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LARGE TIME BEHAVIOR AND GLOBAL EXISTENCE
OF SOLUTION TO THE BIPOLAR DEFOCUSING
NONLINEAR SCHRODINGER-POISSON SYSTEM
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Abstract. In this paper, we study the large time behavior and the existence of glob-

ally defined smooth solutions to the Cauchy problem for the bipolar defocusing nonlinear
Schrédinger-Poisson system in the space R3.

1. Introduction. In the present paper, we study the global existence and large time
behavior for the bipolar defocusing nonlinear Schrédinger-Poisson (BDNLSP) system

: e? .
ity = =S Ay + (g 4y (P)ey, 5= 1.2, (L1)
— N2AV = [ — ). (1.2)
with the initial data
$i(0.-) = ;. j=12 (1.3)

where the wave function ¢; = ¥;(t.2) : R1*4 — C. j = 1,2, d;j = OY;/0t, A is the
Laplace operator on RY, and the electrostatic potential V' = V(t,z). The nonlinear
self-interacting potential h;(s) is assumed to be given by

. 2
hj(s) =a5s. fors>0andsome a; >0. = <v; < ald).

d
where a(d) = %5 if d > 3 and a(d) = oc if d = 1.2. The charges of the particles
described by the wave functions 1; are defined by ¢; = 1, g2 = —1, respectively. ¢ is the

scaled Planck constant and A is the scaled Debye length.
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We assume that the initial value
o;(r) € S(RY) : = {ue H'(RY) : |olu € L*RY}. j=1,2. (1.4)
with the norm

[¢5lls = Iyl + Nl e

This system appears in quantum mechanics as well as semi-conductor and plasma
physics. A large amount of intercsting work has been devoted to the study of the
Schrodinger-Poisson systems (see [2], [3]. [4]. [6]. [7] and references therein). In [4],
by applying the estimates of a modulated energy functional and the Wigner measure
method, Jingel and Wang discussed the combined semi-classical and quasineutral limit
of the (BDNLSP) system with the initial data (1.3) in the whole space where a; = a5 and
71 = 72, provided the solution of (1.1)-(1.3) exists. But they only declared the existence
and uniqueness of global small smooth solution under the assumption that the initial
data were sufficiently small in H* where s > d/2 + 2. And in [3], Castella proved the
global existence and the asymptotic behavior of solutions in the function space L? for the
mixed-state unipolar Schrédinger-Poisson systems without the defocusing nonlincarity.
In [6], with the help of madelung transform and WKB expansion, Li and Lin discussed
the following unipolar nonlinecar Schrédinger-Poisson system:

-2
] + 5 AU = (VE(at) + PP = (argd®)ys = 0.
—AVE = [0 = C(x). V —=0as x| — o,
subject to the rapidly oscillating (WKB) initial condition
U (2.0) = v = A5(x)es %), (1.5)

where f € C*(R™;R), Sy € H5(RY), d > 1. for s > d/2 4+ 2, A5 was a function,
polynomial in e, with coefficients of Sobolev regularity in x, and the function C'(z) > 0
denoted the background ions. They obtained the existence of smooth solution where the
wave function was of the form v (x.t) = A%(x,t)e5 (0 with A° and VS® bounded
in L>([0.7]; H*(RY)) and the initial data being sufficiently small in H*(R?). However,
to our knowledge, there is no previous result on the global existence and the asymptotic
behavior of solutions for the (BDNLSP) system with arbitrary initial data in (R?). In
this paper. by using the pseudo-conformal conservation law of the (BDNLSP) system and
applying the time-space L” — L' estimate method. we shall establish the global existence
and uniqueness of the solution to the (BDNLSP) system with initial data in $(R3). As a
byproduct, the large time behavior to the solution is also obtained. Although the above
results arc established for the single bipolar defocusing nonlinear Schrédinger-Poisson
system, the results can be extended to the mixed-state bipolar defocusing nonlinear
Schrodinger-Poisson system within the same framework.

