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We construct a class of lattice systems that have effectively nonintegral dimensionality. A reasonable
definition of effective dimensionality applicable to lattice systems is proposed and the effective
dimensionalities of these lattices are determined. The renormalization procedure is used to determine the
critical behavior of the classical XY model and the Fortuin—Kasteleyn cluster model on the truncated
tetrahedron lattice which is shown to have the effective dimensionality 2log3/log5. It is found that no

phase transition occurs at any finite temperature.

INTRODUCTION

In a recent paper,: Nelson and Fisher defined the
truncated tetrahedron lattice. The lattice is planar,
multiply connected, and has a coordination number 3.
Although admittedly rather artificial, it is of interest
in the theory of phase transitions because it provides us
with a lattice of effectively nonintegral dimensionality.
Besides providing a physical basis and testing grounds
for such formal techniques as the ¢ expansion,? the
study of critical behavior of model Hamiltonians on
such lattices may be expected to improve our under-
standing of the influence of dimensionality in determin-
ing the nature of phase transitions in physical systems.

The plan of this paper is as follows: In Sec. I we de-
fine what we mean by effective nonintegral space dimen-
sionality of an infinite lattice., The proposed definition
is different from that assumed in Ref. 1. In particular
the space dimensionality of the truncated tetrahedron
lattice using this definition is found to be 2In,3 =1, 3651
and not 1n,3 =1, 5851 as proposed by Nelson and Fisher,
Arguments are presented in favor of our definition. In
Sec. II two examples of lattice systems with nonintegral
dimensionality are given. One is the generalization of
the truncated tetrahedron lattice to the truncated »n-sim-
plex lattice, The other is a planar multiply connected
lattice of coordination number 3 which may be obtained
by deleting some bonds from a planar square lattice,
The dimensionality of these lattices is determined in
Sec, III by deriving a functional equation for their
characteristic functions, In Sec. IV the behavior of the
classical XY model and the cluster model on the trun-
cated tetrahedron lattice is analyzed using the renor-
malization procedure.

|. DEFINITION OF THE SPACE DIMENSIONALITY
OF AN INFINITE LATTICE

Consider an infinite lattice, For our purpose a lattice
is specified by its graph consisting of lattice points and
undirected lines joining them called bonds. For sim-
plicity we consider only one kind of bond. Two sites
that have a bond in common are called nearest neigh-
bors. How do we assign a dimensionality to an arbitrary
infinite lattice? (The effective dimensionality of a finite
lattice may be defined to be zero.) Any proposed de-
finition of effective dimensionality should satisfy some
elementary properties. It should agree with the conven-
tional integral value of dimensionality for “regular”
lattices. It should depend only weakly on the lattice in
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the sense that introduction or deletion of a finite num-
ber of lattice points or bonds should not change its val-
ue. And preferably it should satisfy some scaling rela-
tions between critical exponents.®

It is instructive to look at the familiar case when the
space dimensionality d is integral., We consider a
“simple cubic” lattice in d dimensions and consider a
model in which a scalar displacement x; is associated

‘with each site i and nearest neighbors are connected

by harmonic springs of equal spring constants. Intro-
duction of normal mode coordinates converts this prob-
lem info one of independent simple harmonic oscilla-
tors, Each normal mode is characterized by a wave-
number K which is a 7-dimensional vector lying within
the first Brillouin zone, We also know that:

(i) For small wavenumbers k, the frequency w of the
mode with wave vector k, is approximately proportion-
al to the magnitude of x, i.e., w?®=«2C* for small «*,

(i) The number of modes with |k |<k is proportional
to k? for small x. The two facts together imply that the
fractional number of modes with frequency less than w
is proportional to w? for small w.

In making a transition to more general lattices with
possibly nonintegral dimensionality, we may again
define a nearest neighbor harmonic interaction model.
It is difficult to say just what meaning may be assigned
to a “nonintegral dimensional vector ¥”. At best we may
say that low values of {x! correspond to slowly space
varying modes and high values of |k | correspond to the
modes where the spatial variation is large. We nec-
essarily assume that something like (ii) is correct.
Compare this, for instance, with the scaling property
assumed by Wilson [Eqs. (A3) and (A9) in Ref. 4], The
validity of (i) is rendered plausible by the observation
that the equation w?=«?C? is just the Fourier transform
of the equation 9% /3% =C?V? . If we identify x, as the
displacement at site ¢ and replace V3 by its discrete
analog V% ;=Y .(x; -x;) where j are sites neighboring
i, we see that the equation correctly gives the equation
of motion of x; in our model.

It is thus reasonable to postulate that the fractional
number of modes of frequency less than w is propor-
tional to w%, for small w, even if 4 is nonintegral. We
adopt this as the definition of effective dimensionality
of a given infinite lattice.

In practice, the determination of the fractional num-
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ber of modes below a frequency w involves starting with
a finite lattice of size N and then letting N tend to in-
finity. For an arbitrary lattice such a limit obviously
does not exist, In statistical mechanics, we shall be
only concerned with lattices which are sufficiently regu-
lar and all such thermodynamic limits will be assumed
to exist.

