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LARGE TIME BEHAVIOR OF SOLUTIONS TO A CLASS OF
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Abstract. We study the large time asymptotic behavior of solutions of the doubly de-
generate parabolic equation u; = div(u™ ![Du|P~?Du) — u? with an initial condition
u(z,0) = ug(z). Here the exponents m, p and ¢ satisfy m+p >3,p>1land ¢ > m+p—2.
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1. INTRODUCTION

The objective of this article is to study the large time asymptotic behavior of weak
solutions of nonlinear parabolic equations of the type

(1.1) uy = div(u™ 1 Du[P7?Du) —u? in S =RY x (0,00),
(1.2) u(z,0) = ug(z) on RY.

Herep > 1, m(p—1) > 1,¢ > 1, N > 1 and ug(v) € L*(RY) is a nonnegative function.
Equation (1.1) has been suggested as a mathematical model for a variety of problems
in mechanics, physics and biology, one can see [3], [5], [1] etc. The existence of a
nonnegative solution of (1.1)—(1.2), defined in some weak sense, is well established
(see [12] and [8]). In this paper we are interested in the behavior of solutions as
t — o00. The elliptic method was used in several papers (see e.g. [4], [9]) to study
the asymptotic behavior of the solutions of the porous media and the p-Laplacian
equations. Also by the elliptic method, J. Manfredi and V. Vespri studied the large
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time behavior of the solution of the initial boundary problem without absorption —u?
in [7]. In details the large time behavior of the solution of the problem

(1.3) uy = div(u™ ! Du|P"2Du) in Q x (0, 00),
(1.4) u(z,t) =0 1in 00 x (0, 00),
(1.5) u(z,0) = up(x) on RY

was considered in [7].

In our paper we will study problem (1.1)—(1.2) in a way different from the elliptic
method which is used in [7], namely, we will compare the large time behavior of the
general solution of (1.1)—(1.2) to the Barenblatt-type solution of (1.1)—(1.2).

We begin with some preliminaries.

It is not difficult to verify that

B =t [b- mp—1) -1 (N )™M/ @D (faf =ty @)

}<p—1>/(m<p—1>—1>
mp

+
is the Barenblatt-type solution of the Cauchy problem
(1.6) uy = div(u™ DulP~2Du) in S = RN x (0, 00),
(1.7) u(z,0) = cd(z) on RY
where | = (1+(m—1)/(p—1))'" P, p=m+p—3+p/N, c = [onuo(z)dz, bis a
constant such that b = [y Ec(z,t)dz, and 0 denotes the Dirac mass centered at the
origin.

Let

Br(zo) ={z € R: |z — x| <R}, Br={zecR": |z| <R}

Definition 1.1. A nonnegative function u(x,t) is called a solution of (1.1)—(1.2)
if u satisfies

(1.8) we C0,T; L*RY) N L®RY x (1,T), u™V/®VDye LF (RN x (0,7)),
ug € LYRY x (7,T)), V7> 0;
(1.9) /[u(x,t)gat(x,t) —u™ Y DulP2Du - D —ulp]dadt =0, Vo€ CH(S);
s
(1.10) tlin(l) |u(z,t) — ug(x)| dz = 0.

Definition 1.2. A nonnegative function U € C(S \ (0)), U # 0 is called a very
singular solution of (1.1), if U satisfies (1.1) in the sense of distributions in S and

lim U(z,t)de =0, VYR>0.
t—0 BR
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Let U(z,t) =t/ f(|z|t='/#). Suppose f is the solution of the ordinary equa-

tion 1 1 1
PP + PP g+ o = =0,
f) >0, f(0)=0, lim p?/(@=tm=2D () = 0,

1n—00

Then we can prove that U(x,t) is a very singular solution of (1.1); we will publish

this result in another paper.

