec-

essarily supp{c .} € P [or else by Lemma 3.16(a) and Lemma 3.17 eventually

LY (x) <0].

DEFINITION 3.18. For P C S and u € ST, let (S, Cup, R(P)) denote the
CRN obtained upon restricting ¢~ . to Ri (P) for any r ¢ R(P)y.

out

REMARK 3.19. Of course, C, p = C when P = S. More generally, this

modification never affects {c] }, hence neither the rates Aﬁv)(-) nor the sets
{R(P)w, w € ST}, or super; of Definition 3.15. Further, the CRN (S, C,, p, R(P))
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remains u-strongly P-endotactic (see Definition 3.9), and thus also w(j)-strongly
‘P-endotactic, for j large enough and any unit jet {w(j)} whose frame starts at
D —

w =u.

Comparing our Definition 3.11 and Definition 3.15 with the corresponding def-
initions of [18], Section 6, it is easy to verify that [18], Theorem 6.11, Lemmas
6.7, 6.10, 6.19, apply in our setting as does [18], Proposition 6.20.1 (for draining
reactions), even for the modified CRN of Definition 3.18. We next adapt to the lat-
ter setting, those conclusions of [18], Lemma 6.22, Proposition 6.24, that we shall
use in the sequel.

LEMMA 3.20. Fix a strongly endotactic CRN (S,C,R). Consider the cor-
responding CRN of Definition 3.18 and ordered ONS w of length {' starting at
wD = u. Then:

(a) If supp{cyy ) € P, (W® wpc’y =0 for k < €' and (u')(z/), mpc’) > 0, then
r ¢ super,.

(b) Some r’ € super, has supp{cg;t} ¢ P ork (w®, wpc” /) not identically
zero, with a negative first nonzero term.

PROOF. Since k — super; are nested sets, it suffices to rule out that respec-
tively:

(') Some r € super, has supp{c’,} € P, (W™, wpc") =0 for k < ¢ and
(@, wpc”y > 0.

(b') Each r € super, has supp{c’,} € P and (w®, wpc") =0 forall k < ¢,

Further, the modification of Definition 3.18 neither affects super,, nor the value
of ¢” for reactions in super,, € R(P), (see Remark 3.19), so it suffices to rule out
(a") and (b") for (S, C, R(P)) and the given ONS w. To this end, consider a unit jet
{w} framed by w, adapted to (S, C, R(P)) and having ,8(5/) (j) > Oforall j.Recall
[18], Theorem 6.11, that R(P)y () = super, eventually in j. Thus, by (3.16), our
assumptions (a’) respectively (b’) imply that for all large enough j, respectively:

(a") There exists a w(j)-explosive r € R(P)w(j) of level £'.

(b") The collection R(P)uw(j) consists of only w(j)-null reactions.

To conclude, note that (a’) and (b") contradict having a strongly P-endotactic
(S,C,R(P)). O

Similar to [18], Proposition 6.26, we proceed via a pair of lemmas that establish
(3.11) for (S, Czay p, R(P)) by bounding from below the asymptotic behavior of
the Lyapunov and monomial terms, as in cases (a) and (b) at the end of Section 3.1,
that correspond to s < 0o and ¢, = 00, respectively.

LEMMA 3.21 (Lyapunov domination). For v'(0) = e and the ONS w for
P C S, consider the CRN (S, Cwa)’p, R(P)) and a (v', P)-divergent volume jet
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(v, x) for it, framed by w. Then, for any r € R(P) with supp{c{,} € P and s, <
00, the domination (3.11) holds for some dissipative r' € R(P) ).

