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Large-time Behavior of Solutions to the Equations
of a Viscous Polytropic Ideal Gas (*).

SoNG JiaNG

Abstract. — First we prove for the equations of a viscous polytropic ideal gas in bounded annular
domains in R" (n =2, 3) that (generalized) spherically symmetric solutions decay to a con-
stant state exponentiolly as time goes to infinity. Then we show that solutions of the Cauchy
problem in R are asymptotically stable if the initial specific volume is close to a constant in
L= and weighted L2, the initial velocity is small in weighted L? N L*, and the initial tem-
perature is close to a constant in weighted L2,

1. - Introduction.

In this paper we study the asymptotic behavior of solutions to the following equa-
tions in the domain G, (1 <n <3):
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(*) Entrata in Redazione I'1l dicembre 1996, in versione riveduta 11 29 maggio 1997.
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where G, =R forn=1and G, = (a, b) (a >0) for n =2, 3; R, ¢y, k, 4, u are constants
satisfying R, ¢y, k, #>0, 1+ 2u/n=0. For (1.1)-(1.3) we will consider the Cauchy
problem in the case of n =1 and the following initial boundary value problem in the
case of n =2, 3:

(14)  o(r,0)=0,(), v(r,0)=vy(r), O(r,0)=04r), re@G, for 1sn<3,
15 v, )=vb,t)=0, O0.(a,t)=0.(b,t)=0, =20 forn=2 or 3.

The equations (1.1)-(1.3) describe the motion of a viscous polytropic ideal gas in R in
the case of » =1, or the spherically symmetric motion of a viscous polytropic ideal gas
in the annular domain {x e R" |a < |x| < b} in the case of n =2, 3 (cf.[1,5,10]), where
0, v, 0 are the density, the velocity, and the absolute temperature, respectively; 1 and u
are the constant viscosity coefficients, E, ¢y, and x are the gas constant, the specific
heat capacity, and the thermal conductivity, respectively.

In two or three dimensions the global existence and large-time behavior of smooth
solutions to the equations of a viscous polytropic ideal gas have been investigated for
general domains only in the case of sufficiently small initial data (see e.g.[2,3], [16]-
{20], [27,28], where more general constitutive equations were considered). For large
initial data the global existence of (generalized) solutions was shown in [4,5,25] resp.
in [10] for the spherically symmetric motion in a bounded annular domain resp. in an
exterior domain. The asymptotic behavior of the (spherically symmetric) solutions in
the bounded annular domain, however, is not discussed in[4,5,25] (in [10] some large-
time behavior of ¢, v was discussed only for the case n = 3).

In one dimension it is well known that global solutions exist. Moreover, for initial
boundary value problems in bounded domains a solution converges to a steady state
(exponentially) as t— o (see[1,8,9], [21]-[24]). For the Cauchy problem the large-time
behavior of solutions is investigated only for small initial data. In[12,15] (also cf.[6])
decay rates of solutions were studied for the initial data sufficiently small at least in
H3(R). Kanel, Kawashima, Nishida, and Okada[11,13,26] proved that if the H(R)-
norm of the initial data is sufficiently small, then a (smooth) solution converges to a
constant steady state as {— .

In the present paper first we prove the exponential decay of (generalized) solutions
of (1.1)-(1.5) for » =2 or 3. Then we show that in the case of n =1 (generalized) sol-
utions of the Cauchy problem (1.1)-(1.4) converge to a constant steady state as {— =
provided that the initial specific volume is close to a constant in L * and weighted L2,
the initial velocity is small in weighted L2 N L*, and the initial temperature is close to a
constant in weighted L 2.

To show the time-asymptotic behavior it is convenient to transform the system
(1.1)(1.3) to that in Lagrangian coordinates. The Eulerian coordinates (v, t) are con-
nected to the Lagrangian coordinates (&, {) by the relation

4
(16) rE, B =n(® + [#¢, v dr,
0
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where 9(&, t) :=v(r(E, t), ), and

! 0, n=1,
r(&) =", n(r):= IS"_IQO(S) ds, reG,; d,:= {
a, n=2,3.

dy
It should be noted that if inf {g ,(s); s € G, } > 0 (which will be assumed later), then 7 as
b

a function of re G, is invertible. Denote L:= {s" 1g,(s) ds > 0. Using the equation
HE, B o

(1.1), (1.6), and (1.5), we obtain 3, I s" Lo(s, t) ds = 6,,%(0, t) (0, t) with 0 ;; being

dy
the Kronecker delta, which by integration turns into

&, 1) 7o(8) t t
[ 5" tols, yds= [ s 0o(s) ds+ 6. [(w0)0, 7) dr =& + 6., [(20)(0, ) dr .
' 0 0

dy dy,

Thus, under the assumption inf {o(s, ); s€ G,, t = 0} > 0 (which is posteriori justified)
we see that G, is tranformed to Q, with Q,=Rifrn=1and 2,=(0,L)ifn=2, 3.
Moreover we have

1.7 Fer(&, 1) =[r(&, t)" " To(rE, t), )] 7'.
For a function ¢(r,t) we write @(&, ) := @(r(&,t),t). By virtue of (1.6) and
.7,

at (’i(gr t) = at(P(T, t) + var(p(r’ t) ’