The analysis given in Sec. III shows that the effective
dimensionality of the truncated tetrahaedron lattice
is 2 log,3.

Nelson and Fisher gave a different argument to
determine the effective dimensionality of the truncated
tetrahedron lattice. They define the diameter of the
lattice as the maximum distance between any two lattice
points as measured along bonds. Then it is easy to see
that the diameter R of a rth order truncated tetrahedron
is proportional to 27, while its volume V, which is
equal to the total number of lattice points, goes like 3",
Identifying the effective dimensionality d by the relation
Vo RY, one finds that d=1og,3.

The two definitions of effective dimensionality are
clearly not equivalent. The important difference is that
while in Nelson and Fisher’s definition, one considers
the lattice as a whole, our proposed definition looks only
at the low spatial frequency modes. Since the phase
transitions are governed by the long range correlations,
i.e., low frequency modes, we believe that our pro-
posed definition is more relevant to the study of phase
transitions.

For example, the modified rectangular lattice, de-
scribed in the next section, has an effective dimension-
ality 3 using our definition. If we used Nelson and
Fisher’s definition, the effective dimensionality of the
lattice would be 2. However the behavior of model
Hamiltonians like the Gaussian model or the Ising
model on this lattice is very different from that on a
two-dimensional square lattice. In particular, it may be
shown that on this lattice, the Ising model shows no
spontaneous magnetization or phase transition. Thus
we may expect the assigned effective dimensionality
to be less than 2, Similar arguments may be made for
the truncated n-simplex lattice.

We remark that the effective dimensionality of a lat-
tice has been defined with respect to a specific model
(nearest neighbor harmonic spring interaction model).
We expect the dimensionality of the lattice to be model
independent and different definitions of effective dimen-
sionality using other model Hamiltonians should give an
identical value of dimensionality when it is calculated

@

(a) (b) (c)

FIG. 1. (a) A complete graph on 5 points, zeroth order trun-
cated 4-simplex lattice. (b) Replacement of single vertex by
a complete 4 point graph, (c) Result of replacement on

Fig. (a). First order truncated 4-simplex lattice.
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correctly from the scaling relations in terms of inde-
pendently determinable critical exponents of the model,
The quadratic interaction was chosen due to its
simplicity.

In particular, the dimensionality of a lattice would not
change if we introduced a second nearest neighbor
spring interaction or any quadratic interaction of finite
range for that matter. This may be proved rigorously
using exact renormalization equations but is most easily
seen by the application of first order perturbation
theory. Let the first and second nearest neighbor spring
constant be J and J’ respectively, J’ <«<J. The change
in w?, the frequency of the ith mode is given by

dw? .
de—(?—']. =aw? +higher order terms in w?,

where a is some constant depending on the lattice. This
implies that the power law dependence of the density of
states in the low frequency region remains unchanged,

Il. EXAMPLES OF LATTICE SYSTEMS WITH
NONINTEGRAL DIMENSIONALITY

In this section we describe the truncated n-simplex
lattice and the modified rectangular lattice as examples
of lattices with nonintegral dimensionality, Other lat-
tices of this type are easy to construct. These lattices
are so defined that exact renormalization equations may
be written down for these systems.

The truncated n-simplex lattice is a simple generali-
zation of the truncated tefrahedron lattice, The lattice
is defined recursively. The graph of the zeroth order
truncated n-simplex lattice is a complete graph on
(n+1) points, (A complete graph is a graph in which
there exists a bond between every pair of lattice points.)
The graph for the (» +1)th order lattice is obtained
by replacing each of the vertices of the #th order graph
by a complete graph on » points. Each of the new n
points is connected to one of the lines coming to the
original vertex. For the thermodynamic limit we let
¥ tend to infinity. In Fig, 1 we illustrate this for the
case n=4.

The case n=1 corresponds to the uninteresting case of
mutually disconnected pairs of points. n=2 corresponds
to the linear chain. For n=3 we get the truncated
tetrahedron lattice. For higher values of n the lattices
are nonplanar. It is easy to see that the #th order
truncated »n simplex lattice has (r +1)n” vertices and
[(n + 1)n™'])/2 bonds. Each lattice point has a coordina-
tion number n. Though the lattice is multiply connected,
it is still possible to disconnect an arbitrarily large
set of points from the rest of the lattice by just deleting

FIG. 2. A portion of the infi-
nite truncated 4-simplex
lattice.
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FIG. 3. (a) Graph of a first order square. (b) Schematic rep-
resentation of the graph of the (»+1)th order. The shaded
squares denote the graph of »th order squares of which only
the corner vertices are shown,

n bonds. We show later that the effective dimensionality
of the truncated n-simplex lattice is 2 logn/log(n +2).