PROOF. Let £ denote the level of r € R(P) within the frame w, if finite,
whereas if the level of 7 is infinite, set £ = d, + 1 and ) = 0. Since supp{c’,,,} <

P, we have from Lemma 3.16 (b) that lim; 98" < co. For any divergent volume-

jet B — 1, hence lim; 08" = 00, £ > 2 and in view of (3.16) there exists
1 < ¢’ < £ such that
(3.22) lim 6" =00 and lim 0" < oo
J—)OO J—)OO
For the subframe {ﬁ)(l),...,zb(el)}, Lemma 3.20(b) yields r’ € super, <

R(P) gz of level £, < £ such that either supp{c(’);t} ¢ P or (W) erc’/) < 0.
Since lim; R /pk+D) = o6 for any k > 1, such ' must also be {w}-dissipative.
Proceeding to establish (3.11), by Lemma 3.6 combined with e/l — 1 < 2|x]|
for |x| < 1 and A" (x)/U(x) — 0, we have for j large enough |L{ (x)| <
2(je(x)] + " (x)]) < €', hence

PO () = COMTPER—A LY ().
As r’ € super,, and ci, € Cin(P) we have from [18], Lemma 6.10.2, that for any

ke <€ 41,8 >0 and all j large enough

ds

(w(i), wp(cly — ) = S BPGN@®, 7p(chy — cly))
(3.23) k=k,

= B4 (D[, 7p (e — cfp)) — 8],
Taking k, = ¢/ + 1 [where if ¢ = d, then (zI)(k),nP(cirI; —¢j)) = 0 for all
k < d. hence the LHS of (3.23) is nonnegative], we deduce from (3.22) that
G(W’”P(Cirri_cirn” is uniformly (in j) bounded below. The proof is thus complete
upon showing that »,» = 0o, as then |L§',))(x)| — 00 by Lemma 3.17. Indeed,
since r’ € R(P) ga

whereas if supp{c/,,} C P then r’ of finite level £, < £’ has 3¢,» = 00 in view of the
LHS of (3.22) and Lemma 3.16(b). [

) from Lemma 3.16(a) we have that »z,» = oo if supp{cgin} ZP,

LEMMA 3.22 (Monomial domination). For v'(0) = e and ONS w for P C S,
consider the CRN (S, Cya) p, R(P)) and a (v', P)-divergent volume jet (v, x) for
it, framed by w. Then, for any {w}-explosive r € R(P) with supp{c,} S P and
s, = 00, the domination (3.11) holds for some dissipative r' € R(P)g).

PROOF. By Lemma 3.16(b), here r has finite level ¢ within w for which
the LHS of (3.22) holds. Further, with {w(;j)} adapted to (S, Cza) p, R(P)) we
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deduce from [18], Proposition 6.20.1, that since (w(j),wpc”) is positive for
j large, (zz)(ﬁ’), pc”) must also be positive, hence Lemma 3.20(a) yields that
r ¢ super,. Recall the proof of Lemma 3.21, that there exists {w}-dissipative
r’ € super; € R(P) gz . In particular, (12)“/), er(ci’é — ¢} )) is positive, so con-
sidering (3.23) for k, = ¢’ and small § > 0, for j large enough we bound the
monomial term of (3.10) by

(3.24) g(wﬂp(c{n—c.’“)) > (9[5(15))3‘

Further, the {w}-dissipative r' € R(P) ) has level £, < €’ and s, = 0o, hence

YW

(3.25) K, = lim ————

j—o0 B logH
is strictly negative [see (3.19) for supp{cg;t} Q P and (3.21) otherwise]. The {w}-
explosive r has level £/ and s, = oo hence by (3.21) it satisfies (3.25) for some
0 < K, < oco. Recall (3.22) that ) log# diverges along our jet {w}. Hence, by
Lemma 3.6, forany s > K, and y € (0, 1) such that ys < —K,, the corresponding
Lyapunov term is eventually bounded below by

—s8@)
1 — Q}(}))(X) . 1— (9 sp /U(X))V - ye—sﬂ“/)/U(x)