1.8

aE@(E’ t) = a’r(p(r’ t) 857‘(57 t) = ar(p(’r; t)

r* Lo(r, t)

Without danger of confusion we denote (g, 7, 8) still by (o, v, 8) and (&, t) by (x, t).
We use u:=1/p to denote the specific volume. Therefore, by virtue of (1.7)-(1.8), the
equations (1.1)-(1.5) in the new variables (x, t) read:

(1.9 w=(r" " 1v),,

r"ly ]
(1.10) ®t='r"‘1[ﬁ(————)f—R—J, veQ,, t>0,
n u

,an—ZGx 1 ~ ~ ~
(1.11)  ¢yb,=k — +;[ﬂ(r" L), — ROY(r™~1v), — 2u(n ~ 1)(r"~292),

together with
(1.12) u(x, 0) =up(x), vz, 0)=vy(x), Ox,0)=0,(2), xef,, 1<n<3,
1.13) w0,0)=vL,t)=0, 6,0,H)=0,(L,t)=0, t=0, n=2,3.
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Here 2,=Rifn=1and 2= (0,L)ifn=2, 3; uy=1/0,, B =1 + 21, and by virtue of
(1.6), r=r(x, t) is determined by

-

t
r(x,t)=r0(x)+[v<x,r)dz, vel0,L], t=0,
(1.14) ) °

: 4 1/m
1) := {(dn)" + nfuo(y) dy] .
0

For the formulation of the main result we introduce the following notation: H™ and
| lz= (m =0 integer) denote H™(£2,,) and its norm (1 <n <3), respectively. | -|| and
|| |l» denote the norms in L2(2,,) and L?(R,) (1 < p < ), respectively. @y stands for
the domain 2, x (0, T) (1 <n <3). For a vector valued function f= (fi, ..., f.) we
put |[[|Al:= AN+ -+ || fulll» where |||- ||| denotes a norm.

As mentioned in the introduction the global existence of (generalized) solutions to
(1.9)-(1.14) has been established. In the case of n =1 Kazhikhov [1,14] proved that if
for some positive constants %, 8, ug— %, vy, 0o — e H?, and uy(x), 0o(x) >0 on R,
then there exists a unique solution {u(x, t), v(x, t), 6(x, t)} with positive 4 and 6 to the
Cauchy problem (1.1)-(1.12) on R x [0, ) such that for every 7> 0

(1.15) w—-wmeL>({0,T}, HY), wv,0—-06eL>(0,T], HY)NL2{0,T], H?),

Uty Vg OtELz(QT) .
In the case of = = 2, 3 Nikolaev [25] (also cf. [4,5]) showed that if u,, vy, @ g H?, uy(x),
Bo(x) >0 on [0, L] and the initial data are compatible with the boundary conditions
(1.13), then there exists a unique solution {u(x, t), v(x, t), 6(x, t)} with positive » and
6 to (1.9>-(1.14) on [0, L] x [0, =) such that for every 7> 0
(1.16) weL*([0,T), HY), wv,0eL*(0,T], H)NL*(0,T], H?,

Uty Uy, gt ELZ(QT) .

Denote

1.17D 4 L 2
g% .= —1—— cy o+ Yo (2) dx ;
0 2

¥ () = (a” +nu*x)™,  xel0, L].
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We assume for =2 or 3 that 1 and u satisfy
(1.18) nA+2u>0.

Then the main result of the paper reads:

THEOREM 1.1. — (i) Let n=2 or 3. Assume that (1.18) is satisfied. Let
{u(z, t), v(z, t), 0(x, t)} be a solution of (1.9)-(1.14) in the function class indicated in
(1.16). Then there are positive constants a, Ty, C, independent of t, such that

1.19) |l —u*, v, 6 — X))z + ) —r*|ge<Ce %, for any t=T,.

(i) Let n=1 and {u(x,t), v(x, t), 6(x, t)} be a solution of (1.9)-(1.12) in the
SJunction class indicated in (1.15). Denote

= o~ @l = + [(1+ @27 { (o~ T + v + (00— B) + v} do
R

where y > 1/2 is an arbitray but fixed constant. Then there is a constant < (0, 1],
independent of uy, vy, 04, such that if e, < ¢, then

(1.20) (w — 2, v, 8 =D)L= + ||y v, 0)D]—0, ast— .

REMARK 1.1. - The same techniques work and a result analogous to Theorem 1.1 (i)
holds when (1.13) is replaced by v|s0, =0, 0]s0, =1.
We will prove (i) and (ii) of Theorem 1.1 in Sections 2 and 3, respectively.

2. — Proof of Theorem 1.1-(i).

In this section the saire letter C (sometimes used as C;, C;) denotes various positive
constants which are in particular independent of ¢ and . The proof of Theorem 1.1 (i) is
essentially based on a careful examination of a priori estimates which are shown to be
independent of . The difficulties arise from the dependence on the time and spatial
variables of the coefficients in the equations (1.9)-(1.11), but can be overcome in our ap-
proach by modifying an idea of Kazhikhov[1,14] for the one-dimensional case. The
proof will be partitioned into several steps.

The first observation is that, by virtue of (1.7) and (1.14),

@1 rn@,t)=vex,t), r Y, Or,(x,t)=ulx,t), xel[0,L], t=0.