The truncated 4-simplex lattice may be more conven-
iently drawn as in Fig. 2 as a square lattice with bonds
connecting at most the “next nearest neighbor.” The
quotation marks indicate that the word is used in the
Euclidean sense. By our definition all pairs of points
that have a bond in common are nearest neighbors. The
construction of the graph is explained in Fig. 3. We
define the first order square as a complete graph on four
points. An (r +1)th order square is obtained by joining
four rth order squares together by bonds such that each
rth order square is joined to the other »th order squares
by bonds connecting corner points and each 7th order
square contributes one corner point to the (r +1)th
order square. The graph in Fig. 2 is a third order
square, It is easy to convince oneself that the graph of
the infinite order square is topologically equivalent to
the infinite truncated 4-simplex graph. Thus we may
generate the truncated 4-simplex lattice from the graph
of a two-dimensional infinite square lattice with “near-
est neighbor” and “next nearest neighbor” bonds by
selectively deleting some bonds. This deletion of bonds
results in a change in the effective dimensionality of the
lattice from 2 to 2 log4/log6.

We may similarly define a planar lattice to be called
a modified rectangular lattice. This lattice has coordi-
nation number 3 and is multiply connected. The elemen-
tary cycles in the lattice are of length 4, 8, 16, 32,

-. The lattice is defined in Fig. 4. In this lattice the
rth order rectangle does not posses the full permuta-
tion symmetry between the corner lattice points as did
the »th order square in the previous case, This is
because there is an asymmetry between the horizontal
and vertical bonds and in the #th order rectangle
(r>1) there are more horizontal than vertical bonds,
It is shown in Sec. III that the effective dimensionality
of this lattice is 3.

By varying n, in the truncated n-simplex lattice, we
get lattices of effective dimensionality 0, 1, 2ln,3,
2Ilng4, - - .. However for any » the dimensionality of the
lattice is less than 2. The same is true for the modified
rectangular lattice or some other lattices which may
be defined recursively, However it is easy to obtain
lattices of higher dimensionality. Given two lattices
L,, L, we define their direct product lattice L=L,X L,
as follows: For each ordered pair (1, 1,), where I, and
I, are the lattice points in the lattices L, and L, respec-
tively, we associate a unique lattice point Jc L. The
point [, ' ¢ L, where [=(l, L), I'=(l,1,), are nearest
neighbors of each others in L iff
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FIG. 4. (a) Graph of a first order rectangle. (b) Schematic
representation of the graph of a (»+1)th order rectangle. The
shaded rectangles denote graphs of rth order rectangles of
which only the corner vertices are shown.

(i) 7y =1 and (/, and [, are nearest neighbors in L) or

(ii) !,=1] and (};, and I{ are nearest neighbors in L,),

It is easy to see that effective dimensionality of L is
the sum of dimensionalities of L, and L,. For example,
the direct product of a linear chain and a square lattice
is a simple cubic lattice of dimensionality 3=1+2.

This gives us a whole class of lattices with noninte-
gral dimensionality so that the effect of changing dimen-
sionality on critical exponents etc., may be studied with
much more detail than has been possible so far, By
forming the direct product of the modified rectangular
lattice with itself we get a lattice of effective dimen-
sions 3, Verification that critical exponents for, say,
the Ising model on this lattice are the same as for the
simple cubic lattice would be an important test of the
usefulness and relevance of our definition of dimension-
ality and of the strength of the universality
hypothesis,

11}. DETERMINATION OF THE EFFECTIVE
DIMENSIONALITY

In this section we determine the effective dimension-
ality of lattices defined in the previous section by deter-
mining their frequency spectrum., The procedure is
equivalent to determining the low temperature specific
heat behavior of a Debye solid on the lattice, If the low
temperature specific heat is proportional to 7% where T
is the temperature, we identify d as the effective di-
mensionality of the lattice,

A. The truncated » simplex lattice

We define the spherical model on this lattice by
assigning a continuous spin ¥; (~ % <y; <) to each of
the sites ¢ of the vth order truncated n-simplex lattice.
The index i goes from 1 to N,= (z + 1)n". The nearest
neighbor sites are assumed to have a ferromagnetic
Ising interaction of strength J. The spherical constraint
is taken care of by introducing a Lagrange parameter
X in the Hamiltonian so that the Hamiltonian of the sys-
tem is

H=(J/2) by

nearest neighbors if

Nr
(i~ x5+ (0J/2) ‘Z‘{xfs )

We get the partition function as
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Ny ao

zm=(1 f dy, | exp(~ gH) (2)

-0

where B is the inverse temperature. This is a Gaussian
integral and may be done easily, giving

o Nypl2
Z,0) = G\) (3)
BJ
with
Nr
G, =TI (\ +w?)t/? (4)

izl

where w? are the normal mode frequencies of the

model. The treatment of this model is quite parallel to
that of the Ising model discussed in Ref, 1. In particular
we may define the analog of star triangle and decoration
transformations in the continuous spin case. The param-
eter ) acts like some external field on each spin., These
transformations follow from the identities

mpigne]

-

Xexp[(— n,/2)2(3'~xi)2], ()
400 + 2 2 l 2
f \/—‘%__;/ %exp(—g(xl—ﬁ)-%ﬁ -5 & -7y

Ao R 2
- 3n —z(n—xz)>

= +n) 2+ +2)/

nwx, - x,)° 1 ma(x} +x§))

Xex"(_iﬂn)(xﬂmz) 2 i) (6)

These identities are applied as follows. We group
the N, spins into N,/ n groups of » spins each, such that
each spin interacts with every other spin of the same
group with interaction strength 1 in scaled units., Then
we introduce a new spin y; for each group j and couple
it to each of the spins of its group with interaction
strength n. The original n(n - 1)/2 bonds within each
group are deleted and replaced by n new bonds all con-
necting the new spins y, to other spins (Fig. 5). Identity
(5) guarantees that partition function remains unchanged.