3.26 /
(320 Way—1" 0001

[where the second inequality follows from 1 — &Y > y (1 — &) which holds for any
g,y € (0,1)]. With U (x) — oo, the RHS of (3.24) dominates the RHS of (3.26)

and the divergence of Pr(’ﬂ (x) of (3.10) follows. [

3.5. Proof of Proposition 1.12. By (3.7), Proposition 1.12 will hold if we can
find o < oo such that for any o’ < 0o,

V(o)) = sup{v :sup {a@ ()} > 0] < 0.

xeAv ,
0.0

Assume to the contrary, that there exist Q;- >0; 100, v(j, k) —> 00 as k — o0

and x(j, k) € AZ(_j’QIf) such that a*Y"®) (x(j, k)) > 0 for all j, k € N?. Then, for any
7@

desired increasing v’(-), upon choosing k = k; large enough, we extract a sequence

{(v(j), x(j))} such that v(j)x(j) € N&, [lx(j)ll; — oo and
(3.27) a" P (x(j)) > 0, v() >V (Jx(H],)  VYieN

Since d < 00, there must be some P C S such that v(j)x(j) € N¢(P) along some
infinite subsequence. Also, as ||x(j)|l1 — oo, upon restriction to (S, C, R(P)) we
have that 6 (x(j)) — oo [see (3.1)], and our Definition 3.11 of unit jet and toric
jet then coincide with those of [18]. Hence, by [18], Lemma 6.7, we extract a sub-
subsequence (v(j), x(j)) satisfying all of the above, for which in addition {x(j)}
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is a toric jet for a unit jet {w(j)} framed by some w. Finally, in view of [18],
Lemma 6.19, there exists a further sub-sub-subsequence {x(j)} which is adapted
to (S,C, R(P)) [note that supp{c,,} € P has nothing to do with the choice of
{w(j)}]. In conclusion, we have a (v/, P)-divergent volume-jet {(v, x)} satisfying
(3.27), where we are free to choose v’(¢) and only r € R(P) is to be considered
in (3.7). Fixing {(v, x)} and in particular its frame w, we may and can move to
the CRN (S, Cya) p, R(P)) of Definition 3.18. Indeed, recall Remark 3.19 that

this does not affect the rates Aﬁv) (x), while for v > sup, ||c];lloc and x € Ri P)

it may only increase Lﬁv) (x), by setting to zero some negative contributions
(v_lc’)i[log(v_lcr)i — 1] to U(x + v~ l¢") from i € supp{ci, ) \ P. As ex-
plained before, in the new CRN supp{c}; .} € P requires r € R(P) ) and further
subsampling our divergent volume-jet to make it adapted to (S, Cym p, R(P)),
we proceed as outlined in Section 3.1 to show that on the latter CRN, having
(3.27) leads to a contradiction. Indeed, consider r € R(P), whose contribution
to (3.27) is eventually positive (for the modified reactions of C,;,(l),p). That is, hav-

ing Lﬁv) (x) > 0 for all j large. By Lemma 3.6, this requires hfv)(x) +e(x) > 0,
which in view of Lemma 3.16(a) implies that supp{c/ } € P. With {x} adapted,
this yields, as in the proof of Lemma 3.16(b), that |h£”)(x)| — %, when j — oo
[see (3.21)], and further that sz, = oo is possible only for a {w}-explosive reac-
tion. For both 71 < co and 3¢ = oo, we now have (3.11) for some dissipative
r' € R(P)gn (see Lemma 3.21 and Lemma 3.22, resp.). As (3.10) is a conse-
quence of Lemma 3.14, it follows that aW(x) <0 along {(v, x)}, in contradiction
with (3.27).

