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LARGE HYPERBOLIC CIRCLES

EMILIO CORSO AND DAVIDE RAVOTTI

ABSTRACT. We consider circles of common centre and increasing radius on a compact hyperbolic
surface and, more generally, on its unit tangent bundle. We establish a precise asymptotics for their
rate of equidistribution. Owur result holds for translates of any circle arc by arbitrary elements of
SL2(R). Our proof relies on a spectral method pioneered by Ratner and subsequently developed by
Burger in the study of geodesic and horocycle flows. We further derive statistical limit theorems,
with compactly supported limiting distribution, for appropriately rescaled circle averages of sufficient
regular observables. Finally, we discuss applications to the classical circle problem in the hyperbolic
plane, following the approach of Duke-Rudnick-Sarnak and Eskin-McMullen.

1. INTRODUCTION AND MAIN RESULTS

1.1. Dilating sets in diverse geometric contexts. It is an intriguing geometric problem to un-
derstand the long-term distribution properties of a diversified range of progressively dilating shapes,
when the ambient space in which they live is folded according to a prescribed rule. Formally, the
framework underlying such a question can be laid down as follows. Consider a compact connected
Riemannian manifold S and a Riemannian covering space N with covering projection m: N — S. The
manifold IV plays the role of the ambient space, while S is to be interpreted as the manifold resulting
after a certain folding procedure operated on N. A homothety on N is a diffeomorphism h: N — N
transforming the Riemannian metric on N into a scalar multiple thereof; if the rescaling ratio is equal
to 1, it simply reduces to a Riemannian isometry. Let now (h:)icr., be a collection of homotheties
on N whose scaling factor tends to infinity as ¢ does, and fix a Borel probability measure p on V.
The latter should be thought of as describing quantitatively the original shape, whose dilations we
wish to examine. For instance, p might be the renormalized volume measure on a finite-volume Rie-
mannian submanifold of N, e.g. a rectifiable curve. We then let pu; be the push-forward of p under
the homothety h; and denote by m; the projection of u; onto .S, for any ¢ > 0.

A mathematical formulation of our problem consists in asking for the limit points, as ¢ goes to
infinity, of the family of measures (m;);~¢ in the topology of weak* convergence of probability measures
on S. Somewhat less pretentiously, it is already interesting to determine sufficient geometric conditions
on the initial measure p ensuring that the m; equidistribute as ¢ grows larger, that is, that they converge
in the aforementioned topology to the renormalized volume measure volg on S; this circumstance
amounts pictorially to the fact that the measures m; (and hence, in an intuitive sense, their supports)
fill up the folded space S in the most uniform way.

The Euclidean case. To the best of the authors’ knowledge, the question formulated in the previous
paragraph was first asked by Dennis Sullivan (cf. [54]) in the zero-curvature setting of Euclidean spaces
and tori, that is, when S = T¢ = R?/Z? and N = R? for some integer d > 1, and for x being the
volume measure on a compact lower-dimensional submanifold of R™. In this case, the transformations
hy are the standard linear homotheties = +— tx, € R%. The problem was originally addressed by
Randol in [54], both in an Euclidean and in a hyperbolic setup. In the former case, the following
equidistribution result is established.

Theorem 1.1 (cf. [54, Thm. 1]). Suppose C' is the smooth boundary of a compact convexr subset of
R? with non-empty interior, and assume its Gaussian curvature is everywhere positive. Let u be the
volume measure on C, renormalized to be a probability measure. Then the probability measures my on
T defined by

mi(A) = p({z €R":tz +Z% € A}), A C T Borel

equidistribute towards the Haar measure on T as t — oo.
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Remark 1.2. (a) The result in Theorem 1.1 is actually quantitative: for every sufficiently regular
function f on T, it holds that

/Tdfdmt—/jrdfdmw

where mpa denotes the Haar probability measure on T¢.

(b) As a special case of Theorem 1.1, expanding spheres in R? equidistribute on the standard
torus with a polynomial rate depending on the dimension d. The study of expanding spheres
in other geometric settings shall be a driving theme of this manuscript.

(c) In [54, Thm. 2|, equidistribution is generalized to uniform measures supported on lower-
dimensional rectilinear simplices in R%.

<ta pd-n/2

The proof of Theorem 1.1 (more generally, of its quantitative version stated in Remark 1.2(a))
relies on classical Fourier analysis on the d-dimensional torus; it is remarkably straightforward, once
the decay properties at infinity of the Fourier transform of the measure p are known. As such, it has
been elaborated upon by Strichartz in [72] to prove the following generalization of Theorem 1.1. Let
us say that the Fourier transform i: R? — C of u decays on rays if

lim ﬂ tr) =20 1.1
t—)l o] ( ) ( )
fOI' every nonzero vector x € R,

Theorem 1.3 (cf. [72, Lem. 1]). Let ju be a Borel probability measure on R? whose Fourier transform
decays on rays. Then the conclusion of Theorem 1.1 holds true.

It actually suffices that fi decays on integral rays, that is, that (1.1) is verified, less restrictively, for
any non-zero x € Z%. On the other hand, it turns out (cf. [72, Lem. 1]) that decay on arbitrary rays
is equivalent to equidistribution of the projections of the u; onto any torus R?/A, where A is a lattice
in R,

To conclude this brief account of the state of the art on the problem in flat geometry, we mention that
the question of the limiting distribution of expanding circles has been recently examined in the setting
of translation surfaces by Colognese and Pollicott [13], who prove (non-effective) equidistribution
towards a probability measure which is equivalent, though in general not proportional, to the area
measure on the given surface.

The hyperbolic case. As already mentioned, Randol’s investigations in [54] were not confined to the
zero-curvature case. In the hyperbolic framework, namely when the sectional curvature is constantly
equal to —1, S is a compact connected hyperbolic d-manifold (d > 2) and N can be taken as its
Riemannian universal covering manifold, that is, the d-dimensional hyperbolic space H%. A choice of
the homotheties (h¢);~¢ is determined by fixing a base point xy € H? and letting h; be the map which
transforms! each Riemannian geodesic v(s) (s € R) passing through zy at time 0 into the geodesic
v(ts). In this context, the result that can be elicited from the discussion in [54] reads as follows.

Theorem 1.4 (cf. [54]). Let S be a compact connected hyperbolic d-manifold, m: H? — S the universal
covering map, C' a (d — 1)-dimensional hyperbolic sphere of unit radius centered at a point xy € HY, w
the unique isometrically-invariant® Borel probability measure on C, (hi)so the family of homotheties
HY — HY with center xo defined as above. Then the probability measures m; on S defined by

mi(A) = p({z € H? : mo hy(z) € A}), A C S Borel (1.2)
equidistribute towards the renormalized volume measure on S as t — oco.

Remark 1.5. Here again the result takes on a quantitative form: the rate of equidistribution of the
measures m; defined in (1.2) is exponential, as opposed to the Euclidean case, with the exponent
depending on the spectral gap of the hyperbolic manifold S (cf. [54]).

Akin in spirit to the proof of Theorem 1.1, the argument leading to Theorem 1.4 is based upon the
harmonic analysis of locally symmetric spaces via techniques related to the Selberg trace formula; for
those, the reader is referred to Selberg’s original article [62].

IThis produces a well-defined assignment, as H? is a uniquely geodesic metric space (cf. [9, Part I, Chap. 1]) for the
distance induced by the hyperbolic Riemannian metric.
2Here we obviously intend invariance under isometries of C' equipped with the induced hyperbolic metric.
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Lifting the question to unit tangent bundles. Let us now consider the following upgraded version of the
problem explored in the foregoing paragraphs. Suppose that S, N and (h;)¢~o are as in the beginning
of the present section, with yy € N being the common center of the homotheties h;, and let C' be
a compact Riemannian hypersurface in N. Assume further that the Riemannian distance function
on N turns it into a uniquely geodesic metric space®. If T'N denotes the unit tangent bundle of N,
then C' identifies uniquely the subset C' of T'N consisting of all pairs (z,v), where x is a point in
C and v is the unit-length tangent vector to the unique geodesic connecting yg to x. Similarly, if
C; indicates the image of C' under the homothety h; for any ¢ > 0, we denote by C, its lift to T*N
obtained in the previous fashion. A natural question thus arises as to the asymptotic distribution of
the C, when projected to the unit tangent bundle of S; in this respect, the natural choice of a measure
on Cy is given by the push-forward of the renormalized volume measure on C; under the canonical
identification of the latter submanifold with its lift C,. If the projections to S of the hypersurfaces C;
equidistribute towards the normalized volume measure on S, it may be expected that the projections
of the lifts Cy equidistribute towards the corresponding Liouville measure on the unit tangent bundle
T'S (cf. [34, Part 1, Sec. 5.4]).

The question lends itself to a description in the language of smooth dynamical systems. If (gt(N))teR
is the geodesic flow on T'N (cf. [34, Part 1, Chap. 5]), it takes a few moments to realize that, for any
t > 1, the set Cy is the image of the original lift C' under the transformation glgivl) ; the same relation
holds for the natural measures carried by the latter sets, and carries over to their projections to TS,
using the geodesic flow (ggs))teR defined on it in place of (ggN))teR.

The equidistribution problem in this formulation is treated in Margulis’ thesis [47], which contains
several striking developments and applications of the theory of Anosov systems to the large-scale
geometry of negatively curved manifolds; among those, a proof is provided of equidistribution, towards
the Liouville measure, of lifts of expanding circles on finite-volume hyperbolic surfaces. For further
comments thereupon, as well as for the connection to the hyperbolic circle problem, the reader is
referred to Section 1.5.

It is the chief purpose of the present work to provide a precise asymptotic expansion for the equidis-
tribution rate of lifts of dilating hyperbolic circles, as well as of arbitrary sub-arcs thereof, on unit tan-
gent bundles of compact hyperbolic surfaces; in the vein of the works of Randol [54] and Strichartz [72],
we resort to a spectral approach originating in the work of Ratner [56] on quantitative mixing of ge-
odesic and horocycle flows on Riemann surfaces of finite volume. Section 1.3 describes such results
and expands on their connection to previous developments, in particular to the closely related work
of Bufetov and Forni [10], whereas Sections 1.4 and 1.5 discuss a number of applications to statistical
limit theorems and the hyperbolic lattice point counting problem.

We conclude this historical overview by pointing out that Margulis’ groundbreaking contributions
in [47], together with the gradual emergence of conspicuous applications to counting and Diophantine
problems, spawned intensive research aimed at understanding the asymptotic distribution properties
of translates of finite-volume subgroup orbits, as well as of more general subsets, on homogeneous
spaces®; without purporting to provide an exhaustive list, we mention in this direction the works [4,
21, 23, 24, 38, 64, 65, 66, 67, 79].

1.2. The setup: circles in hyperbolic surfaces and in their unit tangent bundles. We now
set the stage for the main questions we address in the present manuscript, referring to Section 2 for the
required background. Let I' < SLy(R) be a cocompact lattice, that is, a discrete subgroup of SLa(R)
such that the quotient space I'\ SLy(R) is compact; we indicate the latter homogeneous space with
M. The group I' acts properly discontinuously and isometrically on the Poincaré upper half-plane
H={z=xz+1iy € C:y > 0}, endowed with the standard hyperbolic Riemannian metric, by M&bius
transformations; when the projection of I' to PSLy(R) = SLo(R)/{£12} is torsion-free, the quotient
S =T'\H is a compact connected orientable smooth surface, inheriting a hyperbolic metric from H.

3This is certainly the case for N = R% and N = H?, equipped respectively with the standard Euclidean metric and
with the hyperbolic metric.

41t is worth noticing at this point that lifts of expanding hyperbolic circles represent a particular instance, as they
are geodesic translates of orbits of the maximal compact subgroup SO2(R) on quotients of SLz(RR): see Section 1.3.
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With respect to such a metric, there is a canonical identification of M with (possibly, a double cover
of) the unit tangent bundle® TS.
Let (r5)ser be the one-parameter flow on M defined by

rs(I'g) =Tg <—C(;1Srf£?2 EE)I;Z§;> =ITgexpsO, O = <_i)/2 1(/)2> € sly(R) = Lie(SL2(R)), (1.3)

and denote by (¢;¥)icr the geodesic flow on M, which is given algebraically by

t/2
¢y (Tg) =Ty <60 6_95/2> =TgexptX, X = <162 _f/2> € sly(R). (1.4)

For any point p = I'g € M, the orbit of p under the flow (rs)ser is the preimage of z = 7(p) under
the fibration 7: M — S. Therefore, if M identifies with 7S, then this set consists of all unit tangent
vectors to z € S. For any real number ¢ > 0, the time-t geodesic evolution ¢;X ({rs(p) : s € R}) of the
previous set coincides with the projection to M of the subset of T'H given by all outward-pointing
normal vectors to the hyperbolic circle in H of radius ¢ centered at (a fixed representative in H of) z.

We indicate with vol the Haar probability measure on M, that is, the unique SLa(R)-invariant Borel
probability measure on M; under the identification of M with TS, it coincides with the Liouville
measure projecting to the normalized hyperbolic area measure on S. For any r € N U {o0}, we
denote by €7 (M) the set of complex-valued functions of class ¢ defined on the smooth manifold M.
The supremum norm of a continuous function f: M — C is denoted by | f||,,. For any m € N>q,
fee™(M) and j € {0,...,m} let V/f be the j* covariant derivative of f and |(V7f)(p)| its norm
at a point p € M. Define then the " -norm of f (cf. [2, Chap. 1]) as

m

[ £llgm =D sup (V2 £)(p)] - (1.5)

§=0 peEM

Let L2(M) be the Hilbert space of complex-valued functions on M whose modulus is square-
integrable with respect to the measure vol, and denote by

(6,) :/devol

the inner product of two elements ¢, € L2(M).

Define two additional elements
01 0 0
o= ) v=(i o)

in the Lie algebra sly(R). Identifying elements of the universal enveloping algebra of sla(R) with left-
invariant differential operators on the space €°°(M ), we define the Casimir operator as the second-
order differential operator 0 = —X? + X — UV: €?(M) — ¥°(M). It admits a unique maximal
extension to an unbounded self-adjoint operator on L?(M); in particular, its spectrum Spec(]) con-
sists of real numbers. As M is compact, it is well-known that Spec([J) is pure point, and is a discrete
subset of R. The elements of Spec(0J) classify the irreducible representations strongly contained in
the Koopman representation arising from the measure-preserving action of SLy(R) on the measure
space (M,vol), as belonging to the principal, complementary or discrete series representations if the
corresponding eigenvalue p satisfies, respectively, p > 1/4, 0 < p < 1/4, p < 0. With the normal-
ization we have chosen®, the action of [ on €*functions defined on the surface S is given by the
Laplace-Beltrami operator Ag associated to the hyperbolic structure on S.

We are interested in quantitative equidistribution properties of the uniform probability measures
supported on the circle arcs

¢ ({rs(p) : 0< s < 0})

SMore precisely, if I is the preimage under the canonical projection map SL2(R) — PSLa(R) of a cocompact lattice
in PSL2(R), then M identifies with 7"'S; else, it is a double cover thereof.

In the case where the image of I" in PSL2(R) has non-trivial torsion elements, then S has the structure of an orbifold
(cf. [53, Chap. 13]). For the purposes of the paper, we shall never be concerned with this distinction.

6Since sly (R) is a simple Lie algebra, Casimir elements in its universal enveloping algebra are uniquely determined up
to real scalars.
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as t goes to infinity, for every fixed p € M and 6 € (0,4n] (cf. our normalization of © in (1.3), a full
circle corresponds to € = 4r). For any parameter 6 € (0,4x] and any continuous function f: M — C,
we thus define the function kfg: M xR — C as

1 0
kf,e(pat):@/o fogors(p)ds, peM, teR. (1.6)

In the forthcoming subsection, we provide a precise asymptotic expansion of ks g(p,t) as ¢ tends to
infinity, first for joint eigenfunctions’ of the operators [J and © (Theorem 1.6), and then for arbitrary
functions fulfilling a suitable regularity condition (Theorem 1.8).

1.3. Quantitative equidistribution of expanding translates of circle arcs. We begin with
the case of joint eigenfunctions of the operators [J and ©. Observe that the left-invariant vector field
O € sl3(R) acts as an unbounded skew-symmetric operator on L2(M); if © f = \f for some f € €(M)
and A € C, then A\ = %n for some n € Z.

In the following statement and throughout, we associate to each pu € Spec([d) the unique complex
number v € R>o U iR satisfying 1 — v? = 4.

Theorem 1.6. There exist real constants ko and k(p) for any positive Casimir eigenvalue p such
that the following assertions hold. Let 6 € (0,4w], p € Spec(U) and n € Z, and suppose f € (M)
satisfies Of = pf, ©f = gnf. Define kyg(p,t) as in (1.6).
(1) If p > 1/4, there exist Holder-continuous functions D;ﬂ W) D
exponent 1/2 and

o.unt: M — C with Holder

K
|08, < "2 1)1
such that, for everyp € M andt > 1,
x x
bra(pt) = oo (50 D )+ sin (4) Day o )+ Rupnf 1), (11

where

8ko(n? + 1) _
Ro,unf(®t)] < sy, [Ifllgre®. (1.8)

(2) If p = 1/4, there exist Holder-continuous functions D(Il/zl,nf: M — C, with Hélder exponent

1/2 — ¢ for every e >0, and D, 1/4 i M — C, with Hélder exponent 1/2, and satisfying
k(1/4)

|P ] < B2 @+ Dl
such that, for everyp € M andt > 1,
_t it
kf,@(pa t) =e 2D;1/47nf(p) +te 2D971/47nf(p) + R6,1/4,nf(pa t) ) (1'9)

where
4I<LQ 2 —t
IRo,1/anf ()] < 7(” + 1) [[fllgr (E+1)e " .
(3) If 0 < p < 1/4, there exist functions D _f, D, f: M — C, respectively Hélder-continuous

0,1,m 0,p1,m
with Hélder exponent 1_7” and of class €1, and satisfying

K
|08 < "2 1) 1
such that, for everyp € M andt > 1,
_ltv _lovy o
kro(p,t) =e 2 "Dy, f(p)+e 2 'Dy, D)+ Ropnf(p:t) (1.10)
where
Roponf (0. 1)] < 7 (n? 1) [ Tl (111)
O] \P V) = Ov(1 —v)(1+v) e ’ '

7As we shall explain in Section 2.2, there exists an orthonormal basis of L?(M) consisting of such joint eigenfunctions;
Theorem 1.6 is thus to be regarded as a building block for the more general Theorem 1.8.
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(4) If p = 0, there exists a function Ggnf: M x Rsg — C, with Go,f(-,t) of class €' for any
t >0, Gonf(p,-) continuous for every p € M and

Ko
sup |Gy f (p )] < (" + 1) [ £l
peM, t>0

such that, for everyp € M andt > 1,

t
Kpo(p,t) = /Mf dvol+e™! [ =Gonf (5.8 € + Raonf (). (1.12)
1
where g
e + K _
Roonf (P, t)] < =———(n*+ 1) [|fllgre™" . (1.13)
wn < 0 then, for every p € andt > 1,
5) If p < O then, f M andt>1
1 4kg 2em(3+v) 9 —¢
k B < - 1 . 1.14
atrt) < (et )4 1)l e (1.14)

Remark 1.7. The asymptotic expansions for kfg(p,t) are easily transferred to the case of large
negative values of the time parameter ¢, by noticing that

kpo(p,—t) = kfor, 0(rz(p),t)
for any p € M and t > 1.

Taking advantage of Theorem 1.6 and of standard harmonic analysis on the group SLy(R), we
establish an asymptotic expansion of ks g(p,t) for all sufficiently regular, but otherwise arbitrary test
functions f. Define the Laplacian on M to be the second-order linear differential operator A = [1—2072.
For any s € Ry, let W*(M) be the Sobolev space of order s on the manifold M, that is, the Hilbert-
space completion of the complex vector space €°°(M) of smooth functions on M endowed with the
inner product

(@, V)ws =((1+A)°0,0) . ¢,0h € CF(M).