The second identity corresponds to the dedecoration
transformation of Fisher [Fig. 6]. We integrate over
all the original spins x;. This leaves us with the new
spins y, which form an (» - 1)th order truncated »-sim-

FIG. 5. An example of the generalized star triangle transfor-
mation with n=5.
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plex lattice and all the spins y,; interact with their near-
est neighbor spins on this lattice by quadratic interac-
tion. By a scale transformation on the spin y; this new
interaction may be converted into an interaction of unit
strength.

Applying these transformations we find that
G, =l + )\ +n+2)Fr/eNel2nG (A2 4+an +2)0),  (7)
Define

F(\)=lim1nG,(\)/N,.

r
r—

We get

-2 1

n
FN = 4n In A+ +n+2)

+ %F()\2+n>\ +21), (8)

The frequency spectrum of the model may be deter-
mined from this functional equation for the characteris-
tic function F(A). Details of the calculation are given

in the Appendix. We note that x =0 is a fixed point of the
transformation; from Eq. (8), putting x =0, we get

n-2 1
F({0)= 4~—_(n— 0 ln—_n(n+2)’ (9)

From Eq. (A1) of the Appendix, it is easily seen that for
small A >0, F(A) has an asymptotic expansion of the
form F(x)=F(0) + Ax%/2 + (higher order in 1), where d

is the dimensionality of the lattice. Substituting in

Eq. (8) we get

(10)

It is interesting to note that this result may be obtained
without the complicated analysis of Eq. (8) given in the
Appendix.

d = 2log,,n.

B. The modified rectangular lattice

For this lattice we wish to determine a functional
equation of the same general form as Eq, (8) from
which the dimensionality of the lattice may be deduced.
The functional equation is however much more compli-
cated and involves five variables instead of one.

We have

NT
H=(J/2) 20 (;=x,)* + (0/2) 2x3, (1)
(i) i=1
where the sum over (ij), extends over all the nearest
neighbors, We consider a more general form of the
Hamiltonian and allow different interaction strengths
and more than nearest neighbor interaction between
the spins belonging to the same first order rectangle.
We write
=520 J,,0 =X, + /253,
i

(ij)

(1)

where J,; =0 unless i and j are nearest neighbor or they
belong to the same first order rectangle. J,; may take

x ¢ n X2 Xy X2
nox I xon NN

FIG. 6. The dedecoration transformation. Spins £ and n are
integrated over.
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Xy J, ¥ 3 Jp X3
Js Ja J FIG. 7. Coupling constants
for the modified rectangular
! Js G [ . i lattice. The spins y1, %3, ¥3,
e v 4 are integrated over.

X2 Y2 yp ya Y2 xg

four different values Jy, J;, J;, or J;. These interac-
tions are depicted in Fig. 7. J,, J,, and J, are respec-
tively the vertical, horizontal, and diagonal bond
strengths if i and j belong to the same first order rec-
tangle. J, is the interaction strength if #j are nearest
neighbors but do not belong to the same first order
rectangle.

r)

=C(r)exp 2

W(r)(xu %23 Y15 V2)
(r)

L {(xx—xz)z'*'(%—yz)z} )

The renormalization transformation consists of inte-
grating over the spins y,, v,, v;, and y, and similar
spins in other rectangles. This reduces the number of
degrees of freedom in the Hamiltonian by a factor of 2,
The integration over y, (i=1, 4) gives us an effective
interaction between x, (i=1 to 4) and since the interac-
tion is quadratic, it may again be expressed in the
form (11) except for new values of the coupling con-
stants J,, J,, J,. The value of J, remains the same,
The spins x; (=1 to 4) may be said to form a higher
order spin block (second order). We note that an #th
order rectangle is, by definition, a (27 - 1)th order
spin block. The most general form of the weight of the
rth order spin block with corner spins x,, x,, v,, Vs
and all other spins integrated over is

{r
AL, ){(x1 - 3’1)2 + ey — yz)z}

(12)

3 2 2 BN a2 2
- —_’{(x1'y2) +(x2—y1)} - {x1+x2+3’1+y2}

2

We also have the recursion relation (Fig. 7)

W("l)(xhxs; x2!x4)

=/ff/ dy, dy,dy;dy, W(r)(xuxz;ynyz)

XW& (3, pg; X3, Xq) €XD <— %&‘{(% -93)%+ (v, - }'4)2}) .