For convenience, we first introduce some notation. For any p € [2.00), we denote

1 301 _ 1

oy = 5(5 — ) S(t) denotes the unitary group generated by §iA in L?(R®). For

p € [1,0¢], we denote by p’ the conjugate exponent of p, defined by 1/p+1/p' = 1. 2
denotes the conjugate of the complex number z.
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Now we state the main result of this paper.

THEOREM 1.1 (Existence and uniqueness). Let ¢; € L(R3). Assume that p € [2.6).
Then, there exists a unique solution

vy € C(R: (R*) N L=(R: HY(R*) N L (R: HL(R®)). forj = 1.2

loc

to the (BDNLSP) system with the initial data (1.3).
Moreover, the solution (1,5, V) satisfies the L?-norm, the cnergy. and the pseudo-
conformal conservation laws (for details, one can sce Proposition 2.1 in the case d = 3).

THEOREM 1.2 (Large time behavior). Let (1, 492. V) and p be as in Theorem 1.1. Then,
there exist constants C' depending only on ||| g and ||[z]p;[|2 such that

s, < CltI™7m . ¥p e [2.6), V|t > 1, (1.6)
(-3 3

IVVO)ll, < Clil~1 300 p e (500), it > (1.7)

V() < ClH7207 Ype (3,00), V|t] > 1. (1.8)

In the next section we shall derive three conservation identities including the L?-norm,
the cnergy. and the pseudo-conformal conservation laws in the whole space R? for any
d € N. In Sec. 3, we will give some basic estimates used in our proofs for d = 3. Section
4 is devoted to the proof of the existence and uniqueness of the solutions for the initial
data in X(R?). Finally, the large time behavior of the solution is obtained in Sec. 5.

2. Derivation of the conservation laws.

ProposiTION 2.1. Let d € N, {¢;} be a solution of the (BDNLSP) system with the
initial value ;(z) € L(R?). Then, we have the following conservation laws for all ¢ € R:

(i) L%-norm law:

;)2 = llpjll2 for j = 1,2 (2.1)

(ii) Energy conservation law:

1
QZHVi/J(f 5+ A2 ||VV |3 -I—QZ ”2(:'7]:1) = const; (2.2)
Jj=1
(iii) Pseudo-conformal conservation law (cf. [9]):
2
2(v;+1
D vy + stV |13+ A2 VY3 + 2¢2 Z lla;llzgjﬂz
7=1
dW TN 2(7;+1
22 L /0 7w, (1) ”2(;1“; dr (2.3)

2 t
= S llelpsl3+ (4= ) / V(IR dr.
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S AY = (g R (12) ey

Proof. Denote eq(y;) =: isvj + SAY;
(i) It is well known that (2.1) holds for j = 1,2. We omit its proof

(ii) We consider
R(eq(vy). u") =0

) denotes the L2-inner product. From the above. we can get

where (-.-

3 5 1 .
/ {=0:|Vv;|” + 5((1J~V+h_,-(|u{'j|2 olvjPda =0

Hence,
€ . 1
/ {20V + [Vef?) + §Vaf(|'¢»‘1|2 |v2]7)
1 a2 L .
5"1(|U’1 %) in |” + 5172(|‘l/’2|2)0t|¢’2|2} dr =0. (2.9)
Integrating (2.4) over [0,¢]. we obtain the desired identity
(iii) Considering
we have
g2 B &2 )
=0y + FRY - (V) = 3|vaj| —(q;V + h(Jv; PO = (2.5)
Noticing
.‘R((’(]('l;"{,-)u’f'j,.r) =0 with r:=|r|.
we obtain
22
—eQ0 iy J,1+ —RV - (Vv LJ,I——|V17| )+ (l— 2)| V|2
1 S \
— 5@V A+ hj(e] Nroele;l? (2.6)
Due to
(W) + V- (10000 ) = 2004501 + 2R 2 - VO + dOgyjy
we have, by taking the imaginary part. that
(\}f)t(’lf/’fl/;j,ﬂ') +3V- (.’I'l/_’jaf’l_//'j) = ([(‘\\S*(‘){(/'Ijl,;j + QS(f)t’lf’jl/_‘j,J').
From (2.5) and (2.6). we have
2 7 2\\ |1 |2
) = dlq;V + ([ )]

eSO (¥ ¢j,1) — SV - (1v;0005) — ”?(IPRV (V)
—(q;V + hy([0;2)rdpJu;)* = 0.

