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❞❡❢♦r♠❛t✐♦♥ t❡♥s♦r✮ t❤❡ ♣❛rt✐❝✉❧❛r ❢♦r♠ ♦❢ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❡st❛❜❧✐s❤❡❞✳ ❲❤❡♥

❢✉rt❤❡r ♣❛rt✐❝✉❧❛r✐③✐♥❣ t❤❡ tr❡❛t♠❡♥t t♦ t❤♦s❡ ❡♥❡r❣✐❡s ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡ ✢✉✐❞ ♠❛t❡r✐❛❧s✱ t❤❡ ❝❛♣✐❧❧❛r② ✢✉✐❞ ❡✈♦❧✉t✐♦♥ ❝♦♥❞✐t✐♦♥s ✭s❡❡ ❡✳❣✳

❈❛s❛❧ ❬✷✺❪ ♦r ❙❡♣♣❡❝❤❡r ❬✶✹✷✱ ✶✹✺❪ ❢♦r ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❡❞✉❝t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡r♠♦❞②♥❛♠✐❝ ❛r❣✉♠❡♥ts✮ ❛r❡ r❡❝♦✈❡r❡❞✳ ❆❧s♦ ❛ ✈❡rs✐♦♥ ♦❢

❇❡r♥♦✉❧❧✐✬s ❧❛✇ ✇❤✐❝❤ ✐s ✈❛❧✐❞ ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s ✐s ❢♦✉♥❞ ❛♥❞✱ ✐♥ ❆♣♣❡♥❞✐① ❇✱ ❛❧❧ t❤❡ ❦✐♥❡♠❛t✐❝ ❢♦r♠✉❧❛s ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ✉s❡❢✉❧ ❢♦r

t❤❡ ♣r❡s❡♥t ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❛r❡ ❣❛t❤❡r❡❞✳ ▼❛♥② ❤✐st♦r✐❝❛❧ ❝♦♠♠❡♥ts ❛❜♦✉t ●❛❜r✐♦ P✐♦❧❛✬s ❝♦♥tr✐❜✉t✐♦♥ t♦ ❛♥❛❧②t✐❝❛❧ ❝♦♥t✐♥✉✉♠

♠❡❝❤❛♥✐❝s ❛r❡ ❛❧s♦ ♣r❡s❡♥t❡❞ ✇❤❡♥ ✐t ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✉s❡❢✉❧✳ ■♥ t❤✐s ❝♦♥t❡①t t❤❡ r❡❛❞❡r ✐s ❛❧s♦ r❡❢❡rr❡❞ t♦ ❈❛♣❡❝❝❤✐ ❛♥❞ ❘✉t❛ ❬✶✼❪✳

P❛rt ■

■♥tr♦❞✉❝t✐♦♥

❙✐♥❝❡ ✐ts ✜rst ❢♦r♠✉❧❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ ❉✬❆❧❡♠❜❡rt ❛♥❞ ▲❛❣r❛♥❣❡ ❛t ❧❡❛st ❢♦r ✇❤❛t ❝♦♥❝❡r♥s ✢✉✐❞ ❜♦❞✐❡s✱ ❝♦♥t✐♥✉✉♠

♠❡❝❤❛♥✐❝s ❤❛s ❜❡❡♥ ❢♦✉♥❞❡❞ ♦♥ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ✭♦r ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✈❡❧♦❝✐t✐❡s✱ ❛s ▲❛❣r❛♥❣❡ ❝❛❧❧❡❞ ✐t✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

s✐♥❝❡ t❤❡ ❡❛r❧② ♠♦❞❡r♥✶ st✉❞✐❡s ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ♠♦t✐♦♥ ♦❢ ✢✉✐❞s✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ❜♦❞② ❤❛s ❜❡❡♥ ❣❡♥❡r❛❧❧② ❝♦♥s✐❞❡r❡❞

✶■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❆r❝❤✐♠❡❞❡s ❝♦✉❧❞ ❢♦r♠✉❧❛t❡ ❛ ♣r❡❝✐s❡ t❤❡♦r② ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ✢✉✐❞s ✭s❡❡ ❡✳❣✳ ❘♦rr❡s ❬✶✸✷❪✮ ❛♥❞ t❤❡r❡ ❛r❡ s❡r✐♦✉s ❤✐♥ts t❤❛t ❛ ❢♦r♠ ♦❢
❇❡r♥♦✉✐❧❧✐ ❧❛✇ ❢♦r ✢✉✐❞ ✢♦✇ ✇❛s ❦♥♦✇♥ t♦ ❍❡❧❧❡♥✐st✐❝ s❝✐❡♥t✐sts ✭s❡❡ ❡✳❣✳ ❱❛✐❧❛t✐ ❬✶✻✺❪ ♦r ❘✉ss♦ ❬✶✸✸❪✮✳

✶



❛❞❛♣t❡❞ t♦ ♠♦❞❡❧ ♠❛❝r♦s❝♦♣✐❝ ♠❡❝❤❛♥✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❡✈❡♥ ✐❢ P♦✐ss♦♥ ❬✶✷✸✱ ✶✷✹✱ ✶✷✺❪ ❝❧❛✐♠❡❞✱ ✐♥st❡❛❞✱ t❤❛t ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧s ❤❛❞ t♦ ❜❡

❜❛s❡❞ ♦♥ ❛♥ ❛t♦♠✐st✐❝ ♦r ♠♦❧❡❝✉❧❛r ♣♦✐♥t ♦❢ ✈✐❡✇✳

❆❧r❡❛❞② P✐♦❧❛ ❬✶✶✽✱ ✶✶✾✱ ✶✷✶❪ ♣r❡s❡♥t❡❞ ✭♠♦st ❧✐❦❡❧② ❢♦r t❤❡ ✜rst t✐♠❡✮ t❤❡ r✐❣♦r♦✉s ❞❡✜♥✐t✐♦♥ ✭❛♥❞ ❛❧❧ r❡❧❛t❡❞ ❛♥❛❧②t✐❝❛❧ ❝♦♥❝❡♣ts✮ ♦❢ t❤❡

❝♦♥❝❡♣ts ♦❢ r❡❢❡r❡♥❝❡ ❛♥❞ ❛❝t✉❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s s②st❡♠✳ ❚❤❡r❡❢♦r❡ ❤❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ♣❧❛❝❡♠❡♥t ❢✉♥❝t✐♦♥ t❤❡