Theorem 1.3. Let m(p—1) > 1, ¢ > m+p — 2. If E. is a unique solution
of (1.6)—(1.7), then the solution u of (1.1)—(1.2) satisfies

(1.11) 1 u(z,t) — Bo(z, )| - 0 as t — oo

uniformly on the sets {x € RV : |z| < at="/#N  a > 0}, where
c=/ uo(x) dz —/ / ul(z,t) dx dt.
RN o Jmy

Theorem 1.4. Suppose m(p—1) >1,q¢>m+p—2 and

|J)|O‘UO(Z‘) < B7 ‘xl‘lgloo |J,‘|04u0($) = C,

where «, B and C' are constants with a € (0,p/(¢ — (m + p — 2))). Then the solution
of (1.1)—(1.2) satisfies

Y@ Dy (2, 1) - C* as t — oo

uniformly on the sets
{z eRY: |z| <at'/?, a >0},

where C* = (1/(q — 1))/ and 8 = (¢ - 1)/(g — (m +p - 2)).

Theorem 1.5. Suppose l <m(p—1),m+p—-2<g<m+p—2+p/N and

|£L'|O’UO(;U) < .B7 a > m, ‘/[RN UO(CL’) dz > 0.

Assume that (1.1) has a unique very singular solution. Then the solution of (1.1)—

(1.2) satisfies
tl/(q*1)|u(x,t) —U(z,t)] =0 ast— oo

523



uniformly on the sets
{z e RY: |z| < at/?},

where 8 = (¢ —1)/(q — (m +p —2)).

Remark 1.6. For m = 1, the uniqueness of solutions of (1.6)—(1.7) is known
(see [2]). For m = 1,p = 2, the uniqueness of the very singular solution of (1.1) is
known, too (see [11]).

2. PrROOF OF THEOREM 1.3
Let u be a solution of (1.1). We define the family of functions
up = ENu(kx, kNMt), k> 0.
It is easy to see that they are solutions of the problems

(2.1) uy = div(u™ | Du|P>Du) — k~u? in S =R x (0,00),
(2.2) u(z,0) = ugp(z) on RY,

where 1 = m+p—3+p/N as before and v = g—m—p+2—p/N, ugr(z) = kNug(x).

Lemma 2.1. For any s € (0,m + p — 2), uy, satisfies

T s+m—2
u
(2.3) // —k . Duy|?dzdt < e(s, R, [ug|r1),
o JBg (1+uk)2| | ( | |L )

T
(2.4) / / u PPN 40 4t < s, R, Juo| 1)
0 JBgr

Proof. From Definition 1.1, we are able to deduce (see [10]): V¢ € C(S),
© = 0 when |z]| is large enough,

T
(2.5) / uk(a:,t)godx—// (urpr — ul" ' |Dug|P~2Duy, - Dyp) da dt
RN 0 JRN
< / woi(@)p(x, 0) da.
RN
Let

(2.6) Yr € C3°(B2r), 0<¢r<1, ¢r=1on Br, |Dygr|<cR™"
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By an approximate procedure we can choose ¢ = (uj /(1 + uf))yh in (2.5); then

ug (z,t) ZS
(2.7) // 2 i) da
RN JO
8+m 2
//RN 1-|-u 2|Duk| wR( Ydzdr

§+m 1
//N e [Duy P2l (@) Dug - D da dr
R

}i
/RN [ 2

where 0 < h < t. Notice that

9+m 1

(2.8) |Duk|p 2P~ (&) Duy, - Dy da dr

RN 1+

(9+m 2)-(p=1)/p - p/(p—1)
//[RN|: ( (p 1)/p| uk|p_ wa )

ul(:er 1—(s+m—2))-(p—1)/p p

§+m 2 u£+m72
D 4 —r | Dyg|?| dedt
- [ [ (e mur i+ oo iDonr] arat

uk(gc,h) s
(2.9) / / S dzyph(z) de < / u(zx, kNER) dz,
rV Jo 14 25 RN

hence by (2.7)—(2.9) we obtain

up (x,t) 25 e+m 2
(2.10)  sup / / - dzda:—l—// 2|Duk| Y dedr
0<t<T JRN T+2° v (

p+9+m 2
< c/ u(z, ENHR) dx+c// s |DYg[P dz dr.
RN [RN 1 + 'U,

Because uy € L= (RN x (h,T)) N LY (St), p+m —2 > 0, we have

p+s+m 2
(2.11) lim // |D¢R|p dzdr =0.
RN

R—o0 1+U

Let R — oo, h — 0 in (2.10). Then

uy (x,t) 28 ue—i—m 2
2.12 su dz dx + // —fr | Dug [P de dr
(212) O<tET /[RN/ 1+=2 (1 +ug)? D

