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❡✈❛❧✉❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ♠✐❝r♦✲ ❛♥❞ t❤❡ ♠❛❝r♦✲♠♦❞❡❧ ✐♥ ♦r❞❡r t♦ ❡❧✉❝✐❞❛t❡ t♦ ✇❤❛t ❡①t❡♥t t❤❡ ❝♦♥t✐♥✉✉♠
r❡t❛✐♥s t❤❡ r❡❧❡✈❛♥t ♣❤❡♥♦♠❡♥♦❧♦❣② ♦❢ t❤❡ ❞✐s❝r❡t❡ s②st❡♠✳ ❙♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ ❤❛s ❜❡❡♥ ❣✐✈❡♥ t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ♦❢ t❤❡ ♠✐❝r♦✲ ❛♥❞ t❤❡ ♠❛❝r♦✲♠♦❞❡❧ ✇❤❡♥ t❤❡ ♠✐❝r♦ ❧❡♥❣t❤ s❝❛❧❡ t❡♥❞s t♦ ③❡r♦✱ ✐✳❡✳ t❤❡ ❞✐s❝r❡t❡✲
❝♦♥t✐♥✉✉♠ ❡rr♦r✳ ❚❤✐s ❞❡✈✐❛t✐♦♥ ❣✐✈❡s ❛ q✉❛♥t✐t❛t✐✈❡ ✈❛❧✉❡ t♦ ❛ss❡ss t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡
❜② ✐ts ❝♦♥t✐♥✉♦✉s ❝♦✉♥t❡r♣❛rt✳



✷ ❊♠✐❧✐♦ ❇❛r❝❤✐❡s✐✱ ❙✐♠♦♥ ❘✳ ❊✉❣st❡r✱ ❋r❛♥❝❡s❝♦ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❋r❛♥ç♦✐s ❍✐❧❞

❇✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ❤❛✈❡ ❜❡❡♥ ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❙❡♣♣❡❝❤❡r ❡t ❛❧✳ ❬✸✺❪ ❛s ❛ss❡♠❜❧✐❡s ♦❢ ❞✐s❝r❡t❡ ♣❛♥t♦❣r❛♣❤✐❝
❜❡❛♠s ❧❡❛❞✐♥❣ ❛t ♠❛❝r♦s❝♦♣✐❝ s❝❛❧❡ t♦ s❡❝♦♥❞ ❣r❛❞✐❡♥t ♠❛t❡r✐❛❧s ❬✸✼✱ ✸✽✱ ✸✾❪✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②
❞❡♣❡♥❞s ✉♣♦♥ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐♥ ♦r✐❡♥t❛t✐♦♥ ❛♥❞ str❡t❝❤ ♦❢ ♠❛t❡r✐❛❧ ❧✐♥❡s ❞✐r❡❝t❡❞ ❛❧♦♥❣ t❤❡ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s✳
❚❤❡ ❛✐♠s ♦❢ t❤✐s ✇♦r❦ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✳ ❋✐rst✱ ✇❡ ✇❛♥t t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ❤♦♠♦❣❡♥✐s❛t✐♦♥ ❝❛rr✐❡❞ ♦✉t ✐♥ ❬✸✺❪
✐♥ t✇♦ r❡s♣❡❝ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡①t❡♥s✐❜❧❡ ❡❧❡♠❡♥ts ❛♥❞ ❛r❜✐tr❛r✐❧② ❧❛r❣❡ str❛✐♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❙❡❝♦♥❞❧②✱ ❛ ♣♦ss✐❜❧❡
❞❡s✐❣♥ ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ♣r♦t♦t②♣❡s ✐s s♦✉❣❤t✱ ✇❤✐❝❤ ✐s ♦❜❡②✐♥❣ t❤❡ ❞✐s❝r❡t❡ ♠♦❞❡❧✳ ▲❛st❧②✱ t❤❡ ❞❡r✐✈❡❞ r❡s✉❧ts ✇✐❧❧
❜❡ ✈❛❧✐❞❛t❡❞✳

❆❞❞r❡ss✐♥❣ t❤❡ ❛❜♦✈❡ ♦❜❥❡❝t✐✈❡s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❣❛♥✐s❛t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r✳ ■♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ ❞✐s❝r❡t❡
❜✐✲♣❛♥t♦❣r❛♣❤✐❝ str✉❝t✉r❡ ✐s ✐♥tr♦❞✉❝❡❞ ❢♦❧❧♦✇❡❞ ❜② ❛ ❤♦♠♦❣❡♥✐s❛t✐♦♥ t❤❛t ✐s ❝❛rr✐❡❞ ♦✉t ❜② ❡①♣❧♦✐t✐♥❣ t❤❡ r❡s✉❧ts
♦❜t❛✐♥❡❞ ❢♦r ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❡st❛❜❧✐s❤ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ q✉❛♥t✐t✐❡s ❢♦r t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❛♥❞
♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s✱ ✇❤✐❝❤ ❣♦ ❜❡②♦♥❞ P✐♦❧❛✬s ♠✐❝r♦✲♠❛❝r♦ ✐❞❡♥t✐✜❝❛t✐♦♥ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ ❤♦♠♦❣❡♥✐s❛t✐♦♥✳ ❇❛s❡❞
♦♥ t❤❡s❡ r❡❧❛t✐♦♥s✱ ❛ ♥♦♥✲st❛♥❞❛r❞ ❜✐❛s ❡①t❡♥s✐♦♥ t❡st ✐s t❤❡♥ ✐♥tr♦❞✉❝❡❞ ❢♦r ❜♦t❤ ♠♦❞❡❧s✳ ▲❛st❧②✱ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t
♠❡t❤♦❞ ❡♠♣❧♦②❡❞ t♦ s♦❧✈❡ t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧ ✐s ✐♥tr♦❞✉❝❡❞ ✇✐t❤ ❛ s♣❡❝✐❛❧ ❡♠♣❤❛s✐s ♦♥ t❤❡ ❝❤❛❧❧❡♥❣❡s ❛r✐s✐♥❣ ❢r♦♠
❛ ✇❡❛❦ ♠✐①❡❞ ❢♦r♠✉❧❛t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✹✱ t❤❡ ❞❡s✐❣♥ ❛♥❞ ♠❛♥✉❢❛❝t✉r✐♥❣ ♦❢ ❛ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ♣r♦t♦t②♣❡ ✐s r❡♣♦rt❡❞
t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳ ❚❤❡ ❉✐❣✐t❛❧ ■♠❛❣❡ ❈♦rr❡❧❛t✐♦♥ ✭❉■❈✮ t❡❝❤♥✐q✉❡ ✉s❡❞ t♦
r❡tr✐❡✈❡ ❞✐s❝r❡t❡ ❞✐s♣❧❛❝❡♠❡♥t ♠❡❛s✉r❡s ✐s ❛❧s♦ ❜r✐❡✢② r❡❝❛❧❧❡❞✳ ■♥ ❙❡❝t✐♦♥ ✺✱ t❤❡ ✜tt✐♥❣ ♦❢ ♣❛r❛♠❡t❡rs ❜② ♠❡❛♥s ♦❢
❛❝q✉✐r❡❞ ❡①♣❡r✐♠❡♥t❛❧ ♠❡❛s✉r❡s ✐s ♣r❡s❡♥t❡❞ ❛♥❞ ❝♦♥t✐♥✉✉♠ ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ ❡①♣❡r✐♠❡♥ts✳

✷✳ ❍❡✉r✐st✐❝ ❤♦♠♦❣❡♥✐s❛t✐♦♥

❚❤❡ ❝♦♥t✐♥✉✉♠ ✐s ❞❡❞✉❝❡❞ ❜② ❛♣♣❧②✐♥❣ P✐♦❧❛✬s ♠✐❝r♦✲♠❛❝r♦ ✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❬✶✶✱ ✹✵❪✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞
❛s ❛ ❤❡✉r✐st✐❝ ✈❛r✐❛t✐♦♥❛❧ ❛s②♠♣t♦t✐❝ ♣r♦❝❡❞✉r❡✳ ❚❤❡ st❡♣s ❞❡s❝r✐❜✐♥❣ s✉❝❤ ❛ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ s❦❡t❝❤❡❞ ❛s✿

✭✐✮ ❆ ❢❛♠✐❧② ♦❢ ❞✐s❝r❡t❡ s♣r✐♥❣ s②st❡♠s ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥ ✈❡❝t♦r s♣❛❝❡ E2✱ ✐✳❡✳ t❤❡ ♠✐❝r♦✲
♠♦❞❡❧ ✇✐t❤ ♠✐❝r♦ ❧❡♥❣t❤ s❝❛❧❡ ε > 0✱ ✐s ✐♥tr♦❞✉❝❡❞ ✕ ❣❡♥❡r❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s ❛♥❞ ❡♥❡r❣② ❝♦♥tr✐❜✉t✐♦♥s Eε ❛r❡
❞❡✜♥❡❞

✭✐✐✮ ❚❤❡ ❦✐♥❡♠❛t✐❝ ❞❡s❝r✐♣t♦rs ♦❢ t❤❡ ❝♦♥t✐♥✉✉♠✱ ✐✳❡✳ t❤❡ ♠❛❝r♦✲♠♦❞❡❧✱ ❛r❡ ✐♥tr♦❞✉❝❡❞ ❛s ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✇✐t❤
❛ ❝❧♦s❡❞ s✉❜s❡t ♦❢ E2 ❛s t❤❡✐r ❝♦♠♠♦♥ ❞♦♠❛✐♥ ✕ t❤❡s❡ ❢✉♥❝t✐♦♥s ♠✉st ❜❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡✐r ❡✈❛❧✉❛t✐♦♥ ❛t
♣❛rt✐❝✉❧❛r ♣♦✐♥ts ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♠✐❝r♦✲♠♦❞❡❧

✭✐✐✐✮ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ♦❢ t❤❡ ♠✐❝r♦✲♠♦❞❡❧ Eε ✉s✐♥❣ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉✉♠ ❞❡s❝r✐♣t♦rs
❛t ♣❛rt✐❝✉❧❛r ♣♦✐♥ts✱ ❢♦❧❧♦✇❡❞ ❜② ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠✐❝r♦ ❧❡♥❣t❤ s❝❛❧❡ ε

✭✐✈✮ ❙♣❡❝✐✜❝❛t✐♦♥ ♦❢ s❝❛❧✐♥❣ ❧❛✇s ❢♦r t❤❡ ❝♦♥st✐t✉t✐✈❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♠✐❝r♦✲♠♦❞❡❧ ❢♦❧❧♦✇❡❞ ❜② ❛ ❧✐♠✐t ♣r♦❝❡ss ✐♥
✇❤✐❝❤ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❝♦♥t✐♥✉✉♠ E ✐s r❡❧❛t❡❞ t♦ t❤❡ ♠✐❝r♦✲♠♦❞❡❧ ❜② E = lim

ε→0
Eε

✷✳✶✳ Pr❡❧✐♠✐♥❛r✐❡s

❚♦ ❡❛s❡ t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ❜❡❢♦r❡ ❛❞❞r❡ss✐♥❣ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ str✉❝t✉r❡s✱ s♦♠❡ ♣r❡❧✐♠✐♥❛r② ❝♦♠♣✉t❛t✐♦♥s r❡❧❛t❡❞ t♦
♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s ❛r❡ r❡✈✐s✐t❡❞✳
P❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠ ✕ ❞✐s❝r❡t❡ ♠♦❞❡❧✳ ❚❤❡ ❛ss❡♠❜❧② ❛♥❞ ❦✐♥❡♠❛t✐❝s ♦❢ ❛ ❞✐s❝r❡t❡ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠ s❧✐❣❤t❧② ❣❡♥✲
❡r❛❧✐③✐♥❣ t❤❛t ♣r❡s❡♥t❡❞ ✐♥ ❬✸✸✱ ✸✻❪ ❛r❡ s❦❡t❝❤❡❞ ✐♥ ❋✐❣✳ ✶✳ ■♥ t❤❡ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✱ s❡❡ ❋✐❣✳ ✶✭❛✮✱ N ❝❡❧❧s
❛r❡ ❛rr❛♥❣❡❞ ✉♣♦♥ ❛ str❛✐❣❤t ❧✐♥❡ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✉♥✐t ❜❛s✐s ✈❡❝t♦r ex ∈ E

2✳ ❚❤❡ t♦t❛❧ ❧❡♥❣t❤ L ∈ R ♦❢
t❤❡ ✉♥❞❡❢♦r♠❡❞ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠ ❛❝❝♦✉♥ts ❢♦r N − 1 ❝❡❧❧s✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✭❛✮✳ ❚❤❡ ❝❡❧❧s ❛r❡ ❝❡♥tr❡❞ ❛t t❤❡
♣♦s✐t✐♦♥s Pi = iεex ❢♦r i ∈ {0, 1, . . . , N − 1} ✇✐t❤ ε = L/(N−1)✳ ❚❤❡ ❜❛s✐❝ i✲t❤ ✉♥✐t ❝❡❧❧ ✐s ❢♦r♠❡❞ ❜② ❢♦✉r ❡①t❡♥s✐♦♥❛❧
s♣r✐♥❣s ❤✐♥❣❡✲❥♦✐♥❡❞ t♦❣❡t❤❡r ❛t Pi ❤❛✈✐♥❣ ❧❡♥❣t❤ ε/(2 cos γ)✳ ❘♦t❛t✐♦♥❛❧ s♣r✐♥❣s✱ ✇❤✐❝❤ ❛r❡ ❝♦❧♦✉r❡❞ ✐♥ ❜❧✉❡✱ r❡❞✱ ❛♥❞
❣r❡❡♥ ✐♥ ❋✐❣✳ ✶✭❞✮✱ ❛r❡ ♣❧❛❝❡❞ ❜❡t✇❡❡♥ ♦♣♣♦s✐t❡ ❝♦❧❧✐♥❡❛r ❛♥❞ ❛❞❥❛❝❡♥t s♣r✐♥❣s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ❝❡❧❧ ❛♥❞ ❜❡t✇❡❡♥
❛❞❥❛❝❡♥t s♣r✐♥❣s ❜❡❧♦♥❣✐♥❣ t♦ ❞✐✛❡r❡♥t ❝❡❧❧s✳ ◆♦t❡ t❤❛t ❡①t❡♥s✐♦♥❛❧ s♣r✐♥❣s ❛r❡ r✐❣✐❞ ✇✐t❤ r❡s♣❡❝t t♦ ❜❡♥❞✐♥❣ s✉❝❤
t❤❛t t❤❡② ❝❛♥ tr❛♥s♠✐t t♦rq✉❡s✳ ❲❤✐t❡✲✜❧❧❡❞ ❝✐r❝❧❡s ✐♥ ❋✐❣✳ ✶ ❞❡♣✐❝t ❤✐♥❣❡ ❝♦♥str❛✐♥ts✱ r❡q✉✐r✐♥❣ t❤❡ ❡♥❞ ♣♦✐♥ts ♦❢
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣r✐♥❣s t♦ ❤❛✈❡ t❤❡ s❛♠❡ ♣♦s✐t✐♦♥ ✐♥ s♣❛❝❡✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❛ss❡♠❜❧② ❝♦♥s✐❞❡r❡❞ ❤❡r❡✐♥ ✐s ❛
❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❛t st✉❞✐❡❞ ✐♥ ❬✸✸❪✱ ❛s t❤❡ ❛♥❣❧❡ γ ∈ (0, π) ❜❡t✇❡❡♥ s♣r✐♥❣s ❝♦♥❝✉rr✐♥❣ ❛t ♣♦✐♥t Pi ❢r♦♠ t❤❡ r✐❣❤t ✐♥
❋✐❣✳ ❬✸✸❪ ✐s ❣❡♥❡r❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠ π/4✳ ▼♦r❡♦✈❡r✱ ❢✉rt❤❡r r♦t❛t✐♦♥❛❧ s♣r✐♥❣s✱ ✇❤✐❝❤ ❛r❡ ❝♦❧♦✉r❡❞ ✐♥ ❣r❡❡♥ ✐♥ ❋✐❣✳ ✶✭❞✮✱
❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❲❤❡♥ ♥♦t ♦t❤❡r✇✐s❡ ♠❡♥t✐♦♥❡❞✱ t❤❡ ✐♥❞✐❝❡s i✱ µ ❛♥❞ ν ❤❡♥❝❡❢♦rt❤ ❜❡❧♦♥❣ r❡s♣❡❝t✐✈❡❧② t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
s❡ts✿ i ∈ {0, 1, . . . , N − 1}✱ µ ∈ {1, 2} ❛♥❞ ν ∈ {D,S}1✳

❚❤❡ ❦✐♥❡♠❛t✐❝s ♦❢ t❤❡ s♣r✐♥❣ s②st❡♠ ✐s ❧♦❝❛❧❧② ❞❡s❝r✐❜❡❞ ❜② ✜♥✐t❡❧② ♠❛♥② ❣❡♥❡r❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ ❝♦♦r✲
❞✐♥❛t❡s ❛r❡ t❤❡ ♣♦s✐t✐♦♥s pi ∈ E

2 ♦❢ t❤❡ ♣♦✐♥ts ❛t ♣♦s✐t✐♦♥ Pi ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡
♦❜❧✐q✉❡ ❞❡❢♦r♠❡❞ s♣r✐♥❣s lµνi ∈ R✳ ❱❛r✐♦✉s ♦t❤❡r ❦✐♥❡♠❛t✐❝❛❧ q✉❛♥t✐t✐❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❢♦r♠✉❧❛t❡ t❤❡ t♦t❛❧ ♣♦t❡♥t✐❛❧

1D st❛♥❞s ❢♦r ❞❡①tr✉♠✱ S ❢♦r s✐♥✐str✉♠✳



▲❛r❣❡ ✐♥ ♣❧❛♥❡ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✸

❋✐❣✉r❡ ✶✳ P❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠✳ ✭❛✮ ❯♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳ ✭❜✮ ●❡♥❡r❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s ♦❢ i✲t❤
❝❡❧❧✳ ✭❝✮ ❉❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ r❡❞✉♥❞❛♥t ❦✐♥❡♠❛t✐❝ q✉❛♥t✐t✐❡s✳ ✭❞✮ ❋♦r❝❡ ❡❧❡♠❡♥ts ♦❢ ❛ s✐♥❣❧❡
❝❡❧❧✳

❡♥❡r❣② ✐♥ ❛ ♠♦st ❝♦♠♣❛❝t ❢♦r♠✳ ❆♣♣❧②✐♥❣ t❤❡ ❧❛✇ ♦❢ ❝♦s✐♥❡s✱ t❤❡ ❛♥❣❧❡s ϕµν
i ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✭❝✮ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜②

t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s❤✐♣s

ϕ1D
i = cos−1

[

‖pi+1 − pi‖2 +
(

l1Di
)2 −

(

l2Si+1

)2

2l1Di ‖pi+1 − pi‖

]

,

ϕ1S
i = cos−1

[

‖pi − pi−1‖2 +
(

l1Si
)2 −

(

l2Di−1

)2

2l1Si ‖pi − pi−1‖

]

,

ϕ2D
i = cos−1

[

‖pi+1 − pi‖2 +
(

l2Di
)2 −

(

l1Si+1

)2

2l2Di ‖pi+1 − pi‖

]

,

ϕ2S
i = cos−1

[

‖pi − pi−1‖2 +
(

l2Si
)2 −

(

l1Di−1

)2

2l2Si ‖pi − pi−1‖

]

,

✭✶✮

✇❤✐❧❡ t❤❡ ❛♥❣❧❡s ξµi ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✭❝✮ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜②

ξ
1(2)
i = cos−1

[

(

l
1(2)D
i

)2
+
(

l
2(1)S
i+1

)2 − ‖pi+1 − pi‖2

2l
1(2)D
i l

2(1)S
i+1

]

. ✭✷✮

❋♦r a ∈ E
2✱ ‖a‖ =

√
a · a ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥♦r♠ ✐♥❞✉❝❡❞ ❜② t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❞❡♥♦t❡❞ ❜② t❤❡ ❞♦t✳

◆♦t❡ t❤❛t ϕµS
0 ❛♥❞ ϕµD

N−1 ❝❛♥♥♦t ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ❡q✉❛t✐♦♥s ✭✶✮ ❛♥❞ ❜❡❧♦♥❣ ❛❧s♦ t♦ t❤❡ s❡t ♦❢ ❣❡♥❡r❛❧✐③❡❞
❝♦♦r❞✐♥❛t❡s✳ ❆♥♦t❤❡r r❡str✐❝t✐♦♥ ✐s t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s ❤♦❧❞s ♦♥❧② ❧♦❝❛❧❧②✱ ❛s ❧♦♥❣ ❛s t❤❡ ❛♥❣❧❡s
ϕ1D
i ❛♥❞ ϕ2D

i ❞♦ ♥♦t ❝❤❛♥❣❡ s✐❣♥✳ ❚❤r♦✉❣❤♦✉t t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦✲♠♦❞❡❧✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ❛♥❣❧❡s ϕ1D
i

❛♥❞ ϕ2D
i r❡♠❛✐♥ ✐♥ t❤❡ r❛♥❣❡ (0, π)✳ ❚❤✐s ❡♥t❛✐❧s t❤❛t ξµi ∈ (0, π)✳ ❋♦r t❤❡ r❡❞✉❝❡❞ ✐♥❞❡① s❡t i = {1, 2, . . . , N − 2}✱ t❤❡

❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❡❝t♦rs pi − pi−1 ❛♥❞ ex ✐s ❞❡♥♦t❡❞ ❜② ϑi✳ ❚❤❡♥ t❤❡ ❛♥❣❧❡ θi ❜❡t✇❡❡♥ t❤❡ ✈❡❝t♦rs pi − pi−1

❛♥❞ pi+1 − pi r❡❛❞s

θi = ϑi+1 − ϑi = tan−1

[

(pi+1 − pi) · ey
(pi+1 − pi) · ex

]

− tan−1

[

(pi − pi−1) · ey
(pi − pi−1) · ex

]