(13)
The integrations in this equation are Gaussian and may
be carried out easily. This gives us the equations for
the new coupling constants

Cirt) = (C"))Z(ZH)ZB'?'()\(’)J +J2(r) +J3(r))-1/2

X ()\(HJ + ZJl(v) +J;§” +J§r))-l /2

X (AT + I + T + 20,

X 4+ 280 +2J, + T +J0YE (14a)

AL OGO £ 20 12T + 0 + T, (14b)

ATDT 4240 4 27 fre )
SAOT TS + I - (T +IOPONOT +2J,
+I IO, (14c)

A (reld g +2J2(r+1) + 2J§r-1)
= (X‘”J + szr) +2J§r))()\(r)J+ 2J1(r) +2J2(r))

XA + 27 + 0 +J0), (14d)

AEPDJ 4 2 re1) g g ghreD)
=LA + 270 + 20T + 25 + 2780 + 24,

X + 270+ + 4]

AT 427, + 200 + g0 + g0 ], (14e)
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I

If the free energy per spin of the Hamiltonian given by
Eq. (11) is given by F(J,,J,,J,,J,, ) we see that the re-
normalization transformation gives us the equation

1 Clr+D)
F(JUJ29J33J4’>\) = §1n(C77)_)_2 +%F(J£’J;3J:'3’J;’>\/)9 (15)

where J],J},d5,J,, 0" are given by Eqs. (14b)—(14e). To
get the free energy per spin of the original modified
rectangular model we put J, =J,=J,=J, J,=0, We note
that A =0 is a fixed point of the renormalization trans-
formation. The free energy per spin is a singular func-
tion of X near x =0 and has an asymptotic expansion

of the form (x > 0).

F(Jqu,Ja,J« A):F(']u‘]ga‘]zy‘jmo)
ARG,y I, d )

+higher order terms in a, (16)

We wish to determine the behavior of F for small A,
However, the value of 1 increases with iteration approx-
imately as A" =27 a5 is evident from Eq. (14b),
Also values of J;, J,, J, decrease with iteration. We
choose initial 1 sufficiently small and » sufficiently
large so that

AT g <<J1(r),J2(r),J§r)<<J4° (1)

Then the recursion equations (14) may be approximated
as

{rel) o {r
A 22y (18a)

Jltnl) +J:§r+1) ~ %(Jztr) +J§r))’ (18b)

Jz(rol) +J:§rﬂ) zz(Jl(r) +J2(r))(J1(” +J§r))(2J1(r) +J2(r) +J§r))-1’

(18¢)

JID LI g0 43I0 + 3T, (18d)

Now if we write Feineular(y J J.,J,,A) as the singular
part of free energy near » =0, we get from Eq. (15)
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F""‘“I”(Jl('),Jz(’),Jg”,J4,R('))

z%F"“‘“la"(Jl("”,Jz("”,Jg"”,J‘”)\‘””), (19)

It can be shown that Eqs. (18b)—(18d) imply that J{"/
J and J{/J{7) tend to the limiting ratios (2!/3 +2-1/3)

and (2"'/%) geometrically with ». Hence for large enough
v the Egs. (18a)—(18d) have the form

AT (1) (20a)
JED 2271370 (20p)
JUD =213 (20¢)
JED 227130 (20d)

Now since the variable J{ and J{ are asympotically
proportional to J{"), these variables are unnecessary
for our discussion. Any one of the variables J{",J{",
J{" is adequate for the discussion of critical properties
of the model. These variables provide the relevant scale
for our problem. We assume that Feirelar(] . J. J,, )
~A(AJ,/J,)?/? where A is some constant. Substituting
this in Eq. (19) and with the help of Egs. (20a) and (20b)
we find that d=3% which is the promised result,

IV. ANALYSIS OF THE CRITICAL BEHAVIOR OF
SOME OTHER HAMILTONIANS

In the previous section the nearest neighbor harmonic
interaction model (or equivalently the spherical model)
on the truncated n-simplex lattice and the modified rec-
tangular lattice was analyzed. Nelson and Fisher® have
analyzed the behavior of the Ising model on the truncated
tetrahedron lattice and determined the behavior of spe-

cific heat and susceptibility as a function of temperature,

In the following we sketch the behavior of some other
Hamiltonians on these lattices. Due to the special struc-
ture of these lattices, exact renormalization equations
may be written down involving only a finite number of
coupling constants. For definiteness we shall consider
only the truncated 3-simplex lattice. Other lattices may
be treated similarly and so long as d <2 the qualitative
behavior of the lattices is quite similar and is charac-
terized by the absence of phase transitions at any

finite temperature. Lattices with d>2 are more inter-
esting because they show phase transitions but the ex-
act renormalization equations are much more compli-
cated and are difficult to analyze, We confine ourselves
to the nearest neighbor interactions for simplicity.

A. The classical XY model

In the classical XY model, a spin direction 8,,
0<9; =27, is assigned to each site 7 of the lattice.
The Hamiltonian of the system is given by

H=-J 2 cos(8,-8,) = hZscosb,,

(ij) i

(21)

where the summation over ¢j extends over all pairs of
nearest neighbor sites. The corresponding partition
function is given by

(jj %‘) expl- BH].