“o
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Thus

s+m 2
(2.13) sup / k(x,1) dx—l—// |Duk| dzdr < ¢(R).
Bar B2R

0<t<T

Let

w; = max{ug(z,t),1}, w= ungfP*?*S)/p.

By Sobolev’s imbedding inequality (see [6]), for & € C(Bag), £ = 0, we have

1/r
( EPuw” dx)
RN

s/p ((1=0)(m+p—2)—s)/p
< c</ |D(§w)|p) </ wP/ (m+p—2—s) dx) :
RN Baor

where

9:<m+p—2—s_1)<1 1_’_m—|—p—2—s)—17

P r/A\N p P
pm+p—2+p/N —s)
N m+p—2—s '

It follows that

(2.14) /[3 EPw" dadt
c//ST |D(Ew)|P da dt

(r—p)(m+p—2-s)/p
X sup (/ wp/(m“’zs)da:) .
Bar

te(0,7)
Since
uerm 2
|Dw|P < c(lk_’_i)z|Duk| a.e. on {u =1} and |Dw|=0 on {u <
we have

(2.15) //S |D(Ew)P de dt < c/s (€P|Dw|? + wP|DE|P) da dt

CV/ | DEPULT™ 25 dy dt
€+m 2
// |Duk| dz dt|.
BzR
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Hence, by (2.14), (2.15) and (2.13), we get
/ El)u;ﬂerfQer/Nfs drdt < C(S,R, |UO|L1)<1 4 // |D§|puill’+m—2—s dxdt).
St St

Let & = 9%, where 1 is the function satisfying (2.6) and b= N(m +p — 2 — s)/p.
Then

/ wabu;ner*Hp/N*S dzdt
St

)

o0 IN (m+p—2—s)/(m+p—2+p/N—s)
<e(s, R, |uo|L1>(1+ / ppug o dedt)
St

which implies (2.4) is true. O
Let Q, = By(zo) x (to — 0P, to) with to > (20)P and ug; = max{uy, 1}.

Lemma 2.2. Fach u;, satisfies

1/81
(2.16) supuy < c(o, $1) (// ui‘li’m*(}l*sl da dt> ’
Qo Q

2e

where ¢(o, s1) depends on g and s1, and s; can be any number satisfying 0 < s1 <
1+p/N.

Lemma 2.3. FEach u;, satisfies
T T
(2.17) // WY Dug P dar dt < o7, R), // gl dae dt < (7, R).
T lgR T lgﬁ

Proof. By Lemma 2.1 and 2.2, u; are uniformly bounded on every compact
set K C Sr. Let v be a function satisfying (2.6) and let £ € CL(0,T + 1) with
0<E<1, E=1ifte (r,T). We choose n = yh&uy, in (2.5) to obtain

1
(2.18) 5/ ui(m,T)w%dx—i—// ul* | Dug|Pyhé da dt
RN St
1
<5 [[ wtevhacat—p [ wpipul D Durvy s
2 ST ST
Notice that

(2.19) //S ul| Dug|P~ Dyg|y e da dt
T

< a// up* " Dug [Py%¢ da dt + c(e) // W Dipg [PE da dt.
St St
By (2.18), (2.19), one knows that the first inequality of (2.17) is true.
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Now we will prove the second inequality of (2.17). Let

v(x,t) = upp(z,t) = ruk(x,rm“’*?’t), r e (0,1).