. ✭✸✮

▲❡t ✉s s❡t θ0 = θ1 ❛♥❞ θN−1 = θN−2 s✉❝❤ t❤❛t t❤❡ ❞❡✈✐❛t✐♦♥ ❛♥❣❧❡s ♦❢ t✇♦ ❛❞❥❛❝❡♥t ♦❜❧✐q✉❡ s♣r✐♥❣s ❢r♦♠ ❜❡✐♥❣
❝♦❧❧✐♥❡❛r ❛r❡ ❣✐✈❡♥ ❢♦r t❤❡ ❡♥t✐r❡ ✐♥❞❡① s❡t ♦❢ i ❜②

β1
i = θi + ϕ1D

i − ϕ1S
i , β2

i = θi + ϕ2S
i − ϕ2D

i . ✭✹✮



✹ ❊♠✐❧✐♦ ❇❛r❝❤✐❡s✐✱ ❙✐♠♦♥ ❘✳ ❊✉❣st❡r✱ ❋r❛♥❝❡s❝♦ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❋r❛♥ç♦✐s ❍✐❧❞

❋♦r t❤❡ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✱ s❡❡ ❋✐❣✳ ✶✭❛✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t✐❡s ❛r❡ s❛t✐s✜❡❞

lµνi =
1

2 cos γ
ε , β1

i = β2
i = 0 , ‖pi − pi−1‖ = ε . ✭✺✮

▲❡tt✐♥❣ t❤❡ s✉♠♠❛t✐♦♥s ❢♦r i✱ µ ❛♥❞ ν r❛♥❣❡ ♦✈❡r t❤❡ ❛❜♦✈❡ ✐♥tr♦❞✉❝❡❞ s❡ts {0, . . . , N − 1}✱ {1, 2} ❛♥❞ {D,S}✱
r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ♠✐❝r♦✲♠♦❞❡❧ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ✐s ❞❡✜♥❡❞ ❛s

Eε =
kE
2

∑

i

∑

µ,ν

(

lµνi − 1

2 cos γ
ε

)2

+
kF
2

∑

i

∑

µ

(βµ
i )

2
+

kS
2

∑

i

∑

µ

(ξµi − π + 2γ)2

✭✹✮
=

kE
2

∑

i

∑

µ,ν

(

lµνi − 1

2 cos γ
ε

)2

+
kF
2

∑

i

∑

µ

[

θi + (−1)
µ
(

ϕµS
i − ϕµD

i

)]2

+
kS
2

N−2
∑

i=0

∑

µ

(ξµi − π + 2γ)2,

✭✻✮

✇❤❡r❡ kE > 0 ❛♥❞ kF , kS > 0 ❛r❡ t❤❡ st✐✛♥❡ss❡s ♦❢ t❤❡ ❡①t❡♥s✐♦♥❛❧ ❛♥❞ r♦t❛t✐♦♥❛❧ s♣r✐♥❣s✱ r❡s♣❡❝t✐✈❡❧②✳ ❇♦✉♥❞❡❞♥❡ss
♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②✱ ❜♦t❤ ❢♦r t❤❡ ♠✐❝r♦✲♠♦❞❡❧ ❛♥❞ ❢♦r t❤❡ ♠❛❝r♦✲♠♦❞❡❧ ✐s ❝♦♥s✐❞❡r❡❞ t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✳
■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t✱ ❜❡s✐❞❡s t❤❡ r✐❣✐❞ ❜♦❞② ♠♦❞❡s✱ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ❞❡✜♥❡❞ ❜②

lµνi =
1

2 cos γ
ε , pi = pi−1 +Kex , p0 = P0 , for K ∈

(

0,
1

cos γ
ε
)

, ✭✼✮

❛❧s♦ ❡♥t❛✐❧s ♥✉❧❧ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ✇❤❡♥ kS = 0✱ ✐✳❡✳ ✇❤❡♥ r❡♠♦✈✐♥❣ ❣r❡❡♥ s♣r✐♥❣s ✐♥ ❋✐❣✳ ✶✭❞✮✱ ❛♥❞ ✐s r❡❢❡rr❡❞ t♦ ❛s
❡①t❡♥s✐♦♥❛❧ ✢♦♣♣② ♠♦❞❡ ❬✸✹❪✳ ▲♦♦❦✐♥❣ ❛t t❤❡ ♣♦✐♥ts pi✱ ♦♥❡ ♦❜s❡r✈❡s ✉♥✐❢♦r♠ ❡①t❡♥s✐♦♥ ♦r ❝♦♠♣r❡ss✐♦♥✳
❋♦r t❤❡ ❧❡♥❣t❤s lµνi ♦❢ t❤❡ ♦❜❧✐q✉❡ s♣r✐♥❣s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐s ❛ss✉♠❡❞

lµνi =
1

2 cos γ
ε+ ε2 l̃µνi + o(ε2) , ✭✽✮

✇❤❡r❡ l̃µνi ∈ R✳ ■♥s❡rt✐♥❣ ❛ss✉♠♣t✐♦♥ ✭✽✮ ✐♥t♦ t❤❡ ❡♥❡r❣② ✭✻✮ ❧❡❛❞s t♦

Eε =
kE
2

∑

i

∑

µ,ν

[

ε2 l̃µνi + o(ε2)
]2

+
kF
2

∑

i

∑

µ

[

θi + (−1)
µ (

ϕµS
i − ϕµD

i

)

]2

+
kS
2

∑

i

∑

µ

(ξµi − π + 2γ)2. ✭✾✮

P❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠ ✕ ♠✐❝r♦✲♠❛❝r♦ ✐❞❡♥t✐✜❝❛t✐♦♥✳ ❚❤❡ s❧❡♥❞❡r♥❡ss ♦❢ t❤❡ ❞✐s❝r❡t❡ s②st❡♠ ♠❛❦❡s ✐t r❡❛s♦♥❛❜❧❡ t♦ ❛✐♠
❢♦r ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐♥✉✉♠ ❬✹✶❪ ✐♥ t❤❡ ❧✐♠✐t ♦❢ ✈❛♥✐s❤✐♥❣ ε✳ ❚❤❡ ❝♦♥t✐♥✉✉♠ ✐s t❤❡♥ ♣❛r❛♠❡tr✐s❡❞ ❜② t❤❡ ❛r❝❧❡♥❣t❤
s ∈ [0, L] ♦❢ t❤❡ str❛✐❣❤t s❡❣♠❡♥t ♦❢ ❧❡♥❣t❤ L ❝♦♥♥❡❝t✐♥❣ ❛❧❧ ♣♦✐♥ts Pi✳
❚❤❡ ✐♥❞❡♣❡♥❞❡♥t ❦✐♥❡♠❛t✐❝ ▲❛❣r❛♥❣✐❛♥ ❞❡s❝r✐♣t♦rs ♦❢ t❤❡ ♠❛❝r♦✲♠♦❞❡❧ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ t❤❡ ❢✉♥❝t✐♦♥s χ : [0, L] →
E
2 ❛♥❞ l̃µν : [0, L] → R✳ ❚❤❡ ♣❧❛❝❡♠❡♥t ❢✉♥❝t✐♦♥ χ ♣❧❛❝❡s t❤❡ ✶❉✲❝♦♥t✐♥✉✉♠ ✐♥t♦ E

2 ❛♥❞ ✐s ❜❡st s✉✐t❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡
♣♦✐♥ts pi ∈ E

2 ♦❢ t❤❡ ❞✐s❝r❡t❡ s②st❡♠ ♦♥ ❛ ♠❛❝r♦✲❧❡✈❡❧✳ ❚♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛❧s♦ t❤❡ ❡✛❡❝t ♦❢ ❝❤❛♥❣✐♥❣ s♣r✐♥❣ ❧❡♥❣t❤s
l̃µνi ✐♥tr♦❞✉❝❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✽✮✱ t❤❡ ♣❧❛❝❡♠❡♥t ❢✉♥❝t✐♦♥ ✐s ❛✉❣♠❡♥t❡❞ ❜② t❤❡ ❢♦✉r ♠✐❝r♦✲str❛✐♥ ❢✉♥❝t✐♦♥s l̃µν ✳ ❚❤❡
✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ s②st❡♠ ✐s ♣♦ss✐❜❧❡ ✇✐t❤ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐♥✉✉♠ t❤❛t ✐s ❝❧❛ss✐✜❡❞ ❛s ❛ ♠✐❝r♦♠♦r♣❤✐❝
❝♦♥t✐♥✉✉♠ ❬✹✷✱ ✹✸✱ ✹✹✱ ✹✺❪✳ ■t ✐s ❛❧s♦ ❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥s ρ : [0, L] → R

+ ❛♥❞ ϑ : [0, L] → [0, 2π) ✐♥
♦r❞❡r t♦ r❡✇r✐t❡ t❤❡ t❛♥❣❡♥t ✈❡❝t♦r ✜❡❧❞ χ′ t♦ t❤❡ ❞❡❢♦r♠❡❞ ✶❉✲❝♦♥t✐♥✉✉♠ ❛s

χ′(s) = ρ(s) [cosϑ(s)ex + sinϑ(s)ey] , ✭✶✵✮

✇❤❡r❡ ♣r✐♠❡ ❞❡♥♦t❡s ❞✐✛❡r❡♥t✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡❢❡r❡♥❝❡ ❛r❝ ❧❡♥❣t❤ s✳ ❚❤✉s ρ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥♦r♠ ♦❢
t❤❡ t❛♥❣❡♥t ✈❡❝t♦r ‖χ′‖ ❛♥❞ ✐s r❡❢❡rr❡❞ t♦ ❛s str❡t❝❤✳ ❚❤❡ ❝✉rr❡♥t ❝✉r✈❡ χ([0, L]) ❝❛♥✱ ✐♥ ❣❡♥❡r❛❧✱ ❤❛✈❡ ❛ ❧❡♥❣t❤
∫ L

0
ρ ds ❞✐✛❡r❡♥t ❢r♦♠ L✱ ❛s s ✐s ♥♦t ❛♥ ❛r❝✲❧❡♥❣t❤ ♣❛r❛♠❡tr✐s❛t✐♦♥ ❢♦r χ ❜✉t ❢♦r t❤❡ r❡❢❡r❡♥❝❡ ♣❧❛❝❡♠❡♥t χ0(s) = sex✳

■♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ✜❡❧❞ χ′
⊥(s) = ρ(s) [− sinϑ(s)ex + cosϑ(s)ey]✱ ❜❡✐♥❣ r♦t❛t❡❞ ❛❣❛✐♥st χ′(s) ❛❜♦✉t 90◦ ✐♥

t❤❡ ❛♥t✐✲❝❧♦❝❦✇✐s❡ ❞✐r❡❝t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ❛r❡ ❢♦✉♥❞

ρ′(s) =
χ′(s) · χ′′(s)

‖χ′(s)‖ , ϑ′(s) =
χ′′(s) · χ′

⊥(s)

‖χ′(s)‖2 . ✭✶✶✮

■♥ t❤❡ s❡q✉❡❧ ρ′ ❛♥❞ ϑ′ ❛r❡ ❝❛❧❧❡❞ str❡t❝❤ ❣r❛❞✐❡♥t ❛♥❞ ♠❛t❡r✐❛❧ ❝✉r✈❛t✉r❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r P✐♦❧❛✬s ♠✐❝r♦✲♠❛❝r♦
✐❞❡♥t✐✜❝❛t✐♦♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❞✐s❝r❡t❡ s②st❡♠ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❢✉♥❝t✐♦♥s χ ❛♥❞ l̃µν ❡✈❛❧✉❛t❡❞ ❛t
si = iε ❛s

χ(si) = pi , l̃µν(si) = l̃µνi . ✭✶✷✮

❋♦r t❤❡ ❛s②♠♣t♦t✐❝ ✐❞❡♥t✐✜❝❛t✐♦♥✱ t❤❡ ❡♥❡r❣② ✭✾✮ ✐s ❡①♣❛♥❞❡❞ ✐♥ ε✳ ❚❤❡ ❡①♣❛♥s✐♦♥ ♦❢ χ ✐s ❣✐✈❡♥ ❜②

χ(si±1) = χ(si)± εχ′(si) +
ε2

2
χ′′(si) + o(ε2) . ✭✶✸✮



▲❛r❣❡ ✐♥ ♣❧❛♥❡ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✺

❈♦♠❜✐♥✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✭✽✮ ✇✐t❤ ✭✶✷✮2 ❛♥❞ t❤❡ ❡①♣❛♥s✐♦♥ l̃µν(si±1) = l̃µν(si) + o(ε0)✱ ❧❡❛❞s t♦

lµνi±1 =
1

2 cos γ
ε+ l̃µν(si)ε

2 + o(ε2) . ✭✶✹✮

■♥ ♦r❞❡r t♦ ❢✉rt❤❡r ❡①♣❛♥❞ ✭✾✮✱ t❤❡ t❡r♠s θi✱ ϕ
µS
i − ϕµD

i ❛♥❞ ξµi ❛r❡ ❡①♣❛♥❞❡❞ ✉♣ t♦ ✜rst ♦r❞❡r ✭s❡❡ ❆♣♣✳ ❆✮✳ ❋♦r θi
❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✼✶✮

θi = ϑ′(si)ε+ o(ε) . ✭✶✺✮

❚❤❡ ❞✐✛❡r❡♥❝❡s ϕ
1(2)S
i − ϕ

1(2)D
i ❛r❡ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✭✼✽✮ ❛s

ϕ
1(2)S
i − ϕ

1(2)D
i =

4[ρ2 − (1/2 cos2 γ)](l̃1(2)S − l̃1(2)D) + (1/cos γ)(ρ2)′ + (2/cos2 γ)(l̃2(1)D − l̃2(1)S)

4ρ(1/2 cos γ)
√

(1/cos2 γ)− ρ2

∣

∣

∣

∣

∣

s=si

ε+ o(ε) . ✭✶✻✮

❚❤❡ ❛♥❣❧❡s ξµi ❛r❡ ❣✐✈❡♥ ❜② ✭✽✵✮ ❛s

ξµi = cos−1

(

1− ρ2

1/2 cos2 γ

)
∣

∣

∣

∣

s=si

+ o(ε0) . ✭✶✼✮

❙✉❜st✐t✉t✐♥❣ ✭✶✺✮✱ ✭✶✻✮ ❛♥❞ ✭✶✼✮ ✐♥t♦ ✭✾✮ t♦❣❡t❤❡r ✇✐t❤ ρ(si) = ‖χ′(si)‖✱ t❤❡ s♦✉❣❤t ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♠✐❝r♦✲♠♦❞❡❧

❡♥❡r❣② Eε ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❦✐♥❡♠❛t✐❝ ❞❡s❝r✐♣t♦rs χ ❛♥❞ l̃µν r❡❛❞s

Eε =
∑

i

{

kEε
4

2

[

∑

µ,ν

(

l̃µν
)2

+ o(ε0)

]

+ kS

[

cos−1

(

1− ρ2

1/2 cos2 γ

)

− π + 2γ + o(ε0)

]2
}

s=si

+
∑

i

kF ε
2

2

[

ϑ′ +
4[ρ2 − (1/2 cos2 γ)](l̃1S − l̃1D) + (1/cos γ)(ρ2)′ + (2/cos2 γ)(l̃2D − l̃2S)

4ρ(1/2 cos γ)
√

(1/cos2 γ)− ρ2
+ o(ε0)

]2

s=si

+
∑

i

kF ε
2

2

[

ϑ′ +
4[ρ2 − (1/2 cos2 γ)](l̃2S − l̃2D) + (1/cos γ)(ρ2)′ + (2/cos2 γ)(l̃1D − l̃1S)

4ρ(1/2 cos γ)
√

(1/cos2 γ)− ρ2
+ o(ε0)

]2

s=si

.

✭✶✽✮

▲❡t t❤❡ ♣❛r❛♠❡t❡rs KE ,KF ,KS > 0 ❜❡ ❝♦♥st❛♥ts✱ ✇❤✐❝❤ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ε✳ ❚❤❡♥ t❤❡② ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ st✐✛♥❡ss❡s
♦❢ ❡❛❝❤ ❞✐s❝r❡t❡ s②st❡♠ ✇✐t❤ ♠✐❝r♦ ❧❡♥❣t❤ s❝❛❧❡ ε ❜② ❛ s❝❛❧✐♥❣ ❧❛✇

kE = KEε
−3 , kF = KF ε

−1 , kS = KSε . ✭✶✾✮

P❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠ ✕ ♠❛❝r♦✲♠♦❞❡❧✳ ❚❤❡ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t ✐s ♥♦✇ ♦❜t❛✐♥❡❞ ❜② ❧❡tt✐♥❣ ε → 0✳ ❚❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②
❢♦r t❤❡ ❤♦♠♦❣❡♥✐s❡❞ ♠❛❝r♦✲♠♦❞❡❧ ❜❡❝♦♠❡s

E =

∫ L

0

{

KS

[

cos−1

(

1− ρ2

1/2 cos2 γ

)

− π + 2γ

]2

+
KE

2

∑

µν

(

l̃µν
)2

}

ds

+

∫ L

0

KF

2

[

ϑ′ +
4[ρ2 − (1/2 cos2 γ)](l̃1S − l̃1D) + (1/cos γ)(ρ2)′ + (2/cos2 γ)(l̃2D − l̃2S)

4ρ(1/2 cos γ)
√

(1/cos2 γ)− ρ2

]2

ds

+

∫ L

0

KF

2

[

ϑ′ +
4[ρ2 − (1/2 cos2 γ)](l̃2S − l̃2D) + (1/cos γ)(ρ2)′ + (2/cos2 γ)(l̃1D − l̃1S)

4ρ(1/2 cos γ)
√

(1/cos2 γ)− ρ2

]2

ds .

✭✷✵✮

❚❤❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡♥❡r❣② ❛r❡ ♣r❡s❡r✈❡❞ ❞✉r✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦❝❡ss✳ ❇♦t❤ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ♠✐❝r♦✲ ❛♥❞ t❤❡
♠❛❝r♦✲♠♦❞❡❧ ✭✻✮ ❛♥❞ ✭✷✵✮✱ r❡s♣❡❝t✐✈❡❧②✱ ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r s✉♣❡r✐♠♣♦s❡❞ r✐❣✐❞ ❜♦❞② ♠♦t✐♦♥s✳ ❆❧s♦ t❤❡ ❡①t❡♥s✐♦♥❛❧

✢♦♣♣② ♠♦❞❡ ♦❢ t❤❡ ❞✐s❝r❡t❡ ♠♦❞❡❧✱ s❡❡ ✭✼✮✱ tr❛♥s❢❡rs t♦ t❤❡ ❝♦♥t✐♥✉✉♠✳ ◆❛♠❡❧②✱ ✐❢ ρ′ = ϑ′ = l̃µν = 0 ❛♥❞ ρ(s) = 1✱

t❤❡♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ✈❛♥✐s❤❡s✳ ❲❤❡♥ KS = 0✱ ✐❢ ρ′ = ϑ′ = l̃µν = 0✱ ❛ ❝♦♥st❛♥t str❡t❝❤ ρ(s) = K ∈ (0, 1/cos γ)
❝❛♥ st✐❧❧ ❜❡ ♣r❡s❡♥t ✇✐t❤♦✉t ❝❛✉s✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❜❡✐♥❣ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✳

▲❡t ✉s ♥♦✇ ❞❡✜♥❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❞❡♥s✐t② Ψ ❛s t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ ✭✷✵✮✳ ❋♦r t❤❡ ❡♥❡r❣② t♦ ❜❡ st❛t✐♦♥❛r②✱
t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❡q✉❛t✐♥❣ t♦ ③❡r♦ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ✭✷✵✮
✇✐t❤ r❡s♣❡❝t t♦ ❛❞♠✐ss✐❜❧❡ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❦✐♥❡♠❛t✐❝ ❞❡s❝r✐♣t♦rs✳ ❆t t❤✐s st❛❣❡✱ ♦♥❧② t❤❡ ✈❛r✐❛t✐♦♥ ✇✐t❤
r❡s♣❡❝t t♦ l̃µν ✐s ❝❛rr✐❡❞ ♦✉t✳ ❚❤✐s r❡s✉❧ts ✐♥ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❢♦✉r ❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥s ❣✐✈❡♥ ❜② ∂Ψ/∂l̃µν = 0 ✐♥

✇❤✐❝❤ l̃µν ❛r❡ t❤❡ ✉♥❦♥♦✇♥s✳ ■♥tr♦❞✉❝✐♥❣ t❤❡ ❛❜❜r❡✈✐❛t✐♦♥s

C1 =
KF

2KF ρ2 − 1/4 cos2 γ (KEρ2 + 8KF )
, C2 =

KF

√

1/cos2 γ − ρ2

KE(1/4 cos2 γ)ρ2 − 2KF ρ2 − 4KE(1/16 cos4 γ)
, ✭✷✶✮



✻ ❊♠✐❧✐♦ ❇❛r❝❤✐❡s✐✱ ❙✐♠♦♥ ❘✳ ❊✉❣st❡r✱ ❋r❛♥❝❡s❝♦ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❋r❛♥ç♦✐s ❍✐❧❞

♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❡q✉✐❧✐❜r✐✉♠ ❛r❡ t❤❛t

l̃µD =
1

2 cos γ
ρ
[

ρ′C1 + (−1)µ−1ϑ′C2

]

, l̃µS =
1

2 cos γ
ρ [−ρ′C1 + (−1)µϑ′C2] . ✭✷✷✮

❇② s✉❜st✐t✉t✐♥❣ t❤❡ r❡s✉❧ts ✭✷✷✮ ✐♥t♦ ✭✷✵✮✱ ❛ ❦✐♥❡♠❛t✐❝ r❡❞✉❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ r❡s✉❧t✐♥❣ ✐♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②
❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠

E =

∫ L

0

{

KEKF

[

ρ2 cos2 γ − 1

ρ2 cos2 γ (KE − 8KF cos2 γ)−KE
ϑ′2

+
ρ2 cos2 γ

(1− ρ2 cos2 γ) [8KF + ρ2 (KE − 8KF cos2 γ)]
ρ′2
]