First consider the case of zero magnetic field, We

Z=I1

1

@2)
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m,

ma
mz my

mz*fc

FIG. 8. The renormalization transformation for the XY model
on the truncated 3-simplex lattice. The three vertices in the
left figure are replaced by a single vertex.

write

o
explB cos(8, -0 )= 2 I, (&) explin,;(6,-8,)],

migE (23)
where I (x) is the modified Bessel function of x of order
m and express Z as a summation over all possible val-
ues of (n;;). With each term of this summation we asso-
ciate an arrow configuration on the bonds of the lattice,
The arrow configuration has »,; arrows going from site
i to site j for all nearest neighbor sites ¢ and j with the
convention n;;= - n,;;, Thus the partition function is ex-
pressed as a sum over all the possible arrow configura-
tions. The weight of a bond with » arrows is I,(8J).
Integration over 6; are trivial and show that only those
configurations of arrows contribute to the partition sum
in which the total number of arrows going into any site
is zero.

Equivalently we may assign a weight T (m,, m,, m,)
to a vertex with m , m,, m; arrows going into it from its
three nearest neighbors. If m, + m, + m,;#0 we set the
corresponding vertex weight T(m,, m,, m,) =0,

The renormalization procedure for the truncated 3-
simplex lattice consists of replacing a group of three
vertices by a single vertex and is illustrated in Fig. 8.

If T (m,, m,, m,) denotes the vertex weight after v itera-
tions of the renormalization transformation, the re-
normalization equations are given by

(rsl)
T (myy 1y, m,)

oo

=2 T m,, ¢ = my, = YT (mg, my = ¢, c +my)

Czu®

XT"m,, ¢, - ¢ = my). (24)

The starting values of vertex weights are

TO0my, my, = my —my) =A1, (BN, (BIL,, _, (BD]/2.

' (25)
The free energy per site is given by
fB)=- l1im —1; InT™(0,0,0). (26)
Brow 3

It is easy to verify that Egs. (24) have only one attrac-
tive fixed point given by

T (my, my, mg)/ T(0,0,0)=56_ 5, o5 2n

ml,() m.z,O m3,0'
This corresponds to spin directions at large distances
being uncorrelated and hence to the absence of spon-
taneous magnetization, If the temperature is very low,
BJ>> (m}+m}+mj), we have
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T(O)(Wli, Mg, =My — m?)
=AY exp[- {m] +mi + (- my - my)?}/4pJ). (28)

Then from Eq. (24) we get
T (my, mg, — my— My)
2 AV exp[- 5{md + md + (= my - my)2 /1281, (29)

where A'"® and AY are some constants. This shows
that the renormalization equation for the temperature is

B'=38. (30)

Now let us introduce a small external field 2, 8h <1,
It is easy to see that the vertex weights T (my, g, mj3)
are no longer zero if my + my +my#0, To first order
in gk, and for BJ> (m? +mj + ml) the other nonzero
vertex weights are

T (my, my, my) =BhA® expl— {m} +m3 + mi}/ap7)
for miy + g+ mg=x1, 81)

After one renormalization transformation, these may
be shown to transform to

T (my, my, my) =3BRAY exp[~ 5{m3 + m} + mi}/125J]
for my+my+my==z1, (32)

Thus we see that to the lowest order in &, the external
field is transformed according to the renormalization
equation

B'h'=33h. (33)

Using Egs. (30) and (33), it is easy to determine the
behavior of susceptibility as a function of temperature.
Let g(B, k) be the singular part of the logarithm of
partition function per spin. By the renormalization
transformation

and by the susceptibility

2 2 t o pe
V(5) =~ 1 BBl _ 5 (g, )

B oh h=0 T 3" a’=0
=5x(58). (35)
Hence if y(B) ~B; we get
y=1n5/(In5 - In3). (36)

Similar analysis of the truncated n-simplex lattice for
arbitrary »n shows that in general, for d <2

y=2/(2-d). (37)

The specific heat tends to simple harmonic oscillator
value 3K as the temperature tends to zero,

The exponent 7 in Eq. (37) should not be identified
with the critical exponent y which appears in the scaling
relations and specifies the divergence of susceptibility
as a function of temperature slightly away from the
critical point. The reason is the arbitrariness in the
definition of critical exponents when the critical tem-
perature is zero. The procedure of determining criti-
cal exponents in terms of the divergence of correlation
length! is of doubtful validity here because the lattice
is not translationally invariant and the “correlation
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length” is a function of position. Different definitions
of the “averaged correlation length” may well give rise
to different dependence on temperature. In general, it
is difficult to find a useful definition of the correlation
length for the spatially inhomogeneous and highly
anisotropic lattices studied here. Consequently the
critical exponents v and 7 are undefined even if the
transition temperature is finite, (To define them in
terms of scaling relations would be begging the ques-
tion, ) The critical exponents like ¢, 3, v, 8, etc., which
may be defined by differentiation of thermodynamic
quantities are however unambiguously defined for non-
zero transition temperatures,

B. The Fortuin-Kasteleyn cluster model

The cluster model was introduced by Fortuin and
Kasteleyn. =7 It is defined in terms of a parameter
and includes as special cases the percolation model
(k =1), the Ising model (x=2), resistive networks
(k=0), and the n-state Potts model (k =n), etc.