♣❤②s✐❝❛❧ ✐❞❡❛s r❡❧❛t❡❞ t♦ t❤❡ ❝❤❛♥❣❡s ♦❢ s❤❛♣❡ ♦❢ ❛ ❞❡❢♦r♠❛❜❧❡ ❜♦❞② ❞✉r✐♥❣ t❤❡✐r ♠♦t✐♦♥ ✭t❤♦s❡ ✇❤♦ ❝❛♥ ✉♥❞❡rst❛♥ t❤❡ ■t❛❧✐❛♥ ❧❛♥❣✉❛❣❡ ✇✐❧❧

❛♣♣r❡❝✐❛t❡ t❤❡ ♣❡rt✐♥❡♥❝❡ ❛♥❞ ❡❧❡❣❛♥❝❡ ♦❢ t❤❡ s✉❣❣❡st✐✈❡ ❡①♣r❡ss✐♦♥ ❞❡❧ ♠♦✈✐♠❡♥t♦ ❞✐ ❝♦r♣✐ q✉❛❧s✐✈♦❣❧✐♦♥♦ ❝♦♥s✐❞❡r❛t✐ s❡❝♦♥❞♦ ❧❛ ♥❛t✉r❛❧❡

❧♦r♦ ❢♦r♠❛ ❡ ❝♦st✐t✉③✐♦♥❡ ✉s❡❞ ❜② ●❛❜r✐♦ P✐♦❧❛ ✐♥ t❤❡ t✐t❧❡ ♦❢ ♦♥❡ ♦❢ t❤❡ ▼❡♠♦✐rs ✇❤✐❝❤ ❛r❡ tr❛♥s❧❛t❡❞ ✐♥ t❤✐s ✈♦❧✉♠❡✮✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ t❤✐s

❢✉♥❝t✐♦♥ ✐s t❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡ ♦❢ t❤❡ ❜♦❞② ✇❤✐❧❡ ✐ts ✐♠❛❣❡ ✐s t❤❡ ❝✉rr❡♥t s❤❛♣❡ ♦❢ t❤❡ s❛♠❡ ❜♦❞②✳

❚❤❡ r❡❛❞❡r ✇✐❧❧ r❡❝♦❣♥✐③❡ t❤❛t ✐♥ t❤✐s ♠♦❞❡❧❧✐♥❣ ♥❡❡❞ ♦♥❡ ❝❛♥ tr❛❝❡ t❤❡ ♦r✐❣✐♥ ♦❢ ♠❛♥② ✐❞❡❛s ♦❢ ♠♦❞❡r♥ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr②✳ ■t ✐s ❝❧❡❛r

❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s ♣r❡s❡♥t❡❞ ❜② P✐♦❧❛ t❤❛t t❤❡ s♣❛❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ❛ ❝♦♥t✐♥✉♦✉s ❜♦❞② ✐s ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡✱ ♦r✱

✐❢ ♥❡❝❡ss❛r②✱ ♠❛♥✐❢♦❧❞✳ ❚❤❡r❡❢♦r❡ ♦♥❡ ❝❛♥ ❝❧❡❛r❧② s❡❡ ❛♥❞ s✐♠♣❧② st❛t❡ ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ ♠❛t❤❡♠❛t✐❝❛❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❞✐s❝r❡t❡ ❛♥❞

❝♦♥t✐♥✉♦✉s ♠♦❞❡❧s✿ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✐♥ t❤❡ ✜rst ❝❛s❡ ❛♥❞ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✐♥ t❤❡ s❡❝♦♥❞ ♦♥❡✳

■♥❞❡❡❞ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❛ n− tuple ♦❢ r❡❛❧ ✈❛r✐❛❜❧❡s ✭▲❛❣r❛♥❣❡ ♣❛r❛♠❡t❡rs✮ ✇❤❡♥ ✐♥tr♦❞✉❝✐♥❣ ❞✐s❝r❡t❡ ♠♦❞❡❧s ♦r ❛s ❛

s❡t ♦❢ s✉✐t❛❜❧② ❞❡✜♥❡❞ ❦✐♥❡♠❛t✐❝ ✜❡❧❞s✱ ❞❡✜♥❡❞ ♦♥ s✉✐t❛❜❧② ✜①❡❞ ❞♦♠❛✐♥s✱ ✇❤❡♥ ✐♥tr♦❞✉❝✐♥❣ ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧s✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✇♦ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤❡s ✭❞✐s❝r❡t❡ ✈❡rs✉s ❝♦♥t✐♥✉♦✉s ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡s✮ ♥❡❡❞s t♦ ❜❡ ❞❡✈❡❧✲

♦♣♣❡❞ ❝❛r❡❢✉❧❧② ❛♥❞ ❤❛s t♦ ❜❡ ❜❛s❡❞ ♦♥ t❤❡ ❞✐✛❡r❡♥t ❜✉t ❡q✉❛❧❧② r❡❧❡✈❛♥t ♣❤②s✐❝❛❧ ❛s♣❡❝ts ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣❤❡♥♦♠❡♥❛✳

P✐♦❧❛ s❡❡♠s t♦ ❜❡ ❛❜❧❡ t♦ ♣❡r❢♦♠ s✉❝❤ ❛ ❝♦♠♣❛r❛t✐✈❡ ❛♥❛❧②s✐s ❛♥❞ s❡❡♠s t♦ ❤❛✈❡ ♠❛st❡r❡❞ ♣❡r❢❡❝t❧② t❤❡ r❡❧❛t✐✈❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞✐✣❝✉❧t✐❡s✿

t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ t❤❡ ✈✐✈✐❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤✐s ♣♦✐♥t ♣r❡s❡♥t❡❞ ❜② P✐♦❧❛ ✐♥ ❤✐s ✇♦r❦s ❞❛t❡❞ ✶✽✹✺✲✶✽✹✻ ✭s❡❡ ✐♥❢r❛ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

s✉❜s❡❝t✐♦♥s ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❤✐s ❞✐s❝✉ss✐♦♥ ❛❜♦✉t r❡❛❧✐t② ❛s ♣❡r❝❡✐✈❡❞ ❜② t❤❡ ❛♥✐♠❛❧❡tt✐ ✐♥❢✉s♦r❥ ✭✐✳❡✳ ♠✐❝r♦✲♦r❣❛♥✐s♠s✮✮✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐t s❡❡♠s ❝❧❡❛r ❛❧r❡❛❞② t♦ ❊✉❧❡r✱ ❉✬❆❧❡♠❜❡rt ❛♥❞ ▲❛❣r❛♥❣❡ ❬✽✼❪ t❤❛t✱ ✐♥ ♦r❞❡r t♦ ❢♦r♠✉❧❛t❡ ❛♥ ❡✛❡❝t✐✈❡ ♠♦❞❡❧ t♦