+KS

[

cos−1

(

1− ρ2

1/2 cos2 γ

)

− π + 2γ

]2}

ds ,

✭✷✸✮

✇❤✐❝❤ ♠❡r❡❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❧❛❝❡♠❡♥t ❢✉♥❝t✐♦♥ χ✳ ❚❤❡ ❡♥❡r❣② ✭✷✸✮ ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❢♦r 0 < ρ < 1/ cos γ ❛♥❞ t❤❡
❝♦♠♣❧❡t❡ s❡❝♦♥❞ ❣r❛❞✐❡♥t χ′′ ♦❢ χ ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②✳ ❇❡s✐❞❡s t❤❡ t❡r♠

(

χ′
⊥ ·χ′′) ❜❡✐♥❣ r❡❧❛t❡❞ t♦

t❤❡ ♠❛t❡r✐❛❧ ❝✉r✈❛t✉r❡ ϑ′ ❜② ♠❡❛♥s ♦❢ ✭✶✶✮1✱ ❛❧s♦ t❤❡ t❡r♠
(

χ′ · χ′′) ❛♣♣❡❛rs✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐s r❡❧❛t❡❞ t♦ t❤❡ str❡t❝❤
❣r❛❞✐❡♥t ρ′ ❣✐✈❡♥ ❜② ✭✷✸✮2✳ ■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t✱ ✐❢ ρ(x) = 1/ cos γ✱ t❤❡♥ t❤❡ t❡r♠ ♠✉❧t✐♣❧②✐♥❣ ϑ′ ✐♥ ✭✷✸✮
✈❛♥✐s❤❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛t ♣♦✐♥t s = s0 t❤❡ ❜❡❛♠ ✉♥❞❡r❣♦❡s ❛ ❜❡❛♠✲t♦✲❝❛❜❧❡ tr❛♥s✐t✐♦♥✱ ❜❡✐♥❣ ❝✉r✈❛t✉r❡ ♥♦ ♠♦r❡
❡♥❡r❣❡t✐❝❛❧❧② ♣❡♥❛❧✐③❡❞✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ✐❢ ρ(s0) = 1/ cos γ t❤❡♥ t❤❡ t❡r♠ ♠✉❧t✐♣❧②✐♥❣ ρ′ ✐♥ ✭✷✸✮ ❞✐✈❡r❣❡s✳ ❚❤❡r❡❢♦r❡✱
❜♦✉♥❞❡❞♥❡ss ♦❢ ❡♥❡r❣② r❡q✉✐r❡s ρ′(s0) = 0✳

✷✳✷✳ ❇✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✕ ❞✐s❝r❡t❡ ♠♦❞❡❧

❚❤❡ ❛ss❡♠❜❧② ♦❢ ❛ ❞✐s❝r❡t❡ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝ ✐s s❦❡t❝❤❡❞ ✐♥ ❋✐❣✳ ✷✭❜✮✳ ❚❤❡ ❦✐♥❡♠❛t✐❝s ✭❛♥❞ ❡♠♣❧♦②❡❞ ♥♦t❛✲
t✐♦♥ t❤❡r❡♦❢✮ ♦❢ ❞✐s❝r❡t❡ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✐s ❣✐✈❡♥ ❜② ❣❡♥❡r❛❧✐③✐♥❣ t❤❛t ♦❢ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s ♦♥❝❡ t❤❡ ❜✐✲
♣❛♥t♦❣r❛♣❤✐❝ str✉❝t✉r❡ ✐s r❡❣❛r❞❡❞ ❛s ❛♥ ❛ss❡♠❜❧② ♦❢ t✇♦ ✐❞❡♥t✐❝❛❧ ♦rt❤♦❣♦♥❛❧ ❢❛♠✐❧✐❡s ♦❢ ♣❛r❛❧❧❡❧ ❡q✉✐✲s♣❛❝❡❞ ♣❛♥t♦✲
❣r❛♣❤✐❝ ❜❡❛♠s ❤✐♥❣❡ ❥♦✐♥❡❞ ❛t t❤❡✐r ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts✳ ❚❤✉s✱ ❛✐♠❡❞ ❛t ❛✈♦✐❞✐♥❣ ✉♥✇✐❡❧❞② ♣✐❝t✉r❡s✱ ✇❡ ♦♠✐t t♦ s❤♦✇
✐t ✐♥ ❋✐❣✳ ✷✳

■♥ t❤❡ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✱ s❡❡ ❋✐❣✳ ✷✭❛✮✱ ❝❡❧❧s ❛r❡ ❛rr❛♥❣❡❞ ✇✐t❤✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❞♦♠❛✐♥ Ω ✉♣♦♥ str❛✐❣❤t
❧✐♥❡s ✐♥ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✉♥✐t ❜❛s✐s ✈❡❝t♦rs ex, ey ∈ E

2✳ ❚❤❡ s❡t Ω ⊆ R
2 ✐s ✐♥ ❣❡♥❡r❛❧ ❛ ♥♦♥✲s✐♠♣❧❡ r❡❢❡r❡♥❝❡ ❞♦♠❛✐♥

✇✐t❤ ❜♦✉♥❞❛r② ∂Ω ❜❡✐♥❣ t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ NΩ ∈ N s♠♦♦t❤ ❧✐♥❡ s❡ts ∂Ωk✱ k ∈ [1;NΩ]✱ ♣❛✐r✇✐s❡ ✐♥t❡rs❡❝t✐♥❣ ✐♥
❞✐st✐♥❝t ✈❡rt✐❝❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❡t [∂∂Ω]✳ ❆ ❞✐s❝✉ss✐♦♥ ♦♥ s♠♦♦t❤♥❡ss r❡q✉✐r❡♠❡♥ts ❢♦r Ω ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢
t❤✐s ♣❛♣❡r✳ ❋♦r s✉❝❤ ❛ ❞✐s❝✉ss✐♦♥ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❬✹✻❪✳ ❚❤❡ ❝❡❧❧s ❛r❡ ❝❡♥tr❡❞ ❛t t❤❡ ♣♦s✐t✐♦♥s Pi,j = iεex+jεey
✕ s❡❡ ❋✐❣✳ ✷✭❜✮✳ ❚❤❡ ❜❛s✐❝ (i, j)✲t❤ ✉♥✐t ❝❡❧❧ ✕ s❡❡ ❋✐❣✳ ✷✭❝✮ ✕ ✐s ❢♦r♠❡❞ ❜② ❡✐❣❤t ❡①t❡♥s✐♦♥❛❧ s♣r✐♥❣s ❤✐♥❣❡✲❥♦✐♥❡❞
t♦❣❡t❤❡r ❛t Pi,j ❤❛✈✐♥❣ ❧❡♥❣t❤ ε/(2 cos γ)✳ ❘♦t❛t✐♦♥❛❧ s♣r✐♥❣s ✕ ✇❤✐❝❤ ❛r❡ ❝♦❧♦✉r❡❞ ✐♥ ❜❧✉❡✱ r❡❞✱ ❛♥❞ ❣r❡❡♥ ✐♥ ❋✐❣✳ ✷✭❝✮
✕ ❛r❡ ♣❧❛❝❡❞ ❜❡t✇❡❡♥ ♦♣♣♦s✐t❡ ❝♦❧❧✐♥❡❛r ❛❞❥❛❝❡♥t s♣r✐♥❣s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ❝❡❧❧ ❛♥❞ ❜❡t✇❡❡♥ ❛❞❥❛❝❡♥t s♣r✐♥❣s
❜❡❧♦♥❣✐♥❣ t♦ ❞✐✛❡r❡♥t ❝❡❧❧s✳ ❚❤❡ ❦✐♥❡♠❛t✐❝s ♦❢ t❤❡ s♣r✐♥❣ s②st❡♠ ✐s ❧♦❝❛❧❧② ❞❡s❝r✐❜❡❞ ❜② ✜♥✐t❡❧② ♠❛♥② ❣❡♥❡r❛❧✐③❡❞
❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡s ❛r❡ t❤❡ ♣♦s✐t✐♦♥s pi,j ∈ E

2 ♦❢ t❤❡ ♣♦✐♥ts ❛t ♣♦s✐t✐♦♥ Pi,j ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥
✭❡q✉✐✈❛❧❡♥t❧② ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥ts ui,j ∈ R

2 s✉❝❤ t❤❛t ui,j = pi,j − Pi,j✮ ❛♥❞ t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡
♦❜❧✐q✉❡ ❞❡❢♦r♠❡❞ s♣r✐♥❣s lµν(i,j),α ∈ R, α ∈ x, y✳ ❚❤❡ ✐♥❞❡① α ✇✐❧❧ ❜❡ ❤❡♥❝❡❢♦rt❤ ❡♠♣❧♦②❡❞ t♦ ❞✐st✐♥❣✉✐s❤ q✉❛♥t✐t✐❡s

r❡❧❛t❡❞ t♦ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s ❞✐r❡❝t❡❞ ❛❧♦♥❣ ex ✭α = x✮ ❛♥❞ ey ✭α = y✮✳ ❱❛r✐♦✉s ♦t❤❡r ❦✐♥❡♠❛t✐❝❛❧ q✉❛♥t✐t✐❡s ❛r❡
✐♥tr♦❞✉❝❡❞ t♦ ❢♦r♠✉❧❛t❡ t❤❡ t♦t❛❧ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ✐♥ ❛ ♠♦st ❝♦♠♣❛❝t ❢♦r♠✳ ❆♣♣❧②✐♥❣ t❤❡ ❧❛✇ ♦❢ ❝♦s✐♥❡s✱ t❤❡ ❛♥❣❧❡s
ϕµν
(i,j),α ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜②

ϕ1D
(i,j),x = cos−1





‖pi+1,j − pi,j‖2 +
(

l1D(i,j),x
)2 −

(

l2S(i+1,j),x

)2

2l1D(i,j),x‖pi+1,j − pi,j‖



 ,

ϕ1S
(i,j),x = cos−1





‖pi,j − pi−1,j‖2 +
(

l1S(i,j),x
)2 −

(

l2D(i−1,j),x

)2

2l1S(i,j),x‖pi,j − pi−1,j‖



 ,

ϕ2D
(i,j),x = cos−1





‖pi+1,j − pi,j‖2 +
(

l2D(i,j),x
)2 −

(

l1S(i+1,j),x

)2

2l2D(i,j),x‖pi+1,j − pi,j‖



 ,

ϕ2S
(i,j),x = cos−1





‖pi,j − pi−1,j‖2 +
(

l2S(i,j),x
)2 −

(

l1D(i−1,j),x

)2

2l2S(i,j),x‖pi,j − pi−1,j‖



 ,

✭✷✹✮



▲❛r❣❡ ✐♥ ♣❧❛♥❡ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✼

❋✐❣✉r❡ ✷✳ ❇✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s✳ ✭❛✮ ❉♦♠❛✐♥ Ω✳ ✭❜✮ ❯♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ (i, j)✲t❤ ❝❡❧❧
✭✐♥❝❧✉❞✐♥❣ ♥❡✐❣❤❜♦✉r✐♥❣ ❡❧❡♠❡♥ts✮✳ ✭❝✮ ❋♦r❝❡ ❡❧❡♠❡♥ts ♦❢ ❛ s✐♥❣❧❡ ❝❡❧❧✳ ✭❞✮ ❉❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢
(i, j)✲t❤ ❝❡❧❧ ✭✐♥❝❧✉❞✐♥❣ ♥❡✐❣❤❜♦✉r✐♥❣ ❡❧❡♠❡♥ts✮✳

❛♥❞

ϕ1D
(i,j),y = cos−1





‖pi,j+1 − pi,j‖2 +
(

l1D(i,j),y
)2 −

(

l2S(i,j+1),y

)2

2l1D(i,j),y‖pi,j+1 − pi,j‖



 ,

ϕ1S
(i,j),y = cos−1





‖pi,j − pi,j−1‖2 +
(

l1S(i,j),y
)2 −

(

l2D(i,j−1),y

)2

2l1S(i,j),y‖pi,j − pi,j−1‖



 ,

ϕ2D
(i,j),y = cos−1





‖pi,j+1 − pi,j‖2 +
(

l2D(i,j),y
)2 −

(

l1S(i,j+1),y

)2

2l2D(i,j),y‖pi,j+1 − pi,j‖



 ,

ϕ2S
(i,j),y = cos−1





‖pi,j − pi,j−1‖2 +
(

l2S(i,j),y
)2 −

(

l1D(i,j−1),x

)2

2l2S(i,j),y‖pi,j − pi,j−1‖



 ,

✭✷✺✮

✇❤✐❧❡ t❤❡ ❛♥❣❧❡s ξµ(i,j),α ❜❡❝♦♠❡

ξ
1(2)
(i,j),x = cos−1





(

l
1(2)D
(i,j),x

)2
+
(

l
2(1)S
(i+1,j),x

)2 − ‖pi+1,j − pi,j‖2

2l
1(2)D
(i,j),xl

2(1)S
(i+1,j),x



 ,

ξ
1(2)
(i,j),y = cos−1





(

l
1(2)D
(i,j),y

)2
+
(

l
2(1)S
(i,j+1),y

)2 − ‖pi,j+1 − pi,j‖2

2l
1(2)D
(i,j),yl

2(1)S
(i,j+1),y



 .

✭✷✻✮

❍❛✈✐♥❣ ✉s❡❞ t❤❡ ❧❛✇ ♦❢ ❝♦s✐♥❡s t♦ ❞❡t❡r♠✐♥❡ ϕµν
(i,j),α✱ t❤❡ ❝❤♦✐❝❡ ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s ❤♦❧❞s ♦♥❧② ❧♦❝❛❧❧② ❛s ❧♦♥❣

❛s t❤❡ ❛♥❣❧❡s ϕ1D
(i,j),α ❛♥❞ ϕ2D

(i,j),α ❞♦ ♥♦t ❝❤❛♥❣❡ s✐❣♥✳ ❚❤r♦✉❣❤♦✉t t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦✲♠♦❞❡❧✱ ✐t ✐s ❛ss✉♠❡❞

t❤❛t t❤❡ ❛♥❣❧❡s ϕ1D
(i,j),α ❛♥❞ ϕ2D

(i,j),α r❡♠❛✐♥ ✐♥ t❤❡ r❛♥❣❡ (0, π)✳ ❚❤✐s ❡♥t❛✐❧s t❤❛t ξµ(i,j),α ∈ (0, π)✳ ❚❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥

t❤❡ t✇♦ ✈❡❝t♦rs pi,j − pi−1,j ❛♥❞ ex ✐s ❞❡♥♦t❡❞ ❜② ϑ(i,j),x✱ ✇❤✐❧❡ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❡❝t♦rs pi,j − pi,j−1 ❛♥❞
ey ✐s ❞❡♥♦t❡❞ ❜② ϑ(i,j),y✳ ❚❤❡♥ t❤❡ ❛♥❣❧❡ θ(i,j),x ❜❡t✇❡❡♥ t❤❡ ✈❡❝t♦rs pi,j − pi−1,j ❛♥❞ pi+1,j − pi,j ❜❡❝♦♠❡s

θ(i,j),x = ϑ(i+1,j),x − ϑ(i,j),x = tan−1

[

(pi+1,j − pi,j) · ey
(pi+1,j − pi,j) · ex

]

− tan−1

[

(pi,j − pi−1,j) · ey
(pi,j − pi−1,j) · ex

]

, ✭✷✼✮



✽ ❊♠✐❧✐♦ ❇❛r❝❤✐❡s✐✱ ❙✐♠♦♥ ❘✳ ❊✉❣st❡r✱ ❋r❛♥❝❡s❝♦ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❋r❛♥ç♦✐s ❍✐❧❞

✇❤✐❧❡ t❤❡ ❛♥❣❧❡ θ(i,j),y ❜❡t✇❡❡♥ t❤❡ ✈❡❝t♦rs pi,j − pi,j−1 ❛♥❞ pi,j+1 − pi,j r❡❛❞s

θ(i,j),y = ϑ(i,j+1),y − ϑ(i,j),y = tan−1

[

(pi,j+1 − pi,j) · ey
(pi,j+1 − pi,j) · ex

]

− tan−1

[

(pi,j − pi,j−1) · ey
(pi,j − pi,j−1) · ex

]

. ✭✷✽✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❤♦❧❞ tr✉❡

β1
(i,j),α = θ(i,j),α + ϕ1D

(i,j),α − ϕ1S
(i,j),α , β2

(i,j),α = θ(i,j),α + ϕ2S
(i,j),α − ϕ2D

(i,j),α . ✭✷✾✮

▲❡tt✐♥❣ t❤❡ s✉♠♠❛t✐♦♥s ❢♦r µ✱ ν ❛♥❞ α r❛♥❣❡ ♦✈❡r t❤❡ s❡ts {1, 2}✱ {D,S} ❛♥❞ {x, y}✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤♦s❡ ❢♦r (i, j)
♦✈❡r ❛ s❡t s✉❝❤ t❤❛t ❛❧❧ ❡♥❡r❣② ❝♦♥tr✐❜✉t✐♦♥s ❞✉❡ t♦ ❡❧❛st✐❝ ❡❧❡♠❡♥ts ✐♥ Ω ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s✉❜s❡q✉❡♥t ❢♦r♠✉❧❛✱ t❤❡
♠✐❝r♦✲♠♦❞❡❧ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ✐s ❞❡✜♥❡❞ ❛s

Eε =
kE
2

∑

i,j

∑

α

[

∑

µ,ν

(

lµν(i,j),α − 1

2 cos γ
ε

)2

+
kF
2

∑

µ

(

βµ
(i,j),α

)2

+
kS
2

∑

µ

(ξµ(i,j),α − π + 2γ)2

]

✭✷✾✮
=

kE
2

∑

i,j

∑

α

{

∑

µ,ν

(

lµν(i,j),α − 1

2 cos γ
ε

)2

+
kF
2

∑

µ

[

θ(i,j),α + (−1)
µ
(

ϕµS
(i,j),α − ϕµD

(i,j),α

)]2

+
kS
2

∑

µ

(ξµ(i,j),α − π + 2γ)2
}

,

✭✸✵✮

✇✐t❤ kE > 0 ❛♥❞ kF , kS > 0 ❜❡✐♥❣ t❤❡ st✐✛♥❡ss❡s ♦❢ t❤❡ ❡①t❡♥s✐♦♥❛❧ ❛♥❞ r♦t❛t✐♦♥❛❧ s♣r✐♥❣s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s✉♠♠❛♥❞
✐♥ ✭✻✮ ❢♦r t❤❡ s✉♠ ♦✈❡r (i, j) ✇✐❧❧ ❜❡ ❤❡♥❝❡❢♦rt❤ ❞❡♥♦t❡❞ ❜② Ψi,j ✳

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t✱ ✇❤❡♥ kS = 0✱ ❜❡s✐❞❡s t❤❡ r✐❣✐❞ ❜♦❞② ♠♦❞❡s ❛❧s♦ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s
♦❜t❛✐♥❡❞ ❛s ❛❧❧ ♣♦ss✐❜❧❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✶✮ ✉♥✐❢♦r♠ s❤❡❛r✱ ✐✳❡✳ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ❝❡♥tr❡❧✐♥❡s ♦❢ t❤❡ t✇♦ ❢❛♠✐❧✐❡s
♦❢ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s ✐s ✉♥✐❢♦r♠ ❛♥❞ r❛♥❣✐♥❣ ❢r♦♠ 0◦ t♦ 180◦ ✭♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s ❛r❡ tr❛♥s❢♦r♠❡❞ r✐❣✐❞❧②✱ ❛♥❞
❤❡♥❝❡ t❤✐s ❣✐✈❡s ❛♥ ✐♥✜♥✐t❡ ❢❛♠✐❧② ♦❢ ✢♦♣♣② ♠♦❞❡s ♣❛r❛♠❡tr✐s❡❞ ♦♥ ❛ s✐♥❣❧❡ ♣❛r❛♠❡t❡r t❤❛t ✐s t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞
❛♥❣❧❡❀ ✇❤❡♥ ❛ ❜✐❛s r❡❝t❛♥❣✉❧❛r s♣❡❝✐♠❡♥ ✐s ❝♦♥s✐❞❡r❡❞ ✕ ✐✳❡✳ ✜❜❡rs ❢♦r♠ ±✹✺◦ ✇✐t❤ t❤❡ s✐❞❡s ✕ t❤✐s ❞❡❢♦r♠❛t✐♦♥
♠♦❞❡ ❝♦rr❡s♣♦♥❞s t♦ ✉♥✐❢♦r♠ ❡①t❡♥s✐♦♥✴❝♦♠♣r❡ss✐♦♥ ♦❢ t❤❡ r❡❝t❛♥❣❧❡✮ ❛♥❞ ✷✮ ❡①t❡♥s✐♦♥❛❧ ✢♦♣♣② ♠♦❞❡ ♦❢ ❝♦♥st✐t✉t✐♥❣
♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s ❡♥t❛✐❧s ♥✉❧❧ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ ✢♦♣♣② ♠♦❞❡s ✐♥ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ str✉❝t✉r❡s
t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❬✸✺❪✳ ❲❤✐❧❡ ❡❛❝❤ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠ ✕ ❛s ✇❡❧❧ ❛s ♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✭✇❤♦s❡ ♦♥❧② ♥♦♥✲
r✐❣✐❞ ③❡r♦ ❡♥❡r❣② ❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡ ✐s ❣✐✈❡♥ ❜② ✉♥✐❢♦r♠ ♠❛❝r♦s❝♦♣✐❝ s❤❡❛r❀ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s ❛r❡ r❡♣❧❛❝❡❞ ❜②
✭❡①t❡♥s✐❜❧❡✮ ❊❧❛st✐❝❛❡ t❤❛t ❝❛♥♥♦t ❡①t❡♥❞ ✇✐t❤ ③❡r♦ ❡♥❡r❣②✮ ✕ ❛❞♠✐ts ❛♥ ✐♥✜♥✐t❡ ❢❛♠✐❧② ♦❢ ❡①t❡♥s✐♦♥❛❧ ✢♦♣♣② ♠♦❞❡s
♣❛r❛♠❡tr✐s❡❞ ♦✈❡r ❛ s✐♥❣❧❡ ♣❛r❛♠❡t❡r ✭s❡❡ ❡q✉❛t✐♦♥ ✭✼✮✮✱ t❤❡ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ str✉❝t✉r❡ ❛❞♠✐ts ❛♥ ✐♥✜♥✐t❡ ❢❛♠✐❧② ♦❢
✢♦♣♣② ♠♦❞❡s ♣❛r❛♠❡tr✐s❡❞ ♦✈❡r ❢♦✉r ♣❛r❛♠❡t❡rs✱ s❡❡ ❋✐❣✳ ✶✶ ✐♥ ❬✸✺❪✳

❋♦r t❤❡ ❧❡♥❣t❤s lµν(i,j),α ♦❢ t❤❡ ♦❜❧✐q✉❡ s♣r✐♥❣s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐s ❛ss✉♠❡❞

lµν(i,j),α =
1

2 cos γ
ε+ ε2 l̃µν(i,j),α + o(ε2) , ✭✸✶✮

✇❤❡r❡ l̃µν(i,j),α ∈ R✳ ■♥s❡rt✐♥❣ ❛ss✉♠♣t✐♦♥ ✭✸✶✮ ✐♥t♦ t❤❡ ❡♥❡r❣② ✭✸✵✮ ❧❡❛❞s t♦

Eε =
∑

α

∑

i,j

{

kE
2

∑

µ,ν

[

ε2 l̃µν(i,j),α + o(ε2)
]2

+
kF
2

∑

µ

[

θ(i,j),α + (−1)
µ (

ϕµS
(i,j),α − ϕµD

(i,j),α

)

]2

+
kS
2

∑

µ

(ξµ(i,j),α − π + 2γ)2
}

.