. x
+E2RV - (Vi1 — §|Vd'J

%"l/’j.l' : VQ_'J)

We also have

Oplapj + ist V|2

= O (|yr|* + 22|V > + 2¢t
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Since
%atll/)jTF = €§R(8t1/)j1/j'j)T2 = &s‘*ie@tgbﬂz_zﬁ
a e 2N\, 17 02
=3[=5 8¢ + gV + by (14517))v5]v;r
e? -
= —3(\‘9&1/1]-1,/)]-7’2.
SV - (VY;¥;r?) = SAY;;r? — 23(Vj - 2);,
we have

Btlrcu')j + ’I:e’:'tV’l/leQ = 2€2t|V’¢’j|2 + €2t28t|ij|2 —eQV- (V’l/)j’(/;jrg)
+ 2et30 (Y - Vy). (2.7)

Integrating (2.7) over RY, we obtain that for j = 1,2
Orllav; + etV = 20|V l; - 2t /R @V 4+ Ry )l (2.8)
+ (g V + hi([9;12)ro, ;12 } da.

From the above, we obtain

2
27, +1
0y Z @) + ietVip; ||3 + 4820, ( -—||VV||2 + Z o ||w]||2(’\:,+1§)
Jj=1

j=1

g 2
+ 2t/ {dV(—/\2AV) + Va,,(../\QAv),,. + dza?"wjlmh-’_l)
Rd

j=1
2
+ 2 (15 P)ronly; P de = 0. (29)
j=1
Noticing that
2
hj(s)rdys = a’sViro.s = s 1[V sy — dgit (2.10)

and
/ Vro.(—AV)dx = / VV,. -V(Vr)dr = / (VV, - VV)r +(VV,. - Vr)Vdx
JRA Rd JRA

1
=/ —ra,.|VV|2dx+/ VAV dx (2.11)
JRd 2 RA

1 A
=/ V- (2|VVA) = dVV|]?]dz - | VV.VVdx
Jga 2 B

d
—~ (5 + DIVVI3,
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we can obtain, in view of (2.4) and (2.8)—(2.11), that

2
S+
anwrwnz /\QfZIIVVIIﬁZ 2 )]
; J

+1

2
a?(dy; —2) .
F230 LS e (IR0 L) - (= XITVIE =0
j=1 J

which yields the pscudo-conformal conservation law. O
3. Basic estimates.

LeMmMma 3.1 (Estimate I). Let /% =24 % + 43— 1L woe e L"0.T: H!) and w €
L0, T: H}). Then we have the estimate

1 : .
||(7T * "/”)“’||Lw')’(0.7‘; H!,) < CT1/2||U||L*,<"’(0.T; H}) (3.1)
'”"'HL‘-("'(().'I‘: H(',)““'”L"(I"(O.T: H}):

Proof. By the known estimate as in [8], we have the following:

1 1 1
||(; * uv)w|| g, < C'||— wwv|| o llw| gy + C||’— v g llwll Lo
, X ,

CIIltIIHl [0l Il

2m 2m

H}

v rr_ 1,1 \ — — 1 _ 2,141 - the
vxhex(p—- +. —m+; 1. Let 2m = a, g = p. i.c., =it ,t3 1. By the

Sobolev embeddulg thwrem (cf. [1}), we obtain

1
= wellg, < Cllull g lell g el

Since
1 3.1 1 1 2 1

——=1-c(5-5)=:+ + .