❞❡s❝r✐❜❡ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ♦❝❝✉rr✐♥❣ ✐♥ ❞❡❢♦r♠❛❜❧❡ ❜♦❞✐❡s✱ ✐t ❝❛♥ ❜❡ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡ ❛ s❡t ♦❢ s♣❛❝❡✲t✐♠❡

♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ✜❡❧❞s ✭✐✳❡✳ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ s✉✐t❛❜❧② r❡❣✉❧❛r s✉❜s❡ts ♦❢ R3) ✐♥st❡❛❞ ♦❢ ❛ s❡t ♦❢ ♦r❞✐♥❛r②

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ s❡t ♦❢ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥s ♦✉t♥✉♠❜❡rs ❛♥② ✐♠❛❣✐♥❛❜❧❡ ❝❛r❞✐♥❛❧✐t②✳

❙✐♥❝❡ P✐♦❧❛✬s ♣✐♦♥❡❡r✐♥❣ ✇♦r❦✱ ♦♥❡ ♦❢ t❤❡ ♠♦st ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥❝❡♣t✉❛❧ t♦♦❧s ✉s❡❞ ✐♥ ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧s ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ▲❛❣r❛♥❣✐❛♥ ❝♦♥✜❣✉r❛t✐♦♥✱ ✐♥ ✇❤✐❝❤ ❛♥② ♠❛t❡r✐❛❧ ♣❛rt✐❝❧❡ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝♦♥t✐♥✉♦✉s ❜♦❞② ✐s ❧❛❜❡❧❡❞ ❜② t❤r❡❡ r❡❛❧ ✈❛r✐❛❜❧❡s✱

t❤❡ ♠❛t❡r✐❛❧ ✭♦r ▲❛❣r❛♥❣✐❛♥✮ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣❛rt✐❝❧❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ♠♦t✐♦♥ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s s②st❡♠ ✐s ❝❤❛r❛❝t❡r✐③❡❞

❜② t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝❤♦s❡♥ s❡t ♦❢ ✜❡❧❞s✳

❊✈❡♥ ✐❢ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡✐r s♣❛❝❡s ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ✐s ❞✐✛❡r❡♥t✱ ❢♦r ❜♦t❤ ❞✐s❝r❡t❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧s t❤❡ ♦❜✈✐♦✉s ♣r♦❜❧❡♠ ❛r✐s❡s✱

♦♥❝❡ t❤❡ s♣❛❝❡s ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ✜①❡❞ ❛♥❞ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ♠♦t✐♦♥s ❛r❡ ❝❤♦s❡♥✿ ❤♦✇ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❄

■♥ ♦t❤❡r ✇♦r❞s✿

❍♦✇ ♦♥❡ ❤❛s t♦ ♠♦❞❡❧ t❤❡ ❡①t❡r♥❛❧ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❡①t❡r♥❛❧ ✇♦r❧❞✱ t❤❡ ❝♦♥s✐❞❡r❡❞ ❜♦❞② ❛♥❞ t❤❡ ✐♥t❡r♥❛❧ ✐♥t❡r❛❝t✐♦♥s ♦❢ t❤❡ ❜♦❞②

✐♥ ♦r❞❡r t♦ ❣❡t s♦♠❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✇❤✐❝❤✱ ♦♥❝❡ s♦❧✈❡❞✱ s✉♣♣❧② ❛ r❡❧✐❛❜❧❡ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ❜♦❞② ❜❡❤❛✈✐♦r ❄

▼❛♥② ❞✐✛❡r❡♥t ♣♦st✉❧❛t✐♦♥ s❝❤❡♠❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣♣❡❞ ✱ ❞✉r✐♥❣ t❤❡ ❝❡♥t✉r✐❡s✱ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✳ ❋♦r ❛❧❧ ♦❢

t❤❡s❡ s❝❤❡♠❡s ♦♥❡ ❝❛♥ ✜♥❞ ♠❡r✐ts ❛♥❞ ❞❡❢❡❝ts✿ ✇✐t❤ ❛ s♦♠❡❤♦✇ ✐♥❛♣♣r♦♣r✐❛t❡ s✐♠♣❧✐✜❝❛t✐♦♥ ✇❡ ♠❛② ❝❧❛ss✐❢② t❤❡♠ ✐♥t♦ t✇♦ s✉❜❣r♦✉♣s ✭s❡❡

❛ s✉❜s❡❝t✐♦♥ ✐♥❢r❛✮ ❣❛t❤❡r❡❞ ✉♥❞❡r t❤❡ ❝♦❧❧❡❝t✐✈❡ ♥❛♠❡s ❛♥❛❧②t✐❝❛❧ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ❛♥❞ ❝♦♥t✐♥✉✉♠ t❤❡r♠♦❞②♥❛♠✐❝s✳

■♥ t❤❡ ♦♣✐♥✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t ❛✉t❤♦rs✱ ●❛❜r✐♦ P✐♦❧❛ ✐♥ ❤✐s ✇♦r❦s ✇❛s ♣❡r❢❡❝t❧② r✐❣❤t ✇❤❡♥ ❤❡ ❝❤❛♠♣✐♦♥❡❞ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ▲❛❣r❛♥❣❡

❛♥❞ ❉✬❆❧❡♠❜❡rt ❛❧s♦ ✐♥ t❤❡ st✉❞② ♦❢ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✳ ❍✐s r❤❡t♦r✐❝ ❡❧❡❣❛♥❝❡ s❡❡♠s t♦ ❜❡ s❡r✈✐♥❣ ❛ ❝❛✉s❡ ✇❤✐❝❤ ❞❡s❡r✈❡s s✉❝❤ ❛♥

❡♠♣❤❛s✐s✳ ■♥❞❡❡❞ t❤❡ ♠❡t❤♦❞s ♦❢ ❛♥❛❧②t✐❝❛❧ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s s❡❡♠ t♦ ❜❡ t❤❡ ♠♦st ❡✛❡❝t✐✈❡ ♦♥❡s ✭s❡❡ ❛❧s♦ ❬✶✵✵❪✮✱ ❛t ❧❡❛st ✇❤❡♥