By (1.18)-(1.14) and (2.1) we obtain 7,(0, £) =170, £) u(0, t) = a' " "u(0, t) > 0 for
all £ = 0. Thus, if r,(x, t) > 0 is violated on [0, L] X [0, =), there are y e (0, L]and r e
e[0, o)suchthatr,(x,t) >0for0<x <y,0 <{<7,butr,(y, v) = 0. So by continuity,
r.(x, 1) =0 for x[0, y] and t<[0, 7], and we have r(y, ) 270, 7) =a > 0. From
2.1) we get 0 =1,(y, ) =r'""(y, 1)u(y, ) >0 which is a contradiction. This shows
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r(x,t) >0 for 0 <z <L, t=0. Therefore,
2.2) a=r0,tysr(x,t)ysr(L,t)=b for xe[0,L], t=0.

The following estimate embodies the dissipative character of viscosity and thermal dif-
fusion and is motivated by the second law of thermodynamics.

LEMMA 2.1. — There is a positive constant cy, independent of t, such that

L t L /UZ 02
2.3) jU(x,t)der” 2 4+ 2% ldpds<ec,, Vt=0,
; Jo \ub uh?
where
2.4 Uz, t):= {v?/2 + R(u —logu — 1) + cy(6 — log 6 — 1) }(x, t).

Proor. — Using (1.9)-(1.11), we obtain after a straightforward calculation that

B 0

@2.5) Uz+—ﬁ—(?”""lv)§+—f—(’r"_19m)2= r* | =@ o), -R— || +
ué uf?

U U

X

1 ) 7'2"_2640

+R(r”‘1v)x+1<[(1 - } —2(n ~ 1)#(1 - l)(r“'zvz)w-
0 U N 6

Recalling 2u4 +nd, 2u + (n —1) 1 > 0, we utilise (2.1) to arrive at

n—2,,2
2.6) ﬁ(r"’lv)ﬁ—zﬂ(n— 1) (L__”ﬁ =
uo

n—1 2
[(n—l)(2/t+(n—1)l)(7'1uv+ A v, )+ 2p(2u + nd) 7.2%—2,2)2]>

1
ub 2u+m—1)1] 2u+n-1)4 g
2u(2u +nld) T Ey?
T Qu+mn-11  ub

L
By virtue of Taylor’s theorem, IU(w, 0) dx < CA + |[(ug, vy, 8)|F). So If we inte-
0

grate (2.5) over [0, L] x [0, ] (t=0), use (1.13) and (2.6), we obtain (2.3). =
As a corollary of Lemma 2.1 we have

LEMMA 22. — There are positive constants o, a,, independent of t, such that

L
@) alsfe(x, tyde<a, Vt=0,
0
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and for each t =0 there is an a(t) e [0, L] satisfying

2.8) a;<0at),t)<a,.
Proor. - (2.3) implies
L
2.9) cvj(a(x,t)—logo(x, ty—1)dz<ec,, ¢=0.
0

Therefore by virtue of the mean value theorem, for each ¢ = 0 there is an a(t) € [0, L]
such that 6(a(t), t) —log 8(alt), t) — 1 < (ey L) *¢,, from which it follows that &, <
< 0(a(t), t) < &, with &4, &, being two (positive) roots of the equation: y —logy — 1 =
= (eyL) 'cy. If we use (2.9) and apply Jensen’s inequality to the convex function y —
—logy — 1, we obtain:

L L
f@(w,t)dx—log_[e(x,t)dw—lch‘lco, t=0.
0 0 ‘

L
Therefore 0 < ;< J &x,t)de <, for t =0, where &3, &4 are two (positive) roots of

0
the equation: y — logy — 1 = ¢y ' ¢5. Taking a :=min{gy, {3} and a, :=max{&,, {4},
we obtain 2.7)-2.8). =

Next we adapt and modify an idea of Kazhikhov [14] (also ef. [1]) for the one-dimen-
sional case to give a representation for .
Let

(,y.n— 1 v)x

@10) oz, £):=p -R % ,

t i t L
211 ¢z, t):= Ja(w, s) ds +Ir0‘(”‘1)(y) vo(y) dy + (n—l)j IT'”(y, s) v%(y, s) dyds .
[} 0 [

Then by (1.10), a partial integration in the varivable ¢, and (2.1),
212) C pule, ) =V, e, 1),

Note that in view of (2.1) ¢ satisfies

L

Ir“"vz dy .

@

n—1 _ n
2.13) p=pl e _po (oD O™,
U u n u
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Multiplying (2.13) by u, using (1.9) and (2.12), we arrive at

@10 () — ("), =~ — RO+ o), + 2

L
(r”)mjﬂr‘”v2 dy =

2 —
L R+ por i, + D[”[M Zdy]
" x

n

&

Keeping in mind that v vanishes on the boundary and (0, t) = a, we integrate (2.14)
over [0, L] x [0, {] to infer

L L t L{ g
2.15) [ (ud)(x, t) dow = j o (@) ¢ (%) dac — j j (% +R0) dards —
[} 0 00

) a”fJ’L “"p2dxds,

00

"

where ¢ 4(x) := ¢(x, 0). It follows from integration of (1.9) over [0, L] x [0, ¢] and use
of (1.13) that