y(p) 2 20 2 A(a)  A(p)
we have the desired result. O
LEMMA 3.2 (Estimate IT). Let p € [2.6): we have

) 1— _-2- ) B
([l “”Lw(m'((),T; H',) <CT ”“’“ILx(U.T; HY) llell Lo 0.7 HL): (3.2)

Proof. From the identity

V(|[ulPu) = V(|u|")u + |ulPVu = 1—)|u|"'2(Vu’ﬁ, +uVia)u + |[ulPVu

p
(2

we have, in view of £ = 2 4+ L that
Iz qg " p
IV (lulPu) || o < ClllalPVull o+ ClllulP e Vil|
< Cllullf IVull e

By the Sobolev embedding theorem, it vields

+ D|u|’Vu + 2|u|” 22V,

“|11r|11,11||H’1,, < Cllullty, el ary-
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which implies the desired result in view of the Holder inequality with respect to the time
variable. O
Now we introduce the Galilei-type operator

J(t) =z +ietV. (3.3)
Let M(t) = e% and w; = M(—t)¥;; we easily see that
J(t) = S(t)xS(—t) = M(t)(ietV)M(-t), (3.4)
lw; (O] = 1; (O] [T()%; ()] = elt]|Vw; (£)].
LemMA 3.3 (Estimate III). It holds

, _2
“‘](WjIpwj')llLﬂv)’((LT; Le'") < CT' =50 ||wj||px(()”1"; Hl)”J'l/f'j”L"v(ﬂ)(o,T: Lry: (3.6)
Proof. We have, in view of (3.5). that
T35 P03 Lo = [tV (Jw; Pws)] o (3.7
Since

V(lw; Pw;) = V(|w;P)w; + [w; [P Vs,
we obtain from Hélder’s inequality

IV (lw; Pw)ll o < Cllwsll [IVw;ll e (3.8)
Then, by (3.5), (3.7), and (3.8), we see that

IT(%51PY M Lo < Cllbi 1 1Tl e

which implies the desired result (3.6) in view of the Holder inequality with respect to the
time variable t. ]

LemMA 3.4 (Estimate IV). We have the estimate
||J(V¢‘j)||m<ﬂ>’(o,T; Le') < CT1/2||(7/’1,7/}2)||Lv<u>(o.T; L) (3.9)
(Y1, JY2) I Lrer 0.1 1)

where ||(u, )| x = llullx + [lvllx.
Proof. Noticing that
V(Vw;) = VVw; + VVw;,,
1 C
YV = OV ([ f? = fwnf?) = =+ V(Jua? = ful?)
= * (w1 Vg + Vwiw, — wa Vg — Vwats),

1 _1,2,1
wehavefor;—;+5+§—l

IVVwi)llr < ClllwnlZe + w2l Z)(Vwillze + [ Vawel|ze).
Thus, we can get

1TVl = eltlV(Vw))lpr < Celtl(lwilZe + llwallZe) (Vwrllzo + V|

L)

<Clallze + 12l Z) (1Tn e + T2 20,
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which implies the desired result. |

LeMMA 3.5 (Estimate V). We have the following estimate

[(Vivix = Vivn Vivor = Viva)ll o o1 H,)
< CTI/QII(L“”\-. Uor. . L’T’Q[)lliA,¢,,)((].T: HI) (3.10)

Mk = v var = vl o o.1 m1)-
Proof. Since
CV Wik var)¥jn — V(Ou. ) @)
1 . , 1 o 2y
=( o (sl = o)) wje = (o (oul® = [val?)) v
Z(; * (Jek® = [var®) (e — vjn) + ‘U‘jl[; s (el = 1eul?) = (o l® = [val?))]

