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§1. Introduction

In this paper we consider the least-square regularized algorithm for the regression
problem. The main results will be satisfactory learning rates.
Let (X, d) be a compact metric space and Y = IR. Let p be a probability distribution

on Z := X xY. The error (or generalization error) for a function f: X — Y is defined as

E(f) = /Z (f(x) - y)%dp. (1.1)

The function that minimizes the error is called the regression function. It is given by

fo(z) = /Y ydp(yle),  zeX (12)

where p(:|x) is the conditional probability measure at  induced by p.

The target of the regression problem is to learn the regression function or find good
approximations from random samples.

The least-square regularized algorithm for the regression problem is a discrete least-
square problem associated with a Mercer kernel.

Let K : X x X — IR be continuous, symmetric and positive semidefinite, i.e., for

any finite set of distinct points {x1,---,2,} C X, the matrix (K (z;,;))¢

ij=1 1S positive
semidefinite. Such a function is called a Mercer kernel.

The Reproducing Kernel Hilbert Space (RKHS) Hg associated with the kernel K is
defined (see [3]) to be the closure of the linear span of the set of functions { K, := K(z,) :
x € X} with the inner product (-, )y, = (-,)x satisfying (K, K,)x = K(x,y). That is,

O, O‘inij BiKy, )k = Z” a;3;K(x;,y;). The reproducing property takes the form
<Ka:7f>K:f(93); VeeX, feHgk.

Denote C(X) as the space of continuous functions on X with the norm || - |oo. Let

Kk = sup,ex /K (z,z). Then the above reproducing property tells us that

[flloe <&l fllx, ¥V feHk. (1.3)
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Now the least-square regqularized algorithm for the regression problem associated with
the Mercer kernel K is defined to be the minimizer of the following least-square opti-
mization problem involving a set of random samples z := {z;}/*; = {(x;,y;)}2, € Z™
independently drawn according to p:

ﬁ:ﬁA:mpml{iEXmm—wﬂww@} (1.4)

feEHK m 4
=1

Here A > 0 is a constant called the reqularization parameter. Usually it is chosen to depend
on m: A= A(m), and mlgnOO A(m) = 0.

Throughout this paper, we assume that for some M > 0, p(-|z) is almost everywhere
supported on [—M, M], that is, |y| < M almost surely (with respect to p). It follows from
the definition (1.2) of f, that |f,(x)| < M.

The efficiency of the algorithm (1.4) is measured by the difference between f, and
the regression function f,. Because of the least-square nature, the measurement is the
weighted L? metric in L2 defined as || f||, = Ifllzz = (fx |f(x)|2dpx)1/2, where px is

the marginal distribution of p on X. One can see [8] that

1fz = folly = E(f2) = £(,). (1.5)

Estimating the error (1.5) for the least-square regression algorithm (1.4) by means of
properties of p and K is our goal. In particular, we shall show how the choice of the
regularization parameter A = A\(m) in the algorithm affects the learning rates.

Set the empirical error as

&)= — > (Fw) —wi)”

=1

It is a discretization of the error £(f). Since the scheme (1.4) can be written as

Jo = arg min {E(F) + AIfII5 S (1.6)

we would expect that the minimizer of the regularized empirical error, f,, is a good ap-

proximation of the minimizer f, of the error £(f), as m — oo and A = A(m) — 0. This
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is actually true if f, can be approximated by functions from Hx, measured by the decay
(to 0 as A becomes small) of the regularization error of the scheme (1.6) defined as

D(A) = nf {1 = Follg + AllFII - (1.7)

Since the minimization (1.6) is taken for the discrete quantity &,, the approximation
of f, by f, involves the capacity of the function space Hx. Here the capacity is measured

by the covering number of the balls Br (considered as a subset of C(X))

Br:={f €tk : |flx < R}.

Definition 1. For a subset F of a metric space and n > 0, the covering number N'(F,n)
is defined to be the minimal integer ¢ € IN such that there exist ¢ disks with radius n

covering F.
Denote the covering number of By in C(X) with the metric || - || by N ().

Definition 2. We say that the Mercer kernel K has polynomial complexity exponent
s >0 if
log N (n) < Co(1/n)°,  ¥Yn>0. (1.8)

The covering number N (n) has been extensively studied, see e.g. [5, 29, 30]. It was
shown in [30] that (1.8) holds if K is C*™/* on a subset X of IR". In particular, for a C*°
kernel (such as Gaussians), (1.8) is valid for any s > 0.

Let us state our main result on the error analysis.

Theorem 1. Let f, be defined by (1.4). Assume (1.8) and that f, is not identically zero.