✭✸✷✮

✷✳✸✳ ❇✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✕ ♠✐❝r♦✲♠❛❝r♦ ✐❞❡♥t✐✜❝❛t✐♦♥

❚❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ s②st❡♠ ♠❛❦❡s ✐t r❡❛s♦♥❛❜❧❡ t♦ ❛✐♠ ❢♦r ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐♥✉✉♠
✐♥ t❤❡ ❧✐♠✐t ♦❢ ✈❛♥✐s❤✐♥❣ ε✳ ❚❤❡ ✐♥❞❡♣❡♥❞❡♥t ❦✐♥❡♠❛t✐❝ ▲❛❣r❛♥❣✐❛♥ ❞❡s❝r✐♣t♦rs ♦❢ t❤❡ ♠❛❝r♦✲♠♦❞❡❧ ❛r❡ ❛ss✉♠❡❞ t♦
❜❡ t❤❡ ❢✉♥❝t✐♦♥s χ : Ω → E

2 ❛♥❞ l̃µνα : Ω → R✳ ❚❤❡ ♣❧❛❝❡♠❡♥t ❢✉♥❝t✐♦♥ χ ♣❧❛❝❡s t❤❡ ✷❉✲❝♦♥t✐♥✉✉♠ ✐♥t♦ E
2 ❛♥❞

✐s ❜❡st s✉✐t❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ♣♦✐♥ts pi,j ∈ E
2 ♦❢ t❤❡ ❞✐s❝r❡t❡ s②st❡♠ ♦♥ t❤❡ ♠❛❝r♦✲❧❡✈❡❧✳ ❚♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡

❡✛❡❝t ♦❢ ❝❤❛♥❣✐♥❣ s♣r✐♥❣ ❧❡♥❣t❤s l̃µν(i,j),α ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✽✮✱ t❤❡ ♣❧❛❝❡♠❡♥t ❢✉♥❝t✐♦♥ ✐s ❛✉❣♠❡♥t❡❞ ❜② t❤❡ ❡✐❣❤t ♠✐❝r♦✲

str❛✐♥ ❢✉♥❝t✐♦♥s l̃µνα ✳ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ s②st❡♠ ✇✐t❤ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐♥✉✉♠ ✐s ❛❧s♦ ❝❧❛ss✐✜❡❞ ❛s
❛ ♠✐❝r♦♠♦r♣❤✐❝ ❝♦♥t✐♥✉✉♠ ❬✹✷✱ ✹✸✱ ✹✹✱ ✹✺❪✳



▲❛r❣❡ ✐♥ ♣❧❛♥❡ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✾

■t ✐s ❛❧s♦ ❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥s ρα : Ω → R
+ ❛♥❞ ϑα : Ω → [0, 2π) ✐♥ ♦r❞❡r t♦ r❡✇r✐t❡ t❤❡

t❛♥❣❡♥t ✈❡❝t♦r ✜❡❧❞ ∂χ/∂α t♦ ❞❡❢♦r♠❡❞ ♠❛t❡r✐❛❧ ❧✐♥❡s ♦r✐❡♥t❡❞ ❛❧♦♥❣ eα ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛s

∂χ

∂x
(x, y) = ρx(x, y) {[cosϑx(x, y)] ex + [sinϑx(x, y)] ey} ,

∂χ

∂y
(x, y) = ρy(x, y) {[cosϑy(x, y)] ey + [sinϑy(x, y)] ex} .

✭✸✸✮

❚❤✉s ρα ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥♦r♠ ♦❢ t❤❡ t❛♥❣❡♥t ✈❡❝t♦r ‖∂χ/∂α‖ t♦ t❤❡ ❞❡❢♦r♠❡❞ ♠❛t❡r✐❛❧ ❧✐♥❡s ❞✐r❡❝t❡❞ ❛❧♦♥❣ eα
✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ❛♥❞ ✐t ✐s r❡❢❡rr❡❞ t♦ ❛s α✲str❡t❝❤✳ ■♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ✜❡❧❞s t♦ ❞❡❢♦r♠❡❞
♠❛t❡r✐❛❧ ❧✐♥❡s ❞✐r❡❝t❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ❛❧♦♥❣ ex ❛♥❞ ey ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥

(

∂χ

∂x

)

⊥
(x, y) = ρx(x, y) {− [sinϑx(x, y)] ex + [cosϑx(x, y)] ey} ,

(

∂χ

∂y

)

⊥
(x, y) = ρy(x, y) {− [sinϑy(x, y)] ey + [cosϑy(x, y)] ex} ,

✭✸✹✮

❜❡✐♥❣ r❡s♣❡❝t✐✈❡❧② r♦t❛t❡❞ ❛❣❛✐♥st ∂χ/∂x ❛♥❞ ∂χ/∂y ❛❜♦✉t 90◦ ✐♥ t❤❡ ❛♥t✐✲❝❧♦❝❦✇✐s❡ ❞✐r❡❝t✐♦♥✱ ✐t ✐s ❢♦✉♥❞ t❤❛t

∂ρx
∂x

(x, y) =
∂χ
∂x (x, y) ·

∂2χ
∂x2 (x, y)

‖∂χ
∂x (x, y)‖

,
∂ϑx

∂x
(x, y) =

∂2χ
∂x2 (x, y) ·

(

∂χ
∂x

)

⊥
(x, y)

‖∂χ
∂x (x, y)‖2

,

∂ρy
∂y

(x, y) =

∂χ
∂y (x, y) ·

∂2χ
∂y2 (x, y)

‖∂χ
∂y (x, y)‖

,
∂ϑy

∂y
(x, y) =

∂2χ
∂y2 (x, y) ·

(

∂χ
∂y

)

⊥
(x, y)

‖∂χ
∂y (x, y)‖2

.

✭✸✺✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ∂ρα/∂α ❛♥❞ ∂ϑα/∂α ❛r❡ ❝❛❧❧❡❞ α✲str❡t❝❤ α✲❞❡r✐✈❛t✐✈❡ ❛♥❞ ♠❛t❡r✐❛❧ α✲❝✉r✈❛t✉r❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r P✐♦❧❛✬s

♠✐❝r♦✲♠❛❝r♦ ✐❞❡♥t✐✜❝❛t✐♦♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❞✐s❝r❡t❡ s②st❡♠ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❢✉♥❝t✐♦♥s χ ❛♥❞ l̃µνα
❡✈❛❧✉❛t❡❞ ❛t (xi, yj) = (iε, jε) ❛s

χ(xi, yj) = pi,j , l̃µνα (xi, yj) = l̃µν(i,j),α . ✭✸✻✮

❋♦r t❤❡ ❛s②♠♣t♦t✐❝ ✐❞❡♥t✐✜❝❛t✐♦♥✱ t❤❡ ❡♥❡r❣② ✭✸✷✮ ♥❡❡❞s t♦ ❜❡ ❡①♣❛♥❞❡❞ ✐♥ ε✳ ❚❤❡ ❡①♣❛♥s✐♦♥ ♦❢ χ ✐s ❣✐✈❡♥ ❜②

χ(xi±1, yj) = χ(xi, yj)± ε
∂χ

∂x
(xi, yj) +

ε2

2

∂2χ

∂x2
(xi, yj) + o(ε2) ,

χ(xi, yj±1) = χ(xi, yj)± ε
∂χ

∂y
(xi, yj) +

ε2

2

∂2χ

∂y2
(xi, yj) + o(ε2) .

✭✸✼✮

❈♦♠❜✐♥✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✭✸✶✮ ✇✐t❤ ✭✸✻✮2✱ l̃
µν
x (xi±1, yj) = l̃µνx (xi, yj)+o(ε0) ❛♥❞ l̃µνy (xi, yj±1) = l̃µνy (xi, yj)+

o(ε0)✱ ②✐❡❧❞s

lµν(i±1,j),x =
1

2 cos γ
ε+ l̃µνx (xi, yj)ε

2 + o(ε2) ,

lµν(i,j±1),y =
1

2 cos γ
ε+ l̃µνy (xi, yj)ε

2 + o(ε2) .

✭✸✽✮

■♥ ♦r❞❡r t♦ ❢✉rt❤❡r ❡①♣❛♥❞ ✭✸✷✮✱ t❤❡ t❡r♠s θ(i,j),α✱ ϕ
µS
(i,j),α −ϕµD

(i,j),α ❛♥❞ ξµ(i,j),α ♥❡❡❞ t♦ ❜❡ ❡①♣❛♥❞❡❞ ✉♣ t♦ ✜rst ♦r❞❡r

✭s❡❡ ❆♣♣✳ ✻✮✳ ❋♦r θ(i,j),α ❛❝❝♦r❞✐♥❣ t♦ ✭✼✶✮

θ(i,j),α = ε
∂ϑ(i,j),α

∂α
(xi, yj) + o(ε) . ✭✸✾✮

❚❤❡ ❞✐✛❡r❡♥❝❡s ϕ
1(2)S
(i,j),α − ϕ

1(2)D
(i,j),α ❛r❡ ❣✐✈❡♥ ❜② ✭✼✽✮ ❛s

ϕ
1(2)S
(i,j),α − ϕ

1(2)D
(i,j),α =

4[ρ2α − (1/2 cos2 γ)](l̃
1(2)S
α − l̃

1(2)D
α ) + (1/cos γ)

∂(ρ2

α)
∂α + (2/cos2 γ)(l̃

2(1)D
α − l̃

2(1)S
α )

4ρα(1/2 cos γ)
√

(1/cos2 γ)− ρ2α

∣

∣

∣

∣

∣

(x,y)=(xi,yj)

ε+ o(ε) .

✭✹✵✮
❚❤❡ ❛♥❣❧❡s ξµ(i,j),α ❛r❡ ❣✐✈❡♥ ❜② ✭✽✵✮ ❛s

ξµ(i,j),α = cos−1

(

1− ρ2α
1/2 cos2 γ

)∣

∣

∣

∣

(x,y)=(xi,yj)

+ o(ε0) . ✭✹✶✮



✶✵ ❊♠✐❧✐♦ ❇❛r❝❤✐❡s✐✱ ❙✐♠♦♥ ❘✳ ❊✉❣st❡r✱ ❋r❛♥❝❡s❝♦ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❋r❛♥ç♦✐s ❍✐❧❞

❙✉❜st✐t✉t✐♥❣ ✭✸✾✮✱ ✭✹✵✮ ❛♥❞ ✭✹✶✮ ✐♥t♦ ✭✸✷✮ t♦❣❡t❤❡r ✇✐t❤ ρα(xi, yj) = ‖ ∂χ
∂α‖✱ t❤❡ ❞❡s✐r❡❞ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♠✐❝r♦✲♠♦❞❡❧

❡♥❡r❣② Eε ✐s ❞❡r✐✈❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❦✐♥❡♠❛t✐❝ ❞❡s❝r✐♣t♦rs χ ❛♥❞ l̃µνα ❛s

Eε =
∑

i,j

∑

α

{

kEε
4

2

[

∑

µ,ν

(

l̃µνα
)2

+ o(ε0)

]

+ kS

[

cos−1

(

1− ρ2α
1/2 cos2 γ

)

− π + 2γ + o(ε0)

]2
}

(x,y)=(xi,yj)

+
∑

i,j

∑

α

kF ε
2

2

[

∂ϑ

∂α
+

4[ρ2α − (1/2 cos2 γ)](l̃1Sα − l̃1Dα ) + (1/cos γ)
∂(ρ2

α)
∂α + (2/cos2 γ)(l̃2Dα − l̃2Sα )

4ρα(1/2 cos γ)
√

(1/cos2 γ)− ρ2α
+ o(ε0)

]2

(x,y)=(xi,yj)

+
∑

i,j

∑

α

kF ε
2

2

[

∂ϑ

∂α
+

4[ρ2α − (1/2 cos2 γ)](l̃2Sα − l̃2Dα ) + (1/cos γ)
∂(ρ2

α)
∂α + (2/cos2 γ)(l̃1Dα − l̃1Sα )

4ρα(1/2 cos γ)
√

(1/cos2 γ)− ρ2α
+ o(ε0)

]2

(x,y)=(xi,yj)

.

✭✹✷✮

▲❡t t❤❡ ♣❛r❛♠❡t❡rs KE ,KF ,KS > 0 ❜❡ ❝♦♥st❛♥ts✱ ✇❤✐❝❤ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ε✳ ❚❤❡♥ t❤❡s❡ ❝♦♥st❛♥ts ❛r❡ r❡❧❛t❡❞ t♦
t❤❡ st✐✛♥❡ss❡s ♦❢ ❡❛❝❤ ❞✐s❝r❡t❡ s②st❡♠ ✇✐t❤ ♠✐❝r♦ ❧❡♥❣t❤ s❝❛❧❡ ε ❜② ❛ s❝❛❧✐♥❣ ❧❛✇

kE = KEε
−2 , kF = KF , kS = KSε

2 . ✭✹✸✮

✷✳✹✳ ❇✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✕ ♠❛❝r♦✲♠♦❞❡❧

❚❤❡ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t ✐s ♥♦✇ ♦❜t❛✐♥❡❞ ❜② ❧❡tt✐♥❣ ε → 0 ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s✉♠ t♦ t✉r♥ ✐♥t♦ ❛♥ ✐♥t❡❣r❛❧ ❛❝❝♦r❞✐♥❣ t♦
∑

i,j f(xi, yj)ε
2 ε→0−→

∫

Ω
f ❞A✱ ✇❤❡r❡ f ✐s ❛ r❡❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ Ω✳ ❯s✐♥❣ ✭✹✷✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ s❝❛❧✐♥❣

❧❛✇ ✭✹✸✮✱ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❢♦r t❤❡ ❤♦♠♦❣❡♥✐s❡❞ ♠❛❝r♦✲♠♦❞❡❧ ❜❡❝♦♠❡s

E =

∫

Ω

∑

α

{

KE

2

[

∑

µ,ν

(

l̃µνα
)2

]

+KS

[

cos−1

(

1− ρ2α
1/2 cos2 γ

)

− π + 2γ

]2
}

dA

+

∫

Ω

∑

α

KF

2

[

∂ϑα

∂α
+

4[ρ2α − (1/2 cos2 γ)](l̃1Sα − l̃1Dα ) + (1/cos γ)
∂(ρ2

α)
∂α + (2/cos2 γ)(l̃2Dα − l̃2Sα )

4ρα(1/2 cos γ)
√

(1/cos2 γ)− ρ2α

]2

dA

+

∫

Ω

∑

α

KF

2

[

∂ϑα

∂α
+

4[ρ2α − (1/2 cos2 γ)](l̃2Sα − l̃2Dα ) + (1/cos γ)
∂(ρ2

α)
∂α + (2/cos2 γ)(l̃1Dα − l̃1Sα )

4ρα(1/2 cos γ)
√

(1/cos2 γ)− ρ2α

]2

dA .

✭✹✹✮

❈♦♥s✐❞❡r❛t✐♦♥s ♦♥ t❤❡ ❛❜♦✈❡ ❞❡r✐✈❡❞ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t ❛♥❛❧♦❣♦✉s t♦ t❤♦s❡ ♠❛❞❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ❞❡❛❧✐♥❣
✇✐t❤ ♣r❡❧✐♠✐♥❛r② ❝♦♠♣✉t❛t✐♦♥s ❝❛♥ ❜❡ ✐♥✈♦❦❡❞✳ ❚❤❡ ❛❜♦✈❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ✐s ♦❜❥❡❝t✐✈❡ ❛♥❞ ❞✐s❝r❡t❡ ✢♦♣♣② ♠♦❞❡s
tr❛♥s❢❡r t♦ t❤❡ ❝♦♥t✐♥✉✉♠ ❛❢t❡r ❤♦♠♦❣❡♥✐s❛t✐♦♥✳ ❚❤❡ ❛❜♦✈❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ✐s ✈❛♥✐s❤✐♥❣ ❢♦r χ(x, y) = [x+ (ay +
b)x]ex + [y + (cy + d)x]ey ❬✸✺❪ ✇❤❡♥ KS = 0✳ ❲❤❡♥ a = c = d = 0✱ t❤❡♥ χ r❡♣r❡s❡♥ts ✉♥✐❢♦r♠ ❡①t❡♥s✐♦♥✱ ✇❤✐❧❡
✇❤❡♥ a = c = 0 ✐t ❞❡s❝r✐❜❡s ✉♥✐❢♦r♠ s❤❡❛r ❞❡❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡ ♦♥❧② ♥♦♥✲r✐❣✐❞ ③❡r♦ ❡♥❡r❣② ❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡
❢♦r ♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s✱ ❬✶✶❪✳ ❚❤❡ ❞❡r✐✈❡❞ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t ✕ ❛s ❢♦r ♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✕ ✐♥❤❡r✐ts ✐ts ♦rt❤♦tr♦♣✐❝✐t②
❢r♦♠ ✐ts ✜❜❡r❡❞ str✉❝t✉r❡ ❛t t❤❡ ♠✐❝r♦✲s❝❛❧❡✱ ✐✳❡✳ ✐t ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ♠❛❞❡ ❜② ❛ss❡♠❜❧✐♥❣ t✇♦ ✐❞❡♥t✐❝❛❧ ♦rt❤♦❣♦♥❛❧
❢❛♠✐❧✐❡s ♦❢ ✭❡q✉✐s♣❛❝❡❞✮ ♣❛r❛❧❧❡❧ ❞✐s❝r❡t❡ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s✳ ▲❡t ✉s ♥♦✇ ❞❡✜♥❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❞❡♥s✐t② Ψ
❛s t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ ✭✹✹✮✳ ❋♦r t❤❡ ❡♥❡r❣② t♦ ❜❡ st❛t✐♦♥❛r②✱ t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❡q✉❛t✐♥❣ t♦ ③❡r♦
t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ✭✹✹✮ ✇✐t❤ r❡s♣❡❝t t♦ ❛❞♠✐ss✐❜❧❡ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ✐♥❞❡♣❡♥❞❡♥t

❦✐♥❡♠❛t✐❝ ❞❡s❝r✐♣t♦rs✳ ❋✐rst✱ ♦♥❧② t❤❡ ✈❛r✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ l̃µνα ✐s st✉❞✐❡❞✱ ❛♥❞ r❡s✉❧ts ✐♥ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡✐❣❤t

❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥s ❣✐✈❡♥ ❜② ∂Ψ/∂l̃µνα = 0 ✐♥ ✇❤✐❝❤ l̃µνα ❛r❡ t❤❡ ✉♥❦♥♦✇♥s✳ ■♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦t❛t✐♦♥s

Cα
1 =

KF

2KF ρ2α − 1/4 cos2 γ (KEρ2α + 8KF )
, Cα

2 =
KF

√

1/cos2 γ − ρ2α
KE(1/4 cos2 γ)ρ2α − 2KF ρ2α − 4KE(1/16 cos4 γ)

, ✭✹✺✮

♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❡q✉✐❧✐❜r✐✉♠ ❛r❡ t❤❛t

l̃µDα =
1

2 cos γ
ρα

[

∂ρα
∂α

Cα
1 + (−1)µ−1 ∂ϑα

∂α
Cα

2

]

, l̃µSα =
1

2 cos γ
ρα

[

−∂ρα
∂α

Cα
1 + (−1)µ

∂ϑα

∂α
Cα

2

]

. ✭✹✻✮



▲❛r❣❡ ✐♥ ♣❧❛♥❡ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✶✶

❇② s✉❜st✐t✉t✐♥❣ t❤❡ r❡s✉❧ts ✭✹✻✮ ✐♥t♦ ✭✹✹✮✱ ❛ ❦✐♥❡♠❛t✐❝ r❡❞✉❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ❛♥❞ r❡s✉❧ts ✐♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②
❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ str✉❝t✉r❡

E =

∫

Ω

∑

α

{

KEKF

[

ρ2α cos2 γ − 1

ρ2α cos2 γ (KE − 8KF cos2 γ)−KE

(

∂ϑα

∂α

)2

+
ρ2α cos2 γ

(1− ρ2α cos2 γ) [8KF + ρ2α (KE − 8KF cos2 γ)]

(

∂ρα
∂α

)2 ]

+KS

[

cos−1

(

1− ρ2α
1/2 cos2 γ

)

