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1 Introduction

In this paper we study a class of 3d N =4 SCFT T7[SU(N)] introduced in [4], where p, p
are partitions of N. This theory is a 1/2 BPS domain wall theory inside the 4d NV = 4
SU(N) Yang-Mills theory, and plays crucial roles in the generalizations [5, 6] of the AGT
correspondence, as well as the connection with the 3d SL(2) Chern-Simons theory [7-9].
The Tpf’ [SU(N)] theories also appear as the basic building blocks for the 3d mirror of the
4d N = 2 Gaiotto theories [10] compactified on S* [3, 11].

The type IIB supergravity dual for Tlf [SU(N)] theories has recently been constructed
in [1]. In this paper we provide further quantitative consistency checks of this AdS4/CFT3
correspondence by verifying the GKPW relation [12, 13] in the leading large N limit.

On the CFT side, we take the large N limit of the S3 partition functions of [2, 3],
evaluated at the conformal point. On the gravity side, we evaluate the gravity action in
the gravity background of [1]. We find that in both cases the leading contribution of the
free energy in the large N limit scales as

F ~ N?InN + O(N?) .



More detailed statements will be given momentarily in section 2.2. As we will see, on the
CFT side N2In N comes from the asymptotic behavior of the Barnes G-function. On the
gravity side, a factor of N2 comes from the local scaling of the supergravity Lagrangian,
and an extra In N comes from the size of the geometry.

The organization of this paper is as follows. We first summarize the notations and
the main results (section 2). We then give the derivations the results in gauge theory
(section 3) and gravity (section 4). We also include two appendices.

2 Summary of the results

2.1 Review of T/[SU(N)] theories

Let us first briefly summarize the basics of Tg [SU(N)] theories needed for the understand-
ing of this paper (see [4] for details).

As stated in the introduction, the Tg [SU(N)] theory is specified by two partitions p
and p of N:

~ ——f
o= {l(n,la),‘_,,l(l)? 1@ @ e z@),z(?),...,z(p)},
) A » (2.1)
Nél) N5<2) Nép)
% e N —
p= [Z(”,i(l),...j“), @@ @ Z@),Z(ﬁ),...,ﬂﬁ)},
where [(@=1) > (a) [(a=1) > [(@) for all ¢ and
- (a) 2., (@)
SN =N TONY = N (2.2)
a=1 a=1

As the notation suggests, N5(a) and Néa) represent the 5-branes charges of the supergravity
solution (see section 4).

To construct the 3d theory, it is useful to use the brane configurations of [14]. Namely,
we consider a D3-D5-NS5-brane configuration with N D3-branes suspended between NS5-
branes on the left and D5-branes on the right, where 1(*) D3-branes ([(“) D3-branes) end
on the i-th D5-brane (NS5-brane). We can identify the 3d theory after suitable exchanges
of D5 and NS5-branes. The result is a 3d N = 4 quiver gauge theory. This theory has a
non-trivial irreducible IR fixed point only when [4]

ph>p e pl>p, (2.3)

where p > p for p = [n1,n9,...] and p = [mqy,ma,...| is defined by

k k
S>> m (2.4
i=1 i=1

for all k. When the inequality is saturated for some value of i, the quiver breaks into pieces
and the IR fixed point consists of products of irreducible theories.



The global symmetry of T, f [SU(N)] is given by G, x G, where G, is a subgroup of
SU(N) commuting with the embedding p

G, =SUNDY) x - x UNPY) . (2.5)

G, is a symmetry of the Lagrangian, and acts non-trivially on the Higgs branch, whereas
G, is a quantum mechanical symmetry acting on the Coulomb branch.! We can weakly
gauge these symmetries to introduce a set of real mass parameters and FI parameters,
which we collectively denote by m and m, respectively. The two global symmetries are
related by 3d mirror symmetry [15] exchanging Higgs and Coulomb branches, together
with real mass and FI parameters. This is simply the S-duality of the D3-D5-NS5 system,
and in particular, T/[SU(N)] is the mirror of TZ[SU(N)].