As M is compact, the well-known Sobolev Embedding Theorem (which we recall in Theorem 2.4)
ensures the existence of a continuous embedding W#(M) — € (M) whenever s € Ryg and r € N
are such that s > r + 3/2; explicitly, there is a constant C, 3 € R (which for definiteness we take
equal to the operator norm of the corresponding embedding) such that || f||,. < Cy | f|lyys for any
f € W#(M). Hereinafter, an element f € W#(M) for s > 3/2 is always identified with its unique
continuous representative.

Set
. {1 if 1/4 € Spec(0d) , (1.15)

0 if 1/4 ¢ Spec(O) .

Theorem 1.8. There exist real constants Cspec and C’épec, depending only on the spectrum of the

Casimir operator on L*(M), such that the following holds. Let 6 € (0,4w] and s > 11/2 be real
numbers, and suppose f € W*(M). Then there exist continuous functions D;Hf, D;uf: M — C for
any positive Casimir eigenvalue p, with

D D- - CipecC,5-3 .
pESp Z(D:)m]R H G’MfHoo * H e,ufHoo = 9 1 s » (1.16)
ec >0

such that, for everyp € M and t > 1,

0
%/0 fo¢X ory(p) ds:/Mfdvol

+e 3 < Z COS <%t> Dg{ﬂf(p) + sin <%t> DO_,uf(p)>

neESpec(0d), u>1/4 (1.17)

1—v

_1ltv — _
+ 2 ¢ 2Dy, f(p) + e Dy, f (p)
peSpec(d), O<pu<1/4

+20(e™2D;, ,f(p) +te 2Dy, (D)) + Rof(pit)
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where

Rof(p. 1) < S 1)t (1.18)
Remark 1.9. An asymptotic expansion of the same form can be deduced from the work of Bufetov
and Forni [10], where the authors study the asymptotic distribution properties of translates of general
rectifiable arcs®. The results are there stated only for positive Casimir parameters; in order to treat
the components supported on the discrete series, it would be necessary to adapt the method used by
Flaminio and Forni in [26], which however would only allow to establish upper bounds contributing
to the error term.

Comparing the coefficients in Theorem 1.8 and in the the expansion which follows from the results
in [10], it is possible to infer that the functions D(;% L f are proportional, in a sense clarified for instance
by the second author in [58] in the corresponding setup, to the invariant distributions for the unstable
horocycle flow or, in the language of the work [18] by Dyatlov, Faure and Guillarmou, to the resonant
states for the geodesic flow. The method employed in the present article, which differs substantially
from the one of [10], affords a sharper control on those terms in the asymptotic expansion coming
from the components associated to non-positive Casimir parameter, as well as finer information on
the regularity of the coefficients with respect to the base point.

We record here below the ensuing effective equidistribution statement, in which we single out the
two main terms of the asymptotic expansion, thereby highlighting the dependence of the latter on the
spectral gap of the underlying hyperbolic surface S = I'\H, defined as

wy = inf(Spec(J) NR~g) = inf(Spec(Ag) \ {0}) ;
its corresponding parameter is denoted by v.

Notation. We adopt the classical Landau notation o(n(t)) for n: Rsg — Rs¢ tending to zero at
infinity, to indicate a function A\: Ry — C such that |[A(t)|/n(t) — 0 as t — oc.

Corollary 1.10. Let 0,s,C—3,C§
Dpan g M~ C with

pec and f be as in Theorem 1.8. Then there exists a function

i Cé ecCl,3*3
|05, < =2 g, (1.19)
such that, for everyp € M and t > 1,
1 o X main €0 — 1 Rusy 1 Rusy
7). fog; org(p)ds= Mfdvol+ Dy f(p) t°e” 2 "Ho(e T2 ). (1.20)

Remark 1.11. We collect here below further comments about Theorem 1.6, Theorem 1.8 and Corol-
lary 1.10.

(1) The Hoélder-continuity claims concerning the coefficients Dé% n appearing in Theorem 1.6 tac-
itly involve the choice of a distance function d on M. It is intended that d is the Riemannian
distance function induced on the connected manifold M by a Riemannian metric g. The
Holder-continuity property, as well as the Holder exponent, of Dét%n is independent of the
choice of such a g, as any two Riemannian metrics on a compact manifold induce Lipschitz-
equivalent metrics (see [41, Lem. 13.28]).

(2) We point out the analogy of Theorem 1.6 with the asymptotics of horocycle ergodic integrals
for Casimir eigenfunctions established in [58, Thm. 1] (in the same way, Theorem 1.8 mir-
rors [58, Thm. 2]). This similarity stems computationally from the application of the exact
same spectral method in both circumstances; as a matter of fact, it comes as no surprise from a
geometric standpoint, for large hyperbolic circles approximate orbits of the unstable horocycle
flow.

(3) For 6 = 47, we recover the qualitative equidistribution of expanding circles towards the uniform
measure vol obtained by Margulis in [47].

(4) The equidistribution rate in Corollary 1.10 matches exactly the mixing rate of the geodesic
flow on M obtained by Ratner in [56, Thm. 2].

8We thank Giovanni Forni for drawing our attention to this earlier work.
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(5) As suggested by the underlying geometric picture, the various upper bounds in the statements
of Theorem 1.6 and 1.8 indicate that the speed of equidistribution improves as # increases to
4m, that is, as the length of the initial circle arc gets larger.

As a special case of Theorem 1.8, we obtain an asymptotic expansion for the equidistribution rate
of O©-invariant functions; in other words, we provide the precise asymptotic behaviour of large circles
on the compact hyperbolic surface S, identified, here and afterwards whenever convenient, with the
double coset space I'\ SLa(R)/ SO2(R).

Let dp denote the distance function on H arising from the hyperbolic Riemannian metric. For any
z€Handt >0, let Cy(z,t) = {2 € H: du(zz) =t} be the hyperbolic circle of radius ¢ centered
at z, and denote by Cg(z,t) its projection to S. With Mcyg(z,r) We indicate the projection to S of the
unique isometrically-invariant Borel probability measure supported on Cy(z,t). Finally, let mg be the
hyperbolic area measure on S, normalized to be a probability measure.

Theorem 1.12. Let § € (0,4n], s > 9/2, f: 8 = C a function such that the SOz(R)-invariant
function f: M — C defined by f(T'g) = f(gSO2(R)) for any g € SLa(R) is in W*(M). Then, for
every z=1¢gS02(R) e S, p=Tge M andt>1,
_ - i Sv . [ Sv -
/ fdmegepy = / fdmg+e ; < Z cos <7t> D;fm“f(p) + sin <7t> D47r7uf(p)>
S S
neSpec(Ag), u>1/4
_14v 1w,
Y D) e D, )
neSpec(Ag), 0<u<l/4

+eo(e 2D} | f () +te 3D, f(D) + Raxf(p,1t) -

In particular, the functions Rarf and Djjwf, w € Spec(Ag) NRxg, defined as in Theorem 1.8, are
SO2(R)-invariant.

Clearly, an analogous statement holds for arbitrary sub-arcs of the circles Cg(z,t).

Remark 1.13. It is worth highlighting that, in the case of an SOy(R)-invariant observable f, we
require mildly less restrictive assumptions on its Sobolev regularity; this will become relevant in
Section 7 when we deal with the error rate for the hyperbolic lattice point counting problem.

Furthermore, we emphasize that Theorem 1.12 improves upon the equidistribution results in [54]
(which, on the other hand, apply to any dimension) in a twofold way: it demands less restrictive
conditions on the regularity of test functions and, more importantly, it refines Randol’s upper bound
on the equidistribution rate by giving a precise asymptotic expansion.

Leveraging the explicit dependence of the asymptotics in Theorem 1.8 on the upper bound 6 of
the domain of parametrization of the circle arc under consideration, we deduce a sufficient quantita-
tive condition for the equidistribution of shrinking pieces of expanding circles; this is in the vein of
Strombergsson’s results in [73], where the analogous question is investigated for shrinking portions of
closed horocycles on non-closed hyperbolic surfaces of finite volume.

Corollary 1.14. Let p € M, 61,02: Rog — (0,47) two functions with 01(t) < 05(t) for any t > 0,
and consider the circle sub-arcs vy = {¢f ors(p) : 01(t) < 5 < 03(t)}. For any t > 0, let p; be the
normalized restriction to ¢ of the unique isometrically-invariant measure on the corresponding full
circle. Assume that there exist to > 0 and a function n: Rug — Ry with n(t) — oo as t — 0o such

—Rus
that O2(t) — 01(t) > 77(75)6_1 > ' for any t > to. Then the circle arcs ~y; equidistribute as t — co: more
precisely, the measures iy converge in the weak® topology, ast — oo, towards the uniform measure vol
on M.

1.4. Statistical limit theorems for deviations from the average. The asymptotics in Theo-
rem 1.8 affords the means to examine the long-term statistical behaviour of the averages of a given
observable along expanding circle arcs. Historically, a momentous discovery in the twentieth century
was the realization that the long-term evolution of deterministic systems frequently obeys the same
statistical laws governing the asymptotic behaviour of random processes. Specifically, this feature is
a typical characteristic of dynamical systems with hyperbolic behaviour, among which geodesic flows
on negatively curved compact manifolds feature prominently; we refer the reader to the survey in the
introduction to [16], as well as to the references therein, for an extensive discussion of the topic.
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Because of the exponential mixing properties of the geodesic flow (¢;X )ier on M (cf. [56, Thm. 2]),
at first it stands to reason to expect, for a real-valued function f on M with finite first moment with
respect to the volume measure vol, the distribution of the deviations from the average

[
5| ot onmas— [ fav.

when the base point p is randomly chosen according to the law vol, (something which is henceforth
indicated with p ~ vol), to mimic for large values of T" the law of the empirical mean

1N
N 2 Xn
n=1
of an increasing number N of independent real-valued random variables X,,. More precisely, since the

hyperbolic length of a circle of radius T is proportional to e’ (see the explanation below (7.7)), a full
analogoue of the classical Central Limit Theorem in this case would affirm that the random variables

1 6
e%<—/ foqﬁj)fors(p)ds—/ fdvol), p ~ vol
0 Jo M

converge in law, as T tends to infinity, to a normally distributed random variable. However, the
geometric resemblance of large hyperbolic circles to orbits of the unstable horocycle flow, for which
similar phenomena occur (cf. [10, Thm. 1.4, 1.5] and [58, Thm. 4]) accounts both for the emergence
of other types of limiting distributions, and for possibly different renormalization factors, depending
on the spectral properties of the observable under consideration.

In order to minimize the difference with the classical probabilistic setup of sums of independent
random variables, we shall state all the results in this subsection for real-valued observables, though
the extension to complex-valued ones is immediate.

Theorem 1.15. Let 0 € (0,47], s > 11/2, f € W5(M) a real-valued function. Assume that
py = inf{p € Spec(d) NR>o : Dy, f does not vanish identically on M}

is finite, and let vy be the unique complex number in R>q U iR~ satisfying 1 — u]% =4py.
(1) If 0 < py < 1/4, the random variables

1—v 1 0
e 2fT<—/ fo¢%(or5(p)ds—/ fdvol), p ~ vol
0 Jo M

converge in distribution to De_wf as T — oo.
2) If ur = 1/4, the random variables
f

1 /0
Tle:g(E/ fo¢¥ors(p)ds—/Mfdvol>, p ~ vol
0

converge in distribution to D9_1/4f as T — .
(3) If py > 1/4, the random variables

T 0
e2<1/ fogb:,)«(ors(p)ds—/fdvol), p ~ vol
0 Jo M

converge in distribution, as T — oo, to the quasi-periodic motion

[

+ Sv + . [ Sv _
60D971/4f(1))+ Z cos 7T DG,uf+ Z sin 7T nguf

peSpec(D)), p>1/4 peSpec(), p=>puy
on the set of real-valued random variables defined on the probability space (M,vol).

Observe the remarkable fact that the limiting distributions appearing in the statement of Theo-
rem 1.15 are compactly supported on the real line, owing to the fact that the coefficients Dgf u f are
bounded. This stands in stark contrast with the classical versions of the Central Limit Theorem
in probability theory, where in non-trivial situations the distribution of errors is governed by the
fully supported Gaussian distribution. Furthermore, it is straightforward to check, at least when the
Casimir components of f are eigenfunctions of © and using the explicit expressions of the coefficients
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Dé%“f in (4.8), (4.9), (4.12) and (4.14), that the limit law is non-trivial®, that is, not a Dirac mass. In
the general case, the coefficients are given by infinite superpositions of the previous ones; though we
shall refrain from a detailed verification, there is no reason to expect cancellation phenomena to come
about and produce limiting random variables which are constant almost-surely.

Theorem 1.15 is a consequence of its quantitative version which we presently discuss. For f fulfilling
the conditions in Theorem 1.15, let Py s denote the law of the random variable Dgi 1y f when py < 1/4,

and Py ;(T) the law of the random variable
o oY
+ Qv + . (Sv _
80D9,1/4f(p) + Z cos <7T> Dy . f+ Z sin <7T> Dy f. T>0,
peSpec(D)), p>1/4 peSpec(), p>pug

when g1y > 1/4. Furthermore, for any 7' > 1 we let Pgh}c(T) be:
(1) the law of

1—v 1 0
(G [ ook onwas- [ pava) o< <ia
0 M

(2) the law of

1 0
T 1% <5/0 fo ¢ ory(p) ds—/Mfdvol> if pp=1/4,

(3) and the law of

(1 [?
e2<§/0 fogx org(p) ds—/Mde01> if pp>1/4.

Denote by drp the Lévi-Prokhorov distance on the set of Borel probability measures on R (cf. Sec-
tion 6.1), which induces on the latter the topology of weak convergence. Recall also that p. denotes
the spectral gap of S = I'\H, with associated parameter v,.

Proposition 1.16. Let the assumptions be as in Theorem 1.15, and the constants Cspec and Cépec be
as in Theorem 1.8.

(1) If 0 < py < 1/4, then there is an explicit constant ny > 0, depending only on py and on
Spec(d), such that

. CL  Cls_3
dup (P (T),Po.g) € === | flly T

for every T > 1.
2) I = 1/4, then there exists a constant Cpes, depending only on Spec(ld) NRsg, such that
Kf p

Cpos C11,5—3

dup (PG (D), Py (1)) < 2L gy ot
for every T > 1.
(3) If pug > 1/4, then:
(a) when p, < 1/4,
circ Cé ecCl,S—?) _vx
dLp(P (1), Pos(T)) £ === |Iflly= ™77
for every T > 1;
(b) when p, >1/4,
circ CS eccl,s—?, _r
drp(PGF(T), Py p(T)) < "= fllyys (T 4 1)e™ 2

0
for every T > 1.

Entirely analogous deductions, of which we omit the details (cf. Section 6.1), can be made in the
case where the D, u f vanish everywhere for any Casimir eigenvalue p > 0 but D(j L f is not identically
zero for at least one such pu.

9As soon as f is not almost-surely constant, obviously.
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Remark 1.17. As the proof of Proposition 1.16 shall clearly illustrate (see, in particular, Lemma 6.1),
the assumption that the base point p is sampled according to the uniform measure vol is immaterial,
as far as the validity of Proposition 1.16 and Theorem 1.15 is concerned. It is possible to replace the
measure vol with any other Borel probability measure p on M, without affecting the quantitative rate
of convergence, provided that the laws of the limiting random variables are modified accordingly.

In the remaining case when the Dét,u f vanish identically on M for any positive Casimir eigenvalue
1, the explicit expressions of the coefficients appearing in Theorem 1.6 and 1.8 enable us to rule out
the existence of a non-trivial distributional limit in the case of full circles, that is, when 6 = 47. More
precisely, we establish the following result.

Theorem 1.18. Let s > 11/2, f € W*(M) a real-valued function. Assume that, for any positive
Casimir eigenvalue p, the functions Djjwf defined as in Theorem 1.8 vanish identically on M. Then,
for any collection (Br)r=o of positive real numbers such that By — oo as T — oo, the distributional

limit of the random variables
4
el (£ o fodFory(p)ds— [y, fdvol)
Br
as T — oo exists and is almost surely equal to zero.

, p~vol

Theorem 1.18 results from approximating averages of f along expanding circle arcs with the dif-
ference of the ergodic integrals of f along two geodesic orbits, which in the case of complete circles
happen to coincide; details are carried out in Section 6.2.

Remark 1.19. We hasten to add that the argument we conduct enables to show that Theorem 1.18
holds true for arbitrary circle arcs (that is, it is possible to replace 47 with an arbitrary 6 € (0, 4x])
provided that, in addition to the vanishing hypothesis on the D‘:ltmu for u € Spec(d) N Ry, the
derivative U fy along the stable horocycle flow of the projection fy of f onto the Casimir eigenspace
of eigenvalue 0 is assumed to be a coboundary for the geodesic flow (cf. Section 6.2).

1.5. Asymptotics for arbitrary translates of compact orbits and the circle problem in the
hyperbolic plane. The celebrated Gauss circle problem asks for the precise asymptotic behaviour of
the discrepancy between the number of integer points in a disk of radius R in the Euclidean plane and
the area of the disk, as R tends to infinity. More precisely, define the integer-point counting function

N(R) = |{(m,n) € Z* :m? +n? < R?}|, R € Ry,

where |A| denotes, here and henceforth, the cardinality of a finite set A. Tessellating the Euclidean
plane with Z2-translates of [0,1)2, which is a fundamental domain for the Z2-action by translations
on R?, leads to the main term 7R?, equal to the area of the disk of radius R, for the asymptotics of
A (R), as well as to the upper bound (due to Gauss himself)

| (R) — mR?| < 2n(V2R + 1)

for the discrepancy. Despite considerable successive improvements on Gauss’ original bound, for the
history of which we refer to the comprehensive survey [32], it is a notoriously unsolved problem to
attain the conjectural sharpest upper bound, deemed to be of the order of RY/2*¢ for any € > 0.

We consider the analogous question in the hyperbolic plane. For I' < SLy(R) a cocompact lattice,
we examine the asymptotics of the function

N(R) = |{z €T -i:dy(zi) < R} (1.21)

as R tends to infinity, where I'-i denotes the (discrete) orbit!? of i under the I'-action on the hyperbolic
plane H and we recall that dy is the hyperbolic distance function on H.

Remark 1.20. Upon replacing I' by a conjugate, there is no loss of generality in choosing ¢ € H
as the base point: an elementary algebraic computation, together with the fact that SLo(R) acts by
dy-isometries, leads to the equality

{2 €T w:da(sw) < RY = [{z € g 'Tg -i: da(z3) < R)|
for any w =g -1 € H and g € SLa(R).

10We thus count the number of actual lattice-orbit elements; we remark that, in the literature, the count of lattice
elements v € I such that du(v-4,7) < R often appears instead; the two quantities are proportional by a factor |Stabr(4)].
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There is a compact fundamental domain for the action of I' on H, and a transposition of Gauss’
tesselation argument to this setup provides a rationale for the heuristics concerning the main term of
the asymptotics, which once again should be proportional to the hyperbolic area measure of the ball
Br ={z € H : du(z,i) < R}, which we denote by mu(Br). However, a consequence of the peculiar
features of hyperbolic geometry is that boundary effects become relevant, as opposed to the Euclidean
setting: more precisely, the growth rate of the length of the boundary 0Bp turns out to be equal to
the growth rate of my(Bgr). The error rate resulting from the tesselation approach is consequently of
the same order of the main term, and as such meaningless.

As for its Euclidean counterpart, the circle problem in the hyperbolic plane has been the subject
of intensive research over the course of the twentieth century, with fundamental contributions due to
Delsarte ([14]), Selberg ([63]), Margulis ([46]), Lax and Phillips ([40]) and Phillips and Rudnick ([51],
see its introduction for a detailed history of the problem). To a large extent, the state of the art
concerning the best estimate on the error term |N(R) — crmu(Bgr)|, where cr is an explicit constant
which we identify in Theorem 1.24, is represented by Selberg’s upper bound

‘N(R) - CFmH(BR)‘ < e(sup{2/3,(1-i—§]‘h/*)/2})R 7 (1.22)

where recall that (1 —v2)/4 is the spectral gap of S = I'\H. The estimate!! in (1.22) (which is equally
valid for non-uniform lattices I' < SLo(IR)) is obtained by means of a deep analysis of a class of integral
operators commuting with hyperbolic isometries (cf. [63]).