❢♦r♠✉❧❛t✐♥❣ ♠♦❞❡❧s ❢♦r ♠❡❝❤❛♥✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✐♥✈♦❧✈✐♥❣ ♠✉❧t✐♣❧❡ t✐♠❡ ❛♥❞ ❧❡♥❣t❤ s❝❛❧❡s✳

❚❤❡ r❡❛❞❡r s❤♦✉❧❞ ❝♦♥s✐❞❡r✱ ✇✐t❤ r❡s♣❡❝t t♦ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❝❧❛ss ♦❢ ♣❤❡♥♦♠❡♥❛✱ t❤❡ ❞✐✣❝✉❧t✐❡s ✇❤✐❝❤ ❛r❡ t♦ ❜❡ ❝♦♥❢r♦♥t❡❞ ✇❤❡♥ ✉s✐♥❣

❝♦♥t✐♥✉✉♠ t❤❡r♠♦❞②♥❛♠✐❝s✱ ❢♦r ✐♥st❛♥❝❡✱ t♦ ❞❡s❝r✐❜❡ ✐♥t❡r❢❛❝✐❛❧ ♣❤❡♥♦♠❡♥❛ ✐♥ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✭s❡❡ ❡✳❣✳ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❘♦♠❛♥♦ ❬✹✵✱ ✹✶✱ ✹✷❪

❛♥❞ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❑♦s✐♥s❦✐ ❬✹✸❪✮✱ ♦r ✐♥ ♣♦r♦❡❧❛st✐❝✐t② ✭s❡❡ ❡✳❣✳ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❍✉tt❡r ❬✹✼❪✮✳ ❚❤❡s❡ ❞✐✣❝✉❧t✐❡s ❛r❡ ❡❧❡❣❛♥t❧② ♦✈❡r❝♦♠❡ ✇❤❡♥

❛❝❝❡♣t✐♥❣ t♦ ✉s❡ ❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ t♦♦❧ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ✭❛s ❞♦♥❡ ✐♥ ❈❛s❛❧ ❛♥❞ ●♦✉✐♥ ❬✷✻❪✱ ❙❡♣♣❡❝❤❡r ❬✶✹✹❪ ❛♥❞ ❞❡❧❧✬■s♦❧❛ ❡t ❛❧✳

❬✺✹❪✮✳ ❘❡❧❛t❡❞ ♣❤❡♥♦♠❡♥❛ ♦❝❝✉r ✐♥ t❤❡ ✢♦✇ ♦❢ ❜✉❜❜❧❡s s✉rr♦✉♥❞❡❞ ❜② t❤❡✐r ❧✐q✉✐❞ ♣❤❛s❡✿ ✐t ❝♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❛♣♣❧② t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥

t❡❝❤♥✐q✉❡s ♣r❡s❡♥t❡❞ ✐♥ ❇♦✉t✐♥ ❛♥❞ ❆✉r✐❛✉❧t ❬✶✷❪ t♦ t❤❡ ❡q✉❛t✐♦♥s ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s ♣r❡s❡♥t❡❞ ❤❡r❡✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ tt ❤❛s t♦ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t s♦♠❡ r❡♠❛r❦❛❜❧❡ r❡s✉❧ts ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s✿ ✐♥ t❤❡ ♣r❡s❡♥t

❝♦♥t❡①t ♦♥❡ ❤❛s t♦ ❝✐t❡ t❤❡ ✇♦r❦s ❜② ❙❡♣♣❡❝❤❡r ❬✶✹✷✱ ✶✹✺❪✳ ■♥ t❤❡s❡ ❧❛st ♣❛♣❡rs t❤❡ ❛✉t❤♦r ♦❜t❛✐♥❡❞ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ❢♦r ❝❛♣✐❧❧❛r②

✢✉✐❞s ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ✐♥ t❤❡ ❊✉❧❡r✐❛♥ ❞❡s❝r✐♣t✐♦♥ ✇✐t❤ t❤❡ ✜rst ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡r♠♦❞②♥❛♠✐❝s ✭❧✐♠✐t❡❞ t♦ t❤❡ ❝❛s❡

♦❢ ✐s♦t❤❡r♠❛❧ ♠♦t✐♦♥s✮✳ ❚❤✐s s❤♦✇s t❤❛t ✐t ❝❛♥ ❜❡ s♦♠❡t✐♠❡s ✉s❡❢✉❧ t♦ ✉s❡ ❛♥ ❤❡✉r✐st✐❝ ♣r♦❝❡❞✉r❡ ✐♥ ✇❤✐❝❤ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦

✐s r❡✐♥❢♦r❝❡❞ ❜② ❛❞❞✐t✐♦♥❛❧❧② r❡q✉✐r✐♥❣ ❛❧s♦ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❜❛❧❛♥❝❡ ♦❢ ♠❡❝❤❛♥✐❝❛❧ ❡♥❡r❣②✳ ❆❧s♦ ✈❡r② ✐♥t❡r❡st✐♥❣ ✐♥ t❤✐s ❝♦♥t❡①t ❛r❡ t❤❡

r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❈❛s❛❧ ❬✷✺❪✱ ●❛✈r✐❧②✉❦ ❛♥❞ ●♦✉✐♥ ❬✻✽❪✳

✷



✶✳✶ ❉❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s ❛♥❞ s❡❝♦♥❞ ❣r❛❞✐❡♥t s♦❧✐❞s ❜② t❤❡ ♣r✐♥❝✐♣❧❡

♦❢ ❧❡❛st ❛❝t✐♦♥

■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s♣✐r✐t ♦❢ t❤❡ ✇❤♦❧❡ s❝✐❡♥t✐✜❝ ♣r♦❞✉❝t✐♦♥ ♦❢ ●❛❜r✐♦ P✐♦❧❛✱ ✇❡ s❤♦✇ t❤❛t

✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥✱ ❛♥❞ ✇✐t❤♦✉t ❛♥② ❢✉rt❤❡r ❛ss✉♠♣t✐♦♥✱ t❤❡ ✇❤♦❧❡ s❡t ♦❢ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✭✐✳❡✳

❜✉❧❦ ❡q✉❛t✐♦♥s ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮ ✈❛❧✐❞ ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s ❜♦t❤ ✐♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ ❊✉❧❡r✐❛♥ ❞❡s❝r✐♣t✐♦♥s✳

❚❤❡ ❢♦✉♥❞ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ❛r❡ t❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❝♦♥❞✐t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♣r❡❝✐s❡❧② s♣❡❝✐✜❡❞ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧✳

❲❡ ❡①♣❡❝t t❤❛t t❤❡ ♦❜t❛✐♥❡❞ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ❛t ❧❡❛st ✇❤❡♥ ❢♦r♠✉❧❛t✐♥❣ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❢♦r st✉❞②✐♥❣ ❛ ❧❛r❣❡ ❝❧❛ss

♦❢ ✢♦✇s ♦❢ ❝❛♣✐❧❧❛r② ✢✉✐❞s✳

❙✉❜s❡q✉❡♥t❧② ✇❡ ♦❜s❡r✈❡ t❤❛t ❛ ❢♦r♠ ♦❢ ❇❡r♥♦✉❧❧✐✬s ❧❛✇✱ ✈❛❧✐❞ ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s✱ ❝❛♥ ❜❡ ♣r♦✈❡♥✳

❚❤❡ ♣r❡s❡♥t❡❞ ♣r♦❝❡❞✉r❡ ❤❛s ❛ str✉❝t✉r❡ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ✜♥❞✱ ✇✐t❤♦✉t ❢✉rt❤❡r t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐s✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❛s❡ ♦❢ ✢✉✐❞

♠❛t❡r✐❛❧s✱ t❤❡ ❝♦♠♣❧❡t❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ❢♦r s❡❝♦♥❞ ❣r❛❞✐❡♥t s♦❧✐❞s ✐✳❡✳ ❢♦r ♠❛t❡r✐❛❧s ✇❤♦s❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②

✐s ❛ss✉♠❡❞ t♦ ❞❡♣❡♥❞ ♦♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡❛s✉r❡ C := FTF ✭✇❤❡r❡ F ✐s t❤❡ ♣❧❛❝❡♠❡♥t ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ▲❛❣r❛♥❣✐❛♥ r❡❢❡r❡♥t✐❛❧

❝♦♦r❞✐♥❛t❡s✮ ♦r✱ ❛❧t❡r♥❛t✐✈❡❧②✱ ♦♥ t❤❡ ♦t❤❡r ❡q✉✐✈❛❧❡♥t ❞❡❢♦r♠❛t✐♦♥ ♠❡s✉r❡ C−1 ❛♥❞ t❤❡✐r ❣r❛❞✐❡♥ts ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡

♦❜t❛✐♥❡❞ ❡q✉❛t✐♦♥s ❛r❡ ✈❛❧✐❞ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥s ❛♥❞ ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥ ❣r❛❞✐❡♥ts✳ ❚❤❡ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✇❤✐❝❤ ❝♦♠♣❧❡t❡ t❤❡ s❡t ♦❢ ❜✉❧❦ ❡q✉❛t✐♦♥s ❛r❡ ❛❧s♦ s✉♣♣❧✐❡❞✷✳

❍♦✇❡✈❡r t❤❡ s♣✐r✐t ♦❢ P✐♦❧❛ ❝♦✉❧❞ ♥♦t ❜❡ ❢♦❧❧♦✇❡❞ ✐♥ t❤❡ ✉s❡ ♦❢ t❡❝❤♥✐❝❛❧ t♦♦❧s ❢♦r ♦❜t❛✐♥✐♥❣ t❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❝♦♥❞✐t✐♦♥s ❢r♦♠

♣♦st✉❧❛t❡❞ ❆❝t✐♦♥ ❋✉♥❝t✐♦♥❛❧✿ ✐♥❞❡❡❞ t❤❡ ♠❛✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ t♦♦❧ t❤❛t ✇❡ ✉s❡ ✐s t❤❡ ▲❡✈✐✲❈✐✈✐t❛ t❡♥s♦r ❝❛❧❝✉❧✉s✱ ❛❧s♦ ❛♣♣❧✐❡❞ t♦ ❡♠❜❡❞❞❡❞

s✉❜♠❛♥✐❢♦❧❞s✳ ■t ❤❛s t♦ ❜❡ r❡♠❛r❦❡❞ t❤❛t t❤❡ ✇♦r❦s ♦❢ P✐♦❧❛✱ ❛❧t❤♦✉❣❤ ❝♦rr❡❝t ❛♥❞ r✐❣♦r♦✉s✱ ❛r❡ ❡♥❝✉♠❜❡r❡❞ ❜② ❤❡❛✈② ❝♦♠♣♦♥❡♥t✲✇✐s❡

♥♦t❛t✐♦♥ ✇❤✐❝❤ ❤✐♥❞❡r❡❞ t❤❡✐r ❝♦♠♣r❡❤❡♥s✐♦♥✳ P✐♦❧❛✬s ✇♦r❦s ❛r❡ tr✉❧② ♠♦❞❡r♥ ✐♥ s♣✐r✐t✱ ❡①❝❡♣t ✐♥ ✇❤❛t ❝♦♥❝❡r♥s t❤❡✐r ❞✐✣❝✉❧t② ✐♥ tr❡❛t✐♥❣

t❡♥s♦r✐❛❧ q✉❛♥t✐t✐❡s✿ t❤❡ r❡❛❞❡r ✇✐❧❧ ❛♣♣r❡❝✐❛t❡ t❤❡ ❡♥♦r♠♦✉s ❡❝♦♥♦♠② ♦❢ t❤♦✉❣❤t ✇❤✐❝❤ ✐s ❣❛✐♥❡❞ ❜② t❤❡ ✉s❡ ♦❢ ▲❡✈✐✲❈✐✈✐t❛ ❢♦r♠❛❧✐s♠✳

P✐♦❧❛ ✇♦✉❧❞ ♥♦t r❡❥❡❝t t❤❡ ✉s❡ ♦❢ ♠♦r❡ ♣♦✇❡r❢✉❧ t♦♦❧s ❢♦r ❛♣♣❧②✐♥❣ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ ❍❛♠✐❧t♦♥✐❛♥ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ ❛s ❤❡ ✇❛s ✐♥❞❡❡❞ ❛✇❛r❡

♦❢ t❤❡ ❞✐✣❝✉❧t✐❡s ✇❤✐❝❤ ❛r❡ t♦ ❜❡ ❝♦♥❢r♦♥t❡❞ ✇❤❡♥ ❢♦r♠✉❧❛t✐♥❣ ♥❡✇ t❤❡♦r✐❡s✱ ❛s ✐s ♣r♦✈❡♥ ❜② t❤❡ ❢❛❝t t❤❛t ❤❡ ❝❧❛✐♠s ✭s❡❡ ❬✶✷✶❪✱ ♣❛❣❡ ✶✮✿