2.2 Large N free energy
We will verify the GKPW relation in the large N limit:
Zop = e iy de. FopT = Sgravity (2.6)

where Zcpr is a CFT partition function on S3, Fopr := —In Zcp is the free energy, and
Seravity 18 the action for the type IIB supergravity holographic dual to the CFT.
Our findings are summarized as follows.

e The simplest prototypical example is the T[SU(N)] theory, which is a Tﬁp [SU(N))]
theory with

N
R /—/\—\
p=p=[1,1,...,1] . (2.7)
In this case we find
1
Fepr = Sgravity = §N2 InN + O(N2) . (2.8)

e More generally we consider the case p =1, i.e.,

N5(1) N5(2) Nép)
——t—
p= {1(1) AN (O (G (C R () L@ @ @)
A (2.9)
N5
p=[T0 1]
We take the scaling limit
N = N1Faqy, 1@ = N )@ Ny = N7, (2.10)

!The Cartan of this symmetry is the shift of the dual photon, and is present in the Lagrangian.



where we take N large, while keeping kq, @) Ya, 7 finite. We require
Kael > ka, 0<kga<1l, foralla. (2.11)

The first condition is necessary for p to be partition, and the second ensures that

the N, éi) becomes large, hence justifying the validity of the supergravity solution. We

also have from (2.2) the constraint
p ~
> @ =4i=1. (2.12)
a=1

In this more general case we find (CFT analysis will be provided for [=1,and gravity

~

analysis for general [):

2
1 p p
FCFT = Sgravity = §N2 In N (1 - /{1) + Z (Z ’Ya)\(a)> (/‘iifl — K,i) + O(N2)
=2 \a=i
(2.13)

In particular when all , = 0, i.e. when all {(*) are finite, the leading large N behavior
coincides with that in (2.8).

Note the number inside the bracket in (2.13) is a non-negative number smaller than 1
due to (2.11). Motivated by this result we conjecture

Froisu) < Frisuay) - (2.14)

for all p, p satisfying (2.3). It would be interesting to see if some of the above inequalities
could be explained in terms of the F-theorem [16, 17] and the RG flows between the fixed
points. The rest of this paper will be devoted to the derivation of (2.8) and (2.13).

3 CFT analysis
In this section we analyze the CFT free energy Fcpr.

3.1 The S? partition function

Let us begin with the T[SU(N)] theory (2.7). The partition function of this theory was
computed by localization [18] to be [2, 3] (see also [19]):2

ZwEGN (_1)w627rzm-w(ﬁz)

Zgs[T[SU(N)||(m,m) = (3.1)

A(m)A(mn) ’
where (—1)" is a sign of a permutation w € &y, m = (my,...,my) with > . m; = 0
(= (M, ...,mmn) with Y, m; = 0) are the FI parameters® (real mass parameters), and

m-w(m) = Zml My (i) »

2The expression in [3] contains an extra factor of 1/N!. However, this factor does not alter the leading
behavior of the free energy and hence will be dropped in this paper.
3FI parameters are actually the differences of 7;. However, we will loosely refer to 7 as FI parameters.
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Figure 1. We decompose the young diagram corresponding to p into p blocks, see (2.1).

and A is the (sinh) Vandermonde determinant

A(m) = H2sinh7r(mi —mj), A(m):= H 2sinh 7 (1h; — my). (3.2)
i<j i<j
For more general T, ,53 [SU(N)] theories, the partition function takes a similar form as

in (3.1) [3]:

ZwEGN (_1)w62mmp-w(fnﬁ)
Ap(m)As(in)

Zgs[T2[SU(N)])(m, ) = (3.3)
Here my,,m; are N-vectors, and each of their components is associated with a box of
the Young diagram (also denoted by p, p) corresponding to the partitions p, p. For later
purposes let us describe them by dividing the boxes of p into p blocks, where the a-th
block is a rectangle with rows of length N5(a) and columns of length (%) (recall (2.1), and
see figure 1). A box of p could then be labeled by a triple (a,i,«) with 1 <a <p,1 <i <
Néa), 1 < a < 1@, where a is the label for the block and i («) is the label for the column
(row) inside the a-th block. The same applies to p. In this notation, we have