L L
(2.16) ju(x, t) de = fuo(ac) de=u* fort=0.
0 0

Note that » > 0. If we apply the mean value theorem to (2.15) and use (2.16), we con-
clude that for each ¢t = 0 there is an x,(t) € [0, L] such that

1 L
@2.17) Po(t), )= — [ot@, ) wa, t) do.
1]

Therefore from (2.11), (2.15), and (2.17) we get

xo(t) L

t
2.18) ja(xo(t),s)ds=¢(xo<t), t)—j ~ =Dy — (n—1)j jr-%?dyds=

0 0 0 xo(t)

=_LJf‘[L(v—z +R0)dacds— (n—Da IJ " deds —

* *
u*d I\ n nu
t L 1 L wo(t)
—(n—l)[ J r "o deds + — juoqﬁodoc— J 1o ™V, dy
0 xp(t) u 0 0

for any t= 0. Using (2.18), we can show
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LEMMA 2.3. — We have the following representation

D(x, t) 6(x, s) B(x, s)
219  ulx, t) = Bo.D = j PR ds}, xel0,L], t=0
where
1 1 3 ( 1 —( 1)
(220) D(x,t):=wuy(x)exp!{ — | — uo¢0dx Ir "= Dy, dy+f’r "= Doy dy
Bl w* 0 20t)

t L
@21) B, t) ——expl [— ”(% )dwds+

w t
+(_7.7’%0J'Of "y 2dydxds+(n—1)fj vzdyds]},

and xy(t) e [0, L] is the same as in (2.17).

Proor. - Using (1.9) we may write (1.10) in the form
—(n-1),, _ o -(~1)
(2.22) r v, = Pllogul,;, — RB| — (7 w=0,).
U

Integrate (2.22) over [0, ¢}, then integrate over [x,(f), 2] with respect to z. If we inte-
grate by parts with respect to ¢, utilise (2.1) and (2.18), we infer

x
Blogu — Rf——ds—ﬁloguo-kfa(xo(t), s)ds + f fr‘(”‘1>vtdsdy=

mo(t) 0

t L
IJ’T‘” Zdxds —

00

n-1)a™
nu *

1 t L ’Uz
=/310gu0———ff — + RO | dxds —
u*o g\ 7

x

—(n—l)ffr Zdyds + JT n- 1)1;dy+— juo¢0dx I"ro“”‘l)vody,
0z xo(t) 0

which, when the exponentials are taken, turns into

Bz, t) 1 R [ 0, s)
2.23 ' = — .
@2 D@, 1)  wlx,t) eXp( B Oj ulz, s) ds)
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Multiplying (2.23) by R6/f and integrating over [0, t], we arrive at

t 1
exp E J Oz, s) dsl=14 _}:t’_ f 6(x, s) B(x, s) ds
B ww,s) B ; D(x, 8)

Substituting this into (2.23), we obtain the lemma. m

Now we are able to derive bounds on u(x, ) by using the representation (2.19).

LEMMA 24. — There are positive constants u and %, independent of t, such
that )

(2.24) u<ulx,t)<u for any x[0,L], tZ0.

ProoF. - Recalling the definition of D(x, t), we have by (2.2), Cauchy-Schwarz’s in-
equality, and Lemma 2.1 that

(2.25) 0<C'sD(,t)ysC, Vxel0,11, t=0.

Noting that » >0, we get from (2.2) and (2.7) that

B(x, s)
Bz, t)

w} 5530

(2.26) Bu

tL
$exp[— j O(x, s) dxds] < exp

pu* 7

Similarly,
227) B(x,s)/B(x,t)=Ce %09 t=2520; e“=2B@,t)=1, (=0

with C; being independent of ¢, where we have used (2.2)-(2.3) and (2.7).
It is easy to see by (2.2) and (2.7) that

L
|62z, 1) — 612(ald), t) | < je-”z(m, £)]0,(w, t) | du <
0

L g2 12f L 172 Li g2 12
x z 1/2¢,
< Iuez dx Ofeudx SC[J(HGZ)(m,t)dw] glaéu ¢, 0,

0
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which together with (2.8) gives

0‘1

(2.28) -C max u(-, t)

L 2

0%
$2aé+anxMwa Veel[0, L), t=0.
[0, L] ¢ w02

Hence it follows from (2.19) and (2.25)-(2.28) that

t L
62
< . 4 —{t—s)/C <
229 wx,t)s<C+ CJ(I + H)laﬁ u(-, s)OI — dx) e ds

t L 92
SC+CImaxu(-,s)f —Z dads.
; [0, L1 g uf?

Applying Gronwall’s inequality to (2.29) and utilising (2.3), one gets u(x, {) <% Vxe
e [0, L] Vt =0 for some positive constant % independent of ¢ and .