4. Proof of Theorem 1.15. Theorem 1.15 is proved in [14], Section 6, for a
uniformly elliptic diffusion on a compact d-dimensional manifold, when the driv-
ing Brownian motion has been scaled by . Recall that such a diffusion satisfies
an LDP with rate v := ¢~ and its good rate function is zero iff x'(r) = b(x(t))
starting at x(0) = xo. We have here the analogous LDP of Theorem 1.6, whose
good rate function is zero iff z(¢) solves the ODE (1.4) (see Remark 1.7). Further,
with our Assumptions A.4 and A.3 replacing [14], Condition A, Section 6.2, and
[14], Section 6.5, respectively, we merely adapt the proof in [14], Section 6, where
the stated results are established from [14], Lemmas 6.1.1-6.1.9. Specifically, for
(1.12) and (1.13) which concern only the dynamics of ¢ — X/ within the compact
D, it suffices that we prove the weaker version Lemma 4.1 of [14], Lemma 6.1.1,
within D, and the modification Lemma 4.2 of [14], Lemma 6.1.4, while tackling
the degeneracy of {X}} on aRi. Indeed, Lemma 4.1 and Lemma 4.2 suffice for
establishing [14], Lemmas 6.1.2 and 6.1.4, respectively. Furthermore, the local
Lipschitz continuity of the quasi-potential is never used in the proof of (1.12) and
(1.13), while [14], Lemma 6.1.3, can be bypassed (since it is only used for proving
[14], Lemma 6.1.4). The LDP and [14], Lemmas 6.1.1-6.1.4, together imply [14],
Lemmas 6.1.5-6.1.9, containing the fundamental transition times estimates for the
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establishment of [14], Lemmas 6.2.1, 6.2.2, proving that Vp is the relevant func-
tional for the estimation of transition probabilities between K;’s. The combination
of these results finally yields (1.12) and (1.13) as explained in the proofs of [14],
Theorems 6.5.1, 6.5.3. We thus proceed to state and prove the adaptations of [14],
Lemmas 6.1.1 and 6.1.4, to the current setting.

LEMMA 4.1. ForD C R‘i as in Theorem 1.15, there exist x> 1, ¢ > 0 and
C(t) = 0 (ast — 0), such that for any x, y € D with |x — y||1 < &, there exists a
path z(-) C D, of length t = x||x — y|1 with I ;(z) < C(t) and z(t) = y.

PROOF. By the continuity of A,(-) of (1.5) on D compact, A o=
max,eRr rep{Ar(x)} is finite. Further, since Co{c"},er = R the sets Or (&) are
nonempty and

g:=eVv max min{|lglloc :q € Qr(§)} < 00.
g <1

Setting ¢, :=sup,cr{llci,ll1} and y := X — q + qlog(g/min,cr{k, A 1}) for the
reaction constants k, of (1.5), we then have for any z € D and ||€]|; < 1 the bound

L(A(2),€) < m[y + q&(logll)ii?{mD_]

on the Lagrangian of (1.7). Thus, if z € ACp (D) with z(0) = x is such that
Iz’(s)|l1 <1 and min;{z; (s)} > Bs, then for the rate function of (1.8),

t
4.1) Lii(2) <c(t) = m/o [v + gc.(log Bs)_]ds.

Similar to [29], Le_mma 2.1, Assur_nption A.3 implies that for some g € (0, 1),
g €(0,1/3) and vV € R? with |[v)||; < 1, there exists a finite covering of D by
balls {B;} such that

4.2) ;Nr;éigﬂx—l—sv(j)—i”oozﬂs VxeDNBj,s<e/p.

Fixing such a covering we set > =1+ 2/f. Suppose now that x € D N B; and
ly —xl|l1 =6 < e for some y € D. Taking t =t; + 1, + t3 for t; =13 =24/ and
1, = 8, consider the continuous path from x" := x to x®* := y, composed of the
line segments between 1D x@ = x D 419D xG) = x @ 4 30 and x® . That
is, 20 (s) = xV 450 for s € [0, 11], then 2P (s) = x@ 4+ 5 (y —x) for s € [0, 1],
and finally, in reverse z® (s) = x@® 4+ svW) for s € [0, 13]. Since yeDN B‘; and