✏■t ❤❛♣♣❡♥s ♥♦t s♦ s❡❧❞♦♠ t❤❛t ♥❡✇ ❛❝❤✐❡✈❡♠❡♥ts ✲❜② ♠❡❛♥s ♦❢ ✇❤✐❝❤ ❛ ❜r❛♥❝❤ ♦❢ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s ✇❛s ❛✉❣♠❡♥t❡❞✲ ❞♦ ♥♦t ❛♣♣❡❛r

✐♠♠❡❞✐❛t❡❧②✱ ✐♥ t❤❡ ❝♦♥❝❡♣t ❛♥❞ ✐♥ t❤❡ ❡①♣♦s✐t✐♦♥✱ ❢r❡❡ ❢r♦♠ ❧❡♥❣t❤✐♥❡ss ❛♥❞ s✉♣❡r✢✉❡♥❝❡✳ ❚❤❡ ❝♦♠♣❧✐❝❛t✐♦♥ ♦❢ ❛♥❛❧②t✐❝❛❧ ♣r♦❝❡❞✉r❡s ❝❛♥

r❡❛❝❤ s✉❝❤ ❛ ❧❡✈❡❧ t❤❛t ✐t ❝♦✉❧❞ s❡❡♠ ✐♠♣♦ss✐❜❧❡ t♦ ♣r♦❝❡❡❞✿ ✐♥❞❡❡❞ ✐t ✐s ✐♥ t❤✐s ♠♦♠❡♥t ✐♥st❡❛❞ t❤❛t s♦♠❡t✐♠❡s ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇

❝❛♥ ❜❡ ❞✐s❝♦✈❡r❡❞✱ ♠❛♥② ♣❛rt✐❝✉❧❛r✐t✐❡s ❛r❡ ❝♦♥❝❡♥tr❛t❡❞✱ ❛♥❞ ❛ ❝♦♠♣❡♥❞✐♦✉s t❤❡♦r② ✐s ❢♦r♠❡❞ ✇❤✐❝❤ ✐s s♦ ✇❡❧❧ ❣r♦✉♥❞❡❞ t❤❛t ✐t ❝❛♥ ✐♥❢✉s❡

✈✐❣♦r ❢♦r ❢✉rt❤❡r ♣r♦❣r❡ss❡s✳✑

❲❡ ❝♦♥❝❧✉❞❡ ♦✉r ✐♥tr♦❞✉❝t✐♦♥ ❜② ❝✐t✐♥❣ ❛ ♣❛rt ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ■♥tr♦❞✉❝t✐♦♥ ♦❢ P✐♦❧❛ ❬✶✷✶❪✱ ♣❛❣❡ ✺✱ ✇❤✐❝❤ ✐s s✉✐t❛❜❧❡ t♦ ❜❡ ✐♥❝❧✉❞❡❞ ❛❧s♦

✐♥ t❤❡ ♣r❡s❡♥t ♦♥❡✸✱ ✇❤❡♥ ❞❡❝♦♥t❡①t✉❛❧✐③✐♥❣ t❤❡ r❡❢❡r❡♥❝❡s t♦ ♣r❡✈✐♦✉s ✇♦r❦s ❛♥❞ r❡♣❧❛❝✐♥❣ t❤❡ ✇♦r❞ ✢✉✐❞s ❜② ❝❛♣✐❧❧❛r② ✢✉✐❞s✿

✏❲❤✐❧❡ ✇✐t❤ t❤❡ ♣r❡s❡♥t ♠❡♠♦✐r ■ ✇✐❧❧ ❛✐♠ ❛❣❛✐♥ t♦ t❤❡ ❣♦❛❧ ♥♦✇ ❞❡✈✐s❡❞✹ ■ ✇✐❧❧ ♠❛♥❛❣❡ t♦ r❡❛❝❤ ❛❧s♦ ♦t❤❡r ♦♥❡s✳ ❬■♥❞❡❡❞❪ ✐t ✐s

r✐❣♦r♦✉s❧② ♣r♦✈❡❞ ✐♥ ♠❛♥② ♣❧❛❝❡s t❤❛t t❤❡ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥ ♦❢ ♠❡❝❤❛♥✐❝s✱ ✇r✐tt❡♥ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s✱ ✐♥ t❤❡ ❝❛s❡

♦❢ ❛ ✇❤❛ts♦❡✈❡r ❞✐s❝r❡t❡ s②st❡♠ ♦❢ ❜♦❞✐❡s r❡❣❛r❞❡❞ ❛s ♣♦✐♥ts ✐♥ ✇❤✐❝❤ ❞✐✛❡r❡♥t ❝♦♥❝❡♥tr❛t❡❞ ♠❛ss❡s ❛r❡ s✉❜❥❡❝t❡❞ t♦ ❡①t❡r♥❛❧ ❛❝t✐✈❡ ❢♦r❝❡s

❛♥❞ t♦ ✐♥t❡r♥❛❧ ❛❝t✐✈❡ ❛♥❞ ♣❛ss✐✈❡ ❢♦r❝❡s✳ ❍♦✇❡✈❡r✱ t♦ st❛rt ❢r♦♠ t❤✐s ❧❛st ❡q✉❛t✐♦♥ ❬✐✳❡✳ t❤❡ ❡q✉❛t✐♦♥ ❢♦r ❛ ❞✐s❝r❡t❡ s②st❡♠ ♦❢ ♣♦✐♥ts❪ ❛♥❞

t♦ ♦❜t❛✐♥ t❤❡ ❢♦r♠✉❧❛s ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ♠♦t✐♦♥ ♦❢ ❜♦❞✐❡s ✇✐t❤ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❡①t❡♥s✐♦♥s ❬✐✳❡✳ ❞❡❢♦r♠❛❜❧❡ ❜♦❞✐❡s❪✱ ✐t ✐♥❞❡❡❞ ✐s ❛

st❡♣ ✈❡r② ❞✐✣❝✉❧t ❢♦r t❤♦s❡ ✇❤♦ ❛r❡ ✇✐❧❧✐♥❣ t♦ s❡❡ t❤✐♥❣s ❝❧❡❛r❧② ❛♥❞ ✇❤♦ ❛r❡ ♥♦t ❤❛♣♣② ✇✐t❤ ❛♥ ✐♥❝♦♠♣❧❡t❡ ✉♥❞❡rst❛♥❞✐♥❣✳ ❖♥❡ ❛♠♦♥❣