To complete the proof it remains to show the lower boundedness of %. To this end
we make use of (2.3), (2.19), (2.25), (2.27), and (2.28) to infer

RD(x,t) [ 6(x, s) Bz, s)
B o D(x, s) B(x, t)

(280)  wulx, t) =

4
LR -‘C(t—S) >
>QJ 5 meu(@f 19 g
2 1,
Cray ¢ ~Cit -C42 0% Caa,
p- R 1y — Ce ™" dd—C s = >0
so meT = [ [ s [ [ 2 dous= %8

420 1

for all ¢ = Ty and some (large) T, > 0, where C, is independent of {. Furthermore, from
(2.19), (2.25), and (2.27) we get u(x, t) = D(x, t)/B(x, t) = C e~ for all xe[0, L]
and ¢ = 0. This combined with (2 30) shows that % is bounded from below. The proof is
complete. =

In the sequel we derive Sobolev-norm estimates of derivatives for «, v, 6 by apply-
ing the energy method.
Recalling (2.10), using (1.9)-(1.10), we may write the equation (1.11) as follows

2 2n—20x
2.3 [CVO-I— 32—} = I:KT——— +or" "ty —2n—1) ur* " 2o?
¢

u
2

Multiply (2.81) by ¢y 0 + v2/2 and integrate. If we integrate by parts with respect to «,
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and make use of (2.1)-(2.2), Cauchy-Schwarz’s inequality, and (2.24), we obtain
that

2

1 F 2
@3 j[cvw —] (%, t) do <

L on-242
<c- K JJ‘ r 0 dacds+Cf f(rzn ZoZvt+vt+ 0%02) duds.

200 u

t
To bound the term j J r* 29292 dx ds, we multiply (1.10) by v*, integrate over

00
[0, L1 x [0, t], integrate by parts with respect to %, and utilise (2.1)-(2.2), Cauchy-
Schwarz’s inequality, and (2.24) to get

t

L L
(2.33) ljv‘*(x,t)dxsc--fi” 2n-2y 2v2dxds+cj j(v +0202) duds .
’ 40 uOO

We multiply (2.32) by /(2 %C) and add the resulting inequality to (2.33) to obtain,'
with the help of (2.2)-(2.3) and (2.24), the result

L ¢ L
(2.34) 1(62+v4)(w, t) dx + j J’(vzvﬁ + 60%) dxds <
00

0

L

t t
2¢, 2(. 2
SC+COJH>I,&L)§D ¢, s)ds+00h¥)1)a£§v ¢, s)OJ’H (x, 8)dxds.
On the other hand, by (2.2)-(2.3), (2.7) and (2.24),
t tf L 2 t L2 L
2(- = < =0.
(2.35) Omag%v (-, 5) ds soj Oj |vx|dac) ds sojoj - dxojuedxds C, t=0

In view of (2.35), we apply Gronwall’s inequality to (2.34) to obtain

LEMMA 2.5.

L t L
(2.36) f(02+v4)(x,t) dx+”(v%5+93) deds<C, ¢=0.
0 00
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LEMMA 2.6.

L t L
2.37) ju,f(x, t) da + ”(vf+u3+euf)dxdssc, t=0.
0 00

PRrOOF. — By virtue of (2.1)-(2.2) and (2.24),
238) ("ol ="t (n = Dr Ttuwf 2?2022 - CuP 2 a® 20l 2 - Ov®.

So multiplying (1.10) by v and integrating, we integrate by parts with respect to x, use
Cauchy-Schwarz’s inequality, (2.7), (2.24), and (2.35)-(2.36), to deduce

s garn-2 [t .
239 = Ivz(x, t) de + ——— _”vf dxds <
, 2 2u K

0

¢ L t L
SC+C<§“1JJ(0§+v2+6v2)dwds+6fjﬁufdxdss
00 00

t L
s06‘1+6ff0uf deds, (0<0<1 constant).
00

With the help of (1.9), we may write (1.10) in the form Blu,/ul,=r"""Vuy, +
+R[0,/u — Ou,/u?]. Multiply this by u,/u and integrate. After utilising (2.3), (2.24),
and (2.36), we infer

L 92 t L 2
(2.40) ﬁj Yo, t)dx+§ ”9”“” deds <
27| u 27, u

<C+” - 1>v—~dxds+0” (1+0—)dacds

Noting that [u,/u]), = [u;/u],, the second term on the right hand side of (2.40) can be
estimated, with the help of integration by parts, and (1.9), (2.1)-(2.3), (2.24) and (2.35),
as follows:

L

(2.41) II r-- ”vt dxds——f’r"("‘”vﬂdx t+
0

u 0

+(n—1)fﬁr’” 2 dxds—jf r=- ”v[ ] drds <
00 u

X

gf[ ](x t)dx+Cfmaxv fu dxds+—jf vZ dxds .
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Substituting (2.41) into (2.40), taking (2.2)-(2.3), (2.24), and (2.36) into account, one
gets

ﬂ L R t L
242) = [ul(z, t)de+ — f jeuf dads <
4u* 2u® J

¢ L t L
2
SC+CJmavaJufdxds+—J'vazdxds.
¢ E LI

Multiplying (2.42) by uBa%" /(8 %), and adding the resulting inequality to (2.39), we
obtain for an appropriately small but fixed 6 € (0, 1) that

L t L t L
Juf(w, t) de + f f(vf+Guf)dxdsSC+CJmaxv2qu deds, t=0.
[0, L)

0 00 0 0

In view of (2.35), we apply Gronwall’s inequality to the above inequality to obtain
L t L
(2.43) juf(m,t) dx+”(v3+9u5)dxdssc, V0.
0 00

Finally, it follows from (2.24), (2.28), (2.43), and (2.3) that

t L t L t L L
ﬂ”ugdmdss”eufdxdsw” L do[uZdvds<C, 120,
2 00 00 00 0

92
ufh?
from which and (2.48), (2.37) follows. This completes the proof. =

In the following lemma we bound v, in the L%((0, L) x (0, ®))-norm.