For any 0 < { < 0 <9 <1 andm > ms¢, with confidence 1 — 6 we have

1+’

Il fz — fp|| log (2) D (m*C) , by taking A = m~¢ (1.9)

" ||fp||2

where ms ¢ and C are constants depending on Cy, s,(, x, M, and ms ¢ also on ¢.

The above two constants mgs ¢ and C will be explicitly given in the proof of Theorem

1 in Section 5. The assumption that f, is not identically zero is necessary: otherwise
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f» = 0 would imply D(A) = 0 which cannot bound || f, — fp||f) (a quantity depending on
the variance of p).

The bound in (1.9) contains the quantity || f,||2 in the denominator of the constant
term. It cannot be removed as shown by an example in Section 5. However, a modified
bound, without ||f,]|2, with ﬁp (m™¢) replaced by C (D (m~¢) + 2m_ﬁ> will be
illustrated by Theorem 2 in Section 5.

When s < 1, the learning rates derived from Theorem 1 are better than those in
the literature of regularization schemes where the best kernel independent learning rate
is (%) %. For detailed comparisons, see Section 6. The rates are achieved by an iteration

technique which may be useful for studying other algorithms in learning theory. The

following example is a special case of Corollary 6.2 with r = 1/2.

Proposition 1.1. Let f, be defined by (1.4). Assume K is C*° on X C R" and f, € Hk.
Take A = A(m) = m?*~! with € > 0. Then for any 0 < § < 1, with confidence 1 — §

- sl < Fros3) (L)
2= Jollp = 208G\ I
for m > ms ., where the constants ms . C are independent of m.

For the error analysis, we use a regularization approach which we introduced in [25].
To estimate £(f,) — £(f,), we introduce a reqularizing function fr € Hi. Ttis

arbitrarily chosen and depends on A. A standard choice is
. 2 2
= — A . 1.10
15 argfrélglK{llf Foll2 + Al fII% } (1.10)

Proposition 1.2. Let f\ € Hg, and f, be defined by (1.6). Then E(f,) — E(f,) <
E(fa) — E(f») + M| f2l% which can be bounded by

{so”&) E(f) + Auﬁui} T {s<fz> () + &) eo”&)}. (1.11)
Proof. Write £(f,) — E(f,) + M| fall% as

{60 = &)} + { (Ealha) + NILIR) = (&(F0) + AR )
+{&(F) - (70} + {E(F) =€) + MRk -
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The expression (1.6) tells us that the second term is at most zero since f)\ € Hi. Hence

E(fz) — E(f,) + Al f2]|% is bounded by (1.11). ]

The first term in (1.11) is called the regularization error [19]. It can be expressed as

a K-functional, since for any measurable function f : X — IR, there holds

If = Foll = E(F) = E(f,)- (1.12)
Definition 3. The regularization error for a regularizing function fA € Hg is defined as
D(A) = E(fa) = E(f,) + Al Al (1.13)

According to (1.12), the regularization error D()) for the special regularizing function
fx becomes the regularization error D(\) of the scheme (1.6), defined by (1.7).

The regularization error for the least-square error is well understood [20, 18]. The
rate of the regularization error is not only important for bounding the first term in (1.11),
but also crucial for bounding the second term called the sample error. The decay of
A = A(m) (as m — oo) determines the size of the hypothesis space and hence the sample
error estimates. Therefore, we need to understand the choice of the parameter A from the
bound for D(X).

Write the sample error in (1.11) as

et -Ealf &) -6F) = { Bl -2 a0 | +{ 2 S et -Be) 1
where

b= (L@ -1 - (L) -9, e=RHw-9)" - (L -y 015
In (1.15), & is a fixed random variable on (Z, p) with mean E(&) = E(f\) — E(f,). But
&1 is not a single random variable on Z, it depends not only on the variable z € Z, but
also on the sample z. We have abused the notion E(&1) = [, &1(z, y)dp = E(f2) — E(f,).

The last term of (1.14) is a typical quantity that can be estimated by probability
inequalities. We shall bound this term by a Bernstein inequality in Section 2.

The function f, changing with the sample z runs over a set of functions, and should
not be considered as a fixed function. In Section 3 we shall bound the sample error part
involving &; in (1.14). To this end, we shall use the covering number N (7) of the unit ball
B; of Hg.