(mp)(a,i,a) = Z(wl(a))a + Ma,i, (mﬁ)(a,i,a) = Z(w[(a))oa + ma,i y (34)

where wy is a Weyl vector of the SU(N) Lie algebra defined by

Also, A,(m) and Aj(m) are defined by

Ap(m) = H H 2sinh 7 (1) p.g) = (1) p.r)):

p q<r

(3.6)

Ap(m) =TT T] 2simh 7 ((75) g — (1) )

p q<r

where [p, q] represents a box inside p, p at row p and column g. Note that the (m,), 4 are
simply a relabeling of the (1m,) (4, introduced previously.

Several remarks are now in order. First, the partition function (3.3) is manifestly
invariant under the simultaneous exchange of p, p and m,m. This is a manifestation of the
3d mirror symmetry.



Second, (3.3) vanishes unless p” > p [3]. This is consistent with the condition (2.3)
for the existence of a non-trivial IR SCFT. This condition has a counterpart in the gravity
dual [1].

Third, the expression (3.1) is either real or pure imaginary, however there is an am-
biguity of the phase of the S3 partition function and we will hereafter concentrate on the
absolute value of the S3 partition function.

3.2 T[SU(N)]

Let us study the large N behavior of our partition functions.

For clarity, let us begin with the T[SU(INV)] theories, whose partition function is given
n (3.1). When the parameters m and 7 are generic and kept finite in the limit,* we have
> wesy ~ O(N!), whose logarithm contributes O(N In N) to the Fopr. The remaining
contributions come from the two sinh Vandermonde determinants, each of which involves
(];) ~ O(N?) terms. This gives

Fepr ~ O(N?) . (3.7)

This is not surprising since after all our theories are standard gauge theories.

However, the scaling behavior could change if we consider non-generic values of m and
m. This is exactly happens to our CFT case, where we need to take the limit m,m — 0
of (3.1):

Zopr = lim |Zgs| . (3.8)
m,m—0
We choose to take the limit in two steps. First, let us take the /i — 0 limit of (3.3)

with p = [1,...,1]. This is conveniently done by setting /m = ewy and by taking e — 0,
where wy is defined in (3.5). Using the Weyl denominator formula, we have

Z ( 1)'LU 2mewn-mp _ H 225111 776@ mp HQ%SIH 7T€ _mk)) . (39)

weB N a>0 i<k

In the limit o — 0, this cancels the factor A(ewn) = [, 2sinhw(e(j — k)), giving

H 1 Hj<k(mp)j = (mp)k ’H]<k = (mp)k (3.10)
Ll (j—k) A,(m) Gg N+ 1) m) '

i<k

We next need to take the limit m — 0. This is easy for our case, p = [1,...,1];
Hz‘<j(mp)i = (my); _ H m; — mj N (QW)*W,
A,(m) 2sinh (m; — m;)
which gives
) N(N-1) ) ) N(N-1)
2 2
Z = — = —| — 3.11
T N1V —2)!... 21! (2w> G(N +1) (%) JCERY

“By generic we mean that there are no cancellations in the sum in the numerator of (3.1).



where Ga(z) is the Barnes G-function defined in appendix A. From the asymptotics of
Ga(z) (A.3), we have

N2 3 1 1 9

which gives (2.8).

3.3 TSU(N)]

Let us consider the more general case given in (2.9).
Aslong as p =[1,..., 1] the argument of the previous subsection works up until (3.10).
In (3.10) we already have a factor of Ga(N + 1). Just as in the T[SU(N)] case, this
contributes 1
5N2 InN, (3.13)

to the free energy. Next, let us send the FI parameters to zero in (3.10). The denominator
A,(m) goes to zero in the limit, but the same is true for the numerators, yielding the finite
answer. We obtain powers of 27 in this process from the limit of A,(m), however this only
gives a subleading contribution of order N2.