LeMMmaA 2.7.
L t L
(2.44) jvf(x,t) dx+”vt2 dzds<C, Vt=0,
0 00
(2.45) |v(z,t)|<C, Vxel0,L], t=0.

Proor. — We first note that by (2.8) and Cauchy-Schwarz’s inequality,
. < . — <
(2.46) ?gaﬁ 9, t)sC+ C%{)xaﬁ |6C, t) — 6(a(t), )]

L
SC+CJ|0m|dst+C||9w(t)[|, t=0.
0

Multiply (1.10) by v, and integrate over [0, L] x [0, t]. Integrating by parts, using
(2.1)-(2.3), (2.24), (2.35)-(2.37), and (2.46), taking into account that " ty), =
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= (r" )y — (= 1)(r" " 20?), and |(r" 20%),| < C{v®+ (r" '0)i}, we obtain

t
1
ean < [Inlds+ L om0 <
20 2%

t L n—1

$C+CIf[M(v2+(’r"‘lv)i)+9§+02uf}dxdss

' u
00

<C+CJ"max| e +fnaxv }||(7'n Ly), ||2ds

Here max|('r"”1v)x/u| can be bounded as follows, using (2.10), Sobolev’s imbedding
theorem (H!csL ®), and (2.24), (1.10), (2.1)-(2.2), and (2.46)

(,,,n— 1 v)x

248) B

0
x,t)<|o|+R— SC(1+||0||+|lax||+max0) <
U [0, L]

<C(1+max o+ o+ 6. + Hvt||), vre[0, L], £=0.

Inserting (2.48) into (2.47) and recalling that |(r" )% | < C(v?+v?2), we get from
(2.24), (2.35), and (2.37) that

1 t
eam 1 Oj oy ds + -2% 10, <

i
<C+C (max >+ o+ o, F) oo, [ ds.
Jht;

Applying Gronwall’s inequality to (2.49) and taking account of (2.35)-(2.37), we conclude
t
that j v, B ds + | (r™~10),®)|E < C for ¢t = 0, which combined with (2.3) and (2.37)-(2.38)

0
yields (2.44). Finally, (2.45) follows from Sobolev’s inequality, (2.3), and (2.44). The
proof is complete. =

As a result of Lemma 2.7 we have
t L t
2 2 2¢,
(2.50) Ojoj(umt +vg )x, s) deds +0J’ H)laL)% vi(,8)dssC, t=0.

In fact, by virtue of Sobolev’s imbedding theorem (W%!lcsL ®), maxv2(-,t) <
< Ce 7w, ()| + ellv ()| (0 <e< 1), we get from (2.1)-(2.2), (2.24), and (2.35)-(2.37),
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(1.10), (2.46), and (2.44) that

t L t L
J’ f(uft + k) deds < Cf I[(r"‘lv)ix +v2+ulvi+ o] drds <
00 00

2

LE (T”‘l’v)x]
sC+C _—
) " OJOJ[ u

t L t L b4 t
1
$C+Cj jvtzdxds+0f%gaﬁezfu§dxds+0ffglaﬁvfdssC—k—2- I|]vmx||2ds,
00 o 0 o 0

t L
dxds + CI fufvf drds <
00

X

which implies (2.50).
We multiply (1.11) by 6, and integrate, we obtain by the same arguments as used in
Lemma 2.7 and (2.50) that

L t L
2 . 2 2 2
2.51) Ojex(x, 1) de + max |6, 1) | +0j0f(9t + 0%, + max Ox)(s) ds<C, Vt=0.

Now we are able to prove Theorem 2.1. By (2.37), (2.44), (2.50)-(2.51), and the
identities

L L L L
fvxvxtdx=—jvm'vtdx, J'Bmem‘dx=—J'6m6tdx,
0 0 0 0
we see that
[y d d, d
— |he, (D[P +l-— v, (D) P +|—0xt Eltdt<C,
[{] 5 0] | 5 o]« | .ol
which together with (2.36)-(2.37) implies
(2.52) e OF + o @IF +10.@IF—0,  as t—co.

From (2.16) and Poincaré’s inequality we get [lu(t) — u* ||lz1 + [p(t) |z —0 as t— . Re-
calling (1.13) and the definition of 8%, we integrate (2.31) over [0, L] x [0, ] to
infer

i ,
[{tevo+v22)@, ) = cy0*} dz=0, >0,
0

from which it follows with the help of Poincaré’s inequality and (2.45) that as

t—> o

6) — 6% < Clley 6¢) + v2(#)/2 — ¢y 0% || + Clo®(®| < C(6 .|| + [(®)]lz1) —0 .
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To show »(x, t) — (¢ + nu*x)'™ as t— o we note that by (2.1) and (1.14),
253) r"(x,t)=r"(0,1)+ nfu(y, tdy = [’r*(x)]"+nf(u(?/, t)—u*)dy,
0 0

where r#(x) is defined by (1.17). It follows from (2.2) and (2.53) that ||r(t) — r*| <
< Cllu(t) — u*|, t = 0. Therefore, differentiating (2.53) with respect to x and recalling
(2.2), we find that |lr() — r* g2 < Cllu(t) — u* |1 — 0 as t— o« . We have known that for
large t{u(x, t) — u*, v(x, t), O(x, t) — 6%} and *(x, t) — 7 *(x) become small in the H'-
and H%norms respectively, thus we can apply arguments similar to those used in [26,
Theorem 2.2] to obtain (1.19) in Theroem 1.1 (the exponential decay). This completes
the proof of Theorem 1.1 (i).