It was Margulis’ realization (see [47]) that lattice point counting problems of the type we are ex-
amining are intimately interwoven with questions of equidistribution of translates of subgroup orbits
on homogeneous spaces. Subsequently, this novel perspective was profitably pursued and vastly gen-
eralized in the works of Duke, Rudnick and Sarnak [17] and Eskin and McMullen [23]. Specializing
to our current setup, it turns out that the distribution properties of translates of SOg(R)-orbits!?
on M = T'\SLy(R) lead to meaningful information on the growth rate of N(R), in a way that is
amenable to quantitative refinements (see Section 7 for an extensive treatment of the connection in
its quantitative form).

We are thus lead to study effective equidistribution properties of SO9(R)-orbits on M, which can
be readily derived from Theorem 1.8 via the standard Cartan decomposition for SLy(R). For any
go € SLa(R), define the right-translation map Ry, : M — M by R, (I'g) = I'ggo for any g € SLa(R).
For every p € M, we indicate with mgo,(r)., the unique SOz(IR)-invariant Borel probability measure
on M which is fully supported on the (compact) SO3(R)-orbit of the point p; furthermore, for any
g € SL(R), the notation g.mgo,(w).p stands for the push-forward of mgo,®)., under the action of g,
which clearly depends only on the left coset of g modulo SO2(R). Making use of the mixing properties
of the global SLy(R)-action on M via a clever thickening argument, Margulis proved (see [46, 47])
that arbitrary translates of mgo,(r), equidistribute towards the SLo(R)-invariant measure vol; this
amounts to the fact that, for any continuous function f: M — C,

/ J dgsmso,(®)p —>/ f dvol
M M

as g SO2(R) tends to infinity in the quotient SLa(R)/SO2(R).

In order to phrase a quantitative version of the previous statement conveniently, we introduce the
notation ||g|[,, to indicate operator norm of an element g € SLy(IR) with respect to the standard
Euclidean norm on R?; such a specific choice, while obviously immaterial, arises naturally over the
course of the proof.

Theorem 1.21. Let CspeC,CépeC be as in Theorem 1.8, s > 11/2 a real number. There exists a real
constant Cg o, depending only on s and on M, such that the following holds: if f € W*(M), then
there exist, for any positive Casimir eigenvalue p, functions D;ff, D, f: M x SLy(R) — C with

sup ‘D;:i:f(pag)’ < CSJOtCépechs—?) ”f”WS ’

pneSpec(d)NR o pEM, geSLa(R)

HAs a matter of fact, Selberg’s asymptotics is more accurate than the one recorded here, featuring a main term
which involves, beside the hyperbolic area of the balls, additional terms depending on Laplace eigenfunctions for small
eigenvalues; see [51, Eq. 1.13].

12\We consider here the canonical left action g-Tg =Tg'g~* of SL2(R) on M.
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such that, for every p € M and every g € SLa(R) with ||gHOp > /e,

| dgmso,my, = [ 7 dvol
M M

+lgllop ( > cos (Svlog ||gllo,) Dyt f (2, g) + sin (Svlog HgHop)Duf(p,g)>
neESpec(d), u>1/4

+ > lgllo ) D f(p.g) + gl ™) Dy f(p.g)
nESpec(l), O<pu<1/4

+eo(llglloy DY uf(p,9) +29lloy 10 ll9llop Dy 0 f (P 9)) + RS (P, 9)

where
IRf(P;9)| < CpecCl,s—3Cs ot || f|lyys (210g HgHOp +1) ||9||o}>2 :

Remark 1.22. (1) The problem of effective equidistribution of translates of finite-volume orbits,
in the vastly more general context of affine symmetric spaces, was thoroughly explored by
Benoist and Oh in [4]. Their approach relies crucially on effective bounds for the mixing
rates'® of the relevant global action, and systematically developes quantitative versions of
the geometric properties which play a major role in the original work [23] of Eskin and Mec-
Mullen. In the specific instance of the affine symmetric space being the hyperbolic plane H,
Theorem 1.21 improves upon [4, Thm. 1.10] in that it quantifies the exponent governing the
equidistribution rate and spells out additional terms in the asymptotic expansion.

(2) Just as in the case of Theorem 1.8 and Corollary 1.10, the asymptotic expansion in Theo-
rem 1.21 delivers at once the (optimal) effective equidistribution bound

‘/ J dg«mso,®)p —/ f dvol
M M

for every p € M and g € SLy(R) with [|g||,, > /e, where the function Dmain: M x SLy(R) — C
is uniformly bounded in terms of an appropriate Sobolev norm of f and of spectral data
depending only on M. Following the thread of the observations expressed in Remark 1.11, it is

instructive to compare it with the decay rates for matrix coefficients of unitary representations
of SLa(R) computed by Venkatesh in [78, Sec. 9.1.2].

main —(1—Rvx
< D™ £ (p, g) (log ||gll o) lgllo, )

Theorem 1.21 affords a precise asymptotic formula for the averaged counting of points on translates
of T-orbits inside balls of increasing radius, that is, for quantities of the form'

’ gl'-+NB R‘
/SLQ(R)/F (B P (gT") dvol(gT") (1.23)
as ||, tends to infinity, where 1) is a sufficiently regular function on SLy(R)/I'. Prior to the statement
of the result, we shall fix advantageous normalizations for the various invariant measures involved (see
Section 7.1 for the details).

Let mgp,,(r) be the unique choice of Haar measure on SLy(IR) such that, if mgo,r) is the probability
Haar measure on the compact subgroup SO2(R), then mgy, ) is the (formal) product (cf. Proposi-
tion 7.2) of mgo,r) and of the SLa(IR)-invariant measure on the homogeneous space SLa(R)/SO2(R)
which corresponds, under the canonical identification of the latter space with H, to the hyperbolic area
measure my. We then indicate with mgp, )/ the unique SLy(R)-invariant measure on SLz(R)/I" such
that mgr,r) is the product of mgr,®),r and the counting measure on the discrete group I'. Observe
that mgp,(r)/r is a scalar multiple of the probability measure vol, the multiplying factor being equal
to the covolume

covolgp, () (I') = Msp,(r)/r (SL2(R)/T')

13Specializing to our setup, effective mixing for the SLa(R)-action on finite-volume quotients T'\ SLa(R) was first
worked out in detail, to the best of our knowledge, by Kleinbock and Margulis in [36, Sec. 2.4] (see also [56]).

Mag it is customary in the literature addressing such themes, we shall choose to work with spaces of left cosets
whenever dealing with the lattice point counting problem. The map gI' — I'g~' establishes an SLo(R)-equivariant
diffeomorphism, between SL2(R)/T" and I'\ SL2(R); every object we have defined on I'\ SL2(R) shall thus be identified
(without altering notation) with the corresponding object in SLz(R)/I" without further comment.
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of the lattice I' inside SL2(R). We denote similarly by covolgg, ) (I' N SO2(RR)) the volume!® of the
compact quotient SO2(R)/(I' N SO2(R)) with respect to the SO2(R)-invariant measure induced by
mgo,(r) and the counting measure on I' N SO2(R).

Lastly, recall that Bpg is the closed hyperbolic ball in H of radius R > 0 centered at 1.

Proposition 1.23. Let C’spec,C’épeC be as in Theorem 1.8. Suppose given a real number s > 11/2
and a function ¢ € W#(SLo(R)/T"). There exist, for any positive Casimir eigenvalue u, functions
ﬁ;;u’ﬁluz Rsg — C with

Cé eCCLs—S
> sl () < Sy (129
peSpec()NR >0 R>0
such that, for every R > 1,
1 \gF -1 N BR’
- — ) dm I =
covolgo, r) (I' N SO2(R)) /SLQ(R)/I‘ mu(BR) V(o) dmstay/r (9T)
yell
- ¥ dm
covolgr, ®) (I') Jsr,m)/r SLa(®)/T
_R _
te? Do BLLR) 48, (R) (1.25)
nESpec(d), u>1/4
_1ltv _1l-v _
- > e” > gL (R)+e 2 B (R)

nESpec(l), O<pu<1/4
R R,
T €0 <6_5ﬁ$,1/4(R) + Re—5ﬁ¢,1/4(R)> +7(R)

where

< 5CSpeCCLs—3

e (R)] < = [l (R+1)e™ (1.26)

Recall now our definition of the counting function N(R) in (1.21). An optimization argument
involving approximate identities on the homogeneous space SLy(R)/T" enables us to derive information
on the asymptotic behaviour of the error term in the pointwise counting problem discussed at the
beginning of this subsection. We remind the reader that v, is the unique complex number in R>qU7R~

such that 1_4'/’% equals the spectral gap of S = I'"\H.

Theorem 1.24. Let ¥: Rog — R+ be the function defined by

- COVOISOQ(R) (F N SOQ (R))
S(R) = e —— mu(Br), R > 0.

Set n, = %3(1 — Ruvy). Then, for every € > 0,
N(R) = S(R) + o(el! )1
as R tends to infinity.

Remark 1.25. As it will emerge in the proof of Theorem 1.24, which is detailed in Section 7.2, the
appearance of the quantity 1/13 in the exponent is ultimately an outgrowth of the minimal Sobolev
regularity of the test function f we need to impose in Theorem 1.12, which in turn is needed because
of the upper bounds in (1.16) and (1.18) depending on the Sobolev norm || f||;. for some s > 9/2.
In this regard, we observe the following: suppose that, in the latter two bounds, the norm || f|;;« can
be replaced by | fl|;1, as it is the case for joint eigenfunctions of [J and © (cf. Theorem 1.6); then
Theorem 1.24 would hold with 1/6 in place of 1/13.

155 straightfoward application of the formula in (7.2) shows that this equals the reciprocal of the cardinality of the
finite group I' N SO2(R).
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1.6. Outline of the proofs and layout of the article. The method we employ to prove Theorem
1.6 was originally devised by Ratner in [56], who realized that the problem of finding mixing rates
for geodesic and horocycle flows can be reduced to solving a family of linear second-order ordinary
differential equations'®. This ingenuous and yet fairly elementary approach has been further developed
by Burger in [11] to prove polynomial bounds for the equidistribution of horocycle orbits in compact
quotients of SLa(R). Later, Strombergsson [74] and Edwards [20] exploited the same idea to study
effective equidistribution properties of unipotent orbits in more general settings. In the same spirit, the
second author recently provided (see [58]), using Ratner’s strategy, an alternative proof of Flaminio-
Forni’s asymptotic expansion for horocycle ergodic integrals [26].

We begin in Section 2 with an overview of the required notions concerning hyperbolic surfaces,
Sobolev spaces and harmonic analysis on the Lie group SLy(R), nailing down notation to be employed
throughout the manuscript. Assuming that a %2-observable f is a joint eigenfunction of the Casimir
operator and of the vector field ©, we then show in Section 3 that the behaviour of the circle-arc
averages kyg(p,-) (cf. (1.6)), viewed as functions of the time t for a fixed base point p € I'\ SLa(R),
fulfill a second order linear ODE, solving which explicitly leads to the proof of Theorem 1.6 presented
in Section 4; incidentally, we may arrange computations so that the latter takes on the same form of
the ODE satisfied by time rescalings of horocycle averages in [58] (see, in particular, [58, Prop. 8]),
which accounts for the similarity between Theorem 1.6 with [58, Thm. 1]. In Section 5, the asymptotic
expansion of Theorem 1.8 is deduced from Theorem 1.6 taking advantage of a few elementary facts
from the classical harmonic analysis of SLa(R). Additional regularity on f is required in order to ensure
the absolute convergence of the expansion in (1.17); see, in particular, Section 5.1. The asymptotics
for arbitrary translates in Theorem 1.21 is derived from Theorem 1.8 in Section 5.3. Building on
Theorem 1.8 once more, we establish in Sections 6.1 and 6.2 the distributional limit Theorems 1.15
and 1.18 for the random variable kyg(p,t), appropriately centered and normalized, when the initial
point p is taken randomly with respect to the uniform measure. These limit theorems mirror those
for horocycle ergodic integrals, for which we refer the reader to [10, 58]. Section 6.3 hosts a few
considerations concerning the point of view of temporal distributional limit theorems (see [16]) on the
problem of analyzing the statistical behaviour of circle averages. Finally, in Section 7, we provide a
quantitative treatment of the approach of Duke-Rudnick-Sarnak [17] and Eskin-McMullen [23], which
allows to prove both Proposition 1.23 and Theorem 1.24 on the hyperbolic lattice point counting
problem.

2. PRELIMINARIES ON HARMONIC ANALYSIS ON SLj(R)

It is the aim of this section to carefully describe the setting of our main results as well as to review
the required notions on the representation theory of the group SLy(R) which will play a central role
throughout the article.

2.1. Hyperbolic surfaces and their unit tangent bundles. The subject of this subsection is
classical: detailed treatments can be found, for instance, in [3, 5, 7, 12, 22, 33, 35].

The special linear group SLy(R) is the group of 2 x 2 real matrices with determinant 1. It is a
three-dimensional Lie group, whose Lie algebra we denote by sl3(R) and identify canonically with the
Lie algebra of traceless 2 x 2 matrices with real entries. The identity matrix in SLy(R) is denoted by
I5. A basis of sl3(R) as a real vector space is given by the elements

12 0 0 1 00
x=(0" p) v=(00) =00 0):
With exp: sla(R) — SLy(R) we indicate the exponential map, and with Ad: SLy(R) — GL(sl2(R)),
g +— Ad, the adjoint representation of SLa(R) onto sly(R).
Let H={z=x + iy € C:y > 0} be the Poincaré upper-half plane, endowed with the Riemannian
metric
(da)® + (dy)?

, (z,y) € H.
y2

I(zy) =

16 A fter the completion of a first draft of the present article, the authors were made aware of the unpublished man-

uscript [19] by S. Edwards, in which a weaker formulation of the quantitative equidistribution result in Theorem 1.8 is

provided. The strategy of proof is entirely analogous to the one pursued here, and is there applied, more generally, to the

quantitative investigation of the equidistribution properties of translated orbits of symmetric subgroups on homogeneous
spaces of semisimple Lie groups.
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The Riemannian manifold (H, g) is a model of the hyperbolic plane, that is, of the unique complete
simply connected two-dimensional Riemannian manifold of constant sectional curvature equal to —1
(cf. [9, Part 1 Chap. 6]). The Lie group SLy(R) acts smoothly by orientation-preserving!” isometries
of the hyperbolic plane. The action is given by the Mobius transformations

a b .z:az——i—b’ a,b,c,d €R, ad—bc=1, z € H;
c d cz+d

it is transitive, and thus gives rise to an SLs(R)-equivariant diffeomorphism between H and the quotient
manifold SL2(R)/SO2(R), where the special orthogonal group SO2(R) is the stabilizer of the point
1€ H.

Let T' < SLy(R) be a cocompact lattice®. If the projection of T to the projective special linear group
PSLs(R) = SLa(R)/{£12} has no non-trivial torsion elements, then the quotient space S = I"'\H, home-
omorphic to the double coset space I'\ SLa(R)/SO2(R), is a compact, connected, orientable smooth
surface inheriting from H a Riemannian metric gg of constant sectional curvature equal to —1, that is,
a hyperbolic Riemannian metric. Conversely, it is a well-known consequence of Poincaré-Koebe’s Uni-
formization Theorem (cf. [25, Chap. IV]) that any compact, connected, orientable hyperbolic surface
is isomorphic, as a Riemannian manifold, to a quotient I'\H, with I' < SLy(R) a cocompact lattice
with torsion-free projection on PSLy(R). In case the projection of I' to PSLa(R) has non-trivial torsion
elements, the quotient S = I'\H is, more generally, a hyperbolic orbifold (see [53, Chap. 13| and [76,
Chap. 13]). Unifying, though mildly abusing terminology, we shall throughout refer to S as a surface
in both the previous cases.

The simply transitive action of PSLy(R) on the unit tangent bundle of H allows to identify, as smooth
manifolds, the unit tangent bundle 715 = {(p,v) € T'S : ||v| gs = 1} of S with the homogeneous space
M =T\ SLg(R). Throughout this manuscript, we shall solely appeal to the algebraic structure of M
as a homogeneous space of SLy(R), and not to its geometric nature of principal circle bundle over the
surface S.

For any r € NU {oo}, we denote by " (M) the vector space of complex-valued functions of class
%" defined on M. It is endowed with the norm |||, defined in (1.5). The ¢ -norm is abbreviated
with ||

A vector W € sly(R) gives rise to the one-parameter subgroup (exp(tW))ier of SLa(R), which in
turn acts as a smooth flow on M by right translations. Whenever convenient, we identify W with
the infinitesimal generator of such a flow, and denote its action as a derivation on the function space
€' (M) by f+ Wf. This extends to an isomorphism of associative R-algebras between the universal
enveloping algebra U (slz(R)) of sly(R) and the algebra of SLa(R)-invariant differential operators on
€>°(M). More generally, any element Y € U(sly(R)) of order k& € N acts naturally on €*(M), the
action being also denoted by f — Y f. Observe that, for any k € N, the definition of the €*-norm on
€% (M) implies that [|Y f|| . < ||fllgr for any Y € U(sla(R)) of order at most k and any f € €*(M).

2.2. Unitary representations, the Casimir and Laplace operators, Weyl’s law. Convenient
sources for the material presented in this subsection, in addition to those cited in Section 2.1, are [39,
45, 59, 75].

Let us denote by H be the complex Hilbert space L?(M) of functions which are square-integrable
with respect to the SLy(R)-invariant measure vol on M; the inner product defining the Hilbert space
structure on H shall be denoted by (-,-). With % (H) we indicate the group of unitary operators
T: H — H. The standard smooth (left) action of SLo(R) on the homogeneous space M, given by
g0-T'g="Tggy ! for every go,g € SLy(R), preserves the measure vol, and hence gives rise to a unitary
representation p: SLa(R) = % (H), g — pg, called the quasi-regular representation of SLy(R) on H.

For any r € NU {oc}, denote by €"(H) the linear subspace of €"-vectors on H, that is,

¢"(H) ={v e H: the map SLy(R) > g — py(v) € H is of class €"}.

17Actually7 the action is by analytic transformations of the Riemann surface H.

18We recall that a lattice in a locally compact Hausdorff topological group G is a discrete subgroup A < G such that
the quotient space A\G admits a non-zero G-invariant Radon probability measure. The lattice A is cocompact if A\G is
a compact topological space.
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An element W € sly(R) induces a linear operator Ly : €' (H) — H, called the Lie derivative with
respect to W, defined by

Lip(v) = lim P2 7Y g (2.1)
t—0 t
Observe that, for a ¢!-function f on M, we have Ly (f) = W £, regarding ¢ (M) as canonically
embedded in H.

The center of the universal enveloping algebra U(sly(R)) is generated, as an algebra, by any of
its non-zero elements, called Casimir elements. For reasons to be clarified shortly, we choose the
normalization of the Casimir element to be [ = —X2 + X + UV, where {X,U,V} is identified with
a set of generators of the R-algebra U(slo(R)). By the universal property of the universal enveloping
algebra, the Casimir element [J acts as a second-order linear differential operator €2(M) — €' (M),
and (in a compatible manner) as an unbounded operator on H, densely defined on the subspace
¢?(H). Slightly abusing notation, we shall again indicate with [J the Casimir operator arising in this
fashion. It is a consequence of the Casimir element lying in the center of U(sl2(R)) that the operator
O commutes with all unitary operators p,, g € SLo(R) and all Lie derivatives Ly, W € slp(R),
wherever they are simultaneously defined.