− π + 2γ

]2}

dA

✭✹✼✮

✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❧❛❝❡♠❡♥t ❢✉♥❝t✐♦♥ χ ♦♥❧②✳ ◆♦t✐❝❡ t❤❛t✱ ❜❡s✐❞❡s t❤❡ t❡r♠
(

∂χ
∂α

)

⊥
· ∂2χ
∂α2 ❜❡✐♥❣ r❡❧❛t❡❞ t♦ t❤❡

♠❛t❡r✐❛❧ α✲❝✉r✈❛t✉r❡ ∂ϑα

∂α ❜② ♠❡❛♥s ♦❢ ✭✸✺✮✱ ❛❧s♦ t❤❡ t❡r♠ ∂χ
∂α · ∂2χ

∂α2 ❛♣♣❡❛rs ✇❤✐❝❤ ✐♥ t✉r♥ ✐s r❡❧❛t❡❞ t♦ t❤❡ α✲str❡t❝❤

α✲❞❡r✐✈❛t✐✈❡ ∂ρα

∂α ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✭✸✺✮✳

❆ ❞❡t❛✐❧❡❞ ❞❡r✐✈❛t✐♦♥ ♦❢ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s✱ ❡ss❡♥t✐❛❧ ❛♥❞ ♥❛t✉r❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❇❈✬s✮ ❛s ❞❡❞✉❝❡❞
❢r♦♠ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥ ❢♦r ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧s ♦❢ t❤❡ ❢♦r♠

∫

Ω
W (∇χ,∇∇χ)dA ✕ ❛s t❤❛t ✐♥ ✭✹✼✮ ✕ ✐s ❜❡②♦♥❞ t❤❡

s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✱ ❛♥❞ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❬✹✻❪✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✇♦rt❤ r❡❝❛❧❧✐♥❣ t❤❛t ✐♥ s✉❝❤ ❛ ❝❛s❡ ♥♦♥✲❝❧❛ss✐❝❛❧
❡ss❡♥t✐❛❧ ♥♦r♠❛❧ ♣❧❛❝❡♠❡♥t ❣r❛❞✐❡♥t ❇❈✬s ✕ ✐✳❡✳ ♣r❡s❝r✐❜✐♥❣ ∇χ(x, y) · n(x, y) = f(x, y) ✕ ❝❛♥ ❜❡ ❣✐✈❡♥ ❛t ❜♦✉♥❞❛r✐❡s
∂Ωk✬s ✕ n ❜❡✐♥❣ t❤❡ ♦✉t✇❛r❞s ♣♦✐♥t✐♥❣ ✉♥✐t ♥♦r♠❛❧ ✕ ❛♥❞ ❡ss❡♥t✐❛❧ ♣❧❛❝❡♠❡♥t ❇❈✬s ✕ ✐✳❡✳ ♣r❡s❝r✐❜✐♥❣ χ(x, y) = g(x, y)
✕ ❝❛♥ ❜❡ ❣✐✈❡♥ ❛t ✈❡rt✐❝❡s ❜❡❧♦♥❣✐♥❣ t♦ [∂∂Ω]✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❝❧❛ss✐❝❛❧ ❡ss❡♥t✐❛❧ ♣❧❛❝❡♠❡♥t ❇❈✬s ❛t ❜♦✉♥❞❛r✐❡s ∂Ωk✳

✷✳✺✳ ❇✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✕ ❧✐♥❡❛r✐s❛t✐♦♥ ♦❢ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②

▲❡t t❤❡ ✈❡❝t♦r ✈❛❧✉❡❞ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ u ❜❡ ❞❡✜♥❡❞ ❜② u(x, y) = χ(x, y)−xex−yey✳ ❚❤❡♥ ❜② t❤❡ P✐♦❧❛✬s ✐❞❡♥t✐✜❝❛t✐♦♥
✭✸✻✮ ❛♥❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥ts ui,j ✇❡ ❤❛✈❡ u(xi, yj) = ui,j ✳ ❋r♦♠ ❚❛②❧♦r ❡①♣❛♥s✐♦♥s ✐t ❢♦❧❧♦✇s t❤❛t

ϑx = tan−1

[

∂u

∂x
· ey
/

(

1 +
∂u

∂x
· ex
)]

=
∂u

∂x
· ey + o

(
∥

∥

∥

∥

∂u

∂x

∥

∥

∥

∥

)

= o

(

∥

∥

∥

∥

∂u

∂x

∥

∥

∥

∥

0
)

,

ϑy = tan−1

[

∂u

∂y
· ex
/

(

1 +
∂u

∂y
· ey
)]

=
∂u

∂y
· ex + o

(∥

∥

∥

∥

∂u

∂y

∥

∥

∥

∥

)

= o

(

∥

∥

∥

∥

∂u

∂y

∥

∥

∥

∥

0
)

,

✭✹✽✮

❛♥❞ t❤❡r❡❢♦r❡

∂ϑx

∂x
=

∂2u

∂x2
· ey + o

(

∥

∥

∥

∥

∂u

∂x

∥

∥

∥

∥

0
)

,
∂ϑy

∂y
=

∂2u

∂y2
· ex + o

(

∥

∥

∥

∥

∂u

∂y

∥

∥

∥

∥

0
)

. ✭✹✾✮

▼♦r❡♦✈❡r✱

ρx =

[

(

1 +
∂u

∂x
· ex
)2

+

(

∂u

∂x
· ey
)2
]

1

2

= 1 +
∂u

∂x
· ex + o

(
∥

∥

∥

∥

∂u

∂x

∥

∥

∥

∥

)

= 1 + o

(

∥

∥

∥

∥

∂u

∂x

∥

∥

∥

∥

0
)

,

ρy =

[

(

1 +
∂u

∂y
· ey
)2

+

(

∂u

∂y
· ex
)2
]

1

2

= 1 +
∂u

∂y
· ey + o

(∥

∥

∥

∥

∂u

∂y

∥

∥

∥

∥

)

= 1 + o

(

∥

∥

∥

∥

∂u

∂y

∥

∥

∥

∥

0
)

,

✭✺✵✮

❛♥❞ t❤✉s

∂ρα
∂α

=
∂2u

∂α2
· eα + o

(

∥

∥

∥

∥

∂u

∂α

∥

∥

∥

∥

0
)

. ✭✺✶✮

❍❡♥❝❡✱ t❤❡ ❡♥❡r❣② ✭✹✼✮ r❡✇r✐t❡s ❛s ✭s❡❡ ❡q✉❛t✐♦♥ ✭✽✺✮ ✐♥ ❆♣♣✳ ❆✮

E =

∫

Ω

{

[

KEKF cos2 γ

(1− cos2 γ) [8KF +KE − 8KF cos2 γ]

]

[

(

∂2u

∂x2
· ex
)2

+

(

∂2u

∂y2
· ey
)2
]}

dA

+

∫

Ω

{

[

KEKF (cos
2 γ − 1)

cos2 γ(KE − 8KF cos2 γ)−KE

]

[

(

∂2u

∂x2
· ey
)2

+

(

∂2u

∂y2
· ex
)2
]}

dA

+

∫

Ω

{

∑

α

[4KS cot γ]

(

∂u

∂α
· eα
)2

+ o

(

∥

∥

∥

∥

∂u

∂α

∥

∥

∥

∥

2
)}

dA .

✭✺✷✮

❋♦r s♠❛❧❧ str❛✐♥ ❤②♣♦t❤❡s✐s t❤❡ r❡♠❛✐♥❞❡r o(‖∂u/∂α‖2) ✐♥ ❡q✉❛t✐♦♥ ✭✺✷✮ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳



✶✷ ❊♠✐❧✐♦ ❇❛r❝❤✐❡s✐✱ ❙✐♠♦♥ ❘✳ ❊✉❣st❡r✱ ❋r❛♥❝❡s❝♦ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❋r❛♥ç♦✐s ❍✐❧❞

✸✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ♣r♦❜❧❡♠ t♦ ❜❡ s♦❧✈❡❞ ✐s ✐♥tr♦❞✉❝❡❞ ❛♥❞ s♦❧✉t✐♦♥ ♠❡t❤♦❞♦❧♦❣✐❡s ❡♠♣❧♦②❡❞ ❢♦r t❤❡ ♠❛❝r♦✲ ❛♥❞
♠✐❝r♦✲♠♦❞❡❧ ❛r❡ ❜r✐❡✢② r❡❝❛❧❧❡❞✳

✸✳✶✳ ❇♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✭♥♦♥✲st❛♥❞❛r❞ ❜✐❛s ❡①t❡♥s✐♦♥ t❡st✮

❆ r❡❝t❛♥❣✉❧❛r s♣❡❝✐♠❡♥✱ ✐✳❡✳ NΩ = 4✱ ✇✐t❤ s✐❞❡s L =✶✽✼ ♠♠ × ℓ =✶✶✾ ♠♠ ❛♥❞ ε❂✶✷✳✵✷ ♠♠ ✐s ❝♦♥s✐❞❡r❡❞✱ s❡❡
❋✐❣✳ ✸✳ ❚❤❡ ❣❡♦♠❡tr✐❝ ♣❛r❛♠❡t❡r γ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❡q✉❛❧ t♦ π/6✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡ss❡♥t✐❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡
❝♦♥s✐❞❡r❡❞

u(x, y) = 0 at (x, y) ∈ ∂Ω1 , u(x, y) = ūeζ at (x, y) ∈ ∂Ω3, ū ∈ R

[∇u(x, y)]n(x, y) = 0 at (x, y) ∈ ∂Ω1 , [∇u(x, y)]n(x, y) = 0 at (x, y) ∈ ∂Ω3
✭✺✸✮

✇❤✐❝❤ ❞♦ ♥♦t ❡♥t❛✐❧ ❛ ✢♦♣♣② ❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡✳ ❆s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ u(x, y) ✐s ❡♥❢♦r❝❡❞ t♦ ❜❡ ❝♦♥st❛♥t ❛❧♦♥❣
t❤❡ ❜♦✉♥❞❛r✐❡s ∂Ω1 ❛♥❞ ∂Ω3✱ t❤❡♥ [∇u(x, y)]n⊥(x, y) ✐s ❛❧s♦ ✈❛♥✐s❤✐♥❣ ❛❧♦♥❣ t❤♦s❡ ❜♦✉♥❞❛r✐❡s✳ ❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤
✭✺✸✮2✱ ✐♠♣❧✐❡s t❤❛t

∇u(x, y) = 0 at (x, y) ∈ ∂Ω1 ∪ ∂Ω3 . ✭✺✹✮

❊q✉❛t✐♦♥ ✭✺✹✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

ρα(x, y) = 1 at (x, y) ∈ ∂Ω1 ∪ ∂Ω3 , ϑα(x, y) = 0 at (x, y) ∈ ∂Ω1 ∪ ∂Ω3. ✭✺✺✮

❋✐❣✉r❡ ✸✳ ❙❝❤❡♠❛t✐❝ ❞r❛✇✐♥❣ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❞♦♠❛✐♥ Ω ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠
❢♦r t❤❡ ♠❛❝r♦✲♠♦❞❡❧✳

❚♦ ❝♦♠♣❛r❡ t❤❡ ♠✐❝r♦✲ ❛♥❞ ♠❛❝r♦✲♠♦❞❡❧✱ ❜❡②♦♥❞ t❤❡ ♠✐❝r♦✲♠❛❝r♦ ✐❞❡♥t✐✜❝❛t✐♦♥ ✭✶✷✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐❝r♦✲♠❛❝r♦
❝♦rr❡s♣♦♥❞❡♥❝❡s ✕ ❜❛s❡❞ ♦♥ ♥❡❣❧❡❝t✐♥❣ ♥♦♥✲❧❡❛❞✐♥❣ ε✲t❡r♠s ✐♥ ❚❛②❧♦r ❡①♣❛♥s✐♦♥s ♦❢ ❝♦♥t✐♥✉✉♠ q✉❛♥t✐t✐❡s ❡✈❛❧✉❛t❡❞
❛t ❞✐s❝r❡t❡ ♣♦✐♥ts ✕ s❤❛❧❧ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❋♦r str❡t❝❤❡s ❛♥❞ ♦r✐❡♥t❛t✐♦♥s ♦❢ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s

ρx (xi, yi) ↔
‖pi+1,j − pi,j‖

ε
, ϑx (xi, yj) ↔ ϑi,j = tan−1

[

(pi,j − pi−1,j) · ey
(pi,j − pi−1,j) · ex

]

ρy (xi, yj) ↔
‖pi,j+1 − pi,j‖

ε
, ϑy (xi, yj) ↔ ϑi,j = tan−1

[

(pi,j − pi,j−1) · ex
(pi,j − pi,j−1) · ey

]

.

✭✺✻✮

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♠✐❝r♦✲str❛✐♥s l̃µνα ❛r❡ r❡❧❛t❡❞ ❜②

l̃µνα (xi, yj) ↔
lµν(i,j),α

ε
. ✭✺✼✮

❚❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❞❡♥s✐t② Ψ(x, y)✱ ✇❤✐❝❤ ✐s t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ ✭✹✼✮✱ ✐s ❝♦♠♣❛r❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥

Ψ(xi, yj) ↔ Ψi,j . ✭✺✽✮

❚❤❡ s❤❡❛r ❛♥❣❧❡ ✐s ❝♦♠♣❛r❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥
[

π/2− arccos

( ∇χ ex · ∇χ ey
‖∇χ ex‖‖∇χ ey‖

)]

(x,y)=(xi,yj)

↔ π/2− arccos

[

(pi+1,j − pi,j) · (pi,j+1 − pi,j)

‖pi+1,j − pi,j‖‖pi,j+1 − pi,j‖

]

. ✭✺✾✮



▲❛r❣❡ ✐♥ ♣❧❛♥❡ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✶✸

♠✐❝r♦✲♠♦❞❡❧ ♠❛❝r♦✲♠♦❞❡❧

ui,j = 0 ❢♦r ❛❧❧ (i, j) s✳t✳ (xi, yj) ∈ ∂Ω1 u(x, y) = 0 ❢♦r ❛❧❧ (x, y) ∈ ∂Ω1

ui,j = ūeζ ❢♦r ❛❧❧ (i, j) s✳t✳ (xi, yj) ∈ ∂Ω3 u(x, y) = ūeζ ❢♦r ❛❧❧ (x, y) ∈ ∂Ω3

ui+1,j = ui,j ❢♦r ❛❧❧ (i, j) s✳t✳ (xi, yj) ∈ ∂Ω1 [∇u(x, y)]n(x, y) = 0 ❢♦r ❛❧❧ (x, y) ∈ ∂Ω1 ∪ Ω3

ui,j+1 = ui,j ❢♦r ❛❧❧ (i, j) s✳t✳ (xi, yj) ∈ ∂Ω1

ui−1,j = ui,j ❢♦r ❛❧❧ (i, j) s✳t✳ (xi, yj) ∈ ∂Ω3

ui,j−1 = ui,j ❢♦r ❛❧❧ (i, j) s✳t✳ (xi, yj) ∈ ∂Ω3

❚❛❜❧❡ ✶✳ ❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ♠✐❝r♦✲ ❛♥❞ ♠❛❝r♦✲♠♦❞❡❧✳

▲❛st✱ ✐♥ ❛♥ ❛♥❛❧♦❣♦✉s ❢❛s❤✐♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐❝r♦✲♠❛❝r♦ ❝♦rr❡s♣♦♥❞❡♥❝❡s ❛r❡ ❞❡✜♥❡❞ ♦♥ ❜♦✉♥❞❛r✐❡s

∂u

∂x
(xi, yj) ↔

ui+1,j − ui,j

ε
and

∂u

∂y
(xi, yj) ↔

ui,j+1 − ui,j

ε
for all (xi, yj) ∈ ∂Ω1

∂u

∂x
(xi, yj) ↔

ui,j − ui−1,j

ε
and

∂u

∂y
(xi, yj) ↔

ui,j − ui,j−1

ε
for all (xi, yj) ∈ ∂Ω3

✭✻✵✮

✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ P✐♦❧❛✬s ♠✐❝r♦✲♠❛❝r♦ ✐❞❡♥t✐✜❝❛t✐♦♥ ✭✸✻✮✱ ❛r❡ ✉s❡❞ t♦ ❡st❛❜❧✐s❤ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✭✺✸✮ ❢♦r t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧ ❛♥❞ t❤♦s❡ ❢♦r t❤❡ ❞✐s❝r❡t❡ ♦♥❡✳ ❙✉❝❤ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐s r❡♣♦rt❡❞ ✐♥ ❚❛❜✳ ✶✳

✸✳✷✳ ▼❛❝r♦✲♠♦❞❡❧ ✕ ❋✐♥✐t❡ ❊❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥

❆ ♠✐①❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ✐s ❛❞♦♣t❡❞ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦✲♠♦❞❡❧✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❛✉❣♠❡♥t❡❞ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧

Ẽ =

NΩ
∑

k=1

∫

∂Ωk

∑

α

{

µα · [(∇u−M)n⊥]

}

dA+

∫

Ω

∑

α

{

λα ·
(

Meα − ∂u

∂α

)

+KEKF

[

(ρ2α cos2 γ − 1)[κα(M)]2

ρ2α cos2 γ (KE − 8KF cos2 γ)−KE

+
(ρ2α cos2 γ)[ια(M)]

(1− ρ2α cos2 γ) [8KF + ρ2α (KE − 8KF cos2 γ)]

]

+KS

[

cos−1

(

1− ρ2α
1/2 cos2 γ

)

− π + 2γ

]2}

dA

+

∫

∂Ω1∪∂Ω3

(η · [∇u]n)dl +

∫

∂Ω1

(γ · u) dl +
∫

∂Ω3

[υ · (u− ūeζ)] dl .

✭✻✶✮
✇❤❡r❡ M ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❛✉①✐❧✐❛r② ✜❡❧❞ t❤❛t ✐s ✇❡❛❦❧② ❡♥❢♦r❝❡❞ ❜② ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs µα ❛♥❞ λα t♦ ❜❡ ❡q✉❛❧ t♦
∇u ❬✹✼❪✱ ❛♥❞

κx(M) =
∂(Mex)

∂x · [(1 + ∂u
∂x · ex, ∂u

∂x · ey)T]⊥
‖(1 + ∂u

∂x · ex, ∂u
∂x · ey)T‖2

, ιx(M) =
∂(Mex)

∂x · (1 + ∂u
∂x · ex, ∂u

∂x · ey)T
‖(1 + ∂u

∂x · ex, ∂u
∂x · ey)T‖

κy(M) =

∂(Mey)
∂y · [(1 + ∂u

∂y · ey, ∂u
∂y · ex)T]⊥

‖(1 + ∂u
∂y · ey, ∂u

∂y · ex)T‖2
, ιy(M) =

∂(Mey)
∂y · (1 + ∂u

∂y · ey, ∂u
∂y · ex)T

‖(1 + ∂u
∂y · ey, ∂u

∂y · ex)T‖

✭✻✷✮

❛r❡ α✲❝✉r✈❛t✉r❡ ✭κα✮ ❛♥❞ α✲str❡t❝❤ α✲❞❡r✐✈❛t✐✈❡ ✭ια✮ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ♦♥❧② ✜rst s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ✐♥❞❡✲
♣❡♥❞❡♥t ✜❡❧❞s u ❛♥❞ M ✳ ■♥ s✉❝❤ ❛ ✇❛②✱ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ✭✹✼✮ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛♥ ❛✉❣♠❡♥t❡❞ ❡♥❡r❣②
❢✉♥❝t✐♦♥❛❧ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ✜rst s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❦✐♥❡♠❛t✐❝ q✉❛♥t✐t✐❡s✳ ❚❤❡ ❞✐s❝r❡t✐s❛t✐♦♥ ♦❢
t❤❡s❡ q✉❛♥t✐t✐❡s ❜② t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ t♦ s♦❧✈❡ t❤❡ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥ ♦❢ s✉❝❤ ❛✉❣♠❡♥t❡❞ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧
❞♦❡s ♥♦t r❡q✉✐r❡ C1✲❝♦♥t✐♥✉♦✉s s❤❛♣❡ ❢✉♥❝t✐♦♥s ❧✐❦❡ t❤♦s❡ ♥❡❡❞❡❞ t♦ s♦❧✈❡ t❤❡ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡♥❡r❣②
✭✹✼✮ ✐♥ t❡r♠s ♦❢ t❤❡ ♦♥❧② ✉♥❦♥♦✇♥ ✜❡❧❞ u✳ ▲❡t Ψ̃ ❜❡ t❤❡ ❛r❣✉♠❡♥t ♦❢ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r Ω ✐♥ ✭✻✶✮✳ ▲❡t Ψ̃k ❜❡ t❤❡
❛r❣✉♠❡♥t ♦❢ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r ∂Ωk ✐♥ ✭✻✶✮✳ ❋r♦♠ t❤❡ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡♥❡r❣② ✭✻✶✮ ✐s ❞❡t❡r♠✐♥❡❞ t❤❡ ✇❡❛❦
❢♦r♠

0 =
∑

α

NΩ
∑

k=1

∫

∂Ωk

[

∂Ψ̃k

∂ (∂u/∂α)
· δ
(

∂u

∂α

)

+
Ψ̃k

∂(Meα)
· δ(Meα) +

∂Ψ̃k

∂µα
· δµα

]

dl

+
∑

α

∫

Ω

[

∂Ψ̃

∂ (∂u/∂α)
· δ
(

∂u

∂α

)

+
∂Ψ̃

∂(Meα)
· δ(Meα) +

∂Ψ̃

∂λα
· δλα

]

dA+

NΩ
∑

k=1

∫

∂Ωk

[

∂Ψ̃k

∂η
· δη +

∂Ψ̃k

∂γ
· δγ +

∂Ψ̃k

∂υ
· δυ
]

dl

✭✻✸✮



✶✹ ❊♠✐❧✐♦ ❇❛r❝❤✐❡s✐✱ ❙✐♠♦♥ ❘✳ ❊✉❣st❡r✱ ❋r❛♥❝❡s❝♦ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❋r❛♥ç♦✐s ❍✐❧❞