Then
(2.20) vi(x,t) = div(v™ HDo[P~2Dv) — rmTPTET vy,
(2.21) v(zx,0) = rug(z,0).

Notice that r™+tP=2=9k~v > kL~ using the argument similar to that in the proof of

Theorem 1 of [12], one can prove

U 2 Uk
It follows that
wp(, PP 3E) — g (x, t) r—1 T
(rm+p=3 — 1)t 2 A ey e t).
Letting r — 1, we get
o " +1;k— 3)t

Denote w = tPug(z,t), 3 =1/(m+p—3). By (2.22), w; > 0. By (2.1),
T
(2.23) / / tPwppp da dt
T BQR

T

= _// u* | Dug[P"2 Duy, - Dipg da dt
7 JBaRr
T

T
—/ k_”uszdmdt—i—ﬂ// t~ ug(x)Yp do dt
T BQR T BQR

T
< é// uy do dt
T T BZR

T (p=1)/p T 1/p
+ (/ / ul" | Duy|P dx dt) (// |DypRr|P da dt) .
T BQR T BQR

From (2.13), (2.16) and (2.23) we obtain (2.17).
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Proof of Theorem 1.3.
By Lemmas 2.1-2.3 and [2], there exists a subsequence {uy, } of {ux} and a func-

tion v such that on every compact set K C S
U'kj — v in C(K), D’U,ZJL — Dv™ in L;f)oc(ST)’ |ukt|L11m:(ST) <ec.

Similar to what was done in the proof of Theorem 2 in [12], we can prove that
v satisfies (1.1) in the sense of distributions.
We now prove v(z,0) = cd(z). Let x € C3(Br). Then we have

(2.24) /uk(x,t)xda:—/ wrx dzr
RN RN

// Y Duy|P"2Duy, - Dxdzds — k // uix dz ds.
RV RV

To estimate fg Jan uZ”71|Duk|p_2Duk - Dx dz ds, without losing generality, one can
assume that u; > 0. By Holder inequality and Lemma 2.1,

¢
(2.25) ‘// u* | Dug[P~2Duy, - Dy dz ds

9+m 2 (p—1)/p
(// 2|Du;§| da:dt)
B2R
1/p
X (/ / (1+u2)2(”*1)u§f—1)(2_3_m) dxd7>
Bar

(// p 1)(2—s— m)_’_u](ﬁfl)(QJrsfm) dxdT)l/p
Bar

p—1)(s—2—m)

( 1
m+p—2+p/N—s mtp—2+tp/N—s p
1)(2—s— D (sta—m)
(// (;D s m)) —D(s12=m) dxdt) td,
Bar

where s € (0,1/N),d = ((m—s—1)Np+(s—2)N+p—s+2)/(m+p—2)N+p—s) < 1
because p > (N + 3)/(2N + 1), ug1 = max(ug, 1).
Hence from (2.24) we get

t
/ uk(m,t)xdx—/ @kxda:—l—k;_”// ulx dzds
RN RN RN
Nut
/uk(x t)xda:—/ wrx (k™ a:da:—i—/ /ukxk lz)dedr| <
RN RN

Letting now k — oo, t — 0, we obtain

lim v(x,t)xda:zx(O)(/ ga(a:)da:—/ / uqda:dt).
t=0 Jpyv RN o Jrv

(2.26)

< ct?.
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Thus -
v(z,0) =cd(x), c= / o(x)de — / / u? dz dt,
RN 0o JrY

v(x,t) is a solution of (1.3)—(1.4). By the assumption on uniqueness of solution, we
have v(x,t) = E.(x,t) and the whole sequence {uy} converges to E, as k — oco. Set
t =1. Then

ug(z,1) = kNu(kz, EN*) — Eo(z,1)

uniformly on every compact subset of RY. Thus writing kx = &/, kN# = t/, and
dropping the prime again, we see that

M u(x,t) — Eo(xt VW 1) = YR B (x,t)

uniformly on the sets {z € RV: |z| < at'/V#} @ > 0. Thus Theorem 1.3 is true.
(]