§2. Part of the Sample Error Involving the Regularizing Function

In this section we bound the last term of (1.14): -1 > &(z) — E(&2). Here we
apply the one-side Bernstein inequality:

Let ¢ be a random variable on a probability space Z with mean E(§) = p, variance

02(€) = 02, and satisfying |£(z) — E(£)] < Mg for almost all z € Z. Then for all € > 0,

Prob Ly &(2) >ep<e me”
zeZm § — E i)—p>ep <exps — .
7\ m A s Pl 2002+ Iinee)

Proposition 2.1. For every 0 < § < 1, with confidence at least 1 — 9, there holds

4k?log(1/6) 36M?%log(1/6)
mA\ > * m '

23 ale) - Bl < DO 1+
i=1
Proof. From the definition of D()), we know that
MAlE < E) =) + A AR = DO,
It follows from (1.3) that

1flloo < KAl < 5y DO)/A

Observe that
&= (@) = @) {(A@) —y) + (fol@) =) }-
Since |f,(x)] < M almost everywhere, we have

2] < (1Alloo + M) (I falloo +3M) < ¢ := (r\/DA)/A+3M)*.

Hence [&5(2) — F(&2)| < Mg, := 2¢. Moreover, E(£3) equals
E<(J?A(l’) — £o@)) { (Fa(@) = v) + (Fo(2) y)}z) <A = Fol2 (1Al + 3M)°

which implies that o2(&) < E(£2) < ¢D(\).



Now we apply the one-side Bernstein inequality to &5. It asserts that for any ¢ > 0,

= 6la) - Bl <

with confidence at least

mt? mt?
toow {_2(02(52) + £ Mg, t) } =l-ew {_2c(25(A) + 2¢) } '

Choose t* to be the unique positive solution of the quadratic equation

mt?
2¢(D(\) + 2t)

= log .

Then with confidence 1 — §, there holds - Y | &(2;) — E(&) < t*. But

= <2§ log(1/8) + \/(%C log(l/d))2 + Zleog(l/(S)ﬁ()\))/m

< —4010;7(11/ o) \/2clog(1/8)D()/m < 28U/ lo?’g?il/ ) By 4 oel/9)

2m
Recall ¢ = (ky/D(N)/A+ 3M)2. It follows that

- (1 N 4k2 1og(1/5)) N 36M?log(1/6)

=D mA m

This implies the desired estimate.

§3. Part of the Sample Error Involving f,

In this section we estimate the first part of (1.14). It is more difficult to deal with
because & involves the sample z through f,. We will use the idea of empirical risk mini-
mization [22, 12, 5, 8, 23] to bound this term by means of a covering number.

The following ratio probability inequality (stated in Lemmas 3.1 and 3.2) is a standard
result in learning theory (e.g. [14, 8, 26]). It deals with variances for a function class, since
the Bernstein inequality takes care of the variance well only for a single random variable
(see Proposition 2.1). Our current form was motivated by sample error estimates for the

square loss [4, 5, 8, 14, 7].



Lemma 3.1. Suppose a random variable £ on Z satisfies p = E(§) > 0, and z = (z;)[",
are independent samples. If |¢ — u| < B almost everywhere and E(£?) < c¢E(€) for some

ce > 0, then for every e > 0 and 0 < a < 1, there holds

Ly ey 2
Prob,e zm {M %5(2) > oz\/E} < exp{—%}.
E€T 3

For a function g on Z, denote E(g) = [, g(z)dp.

Lemma 3.2. Let G be a set of functions on Z such that for some c, > 0, |g — E(g)| < B
almost everywhere and E(g*) < ¢,E(g) for each g € G. Then for every ¢ > 0 and

O0<a<l,

E(g) — = > gz
Probycpn {Sup (9) — 3 iy 0(21)

9€6 VE(@) +e

We apply Lemma 3.2 to a set of functions Fr with R > 0, where

> 4a\/5} SN(g,as)exp{—ﬂ}.

2
QCp —|— gB

FR:{(f(:v)—y)Q—(fp(a:)—y)2:f€BR}. (3.1)

Proposition 3.1. Foralle >0 and R> M,

g

Frobees {fse“él VED €U +e

S 1N 3e _ 3me
= 4(r+3)2R2 ) P T 160(k + 3)2R? [

E(F) = E(Fy) = (Ealh) = &l4y) _ f}

Proof. Consider the set Fr. Each function g € Fg has the form g(z) = (f(z) — y)2 -
(fp(@)—y)” with f € Br. Hence E(g) = £(f) ~€(f,) = 0, & T, g(=1) = Ea(f) —Ealfy).

and
9(2) = (f(2) = fo@){(f(z) —y) + (fo(z) —y) }.

Since || flloo < K|l fllk < KR and |f,(x)| < M almost everywhere, we find that

9(2)| < (kR + M) (kR +3M) < cg := (kR + 3M)>.

So we have |g(z) — E(g)| < B := 2cg almost everywhere.
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Also,

E(¢®) = E|(f(z) — fo(@))*{(f(x) —y) + (fo(@) =) }*| < (kR +3M)*|[f — f,|2.