3. — Proof of Theorem 1.1-(ii).

We use and modify an idea of Hoff [7] for barotropic fluids to prove Theorem 1.1 (ii)
for the system (1.9)-(1.12) in the case of n = 1. Let ¢; <1 be satisfied in this section. In
what follows C or C denotes a generic constant (= 1) which may depend at most on %, 8,
B, R, ¢y, K, and y.

Deﬁne ¢(t):=min {1, t}. We first assume that u, 6 satisfy

31 |ux,t)-%|, ¢@)|0(x,t)—0|<min{u, 6}/2 for all xeR, t=0.
In the sequel we derive a priori estimates for %, v, 0 under (3.1).

Following the same procedure as in the proof of Lemma 2.1 (recalling » = 1), apply-
ing (3.1) and the mean value theorem, we can show

82 fU(x t)dx+9”(,3—+1<ui-)dxds—[mx de<

scj{v2+(u—u)2+(e—a)2}(x,1)dx, viz1,
R

—?)}(x, t.

Now we estimate {u — %, v, 6 — 6} in a weighted L2norm for 0 <¢<1. For sim-
plicity we denote y(x) := (1 + 22)” with y being the same as in Theorem 1.1. Multiply
(1.10) by 29w (recalling n = 1) and integrate over R x (0, t) ([0, 1]). We integrate

where

SANESS

2
38) U, t):= lﬂ- +R§(-ﬁ- “log & - 1) +cv(0—mog
2 u un
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by parts to arrive at

(3.4) jwvz(x, £) dx + Jthvf deds <
R 0 R

t
sCe§+Cj jzp((u—a)2+v2+ 0 -9%)deds, tel0,1].
0 R

Multiplying (1.9) by 2y(u — %) and integrating, we easily see that
t ¢
1
Iz/)(u(ac, H-ulde<el+ CJ Jw(u ~w)ldads + — J Jt/wmz dxds,
R 0 R 25%
which together with (3.4) gives

i

G5 [wlw-mP+ 0w, 1) du+ [ [yo? dwds <
R 0 R

t
<Cef+C| jzp((u—a)2+v2+ (0 — 9)) deds
0 R

for all te[0, 1].
Let us denote h(f):= sup J p{v?+ (0 - 0 W=, s) de. Utilising (8.1), we obtain
R

0=<s<t

by the same arguments as used for (2.31)-(2.23) that

t
3.6) [zp((o-é)2+v4>(x, £) dm+j jw(vzvf+9§c)dwdss
R 0 R

t t
sCe§+Ch(t)JmK§x(6—§)2(-,s)ds+]IW((9—§)2+U4+vz)dxdsS
0 0 R

t t
sC(e(,2+h3(t))+cf fw((e—a)2+v4+v2)dmds+-;- queida@ds, tefo, 11,
0 R 0 R

where we have also used the inequality ||- ||, = < Cj|-|||18,-]] for max (6 — 6)(, s).
Applying the generalized Gronwall inequality to (3.5) and (3.6}, we find that for all
tel0, 1]

3.7 [w«u R vt vt+ (6 - 02 )z, t) de +
R

11
+ szp('vf + 0202+ 6%) deds < Clef + h3(1)) .
0 R
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By the definition of A(t) and (3.7) we have k(t) < C(ef + h3(t)) for all te [0, 1], which
gives k(t) < 2Cef < ¢, for all te [0, 1] provided e, < 1/(2C). Therefore, in view of (3.7)
we conclude

@8  [pu-mF+v2+v+ (O - 0w, ) do +
R

4
+fjzp(v,§+v%f+9§)dxdss0e§, tel0, 1]
0 R

provided e, < 1/(2C). Using (3.1) and the mean value theorem, we get from (3.8) and
(8.2) that

t
3.9) j{v2+(u—a)2+(e—5)2}(x,t)dx+jj(vf,wi)dxdsscq?, VE=0
R 0 R

provided e, < 1/(2C).
Next we derive Sobolev-norm estimates for %, v, 8. We define

B.10) A(t):= supt{llu—a!l%w + o2l B+ ¢t]0 1P} (s) +

0<s<

+ [{02 [+ 9107 + o[} (s) ds

Multiply (1.10) by ¢2v; and integrate. We integrate by parts, utilise (3.1), (8.9), and
Cauchy-Schwarz’s inequality to infer

¢2J,sz da + ftJ¢2vt2 deds <
R 0 R

{ t
1 1
sCe3+c”¢2|vx|3dxds+C ”¢2[(—-:)9] v deds | <
0 R 0 R L "
t
<Cef+C|[ [¢ptod dwds+C [ |u—1|p|v, |dz+
0 R R
1 t 1 1
+Cff¢|u—ﬁ|0|vz|dwds+6' H¢2[(——:)0] v, deds | <
0 R 0 R u u ¢