3. PROOFS OF THEOREM 1.4 AND 1.5

Let u be a solution of (1.1)-(1.2) and let ug(z,t) = Kou(kx,k%t), k > 0. If
0=1/(g—=(m+p=2), 6=(¢—-1)/(g— (m+p—2)), then

(3.1) uge = div(u" | Dug|P~2Duy) — uf,

(3.2) up(z,0) = o (x) = kop(kz).
Lemma 3.1. The solution uy of (3.1)—(3.2) satisfies

1 1/(g—1)
(3.3) up(z, t) < Cr¢ D, @:(—T) '
-

Proof. We consider the regularized problem of (3.1), namely,
(3.4) uy = div((uf + &) (|Dur > + &) P2 Duy) — uf.
By the uniqueness of the solution of (3.1)—(3.2), we can prove that

Uge = ur as € — 0 in C(K)

on every compact set K C S, where ug. are the solutions of (3.4), (3.2). By compu-
tation, it is easy to show that C*(t —to)~/(¢=1) is a solution of (3.4) in RY x (ty, c0),
to > 0. For any é; > 0, we choose g € (0,01) such that

e (2, 61)| oo vy < CF (81 — )~/ @~ D),
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Hence by the comparison principle, we have
Upe (2,1) < C*(t—to) V@Y >4,
The proof of Lemma 3.1 is completed by letting 6; — 0 and € — 0. 0

Lemma 3.2. Each uy; satisfies

T T
(3.5) // \Dugl? < (7, R), // luge| dav it < (7, R),
7 JBRr 7 JBR

where T € (0,T).
Proof. The proof of Lemma 3.2 is similar to that of Lemma 2.3. (]

Proof of Theorem 1.4. By Lemma 3.1, {ux} are uniformly bounded on every

compact set of S. Hence by [2], there exists a subsequence {ug;} and a function
U € C(S) such that
ur, - U in C(K)

and
Uz, t) < Cre /@b,

We now prove that U(z,t) = C*t~1/(@=1_ Let us introduce the function

(3.6) ot = min{py, A}

and denote by VA the solution of (3.4) with initial value (3.6). By the comparison
principle,

(3.7) Vit < e,

where ug. is the solution of (3.4), (3.2).
Define

Al=2\-1/(a-1)
q— 1)

which is the solution of (3.4) with initial value

VA:C*<t+

(3.8) Va(z,0) = A.
Notice that

ald—a
o(kx)|kx|*k }:A.

. A T .
Jim, (o) = Jim min{a, A
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Using the uniqueness of solution of (3.4), (3.8), we can prove (see [6])
VA V4 as k— oo in O(K),
where K is a compact set in S. Moreover, by [2] and [12]
VA - Viupe — up as k— oo in C(K)

uniformly in K, where V4 is the solution of (1.1) with initial value (3.6). It follows
that
VA —=Va4 as k— oo in C(K).

Letting ¢ — 0 and k — oo in turn in (3.7), we get
Va(z,t) < Vao(a, t) = C* Y@ i g
Since the lower bound holds for every A > 0, we conclude that
Ulz,t) = Vao(z, t) = C*¢~ /@1 iy G,

Thus
P/ (a=mAp=2) g (kg kP — ¢~ @D as k — oo,

Set t = 1. Then

kp/(qf(er;D*Q))u(kx’ k;ﬁ) —C" as k— o

uniformly on every compact subset of RY. Therefore if we set kz = 2/, k® = ¢/, and
omit the primes, we obtain

@Dy (z,t) - C* as t — o0

uniformly on sets {x € RV : |z| < at'/?} with a > 0 for ¢ > 0 and so Theorem 1.4
is proved. (I

Proof of Theorem 1.5. By Lemma 3.1 and [2], there exist a subsequence {us, }
and a function U € C(S) such that

(3.9) up; — U in C(K).

By Lemma 3.2, we can prove that U satisfies (1.1) in the sense of distributions in a
manner similar to Theorem 2 of [12]. O
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