♠② ✜rst ❡✛♦rts ✐♥ t❤✐s s✉❜❥❡❝t ❝❛♥ ❜❡ r❡❝♦❣♥✐③❡❞ ✐♥ ♠② ▼❡♠♦✐r ✧❖♥ t❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ ❆♥❛❧②t✐❝❛❧ ♠❡❝❤❛♥✐❝s ❜② ▲❛❣r❛♥❣❡✧✳ P✉❜❧✐s❤❡❞ ✐♥

▼✐❧❛♥ ❛❧r❡❛❞② ✐♥ t❤❡ ②❡❛r ✶✽✷✺✱ ✇❤❡r❡ ■ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s r❡❣❛r❞ s♦♠❡ ❝♦rr❡❝t ✐❞❡❛s ❜✉t ✇✐t❤ ♠❛♥② s♣❡❝✐✜❝ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s ❡✐t❤❡r t♦♦

❝♦♠♣❧❡① ♦r ✐♥❞❡❡❞ s✉♣❡r✢✉♦✉s✳ ■ ❝❛♠❡ ❜❛❝❦ t♦ t❤✐s ♣♦✐♥t ✐♥ t❤❡ ♠❡♠♦✐r ♣✉❜❧✐s❤❡❞ ✐♥ ❚✳ ❳❳■ ♦❢ t❤❡s❡ ❆tt✐ ❛♥❞ ■ ❜❡❧✐❡✈❡❞ t♦ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❛

r❡♠❛r❦❛❜❧❡ ✐♠♣r♦✈❡♠❡♥t ❜② ✐♥tr♦❞✉❝✐♥❣ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ ❛❜❜r❡✈✐❛t✐♦♥s ❛♥❞ s✐♠♣❧✐✜❝❛t✐♦♥s✿ ❜✉t t❤❡r❡❛❢t❡r ■ ♣❡r❝❡✐✈❡❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❢✉rt❤❡r

✐♠♣r♦✈❡♠❡♥ts ✇❤✐❝❤ ■ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡s❡♥t ♦♥❡✳ ■♥❞❡❡❞ ❣r❡❛t ❛❞✈❛♥t❛❣❡ ❝❛♥ ❛❧✇❛②s ❜❡ ♦❜t❛✐♥❡❞ ✇❤❡♥ ❤❛✈✐♥❣ t❤❡ ❝❛r❡ ♦❢ ❝❧❛r✐❢②✐♥❣

❛♣♣r♦♣r✐❛t❡❧② t❤❡ ✐❞❡❛s ❝♦♥❝❡r♥✐♥❣ t❤❡ ♥❛t✉r❡ ♦❢ ❞✐✛❡r❡♥t ❛♥❛❧②t✐❝❛❧ q✉❛♥t✐t✐❡s ❛♥❞ t❤❡ s♣✐r✐t ♦❢ t❤❡ ♠❡t❤♦❞s✿ ❬t♦ ❡st❛❜❧✐s❤❪ ✐❢ ❛❧s♦ ❢r♦♠ t❤✐s

♣♦✐♥t ♦❢ ✈✐❡✇ s♦♠❡t❤✐♥❣ ❤❛s ❜❡❡♥ ❧❡❢t t♦ ❜❡ ❞♦♥❡✱ ■ ✇✐❧❧ ❧❡❛✈❡ t❤❡ ❥✉❞❣♠❡♥t t♦ ✐♥t❡❧❧✐❣❡♥t r❡❛❞❡rs✳ ❚❤❡ s❝❤♦❧❛r ✇✐❧❧ ♣❡r❝❡✐✈❡ t❤❛t ■ ♣r♦♣♦s❡

♠②s❡❧❢ ❛❧s♦ ♦t❤❡r ❛✐♠s ✇✐t❤ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ❤❛✈✐♥❣ ❡st❛❜❧✐s❤❡❞ ❤❡r❡ ✈❛r✐♦✉s ❢♦r♠✉❧❛s✱ ✇❤✐❝❤ ❝❛♥ s❡r✈❡ ❛s ❛ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❢✉rt❤❡r

✐♥✈❡st✐❣❛t✐♦♥s✳ ■ ✇✐❧❧ ♥♦t ♦♠✐t t♦ ♠❡♥t✐♦♥ ♦♥❡ ♦❢ t❤❡s❡ ❛✐♠s ❛♥❞ ♣r❡❝✐s❡❧② t❤❛t ♦♥❡ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❞❡♠♦♥str❛t✐♥❣ ❛♥❡✇ ✭❈❛♣♦ ❱✮✱ ❜②

❛❞♦♣t✐♥❣ t❤❡ ✐❞❡❛s ❜❡tt❡r ❢♦✉♥❞❡❞ ✇❤✐❝❤ ❛r❡ ♣r♦✈✐❞❡❞ ❜② ♠♦❞❡r♥ P❤②s✐❝s ❛❜♦✉t ✢✉✐❞s✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❡q✉❛t✐♦♥s ♦❢ t❤❡✐r ♠♦t✐♦♥s✳ ■♥s♦❢❛r

❛s ■ tr❡❛t❡❞ ❛t ❧❡♥❣t❤ ✐♥ ♦t❤❡r ♠② ✇♦r❦s t❤❡ ♣r♦❜❧❡♠s ♦❢ ❤②❞r♦❞②♥❛♠✐❝s ✭❙❡❡ t❤❡ ✜rst t✇♦ ✈♦❧✉♠❡s ♦❢ ▼❡♠♦✐rs ♦❢ ■✳ ❘✳ ■st✐t✉t♦ ▲♦♠❜❛r❞♦✮ ✐t

✇❛s ♦❜❥❡❝t❡❞ t❤❛t ♠② ❞❡❞✉❝t✐♦♥ ❝♦✉❧❞ ❜❡ ❞❡❢❡❝t✐✈❡✱ ❝♦♥s✐❞❡r✐♥❣ ✇❤❛t ✇❛s st❛t❡❞ ❜② P♦✐ss♦♥ ❛❜♦✉t t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♦r❞✐♥❛r② ❍②❞r♦❞②♥❛♠✐❝s✳

◆♦✇ ■ ❜❡❧✐❡✈❡❞ t♦ ❜❡ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥s ♦❢ t❤❡ ❋r❡♥❝❤ ●❡♦♠❡t❡r ✐♥ t❤✐s ❝✐r❝✉♠st❛♥❝❡ ✇❡r❡ ♣✉s❤❡❞ t♦♦ ❢❛r ❛❤❡❛❞✱ ❛♥❞ t❤❛t