8 < g, it follows from (4.2) that min; {zl@(s)} > Bs and 7OG)eDfort=1,3
and s € [0, 8/8]. The end points x® and x©® of z(.), are § apart and by the
preceding, of at least 2§ sup-distance from D¢. Consequently, infgcpe 1z2® (s) —
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&]l1 > & and min; {Zl@ (s)} =8 > Bs for s € [0, §]. By construction, [|z’® (s)|l; <1
for £=1,2,3 and all s, so in view of (4.1)

3

3
L@ =Y Lo, )< ct)=:Cw),
(=1

(=1

as claimed. O

LEMMA 4.2. Let D_s :=D \ (D)% with D as in Assumption A.3. For
some Cyu(t) — 0, some n(y, s, D) >0, any s, <00, y >0 and § € (0,n),
if T + I, 17(z) < 5, for z([0,T]) C D, then there exists T <T + 3xy and
z([0, T1) C D—s such that Iy 7(2) < I, 7(z) + Cu(y) and 2(0) — z(O) ]I} +
||Z(T) —z(T)|l1 < 28. The same holds for D4s := DN Ri and D, instead of
D and D_s, respectively.

PROOF. From [29], Lemma 2.1, and Assumption A.3 we have [29], Assump-
tion 2.1, holding. Further, with X finite, the path z(-) whose length and rate function
are both bounded by s, makes at most J = J(s¢,) transitions between the balls
B; in the covering of D (see [29], Lemma 3.5). Each of the monomials A, (-) of
(1.5) is c¢p-Lipschitz continuous on the compact D and nondecreasing along any
short path that originates in a small enough neighborhood of the set of zeroes of
Ar(-) in R4, and is directed inward to (Ri)". In particular, for some v > 0 and
all j, w.l.o.g. the vectors v in (4.2) are such that A, (x + av)) > A, (x) for any
a €[0,v] and x € B; for which 4, (x) <v.

Adapting [29], Lemma 4.3, we construct for g € (0, 1) as in the proof of
Lemma 4.1 and some n(y, >, D) > 0, a path z € (D)_p, with Izo,f(é) <

Ly, 7(2) + 2y, sup, 12() =z <y, T < T +y and [|Z0 — zoll1 <n":=4n/B.
Specifically, let zo = zo + 71’ v® or %9 = z0 depending on whether zg € B; for
B; touching, or not touching, dD, respectively. Thereafter, z(-) is parallel to z(-),
except that at the kth time the path z(-) transitions to a new ball B; of the cov-
ering (that touches D), a linear segment in direction v/) is inserted in Z(-) for
duration n; = n'(3/B)¥, to keep it within D_»,. With at most J(s¢,) transitions
between different balls 3;, taking n > 0 small enough guarantees that the total
contribution of time shifts to the length T of the path Z be at most y, and that
sup, [|12(s) — z(s)|l1 <. Next, having I, ,(x +sv/))) < c(¢), due to (4.1), the rate
contribution of all additional linear segments is at most Y ; c(nx) < y (for small
enough n > 0). Taking even smaller n > 0, bounds by y (uniformly over all such
path z), the accumulated rate difference between pieces of Z(-) and their parallels
within z(-), as soon as we show that for some gp(a) — 0 when o — 0,

(43) z()CBj,ael0,v/epl = Iy (z() +avP) < I, (z() + tgp(a).
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To this end, if |A, — ):rl < cpa and ):r > A, whenever A, < v, then by (1.7), for
any & e R?,

: : 3,
LG.§) = L0 < 1A = 1l + max{log(77) | < mepa ~ log(1 ~ cpa/v)
iR

hence denoting the RHS by gp(«) yields (4.3) [see (1.8)].