The Casimir operator [ is an essentially self-adjoint operator on H; as M is compact, its spectrum
Spec(0) consists solely of eigenvalues and is a discrete subset of R. Our choice of the normalization of
the Casimir element implies that, on the subspace ¢2(S) of continuously twice-differentiable functions
defined on the surface S = I'\H, the Casimir operator acts as the Laplace-Beltrami operator Ag with
respect to the hyperbolic Riemannian metric on S. As a consequence, the spectrum of Ag is contained
in the spectrum of [J. As a matter of fact, it holds that Spec(Ag) = Spec(CJ) N Rxq.

A great deal of research has revolved around the properties of the spectrum of Ag; for the purposes
of this article, we shall only need a weaker version (cf. the proof of Lemma 5.1) of the celebrated
Weyl’s law concerning the asymptotics of the eigenvalues, which we shall now recall for completeness.

Theorem 2.1 (Weyl’s law). Let I' < SLa(R) be as above, S =T'\H, and
A< A< <\ <s >0
be the eigenvalues, counted with multiplicity, of the Laplace-Beltrami operator Ag associated to the
hyperbolic Riemannian metric on S. Then
lim {j e N: )\ < R}| _ Area(S5)
R—o0 R 47

where Area(S) is the total mass of S with respect to the hyperbolic area measure.

)

A proof of Theorem 2.1 relying on Selberg’s trace formula is given in [48, Prop. 10].

On the other hand, the negative eigenvalues of [J are completely understood, being of the form
—m(m + 2)/4, with m ranging across the set N* of strictly positive integers.

In general, any unitary representation of SLg(R) is unitarily equivalent to a direct integral of
irreducible representations. Owing to compactness of M, the representation space H of p actually
decomposes as a Hilbert direct sum of (non-zero) irreducible p-invariant subspaces:

H = @HZ ,  p(H;) C Hj, p|g, irreducible, I countable index set.
el
As the Casimir operator commutes with all the p, for g € SLo(R), it restricts to an operator ¢ (H;) —
H; for each i € I. By virtue of Schur’s lemma for unbounded linear operators, there exists u € Spec(J),
depending on 7, such that (v = pv for any v € €2(H;). Regrouping all irreducible subspaces according
to the corresponding Casimir eigenvalue, we obtain an orthogonal splitting into p-invariant subspaces

H= P H,, H,={ve?’H):Ov=pu}. (2.2)
peSpec(0)

Let © € sl3(R) be the element defined in (1.3), inducing the unbounded linear operator Lg on H.
As it is the case for any representation space of a unitary representation of SLy(R), each subspace H,,
is the internal Hilbert direct sum

i
H,=@H.n, Hun= {v € ¢ (H,): Lov = §m)}. (2.3)
nez
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Remark 2.2. Observe that, in the previous decomposition, it might occur (as it manifestly emerges
in the equation (2.6) below) that H,, , is the trivial subspace for some ;1 € Spec(0) and n € Z. For
this reason, in the sequel, we let the index set of the direct sum in (2.3) be rather I(n) = {n € Z :
H, , # {0}} C Z, bearing in mind this caveat.

2.3. Sobolev spaces and the Sobolev Embedding Theorem. The classical theory of Sobolev
spaces is thoroughly discussed in [1]. In the context of arbitrary Riemannian manifolds, it is presented,
for instance, in [2, 31]; the extension to fractional Sobolev orders is treated e.g. in [71, 77]. Here we
shall confine ourselves to homogeneous spaces of SLg(R), placing emphasis on how this theory is
brought to bear on the study of unitary representations of the special linear group.

Define the element
- 0 -1/2
Y = (_1/2 0 > S 5[2(R),

so that {X, 0, Y} forms a basis of the real vector space sl3(R). Define the second-order linear operator
A=—(X?+Y?+6?) =0- 202 on the subspace €%(H). As each Lie derivative Ly (W € sly(R))
satisfies!? (Lyu,v) = —(u, Lyv) for any u,v € €L (H), it is clear that (Au,v) = (u, Av) for any
u,v € €%(H), that is, A is self-adjoint on its domain of definition. We shall refer to it as the Laplace
operator on H. Akin to the Casimir operator, A acts as the Laplace-Beltrami operator Ag on the
subspace €2(S). Indeed, any vector u € €2(S) is invariant under the action of SO2(R) by right
translations, and hence lies in the kernel of Lg; as a consequence,

Au = (0-20%u =0u—2L4u = Ou = Agu .

For any s € R+, we define the Sobolev space of order s on H, denoted by W*(H), as the maximal
linear subspace of H on which the unbounded linear operator A%/2 can be defined, and endow it with
the inner product given by

(u,v)ws = (I + A)’u,v) , u,v € W*(H), (2.4)

where I denotes the identity operator on H. This assignment turns W*(H ) into a Hilbert space, whose
associated norm is denoted by ||-||;ys. Similarly, we define the Sobolev spaces W*(H,,) and W*(H )
for any p € Spec(Z) and n € I(u). It is a fact that the decompositions in (2.2) and (2.3) induce
analogous decompositions on the level of Sobolev spaces, namely there are orthogonal?® splittings

W - @ W) - D @ W 23
nESpec(0) nESpec(0) nel(p)

The argument in Section 5 crucially hinges upon the following elementary relationship between
Sobolev norms of different order:

Lemma 2.3. Let s € Roq, k € N, and assume u € W¥*(H,, ,,) for some p € Spec(0) and n € I(p).
Then

2\ k
2 n 2
fulf = (14 ) Wl (2.6

Proof. Suppose k = 1. We may write, using self-adjointness of A with respect to the L?-inner product,
lullfyers = (w,uhparr = (1 +A)u,u) = (1 +A)*u, (I + Ayu) = (1+ A)*u,u) + (1 + A)*u, Au) .

By the assumption on u, it holds that Au = (O — 20%)u = p — 2(4n)%u = (u + %Q)U Therefore, we

infer
2

2
2 2 n n 2
Julfye =l -+ (44 5 )0+ A0 = (14004 )l

as desired.
The statement for an arbitrary £ € N is immediately achieved arguing by induction. O

19T his follows at once from the definition of Ly in (2.1) and the fact that pg is a unitary operator for any g € SLa(R).
20Clear1y7 we intend that the closed subspaces W*(H ») are orthogonal with respect to the W*-inner product defined
in (2.4).
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Observe that (2.6) readily implies the following: if u € W*+¥(H) for some s € R~ and k € N, and

u= D D Uun

peSpec(d) nel(p)

is its decomposition into joint eigenvectors for [J and © provided by (2.5), then the larger the in-
teger k is, the faster the decay of the Sobolev norms [[u, .|y« as |n| and |u| tend to infinity. This

21

phenomenon®" is going to be essential in our estimates over the course of the proof of Theorem 1.8.

We conclude this section recalling a version for compact three-manifolds of the celebrated Sobolev
Embedding Theorem, which will be sufficient for our purposes.

Theorem 2.4 (Sobolev Embedding Theorem). For any r € N and s € R fulfilling the inequality
s—r > 3/2, there is a continuous embedding of W*(M) into the Banach space €" (M ): in particular,
there exists a constant C,. s > 0 such that

1fllgr < Crs £l
for every f € W5(M).

3. REDUCTION TO AN ORDINARY DIFFERENTIAL EQUATION

This section presents the gist of the approach we pursue in order to prove Theorem 1.6, which
concerns the asymptotic behaviour of circle-arc averages of joint eigenfunctions of the operators [J and
O (cf. Section 2.2); the partial differential equations (classically known in the literature as eigenvalue
equations) expressing the eigenfunction condition are here shown to give rise to ordinary differential
equations for the corresponding circle averages, when the latter are seen as functions of the time
parameter.

We fix a function f: M — C of class 4% and a parameter 6 € (0,4r]. Recall from (1.6) the definition
of the averages k¢g(p,t), for p € M and t € R. As we shall work with a fixed, arbitrary base point
p € M, we shall abbreviate, for notational convenience, kg(p,t) with kg(t) in the computations that
follow.

Our goal is to show that the function ky(t) satisfies a second-order linear ODE. In the upcoming
computations, the following lemma will be of use. For any left-invariant vector field W € sly(R), we
indicate with (¢} )cr be the one-parameter flow on M defined by ¢}¥ (I'g) = I'gexp tW for any ¢t € R
and g € SLo(R). For any pair Y, W € sl3(R) and any point ¢ € M, the derivative of the smooth curve
s+ ¢ 09 (q) (seen as a function from R to the tangent bundle of M), where t € R is fixed, is
denoted by % ¢ 0¥ (q). Lastly, if W € sly(R) and ¢ € M, we denote by W, the value at ¢ of the

infinitesimal generator of the smooth flow (¢}" )ier on M.

Lemma 3.1. For every Y, W € sl3(R) \ {0} and every ¢ € M, it holds

d
ds ¢tY o ¢}<:/V(Q) = Adexp(ftY)(W)¢}/o¢¥V(q) .
Proof. Tt follows from elementary algebraic manipulations, see [57, Lem. 4]. O
We may now state the main result of this section.

Proposition 3.2. Let p € Spec(U), n € Z and f € E%(M) be a function satisfying Of = pf, Of =
snf. For every p € M and 0 € (0,4r], there is a bounded continuous function Gg, f(p,-): Rsg — C
such that the function ky(t) = %foe fodX ory(p) ds satisfies the linear ordinary differential equation

kg (t) + k(1) + pko(t) = €' Gon(p, t) (3.1)
for any t > 0.

Proof. Fix f, p and 6 as in the assumptions. Since f is of class €2 on M, differentiation under the
integral sign gives

0 0
i) =5 [ Xfeoontas 1w =5 [ X0k onas

21The counterpart of this relationship in classical Fourier analysis is well-known; the regularity of a function is closely
interwoven with the decay rate at infinity of its Fourier coefficients.
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for any ¢t € R, as the geodesic flow (¢X)icr on M is generated by the vector field X. Therefore, the
assumption Of = puf, ie. —X2f + Xf — UV f = uf, translates readily into

" / 1 ’ X
k() = Ky(0)+ o(®) = =5 [ UV oo onfp) ds

As V =U — 20, we have

0 : 6
k50 = ko) + kot = —5 [ Vroofon)as+ [ Useefonmas (32

by the assumption © f = %nf Now, by Stokes’ theorem??, we get that

? 4 o d
Foo¥onalp)— Fool ()= [ (700 ora) ds = [ Afyonip (567 orito)) ds.

the latter equality following from the chain rule for differentials. Recalling that the flow (rs)ser is
generated by the vector field ©, Lemma 3.1 delivers

d
&(ﬁtX o TS(Q) = Adexp(ftX)(@)¢f(ors(p) ’

so that

6
fo QStX 0 T@(p) —fo gbg((p) = /0 dfqbf(ors(p) ((AdeXp (*tX)(@))qﬁf(OTs(p)) ds
0
= /0 dfd)fors(p) (((_ sinh t)U + et@))¢§(ors(p)) ds

0 .
= —sinht/ Ufo¢ ors(p) ds+ %n@etkg(t) ,
0

the second equality being obtained by straightforward matrix multiplications.
From now we choose t strictly positive. We may thus write

/ono@X o ru(p) ds = — <%n96tk9(t)—A9(t)> (3.3)

0 sinh ¢

where
Ag(t) = fody orgp) = fody (p), t>0.
Arguing as before, we also deduce

d

0
Uf oo omlp) UL 0¥ (p) = [ LWIo0F o) ds
(3.4)

2
From UV — VU =2X we get VU =UV —2X =U(U —20) —2X = U? - 2UO — 2X, so that

. 0 1, [°
:—e_t/ Uf o ¢ org(p) ds—iet/ VUf o org(p) ds .
0 0

% 0 6
/0 VUf o qStX ors(p) ds = /0 Ufo gbg( ors(p) ds — m/ Ufo gbg( ors(p)ds — 20ky(t) . (3.5)

0
Combining (3.3), (3.4) and (3.5) yields

0 1 : 0
[ vrreotonas= L (gnet [ 070 ont) s+ 0e0) - Buto) -

1 inet
= — <4Sinht(m9etk9(t) — Ag(t)) + Oekp(t) — Bg(t)> :

where
By(t)=Ufog; ore(p) —~Ufo i (p), t>0.
From (3.2), (3.3) and (3.6) we infer that
n?e®ko(t) inetAp(t) e'ky(t) nielko(t) —indp(t) + By(t)

/! / . _ —
Ko (£) = ko (1) + pko(t) = 4sinh?t + 40 sinh? sinh ¢ 2sinh ¢ fsinht

22Here7 it really boils down to the fundamental theorem of calculus.
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Finally, adding 2kj(t) on both sides gives

n2 n2
K5(0) + K50+ mka(0) = (o — T ) o0+ (2= T ) )

in in By(t)
— Ay(t
* (2951nht(1—62t) HSinht> o(t) + Osinht ’
so that ky () + kj(t) + pke(t) = e 'Gonf(p,t) for

nle~t 2t 2ine 2t 2
Gonf(p,t) = mk‘e(t) - mké(t) + mfle(t) + mBe(t) . (37

The function f being of class €2, it is clear that the functions kg, kp, Ag and By are continuous, hence
so is the function t — Gy, f(p,t). Furthermore, the trivial upper bounds

ko ()] < 1flloo» 1K) < 1 X flloo s [A0(®) < 211 flls > [Bo(t)] < 21U fl
imply that it is uniformly bounded on R+y. O

For later purposes, we estimate explicitly the uniform norm of Gy, f. Using the bounds e < 1
and 1 —e 2 > 1 — ¢!, valid for all t > 1/2, together with the fact that the three quantities
| flloo s 1 X flloo s 1U fll o are bounded from above by || f||,1 (cf. Section 2.1), we obtain that

sup |Gonf(p,t)] < Conllfllp
t>1/2

with
2
B e n(fOn + 2) e 2042
Cg’n_<e—1> 6 T
Setting
2e%(1 + 4m)
Ko = —7——=—5
(e —1)?

we may estimate

2
2(0+1
C@,né<eil> (;_)(nz—i-l)ﬁ%(nz—i-l)’

and hence conclude that

K
sup [Go.nf (p, 1) < (0 + 1) || (38)
t>1/2

for every choice of p € M, 0 € (0,4n], f € €*(M) and n € Z.

4. ASYMPTOTICS FOR JOINT EIGENFUNCTIONS

The purpose of this section is to prove Theorem 1.6 by explictly solving the ODE established in
Proposition 3.2. For definiteness, whe choose to impose initial conditions at time ¢t = 1 for the ensuing
Cauchy problem.

We thus start with the following:

Lemma 4.1. Let p be an eigenvalue of the Casimir operator. If G: R<g — C is a continuous function,
then for any complex numbers y1 and y the solution to the Cauchy problem

y'(t) + 9/ (t) + py(t) = e 'G(t)
y(1) =u (4.1)
y'(1) = vy

1$ given by

y(t) :elft(“ Pt L[t ds)
T2 1

2ue” 2 v

. / t —v
_ e”g”t<(1 P+ l/ e 2G(g) d§>
5 1

2ve v
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if w #£ 1/4, and by
020 f i

+te2<M+/l e5G(¢) d§>

if p=1/4.

Proof. Let v be the unique complex number in ]RZO UiRsg such that 1 — v? = 4. The characteristic
polynomial of the homogeneous equation y” () + v/(t) + ,uy( )=0is P(Z) = Z? + Z + p, having two
distinct roots —15%, —4EL if 1 #£ 1/4, and a double root —3 if u = 1/4. We examine the case p # 1/4;
the case p = 1/4 requlres only minor modifications. A particular solution of the inhomogeneous

equation is given by

y b1 v v, (Y1 1w
e 2 t+/ ZemTEG(E) dg—e—%t/ ZemTEG(E) de
1 1

v

as direct computations allow to verify. Hence, the general solution of
y' () + /(1) + () = e G(1)

is given by

t t
y(t) = el2yt<cl + %/ e*HTng(f) d§> + eH2Vt<02 - %/ e’lgng(f) d{) , c1,c0 €C.
1 1

Imposing the conditions y(1) = y1,7'(1) = y} enables to determine the coefficients
(L+ )y + 2y oy — — (1 =)y +2y)

_l-v ’ - _1t+v
2ue” 2 2ue” "2

Cl =

O

We may now apply Proposition 3.2 in conjunction with Lemma 4.1 to determine the explicit analytic
expression of the function ks g(p,t) (cf. (1.6)) in terms of the coefficient G, f(p,t) (cf. (3.7)). Before
proceeding with this, it will be convenient to set some useful notation first.

Let p € Spec(0), f € €?(M) and 0 € (0,4r]. Define the functions a;’wag_#f: M — C by

-1 (0 0¥ o -1 0 o0dX o
agiuf(p) _ :F(l + V)H fo / ¢1 Ts(p) dS;Z[VQH f() Xf ¢1 Ts(p) ds (4.4)

2ve

if p#1/4 and

-1 (0 0¥ o -1 0 opX o
a.:gt,l/4f(p) _ \/E(H fo f ¢1 Ts(p) ds :|2: 20 fo Xf ¢1 Ts(p) ds) (4.5)

if 4 =1/4. When p # 1/4, it holds

(L+ DO S5 Il ds + 2071 [T 11X Fllgds _ e(3+ )
Haéiwaﬁ B = I S Mle, (46

since || fllo < [[fllgr and | X fllo < || fllgr- If o= 1/4, similar estimates lead readily to

gt < 25 0l (4.7

We are now in a position to start the proof of Theorem 1.6, which will occupy the remainder of
this section. We fix 6 € (0,4n] and a function f € €*(M) satisfying ©f = puf and ©f = inf for
some 1 € Spec(0) and n € Z. For any p € M, the function kfg(p,-): Rsg — C we are interested in
satisfies (4.1) with initial conditions

1 [ 1 /Y
:—/ fogiorg(p)ds, yiz—/ Xfof ors(p)ds.
6 0 9 0

We distinguish five cases as in the statement of Theorem 1.6, that is, according to the value of the
Casimir eigenvalue p. Recall that v is the unique complex number in R>qUiR~q verifying 1 — v? = 4.
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4.1. The case p > 1/4. Suppose p > 1/4, so that v = iSv € iR<(. As follows from (4.2), the solution
o (3.1) with the prescribed initial conditions is given by

‘ Sy t Y
brat0,0) = e cos () (4,000 + 03,000 = 2 [ Fon (36 ) Gans .9 )

: 3 2i [t S
webain () (0,000 - a0 - 2 [ e beos (F6) Gt 6 ).
The functions o o
e cos (6 Gonf (.6). € sin () Gonf (p:€)

are integrable over the closed half-line [1,4+00), as Gy, f(p,-) is bounded thereon; we may therefore
define functions Défﬂ’nf, o1, of 1 M — C by setting

D J0) = 5, 0) 3, 1 0) = o [ Ssin (€) Gt 0. (4.9
and 0i oo N
Dy ) = 03, 0) = af, S0~ 50 [ e cos (“75) Gy (0, €) d (19)

for every p € M. Then (1.7) is valid with

¢ R 2 R
Ragund t) = oos (1) [T e sin (576 G (6) e "

x 0 94 x
T e %sin <%t> / —Ze 3 cos <£§>G9,nf(p,§) d¢, t>1,pe M.
. Sv 2

Let us now estimate the uniform norms of D;tﬂ of and of Rg ,,n f(-,t) for any ¢ > 1. From the explicit
expressions in (4.8) and (4.9), it follows at once that

o3t < et |+ ol + 5 78 se Gt a
< o (ctor o+ 22D gy, (111
<" il

applying (3.8) and (4.6) in the second inequality, with r(u) = & (dem(3 + Sv) +

83

e
v ve/’:
The remainder term defined in (4.10) is bounded from above by

_t 2 ¢ S8ko(n® +1
Ronad 001275 sp (Gonf08)] [ e g < 00t ot
peM, €21 ¢ Sy )

for every p € M and t > 1, again relying on the upper bound in (3.8).

Up to the regularity claims on the coefficients De o f, which are the subject of Section 4.6, the
proof of Theorem 1.6(1) is complete.

4.2. The case p = 1/4. Suppose p = 1/4, whence v = 0. This time the solution to (3.1) with the
given initial conditions has the expression (cf. (4.3))

t t ¢
ka(p’ ): 2< 91/4f / 56 QGan(p 5) d£> + te™ 2( 91/4f( ) /1 B_EGG,nf(p,g) d£> .