✇❤❡r❡ δ(·) ❞❡♥♦t❡s t❤❡ ❦✐♥❡♠❛t✐❝❛❧❧② ❛❞♠✐ss✐❜❧❡ ✈❛r✐❛t✐♦♥ ♦❢ (·)✱ ✇❤✐❝❤ ❝❛♥ t❤❡♥ ❜❡ s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② ❜② ❛ ✜♥✐t❡
❡❧❡♠❡♥t ❝♦❞❡✳ ❚❤❡ ✇❡❛❦ ❢♦r♠ ♣❛❝❦❛❣❡ ♦❢ t❤❡ s♦❢t✇❛r❡ COMSOL Multiphysics✱ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts st❛♥❞❛r❞ ✜♥✐t❡ ❡❧❡✲
♠❡♥t t❡❝❤♥✐q✉❡s ❬✹✽✱ ✹✾❪✱ ✇❛s ✉s❡❞ ❢♦r t❤❡ ❞✐s❝r❡t✐s❛t✐♦♥ ❛♥❞ t❤❡ s✉❜s❡q✉❡♥t s♦❧✉t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❊ss❡♥t✐❛❧ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✐♥ ❡q✉❛t✐♦♥ ✭✺✸✮ ✇❡r❡ ♥♦t ❡♥❝♦❞❡❞ ✇✐t❤✐♥ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❜✉t ❡♥❢♦r❝❡❞ ❜② ❛❞❞✐t✐♦♥❛❧ ▲❛❣r❛♥❣❡ ♠✉❧t✐✲
♣❧✐❡rs ✭✐✳❡✳ ηα✱ γ ❛♥❞ υ ✐♥ ❡q✉❛t✐♦♥ ✭✻✶✮✮✳ ■♥ s✉❝❤ ❛ ♠✐①❡❞ ❢♦r♠✉❧❛t✐♦♥✱ ♥♦r♠❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❣r❛❞✐❡♥t ❧✐♥❡✲❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✭✺✸✮2 ❛r❡ ❡♥❢♦r❝❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❛✉①✐❧✐❛r② ✜❡❧❞ M ✱ ✇❤✐❧❡ ❞✐s♣❧❛❝❡♠❡♥t ❧✐♥❡✲❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✺✸✮1
❛r❡ ❡♥❢♦r❝❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✜❡❧❞ u✳ ◗✉❛❞r❛t✐❝ ▲❛❣r❛♥❣✐❛♥ ♣♦❧②♥♦♠✐❛❧s ✇❡r❡ ✉s❡❞ ❛s ❜❛s✐s ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ✜❡❧❞s
χ ❛♥❞ M ✳ ❆❧❧ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ✜❡❧❞s ✇❡r❡ ❞✐s❝r❡t✐s❡❞ ❜② ❧✐♥❡❛r ▲❛❣r❛♥❣❡ ♣♦❧②♥♦♠✐❛❧s✳ ❚❤❡ ♠❡s❤ ✇❛s ❉❡❧❛✉♥❛②
t❡ss❡❧❧❛t❡❞ ✇✐t❤ ♠❛①✐♠✉♠ ❞✐❛♠❡t❡r s✐③❡ ❡q✉❛❧ t♦ ✽✳✹✺ ♠♠ ✭s❡❡ ❋✐❣✳ ✸✮✳ ❊♥❡r❣② ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s ✇❛s
s✉❝❝❡ss❢✉❧❧② ❝❤❡❝❦❡❞ ❢♦r t❤❡ ♠❡s❤✲s✐③❡ t❡♥❞✐♥❣ t♦ ✵✳ ❙♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ st❡♣ ✕ ✐✳❡✳ ❢♦r ❡❛❝❤ ū ✕ ✇❛s ✐♥✐t✐❛❧✐③❡❞ ❜② t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ❝♦♥s✐❞❡r✐♥❣ ❢♦r ū ❛ ❝♦♥st❛♥t st❡♣✲s✐③❡ ∆ū ❡q✉❛❧ t♦ ✶ ♠♠✳

✹✳ ▼❛t❡r✐❛❧s ❛♥❞ ♠❡t❤♦❞s

✹✳✶✳ ▼❛♥✉❢❛❝t✉r✐♥❣

❙♣❡❝✐♠❡♥s ✇❡r❡ ✸❉✲♣r✐♥t❡❞ ✉s✐♥❣ ❛ ❙❡❧❡❝t✐✈❡ ▲❛s❡r ❙✐♥t❡r✐♥❣ ✭❙▲❙✮ ♣r♦❝❡❞✉r❡✳ P♦❧②❛♠✐❞❡ ♣♦✇❞❡r ✇❛s ✉s❡❞ ❛s r❛✇
♠❛t❡r✐❛❧✳ P♦ss✐❜❧❡ ✉s❡ ♦❢ ♠❡t❛❧❧✐❝ ♣♦✇❞❡rs ✐s t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ❬✺✵✱ ✺✶✱ ✺✷❪✳ ❆ ♣✐❝t✉r❡ ♦❜t❛✐♥❡❞ ❜② ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣②
s❤♦✇✐♥❣ t❤❡ ❣r❛♥✉❧❛r✐t② ♦❢ t❤❡ ♣r✐♥t❡❞ P♦❧②❛♠✐❞❡ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✹✳ ▼♦❞❡❧❧✐♥❣ ❛t ❧♦✇❡r s❝❛❧❡s t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t
s✉❝❤ ❛ ❣r❛♥✉❧❛r str✉❝t✉r❡ ❬✺✸✱ ✺✹✱ ✺✺✱ ✺✻❪ ♠✐❣❤t ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❢✉t✉r❡ ✐♥✈❡st✐❣❛t✐♦♥s✳

❋✐❣✉r❡ ✹✳ ▼✐❝r♦❣r❛♣❤ ♦❢ ❛ ♠♦♥♦❧✐t❤✐❝ s❧❡♥❞❡r ❡❧❡♠❡♥t ♦❢ t❤❡ ♣r♦t♦t②♣❡ s❤♦✇✐♥❣ ❣r❛♥✉❧❛r✐t② ♦❢
♣r✐♥t❡❞ P♦❧②❛♠✐❞❡✳

❆❧❧ s♣❡❝✐♠❡♥s ✇❡r❡ ❞❡s✐❣♥❡❞ ✐♥ ❙♦❧✐❞❲♦r❦s ❈♦♠♣✉t❡r ❆✐❞❡❞ ❉❡s✐❣♥ ✭❈❆❉✮ s♦❢t✇❛r❡ ❜② s❦❡t❝❤✐♥❣ ✷❉ ♣r♦✜❧❡s
❛♥❞ t❤❡♥ ✉s✐♥❣ ♠❡t❤♦❞s ❧✐❦❡ ❡①tr✉❞✐♥❣ ❛♥❞ ❧♦❢t✐♥❣ ✐♥ ♦r❞❡r t♦ ♣r♦❞✉❝❡ s♦❧✐❞ s❤❛♣❡s✱ s❡❡ t❤❡ t❡❝❤♥✐❝❛❧ ❞r❛✇✐♥❣s ✐♥ ❋✐❣s✳
✺✱ ✻ ❛♥❞ ✶✵ ✭r✐❣❤t✮✳ ❆ ❢✉❧❧ t♦♣✲✈✐❡✇ ♦❢ t❤❡ ♠❛♥✉❢❛❝t✉r❡❞ s♣❡❝✐♠❡♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✼✳ ❚❤❡ ❜❧✉❡✴r❡❞ r♦t❛t✐♦♥❛❧ s♣r✐♥❣s
✐♥ ❋✐❣✳ ✷✭❝✮ ❛♥❞ t❤❡ ❛❞❥❛❝❡♥t ❡①t❡♥s✐♦♥❛❧ ♦♥❡s ❛r❡ ❢❛❜r✐❝❛t❡❞ ❛s ❛ ✇❤♦❧❡ ❜② ♠❡❛♥s ♦❢ ♠♦♥♦❧✐t❤✐❝ s❧❡♥❞❡r ❡❧❡♠❡♥ts
t❤❛t ❛r❡ ♠❡❛♥t t♦ ♣r❡❞♦♠✐♥❛♥t❧② ❜❡♥❞ ✭r♦t❛t✐♦♥❛❧ s♣r✐♥❣✮ ❛♥❞ ✭t♦ ❛ ❧❡ss❡r ❡①t❡♥t✮ ❡①t❡♥❞ ✭❡①t❡♥s✐♦♥❛❧ s♣r✐♥❣s✮ ✐♥
♣❧❛♥❡✳ ❙✉❝❤ ❡❧❡♠❡♥ts ❛r❡ ❝♦♠❜✐♥❡❞ ❛t ❡①tr❡♠❡ ♣♦✐♥ts ❜② ❝②❧✐♥❞❡rs✱ ✇❤✐❝❤ ❛r❡ ♠❡❛♥t t♦ r❡♣r♦❞✉❝❡ t❤❡ ❣r❡❡♥ r♦t❛t✐♦♥❛❧
s♣r✐♥❣s ♦❢ ❋✐❣✳ ✷✭❝✮ ❜② ♠❛✐♥❧② t✇✐st✐♥❣✱ ❛♥❞ ❛t ♠✐❞❞❧❡ ♣♦✐♥ts ❜② ❤✐♥❣❡ ❝♦♥♥❡❝t✐♦♥s✳ ❚❤❡② ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✽ ✭❛❝t✉❛❧
♠❛♥✉❢❛❝t✉r✐♥❣ ♦♥ t❤❡ ❧❡❢t ✕ ❆ ✕ ❛♥❞ ❈❆❉ ♠♦❞❡❧❧✐♥❣ ♦♥ t❤❡ r✐❣❤t ✕ ❇✮✳ ❆s ❛ss✉♠❡❞ ❛❜♦✈❡✱ t❤❡ ❛♥❣❧❡ γ ✐s ❡q✉❛❧ t♦
π/6✱ s❡❡ ❋✐❣✳ ✶✵ ✭r✐❣❤t✮✳

❊❛❝❤ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠ ✐s ♠❛❞❡ ♦❢ t✇♦ ❢❛♠✐❧✐❡s ♦❢ ♠♦♥♦❧✐t❤✐❝ s❧❡♥❞❡r ❡❧❡♠❡♥ts ❢♦r♠✐♥❣ ❛♥ ❛♥❣❧❡ 2γ ❛♥❞ ❧②✐♥❣
♦♥t♦ t✇♦ ❞✐✛❡r❡♥t ♣❛r❛❧❧❡❧ ♣❧❛♥❡s✳ ❚❤❡ t✇♦ ❢❛♠✐❧✐❡s ♦❢ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s ✭✇❤♦s❡ ❝❡♥tr❡❧✐♥❡s ❢♦r♠ ❛♥ ❛♥❣❧❡ ♦❢ ✾✵◦✮
❧②✐♥❣ ♦♥t♦ t✇♦ ❞✐✛❡r❡♥t ♣❧❛♥❡s ❛r❡ ❤✐♥❣❡ ❝♦♥♥❡❝t❡❞ ❛t ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts✱ ✇❤✐❝❤ ✐s ❛t t❤❡ ♠✐❞✲♣♦✐♥t ♦❢ t❤❡ ♠♦♥♦❧✐t❤✐❝
s❧❡♥❞❡r ❡❧❡♠❡♥ts✳ ❚❤❡ str✉❝t✉r❡ ✐s t❤❡♥ ❞♦✉❜❧❡❞ ✐♥ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ❞✐r❡❝t✐♦♥ ❜② r❡✢❡❝t✐♦♥ t♦ ❛✈♦✐❞ ♥♦t✐❝❡❛❜❧❡ ♦✉t✲
♦❢✲♣❧❛♥❡ ♠♦✈❡♠❡♥ts✱ ♠❛❦✐♥❣ ✐t s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ♠✐❞❞❧❡ ♣❧❛♥❡✱ s❡❡ ❋✐❣✳ ✺ ✭❜♦tt♦♠✮✳ ❍✐♥❣❡ ❛①❡s ❛r❡
♠♦♥♦❧✐t❤✐❝ ❡❧❡♠❡♥ts r✉♥♥✐♥❣ t❤r♦✉❣❤ t❤❡ ❢✉❧❧ ♦✉t✲♦❢✲♣❧❛♥❡ ❧❡♥❣t❤ ♦❢ t❤❡ str✉❝t✉r❡✳

❍❛r❞✲❞❡✈✐❝❡ ❝♦♥❞✐t✐♦♥s ❣✐✈❡♥ ✐♥ r♦✇ t❤r❡❡ ❛♥❞ s✐① ♦❢ ❚❛❜✳ ✶ ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❝♦♥♥❡❝t✐♥❣ t❤❡ ❛❞❥❛❝❡♥t ❤✐♥❣❡ ❛①❡s
✐♥ ♣r♦①✐♠✐t② ♦❢ t❤❡ ❣r✐♣♣✐♥❣ ❛r❡❛s✱ s❡❡ ❋✐❣✳ ✾✱ ✇✐t❤ st♦❝❦② r❤♦♠❜♦✐❞❛❧ ❡❧❡♠❡♥ts✱ ♠❡❛♥t t♦ ❜❡ r✐❣✐❞ ✇✐t❤ r❡s♣❡❝t t♦
♦t❤❡r ❡❧❡♠❡♥ts ♦❢ t❤❡ s♣❡❝✐♠❡♥ ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ❧♦❛❞ r❛♥❣❡✳

✹✳✷✳ ❚❡st✐♥❣ ❛♥❞ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥

❆♥ ▼❚❙ ❚②tr♦♥ ✷✺✵ t❡st✐♥❣✲❞❡✈✐❝❡ ✇❛s ✉s❡❞ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ t♦t❛❧ r❡❛❝t✐♦♥✲❢♦r❝❡ ✇❛s ♠❡❛s✉r❡❞ ❜② ❛ ❞❡✈✐❝❡✲
♦✇♥ ❧♦❛❞ ❝❡❧❧✱ ✇❤✐❝❤ ✐s ❛❜❧❡ t♦ r❡❝♦r❞ ❛①✐❛❧ ❢♦r❝❡s ✐♥ ❛ r❛♥❣❡ ♦❢ ±✷✺✵ ◆ ✇✐t❤ ❛♥ ❛❝❝✉r❛❝② ♦❢ ✵✳✷ ♣❡r❝❡♥t✳ ■♥❝r❡❛s✐♥❣
❞✐s♣❧❛❝❡♠❡♥ts ✇❡r❡ ♣r❡s❝r✐❜❡❞ ❤♦r✐③♦♥t❛❧❧② ♦♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡ s♣❡❝✐♠❡♥ ✇✐t❤ ❛ ❧♦❛❞✐♥❣ r❛t❡ ♦❢ ✶✺ ♠♠✴♠✐♥✳ ❚❤❡
❝r♦ss✲❤❡❛❞ ❞✐s♣❧❛❝❡♠❡♥t ✇❛s ♠❡❛s✉r❡❞ ❛♥❞ ♠♦♥✐t♦r❡❞ ❜② ❛ ❞❡✈✐❝❡✲♦✇♥ ❡♥❝♦❞❡r ✉♥✐t✳ ❆❧♠♦st ❢r✐❝t✐♦♥❧❡ss ♠♦✈❡♠❡♥t ♦❢
t❤❡ ♠❛❝❤✐♥❡ s❤❛❢t ✇❛s ❛❝❤✐❡✈❡❞ ❜② ✉s✐♥❣ ❛♥ ❛✐r✲✜❧♠✲❜❡❛r✐♥❣✳ ❊①t❡r♥❛❧ ✈✐❜r❛t✐♦♥s ✇❡r❡ ❛✈♦✐❞❡❞ ❜② ♣❧❛❝✐♥❣ t❤❡ s②st❡♠
♦♥ ❛ ♠❛ss✐✈❡ ❝♦♥❝r❡t❡✲s✉❜str✉❝t✉r❡✳ P✐❝t✉r❡s ♦❢ t❤❡ s✉r❢❛❝❡ ❞✉r✐♥❣ ❞❡❢♦r♠❛t✐♦♥s ✇❡r❡ t❛❦❡♥ ✭✵✳✺ ♣✐❝t✉r❡s✴s❡❝♦♥❞✮ ❜②



▲❛r❣❡ ✐♥ ♣❧❛♥❡ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✶✺

❋✐❣✉r❡ ✺✳ ❚❡❝❤♥✐❝❛❧ ❞r❛✇✐♥❣ ♦❢ t❤❡ ❞❡s✐❣♥❡❞ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ♣r♦t♦t②♣❡s✳ ❚♦♣✲✈✐❡✇ ✭t♦♣✮ ❛♥❞ ♣r♦✜❧❡
✈✐❡✇ ✭❜♦tt♦♠✮✳ ❆❧❧ ❧❡♥❣t❤s ❛r❡ ❡①♣r❡ss❡❞ ✐♥ ♠♠✳

❋✐❣✉r❡ ✻✳ ❙❡❝t✐♦♥ ❆✲❆ ✐♥❞✐❝❛t❡❞ ✐♥ ❋✐❣✳ ✺ ✭❜♦tt♦♠✮✳ ❆❧❧ ❧❡♥❣t❤s ❛r❡ ❡①♣r❡ss❡s ✐♥ ♠♠✳

♠❡❛♥s ♦❢ ❛ ❈❛♥♦♥ ❊❖❙ ✻✵✵❉ ❝❛♠❡r❛ ✇✐t❤ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ✹✷✼✷×✷✽✹✽ ♣✐①❡❧s✳ ❊❛❝❤ ♣✐❝t✉r❡ ✇❛s s②♥❝❤r♦♥✐③❡❞ ✇✐t❤
t❤❡ r❡❝♦r❞❡❞ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ❞❛t❛ ✐♥ r❡❛❧ t✐♠❡✳ ❘❡❣❛r❞✐♥❣ ❢r✐❝t✐♦♥❛❧ ❞✐ss✐♣❛t✐♦♥ ❞✉❡ t♦ P❆✷✷✵✵ ♣♦✇❞❡r st✉❝❦ ✐♥
❤✐♥❣❡s✱ ❢♦✉r ❧♦❛❞✐♥❣✲✉♥❧♦❛❞✐♥❣ ❝②❝❧❡s ✇❡r❡ ♣❡r❢♦r♠❡❞ ❢♦r ♠❛①✐♠✉♠ ♣r❡s❝r✐❜❡❞ ❞✐s♣❧❛❝❡♠❡♥ts ❡q✉❛❧ t♦ ✶✵ ♠♠✱ ✷✵
♠♠✱ ✸✵ ♠♠✱ ✹✵ ♠♠✱ ❛♥❞ ✺✵ ♠♠✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦ ♦✉t✲♦❢✲♣❧❛♥❡ ♠♦✈❡♠❡♥ts ♦❢ t❤❡ s♣❡❝✐♠❡♥ ✇❛s ♦❜s❡r✈❡❞✳ ❋♦r ❛❧❧
❝②❝❧❡s✱ r❡s✐❞✉❛❧ ✭♥❡❣❛t✐✈❡ ❝♦♠♣r❡ss✐♦♥✮ t♦t❛❧ r❡❛❝t✐♦♥ ❢♦r❝❡ ❢♦❧❧♦✇✐♥❣ ✉♥❧♦❛❞✐♥❣ ✇❛s ❧❡ss t❤❛♥ t✇♦ ♣❡r❝❡♥t ♦❢ t❤❡ t♦t❛❧
r❡❛❝t✐♦♥ ❢♦r❝❡ ♣❡❛❦✳ ❋✐❣✳ ✶✵✭❆✮ s❤♦✇s ❛ ♣✐❝t✉r❡ ♦❢ t❤❡ ❞❡❢♦r♠❡❞ s♣❡❝✐♠❡♥✳

✹✳✸✳ ❉✐❣✐t❛❧ ■♠❛❣❡ ❈♦rr❡❧❛t✐♦♥

❚❤❡ ❦✐♥❡♠❛t✐❝ r❡s✉❧ts ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ s❡q✉❡❧ ✇❡r❡ ♦❜t❛✐♥❡❞ ✈✐❛ ❉✐❣✐t❛❧ ■♠❛❣❡ ❈♦rr❡❧❛t✐♦♥ ✭❉■❈✮✳ ❉✐❣✐t❛❧ ■♠❛❣❡
❈♦rr❡❧❛t✐♦♥ ❝♦♥s✐sts ✐♥ ♠❡❛s✉r✐♥❣ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞s ❜② r❡❣✐st❡r✐♥❣ ♣✐❝t✉r❡s ❛❝q✉✐r❡❞ ❞✉r✐♥❣ ♠❡❝❤❛♥✐❝❛❧ t❡sts ❬✺✼✱
✺✽✱ ✺✾❪✳ ❱❛r✐♦✉s ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✱ ♥❛♠❡❧②✱ ❧♦❝❛❧ ✭✐✳❡✳ s✉❜s❡t✲❜❛s❡❞✮ ❛♥❛❧②s❡s ❬✻✵✱ ✻✶✱ ✻✷❪✱ ❛♥❞ ❣❧♦❜❛❧
✭❡✳❣✳ ✜♥✐t❡ ❡❧❡♠❡♥t ❜❛s❡❞✮ t❡❝❤♥✐q✉❡s ❬✻✸✱ ✻✹✱ ✻✺❪✳ ❲❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ♣❛♥t♦❣r❛♣❤✐❝ str✉❝t✉r❡s✱ ✜♥✐t❡ ❡❧❡♠❡♥t ❜❛s❡❞
❛♥❛❧②s❡s ❤❛✈❡ r❡❝❡♥t❧② ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❛t ♠❛❝r♦s❝♦♣✐❝ ❬✻✻❪ ❛♥❞ ♠❡s♦s❝♦♣✐❝ s❝❛❧❡s ❬✻✼❪✳ ■♥ t❤❡ ♣r❡s❡♥t ❝❛s❡✱ t❤❡ s♦✉❣❤t