£ t
1
sceo2+cj j¢4v;dxds+cfj|u—a|z¢4e§dxds+§¢2jvfdx,
0 R 0 R R
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whence

t i
(8.11) ¢2fvf dx+Jf¢2vt2 dacdsSCeg+ij¢4v_§ deds +A%(t), t=0,
R 0 R 0R

where the second term on the right-hand side of (3.11) can be bounded as follows, using
@B.1), 8.9), and |- |E-<C|- &, (1.10) and 3.2)

(3.12) qu)“v,;‘ drds < Cfrp“ max vfj‘vf deds <
0 R 0 R

t 5 \2
7}
SCe§+CJ¢4m}§x(ﬁ1}3—R——+R2) jvfdwdss
; % % @

. i
<Ces+C f & (g |P + e — @l + (16 — BIP + [loy [P flo, |P ds < Cleg + A% (1)) .
0 ,
Inserting (3.12) into (3.11), one obtains

t
(3.13) ¢2fv§ dx+HR¢2vf deds < Cle+A%(t)), Vt=0.
R 0

Multiplying (1.11) by ¢*#, and integrating, following the same arguments as used
for (3.11)-(3.13), we deduce that

« 4 t
(3.14) ¢4(t)||6m(t)llz+J||0t||2¢4dsSCeO2+CJ I(¢4vf+¢4|vx|0§)dxdss
0 0 R

{
< Clel +A%(t)) + qubsmg.x vfj@i deds < Cleg +A%(t)), Vt=0.
(1] R

We are now able to derive pointwise bounds for u —u. We may write (1.10) in
the form (recalling n=1): v, = Bllog (w/u)}y, — R[6/u — 0/%],. Integrating this over
(—oo,x)x(0,t) (te[0, 1]) and then taking the absolute value, making use of (3.1)
and (3.8)-(3.9), we see that

@15) |u—-um|<C

U
log:|$
u

x i
<Clug—a|+C [ (Jo|+ v Ddy + C[(ju—7| +|g-B|)ds <
) ;
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_ ¢ ¢
< Ceo + Il lllly 2 [+ C [ |u ~ | ds +C [ 16 — Bl ds <
0 0

t t 1/2 t
<0e0+cj|u—a|ds+c(jne—a||%,l ds) <Ce+C|[|u-7|ds, tel0,1].
0 0 0

An application of Gronwall’s inequality to (3.15) yields
(3.16) |w(zx, t) —u|<Ce, VrxeR,tel0,1].

To estimate u —% for t=1 we denote F:=p[v,/u]— R[u/6]+ R[#/0] and find
that

[1 1] 39[1 1] F RO-0)
Bl——=|t+— == ——
U ut U U U u UU

Multiplying this by 1/u — 1/%, using (3.1), (3.10), and (3.9), we get

1 1] 1 1P _
5[ on|s - 3] <comme o<
w W, %
< C(IFIE + IF, P + 16 — Ol) < Ced + vy, v, 0|, t21,
which together with (3.9) and (3.13) gives

B.17) |z, t)—%|2<Cef+Clu(z, 1) -7 |*+
; ,
+C[lw,, v, 0.2 ds < Clef + A*®), VoeR, 121,
1
Combining (3.9), (3.13)-(3.14), and (3.16)-(3.17), we obtain A(t) < é&{ef + A*(1)} for t =
=0, where ¢ =1 depends at most on %, 8, 8, R, ¢y, k, and y. Hence we have

(8.18) A(t) €2éef, for all t=0

provided e, < min {1/(2¢), 1/(2C)}.
From (8.18), (3.10), and (3.9) we conclude that

(.19  |ulw, t) — 7| + ¢(t) |0z, t) — G| <AY2(t) + C||6 — 02 9]0, |12 <

<SAMV(H) + Ceg AVA(2) < \/—2—530(1 +CVey) <min {7, 6}/3, VzeR,t=0

provided e, < min {% /(6 V&), /(6 V&), 1 /@0, 1/26), 1/(2C)} =: e.

For the initial data satisfying e, < ¢ we thus have proved that under (3.1) the esti-
mate (3.19) holds. Since (3.19) is valid for ¢ = 0, by virtue of the continuity of % and 8,
(3.19) remains valid for all £ = 0. Hence (3.9), (3.18) hold for all ¢ = 0. We now multiply
(1.10) by u,/u and integrate over R X (1, ). We make use of (1.9), (3.19), (3.9), and
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(8.18) to deduce (cf. (2.40))
4
(3.20) qu(x, t) do + jl|ux||2 ds<CA+|u(Df) <, t=1.
R 1

Similarly, if we multiply (1.10) resp. (1.11) by wv,, resp. by @, and integrate over R X
X (1, t), utilise (8.20), we have

t
3.21) j(nvmnz‘ +|0LP) ds <O+ lu,(DP) < 0, t=1.
1

From (3.18) and (3.20)-(3.21) we get by the same argument as used for (2.52) that
e 1| + o @] + 16.,(8)|— 0 as t— oo . From this, (3.9), and |||} = < C||- [ [|3,-[, (1.20)
follows immediately. The proof is complete.
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