Following the steps carried out in Section 4.1 almost verbatim, define functions De 1/an Dg_1 M —
n /4"

C via

Dy jand () = af 0 (0)= / € 3Gonf(p€) A€, Dy 1y F(0) = a5, F(0)+ / ¢ 3 Gonf(p.€) dg

(4.12)
for every p € M. Then (1.9) holds with

Roajant(pt) = ¢ / ce 5 Gy f(p,€) dE — te / S Conf(p€) de, t>1, pe M. (4.13)

t
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From (4.12) we estimate, by virtue of (3.8) and (4.7),

[Pl < 5 1 + 02 4 D U | eetae
Y K 4
<32f v 2*”) e < S5 0+ )1

where we may choose k(1/4) = 36m+/erg. Moreover, we deduce from (4.13) that, for every p € M and
t>1,

Roaan (0] < 502 4 1) (& / et dgriet [T et a)
t

= 02 4 1) |l (¢4 1)e”

In conjunction with Section 4.6, this concludes the proof of Theorem 1.6(2).

4.3. The case 0 < < 1/4. When 0 < p < 1/4, we have v € (0,1). The solution to (3.1) is given, as
n (4.2), by

14v t 1—v
ko) = (0, f0) — 1 [ e F Gt 0.9 e

1-v t 1ty
b7 (0, 000+ [ G 0.6) )

1

Setting
DYt ) =af, S0 - [ (0.€) de . »
Dy 0) =, S0+ [ €5 G 0,6) a6 o
and

1 _1tv o0 _1l-v _l-v o _1ltv
Rupunf0r8) = 5 (€5 [ e 554G 0.6 de =7 [ e 5460 0 0.€) )
t t

for every p € M and ¢ > 1, it is clear that (1.10) holds. As far as estimates on the supremum norm
are concerned, we have

e(3+v) 1z
|95 s—|rfu<gl+9 2+ Dl [ Fe e
e(3+v) 2 _1m
— (T4 B e ) e
k(1)
ST(n + D 1 fllgr

_1—v
for k(pu) = 2’20(61_3_ + 2e7r(3+”), and

Y] —
Rapad (20 < 52007 + 1) 11

- 4/60
vl —v)1 +v)

o0 o0
1;”/ e 2v¢ d¢ + el2ut/ e d§>
¢ ¢

(n? + )| fllgn e,

which achieves the proof of Theorem 1.6(3) except for the regularity of the coefficients which is
addressed separately in Section 4.6.
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4.4. The case = 0. As v =1 when p = 0, equation (4.2) delivers the following expression for the
solution to (3.1):

t
brolp.6) = a0 () + [ e—fcaﬂhf@ns>df-+e—t<agof j/ Chyhfz?ﬁ)d£>
= agof(p) + /1 e *Gonf(p,€) dE + <— /t e $Gonf(p,€) de (4.15)

+efta90f )—e” /Gonfpf)d£>

Observe that the term between parentheses in the last expression is infinitesimal as ¢ tends to infinity,
so that krg(p,t) has a well-defined limit, as ¢ tends to infinity, for every p € M. We claim that?3

hm k:fg p,t / f dwvol (4.16)

for any p € M. For a start, we show the equality in (4.16) holds on average with respect to the
measure vol. Indeed, Fubini’s theorem gives, for any ¢ > 0,

/Mk;f,@(p, £) dvol(p) / / FodX ory(p) ds dvol(p) / / FodX ory(p) dvol(p) ds

——//fdvoldS:/fdvol,
0 0 JM M

the second-to-last equality following from the fact that the transformation ¢;X ory: M — M preserves
the measure vol for any s,t € R. By dominated convergence,

/ tlim kfo(p,t) dvol(p) = hm/ kfo(p,t) dvol(p) hm/ fdvol = / fdvol . (4.17)
M P70 M

In order to finish the proof of the claim, it remains to show that the limit lim;_,o kf(p,t) does
not depend on p. Choose a countable orthonormal basis (ug)ges of L2(M ) consisting of smooth
eigenfunctions of the operator © and containing a constant function wuy,. If Ouy = %nkuk for ng € Z,
then uy, o ry = e27ns

the L2-inner product

[ i byt ot = jim [ (5 [ o0 o) as ) ap

t—00

uy, for every s € R (cf. Section 2.2). Therefore, we can compute for every k € I

= lim — //f oK (p) g o r_s(p) dp ds
:limg i ‘2”’"k5/ fod(p) ug(p) dp ds

6 .
— 5/(; 6—27T’lnk5d5.tli>1£10<fo¢i(’uk> ,

where we used, in successive order, the dominated convergence theorem, Fubini’s theorem, invariance
of the measure vol under the transformation r_g and the definining property of uy. Mixing of the
geodesic flow (¢X)ier on M (cf. [3, Cor. 2.3]) delivers

lim(foqﬁt)(,uk):/ fdvol/ ug dvol .

As uy, is orthogonal in L?(M) to the constant uy, for any k # kg, the last expression vanishes for
any such k. Therefore, we have just shown that the function p — lim o kyg(p, t) is orthogonal to wuy
for every k # ko; necessarily, it must be constant.

23The claim amounts to the qualitative equidistribution statement that circle-arc averages of f converge to its spatial
average with respect to the uniform measure. This has been shown by Margulis (for complete circles) in [46] via a
thickening argument resting on the mixing properties of the geodesic flow. We prefer not to invoke Margulis’ result here,
and instead prove directly this special case of equidistribution using spectral considerations coupled with mixing.
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Define now
Roanf(0t) = afof 0" = [ ¢ <Gonf(p.€) dt
t
then (3.8) and (4.6) give

[Ro0nf(p. )] < 2e|| fllgr e + (8em + ro(n* +1)) || fllgr ™

D=

S+ 1)l [

and, combining (4.15) with (4.16), we obtain
t
kg.o(p,t) :/ f dVOH‘et/ =Gonf(p;€) A€ + Ro,0nf(p,1)
M 1
which establishes Theorem 1.6(4).

4.5. The case pu < 0. We now turn to the case u < 0 or, equivalently, ¥ > 1. The solution to (3.1)
given in (4.2) becomes

v+

v—1 1 [t 1
br0(0.0) =5 (07,000 + © [ 5 Gons(0:6) )

(4.18)

7u+1t

t v—1
e P g fw) - [ TG00 )
It follows that the quantity
v _ 1 [ _vn vl b
(0 [T s ) = F w000 [T s 0.0 )

1

e%t o0 _v+1
“kpa(pyt) + / Gy () €) de
t

is uniformly bounded in ¢, which forces
_ 1 & _V_-Hg
G, )+ [ G 6) dE =0
1
for every p € M. Therefore (4.18) results in

_v=ly

00 L v—1 2 b
/t e T Gy f(p,€) d§+e‘7tae+,uf(p)—e /1 ¢ F Gonl (:€) d§> '

v+1
€2t

1% 14

kro(p,t) =e" <—

With the help of (3.8) and (4.6), we may estimate the three summands inside the parentheses. For
the first, we have

1/+1t

e 2 L 2K
- el < —=0 (2 41
[T G0 0.9 < s )
while the second can be bounded as
_v—1 e(3+v
=g, )| < D g
lastly,
/ G f(5,) | € (12 1) |y e T — )
U ) o,nJ \D, > GV(V—l) @1
< — 1 .
< e+ D Il

We conclude that

1 _
koot < 5 w4 1) | fllpr e

4kq 2em(3 +v)
+ (
(r—1)(r+1)
as desired.

This settles Theorem 1.6(5).
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4.6. Regularity of the coefficients in the asymptotlc expansion. We now turn to the exam-
ination of the regularity properties of the coefficients De o f appearing in the asymptotic expan-
sion of kfg(p,t), as in Theorem 1.6, for f € €*(M) satisfying Of = puf and Of = snf for some
u € Spec(d) NRsp and n € Z. In so doing, we shall complete the proof of Theorem 1.6.

Let us fix § € (0,4n] throughout this subsection. As follows readily from the definitions of the

coefficients (4.4), (4.5), (4.8), (4.9), (4.12) and (4.14), it suffices to analyze the regularity of

kro(p, 1 /f 6% o ra(p) ds, Ky o(p,1) /Xf o7 ory(p) ds, / 9(6)Gonf(p,€) dé

as functions of p € M, with ¢g(§) being a function of the following forms:

e 8%, get? et cos ( 5) % sin ( g) 2 0<v<). (4.19)
We start with the following elementary lemma:

Lemma 4.2. Let 0 be a positive real number. If h: M — C is of class €, then the function

0
pr—>/ hors(p)ds, peM
0

is of class €' on M.

Proof. Fix a point pg € M, and let (0y,)i=1,2,3 be a local frame of the tangent bundle 7'M around po.
It suffices to prove that, for each ¢ = 1,2, 3, the partial derivative

0
p— Oplp (/ hors ds) (4.20)
0

exists and is continuous in an open neighborhood of p. Upon passing to local smooth charts for M, the
classical theorem of differentiation under the integral sign ensures the validity of the formal passage

0 0
p 8%.]1;(/ horg ds) = / Oz, |p(hors) ds
0 0

provided that there exists a positive real-valued function ¢ on [0, 6], integrable with respect to the
Lebesgue measure, such that |0,,[q(h o rs)| < ¢(s) for any ¢ in an open neighborhood of p. Notice
that, by the dominated convergence theorem. this would yield continuity of the partial derivative
in (4.20) at the same time. The chain rule for the differential gives d(h o rs), = (dh),, (g o (drs), for
any ¢ € M and s € [0,6]. As follows readily from the explicit expression for rg in (1.3) and direct
computations, the operator norm?? of the linear operator (drs)q is uniformly bounded in ¢ and s, as
the entries of any Jacobian matrix associated to it only involve finite linear combinations of the sine
and cosine functions. Therefore, there exists a constant C' > 0 such that |9y, |4(h o rs)| < C'||h||4: for
any s € [0,6] and any ¢ in the domain of definition of the local frame (0,,)i=1,23. The conclusion is
thus achieved by setting ¢ to be constantly equal to C'||A|41. O

As (¢7)ier is a smooth flow on M and f is of class €2, the functions f o (b{( , Xfo (b{( are of class
€. By virtue of Lemma 4.2, the functions p foe foof ors(p)ds, p— foe X fopi ory(p) ds are
of class €' on M.

Therefore, it remains to deal with [ g(£)Go.n f(p, £) d€ as a function of p € M, g being as in (4.19).
Expanding out the expression from (3.7), we obtain that it equals

00 2—§ [%
/1 9(5)( %y /fOQSg org(p)ds M/o Xfoqbé(ors(l))ds

2ine %

2
+9(1_6,2£)2(f0¢§ 07'0( ) f ng ( ))‘Fm(UfO(ﬁ?ore(p)—Ufogbg((p))) dg
We shall know treat the four summands separately.

24F0rrnally, we would need to specify a Riemannian metric on the compact manifold M. For the purposes of the
proof however, only boundedness of the relevant quantities matters, so that any such metric would serve our goal
(cf. Remark 1.11(1)).
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Lemma 4.3. If g takes one of the fm‘ms in (4.19), the functions

p»—)/ _25 (/ fod¥ orp )ds)d{ (4.21)
pb—)/ %(/ Xfod¥ ory(p) ds)dg, (4.22)
o [T (f o o) - 100 ) ) ¢ (4.23)

are of class €' on M.

Proof. The proof proceeds along the same lines as the proof of Lemma 4.2. The crucial point is that,
for any point ¢ € M and any £ > 1, the operator norm of the differential (dqbg( )q doesn’t exceed (up
to a constant factor depending only on the choice of a Riemannian metric on the tangent bundle T M)
the quantity ¢¢/2, as direct computations allow to verify starting from the explicit expression of (b?
n (1.4). As a consequence, there exists a constant C' > 0 such that

e ¢ 67%
\(15’_75(/ Ouly(f 0 6% 07 d )\sc('gi'g/ Il ds =l SN

for every £ > 1 and ¢ = 1,2,3, where (0,,)i=1,23 is a local frame of T'M around a given fixed point
po € M. Since the function |g(€)le=¢/2/(1 — e~2¢)? is integrable on the half-line [1,00), we deduce as
in the proof of Lemma 4.2 that the function in (4.21) is of class €' on M.

The same assertion for the remaining two functions in (4.22) and (4.23) follows by a similar argu-
ment. O

What is left to investigate, up to multiplicative constants, is thus the regularity of the function

por [ 0 o6 o rale) - US o 6 ) (4.24)
on the manifold M. As we shall presently see, the latter depends on the function g.

Lemma 4.4. If g(¢) = e_HTyg, then the function in (4.24) is of class € on M.

Proof. It suffices to argue as in the proof of Lemma 4.3 observing that, when 0 < v < 1, the function

71+TV5 3 6755

e e
125 T 1 _¢%
is integrable on the half-line [1, 00). O

It is straightforward to realize that the same argument does not carry over to the other possible
forms of g(&) listed in (4.19). For those remaining cases, we instead establish Hélder-continuity of the
function in (4.24) by a different argument.

Fix a Riemannian metric g on the connected manifold M, inducing a Riemannian distance function
d. The choice is immaterial for our purposes, as pointed out in Remark 1.11. We start with the
following well-known properties of the flows (¢;* )icr, (7s)ser-

Lemma 4.5. There exist real constants Cx q4,Ce 4, depending only on d, such that, for any pair of
points p,q € M, it holds

(@7 (p), 47 (¢)) < Cx.a ed(p,q) (4.25)
for everyt € R and
d(rs(p),rs(q)) < Co.a d(p,q) (4.26)
for every s € R.

Proof. By compactness of M, we have the freedom to prove the lemma for a judicious choice of d.
To profit most from the algebraic description of the flows (¢¢)icr and (rs)ser, we fix a left-invariant
Riemannian metric ggr,,g) on the Lie group SLy(R) and let d be the Riemannian distance determined
by the unique Riemannian metric g on M for which the projection map (SL2(R), gs1,wr)) — (M, 9)
is a Riemannian submersion (cf. [42, Cor. 2.29]) or, equivalently for a covering map, a local isometry.
As M is compact, we can choose a finite open cover (UN'Z-)Z-GI of M and a collection U = (U;);cs of open
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subsets of SLa(R) such that, for any i € I, the restriction of the projection to U; is an isometry from
U, onto U;.

The distance dg,,(g) induced by ggr,,(r) is locally equivalent to the distance induced by the operator
norm |[-[|,,, on the vector space of 2x2 real matrices corresponding to the Euclidean norm on R? (cf. [22,
Lem. 9.12]): for every g € SLp(R), there exists an open neighborhood W, of g and a constant Cgy,
such that

Cogllz = yllop < dsLy@)(@,y) < Cag llz =yl

for any x,y € W,. Upon restricting the U;’s (and the Ui’s) if necessary, we may assume that each Uj
is contained in W, for some g; € SLa(R); define Cy to be the supremum of the Cqg,, i € I. We also
select a second finite open cover V = (V}),ec in such a way that the closure of each Vj is compact and
contained in some Uj(;). Observe that, for every j € J, the function 7;: V; — (0,00] defined as the
first exit time

7j(p) = f{t > 0: 67" (p) € Uiy}, pEV;

is continuous, and as such attains a strictly positive minimal value ¢;. Set o = inf;c;¢; and let dy be
a Lebesgue number for the covering V (cf. [49, Lem. 27.5]).
Consider now two points p,q € M, and suppose first that d(p, ¢) > dy; then

A6 (p), 6 (q)) < diamg(M) < 6y, diamg(M)d(p, q) < 8y, diamg(M)elld(p, ) (4.27)

for every ¢ € R, where diamy(M) = sup,y ,cps d(p, q) is the diameter of M with respect to the distance
d.
Now assume that d(p,q) < dy so that p and ¢ both lie in some V}. Choose representatives x,y of

P, q, respectively, inside Ui( then, for every 0 <t < tg, we have

j)
d(67 (p), ¥ (q)) < dsr,r)(zexptX,yexptX) < CylzexptX — yexp tXHOp

< Cd ”1’ - yHop ”exp tXHop < Cg dSLQ(R)(x7y)e|t‘/2 (428)
< Cleldgr, ) (. y) = Caed(p,q) ,

where we used the fact that p,q,¢f((p),¢f((q) all belong to Ul.(j). If now tg < t < 2ty, then we
distinguishes two cases.

o If d(¢ (p), #; (q)) > Sy, then (4.27) applies giving

(67 (p), ¢ (q)) < &y, diamg(M)e' ™ d(¢ps (p), dix (q)) < C36,," diamg(M)e'd(p. q) -

This estimate is actually valid for any ¢ > t.
o If d(¢7 (p), #ik (q)) < by, then the computations in (4.28) are valid for the given ¢ and yield

(7 (p), 67 (q)) < Cie'd(p,q) -

Subdividing the half-line R>( into the intervals [kto, (k + 1)to), k¥ € N, and arguing as above on each
of them, we conclude that

(¢ (p), &7 (q)) < sup{CjJ, C36y; diamg(M)}e'd(p, q)

for any t > 0.

The same analysis can be performed, with the appropriate modifications, for times ¢ < 0. This
shows (4.25).

The inequality in (4.26) is taken care of in an entirely analogous fashion, observing that [exp(s©)||,,
1 for every s € R. O

Let us now fix two points p,q € M. As in the previous proof, we denote by diamg(M) the diameter
of M; with

i - \Uf@) —Uf(q)
Lipa(Uf) = p’,q/GSJI\;Pp/#q/ d(p,q)

we indicate the Lipschitz constant of the function U f with respect to the distance d.
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We may then estimate

| 2 wroot onat - Usedo)ds— [T 2 Ur 0o omala) - UF o ¥ (@)

< [ 8O (5o 6 orate) ~ U 068 orala) + U7 o6 0) ~ U o 6 @)

<@1- 6_2)‘1Lip(Uf)/1 19(&)| (min{diamy(M), Cx q e*d(ro(p), 7o(q) }+

+ inf{diamg(M), Cx 4 €*d(p, q)})d¢

< 9(1 - ¢ 2 Lip(U ) / 19(6)| inf {diamg (M), Cd(p, g)e }dé |

(4.29)
where C' = Cx gsup{1,Ceg 4}
The following elementary estimates allow to finalize the argument.
Lemma 4.6. Let r, K € Ry, a € (0,1). Then
 a ¢ 1
—af . a
K e 1nf{K, re }d§ < m . (430)
Furthermore,
oo
/ 567% inf{K,re*}d¢ = 4\/Eré(logk +logr™1) . (4.31)
1
Proof. 1t suffices to split the integral as
[%S) log % %)
/ e inf{K, ret}d¢ = / e % . ret de¢ —|—/ e % . K dé¢
1 1 log %
a—1 a
O R R
(i) ) ()
- r¢ n o 1 “
~ (1—-a)Ke1 " aKo 1 q(l —a)Ko! "
which delivers the inequality in (4.30). Analogous computations allow to establish (4.31). O

Combining Lemmata 4.3, 4.4, 4.6 together with the estimate in (4.29) and the explicit expressions
for the coefficients D;EM of in (4.8), (4.9), (4.12), (4.14) we deduce that:

e when p > 1/4, D(;t. n f are Holder continuous with Hélder exponent 1/2;

e when = 1/4, D;l Jan f and D9_71 Jan AT€ Holder continuous, the latter with Holder exponent
1/2, while the former with Hélder exponent 1/2 — ¢ for every € > 0;

e when 0 < p < 1/4, D;" o f is Holder continuous with Holder exponent 1_7”, while De_’ o fis
of class €' on M.

The proof of Theorem 1.6 is achieved.