✶✻ ❊♠✐❧✐♦ ❇❛r❝❤✐❡s✐✱ ❙✐♠♦♥ ❘✳ ❊✉❣st❡r✱ ❋r❛♥❝❡s❝♦ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❋r❛♥ç♦✐s ❍✐❧❞

❋✐❣✉r❡ ✼✳ ❋✉❧❧ t♦♣✲✈✐❡✇ ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ♣r♦t♦t②♣❡ ♠❛♥✉❢❛❝t✉r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t❡❝❤♥✐❝❛❧
❞r❛✇✐♥❣s ✐♥ ❋✐❣s✳ ✺✱ ✻ ❛♥❞ ✶✵ ✭r✐❣❤t✮✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✽✳ ▼❛♥✉❢❛❝t✉r❡❞ s♣❡❝✐♠❡♥ ✭❆✮ ❛♥❞ ❈❆❉ ❞❡s✐❣♥ ✭❇✮✳ ❩♦♦♠❡❞ ✈✐❡✇ ♦❢ ✶✳ ♠♦♥♦❧✐t❤✐❝ s❧❡♥❞❡r
❡❧❡♠❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ ✕ ❜② ♠❡❛♥s ♦❢ ❜❡♥❞✐♥❣ ❛♥❞ ❡①t❡♥s✐♦♥ ✕ t♦ ❜❧✉❡✴r❡❞ r♦t❛t✐♦♥❛❧ s♣r✐♥❣s ❛♥❞ t♦
t❤❡ ❛❞❥❛❝❡♥t ❡①t❡♥s✐♦♥❛❧ s♣r✐♥❣s ♦❢ ❋✐❣✳ ✷✭❝✮ ✭❜❧❛❝❦ ❛rr♦✇s✮✱ ✷✳ ❝②❧✐♥❞❡rs ♠❛t❡r✐❛❧✐s✐♥❣ ✕ ❜② ♠❡❛♥s ♦❢
t♦rs✐♦♥ ✕ t❤❡ ❣r❡❡♥ r♦t❛t✐♦♥❛❧ s♣r✐♥❣s ♦❢ ❋✐❣✳ ✷✭❝✮ ✭❣r❡❡♥ ❛rr♦✇✮✱ ❛♥❞ ✸✳ ❤✐♥❣❡s ❝♦♥♥❡❝t✐♥❣ ♠♦♥♦❧✐t❤✐❝
s❧❡♥❞❡r ❡❧❡♠❡♥ts ❛t ♠✐❞❞❧❡ ♣♦✐♥ts ✭r❡❞ ❛rr♦✇✮✳

❦✐♥❡♠❛t✐❝s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ ❤✐♥❣❡s ❛t ♣♦s✐t✐♦♥s pi,j ♦❢ t❤❡ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ str✉❝t✉r❡✳
❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡s❡ ❞✐s❝r❡t❡ ♣♦✐♥ts ✐s ♣❡r❢♦r♠❡❞ ✈✐❛ ❧♦❝❛❧ ❉■❈✱ ✐✳❡✳ ✉s✐♥❣ ③♦♥❡s ♦❢ ✐♥t❡r❡st ♦r
❩❖■s ❬✻✽❪ ❝❡♥tr❡❞ ♦♥ ❡❛❝❤ ❤✐♥❣❡✳ ❚❤❡ s✐♠♣❧❡st ❛♣♣r♦❛❝❤ s❡❡❦s t❤❡ r✐❣✐❞ ❜♦❞② tr❛♥s❧❛t✐♦♥ ♦❢ ❡❛❝❤ ❝♦♥s✐❞❡r❡❞ ❩❖■✱ ❛s
♦r✐❣✐♥❛❧❧② ♣❡r❢♦r♠❡❞ ✐♥ ♣❛rt✐❝❧❡ ✐♠❛❣❡ ✈❡❧♦❝✐♠❡tr② ❬✻✾✱ ✼✵✱ ✼✶✱ ✼✷✱ ✼✸❪✳ ▲❡t f ❛♥❞ g ❜❡ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❝✉rr❡♥t ❣r❛②
❧❡✈❡❧ ✐♠❛❣❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❡❛❝❤ ❩❖■✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♣r♦❞✉❝t

T (u) = Argmaxυ
∑

ZOI

f(x, y)g(x+ υ · ex, y + υ · ey) ✭✻✹✮

✐s ♠❛①✐♠✐③❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r✐❣✐❞ ❜♦❞② tr❛♥s❧❛t✐♦♥s υ ∈ R
2✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♣r♦❞✉❝t ❝❛♥

❜❡ ♣❡r❢♦r♠❡❞ ✐♥ ❋♦✉r✐❡r s♣❛❝❡ ✭t❤❛♥❦s t♦ t❤❡ s❤✐❢t✴♠♦❞✉❧❛t✐♦♥ ♣r♦♣❡rt②✮ ✈✐❛ ❋❋❚s t♦ s♣❡❡❞ ✉♣ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❬✼✹❪✳
◆♦ s✉❜♣✐①❡❧ r❡s♦❧✉t✐♦♥ ❬✻✽❪ ✇❛s s♦✉❣❤t ✐♥ t❤❡ ♣r❡s❡♥t ❝❛s❡ s✐♥❝❡ t❤❡ ❡①♣❡❝t❡❞ ❞✐s♣❧❛❝❡♠❡♥ts ✇❡r❡ ✈❡r② ❧❛r❣❡ ✇❤❡♥
❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ♣✐①❡❧s✳ ❋✉rt❤❡r✱ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❧♦❝❛❧ ❛♥❣✉❧❛r ✈❛r✐❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❜❡❛♠s ❝♦♥♥❡❝t❡❞ ❜②
t❤❡ ❤✐♥❣❡s✱ t❤❡ ❉■❈ ❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥❝r❡♠❡♥t❛❧❧②✱ ♥❛♠❡❧②✱ ❢♦r ❛ s❡r✐❡s ♦❢ ♣✐❝t✉r❡s✱ t❤❡ ❞❡❢♦r♠❡❞ ♣✐❝t✉r❡



▲❛r❣❡ ✐♥ ♣❧❛♥❡ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✶✼

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✾✳ ❘❡❛❧✐③❛t✐♦♥ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❧✐st❡❞ ✐♥ ❚❛❜✳ ✶✳ ▼❛♥✉❢❛❝t✉r❡❞ s♣❡❝✐♠❡♥ ✭❆✮ ❛♥❞
③♦♦♠❡❞ ✈✐❡✇ ♦❢ ✐ts ❈❆❉ ❞❡s✐❣♥ ✭❇✮✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✵✳ ❉❡❢♦r♠❡❞ s♣❡❝✐♠❡♥ ✭❆✮ ❛♥❞ ③♦♦♠❡❞ ✈✐❡✇ ✭❇✮ ♦❢ t❤❡ t♦♣✲❧❡❢t ❝♦r♥❡r ♦❢ ❋✐❣✳ ✺ ✭t♦♣✮✳

♦❢ t❤❡ n✲t❤ r❡❣✐str❛t✐♦♥ st❡♣ ❜❡❝♦♠❡s t❤❡ r❡❢❡r❡♥❝❡ ♣✐❝t✉r❡ ♦❢ t❤❡ n+ 1✲t❤ st❡♣✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐s♣❧❛❝❡♠❡♥t
✐♥❝r❡♠❡♥t ✐s ❝✉♠✉❧❛t❡❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s t♦ ♣r♦✈✐❞❡ ❛ ▲❛❣r❛♥❣✐❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❤✐♥❣❡ ❞✐s♣❧❛❝❡♠❡♥ts✳ ▲❛st✱
❢♦r ❡❛❝❤ ❛♥❛❧②s✐s✱ t✇♦ ♣❛ss❡s ✇❡r❡ ♣❡r❢♦r♠❡❞✳ ❚❤❡ ✜rst ♦♥❡ ✉s❡❞ ❛ r❛t❤❡r ❧❛r❣❡ ❩❖■ s✐③❡ ✭✐✳❡✳ ✶✵✵×✶✵✵ ♣✐①❡❧s✮ t♦ ❣❡t
❛ r♦❜✉st ✜rst ❡st✐♠❛t❡✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✉t✐❧✐s❡❞ ❛ s♠❛❧❧❡r s✐③❡ ✭✐✳❡✳ ✺✵×✺✵ ♣✐①❡❧s✮ t♦ ❢♦❝✉s ♦♥ t❤❡ ❦✐♥❡♠❛t✐❝ ❛♥❛❧②s✐s
❛❜♦✉t ❡❛❝❤ ❤✐♥❣❡✳

✺✳ ❘❡s✉❧ts

❚❤❡ ❢♦❝✉s ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r❡s❡♥t r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧✱ ❛♥❞ ❞✐s❝✉ss ❤♦✇ ♠✉❝❤ t❤❡② ❞❡✈✐❛t❡
❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳ ❖✇✐♥❣ t♦ s②♠♠❡tr② ❛r❣✉♠❡♥ts ✭✐✳❡✳ D4 ❬✸❪ s②♠♠❡tr② ✇✐t❤ r❡s♣❡❝t t♦ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠
❞✐r❡❝t✐♦♥s✱ s②♠♠❡tr② ♦❢ t❤❡ s♣❡❝✐♠❡♥ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ s♣❡❝✐♠❡♥✬s ❛①❡s✮ ✐t ✐s ❝♦♥❝❧✉❞❡❞ t❤❛t
t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠♠❡tr✐❡s s❤♦✉❧❞ ❜❡ ❢✉❧✜❧❧❡❞ ❜② t❤❡ ❝♦♥t✐♥✉✉♠ s♦❧✉t✐♦♥ ✭❛♥❛❧♦❣♦✉s st❛t❡♠❡♥ts ❝❛♥ ❜❡ ❞♦♥❡ ❢♦r t❤❡
❞✐s❝r❡t❡ ♦♥❡✮ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ g(ζ, ς) st❛♥❞✐♥❣ ❢♦r g[x(ζ, ς), y(ζ, ς)]

ϑy(ζ, ς) = ϑx(ζ, ℓ− ς), ρy(ζ, ς) = ρx(L− ζ, ς)

ρy(ζ, ς) = ρx(ζ, ℓ− ς), ϑy(ζ, ς) = ϑx(L− ζ, ς)
✭✻✺✮

❛♥❞

ϑy(ζ, ς) = ϑy(L− ζ, ℓ− ς), ρy(ζ, ς) = ϑy(L− ζ, ℓ− ς) . ✭✻✻✮



✶✽ ❊♠✐❧✐♦ ❇❛r❝❤✐❡s✐✱ ❙✐♠♦♥ ❘✳ ❊✉❣st❡r✱ ❋r❛♥❝❡s❝♦ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❋r❛♥ç♦✐s ❍✐❧❞

❆s ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣r♦❜❧❡♠ ❡✐t❤❡r 0 < ϑx(x, y) < π/2 ❛♥❞ −π/2 < ϑy(x, y) < 0 ♦r 0 < ϑy(x, y) < π/2 ❛♥❞
−π/2 < ϑx(x, y) < 0 ✕ t❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛ ♣♦st❡r✐♦r✐ ❜② ❧♦♦❦✐♥❣ ❛t ❋✐❣✳ ✶✹✮ ✕ t❤❡♥ t❤❡ s❤❡❛r ❛♥❣❧❡✱ ✇❤✐❝❤ ✐s ♥✉❧❧ ✐♥ t❤❡
✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ♦❜❥❡❝t✐✈❡✱ ✐s ✇r✐tt❡♥ ✐♥ ❛♥ ❡❛s✐❡r ✇❛② ❛s π/2 − |ϑx| − |ϑy|✳ ❆♥ ❛♥❛❧♦❣♦✉s ♦❜s❡r✈❛t✐♦♥
❤♦❧❞s ❢♦r t❤❡ ♠✐❝r♦✲♠♦❞❡❧✳

❚❤❡ ♠❛①✐♠✉♠ ♣r❡s❝r✐❜❡❞ ❞✐s♣❧❛❝❡♠❡♥t ū ❞✐r❡❝t❡❞ ❛❧♦♥❣ ζ ✐s ❡q✉❛❧ t♦ ✺✵ ♠♠✳ P❛r❛♠❡t❡rs ❢♦r t❤❡ ❝♦♥t✐♥✉✉♠
✭KF ✱ KE ❛♥❞ KS✮ ✇❡r❡ ❢♦✉♥❞ ❜② ✜tt✐♥❣ t❤r❡❡✲❝✉r✈❡s ✭s❡❡ ❋✐❣✳ ✶✶ ❛♥❞ ❝❢✳ ❛❧s♦ ❬✶✶❪ ✇❤❡r❡ t❤❡ s❛♠❡ q✉❛♥t✐t✐❡s ✕
❛❧t❤♦✉❣❤ ❞❡✜♥❡❞ ❢♦r ♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✕ ✇❡r❡ ✉s❡❞ ❢♦r ✜tt✐♥❣✮✳ ❚❤❡ ✜rst ♦♥❡ ✭❋✐❣✳ ✶✶ ✭❧❡❢t✮✮ ✐s t❤❡ t♦t❛❧ r❡❛❝t✐♦♥
❢♦r❝❡ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ζ ✭❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❧♦❛❞ ❝❡❧❧ ♦❢ t❤❡ t❡st✐♥❣ ♠❛❝❤✐♥❡✮ ✈s ū ✭❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♠❛❝❤✐♥❡
❡♥❝♦❞❡r ✉♥✐t✮✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✭❋✐❣✳ ✶✶ ✭❝❡♥tr❡✮✮ ✐s t❤❡ s❤❡❛r ❛♥❣❧❡ ❛t ♣t✳ ❆ ✭❞❡t❡r♠✐♥❡❞ ❜② ❉■❈✱ s❡❡ ❋✐❣✳ ✸✮ ✈s ū✳
❋✐♥❛❧❧②✱ t❤❡ t❤✐r❞ ♦♥❡ ✭❋✐❣✳ ✶✶ ✭r✐❣❤t✮✮ ✐s t❤❡ s❤❡❛r ❛♥❣❧❡ ❛t ♣t✳ ❇ ✭❞❡t❡r♠✐♥❡❞ ❜② ❉■❈✱ s❡❡ ❋✐❣✳ ✸✮ ✈s ū✳ ❚❤❡ t♦t❛❧
r❡❛❝t✐♦♥ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ Ω3 ❤❛s ❜❡❡♥ ❢♦✉♥❞ ❢♦r t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧ ❜② ♠❡❛♥s ♦❢ ❈❛st✐❣❧✐❛♥♦✬s ❚❤❡♦r❡♠✳

■♥ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❛t ❝♦♠♣✉t❡❞ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ✇❡r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ r❡❛❝t✐♦♥ ❢♦r❝❡ ❢♦✉♥❞ ❜② s✉❝❤
❛ t❤❡♦r❡♠✱ ✐✳❡✳ ✇✐t❤ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥✱ ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ t♦t❛❧ r❡❛❝t✐♦♥ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ Ω3 ✇✐t❤ t❤❡ ▲❛❣r❛♥❣❡
♠✉❧t✐♣❧✐❡rs ❛s

−
∫

Ω3

υ · ζ dl. ✭✻✼✮

❚❤✐s ❢❛❝t ❤♦❧❞s tr✉❡ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳ ❋✐❣✉r❡ ✶✷ ❝♦♠♣❛r❡s t❤❡ t♦t❛❧ r❡❛❝t✐♦♥ ❢♦r❝❡ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ζ ✕ ❛s
❝♦♠♣✉t❡❞ ❜② t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧ ✉s✐♥❣ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ❛♥❞ ❈❛st✐❣❧✐❛♥♦✬s t❤❡♦r❡♠ ✕ ✈s ū✳ ❚❤❡ ❢♦r✇❛r❞ ✜♥✐t❡
❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ∂E/∂ū ✇❛s ❝♦♠♣✉t❡❞ ✇✐t❤ ❛ st❡♣ s✐③❡ ❢♦r ū ❡q✉❛❧ t♦ ∆ū =✶ ♠♠✳ ■t ✐s ❝♦♥❝❧✉❞❡❞ t❤❛t✱
✉♣ t♦ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦rs✱ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ t✇♦ ♠❡t❤♦❞♦❧♦❣✐❡s ❛r❡ ❝♦♥s✐st❡♥t✳ ❖✇✐♥❣
t♦ s②♠♠❡tr② ❛r❣✉♠❡♥ts✱ t❤❡ t♦t❛❧ r❡❛❝t✐♦♥ ❢♦r❝❡ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ς ❛s ❝♦♠♣✉t❡❞ ✇✐t❤ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs s❤♦✉❧❞
❜❡ ❝❛♥❝❡❧❧✐♥❣ ♦✉t✳ ❆❧s♦ t❤✐s ❢❛❝t ❤♦❧❞s tr✉❡ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳
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❋✐❣✉r❡ ✶✶✳ ❚♦t❛❧ r❡❛❝t✐♦♥ ❢♦r❝❡ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ζ ✇✐t❤ ❝❤❛♥❣❡❞ s✐❣♥ ✭◆✮ ✈s ♣r❡s❝r✐❜❡❞ ❞✐s♣❧❛❝❡✲
♠❡♥t ū ✭♠♠✮ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ eζ ✭❧❡❢t✮✱ s❤❡❛r ❛♥❣❧❡ ❛t ♣t✳ ❆ ✭◦✮ ✈s ♣r❡s❝r✐❜❡❞ ❞✐s♣❧❛❝❡♠❡♥t ū
✭♠♠✮ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ eζ ✭❝❡♥tr❡✮✱ ❛♥❞ s❤❡❛r ❛♥❣❧❡ ✭◦✮ ❛t ♣t✳ ❇ ✈s ♣r❡s❝r✐❜❡❞ ❞✐s♣❧❛❝❡♠❡♥t ū
✭♠♠✮ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ eζ ✭r✐❣❤t✮✳

❚❤❡ ✜tt❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧ ❛r❡ KF = 0.9 ❏✱ KE = 0.33 ❏✱ KS = 34 ◆·♠−1✳
❍❡♥❝❡✱ t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧ ✐s ❝❛♣❛❜❧❡ t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦♥s✐❞❡r❡❞ ❡①♣❡r✐♠❡♥t❛❧ ❝✉r✈❡s ✇✐t❤ ♦♥❧② t❤r❡❡ ❝♦♥st✐t✉t✐✈❡
♣❛r❛♠❡t❡rs✳ ❚❤❡ ❝♦♠♣✉t❡❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✱ ✐✳❡✳ χ(xi, yj)✱ ✐s ❝♦♠♣❛r❡❞ ❢♦r ❞✐✛❡r❡♥t ♣r❡s❝r✐❜❡❞ ū ❧❡✈❡❧s ✇✐t❤
❡①♣❡r✐♠❡♥t❛❧❧② ♠❡❛s✉r❡❞ ❞❛t❛ ✐♥ ❋✐❣✳ ✶✸✳ ■t ✐s s❡❡♥ t❤❛t ❡①♣❡r✐♠❡♥t❛❧ ♠❡❛s✉r❡♠❡♥ts ❜② ❉■❈ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✉♠
♠♦❞❡❧ ❛❣r❡❡ ✈❡r② ✇❡❧❧✳ ❊①♣❡r✐♠❡♥t❛❧ ❞❛t❛✱ ✉♥❧✐❦❡ t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧✱ ❡①❤✐❜✐t ❛ ♥♦♥✲s②♠♠❡tr② ✇❤✐❝❤ ✐s ❡s♣❡❝✐❛❧❧②
❡✈✐❞❡♥t ❢♦r ū = 40 ♠♠ ❛♥❞ ū = 50 ♠♠ ♦♥ t❤❡ ❧❡❢t✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ♦♥❧② t❤❡ ✉s❡ ♦❢ ❤♦♠♦❣❡♥✐s❛t✐♦♥ st❛rt✐♥❣
❢r♦♠ ❛ ❞✐s❝r❡t❡ ♠♦❞❡❧ ✕ ✇✐t❤ ❛ t❛r❣❡t ♠♦❞❡❧ ♥♦t ❝❤♦s❡♥ ❛ ♣r✐♦r✐ ✕ ❛❧❧♦✇s s✉❝❤ ❝♦♠♣❧❡① ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② t♦ ❜❡
r❡❝♦✈❡r❡❞✳ ❚❤❡ ✉♥❞❡r❧②✐♥❣ ❢❛♠✐❧② ♦❢ ❞✐s❝r❡t❡ s②st❡♠s ❞♦❡s ♥♦t ♦♥❧② ❧❡❛❞ t♦ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❜✉t ❛❧s♦ ❛❧❧♦✇s
❢♦r ❛ ❝❧❡❛r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♥♦♥✲st❛♥❞❛r❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t❤❛t ❛♣♣❡❛r ✐♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥✳

❈♦♥t♦✉r ♣❧♦ts ♦❢ t❤❡ y✲str❡t❝❤ ρy ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✹ ❢♦r t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧✳ ❋✐❣✉r❡ ✶✹ s❤♦✇s t❤❛t t❤❡ str❡t❝❤ ✐s
r❡♠❛r❦❛❜❧② ♥♦♥✲❧♦❝❛❧✐③❡❞✳ ❚❤✐s ✐s ❞✉❡ t♦ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s ❜❡✐♥❣ ❝♦♠♣❧❡t❡ s❡❝♦♥❞ ❣r❛❞✐❡♥t ❝♦♥t✐♥✉❛✳

▲❡t ✉s q✉❛♥t✐❢② t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♥♦♥✲st❛♥❞❛r❞ ③❡r♦
♥♦r♠❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❣r❛❞✐❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ [∇u(x, y)]n(x, y) = 0 ♦♥ Ω1 ∪Ω3✳ ■♥ ❋✐❣✳ ✶✺✱ t❤❡ q✉❛♥t✐t✐❡s ρy ❛♥❞
ϑy ❛r❡ ♣❧♦tt❡❞ ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❧♦❝❛❧ ❛❜s❝✐ss❛ Φ ♦❢ t❤❡ ❜♦✉♥❞❛r② Ω1 ❢♦r t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧ ✐♥ ❜♦t❤ ❝❛s❡s ✇❤❡♥
③❡r♦ ♥♦r♠❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❣r❛❞✐❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❡♥❢♦r❝❡❞ ❛♥❞ ✇❤❡♥ t❤❡② ❛r❡ ♥♦t ✭ū = 50 ♠♠✮✳ ❊s♣❡❝✐❛❧❧②