Thus E(g*) < crllf — foll2 = crE(g) for each g € Fg.
Applying Lemma 3.2 with a = i to the function set Fr, we deduce that
() —E(S,) - ( z(f) — &(1,)) E(9) = 2iz1 9(21)

sup = sup <+
feBR VE(S) )+e 9EFR E(g)+¢

with confidence at least

16 3
— N (Fr,e/4) exp {_%} > 1N (Fr,e/4) exp {_ 160(x T2)2R2 } '
3

Here we have used the expressions for cg, B = 2cg and the restriction R > M.

What is left is to bound the covering number N (Fg,e/4). To do so, note that

|(f1(z) — ) (fa(z) ) | = 1f1 = felloo| (f1(2) — y) + (fa(z) —y)].

But |y| < M almost surely and || f||oc < kR for each f € Br. Therefore,

[(fi(2) = )" = (f2(2) = )| <2(M + KR)|fi — folloos Vi, f2 € Br.

. 77 _ . . 77 _ . .
Since an STRFmR2) -covering of By yields an SRR -covering of Bg, and vice versa, we

see that for any n > 0, an m—covering of By provides an n-covering of Fr. Thus

Ui
N(fR’n)gN(Q(MR—f—/iRQ))’ Vi > 0.

But R > M and 8(1 + ) < 3(r + 3)% So our desired estimate follows. [

§4. Error Bounds in a Weak Form

In this section we derive some weak error bounds in order to illustrate the idea by a

simple procedure.
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Proposition 4.1. Suppose the kernel K satisfies (1.8), and D(\) < C1 )\’ for some 0 <
6 <1 and C; > 0. For any 0 < § < 1, with confidence 1 — ¢, there holds

.~ 1\ TEaEs o
1fz — follZ < Clog(2/6) (—) : by taking A\ = A(m) = m~ TFHTF)
m

The proof of Proposition 4.1 follows from Corollary 4.1 and Proposition 4.3 below.
Note the power % for the learning rate is less than 1/2. Thus the estimate is weak.
Strong error bounds will be given in the next section by more complicated arguments.

For the sample error estimates, we shall require the confidence N (1) exp {—T—g} to

be §. So we define the following quantity to realize this confidence.

Definition 4. Let g = gk ,m : R4 — IR be the function given by

g(n) = log N (n)

mn
40

For 0 < § < 1, we denote v*(m,d) as the unique solution to the equation

9(n) = logd. (4.1)

The function g is strictly decreasing in (0, +o00) with g(0) = 400 and g(+00) = —c0.
Also, g(k) = —mr/40. Therefore, the equation (4.1) has a solution for any 0 < ¢ < 1.
Moreover,

lim v*(m,d) = 0.

m—0Q0
More quantitative decay estimates for v*(m, §) will be given at the end of this section.

Now we can derive the error bounds. For R > 0, denote
W(R)={z€Z™:|fllx <R} (4.2)

Proposition 4.2. For all 0 < 6 <1 and R > M, there is a set Vg C Z™ with p(Vg) < ¢
such that for all z € W(R) \ Vg, the regularized error (f,) — E(f,) + M| fa||% is bounded

by

3(k + 3)2R2v* (m, §/2) +75()\) <4+ 8K? 10g(2/5)) N T2M? log(2/5)

mA m

Proof. Note that (\/E(f) — E(f,) +¢)(Ve) < 5(E(f)—E(f,))+e. Our statement follows
directly via Propositions 1.2, 2.1, and 3.1 after replacing ¢ by §/2. []

Finally we need an R satisfying W(R) = Z™.
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Lemma 4.1. For all A > 0 and almost all z € Z™,
M

VA
Proof. The definition of f, tells us that for f =0,

I fall e <

m

Ml < &) + AL < E0) +0= = 3" ( —0)° < 0

=1

the last almost surely. Therefore, || f,||x < M/+/A for almost all z € Z™. []

Lemma 4.1 says that W(M/vV/A) = Z™. Take R := M/V/A > M when 0 < X < 1.

Then the following error bound follows from Proposition 4.2.

Corollary 4.1. Let 0 < \ < 1,]?)\ € Hxk and f, be defined by (1.4). Then for any

0 < 9 < 1, with confidence 1 — §, we have

£z = folly < 3(k + 3)2M2M

mA\ m

LB (4 N 8k? 10g(2/(5)) N T2M* log(2/5)'

Learning rates in weak forms can be obtained from Corollary 4.1 and quantitative
decay estimates for v*(m,d). The following estimate is essentially presented in [9]. For

completeness, we give a proof.

Proposition 4.3. If the kernel K satisfies (1.8), then

801og(1/9)

v*(m,d) < max{ ) (SOC’O/m)l/(1+8)}.