5. ASYMPTOTICS FOR ARBITRARY FUNCTIONS

The bulk of this section is devoted to the deduction of Theorem 1.8, which addresses the asymptotic
equidistribution rate of sufficiently regular observables on M not subject to any eigenvalue condition,
from the special case of joint eigenfunctions of [ and © phrased in Theorem 1.6. The argument is
crucially based upon the orthogonal decompositions of Sobolev spaces into joint eigenspaces of [1 and
O, which is recalled in detail in Section 2.2. We then proceed by proving Theorem 1.21, concerning the
asymptotic behaviour of arbitrary translates of compact orbits inside M in light of the classical Cartan
decomposition of the Lie group SLy(R), the result follows from Theorem 1.8 in a fairly straightforward
manner. Along the way, we shall also clarify the steps needed to derive, from those two main results,
Corollaries 1.10 and 1.14.
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5.1. Sum estimates on Sobolev norms of eigenfunctions. Before proceeding with the proof
of Theorem 1.8, we collect in this subsection a few estimates relating sums of norms of Sobolev
eigenfunctions with a higher-order Sobolev norm of the sum of such functions, which will prove to be
instrumental in the sequel. The rationale for those is the fact that the Hilbert-sum decompositions
in Section 2.2 only provide, by Bessel’s inequality (cf. [61, 2, XXIII, 6; 14]), estimates on the sum
of squares of the components’ norms, while our approach necessitates bounds on the ¢!-norm (see
Section 5.2).
Notation is as in Section 2.2.

Lemma 5.1. Let k be a natural number.

(1) The infinite series
> Z a (5.1)
peSpec() nel(p +h + )
is summable if and only if k > 2.

(2) The infinite series
1)2
peSpec() nel(p +u +7 )
is summable if and only if k > 3.

Observe that the series in (5.1) and (5.2) consist of nonnegative real numbers: see Lemma 2.3.
Proof. 1t is convenient to examine separately the convergence properties of
S Togme T Tl e
pnESpec(0)NR>o nel(p +h + ) peSpec()NR<o nel(p +u +7 )

We know (cf. Section 2.2) that negative eigenvalues of the Casimir operator are of the form p,, =
—m(m + 2)/4 for m ranging over the set of positive natural numbers; therefore

> :

- Z Z m(m+2) +n_2)k’ (5:4)
neSpec()NR<o nel(u meN* n&l(pm) 2

1+,u+"2

which has the same convergence properties of the series

1
Z (1 _|_m2 +n2)k

(m,n)€Z?

By comparison with the integral

1
/R2 (1+ 224 y?)k dedy
which is convergent if and only if k& > 2, as it is well-known, we infer that:
(1) the series in (5.1) cannot converge if k = 1;
(2) the series in (5.4) converges for any k > 2.
As to the first summation in (5.3), we may now suppose k > 2 and appeal to the Weyl law for the

positive eigenvalues of the Casimir operator (see Theorem 2.1), which we list in increasing order as

u( P — 0 < ,u(p ) - < ,ufﬁ) -+, without multiplicity. Recall that area(S) is the volume of the

surface S = I'\H w1th respect to the hyperbolic area measure. Choose a real number ¢ > area(S)/4m;

then, there exists Ry € R~ such that p(mp) > m/c for any integer m > cRy. On the one hand, the

quantity
> X

2
0<m<cRo 1, (p))( +Mm +n—)k

is a finite sum of converging series On the other hand,

> 2 DD

+ (p) + 7L2
m>cRg Ef(u(p) Hm m>CR0nEI(u(m)

1
SZ( +Z Zm—n_Q)k

m>cRo m>cRo nEI(u(p))\{O} (1 + c + 2

(1+2 +"2)
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The first summand in the last expression converges obviously whenever k£ > 2, and so does the second
by comparison with the integral

1/2

/RO/ (T+i+% )dydx_/ao 142 /\/_1+u2 u de
:</CROW¢de></owmdu><w'

As to the assertion for the series in (5.2), it follows readily by running the argument above with the
appropriate modifications. O

Leveraging the estimates in Lemma 5.1, we are now in a position to show:

Proposition 5.2. Let k > 2 be an integer. There exists a constant Cspecr > 0 depending only on
k and on the spectrum of the Laplace-Beltrami operator on the hyperbolic surface S, such that the
following holds. Let s be a positive real number, f a function in WSTF(H); for any u € Spec(0)) and
n € I(p), let f,n be the orthogonal projection of f, with respect to the inner product in Wetr(H),
onto the closed subspace WH’“(HM,,L). Then

Yo > Munllws < Cspec I fllyase - (5.5)
neESpec(D) nel(p)

Proof. Recall from Lemma 2.3 that, for any p € Spec(dd) and n € I(u),
2 n?\ 7" 2
pllye = (1405 ) Wl

Using the Cauchy-Schwartz inequality, we get

—k/2
Z Z Hf,unHWS Z Z <1+N+ ) pr,n||Ws+k

peSpec(D) nel(p peSpec(d) nel(p

(X ¥ ;)k)/( S5 Mlien)

2
peSpec(0) nel(w) (1 +pt % peSpec(0) nel(w)

The inequality in (5.5) is thus a consequence of Parseval’s identity (cf. [61, 2, XXIII, 6; 17])

2
1 leee = D Z [E7 ey

nESpec(d) nel(p

where we define the constant Cspec 1 as

1/2
CSpec,k:< Z Z 1—}—/1,—1—"2) ) 5

peSpec(D) nel(p

which is finite by Lemma 5.1 and satisfies the dependence properties claimed in the statement (cf. Sec-
tions 2.2, 2.3). O

5.2. Equidistribution of expanding translates. We are now ready to prove Theorem 1.8. Let 0
be a real parameter in the interval (0, 47], s a real number satisfying s > 11/2, f a function in W*(M).
Keeping with the notation introduced in the foregoing subsection, we denote by f,, € W*(H,,,) the
orthogonal projection of f onto W*(H,, ), for any Casimir eigenvalue p and any n € I(u). In what
follows, the equivalence classes f and f, , are identified with their unique? continuous representatives.
The asymptotic expansion in (1.17) will result from the sum of the contributions of each component
fun, which are provided by Theorem 1.6; we now expose the details.

Choose a real parameter s’ satisfying 3/2 < s’ < s — 2; the Sobolev Embedding Theorem (The-
orem 2.4) gives the bound ||f.nll,, < Cos | funllyy« for any p and n as before, for some constant

25Uniqueness is a result of the fact that the uniform measure vol on M is fully supported.
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Co,s» > 0 depending only on s” and on the manifold M. For any point ¢ € M, we estimate
Z Z |fun(@)] < Z Z Hfu,nH < Co,s Z Z ||fu,nHWs’
peSpec(d) nel(p) neSpec(d) nel(u peSpec(D) nel(p) (56)
SCO,S’CSpecQ ||fHWs/+2 5

the last inequality being given by Proposition 5.2. Select now a base point p € M, which will remain
fixed until the end of this subsection. By virtue of (5.6), the dominated convegence theorem for infinite

series yields
1 0
5/0 fo gbix O""s(p) ds = Z Z / fu,n © th Ors( ) . (57)

peSpec(D) nel(p)

Observe that, since s > 11/2, the components f, ,, are of class %2 by the Sobolev Embedding Theorem
(Theorem 2.4); to each summand on the right-hand side of (5.7), we may thus apply Theorem 1.6,
which delivers on a formal level the equality?®

0
g/o fodfon(pds= [ favo

' Zuzmeé( ( ><ZD9’“‘f“" >+Sm< )(ZDa_Mfun ))

nESpec(d), nel(p) nel(u)
_1-v _
+ Z ( Z D ,/Jnfﬂn > +e 2 t( Z D97“7nfu7n(p)>
nESpec(d), 0<;L<1/4 nel(p) nel(u)
+eo (6_% ( Z DI1/47nf1/4,n(P)> ttes < Z D(;l/4,nf1/4,n(]9)>>
nel(1/4) nel(1/4)
+ RG,posf(pa t) + e_tMG,Of(p’ t) + Z RG,O,nfO,n(pa t) + RG,df(p, t)
nel(0)
(5.8)
for every t > 1, where ¢ is defined in (1.15), Gy, fon is as in (3.7) and the quantities
Roposf(p,t), Moof(pt), Reaf(p,t)
are defined as follows:
RG,posf(pat) = Z Z Re,u,nf(pat) 5 (59)
peSpec(0d), u>0 nel(p)
Moot )= 3 [ ~Gonfon(p.&) de. (5.10)
nel(0)
Ralo)= 2% / fun o 6% 0ra(p) ds (5.11)
peSpec(d), p<0nel(p
The equality in (1.17) would follow directly from (5.8) by defining
Dy, f(®) = > Dy, fun(p), p€M, peSpec(d)NRxg (5.12)
nel(u)
and
Rof(0:t) = Ropost (p,t) +e " Moof(p,t)+ > Roonfon(pt)+Roaf(p,t), peM, t>1. (5.13)

nel(0)

It is left to show that all the infinite sums we are considering with a formal meaning are actually
convergent.

26Notice that fM fumn dvol = 0 for every Casimir eigenvalue p # 0 and every n € I(u), as fu,» is orthogonal to
the joint eigenspace Ho,o which contains the constant functions. For the same reason, [’ u Jon dvol = 0 for every
n € 1(0) \ {0}. Therefore, dominated convergence gives [,, fo.o dvol = [, f dvol
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Let us begin by examining the sums in (5.12). Fix p € Spec(dJ) NR~g; for any p € M and n € I(u),
we have from Theorem 1.6 that
— (0 + 1) | funllgr -

+ +
|D0,u,nfﬂ,n(p)| < HDQ,M,nf;L,n o= "9
Choose now a real parameter s” so that 5/2 < s” < s — 3; then Theorem 2.4 allows to deduce

k(1)
6

)

_ S CLe= 0+ D funllyer - (5.14)

Now, in view of Lemma 2.3 and applying Cauchy-Schwartz’s inequality and Parseval’s identity (cf. [61,

2, XXIII, 6; 17]), we get

n?+1
(nQ + 1) | funllyyer = | fuunllyysrr+s
)3/2

1 n?
nel () net (LH a5
, 1/2
5 ol (5.15)

(n2+1)2 \?
(Zarer) (2

n2
nel(w) (1+M+7
(¥ )
- N W ullyers
n2\3 KW
nel(p) (1+M+7)

where f, is the orthogonal projection of f onto the closed subspace W*(H,), and the infinite sum in
the last expression converges (see Lemma 5.1).

Defining

n2 41 2 1/2

o (3 I -
nel(w) (1 +p+ 7)

our argument thus leads, combining (5.14) and (5.15), to the estimate

+
HDG,H,nf%n

IN

K(p
S [ Ptuntun] < oG sl (517)
o0
nel(p)
which implies that the sums Zne](u) Détﬂ Jun converge normally in the Banach space ¢ (M), hence

absolutely and uniformly for all p € M. In particular, the functions D(;t u f are well-defined, continuous
on M and fulfill the upper bound

+ k(1)
|t < CromsO = 1l (5.18)
obtained by picking s” = s — 3 in (5.17).

We now consider sums over all positive Casimir eigenvalues. We have

Ci5-3
DR O] DR ] = D D Rl 1A
peSpec(d), p>1/4 peSpec(d), p>1/4 peSpec(d), p>1/4
Observe that x(u) is uniformly bounded by a constant Cspecpos depending only on the infimum of
the set Spec((d) N (1/4,00) (see (4.11)); recalling the definition of C), in (5.16), we apply once again
Cauchy-Schwartz’s inequality and Parseval’s identity to infer

Z HD;%MfHOO < Cspec,posC1,s—3 || f llyys ( Z Z Llyf) " ’

2
peSpec(d), p>1/4 pnESpec(d), u>1/4 nel(p) (1 o+ %
(5.19)
where the term between parentheses on the right-hand side is finite because of Lemma 5.1.
Since the spectrum of the Casimir operator is discrete, there are only finitely many distinct eigen-
values in the interval (0,1/4), so that the series

+
> |mi
neSpec(0d), p>1/4

involves only finitely many additional terms with respect to (5.19); each of those terms can be bounded
with the help of (5.18). The claim in (1.16) follows, by defining the constant Cépec appropriately in
terms of Cgpec,pos and of the C), for 0 < p < 1/4.
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In order to finalize the proof of Theorem 1.8, we address now the remainder terms defined in (5.9),
(5.10), (5.11) and (5.13).

We start with the term in (5.9) stemming from positive Casimir eigenvalues. Define fiprinc to be the
infimum of Spec(0) N (1/4,00), and let Vprinc be the corresponding parameter fulfilling 1 — v2; = =

princ
4fiprine. Using the bounds for the remainder terms Rg ,, , fu,n corresponding to the single components
fu,n» provided by Theorem 1.6, we estimate

Z Z ‘RG,u,nfu,n(Z% t)’

peSpec(d), p>1/4 nel(p)

8/607
< Y e Y 0+ [l

peSpec(d), p>1/4 nel(pw)

8k0C1,s—3 _4 1 2
—Fp ¢ > S > @+ D) [l funllye-s

peSpec(d), p>1/4 nel(pw)

8/60017573 _t (n2 + 1)2 1/2
= 0 SVprinc ‘ Z ( Z )3

2
peSpec(d), p>1/4 “nel(u) (1 +p+ %

1/2
T IIfH,nH%Vs>

nel(p)
8koC1.s—3 _ n2 4+ 1)2 1/2 1/2
< Sy, t< > S G 3> ( > ||fﬂ,n\|%vs>
prine peSpec(d), p>1/4nel(p) (1 +p+ 7) peSpec(d), p>1/4nel(p)

8'%0017573CSPEC,3 1 ||fH e_t
s
0 %Vprinc W

<
(5.20)

for any ¢ > 1, applying the bound in (1.8), Theorem 2.4, the Cauchy-Schwartz’s inequality (twice)
and Bessel’s inequality (cf. [61, 2, XXIII, 6; 14]) to W*(M). Similarly, the bounds in (1.9) and (1.11)
yield, respectively,

4rkoC s— CS ec, _
Z Ro,1/am 17200, t)] < oL 03 pec,d | £llys (£ + 1)e™
nel(1/4)
and
4’QOC’1,573(/YS ec,BCcom —
> > Ropnfun(,t)] < 7 . S fllyys e

peSpec(d), 0<pu<1/4 nel(u)

for any t > 1, where we set

1
Coomp = 2. vI—v)(1+v) "

peSpec(ld), O<u<1/4
Defining thus
2
Cpos = + Ceomp + 1 (5.21)

Cx
~SVprinc

and applying the triangular inequality for infinite sums, we get from (5.9) that

4’{O 017873 CSpec,BCpos
0

An entirely analogous argument, using the bound in (1.13), shows that

|R97posf(pa t)| <

[l (E+De, t>1 (5.22)

8em + Ko CL _3C5 3 _
> RG,O,nfO,n(pat)‘ < ( )0 22 P | fllws e, > 1. (5.23)
nel(0)
Define now
—1
. 2em 3+v
Clise = ( inf | M’) + — sup .
neESpec(O), u<0 K0 peSpec(O), u<0 Y
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Then, the bound in (1.14) leads to

D ‘/ fum 0 &% or4(p) ds

neSpec(0d), p<0 nel(p)

C5-3 4Kk 2en(3+v)\ _
- 2 0 ((V—l)(VJrl) - v )e © 2 P+ D U funles

pueSpec(d), u<0 nel(u)

KOCLS—?) CSpeC,3Cdisc —t
< : I/l e

for any t > 1, arguing as in (5.20). It follows at once from (5.11) that

koC 58— Cs ec, Clisc —
Roaf(p.t)] < ===t | e (5.24)

for any t > 1. We finally come to the estimate of the term .# o f (p, t), defined in (5.10). The inequality
n (3.8) gives

K
/ ~Gonfon(p:€ dﬁ‘s 0 S (2 4 1) / ol dé = <t—1><Z <n2+1)ufo,nu%l>
nel(0) nel(0) nel(0)
koC1,5-3
<=2 X 6+ D onl )
nel(0)
so that
koC1.s—3Cspec
(Moof (p. )] < === | gy (8 = 1) (5.25)

for any ¢ > 1. Recalling (5.13) and combining the estimates in (5.22), (5.23), (5.24) and (5.25) we
conclude that, for any ¢ > 1,

Rof (0, 1)] < [Ropos/ (0. )] + e[ Moof (0. ) + D [Rogmfon(pt) +Roaf(p.t)]
nel(0)
C1.5—3C
< TRl (¢4 Ve

where we set

CSpeC = CSpec,?) (8677 + KO(Q + Cpos + Cdisc)) >
which ostensibly depends only on the spectrum of the Casimir operator.

The proof of Theorem 1.8 is complete.

Effective equidistribution and shrinking circle arcs. In this paragraph we briefly comment on the proof
of Corollaries 1.10 and 1.14. .
As to Corollary 1.10, it suffices to define the function Dg**" f: M x R>¢ — C as follows:
o Dpainf — Dy, _f if the spectral gap p. < 1/4;
Dmalnf D@p*f+D;,u*f lf/,l/*>1/4
The effective equidistribution statement in (1.20) then follows directly from the asymptotics in (1.17).

Now suppose that we let the boundaries of the parametrization depend on the time ¢, so as to deal
with a collection of time-varying subarcs

v = {0 ors(p): 61(t) < 5 < 6(t)}

as in the statement of Corollary 1.14. If, as in the assumptions to the latter, we suppose that

Oa(t) — 01(t) = n(t)e” S for every sufficiently large ¢, where v, corresponds to the spectral gap pu.
and 7: Ryg — Ry satisfies n(t) — oo as t — oo, then we obtain

1 02 1 n0-00)
0>(t) — 0:(t) /01(t) fodi orp) ds = m/o Jodi o Tsrane(p) ds
) .

(5.26)
_ /M Fdvol + D, F (rg, 1y () £06

_ lfﬁu*t lfﬁu*t
2 U4 2

o(e”
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The bound (1.19) results into

1—Rus
5} t

main 1 —
Dot 0,0y f (rovy(P)) | < Crs—3C%pec |1 flls <m> < C1,5-3C%pec | fllywrs m(8) e

for any ¢ > to. We deduce that the right-hand side of (5.26) is equal to [, f dvol4o(t) as t tends
to infinity. An elementary application of the Stone-Weierstrass’ theorem (cf. [27, Thm. 4.51]) gives
that smooth functions are dense in the space of continuous functions on the compact manifold M; it
follows that the convergence

1 /GQ(t)f ng ( )d t—)oo/ fd |
—_— o org(p)ds — VO
O2(t) — 01(t) Jo, (1) ! M

can be upgraded to hold for every f € € (M), whereby the desired equidistribution is shown.

Equidistribution of circle arcs on the surface. We conclude this subsection with a few comments
concerning the statement of Theorem 1.12, which is nothing but a specialization of Theorem 1.8 to
the case of observables defined on the underlying surface S = I'\H, except for the lower regularity
assumed on the test function f. First, we remark that SOz(R)-invariance of the functions Dfltmu f
and Ry, f follows at once from their definition (see (5.12) and (5.13)) and the fact that f is assumed
to be SOg(R)-invariant. We are only left to show that we might take s > 9/2, less restrictively in
comparison to an arbitrary f defined on M. The relevant observation here is that, for any SOy (R)-
invariant function f € L?(M), the components f, appearing in the decomposition®”

f = Z fu ’ fu € Hu
peSpec(Ag)

are invariant under SO2(R), that is, they satisfy ©f, = 0. The estimate in (5.19) thus only requires
$>9/2=11/2 —1, as the sum
1
2 (1+ p)k

peSpec(Ag)

converges already for k = 2, and not only for & = 3 as it is the case in (5.19).

5.3. Equidistribution of arbitrary translates. In light of Theorem 1.8, Theorem 1.21 is a rather
straightforward consequence of the classical Cartan decomposition for the semisimple Lie group
SLa(R), for which the reader is referred to [37, Chap. VI]. We present the details of the argument in
this subsection.