▲❛r❣❡ ✐♥ ♣❧❛♥❡ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✶✾
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Lagrange Castigliano

❋✐❣✉r❡ ✶✷✳ ❚♦t❛❧ r❡❛❝t✐♦♥ ❢♦r❝❡ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ζ ✇✐t❤ ❝❤❛♥❣❡❞ s✐❣♥ ✭◆✮ ✈s ū ✭♠♠✮ ❛s ❝♦♠♣✉t❡❞
❜② t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧ ✉s✐♥❣ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ❛♥❞ ❈❛st✐❣❧✐❛♥♦✬s t❤❡♦r❡♠✳ ❚❤❡ ❢♦r✇❛r❞ ✜♥✐t❡
❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ∂E/∂ū ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞ ✇✐t❤ ❛ st❡♣ s✐③❡ ❢♦r ū ❡q✉❛❧ t♦ ∆ū =✶ ♠♠✳
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Experiment Continuum

❋✐❣✉r❡ ✶✸✳ ❚❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❛s ❝♦♠♣✉t❡❞ ❜② t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧✱ ✐✳❡✳ χ(xi, yj)✱ ✐s ❝♦♠✲
♣❛r❡❞ ❢♦r ❞✐✛❡r❡♥t ❛♣♣❧✐❡❞ ū ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ♠❡❛s✉r❡♠❡♥ts✳ ❆❜s❝✐ss❛s ❛♥❞ ♦r❞✐♥❛t❡s ❛r❡ ❡①♣r❡ss❡❞
✐♥ ♠♠✳

✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ❞♦♠❛✐♥ Ω✱ t❤❡ s♦❧✉t✐♦♥ ✐s str♦♥❣❧② s❡♥s✐t✐✈❡ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♥♦♥✲st❛♥❞❛r❞
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳



✷✵ ❊♠✐❧✐♦ ❇❛r❝❤✐❡s✐✱ ❙✐♠♦♥ ❘✳ ❊✉❣st❡r✱ ❋r❛♥❝❡s❝♦ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❋r❛♥ç♦✐s ❍✐❧❞

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✹✳ y✲str❡t❝❤ ρy ❛s ❝♦♠♣✉t❡❞ ❜② t❤❡ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧✳ ❆❜s❝✐ss❛s ❛♥❞ ♦r❞✐♥❛t❡s ❛r❡ ❡①✲
♣r❡ss❡❞ ✐♥ ♠♠✳
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❋✐❣✉r❡ ✶✺✳ P❧♦ts ♦❢ ρy ✭❧❡❢t✮ ❛♥❞ ♦❢ ϑy ✭◦✱ r✐❣❤t✮ ✈s t❤❡ ❧♦❝❛❧ ❛❜s❝✐ss❛ Φ ✭m✮ ♦❢ t❤❡ ❜♦✉♥❞❛r② Ω1

❢♦r ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧❧✐♥❣ ✇❤❡♥ ū = 50 ♠♠✳ ❚❤❡ ✭❛r❝✲❧❡♥❣t❤✮ ❛❜s❝✐ss❛ Φ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ❋✐❣✳ ✸✳

✻✳ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♦✉t❧♦♦❦

❇✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ♣r♦✈❡❞ t♦ ❤❛✈❡ ❛♥ ❡①tr❡♠❡❧② ✇✐❞❡ ❡❧❛st✐❝ r❛♥❣❡✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ ✐♥ s✉❝❤ str✉❝t✉r❡s
t❤❡ t♦t❛❧ ❞❡❢♦r♠❛t✐♦♥ ✐s ♠✉❝❤ ❣r❡❛t❡r t❤❛♥ s✐♥❣❧❡✲❡❧❛st✐❝✲❡❧❡♠❡♥t ❞❡❢♦r♠❛t✐♦♥s✳ ❈♦♠♣❛t✐❜❧② ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❛♥❞ ✐♥t❡r♥❛❧ ❝♦♥♥❡❝t✐♦♥ ❝♦♥str❛✐♥ts✱ t❤❡ ❡❧❡♠❡♥ts ❛rr❛♥❣❡ s♦ ❛s t♦ ♠✐♥✐♠✐③❡ t❤❡ t♦t❛❧ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❜② ♠✐♠✐❝❦✐♥❣
t❤❡ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♠❡❝❤❛♥✐s♠s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✢♦♣♣② ♠♦❞❡s✳

❙♦♠❡ ❢✉t✉r❡ ♦✉t❧♦♦❦s ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦ ❛r❡

• ❞❡s✐❣♥✐♥❣✱ ❡①♣❡r✐♠❡♥t✐♥❣ ❛♥❞ ❛♥❛❧②s✐♥❣ ❛ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ s②st❡♠ ♦❜❡②✐♥❣ t❤❡ ❞✐s❝r❡t❡ ♠♦❞❡❧ ✇✐t❤ kS = 0✱ ✇❤✐❝❤
✇♦✉❧❞ ♠❡❛♥ t❤❛t ❛❧❧ ❝②❧✐♥❞❡rs ❝♦♥♥❡❝t✐♥❣ s❧❡♥❞❡r ♠♦♥♦❧✐t❤✐❝ ❡❧❡♠❡♥ts ✇♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞ ❜② ❤✐♥❣❡s✱ ❣✐✈✐♥❣ ❛
♣✉r❡❧② s❡❝♦♥❞ ❣r❛❞✐❡♥t ♠❛t❡r✐❛❧ ❛t ♠❛❝r♦✲s❝❛❧❡

• st✉❞②✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❞♦♥❡ ❜② ❡①♣❧♦✐t✐♥❣ t❤❡ r❡s✉❧ts ❛❧r❡❛❞② ♦❜t❛✐♥❡❞
❢♦r ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠s ❬✼✺❪

• st✉❞②✐♥❣ ♦✉t✲♦❢✲♣❧❛♥❡ ❞❡❢♦r♠❛t✐♦♥s ❬✼✻❪ ♦❢ s✉❝❤ ♠❡t❛♠❛t❡r✐❛❧s✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ ❆✉t❤♦rs t❤❛♥❦ P✳ ❙❡♣♣❡❝❤❡r✱ ●✳ ●❛♥③♦s❝❤ ❛♥❞ ❚✳ ▲❡❦s③②❝❦✐ ❢♦r st✐♠✉❧❛t✐♥❣ ❞✐s❝✉ss✐♦♥s✳

❆♣♣❡♥❞✐① ❆

❚❤❡ t❡r♠s θi ❛♥❞ ϕµS
i − ϕµD

i ❛r❡ ❡①♣❛♥❞❡❞ ✉♣ t♦ ✜rst ♦r❞❡r ❜② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ✭✶✮ ❛♥❞ ✭✸✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡
❡①♣❛♥s✐♦♥s ✭✶✸✮ ❛♥❞ ✭✶✹✮✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✶✷✮ ❛♥❞ ✭✶✸✮ t❤❡ ✈❡❝t♦rs ❜❡t✇❡❡♥ t✇♦ ❛❞❥❛❝❡♥t ♣♦✐♥ts pi ❛r❡

pi+1 − pi = ε
[

χ′(si) +
ε

2
χ′′(si) + o(ε)

]

, pi − pi−1 = ε
[

χ′(si)−
ε

2
χ′′(si) + o(ε)

]

. ✭✻✽✮



▲❛r❣❡ ✐♥ ♣❧❛♥❡ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✷✶

❚❤❡ ❛r❣✉♠❡♥ts ♦❢ tan−1 ✐♥ ✭✸✮ ❛r❡ ✇r✐tt❡♥ ❛s ❢✉♥❝t✐♦♥s ♦❢ ε

hi+1(ε) =
(pi+1 − pi) · ey
(pi+1 − pi) · ex

✭✻✽✮
1=
χ′(si) · ey + ε

2χ
′′(si) · ey + o(ε)

χ′(si) · ex + ε
2χ

′′(si) · ex + o(ε)
,

hi(ε) =
(pi − pi−1) · ey
(pi − pi−1) · ex

✭✻✽✮
2=
χ′(si) · ey − ε

2χ
′′(si) · ey + o(ε)

χ′(si) · ex − ε
2χ

′′(si) · ex + o(ε)
.

✭✻✾✮

■t ✐s ♥♦t❡❞ t❤❛t hi(0) = hi+1(0) = [χ′(si) · ey] / [χ′(si) · ex]✳ ▼♦r❡♦✈❡r

h′
i+1(0) = −h′

i(0) =
1

2[χ′ · ex]2
[(χ′′ · ey)(χ′ · ex)− (χ′′ · ex)(χ′ · ey)]

∣

∣

∣

∣

s=si

=
1

2[χ′ · ex]2
χ′′ · (ey ⊗ ex − ex ⊗ ey) · χ′

∣

∣

∣

∣

s=si

=
χ′′(si) · χ′

⊥(si)

2 [χ′(si) · ex]2
.

✭✼✵✮

❋♦r ❛ r❡❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ h(ε)✱ tan−1(h(ε)) = tan−1(h(0)) + h′(0)
1+h(0)2 ε + o(ε)✳ ❙✐♥❝❡ hi(0) = hi+1(0)✱ t❤❡ ✜rst t❡r♠s

✐♥ t❤❡ ❚❛②❧♦r s❡r✐❡s ♦❢ ❜♦t❤ tan−1 ❡①♣r❡ss✐♦♥s ✐♥ ✭✸✮ ❝♦✐♥❝✐❞❡

θi =

[

1

1 + hi+1(0)2
h′
i+1(0)−

1

1 + hi(0)2
h′
i(0)

]

ε+ o(ε)

✭✼✵✮
=

1

1 +
[

χ′(si)·ey
χ′(si)·ex

]2

χ′′(si) · χ′
⊥(si)

[χ′(si) · ex]2
ε+ o(ε)

=
χ′′(si) · χ′

⊥(si)

‖χ′(si)‖2
ε+ o(ε)

✭✶✶✮
= ϑ′(si)ε+ o(ε) .

✭✼✶✮

❋♦r t❤❡ ❡①♣❛♥s✐♦♥ ✭✶✮✱ ✐t ✐s r❡q✉✐r❡❞ t♦ ♣❡r❢♦r♠ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♥♦r♠ ♦❢ ❛ ✈❡❝t♦r ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ a(ε)✱ ✐✳❡✳

‖a(ε)‖ = ‖a(0)‖+ a(0)·a′(0)
‖a(0)‖ ε+ o(ε)✳ ❚❛❦✐♥❣ a(ε) t♦ ❜❡ t❤❡ ❡①♣❛♥s✐♦♥s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ sq✉❛r❡❞ ❜r❛❝❦❡ts ♦❢ ✭✻✽✮ ❛♥❞

❝♦♥s✐❞❡r✐♥❣ t❤❛t ρ(s) = ‖χ′(s)‖✱

‖pi±1 − pi‖ = ε

[

‖χ′(si)‖ ±
χ′(si) · χ′′(si)

‖χ′(si)‖
ε

2
+ o(ε)

]

= ε
[

ρ(si)± ρ′(si)
ε

2
+ o(ε)

]

. ✭✼✷✮

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ sq✉❛r❡❞ ❡①♣r❡ss✐♦♥ ♦❢ ✭✼✷✮ r❡❛❞s

‖pi±1 − pi‖2 = ε2
[

‖χ′‖2 ± (χ′ · χ′′)ε+ o(ε)
]

s=si
= ε2

[

ρ2 ± ρρ′ε+ o(ε)
]

s=si
. ✭✼✸✮

❯s✐♥❣ ✭✶✹✮✱ ✭✼✷✮ ❛♥❞ ✭✼✸✮ ✐♥ t❤❡ ❛r❣✉♠❡♥t ♦❢ cos−1 ♦❢ ✭✶✮1,2✱

h1D(S)(ε) =
ε2
[

ρ2 − ρρ′ε+ ε(1/cos γ)(l̃1D(S) − l̃2S(D)) + o(ε)
]

2ε2
[

1/2 cos γ + l̃1D(S)ε+ o(ε)
] [

ρ− ρ′ ε2 + o(ε)
]

∣

∣

∣

∣

∣

∣

s=si

=
ρ2 + ε

[

(1/cos γ)(l̃1D(S) − l̃2S(D))− ρρ′
]

+ o(ε)

(1/cos γ)ρ+ ε
[

2l̃1D(S)ρ− (1/2 cos γ)ρ′
]

+ o(ε)

∣

∣

∣

∣

∣

∣

s=si

.

✭✼✹✮

❙✐♠✐❧❛r❧②✱ t❤❡ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ❛r❣✉♠❡♥ts ♦❢ cos−1 ❛♣♣❡❛r✐♥❣ ✐♥ ✭✶✮3,4 r❡❛❞

h2S(D)(ε) =
ρ2 + ε

[

(1/cos γ)(l̃2S(D) − l̃1D(S))− ρρ′
]

+ o(ε)

(1/cos γ)ρ+ ε
[

2l̃2S(D)ρ− (1/2 cos γ)ρ′
]

+ o(ε)

∣

∣

∣

∣

∣

∣

s=si

. ✭✼✺✮

❆❧❧ ❢✉♥❝t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠ hµν(ε) = [a+ εbµν + o(ε)] / [c+ εdµν + o(ε)] ✇✐t❤ hµν(0) = a/c ❛♥❞ (hµν)′(0) =
(bµνc− dµνa)/c2✳ ❚❤❡ ❛♥❣❧❡s ϕµν

i ❛r❡ t❤✉s ❡①♣❛♥❞❡❞ ❛s

ϕµν
i = cos−1 [hµν(0)]− ε

√

1− hµν(0)2
(hµν)′(0) + o(ε) . ✭✼✻✮



✷✷ ❊♠✐❧✐♦ ❇❛r❝❤✐❡s✐✱ ❙✐♠♦♥ ❘✳ ❊✉❣st❡r✱ ❋r❛♥❝❡s❝♦ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❋r❛♥ç♦✐s ❍✐❧❞

❊①♣❛♥❞✐♥❣ ϕµS
i − ϕµD

i ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ✭✼✻✮✱ t❤❡ ✜rst t❡r♠ t❤❡r❡♦❢ ❝❛♥❝❡❧s✳ ■♥s❡rt✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦
ε ❡✈❛❧✉❛t❡❞ ❛t ε = 0 ♦❢ ✭✼✹✮ ❛♥❞ ✭✼✺✮1✱

ϕ1S
i − ϕ1D

i =
ρ2(l̃1S − l̃1D) + (1/2 cos γ)ρρ′ − (1/2 cos2 γ)(l̃1S − l̃1D + l̃2S − l̃2D)

ρ(1/2 cos γ)
√
2
√

(1/cos2 γ)−ρ2

2

∣

∣

∣

∣

∣

∣

s=si

ε+ o(ε)

=
ρ[ρ2 − (1/2 cos2 γ)](l̃1S − l̃1D) + (1/2 cos γ)ρ2ρ′ + ρ(1/2 cos2 γ)(l̃2D − l̃2S)

ρ2(1/2 cos γ)
√
2
√

(1/cos2 γ)−ρ2

2

∣

∣

∣

∣

∣

∣

s=si

ε+ o(ε) . ✭✼✼✮

■♥ t❤❡ s❛♠❡ ♠❛♥♥❡r t❤❡ ❡①♣❛♥s✐♦♥ ❢♦r t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❛♥❣❧❡s ♦❢ t❤❡ ♦❜❧✐q✉❡ s♣r✐♥❣s ✐♥❞❡①❡❞ ❜② µ = 2 ✐s ♦❜t❛✐♥❡❞✳
▼♦r❡♦✈❡r✱ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥s ❛r❡ s✐♠♣❧✐✜❡❞ t♦ ❣✐✈❡

ϕ
1(2)S
i − ϕ

1(2)D
i =

4[ρ2 − (1/2 cos2 γ)](l̃1(2)S − l̃1(2)D) + (1/cos γ)(ρ2)′ + (2/cos2 γ)(l̃2(1)D − l̃2(1)S)

4ρ(1/2 cos γ)
√

(1/cos2 γ)− ρ2

∣

∣

∣

∣

∣

s=si

ε+ o(ε) ✭✼✽✮

✇❤✐❝❤✱ ❢♦r γ = π/6✱ ❜❡❝♦♠❡s

ϕ
1(2)S
i − ϕ

1(2)D
i =

√
3(ρ2 − 2/3)(l̃1(2)S − l̃1(2)D) + ρρ′ + 2/

√
3(l̃2(1)D − l̃2(1)S)

ρ
√

4/3 − ρ2

∣

∣

∣

∣

∣

s=si

ε+ o(ε) . ✭✼✾✮

❯s✐♥❣ ✭✶✹✮✱ ✭✼✷✮ ❛♥❞ ✭✼✸✮ ✐♥ t❤❡ ❛r❣✉♠❡♥t ♦❢ cos−1 ♦❢ ✭✷✮✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡

h1(2)(ε) =

(

l
1(2)D
i

)2
+
(

l
2(1)S
i+1

)2 − ‖pi+1 − pi‖2

2l
1(2)D
i l

2(1)S
i+1

=
ε2
[

1/2 cos2 γ − ρ2 + ρρ′ε+ ε(1/cos γ)(l̃1(2)D + l̃2(1)S) + o(ε)
]

2ε2
[

1/2 cos γ + l̃1(2)Dε+ o(ε)
] [

1/2 cos γ + l̃2(1)Sε+ o(ε)
]

∣

∣

∣

∣

∣

∣

s=si

=
1/2 cos2 γ − ρ2 + ε

[

ρρ′ + (1/cos γ)(l̃1(2)D + l̃2(1)S)
]

+ o(ε)

1/2 cos2 γ + ε(1/cos γ)(l̃1(2)D + l̃2(1)S) + o(ε)

∣

∣

∣

∣

∣

∣

s=si

.

✭✽✵✮

❚❤❡ ❛♥❣❧❡s ξ1 ❛♥❞ ξ2 ❛r❡ t❤✉s ❡①♣❛♥❞❡❞ ❛s

ξµi = cos−1 [hµ(0)] + o(ε0) = cos−1

(

1− ρ2

1/2 cos2 γ

)
∣

∣

∣

∣

s=si

+ o(ε0) . ✭✽✶✮

❚❤✉s✱ ❢♦r γ = π/6✱

ξµi = cos−1

(

1− 3

2
ρ2
)
∣

∣

∣

∣

s=si

+ o(ε0) . ✭✽✷✮

❋♦r t❤❡ ❡①♣❛♥s✐♦♥ ♦❢

KS

[

cos−1

(

1− ρ2α
1/2 cos2 γ

)

− π + 2γ

]2

✭✽✸✮

✐♥ ✭✹✼✮ ✇✐t❤ r❡s♣❡❝t t♦ ∇u r❡q✉✐r❡❞ t♦ ❣❡t ❡q✉❛t✐♦♥ ✭✺✷✮✱ ❡q✉❛t✐♦♥ ✭✺✵✮ ✐s ✐♥s❡rt❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣

a

{

cos−1

[

1− (x+ 1)2

1/2 cos2 b

]

+ 2b− π

}2

= [4a cot b]x2 + o(x2) ✭✽✹✮

✇✐t❤ a, b ∈ R t♦ ❣❡t

KS

[

cos−1

(

1− ρ2α
1/2 cos2 γ

)

− π + 2γ

]2

= [4KS cot γ]

(

∂u

∂α
· eα
)2

+ o

(

∥

∥

∥

∥

∂u

∂α

∥

∥

∥

∥

2
)

. ✭✽✺✮



▲❛r❣❡ ✐♥ ♣❧❛♥❡ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❜✐✲♣❛♥t♦❣r❛♣❤✐❝ ❢❛❜r✐❝s ✷✸

❘❡❢❡r❡♥❝❡s

❬✶❪ ❍❛rr✐s♦♥ P✳ ✷✵✶✻ ▼♦❞❡❧❧✐♥❣ t❤❡ ❢♦r♠✐♥❣ ♠❡❝❤❛♥✐❝s ♦❢ ❡♥❣✐♥❡❡r✐♥❣ ❢❛❜r✐❝s ✉s✐♥❣ ❛ ♠✉t✉❛❧❧② ❝♦♥str❛✐♥❡❞ ♣❛♥t♦❣r❛♣❤✐❝ ❜❡❛♠
❛♥❞ ♠❡♠❜r❛♥❡ ♠❡s❤✳ ❈♦♠♣♦s✐t❡s P❛rt ❆✿ ❆♣♣❧✐❡❞ ❙❝✐❡♥❝❡ ❛♥❞ ▼❛♥✉❢❛❝t✉r✐♥❣ ✽✶✱ ✶✹✺✕✶✺✼✳

❬✷❪ ❆♥❞r❡❛✉s ❯✱ ❞❡❧❧✬■s♦❧❛ ❋✱ ●✐♦r❣✐♦ ■✱ P❧❛❝✐❞✐ ▲✱ ▲❡❦s③②❝❦✐ ❚✱ ❘✐③③✐ ◆✳ ✷✵✶✻ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ❝❧❛ss✐❝❛❧ ♣r♦❜❧❡♠s ✐♥
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✭♥♦♥✮ ❧✐♥❡❛r s❡❝♦♥❞ ❣r❛❞✐❡♥t ❡❧❛st✐❝✐t②✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❊♥❣✐♥❡❡r✐♥❣ ❙❝✐❡♥❝❡ ✶✵✽✱ ✸✹✕✺✵✳

❬✸❪ ❆✉✛r❛② ◆✱ ❉✐rr❡♥❜❡r❣❡r ❏✱ ❘♦s✐ ●✳ ✷✵✶✺ ❆ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ❛♥✐s♦tr♦♣✐❝ str❛✐♥✲❣r❛❞✐❡♥t ❡❧❛st✐❝✐t②✳
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