Proof. Observe that g(n) < h(n) := Co(1/1)° — 7. Then
log = g(v* (m, ) < h(v" (m. 5)).

Since h is also strictly decreasing, we know that v*(m,d) < A where A is the unique

positive solution of the equation hA(t) = logd. This new equation can be expressed as
40C)

s A0log(1/0) 4
m m

Then Lemma 7 from [9] yields A < max{%(l/é), (80Co/m) 1/(1+S)}. This verifies the
bound for v*(m, d). []
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§5. Strong Estimates by Iteration

In this section we improve the error estimate stated in Corollary 4.1. Our main result

here can be stated as the following theorem which will be proved after two lemmas.

Theorem 2. Let f, be defined by (1.4). Assume (1.8). Set Cy = (2k+6) (8000)1/(2+28) +
1. Take A = mc T with 0 < ¢ < ﬁ For any 0 < 0 <1 and m > ms., with confidence
1 — ¢ there holds

2 2 —2
I /2= £l < Celog(5) { POV + 7

where ms . and C, are constants given by

e B0 (02 (L) )1 N
d,e — Cé/s g5 g 6(1+S) ) 202 )
1

A1) 12(k+3) | 6M + MC, +2k+2 | (80CyH)TF

+4 + 8k? +72M2}.

The method in the previous section was rough because we used the bound || f||x <
M/+/X shown in Lemma 4.1. This is much worse than the bound for fy derived from
the proof of Proposition 2.1, namely, || frllx < v/D(\)/VA. Yet, we expect f, to be a
good approximation of fy. In particular, one would expect | f.||x to be bounded as well
by, essentially, \/m / VA. We shall prove that this is the case with high probability
by applying Proposition 4.2 iteratively. As a consequence, we will obtain strong error
estimates. The iteration technique was introduced in [16] and improved in [24] for the
purpose of support vector machine classification algorithms. Our iteration technique here
refines and is different from the previous ones. In particular, the method in [16] requires a
polynomial decay of the regularization error D(\) = O(A?) with some 0 < 3 < 1. Similar
ideas of norm reduction also appear in [13] for the purpose of bounding the risk of function
learning.

Recall the set W(R) defined by (4.2). Proposition 4.2 immediately yields the following
relation, since A| f5]|% is bounded by the regularized error £(f,) — E(f,) + M| f2|%-
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Lemma 5.1. For any 0 < 6 < 1 and R > M, there is a set Vg C Z™ with p(Vg) < 6 such
that
W(R) CW(amR+ by) U Vg,

where G, , by, are independent of R and given by a,, := (2k + 6)+/v*(m,§/2)/ A,
24/ 2log( 2/5 6M,/210g 2/5
by, = ( )\/

Let us describe our iteration procedure briefly. According to Proposition 4.3, when

(1.8) is valid, v*(m,d/2) < (SOC’O/m)l/(1+s) for sufficiently large m (depending on §).

Thus if we choose A = m ™ T in Lemma 5.1, ap = O(m~/?) and Lemma 5.1 ensures a
reduction of the norm ||f,||x: the set W(R) coincides with W(R') with a smaller radius
R =0 (m_€/2R—|— Vﬁ(A)/A), up to a small set Vi of measure at most §. Therefore,
starting with W(R®) = Z™ and R(® = M/v/X proved in Lemma 4.1, we iterate the
above reduction procedure J times and can find that up to a set of measure at most

J6, the sets Z™ = W(R(®) and W(R)) coincide. The radius R(’) can be bounded by
@) <m_J€/2R(O) + \/5()\)/)\> =0 (m_J€/2_6/2+1/(2+28) + \/15()\)/)\) Hence the choice

J > e(1+s)
at least 1 — Jo.

— 1 ensures the essential bound R) of || f4| x to be 1/D(A)/A with probability

Lemma 5.2. Assume (1.8). Take A\ = me T with 0 < e < 1_41rs For any 0 < 0 < 1 and

m > mf, with confidence 1 — there holds

(1+s>
I fzll e < <6M+MOE(”S) +2/<;+2) 2log(2/0) (\/5(A)/A+ 1) .