Let A = {exptX : ¢t € R} be the subgroup of SLy(R) consisting of diagonal matrices with positive
entries (recall that X is defined as in (1.4)). The product map

SOQ(R) X A x SOQ(R) — SLQ(R), (kjl, a, k‘Q) — k‘lakﬁg

is surjective. For any g € SLa(R), choose a decomposition g = ki(g)a(g)k2(g), where a(g) is the
diagonal matrix having as entries the singular values of the matrix g, in decreasing order. In particular,
if t(g) € R>¢ is (uniquely) determined by the condition

et(g)/Q 0
a(g) = 0 eit(g)/2 s (527)

then it clearly holds that
lgllop = 92 or equivalently t(g) = 2log 9llop - (5.28)

Fix now a real number s > 11/2 and a function f in the Sobolev space W?*(M). Recall that, for any
p € M, we indicate with mgo, )., the unique SO2(R)-invariant measure supported on the compact
orbit SO2(R) - p; furthermore, g, SO3(R) denotes the push-forward of the latter measure under the

2TRecall from Section 2.2 that the Casimir operator [ acts as the Laplace-Beltrami operator Ag on SO (R)-invariant
functions.
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right translation map Ry(I'¢’) =T¢’g on M. For any p € M and g € SLa(R), we resort to the Cartan
decomposition of g and write

/ [ dgimso,m) / [ o Ry dmgo, () / J 0 Riyg) © Ra(g) © Bii(g) AM50,(R)-p

47r
/fORm(g)OR()dmsog( =—/ f o Riy(g)) © Bifg) o Ts(p) ds ,
(5.29)
using the Ry, (g)-invariance of mgo,(r), and the fact that Ry, = gbt)((g) in view of (5.27).
We may now make use of the asymptotic expansion provided by Theorem 1.8 for the function

[ © Ry, (g), which lies in the same Sobolev space W?*(M) of f since Ry, () is a smooth diffeomorphism
of M. We thereby obtain, for a fixed base point p € M,

1 47
E (f o ng(g)) (¢] gbt)((g) o T’s(p) dS = /M f o ng(g) dVOl

pe (N cos(S0)) Dild o R +sin (F0)) D 0 Res)0))

pneSpec(d), p>1/4

14w _1-v _
+ > e UIDE (fo Ryyg)(p)+e 2 ODL (f o Riyg)(p)
,uGSpec( ) O<pu<l/4

+50( a 2 D4 1/4(]0Osz(g))(p)"i't(g)eg5T i 1/4(foRk2( ))(p)) +R47r(foRk2(g))(pat(g))
(5.30)

for any g € SLo(R) with ||g||,, > v/e. Define now, for any Casimir eigenvalue p € R, the functions
Dir: M x SLy(R) — C by

Dy f(p,9) = Diy ,(f 0 Riy(g))(p) , p €M, g €SLa(R), (5.31)

and set also
Rf(p,9) = Rux(f o Riy(9))(p,t(9)) , p€ M, g€ SLa(R).

Then, combining (5.29) and (5.30) and recalling (5.28) together with the fact that
Jas fo Ry, dvol = [, f dvol, we deduce

/ f dgemson ) / f dvol

+ Z glloy (cos (Svlog [lgllep)Dst £ (p, g) + sin (Svlog |lgllp) Dy £ (1) 9))
neESpec(0d), u>1/4
+ 3 gl ) D £(p, 9) + llgllo" ™ Dy, £(p, 9)

peSpec(0d), O<p<1/4
+ 8O(HQHOp D1/4f(p7 ) + 2 HgH log HgHOp 1/4f(p7 )) + Rf(p7 g)

for any g € SLa(R) with [|g|| op = /e, which is precisely the asymptotic expansion appearing in the
statement of Theorem 1.21.

As stated in Theorem 1.8, the functions Dfﬁw( [ o Ry,(g)) are continuous on M for any fixed p €
Spec(d) NR+p and g € SLa(R); equivalently, by (5.31), Dif(-,g) is continuous on M for any fixed
g € SLy(R).

Also, for any p € M, g € SLa(R) and p € Spec(dd) N R+, we have

Cl,sf?)c K(M)
|D;:i:f(p’ )| = |D47r ﬂ( ORk2(9) | < HD47I"U, fORkQ(g)) oo < 47(_:“ HfoRk2(9)HWS ’

where the last inequality is given by (1.16). It remains to observe that compactness of SO2(R) implies
that there exists a constant Cs ot > 0 such that ||f o Rglys < Csrot || flljys for any k € SO2(R). The

proof of this assertion runs along the same lines of the proof of Lemma 4.2, with the appropriate
modifications. Therefore, we get

Cl,sf?;cs,rotcé
sup |DEf(pg)| < I gy
peM, geSLa(R) m

peSpec(d)NR>o
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where Cépec is as in Theorem 1.8.
To conclude the proof of Theorem 1.21, it is left to take care of the remainder term R f. We easily
estimate, from (1.18),

R (p,9)| = [Ran(f © Rin(9)) (0, t(9))| < CSpTilfs

CspecC1,5—3C5 rot —9
< == 4; == fllws (21og llgllop + D) llgllop

for any p € M and g € SLy(R) with HgHop > /e
This achieves the proof of Theorem 1.21.

Hf © Rk?(!])“ws (t(g) + 1)e )

6. DISTRIBUTIONAL LIMIT THEOREMS FOR DEVIATIONS FROM THE AVERAGE

The purpose of this section is threefold, articulated in three subsections. First, we establish the
quantitative distributional convergence claimed in Proposition 1.16, from which the qualitative state-
ments in Theorem 1.15 follow directly; secondly, we prove absence of a central limit theorem as phrased
in Theorem 1.18, and finally we explore further ways of examining the statistical behaviour of averages
along circle arcs.

6.1. Quantitative distributional convergence. Let us fix the length parameter 6 € (0,47], and
consider a real-valued function f lying in the Sobolev space W#*(M) for some real s > 11/2. We are
interested in the statistical behaviour of the deviations from the mean

0
4 =5 [ seoforas— [ favl

appropriately renormalized, as the time parameter 7' tends to infinity and when the base point p is
sampled according to the uniform probability measure vol on M. Define

pp = inf{p € Spec(d) NR>o : Dy, f does not vanish identically on M} .

As in the hypotheses of Proposition 1.16, we assume that sy is finite, that is, the set of Casimir
eigenvalues over which the previous infimum is taken is non-empty. Let v; be the corresponding
parameter, namely vy € R>g U iR satisfies 1 — VJZC =4py.

In order to quantify the rate of distributional convergence of the random variables under consider-
ation, we make use of the Lévy-Prokhorov metric dyp on the set Z(R) of Borel probability measures
on R. We recall that this is defined as

drp(A, p) =inf{e > 0: A(Y) < p(Yz) + € and p(Y) < A(Y:) + ¢ for every Borel set Y C R}

for any A\, p € Z(R), where Y. denotes the open e-neighborhood of Y with respect to the Euclidean
metric on R. The distance dp induces the topology of weak convergence of probability measures on
Z(R), namely the coarsest topology for which the maps

Z(R)3> A / pdheR, ¢: R — R continuous and bounded
R

are continuous.

In the forthcoming estimates we shall make use of the following trivial upper bound for the Lévy-
Prokhorov distance between the laws of two random variables defined on the same probability space
and taking on nearby values almost surely.

Lemma 6.1. Let (Q, %, P) be a probability space, ¢ > 0. Suppose X, X': Q — R are random variables
satisfying | X (w) — X'(w)| < & for P-almost every w € Q. If Ax and \y denote the laws of X and X',
respectively, then dpp(Ax,Ax/) < €.

Proof. Let A C R be a Borel subset. The event {X € A} is contained in the event {X’ € A.}, up to
a P-negligible subset, by the assumption on the distance between X and X'. Therefore,

Ax(A) =P(X € A) < P(XI € A) =Ax(A) < )\X’(Ae) +é;

a similar inequality holds reversing the role of X and X', whence dpp(Ax, A\x/) < e. U
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We now proceed with the proof of Proposition 1.16 by distinguishing the three different cases
0<pyp<1/4,pup=1/4and py > 1/4.

Suppose first 0 < py < 1/4. We would then like to show that the random variables

l—uf
e 2 Tdf(T,p) , p~vol
converge in distribution, as T tends to infinity, to the random variable D, " f(p), p ~ vol. Observe

that, by virtue the asymptotic expansion in (1.17) and the assumption on jr, we have

vy _ YTV
ez T dy(T.p) — Dy, fp) = > e” = "Dy f(p)
u€Spec(0), pp<pu<l/4

+ e—VTfT< Z coS <%T> D(I“f(]?) + sin <%T> D&uf(p)>

nESpec(0d), u>1/4

i
N
peSpec(0d), O<p<1/4

_rf _rf _ 1mvy
+ 60(6 2 TD;1/4f(p) + Te 2 TD9_1/4f(p)) +e 2 TRGf(p, T) )

so that, because of the uniform bound in (1.16), we may estimate

v _%Vnext

Ry
s Tem =1

1—

e = T dy(T,p) — Dgwf(p)‘ < 2 oeee

0
for any p € M and T' > 1, where I/}leXt is the parameter corresponding to the smallest eigenvalue ,u?eXt
of the Casimir operator exceeding®® p e

By Lemma 6.1, and recalling the definitions of Pgi’I}C(T) and Py ; introduced in Section 1.4, we get

/
0175—3CSpec

T N Fllys Te "

drp(PGF(T),Po,s) <

uffmu?e’“
2
Similarly, if iy = 1/4, we readily obtain from (1.17) that

Tl dg(T,p) — Dyyufp)=T7" (D;1/4f(P) + > <COS <%T> Di @)

ueSpec(d), u>1/4 2
. Sv _ Yo T
+sin ( -7 ) Dy f(p) ) + > e 2" Dy f(p) +e? Ry f(p,t)
peSpec(0d), O<p<1/4
for any p € M and T > 1; recalling the definition of the constant Cpes in (5.21), we deduce the bound
Cl,s—3Cpos

for ny =

1 T — —
[T71e dp(T,p) = Dy f ()] < =522 |l T,
so that, again by Lemma 6.1,
ir C — C —
dLp(PGF(T), Py g) < === =P | fyy. T
for any T' > 1, as desired.
Finally, for ug > 1/4, we have from (1.17) that
T Sv . Sv B
exds(T,p) — 50D;1/4f(p) — Z cos <7T> D;’Mf(p) + sin <7T> Devuf(p)
peSpec(d), u>1/4 (61)
_r r
= > e 2" Dy f(p)+e?Rof(p,T)

peSpec(0d), O<p<1/4

for any p € M and T > 1, from which we deduce what follows. Let p, = inf(Spec(D) N R>0) be the
spectral gap of S = T'\H and v, the corresponding parameter:

28Observe that we may dispense with the additional factor 7" in the upper bound whenever y}’e’“ e R.
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o if p, < 1/4, then (6.1) and (1.16) give

e2ds(T,p) — oDy, 0 f(p) = % cos <2VT> Dy, f(p) + sin (%T> Dauf(p)‘

peSpec(), u>1/4

C1,5-3C¢ v
— e e BT

- 0
whence
circ Cls 3 S ec
drp(Pgy (T), Py p(T)) < 719 [ fllvys €™
for any 1" > 1.
o if 1, > 1/4, then (6.1) and (1.18) give
T RYZ . Sy _
i) -0 - Y eos (Y1) Dg )+ s (1) D r0)
peSpec(d), u>1/4
01,37308 ec —=
< SIS (T4 e
we deduce that
cire 01,37308 ec _r
dp(PGF(T), P (1)) < 3550 | (7 4 1)e

for any 1" > 1.
This completes the proof of Proposition 1.16.

41

6.2. Failure of a distributional limit theorem. We now turn to the proof of Theorem 1.18. Once
again, we consider a fixed length parameter § € (0,4n] and a function f € W#(M) for some real
s > 11/2. This time, we suppose that the coefficients D(;t u f vanish identically on M for any Casimir

eigenvalue p > 0. As a result, the asymptotic expansion provided in (5.8) reduces to

0 T
%/0 fo¢x ors(p) ds :/Mf dvol—i—e_T/ Z —Gonfon(p, &) d€

L nero)
+ > Roonfond T)+Roaf (0. T),
nel(0)
for any p € M and T' > 1, where Ry 4 is defined in (5.11).
The estimates carried out in Section 5.2 lead to the bound

(867‘(‘ + K/(])Cl 3—3CSpeC 3 Sup{l’ Cdisc}
Roonfon(p, T R , 1T < ’ :
> Roonfon(®.T) +Roaf(p )‘ 7

nel(0)

1 s e™"

On the other hand, by means of (3.7) we expand

> Gononlp&) =gy 3 Uhon 6 0) = Ufon o 6 7o)

0(1
nel(0) nel(o)
e 28 x
+ 91— %2 Z 2in(fon o ¢ (p) — fon © G2 o 19(p))
nel(0)
e ¢ 0
€1(0)
2e~¢ 0
9(1_ _26) Z XfO,nO¢g O?"S(p) d87
€I1(0)

from which

5> G o) = g U 068 0) = U o 6% o 1u(p)) + R (0,6).

nel(0)

(6.2)
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where

1
Raf(p,&)| < A—ec2p (Hwas e+ || fllow e +2[1 fllgr e (1 = 6_2§)>

14 Cos + 201, _
— (1 _86_2)2 . HfHWS e ¢ )

(6.4)

using the bound 1 — e™2¢ > 1 — e~2 valid for any & > 1.

Let now (Br)7r>0 be a collection of positive real numbers such that By — oo as T — oo. In light
of (6.2), (6.3) and (6.4), and because of the assumption on (Br)rso, the distributional limits of the
random variables

6

eT(% Jo fogx ors(p)ds— S f dvol)
Br ’
as T tends to infinity coincide with the distributional limits of the random variables

T

3 = (Ufoo ¥ (p) — Ufoo o org(p)) dé
Br ’
When 6 = 47, we have r4;(p) = p, so that the integrand in the numerator of the above expression

vanishes. Therefore, the distributional limit we are seeking after equals to zero almost surely, which
proves Theorem 1.18.

p ~ vol,

p ~vol . (6.5)

As to Remark 1.19, suppose 6 € (0,4r] is arbitrary, and that Ufy is a coboundary for (¢;¥)er,
namely there exists a measurable function g: M — C with?® finite norm

191l oo (a1,vo1y = IE{A € R ¢ [g(p)[ < A for vol-almost every p € M}
such that, for all T" > 0,

T
/ Ufoo ¢§( (p) d€ = g o ¢ (p) — g(p) for vol-almost every p € M .
0

It follows trivially that, for every T > 0,

T
/1 1 o2 e,gg(Ufo o ¢¢ (p)—Ufpo ors org(p)) d§| < 1_ 2 ||9HL00(M7VO1)

for vol-almost every p € M. As a result, the distributional limit as 7" — oo of the random variables
in (6.5) vanishes almost surely, since By — oo.

Remark 6.2. Slightly more generally, when U fy is cohomologous to a constant function, namely it
differs from a constant function by a coboundary, any distributional limit of the random variables
in (6.5) is almost surely constant.

Assume now U fj is not cohomologous to a constant function (and 6 # 47). The classical central
limit theorem for geodesic ergodic integrals (see [68] for the constant curvature case, and [56] for
variable negative curvature) gives that both

ST U fo 0 ¢ (p) dé — [, Ufo dvol
ﬁ )

p ~ vol

and
J{ Ufoo ¢ org(p) d€ — [, U fo dol
ﬁ )
converge in distribution to a non-trivial centered Gaussian random variable as T tends to infinity. A
priori, the combination of these two distributional convergences doesn’t provide any information on
the distributional limits of the difference, which is what appears in (6.5) up to the constant factor
2/0; it would be desirable to reach a full understanding of this limiting distributional behaviour

p ~ vol

by carefully inspecting the dependence properties of the random variables flT Ufoyo (bg( (p) d¢ and
Tu 00X org(p) d¢ as p is sampled according to the volume measure on M.
) ¢ p p P g
29More accurately, this is the notion of a measurable coboundary; by the celebrated work of Livsic on the cohomological

equation for Anosov flows (cf. [44]), the condition is actually equivalent to the seemingly more restrictive one of U fo
being a continuous coboundary, namely of requiring the transfer function g to be continuous.
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6.3. Some reflections on temporal distributional limit theorems. An upshot of the two fore-
going subsections is the following consideration: examining the statistical behaviour, for large times
T, of the (appropriately renormalized) averages

1 0
5/0 foéi,)«(ors(p) ds

by randomly sampling the base point p according to the uniform measure on M leads to meaningful
asymptotic results if and only if* at least one of the coefficients Dét f does not vanish identically
on M. Irrespective of whether this is the case or not, it is natural to look for different sources of
randomness, which might capture oscillatory behaviours more accurately. In accordance with the
perspective of temporal distributional limit theorems, pioneered by Dolgopyat and Sarig [16] in the
context of ergodic sums and integrals, we enquire about the existence of non-trivial distributional
limits for the random variables

6
et(% Jo fo ¢ o rs(p) ds) — Ar
Br ’
where p is a fixed base point in M, (Ar)rso and (Br)rso are collections of real numbers, possibly

depending on p, with By > 0 and By — oo as T" — o0, and the time ¢ is chosen uniformly at random
in the interval [0, 7.

Remark 6.3. It is informative to compare this to the quest for temporal limit theorems for ergodic
integrals along the orbits of a flow: see, in particular, [16, Def. 1.3]. Observe notably that the rescaling

of the circle-arc average % foe fodX org(p) ds by a factor of e’ (the latter being asymptotically of the
same order of the length of the expanding circle arc along which the average is taken) parallels the
renormalization of ergodic averages by the linear factor t.

Let us denote by Up 7 the uniform probability measure on the compact interval [0,T], for any
T > 0. If there is a non-identically vanishing coefficient D(;EH f for some Casimir eigenvalue p > 0,

then a rather straightforward adaptation of the proof of [16, Cor. 5.7] shows that, for vol-almost every
p € M, any limiting distribution of
0
(g Jo fooif ors(p) ds) — Ar
Br ’
is necessarily constant almost surely, no matter the choice of the constants A and Brp.
Suppose now that the coefficients D;t u f vanish identically on M for any positive Casimir eigenvalue

. The deduction in Section 6.2 applies almost verbatim, showing that the distributional limits of the
random variables in (6.6) are the same as the limits of

2 [ e (U fo 0 62 () — U fo o 6 or9(p)) d€ — Ar
Br '
as T tends to infinity. In the first place, this allows tu rule out the existence of any non-trivial (namely
not almost surely constant) distributional limit whenever one of the following conditions is met:
(a) 0 =4m;
(b) U fo is cohomologous to a constant function for the geodesic flow.

t~ U[()’T} (6.6)

t ~ U[O,T] (67)

On the other hand, when U fj is not cohomologous to a constant function, then the geodesic ergodic
integrals flt U fooqsg( (p) d¢ are well-approximated by Brownian trajectories. More precisely, the Almost
Sure Invariance Principle (see [69, 70], [50, Chap. 1] and [15]) for geodesic ergodic integrals asserts
that there exist an auxiliary probability space (€2,.7,P) and two continuous-time stochastic processes
(X¢)e>0 and (By)>o defined on (€2,.%,P) such that the following hold:

e the law of the process (X;);>¢ under the probability measure P coincides with the law of the

process ( fé Ufoo gbg( (p) df) >0 When p is sampled according to the probability measure vol;
o the process (By)i>0 is a standard one-dimensional Brownian motion (cf. [43, Chap. 2]);
e there exists 0 € R* such that, for P-almost every w € ),

| X (w) — Byey(w)| = o(Vt) ast—o0. (6.8)

30Possibly with the exception of the case examined at the end of Section 6.2.
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As typical Brownian trajectories are of size ~ /t at time ¢, the approximation in (6.8) enables to
transfer classical results about the statistical behaviour of Brownian paths to analogous properties for
geodesic ergodic integrals. In particular, there is no distributional limit®!' for

Jo Ufoo ¢ (p) s — Ar
Br ’
as T tends to infinity (cf. [16, Sec. 3.1]). Since the process (fot Ufoo (bg( org(p) d§)t>0 has the same
law, for p ~ vol, as (X;(w));>o for w ~ P, the same applies to the random variables

Jo Ufo o 6% org(p) d€ — Ar
Brp '
As already argued in Section 6.2 in the situation where the point p is selected randomly and the time
T is fixed, here again the absence of distributional limits for each of the summands does not rule
out, in principle, the possibility of non-trivial limits for the difference, hence for (6.7). Once more, a
painstaking analysis of the dependence features of the two processes in (6.9) and (6.10) might clarify
the seemingly elusive pathwise behaviour of their difference.

t~ U[()’T} (6.9)

t ~ u[O,T} . (610)

7. THE HYPERBOLIC LATTICE POINT COUNTING PROBLEM

This final section is consecrated to the applications of our equidistribution results to lattice-point
counting problems in the hyperbolic plane; specifically, we shall first prove the precise asymptotics for
the averaged counting function stated in Proposition 1.23 and subsequently deduce Theorem 1.24 on
the error estimate for the pointwise counting.