The partition function of the cluster model for any
given graph is given by

Z(P, K)ZE pr(C)(l _ p)N-r(C)Kr(C), (38)
o}

where N is the total number of bonds in the graph. The
summation extends over all the possible configurations
C of “occupied” or “unoccupied” states of bonds on the
lattice. #(C) is the number of occupied bonds in the
configuration C and y(C) is the number of distinct
clusters in the configuration C. Fortuin and Kastelyn
have called this the random cluster model. However
the model is completely specified by a Hamiltonian
which has a term proportional to the number of occupied
bonds and a term proportional to the total number of
clusters, It is thus no more random than any other
statistical mechanical system and the adjective “ran-
dom” is unnecessary.

Due to its very general nature, the cluster model is
of great interest in statistical physics. However, for
arbitrary values of x the model has not been solved even
in two dimensions, We sketch below the renormaliza-
tion group treatment of this model for the truncated
tetrahedron lattice, It is shown that the model does not
show any phase transition for any values of « and p such
that k ~ 0, 0<p =1,

We define the restricted partition functions
Z"aiBly), Z7Bly), 27 Byia), 27 (aylp), and
Z(aBy), Here Z'(aiply) is the partition function
of the rth order triangle whose corner vertices are
a, B, and y and the summation corresponds to all con-
figurations of edges within the triangle subject to the
constraint that no sequence of occupied bonds within the
rth order triangle connects any two of the vertices
@,B,v. Z'"(aBy) is defined similarly except that in this
case a, B, and y are connected together by bonds lying
within the 7th order triangle, By symmetry between the
corner vertices «, B, and y we have

Z7(aBlr) =27 By|a)=Z(ay|B)=2{" (say)
(39a)

and we write
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z"alBlv) =2{",
z7(apy)=25".

(39b)
(39¢)

It is quite straightforward though tedious to write
down the expressions for Z{™", Z"*V z{*D in terms
of Z{", z{, Z{” by summing over the 2% possible
states of the three bounds that connect the rth order tri-
angles to form the (» +1)th order triangle and grouping
the terms that correspond to the same connectivity
structure of the (» + 1)th order triangle together., The
result is

Z{V =32, +3Zy+ Z5)* + 3pq*kNZ,+ 32, + Z3)
X(Zy+22,)(Z +4Z, +225) + 3piqx”’
X{UZy+22,)3+3(2y +2Z)H(Zy + Z3) + Z,(Zy + Z3)*}
+p3 (32,25 + Z3) + 1423 + 122,27, 2,
+24252,+32%2,+ 9232, + Z3}, (40a)

Z70 =@Ppr7HNZ + 32, + Z3) (2o + Z5) + praiH(Zy + 2!

X (22, +12y) +pk~{x 2%z, + 1232, + Z32,

+22, 7,2y + 423 + Z1Z,}, (40Db)
Zy =8pPquH(Zy + 2,)° 25+ P02 + 62,25 + 323 2y),
(40c)

where we haveput g=1-pand Z{"=2,, i=1,2,3, K
g > 0, analysis of these equations shows that there
exists only one fixed point which is attractive and cor-
responds to Z,/Z;=Z,/Z, =0. This implies absence of
phase transitions at any finite temperature. For small
¢ and for small , Z{” is much larger than Z{" or
Zy(v). If we renormalize the Z,; after each iteration so

that Z{" +3Z,” + Zz{” =1 we get to the lowest order in ¢

z{" =k'g’, (41a)
Z" = kqr, (41b)
zZy" =1-3q%v, {41c)

From this we may deduce that for small ¢ the mean
size of one cluster (which corresponds to the suscepti-
bility for the Ising model) is approximately given by
38/%¢ where a is some absolute constant, For the Ising
model, this result has already been obtained by Nelson
and Fisher., We need only note the correspondence
g=e"3/(e* +e"8') and x =2 to specialize our result to
the Ising model of interaction strength J,

To summarize, in this paper we have introduced a
class of lattices of effectively nonintegral dimen-
sionality, The lattices are not translationally invariant
but sufficiently regular so that the existence of thermo-
dynamic limit is assured for most physically interest-
ing Hamiltonians, The procedure of determining criti-
cal exponents as a function of dimensionality was illu-
strated in Sec. IV where the classical XY model was
analyzed for d <2, For lattices with d> 2, exact analy-
sis of thermodynamic properties is difficult; but ap-
proximate renormalization group equations or numeri-
cal extrapolation methods like series expansions may
be used to determine the value of critical exponents,
This seems to be a promising field for further
investigation,
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FIG. 9. The complex A plane showing the curving C and the
branch cut along the negative real axis.