1 L L ) 1 - - 1 -
=(; * ([nnl? = [War ) (e = w50) + [; * ((Vie — v1)vng) + - (V1 — ¥10)¥10)

1 - - 1 - .
+o ((Von — Vor)thar) + . ((vor — war)va) |91

we have the desired result by the Holder inequality. (]

4. The proof of the existence. In this section. we will prove the local existence of
the Cauchy problem (BDNLSP) with the initial data (1.3) first. Let S(t) := e2'*2" and

consider the integral equation

50 = 8002~ i [ S0 =DV + P 0
Define the workspace (D, d) as
D :={(¢;)j=12 10jllL~ 0.1 mynr-e 1 myy < M. for any a € [2.6)}. (4.2)
with the distance

d((rrs k) (e o)) = 1@ = Vi or = C2)ll L2011 (4.3)

where A > 2 max lojll gy and p € [2,6). It is clear that (D.d) is a Banach space. Let
j=1

us consider the mapping 7 =77 75 : (D.d) — (D.d) defined by

t

T,y () = S(t)0; — 2i [ (= 7V )+ h(ley (D) () dr. j = 1.2, (44)

= 0
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By Lemmas 3.1-3.5 and the Strichartz estimates (cf. [5]), we have

||7}'L/’j||Lﬁ<r'>(o.T: HY) < el + ||V"/)j||Lv<r>>’(o.T; Hl) + ||hj(|7«"fj|2)’l/'j||Lv<m’<o.T;H:,,)
2

< il + CTW(Z 195117~ 0.7 ) 19l 0.1 )
Jj=1

—2/~(p 2,

+CT! 2/7({)”7*/"]'||L1JC(0_T: il o7 (4.5)
< M/2+ (CTY2M? + CT 2O N0 M

< M.

where we have taken T so small that CTY/20/2 + CT1=2/7(W A 1% < L. Similar to the
above, a straightforward computation shows that it holds

1T W1k ¥2r) = T (u-2)ll Lo om0.7: 12

1 .
<§|I(¢1k = Y tar = Y20l 0.1 mY)- (4.6)
Hence, 7 is a contracted mapping from the Banach space (D, d) to itself. By the Banach
contraction mapping principle, we know that there exists a unique solution (¥;.v9) €
L®)(0,T; HY) x LY®)(0,T; H}) to the (BDNLSP) system with the initial data (1.3).
From (4.1), (3.4) and (3.5). we may easily obtain Ju.Jyy € L7P(0.T: LP) with the

help of Lemmas 3.3-3.4. Thus, we can use the standard argument (cf. [3]) to extend it
to a global one satisfying for any 7" > 0

U1(t,2). va(t.2) € C(R; S(R)) N L>*(Ry H'(R®)) N L) (=T.T: H)(R?)).

and prove the uniqueness of the global solution. We omit the details.

5. Large time behavior of the solution. By the pseudo-conformal conservation
law, we get for d = 3

ot
NEVV3 < I+)\2/ T|VV (7)|3dr, (5.1)
1

2 ‘ 1
where I:= 370 [|lz[u;]13 + A% [y [ VV(7)l3 dr.
From the Gronwall inequality, we have

11/2
IVVl2 < =172 (5:2)
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By the energy conservation law and the Sobolev embedding theorem, we obtain

2 2 2

' : 2a; 2(y,+1

NIVVIE <31Vl + 19V + 3 o=l Ly
Jj= 1=

< Cles lesllan) + 1MV (O)IB. (5.3)

IVV(O)ll2 = Cllv(m * (leaf* = l2*))ll2 < CII# * (lo1l? = |22

2 2
<CY Neillies <C D llesllhn (5.4)
j=1 j=1

< C(e v il )-
Therefore, we have the estimate

9Vl < St (55)

By the Sobolev embedding theorem and the pseudo-conformal conservation law, we
have

4511, = M=)yl < CUTM(=t); 137 P M ()55
< ClIM(=t)( —w + V)Pl (5.6)

< C|,|—1/w(p )
From the above and the Hardy-Littlewood-Sobolev inequality, we obtain
IVVl, < ClU5). Voe (500, Wil > 1, (5.7)
IV, <ClH~ZE3) . Vpe (3.00), V|t > 1. (5.8)
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