There are still contributions from the numerator [],_; [(m,); — (m,);], which we have
not yet taken into account. In the notation of the previous section the limit of this contri-

bution is®

(M) (asi0) — (M) 6,5,8) = 1 [(Wy@))a — (Wi ) g] = 1 — B)

where 1 < o < l(a),l <p< 1) and o % 5.
When the two boxes are in the same block, this contributes a factor

(N§a>)21n [0 1@ 2y 1]

2
where the factor <N5(a)> accounts for the degeneracy from the column labels ¢. This

contributes, under the scaling (2.10),

—% (ko (A70)2] N In N + O(N?) (3.14)

to the free energy. When the two boxes are in the different blocks a, b with [(a) > l(b), Kg >
Ky, the contribution to the free energy is

a b a b a b
—2 (NN ) In LSRR T Lk SRS P et T
5 5 92 B 5

The expression inside the bracket gives
(a) 1 7(b) (a) _ (@)
G (l;l + 1> G (l; + 1)] ~ OO W@

A small modification is needed for the formula (3.3) when « — 3 is odd. This does not, however, affect

In —1In

the leading behavior of the free energy.



Thus the contribution amounts to
a 1 1
2 <N§ )Néb)) U ) = 27 [(w)%A(”)%)ﬁa] N2In N . (3.15)
Collecting all the contributions (3.13), (3.14) and (3.15), we have

1 p
Fepr = 5N2 N [1-> A%k =2 > (AD9AOy)k, | + O(N?) (3.16)
a=1 a#b,1(a) >(®)

From (2.12) we can show that this coincides with (2.13).

In all of the examples above, the leading contribution to the partition function comes
from the Barnes G-functions. It is curious to note that the same function appears in the
formula for the volumes of Lie group SU(N) [20], and hence in the measure for the SU(N)
gauge theory. This is probably not a coincidence, since in the correspondence in [3] the
S3 partition function of T 5 [SU(N)] theory is identified with an overlap of wavefunctions
of a 1d quantum mechanics, which is obtained from a dimensional reduction of the 2d
Yang-Mills theory. The measure of 2d Yang-Mills contains a volume factor for the gauge
group U(N). The same N2In N type behavior appears in a number of different contexts,
such as Gaussian matrix models, ¢ = 1, topological string on the conifold or more recently
in the weak coupling expansion of the ABJM theory [21].

4 Gravity analysis
In this section we analyze the type IIB supergravity action Sgravity in the holographic dual.

4.1 Summary of the gravity solution

First we summarize the holographic duals of the T, f [SU(N)] theories constructed in [1] (see
also [22] for related work), which is based on earlier solutions found in [23, 24].

The geometry of the type IIB backgrounds is an AdS, x S? x S? fibration over a two-
dimensional Riemann surface . We will parameterize Y. by an infinite strip, although it
will turn out that ¥ has finite volume and is really compact. Next we introduce complex
coordinates on X as z,z. We will also make use of the real coordinates defined by writing
z = x +1y. After fixing 3, the solution is then determined by two real harmonic functions,
hi and hs, on X.

The metric can be written as

ds® = fids%yg, + ffds%% + fgdsfg% +4p*dzdz, (4.1)
where the warp factors are given by
NoyW?

NiN, SNIW2 o N NW?

8 8 8 8
fi= 16W’ Ji = 16h] NP f2 = 16h2T237 P = W, (4.2)
and we defined the auxiliary functions
W = 00(hihs),  Nj=2h1ho|Ohj|* — K3W . (4.3)
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Figure 2. The infinite strip with logarithmic singularities corresponding to stacks of five-branes.
The upper (red) singularities correspond to D5-branes, while the lower (blue) singularities corre-
spond to NS5-branes. The geometry smoothly caps off into an S¢ as x — +oo0.

This geometry is supported by non-vanishing “matter” fields, which include the dilaton

field
N.
26 _ | N2 44
€ N, (4.4)

in addition to non-vanishing 3-form and 5-form fluxes which are given in appendix B.