Here m)s := max{ 08395 ( (2/5))14—1/8 (1/(20 )2/6}

Proof. By Proposition 4.3, when m > 1/3 (log(2/(5))1+1/8, there holds
v*(m,5/2) < (80Co/m)" " *, (5.1)

It follows that

1/(2+2s)

am < (2K 4 6) (806’0) m=2 < Cy m~/2,

14



2/e€

If m satisfies a second restriction m > (1/(2C3))™", we have a,, < 1/2. Thus,

am < Cy m™% < 1/2, Vm > mj. (5.2)
Define a sequence {RY)} ey by R = M/+/X and, for j > 1,
RU) — amR(j—l) + by,

Then Lemma 4.1 proves W(R(O)) = Z™, and Lemma 5.1 asserts that for each j > 1,
W(RU=D) € W(RW) U Vgi-1 with p(Vry-n) < 8. Apply this inclusion for j =

1,2,...,J, with J satisfying 6(11+ ) —-1<J< We see that

Eeet
Zm™ =W(R®) C WRM)U Vg C--- CWRD)U (U VR@))

It follows that the measure of the set W(R()) is at least 1 — J§ > 1 — By the

_0
e(1+s) "
definition of the sequence, we have

J—1
RY) =qa? RO 4, Z al .
j=0

By (5.2), a,, < 1/2, hence ZJ o al, < 1. The bound a,, < Cym~“/? in (5.2) and
RO = M/V/X = Mm7% 5 yield

€ Je

1 € 1
al RO < Cfm™/?Mm=="% = O/ Mm=s 277,

But J >

— 1 which implies les -5 % < 0. Hence a;]nR(O) < C’QJM.

6(1—|—8)
Since mA > 1, b, can be bounded as

b < 1/21l0g(2/6) ((25 +2)\/DN) /A + 6M> .

Therefore
RY) < (GM + MCy + 2k + 2) 21og(2/8) (\/ DN/ + 1).

This proves our statement. ]

We are in a position to prove our main results.
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Proof of Theorem 2. Choose fy = fr. Then D(A\) = D(A). For 0 < § < 1, let

6= %5 € (0,1) and ms, = m% be as in Lemma 5.2. Take

R= (6M+MC’;“+S) +25+2) 21og(2/4) (\/WH).

Let m > ms,.. Lemma 5.2 tells us that the measure of the set W(R) is at least

5
L - e(1+s) "

Applying Proposition 4.2 to the above R, we know that for each z € W(R) \ Vg,
- 22 (D 5
E(f,) = E(f,) < 12(k + 3)2 <6M +MET 4 on s 2) log(3) <¥ N 1) v (m, 5)

Dy (4 N 8k? 123(2/5)) N 72M? I;g(Z/(S).

Since the measure of Vg is at most 0, we know that the above error bound holds for

z € W(R) \ Vg which has measure at least 1 — — 6 = 1—4. Putting the bound (5.1)

5
e(1+s)

into the above error estimate and noting that 10g(2/5) < log(2/0) + log 11’:&1’;% we see

our conclusion. ]

Now we can prove Theorem 1 stated in the introduction.
Proof of Theorem 1. Take ¢ = —— — (. Then A = m*™ 1+s, and the conclusion of
Theorem 2 holds.

When f, is not identically zero, then ||f,||, > 0. It follows from (1.3) that

A
o) 2 int {1 = 4+ S} = 21512

Therefore,

2 8kK?2

Let ms,¢ := mgs,e be given in Theorem 2. Note that || f,||, < M. The error bound in

Theorem 2 tells us that for m > ms ¢ there holds

2 8k2 C. 2
Iz = foll2 < Ce log( )(1+ ||f||2)D()\) e (M? + 8k )log(g)D(A)
with confidence 1 — §. This proves Theorem 1 with C = (M? + 8x?)C.. ]

To show that the constant term in (1.9) depends on || f,||%, we consider an example

with the simplest Mercer kernel (K = 1).
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Example. Let K =1 and f, be defined by (1.4). If f,(x) = , for some p, € (—M, M),
then D(\) = Lui and

DY
€(/fo) N
Ez m L — 2y p 2‘
€z (Hf fp”p) (1+)\)2m + (1+)\)2up
Proof. The space Hy consists of constant functions f = ¢ with ||f||x = |¢|. Then

EN)+MSf% == >0 vf — 25" yi+ (14 A)? and

J— 1 -
fz= mzyz

=1
Since f,(z) = p,, we have E(y) = p, and E{(y — u,)*} = £(f,). It follows that

“ A
Epezm (Hfz - fp”?)) = EzEZm{(m Z(yz - Hp) - 1_}_—)\:“/))2}

=1
verifying the desired expected value.

For any A > 0, we have D(\) = infeem{(c — pp)? + A\c?} = 1%\”%' [

In the above example, (1.8) holds for any s > 0. If we take A = m~¢ with 0 < ¢ < 1,

we have

EzeZm(“fz - fp”%) > g(fp)mC_l
D(A) 20513

In particular, when £(f,) > 0 and ms, C are constants depending only on Cy, s, (, k, M

VYm € IN.

and 6, by letting || f,||2 = p2 — 0 we see that the bound (1.9) without the denominator

I fo|I% in the constant term cannot be true for all m > my .