APPENDIX

We have the equation

n—-2

Fiv = 4n

In{(n +7)(0+ 2+ 2} + }IF(m +ax+ 7).

(8)

This equation is valid for all real x> 0. As x tends to
infinity F(A) tends to — 31nx. This condition specifies
F()) completely for all real positive x when combined
with Eq. (8). From Eq. (4) we may write

FQ)=- éj(']“gwwzwzD(wz)1n(w2 +2), (A1)

where D(w?) dw? is the fractional number of modes in

the frequency range w? and w? + dw®, From Eq. (Al) we
may define F(A) as an analytic function in x over the
entire complex A plane., The function has logarithmic
branch points on the negative real axis and consists

of many sheets. Consider the sheet in which F(A) is real
for all real positive ». We make the branch cut along the
negative real line, Then it is easy to see that

H(w!) ¥ - % ImF(- w® +ie), for all w?

w?
:fo dw” D(w™),

Consider x=xp+ie where Ay is real, As we vary Az
from + e to — «, the function (A*> + nx +2)) traces out
the curve C shown in Fig. 9, For X <~ (n+2),2 the
curve C crosses over the negative real axis and goes
into a different sheet. The value of the function F(X) on
this sheet differs from its value on the original sheet by
an additive imaginary constant. Taking the imaginary
part of the Eq. (8) it is easy to show that

(A2)

for w?> 0, (A3)

0<w2<n+2

R H(wz)ziH(nw2+2w2—w4), (A4)

nt2 n-2
2

2n

-

wl<w, Hw)= E(w?=n)+E(w?-n-2)}

+ 2 lhtettowi-wh,  (AS)
n on

where E(x) is the unit step function which is zero for

negative arguments and +1 for positive arguments.

From Eq. (A3) it is easy to see that H(w?) is a non-

negative monotonically increasing function of w?, and

we have

H(w?) =0, for ~~<w?<0, (A6)
H(w?) =1, (A7)

We shall determine the function H(w?) in the unknown
range 0 < w? < (n+2) by repeated application of Egs.
(A4) and (A5).

for ©>w?>n+2,
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Consider w} <w?<n where (n + 2)w} ~ wi=0n+2),
Then from Eq, (A7) we get H{w?(n +2) - w!) =1 and
hence by using Eqs. (A4) and (A5) we get

Hw) = % for w} <w? <n, (A8)

Counsider again n <w? < w} where (n+2)w} - wi=n+2.
Then again H({nw? + 20? - w!) is equal to 1 by Eq. (A7),
and using Eq. (A5) we get

Hw®) =3, forn<ow®<wi, (A9)

Thus we have determined the function H(w?) in the
interval w? <w? <w}, This can be used to determine the
function H(w?) in the intervals w} <w? <w} and w? <w?
<w% where w%, w’i, w%, and wf; are constants deter-

mined by the equations
(A10)
(A11)

and so on. Eventually H(w?) is determined in all the
interval 0 <w? <n+2 except for some small set of zero
measure. Thus we see that H(w?) is constant every-
where except for an infinite but denumerable number of
points where its value increases discontinuously, Thus
D(w?) which is the derivative of H(w?) and is the spec-
tral density of the system is a sum of an infinite hum-
ber of delta functions. Also the points w?=0 and w?
=n+2 are clearly the points of accumulation of the
delta functions and hence again by Eqs. (A4) and (A5)
there are an infinite number of such points of accumula-
tion, Clearly the spectral density D(w?) is a highly

2
n+ 2)w} - wi= (2 + 2)wk - wi=wi,
3

(n+2)w} - wi=(r +2)wl- wi=w},
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singular function of w®, However in thermodynamics we
are usually interested only in integrals of D(w?) mul-
tiplied by a sufficiently smooth function of w?. Hence
only some sort of smeared value of D{w?) is of interest.
It is easy to prove that in the case there exists nonzero
finite positive constants A and B such that

H{w?) <Aw®, forn+22 0?20, (A12)

H(w?) > Bu?, (A13)
where

d=2 ln(n)-/ln(n +2). (A14)

This result is sufficiently strong to permit us to
identify d as the effective dimensionality of the lattice.

ACKNOWLEDGMENTS

Iam deeply indebted to my advisor, Professor Jon
Mathews, for his encouragement, discussions, and
critical comments throughout the course of this in-
vestigation, The financial support of the H, Dudley
Wright Foundation is gratefully acknowledged.

*Richard P. Feynman Fellow,

ID,R. Nelson and M.E. Fisher, Ann. Phys. (N.Y.) 91, 226
1975),

K. Wilson and J, Kogut, Phys. Rep, C 12, 75 (1974).
'M.E. Fisher, Rep. Prog. Phys. 30, 615 (1967).

K. Wilson, Phys. Rev. D 7, 2924 (1973),

5C.M. Fortuin and P, W, Kastelyn, Physica 57, 536 (1972),
8C.M. Fortuin, Physica 58, 393 (1972).

C.M. Fortuin, Physica 59, 545 (1972).

Deepak Dhar 585

Downloaded 14 Dec 2005 to 131.215.225.9. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