We now turn to the specific solutions corresponding to 7, pﬁ [SU(N)]. The classical
supergravity solutions describing the near horizon limit of D3-branes suspended between
p stacks of D5-branes and p stacks of NS5-branes is given by the two harmonic functions:

o w2z — 0,
hlz—Z4Né)ln[tanh<4— 5 ﬂ—i—c.c.,

P o - (b) z— 0
_ZZN‘:’ In |tanh 5

(4.5)
ha

+c.c.,

with —oo < 2 < ooand 0 <y < 7/2. Here §; < 62 < ... < d,, are the positions of D5-brane
singularities on the upper boundary of the strip (y = 7/2), whereas oy >0y > ... > 5]3 are
the positions of NS5-brane singularities on the lower boundary (y = 0) (see figure 2). The
points at x = +oo are regular interior points of the ten-dimensional geometry.

The coefficients of the logarithms determine the number of 5-branes located at the
singularities. The number of D5-branes located at d, is denoted by Néa), while the number
of NS5-branes located at S(b) is denoted by Néb). Unbroken supersymmetry requires that
there are only branes (or only anti-branes) of each kind. Thus all the Néa) must have
the same sign, and likewise for all the Néb). This positivity condition is also necessary for
smoothness away from the 5-brane singularities. The net number of D3-branes ending on
the a-th Db-brane stack is denoted by Néa), while the number of D3-branes ending on the
b-th NS5-brane stack is denoted by Néb). These quantities are determined by the locations



dq and 5b, of the 5-brane stacks as

p )

Z —arctan( %=0a)

b=1 (4.6)
p ~

N(b ZN(a) arctan( %—da)

We define the total number of D3-branes as N = >7_, N?Ea) = {;’:1 Néb), and the
linking numbers by [(*) = Néa)/Néa) and [® = Néb)/Néb).ﬁ These parameters,
N, Néa), Néa), 1(a), Z(“), are identified with the same parameters of the same names in sec-
tion 2 under the holographic duality.

4.2 The gravity action

The type IIB action in Einstein frame is”
1 _
Sim = g [ @ova{ R~ §000%0 — Loy~ e g
110 . (4.7)
- *6 ¢’F(3 +XH(3 ‘ - *‘F ‘2} 4 K2 /dlom C( ) ( ) /\F(3),

where one imposes the self-duality condition F(5) = xF(5) as a supplementary equation.
The coupling k1 is related to the string scale o/ by 2x%, = (27)7(a/)*.

Due to the presence of the self-duality condition, the action (4.7) cannot be directly
used to compute the on-shell value of the action. One way to deal with this is to relax the
requirement of Lorentz invariance of the action. In this case an action principle could be
obtained along the lines of [25]. As suggested in [26], perhaps the easiest way to implement
this for the full type IIB supergravity action is to make a T-duality transformation of
the type ITA action. A simpler method is to first dimensionally reduce the theory to 4-
dimensions. After carrying out the dimensional reduction, one can then truncate the theory
to the 4-dimensional graviton. To see this is consistent, one may check that the solutions
of [23, 24] can be extended by replacing the AdS, space with any space which obeys the
same Einstein equations. Thus truncating to the 4-dimensional graviton is a consistent

truncation.®

5The relations between the integer brane charges and the supergravity parameters are not easily inverted.
To express the latter in terms of the brane charges one must solve a system of transcendental equations.

"We use the convention |F(a)\2 = %F(a) My Ms.. M, F(gle'“M”'.

8To see this more explicitly, first consider the 10-dimensional metric ds? = ffdsa) + ffds?g% + fgdszg +
4pdzdz?*, where ds(24) is an arbitrary 4-dimensional metric. This is a solution to the type IIB supergravity
equations of motion as long as the 4-dimensional Ricci tensor satisfies R(4),, = —3g(4)u,.- One can then
write the 10-dimensional Ricci scalar as R = f4_2R(4) +. .., where the omitted terms do not depend on ds?4).
The action then takes the form S = — f4f1f2)24p2\/ﬂ(R(4 ...), where again the omitted

terms do not depend on ds(4 Requlrlng the variation with respect to ds<4) to now reproduce the correct

equation of motion yields the effective action (4.8).