§6. Deriving Learning Rates

Our main result, Theorem 1, on the error analysis yields learning rates.

: T2 2
Define an integral operator Ly : Ly — L7 by

Li(P@) = [ K@) f@aox(),  aeX.

Its range is in Hg. The operator Lx can also be defined as a self-adjoint operator on
Hy or on L%X. We shall use the same notion Ly for these operators defined on different
domains.

It was shown in [8, Theorem 3] and [20, (7.11)] that when L"f, € L2  for some
0 <r < 1/2, there holds D(X) < A?"||Ly" f, 2. This in connection with Theorem 1 verifies

the following.
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Corollary 6.1. Let f, be defined by (1.4). Assume (1.8). If Ly"f, € L2  for some

0 <r <1/2, then for any 0 < { < 1%-37 0 <4 <1 andm > ms,, with confidence 1 — ¢

~ 2 o
Ifa = £,]12 < Clog (5) —

where ms . and C are constants independent of m.

In particular, when K is C* on X C IR", we know from [30] that (1.8) holds for any

s > 0. As a consequence of Corollary 6.1, we see the following learning rates.

Corollary 6.2. Let f, be defined by (1.4). If K is C* on X C IR" and L" f, € L%X for

some 0 < r < 1/2, then for any ¢ > 0,0 < é < 1, with confidence 1 — § there holds

~ 2 1 2r—e
| fz — fp”?) < Clog(g) (E)

2e¢—1

for m > ms,. and A = A\(m) =m , where ms . and C are constants independent of m.

When r = 1/2, f, € Hg, the learning rates in Corollary 6.2 is arbitrarily close to 1,
which was stated in Proposition 1.1.

Let us compare our learning rates with the existing results.

In [6, 28], a leave-one-out technique was used to derive the expected value of learning

schemes. For the scheme (1.4), the result in [28] can be expressed as

2

2
Bueen () < (14 25) e {e(r)+ 3113}

m

In terms of the regularization error, it can be restated as

Byern(|a = £,|7) <D(V2) + (5<fp) + D(A/2)> {% + (%)2}

mA

1
Choosing A = 1//m, the derived learning rate is (=) ? in expectation when f, € Hx and
1
E(f,) > 0. By the Markov inequality, || f, — pri < %(%) 2 with confidence 1 — 4.
In [11], a functional analysis approach was employed for the error analysis of the

scheme (1.4). The main result asserts that for any 0 < ¢ < 1, with confidence 1 — 4,

0 - €] = 2 (14 22 ) (14 o (2/6) ).

18



The corresponding learning rate [11, Corollary 1] is the following: when f, lies in the range
of L, i.e., Lf}lfp € L?_, for any 0 < § < 1, with confidence 1 — 6, there holds

<log$i/5))§ (log(2/5))%.

m

Hfz_priSC 5 if A=

Thus the confidence is improved from 1/ to log(2/4), while the rate is weakened to () 5
In [20], a modified McDiarmid inequality was used to improve the kernel independent
error bounds. If f, is in the range of Lk, then for any 0 < 6 < 1, with confidence 1 —¢
there hold
2. 1 2 1
Il < E(PEODN Ty taing = (LY

and 5 1
1z — pr,% < 5% by taking A= (W) 7 (6.2)

1. .
2 is improved. Moreover, the error in the

Thus the confidence for the learning rate m™
space Hx can be estimated.

All the above results are kernel independent error bounds. When f, € Hx and s < 1,
the learning rate given by Corollary 6.1 with » = 1/2 is better than existing results. In
particular, this is the case [30] when the kernel K is CP, with p > 2n, on X C IR".

Classical results [17, 14, 2, 8] on analysis of empirical risk minimization (ERM)
schemes give error bounds between the empirical target function (over a bounded hy-
pothesis space of functions) and the regression function. In particular, learning rates of
type m~¢ with ¢ arbitrarily close to 1 can be achieved by ERM schemes. See e.g. [14, 2,
8]. However, the ERM setting is different from the one on Tikhonov regularization. How

to choose the regularization parameter A = A\(m), depending on the sample size m, is the

essential difficulty for the regularization scheme, even when f, lies in Hr.

§7. Extensions: Projection, Empirical Covering, and Multi-kernel Learning

Our error analysis can be extended in different settings.
The first extension is to use the projection. By our assumption, f,(z) € [—M, M].

Thus, it’s natural for us to restrict approximating functions onto those supported also on

[~ M, M].
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Definition 5. The projection operator wy; is defined on the space of measurable functions

f: X —1R as
M, if f(x) > M,
v (f)(x) =< =M, if f(z) < —M, (7.1)
f(l'), lf—MSf(l')SM

The idea of projections appeared in margin-based bound analysis, e.g. [5, 15]. We
introduced the above form of the projection operator m; for the purpose of bounding
misclassification and generalization errors in [7], and used it for error analysis of linear
programming support vector machine classification algorithms [26].