Let T be a cocompact lattice in SLo(R), and denote by dy the hyperbolic distance function on the
hyperbolic upper-half plane H (cf. Section 2.1). For each real number R > 0, let Br be the closed
dp-ball of radius R centered at the point ¢ € H, and define N(R) = |- i N Bg|, the cardinality of
intersection of the I'-orbit of 7 with Bp.

Recall also from Section 2.1 that SLy(R) acts on H by Md&bius transformations. In what follows,
we identity the quotient manifold SLy(R)/SO2(R) with H whenever convenient, by means of the
diffeomorphism g SO2(R) +— g - i, g € SLa(R). The hyperbolic area measure my (namely the vol-
ume measure arising from the hyperbolic structure on H) is the Radon measure on H with density
dmpy(z,y) = y~2dady with respect to the induced Lebesgue measure on H C C.

Notation. In order not to overburden notation in the sequel, we shall denote SLa(R) by G and SO2(RR)
by K.

7.1. Asymptotics for the averaged counting function. For any subset A C G/K, we denote by
14 the indicator function of the set A. Define a function Fr: G/I' = R>q

r-«inB 1
Fgr(gl') = |gm Z(B )R| = — B Z 1p,(97K), g¢€G; (7.1)
HADR HAPR)  raker/rnk

observe that the function F'g is the subject of the averaged counting result in Proposition 1.23, which
we now set out to prove.

Remark 7.1. We choose to deal with spaces of left cosets in the sequel; in particular, we replace the
homogeneous spaces M = I'\G we have been considering so far with G/I', identifying them via the
diffeomorphism I'g + ¢~ 'T.

We follow the classical argument of Eskin and McMullen [23], which relies on the well-known folding-
unfolding formula for invariant measures on homogeneous spaces. For the sake of completeness, we
recall it in the setting of the group G = SLa(R), referring the reader to [27, Sec. 2.6] or to [52, Chap. 1]
for the general statements and their proofs.

Proposition 7.2. (1) Let H < G be a unimodular closed subgroup. Then there exists a non-zero
G-invariant positive Radon measure on the quotient space G/H , which is uniquely determined

?’lActually7 when U fo has zero average over M, Ar = 0 and Br = /T, any random variable may appear as
distributional limit along an appropriate subsequence (T )nen of times: see [16, Thm. 3.2].
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up to positive real scalars. Moreover, if ug and py are Haar measures®® on G and H, respec-
twely, there exists a unique normalization pg, g of the G-invariant measure on G(H) such that,
for any continuous compactly supported function p: G — C, the following folding-unfolding
formula holds:

/G ¢ dug = /G " /H ¢(gh) dpr(h) dpg/u(gH) - (7.2)

(2) Let H < L be closed subgroups of G, and suppose G/L admits a non-zero finite G-invariant
measure pg/r, and L/H admits a non-zero finite L-invariant measure pir, /- Then G /H ad-
mits a nmon-zero finite G-invariant measure HG/H - Moreover, if HG/Ls ML/H and HG g are

compatibly normalized, then for any continuous compactly supported function ¢: G/H — C,
it holds

/ o dug/g = / / o(glH) dpr g (IH) dpg/r(gl) - (7.3)
G/H G/LJL/H

By means of standard approximation arguments in measure theory, formula (7.2) (resp. formula (7.3))
holds for any Borel-measurable function ¢: G — C (resp. ¢: G/H — C) which either takes positive
real values or is integrable with respect to ug (resp. pg/p)-

Let now mx be the unique probability Haar measure on the compact group K, and normalize the
Haar measure mg on G so that, under the identification of G/K with H, the resulting G-invariant
measure on G/K (cf. Proposition 7.2) corresponds to the hyperbolic area measure my. Let mg v be
the unique G-invariant finite Borel measure on G corresponding, according to Proposition 7.2, to the
given choice of Haar measure on G and to the counting measure on the discrete group I'. Similarly,
endowing the finite discrete group I'N K with the counting measure, we indicate with meq rng, Mk /rni
and mrrnx the induced measures on the respective homogeneous spaces. Recall also that with m.p
we indicate the unique K-invariant probability measure supported on the compact K-orbit of the
identity coset I" inside G/T" (cf. Theorem 1.21).

The volumes of the homogeneous spaces G/T" and K/I'N K with respect to the measures m¢,r and
mprni are indicated with covolx (I' N K) and covolg(I'), respectively.

Fix now a real parameter s > 11/2 and a test function ¢» € W#(G/T"). We expand, for any R > 0,

1
Frd = | —— 1 K)|d T
/M¢ r dmer /Ml/f(g )<mH(BR) 'yFﬂK;/FﬂK Br (97 )) mayr(gl)
1

- mu(Br) /M /F/FOK V(gL B, (97K) dmpjpax (9T 0 K) dmeyr(9T)

1
= TR) /G/FOK ¢(9F)13R(9K)dm(;/pm((gf M K)

mH(1 (7.4)
- kIH1 K) dm kI'NK) dm K
(B /G/K /K/FOK¢(9 Mg (9K) dmgrag( ) dma i (9K)
1
- _ dg.m dmp(gK
mu(Br) /BR /K/FmKw g rrac dma(gK)
Ix(T'NK
= M/ Y dgsmy.r dmy(gK) .
mu(Br) /By Jar

In the previous chain of equalities, we applied in successive order:

(1) the definition (7.1) of the function Fg;

(2) the fact that the invariant measure on the discrete space I'/I' N K given by Proposition 7.2 is
the counting measure;

(3) formula (7.3) to the tower of subgroups 'N K < T < G;

(4) formula (7.3) to the tower of subgroups 'N K < K < G;

(5) the identification of H with G/K and of my with me/k;

32The group G is perfect, hence unimodular; thus pg is also a right Haar measure.
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(6) the relationship mg /rng = covolg (I' N K)m.r, derived from the fact that my.r is a proba-

bility measure, the definition of covolx (I'N K) and uniqueness up to scalars of the K-invariant
measure on K/I'NK ~ K -T.

We may now replace the inner integral in the last expression of (7.4) with the asymptotic expansion
provided by Theorem 1.21 (with the caveat of Remark 7.1), thereby obtaining

covolg (I'N K
g dmgyr — XL DK

covolg (' N K)
d
a/r covolg(T") ¥ dmeyr +

Q)T mu(Br)

/B< > 95 (cos (Sv1og [lgley) Dy b (T, g) + sin (Swlog|gll,)
R

peSpec(dd), u>1/4

D 4(T,g))
+ 3 lgllo, ) D (T, g) + llgllo

peSpec(0d), O0<p<1/4

' Dw(T,g)

calally DT 0) + 21l 108 9]y Dy (T ) + RU(T, ) ) dms(9F)

(7.5)
We shall need the following analogue of the classical integration formula on spheres in Euclidean

spaces: for any r > 0, let S, = 9B, = {z € H : dg(z,i) = r} and o, the induced hyperbolic length
measure on the circle S,.

Proposition 7.3. Let f: H — C be integrable with respect to my. Then

|7 = /0 h [ 6y an ) ar

The proof does not differ from the Euclidean case, for which we refer to [27, Thm. 2.49]

Define now, for any p € Spec(dJ) N R~ and v as above,

ay,(r) = . Dip(T,z) doy(z), 1> 0.

From (7.5) we get, thanks to Proposition 7.3,

covolg (' N K
$Fp dmyp = kL0 K)

covolg (I' N K)
a/r covolg(I")

dm +
ar ¥ dme/r mu(BRr)

(\/
< Z / < <\;V7°> ajz#(r) + sin <%V7“> aw’ﬂ(r)> dr
ueESpec(d), u>1/4

(7.6)
+ Z / ulr)+e Sraz

Yopopa
neESpec(0), O<pu<1/4

MH

R R
+60</0 eag(r) Frerag (r) dr ) +/o

RY(T, z) doy(z) dr> .
Let 1, be the orthogonal projection of 1) onto the closed subspace W*(

S

H,). By means of (1.16), we
estimate

+ =+ 0173*3Cépec
>oedmis > D, /S dorp(2) < 2 =8 Spee

= i 19|y« sinh
peSpec()NR o neSpec()NR o

(7.7)
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for any r > 0, as the hyperbolic length of S, equals®? 27 sinh r. Recalling that mg(Bg) = 27 (cosh R—1)
for any R > 0, we deduce from (7.6) that

covolg (N K
YFR dmg)r _covolx 0 K) Y dmgr
G/T covolg(I") a/r
+ covolg (I'N K) (egc 512_7“(}%) + By, (1)
peSpec(l), p>1/4
1+u _1-v _
+ Z Rﬁw u( )te Rﬂww(R)

neESpec(D), 0<u<1/4

+e0(e 28, (R)+ R34, (R)) + W(R)>

for any R > 1, where we have set

n e 3 L Sv n
5¢7“(R):7r(1—2e—R+e—2R)/0 ez cos | —r aw’u(r) dr, pu>1/4,

. e 2 Bow (S
5¢7“(R):7r(1—263+623)/0 e”zsin| —-r oy (r)dr,  p>1/4,

—1IvpR R
5% (R) = c / e et (M) dr, 0<p<1/4
Yo (1l —2e~ R +e2R) Vom ’ '

_R R
+ _ €z 5t
5¢71/4(R) - 7T(1 “9¢ Ry 672R) /0 € 2041/),1/4(7") dr
_ R1le 3 R
PuapB) = T o m oomy /0 Rr) dr

B_R

(1 —2e R e 2R

R
Yy (R) = ] /0 g RY(T, z) doy(z) dr

. Because of (7.7), we have the following estimates on the previous coefficients: for any R > 1,
5C1 ,S— 3CSpeC

> BBl Il
peSpec()NR >0
501,S—SCS ec _
()] < T2 (4 e

using the (crude) bound (1 — 2= + e72%)~! < 5 in each of the previous inequalities.
This establishes Proposition (1.23) in its entirety.

7.2. Error estimate for the pointwise counting problem. This subsection is devoted to the
deduction of the estimate on the error for the counting problem stated in Theorem 1.24, starting from
the asymptotic expansion in (1.25) for the averaged counting function.

Recall from (7.1) that, for any real number R > 0, the ratio N(R)/mmu(Bg) equals the value of the
function Fr at the identity coset I' € G/T. In order to find a convenient approximation for the latter,
we shall compare it with the averages

YFR dmg)r
G/r
where the function v ranges over a suitably defined approximate identity3* in G/T.
We now expose the details. Let us fix a parameter § € Rs g, on which we shall subsequently impose
conditions according to the needs of the argument; choose

33This is an elementary verification in hyperbolic geometry, for instance approximating circles with regular n-gons;
their hyperbolic perimeter can be easily computed by means of explicit formulas for the hyperbolic distance (cf. [35,
Thm. 1.2.6]) and of the hyperbolic cosine law (cf. [35, Thm. 1.5.2]).

Similarly, the hyperbolic area of a ball is easily computed by approximation via the Gauss-Bonnet formula for the
area of hyperbolic triangles (cf. [35, Thm. 1.4.2]).

34The terminology is common in the context of locally compact groups; see, for instance, [27, Sec. 2.5].
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(a) an open symmetric®® neighborhood Us of the identity in G such that, for any R > 0,
Br_s C ﬂ g-Br C U g-BRCBR+5 (7.8)
9€Us 9€Us

(b) and a smooth function ¢5: G/I' = R>o with compact support contained in the open set
UsI' = {gT" : g € Us} and satisfying

s dmer=1. (7.9)
G/r

Remark 7.4. The existence, for any § > 0, of a neighborhood Us with the properties claimed above
is routinely referred to in the literature (see, for instance, [23]) as the well-roundedness property of
the collection of balls (Br)r>0. A geometric condition of this sort affords to leverage equidistribution
results to study lattice point counting problems.

Observe that we may harmlessly replace Us with
KUs = ] kUs,
keK

and thus assume that Uy is saturated with respect to left translations by elements of K. Property (7.8)
is unaffected: for any k € K and z € H, we have

as the subgroup K fixes i and acts by hyperbolic isometries; therefore k - B, = B, for any k € K and
any r > 0. As a consequence of this, we might and shall assume that s is K-invariant.
We now express, for any R > 0, the ratio N(R)/mmu(Bg) as

Fr(T) = Fr(D) —/ Y5 Fr dmgr +/ YsFp dmgr
ar Gr

=/ Ys(gT)(Fr(T) — Fr(gT')) dmer(gT) +/ YsFr dmer ,
G/T G/T

where the second inequality follows from the property in (7.9). Let us call &5(R), for notational
simplicity, the quantity
o ¥s(g0) (Fr(L) = Fr(gl)) dmgr(gl') ;

in view of (1.25) applied to fG/F YsFr dmgr, we may write

_covolg (I'N K)

Fp(l) = + &5(R)

covolg(T")

_R -
+ covolg (I'N K) (e 2 E 512_5,“(}2) + ﬁwavu(R)
peSpec(D)), p>1/4

YO g (7.10)

T Z €’ ﬁwa,u(R) te 2 5%41(}%)

neESpec(0d), O<p<1/4
_R _RrR
+ €0 <e 2 5:56,1/4(1%) + Re™ 2 5%71/4(}%)) + ’y%(R)> .
We estimate, for any R > 0,
[65(R)| < /G/F ¥s(9D)|Fr(L) — Fr(gl)| dmgr(gl') < sup [Fr(I') = Fr(gD)] , (7.11)
geUs

the last inequality being a consequence of (7.9) and the fact that supp 5 C UsT.

35Narnely7 Us coincides with the set of inverses of its elements.
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Now, for any g € Us, we have

B _|T-HNBg|—|gP-HNBg|| _|T-HNBg|-|T-HNg ' Bg|
|[Fr(T) — Fr(gl)| = mu(BR) - mu(Br)
P EO (Uger, 9 Br) N (Nyer, 9 Br))| _ N(R+6) - N(R—-8) 75
- mH(BR) - mH(BR)
_ mH(B 5) m]HI(B —6)
= FR+5(F)W§; - FR*é(F)WgR) ;

where the second-to-last inequality follows from (7.8). Choose Ry = Ry(I") > 0 such that the quantities

M = sup F.(I') and m= inf F.(')
TZRO TZRO

are non-zero and finite3®, Plugging (7.12) into (7.11), we get that, for any R > 2Ry and § < Ry,
my(Bryis) mH(BR5)>
mu(Br) mu(BRr)

e (1 = 2 ) (1 ey ) (T19)
1—2e e

< (M —m)(ce® —e %),

&(R)| < <M—m><

. —2R
where we might for example take ¢ = cp = }f;e, Rg .

We now let the parameter § be a function of the radius R; for reasons which we will shortly elucidate
(see Remark 7.6), we let § = §(R) = e~ in (7.10), for a certain 1 > 0 to be determined later on. In
this way, we obtain an expression of the form

covolg (T' N K)
FR(P) :Tg(r) + &o-nr(R)
_R -
+ covolg (I'N K) <e 2 Z ﬁJe,nR,u(R) + ﬁwefnRv“(R)
peSpec(d), p>1/4 (7.14)
_lfv —15YRg—
+ Z € RﬁiefnRyﬂ(R) te @ Rﬂwe*nR’“(R)

p€Spec(d), 0<pu<1/4
-Z _R
+ &g <e 2 5:156_771%,1/4(3) + Re™ 2 5%_%71/4(1%)) + Y, _nr (R)> ,

which does not depend on the parameter § any longer.
Multiplying by mg(Bg) on both sides of (7.14) yields

_covolg(I' N K)

NB) == ovolgmy  mPr) (1 =267 4+ et an(B)
— — R _
+ (1 — 2B 4 e 2R) covol g (I' N K) <e2 Z ﬁ;;e_nRM(R) +5¢e—nR7u(R)
peSpec(d), u>1/4 (715)
—= Lvp o
+ Z €2 & ;’re—nRvM(R) ez R'Bwe—nR,u(R)

peSpec(ld), O<u<1/4
R R __
+ &g (e 2 5117”}%1/4(}2) + Re>2 ﬁwenR,1/4(R)> + BR%ﬂeﬂ;R (R)> .

In order to reach an accurate upper bound for the error

N(R) - RO ) fzg)K)mH(BR)

)

367 straightforward modification of the effective argument we are running leads to the well-known non-effective

convergence

R—soo Covolg (I' N K)

Fr(I' Rso .
R(D) = covolg(T") € >0
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in our counting problem, it remains to determine which are the highest-order terms in the expan-
sion (7.15). To this end, it is relevant to estimate the Sobolev norms of the functions v,-»r for R > 0,
because of the bounds in (1.24) and (1.26).

Lemma 7.5. For any 0 < § < 1, the function s can be chosen to satisfy

sllws < 87 1y (7.16)
for any s > 0.

Proof. Recall that 1 is assumed to be K-invariant or, in other words, a smooth compactly supported
function on the two-dimensional manifold K\G/I'. Since any Riemannian metric on K\G/T" is equiv-
alent, on a fixed compact coordinate ball containing the identity coset Kel', to the Euclidean metric
on a compact neighborhood of the origin in R? (cf. [41, Lem. 13.28]), the problem of constructing
15 S0 to meet our requirement can be transferred to the Euclidean plane. Specifically, we would like
to construct a collection (5)o<s<1 of mollifiers (cf. [8, Sec. 4.4]) so that (7.16) is satisfied, where
||lyys are now the standard fractional Sobolev norms on R2. A straightforward computation allows
to ascertain that the customary choice

wsla) = g (3) .z e

where 1 is a fixed compactly supported smooth nonnegative function with unit average over R?,
fulfills (7.16). O

Henceforth, we assume that the collection (¢5)g<s<1 satisfies the condition in Lemma 7.5.

We remind the reader that we indicate with pu, the spectral gap of the hyperbolic surface S = I'\H,
that is, the infimum of the set Spec(lJ) NR~o. Also, we denote by v, the complex number defined by
the properties v, € R>g UiR-g and 1 — v2 =4y,

Since e/ — ™% ~ 26 for § ~ 0, we deduce from (7.13) that the term e®&,—,r(R) is at most of order
el=MR_On account of Lemma 7.5, the highest-order term in the expression

£ + - LS R g+
€2 Z 5111)6—77R7“(R) + ﬁwe—nRuu(R) + Z €z ﬁwe—nRuu(R)

pESpec(d), u>1/4 peSpec(0d), O<p<1/4

14+v

_ R R __
FETRG L Ra( BB R4 RS () + e ()

e—nRHH

is e 3 Rﬁweinmu* (R); because of Lemma 7.5 and (1.24), the latter is at most of order

PR (L+s)nR HRvst2(lton g ‘

(& =€

Remark 7.6. The reason for choosing § to decay exponentially fast with R becomes now apparent:
it is the only way to get a sensible comparison between the orders of the two terms considered above.

Ostensibly the optimal choice of the parameter n for our purposes is

B 1—Rv,
T3t

which realizes the equality of exponents

14+ Ry +2(1 +s)n
1—n= > .

Bearing in mind that the K-invariance of 1),z allows to choose s can arbitrarily close to 9/2 (cf. The-
orem 1.12), it is straightforward to deduce that, setting 7, = %3(1 — Rv,.), we have

lim E(R)

S Sl
R—o00 e(I=me+e)R

for any € > 0, which establishes Theorem 1.24.
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