~10 -



The effective action for this mode is given by

1
Seff = V016/ dz, /9(4) (R(4) +6), (4.8)
AdSy

T 9,2
2K7)

where the cosmological constant has been chosen so that the unit AdSy space is a solution.
The subscript (4) reminds us that g(4) is the 4-dimensional metric and R4 is the associated
Ricci scalar. The quantity volg follows from the initial dimensional reduction and is the
volume of the internal space dressed appropriately with the warp factor of AdSy

volg = (47)? / Az (fufif2)?4p* = 32(4n)? / d?z(—W)hihs . (4.9)
b by

The specific solution we are interested in is AdS4 with Ricci scalar Ry = —12. Thus the
on-shell action becomes simply

1 4
Seff = _WV016 (371’2) (—6), (4.10)

where we have used the regularized volume of AdSy, volags, = (4/3)72, which may be
computed using holographic regularization [27-30] (see for example section 5 of [31]).

4.3 T[SU(N)]

Let us first consider the gravity dual for T[SU(N)]. The harmonic functions are:

o' N w2z —0
hi =— 1 ln[tanh(4— 5 >]+c.c.,

(4.11)
'N 1)
hy = _044 In [tanh <Z;L >} + c.c.,
with
1
0= —iln [tan (%)] , (4.12)
where we have used a translation to set = —4. There is one stack of N D5-branes at the

position z = 1% — 3 In[tan(%)] and one stack of N NS5-branes at z = 3 In[tan(5%)] with
N D3-branes stretched between them.

We now wish to take the large N limit of this configuration. It will turn out that locally
the Lagrangian density will scale with a factor of N? at leading order in N. Secondly, as
N goes to infinity, the positions ¢ of the 5-brane stacks are sent to infinity in opposite
directions (see figure 3). This leaves a large region of geometry between —J and § of size
In N, which will reproduce the In N behavior of the partition function. Thus one can
understand the leading behavior of the T'[SU(N)| partition function as coming from the
geometry located between the two stacks of 5-branes.

To make this more explicit and also compute the exact numerical coefficient, we now

work out the large N expansion. First we re-scale the x coordinate so that z = dx + 1y

- 11 -
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Figure 3. Geometry of the T[SU(N)] dual background represented by the strip with two 5-brane
singularities at positions +6 ~ :i:% log N. In the large N limit the stacks go to =+ infinity.

and then expand the harmonic functions h; and ho around large N. At leading order we
obtain

hy = o sin(y)N 2@1 4 it z<1,
= o/sin(y)N 207 4 if z>1, (4.13)
hs = o cos(y)N ?(F2) 4 if z<—1, ‘

()
= o/ cos(y)

Nemﬂ+”.ﬁx>4.

From (4.13) we find that the only contribution to the action at this order comes from the
central region —1 < z < 1. In this region W is given by W = —1e 2 N?(o/)?sin(2y).
Computing the volume of the internal space, (4.9), and plugging into the expression for
the effective action, (4.10), we find

ANL5e10
72_’_
v

:%WmN+Ow%. (4.14)

Seff =

This reproduces exactly the leading order behavior of the CFT partition function (3.12).
Finally we note that including higher order terms in the expansions of the harmonic func-
tions will give additional contributions of order N2.

Since we have explicit D5-brane and NS5-brane singularities in the geometry, one may
worry about the validity of our approximation. We shall argue that the corrections due
to the 5-brane singularities are at most of order N? and do not contribute to the leading
N?In N behavior. To do so, we first examine the geometry in the central region in the

- 12 —



large N limit. The metric factors are given by

I

f1 =22/ Ne™°[(2 — cos(2y))(2 + cos(2y))] 7 ,

2 + cos(2y) ] i
(2 — cos(2y))3

)

f2 =2v2d/Ne  sin(y)? [

1 (4.15)
3 2 —cos(2y) |1
) / 1) 2
=2vV2a'N 75 1 9.3
f2 \[04 e COS(y) |:<2—|—COS(2y))3:| ’
4p? = 2v/2/ Ne9(2 — cos(2y)) (2 + cos(29))] ¥ ,
while the dilaton and fluxes are given by (see appendix B)
1
¢t = o—on (2 CosCy)N T
2 — cos(2y)
.3
by — 8o/ Ne—t(1+e)_S°(Y)
1 =8aNe 2 — cos(2y)’ (4.16)
3
by = —8a/ Nebe=1)_CO5"W)
2 e 2 + cos(2y) ’

j1 = —e BN2(o)2(326 4 cos(2y)) .