Now we take mps(f,) as our empirical target function. Then (1.11) still holds after

replacing f, by 7 (fz):

E(mar(f)) — E(F,) + Al full% < {eof;) () + A||ﬁ||%<}
{

E(mar(fa)) — Ealmar(fa) + Ea(Fr) — s<f;>}.

Then our analysis can be done in the same way. The projection helps us to get sharper
bounds of the sample error: probability inequalities are applied to random variables in-
volving functions 7y (fz) (bounded by M), not f, (the corresponding bound increases to
infinity as A becomes small, as shown in Lemmas 4.1 or 5.2). We omit details for deriving
learning rates.

The second extension is to use empirical covering numbers, not the uniform covering

numbers.

Definition 6. Let F be a class of functions on X and x = {z1,---,z,,} C X. For
1 < p < o0, define

1 & 1/p
S N — [P
dyx(£.9) = { — > = g(x) .
For every € > 0, the covering number of F associated to d, x is
¢
N, x(F, ) = min {e € IN: 3{ Y-y such that F = | J{f € F : dpx(f. f;) < 5}}.
j=1

The p-empirical covering number of F is then defined by

Np(F,e) = sup N, x(F,e).

meN,xe Xm™m

20



The mostly used cases in learning theory are p = 1, 2 and co. One can easily see that
Nl(F,E) S NQ(f78) S Noo(fag) S N(f78)

Hence one may expect to use empirical covering numbers to get better bounds for the
sample error and hence sharper learning rates. In particular, when p = 2, one may use
techniques from empirical process theory such as a chaining argument and Dudley’s en-
tropy integral and other probability inequalities such as Talagrand’s inequality to have
better estimates for the sample error (e.g. [24]). Moreover, the covering number of the
reproducing kernel Hilbert space satisfies log Na(Bi,¢) < ¢(1/€)® with 0 < s < 2 (see e.g.
[21]). Actually, there holds fol \/mde < 0o. When s tends to the extremal case
2, learning rates obtained by these techniques can be arbitrarily close to those deduced by
kernel independent bounds based on the leave-one-out analysis.

On the other hand, Mercer kernels may have logarithmic complexity exponent s > 1:

for some C3 > 0, there holds
log N(n) < C5 (log(1/n))",  ¥n>0. (7.2)

This is better than (1.8). In particular, for convolution type kernels K(z,y) = k(z — y)
generated by real even functions k having exponentially decaying Fourier transform, (7.2)
holds. As an example, consider the Gaussian kernel K (z,y) = exp{—|z — y|?/0?} with
o>0.If X C[0,1]" and 0 < n < exp{90n?/0? — 11n — 3}, then (7.2) is valid [29] with
s =n+ 1. A lower bound [30] holds with s = %, which shows the upper bound is almost
sharp.

When the kernel has logarithmic complexity exponent s > 1 with (7.2) satisfied, then

v*(m,d) < (40 log(1/8) + 40C3 (logm)” + 1) /m.

To see this, we use the same procedure as Proposition 4.3. Take B(n) =3y (log %)S — T—g.
<

Then v*(m, §) < A where A is any positive number satisfying h(A) < logd. We can easily

check that
iz((élO log(1/§) +40C5 (logm)s + 1)/m> < C3(log m)s — (5 (logm)s — log% =logé.
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Then the bound for v*(m, §) follows. The small capacity kernels (7.2) yield learning rates
of the type O((logm)®/m). This can be derived by a refined iteration, which is presented
in this paper.

The third extension is the multi-kernel setting. In this case, a set of kernels are used
instead of only one kernel. Let ¥ be an index set and {K, },cx a set of Mercer kernels.

The multi-kernel regularized learning scheme is defined as

fz = fz :=argmin min {gz(f) + )\Hf“%q,}

oceX fEHK,

Particular examples of kernel sets include Gaussians (see [27]) with flexible variances

{Ko}oepenns Kol y) = exp{—'mgé”'Q}, and polynomial kernels (see [32]) with varying
degrees {Kg}aew, Ka(x,y) = (1 4+ 2 - y)¢. The main advantage of this multi-kernel algo-
rithm is to improve the regularization error by using varying hypothesis spaces (see [31,
16, 32]). The error analysis for this multi-kernel setting can be done in the same way if the
covering number of |, . {f € Hx, : |||k, < 1} satisfies (1.8). But the index s may be

large s > 2, due to the multi-kernels. It’s unknown whether the empirical covering number

or some other data dependent capacity measurements [17, 1] can be used in this setting.
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