Now, fixing § € (0, n), let Z(-) be Z(-) augmented by the initial/final piece-
wise linear path of Lemma 4.1, leading from z(0) := argmin;cp _; |z — 2(0)|[1
to 2(0) and from 3(7) to Z(T) := argmingep ; |z — z(T)||1, respectively. Since
both [|Z(0) — 2(0)[[1 <8 + y and [|2(T) — Z(T)[l; <2y + 8, taking n <y <¢/3
we have by Lemma 4.1 that the length of each augmented path is at most sy
and its contribution to the total rate does not exceed C(3y). Finally, note that by
construction both end-points of these initial and final pieces are in D_g, whereby
the construction of Lemma 4.1 guarantees that their minimal distance from 0D be
attained at one of their end points, hence do not exceed §. [J

While (1.12) and (1.13) involve only the process ¢ — X; within the compact
D, this is not the case for (1.14) which is established in [14], Theorem 6.6.2, under
the additional assumption of a compact state space, which we lack here. However,
the latter proof applies for the stopping time 7 , := Tz A 0, and the nonrandom

C, () obtained via [14], equations (6.6.1), (6.6.2), from I\ (-) of (1.8) that cor-
responds to A, (X)HEQ (x), with A,(-) of (1.5) and K, of (2.2) [as the Markov jump

processes X, ¢ from the proof of Theorem 1.6 are K o-valued and satisfy the LDP
with rate functions 1)5?,) ()]. For ¢ > y and K? ck y it is easy to verify that

using [ )E?,)(-) instead of I, ;(-) amounts to replacing the quasi-potential V(., -) by
VI;Q (-, -), with an additional attractor of the dynamics at (K 0)¢. Itis irrelevant that
Assumption A.4 fails for this new attractor, since it is outside 7 hence the transi-
tions (EQ)C — K play n0~role in C, (7). By the same reasoning, the rate I ;(z)
of any path z() exiting K, is part of the minimization yielding C,(7), while
those paths which are confined to K, make exactly the same contribution to C, (1)
and to C (7). Consequently, Cy (1) 1 Coo() < C (1) gnd vl log T, o — Coo(m)
when v — oo followed by ¢ — 00. The compact sets K, satisfy Assumption A.3,
so by Lemma 4.1 the quasi-potential V(x, y) is everywhere finite. This implies
that C (i) is finite, and thereby so is Cxo (7). Considering Lemma 2.1 for some
B > Cx () and ¢ — 00, we thus conclude that v logt; — Cx (), which
translates to (1.14) provided Cqo (rr) >C (n) The latter is a direct consequence
of our next lemma, showing that V(Ky, (K 0)¢) — 00 as ¢ — oo. Indeed, the sec-
ond term on the RHS of [14], equation (6.6.2), is independent of the addition of
(E 0)¢ to the set of attractors [hence identical for C (1) and C, ()], while every el-
ement over which the minimum is taken in [14], equation (6.6.1), is either the same
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for C(r) and C, (), or involves some transition K ; — (EQ)". Since V(-,-) =0,
terms involving any such transition are irrelevant when V(K , (K,)¢) > C (7).

LEMMA 4.3. Under Assumption A.1, for any vy finite,
lim inf{J,(t,0)} =

0—>0 >0

Jy(t,0):= inf inf {11}

||x||| <y {z():supy<, lIz(s)l1 >0}

4.4)

PROOF. The lower bound of the LDP of Theorem 1.6 for the open set I' :=
{z:2(t) € (K,)© for some t < T}, implies that

1]
4.5) —Jy(T,Q)fl%}nlg%leog< sup IPXO[ sup HX H1>Q])

”x() lh=y 1[0

While proving Lemma 2.1, we saw that the RHS of (4.5) is, for some finite s =
#(y), with the constant b of Assumption A.1(a), any 7 and o > o(£), at most

(4.6) limsup v~ log{¢~"[e” + Te?]} = —log 4 5V b.
V—>00

Combining (4.5) and (4.6), we establish (4.4) upon taking ¢ — oo followed by
£ —o00. U
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