It is interesting to note that this is exactly the limiting geometry of Janus found in [32] for
the case of an infinite jump in the coupling.” The radius L of the Janus space is related to
N by L? = 2v/2a/Ne~?. In the case we consider here, the ¥ space comes with a natural
cutoff at |z| = §, while for Janus the space is unbounded.

We now consider curvature corrections. Using the above formulas for the metric factor
and dilaton, the string frame Ricci scalar in the central region, —1 < a < 1, is given by

R — 1 (2]\7) T 419 — 60 cos(4y) + cos(8y)
Coml2\ 7 (7 — cos(4y))2(2 + cos(2y))1/2

(4.17)

Due to the large N limit, throughout most of the region we have o/ R < 1. However, due
to the presence of D5-branes, as one approaches z = 1, o/ R is of order one and one expects
higher curvature corrections to play a role. Since these corrections are localized only in the
region near x = 1, we expect that they do not receive the In N enhancement and therefore
contribute only at order N2. A similar argument can be made when one examines the
geometry near the D5-branes using (4.11) before taking the large N limit.

Due to the presence of N5-branes, the second issue for our calculation is to understand
if the string coupling, g, is small so that string loop corrections can be ignored. The
dilaton in the central region, —1 < z < 1, is given by

gs = €2 = <271rv> h \ /;fzzzgzi . (4.18)

We observe that the dilaton is small in the region 0 < z < 1 but is big in the region
—1 < x < 0. We first focus our attention on the region 0 < x < 1. In the large N limit,

9The supersymmetric Janus solution is dual to A = 4 super-Yang-Mills with a jumping coupling.
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the string coupling is small except in the neighborhood of z = 0, where it is of order one.
Thus we expect string loop corrections to be important, but again we argue that since they
are localized near x = 0, they will give contributions at most of order N?2.

For the region —1 < x < 0, we find that the string coupling is generically large and one
might expect string loop corrections to modify the leading N?In N behavior. From this
point of view, the exact match between gravity and CFT partition functions is surprising
and we do not have a good a priori argument for why string loop corrections do not modify
the N?1In N behavior. One possible explanation can be given in terms of a local S-duality
transformation in this region. To be more precise, we divide the manifold into three regions
—l<z< —¢ —e<ax<eand e <z <1 with e < 1. In the first region, we make an
S-duality transformation, while in the third region the theory is already weakly coupled.
The middle region then has to interpolate between two different S-duality frames and we do
not know how to compute the action there. However, since the In N enhancement requires
the entire internal space and patching only needs to occur locally in the region near x = 0,
one might hope that the middle region does not receive the In N enhancement. Of course
this argument is only heuristic and it would be interesting to either make it more precise
or determine the exact mechanism for why the loop corrections are suppressed. Similar
situations arise when one examines the geometry near the NS5-branes using (4.11) before
taking the large N limit.

4.4 TISU(N)]

We now consider more general partitions which take the form (2.9). In this case, there is
a single NS5-brane stack and the charge relations, (4.6), can be easily inverted to express
the phases d, and J in terms of the partitions p and p:

. (a)
00— 8= —1In|tan [ =5 . (4.19)
2 N

To analyze the large N behavior, we proceed analogously to the T'[SU (V)] case and consider

the limit where 6 — —oo and the 8, — oo. In this case, we approximate the harmonic
functions by the following expressions
P
hy = o sin(y) ZNéa)ex*‘S“ +... if x <y,
a=1
P

a 4.20
= o sin(y) ZN; ) gz —0a +..i0f &<z <y, ( )

hy = o cos(y)Ng)e_(“”_S) +... if ©>0,
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while the regions with > d, and x < § will give only subleading contributions. In this
approximation we find that W = —hihs so that

p 2
—Whihy = =(a/)4N2 <Z N (0= ) sin?(2y) if 6 <z <4,
) ) (4.21)
= —(o/)*N2 <ZN e~ (O ) sin?(2y) if 0 < < ipq -
Using this in (4.9) we find
5 z
volg :32(477)2/ d:p/ dy (—Whihs)
5 0
, A 1\ 2
=327 (o/) N2 Y (Z Né%“a‘”) (8; — 6i_1) (4.22)
i=1 \a=t

where we define 6, = §. Plugging into (4.10) and combining all of the numerical factors,
we obtain

2
N§Z(ZN5 e 5) (6 — Sic1) + ... . (4.23)

We now consider the scaling behavior defined by (2.10). The idea is to introduce
separations between the d, which are of order In N. In this case each region between a
given &, and d,41 will contribute to the action at order N 2In N. In terms of this scaling
the action becomes

: (-1)
7N2 (Z%A(a> 1n<2l(7 > Z(Z% a) In (lz()> +O(N?),

1=2 \a=t

2
1 p p
= §N2 N |(1—k1)+ > (Z %A@) (Kie1 — ki) | + O(N?), (4.24)

=2 \a=1

which coincides with (2.13).

4.5 Subleading terms

So far we have concentrated on the leading N2 In N contributions to the free energy and it is
a natural question to ask about the subleading N? contributions. Comparing the CFT and
gravity partition functions, we find that the subleading N? contributions do not match.”
However, this is not surprising since the gravity solution contains 5-brane singularities
around which supergravity approximation breaks down. Additionally, there are regions in
the bulk of 3 where the string coupling becomes large. It would be interesting to interpret

"We have checked this numerically for T[SU(N)] using the full expressions for the harmonic func-
tions (4.11).
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and if possible match the subleading contributions to the CFT partition function with
higher curvature corrections, coming from both string and loop corrections, on the gravity
side. For the T[SU(N)| theory, we note that near the D5-brane singularity, the Ricci
scalar, (4.17) does not depend on N and so all powers of R will contribute at order N2.
Similarly, one may check that other contractions of the Riemann tensor will also contribute
at order N2. Thus even at order N2, the CFT partition function contains information about
all orders of the higher curvature corrections.
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A Barnes G-function

Let us briefly summarize the properties of the Barnes G-function. Barnes G-function Ga(2)

satisfies
Go(z+1) =T(2)Ga(z), Go(l)=1. (A1)
From the definition it follows that
Go(N)=(N—=-2)(N=3)!---11, N=23,---. (A.2)
Its asymptotic expansion is given by
N? 3

mGy(N +1) = —-InN - 1N2 +O(N) . (A.3)

B Flux formulas
The NS-NS and R-R three forms can be written as
3-forms: Hgy = w A dby and Fig) = WS Adbsy, (B.1)

where w4 and w9 are the volume forms of the unit-radius spheres S? and S%, while the
gauge potentials by and by are given by

hiha(Oh19hy — Oh1Oh
by = 2ahy 11020001002 = OOhs) oy
Ny
hiha(Oh19hy — Oh1Oh
by = 2uhy 11202 = OMOh2) o p (B.2)

Ny

~16 -



In this expression one needs the dual harmonic functions, defined by

hy = —1(A; — Ay) — P = A + A,
ho = A + ./12 — th =1(Ay — /_12) . (B.3)

for holomorphic harmonic functions A;,.43. The constant ambiguity in the definition
of the dual functions is related to changes of the background fields under large gauge
transformations. The expression for the gauge-invariant self-dual 5-form is given by:

5-form: Fisy=—4 FrOMBAF 4 P2 wB AW A (x0F), (B.4)

where w0123

is the volume form of the unit-radius AdS4, F is a 1-form on p with the
property that f,!F is closed, and x5 denotes Poincaré duality with respect to the p metric.
The explicit expression for F is given by

. hih
fAF=djy  with j1:3C+3C—3D+z‘1/V2

(Oh18hy — Bh1Ohs), (B.5)

where C and D are defined by 9C = A10As — A20A; and D = A; Ay + A As.
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