✷❙♦♠❡ ♦❢ t❤❡ ❢♦✉♥❞ ❡q✉❛t✐♦♥s ❛r❡ ❛ ♣♦ss✐❜❧❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ t❤♦s❡ ♣r♦♣♦s❡❞ ❡✳❣✳ ✐♥ ❨❡r❡♠❡②❡✈ ❡t ❛❧✳ ❬✺✽✱ ✶✼✵❪ ❢♦r ♣❤❛s❡ tr❛♥s✐t✐♦♥s ✐♥ s♦❧✐❞s ❛♥❞ ♠❛② ❣✐✈❡ ❛♥
✐♥s✐❣❤t ✐♥t♦ s♦♠❡ ♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❊r❡♠❡②❡✈ ❛♥❞ ▲❡❜❡❞❡✈ ❬✻✶❪✳

✸❚❤❡ tr❛♥s❧❛t✐♦♥ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ✐t❛❧✐❛♥ t❡①t tr✐❡s t♦ r❡♣r♦❞✉❝❡ t❤❡ ❊♥❣❧✐s❤ st②❧❡ ♦❢ t❤❡ ❢❛♠♦✉s ✇♦r❦s ❜② ▼❛①✇❡❧❧ ❬✶✵✺❪✱ ✇❤✐❝❤ ❛r❡ ♥❡❛r❧② ❝♦♥t❡♠♣♦r❛r② ✇✐t❤
P✐♦❧❛✬s ♦♥❡s✳

✹P✐♦❧❛ r❡❢❡rs ❤❡r❡ t♦ ❤✐s ✐♥t❡♥t✐♦♥ ♦❢ ❞❡❞✉❝✐♥❣ ❛❧❧ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ♦❢ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ❢r♦♠ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦✳

✸



♥♦t✇✐t❤st❛♥❞✐♥❣ ❤✐s ♦❜❥❡❝t✐♦♥s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r② ♦❢ t❤❡ ♠♦t✐♦♥s ♦❢ ✢✉✐❞s ✐s ✇❡❧❧ ❣r♦✉♥❞❡❞ ❛s ❡st❛❜❧✐s❤❡❞ ❜② ❉✬❆❧❡♠❜❡rt ❛♥❞ ❊✉❧❡r✱

❛♥❞ ❡①❛❝t❧② ❛s ✐t ✇❛s r❡♣r♦❞✉❝❡❞ ❜② ❋♦✉r✐❡r ❤✐♠s❡❧❢ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❛♥♦t❤❡r ❡q✉❛t✐♦♥ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ t❤❡♦r② ♦❢ ❤❡❛t✱ ❬❡q✉❛t✐♦♥❪ t♦

✇❤✐❝❤✱ ❤♦✇❡✈❡r✱ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ r❡❢❡r ✐♥ t❤❡ ♠♦st ♦❜✈✐♦✉s q✉❡st✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ s❝✐❡♥❝❡ ♦❢ ❧✐q✉✐❞s✳ ❋♦r ✇❤❛t ❝♦♥❝❡r♥s t❤❡ ♠♦t✐♦♥

♦❢ ✢✉✐❞s✱ t❤❡ ♣r❡s❡♥t ▼❡♠♦✐r ✐s ✐♥t❡♥❞❡❞ t♦ s✉♣♣♦rt ❛♥❞ ❝♦♠♣❧❡♠❡♥t t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♦♥❡s✳✑

❲❡ ❤❛✈❡ ❣❛t❤❡r❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❇ ✈❛r✐♦✉s ❦✐♥❡♠❛t✐❝ ❢♦r♠✉❧❛s✱ ✇❤✐❝❤ ✐♥ ♦✉r ♦♣✐♥✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts ♦❢ ❛♥❛❧②t✐❝❛❧

❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✳ ❚❤❡ r❡❛❞❡r s❤♦✉❧❞ ❛❧s♦ ❡①♣❧✐❝✐t❧② ♥♦t❡ t❤❛t ❛❧r❡❛❞② P✐♦❧❛ ❤❛s st❛t❡❞ t❤❛t t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ✭✐✳❡✳ t❤❡r♠♦❞②♥❛♠✐❝s✮

❞♦❡s ♥♦t ♥❡❡❞ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✇❤❡♥ ♣✉r❡❧② ♠❡❝❤❛♥✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❛r❡ ✐♥✈♦❧✈❡❞✳

✶✳✷ ❚❤❡ ♠❡❛♥✐♥❣s ❣✐✈❡♥ t♦ t❤❡ ❡①♣r❡ss✐♦♥s✿ s❡❝♦♥❞ ❣r❛❞✐❡♥t ❝♦♥t✐♥✉❛ ❛♥❞ ❝❛♣✐❧❧❛r② ✢✉✐❞s

❆s ❞♦♥❡ ✐♥ ●❡r♠❛✐♥ ❬✻✾❪ ✇❡ ✇✐❧❧ ❝❛❧❧ s❡❝♦♥❞ ❣r❛❞✐❡♥t ❝♦♥t✐♥✉❛ t❤♦s❡ ♠❡❞✐❛ ✇❤♦s❡ ▲❛❣r❛♥❣✐❛♥ ✈♦❧✉♠❡tr✐❝ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❞❡♣❡♥❞s

❜♦t❤ ♦♥ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❣r❛❞✐❡♥ts ♦❢ t❤❡ ♣❧❛❝❡♠❡♥t ✜❡❧❞✳ ❲❤❡♥ ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❝❛♣✐❧❧❛r② ✢✉✐❞s ✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤♦s❡ ❝♦♥t✐♥✉❛

✇❤♦s❡ ❊✉❧❡r✐❛♥ ✈♦❧✉♠❡tr✐❝ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❞❡♥s✐t② ❞❡♣❡♥❞s ❜♦t❤ ♦♥ t❤❡✐r ❊✉❧❡r✐❛♥ ♠❛ss ❞❡♥s✐t② ρ ❛♥❞ ✐ts ❣r❛❞✐❡♥t ∇ρ✳ ❖❢ ❝♦✉rs❡ t❤❡

❛❢♦r❡♠❡♥t✐♦♥❡❞ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♠✉st ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♦❜s❡r✈❡r ✭t❤✐s r❡q✉✐r❡♠❡♥t ✇❛s ❛❧r❡❛❞② ❞❡♠❛♥❞❡❞✱ ✉s✐♥❣ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧

♠❡t❤♦❞s ❛✈❛✐❧❛❜❧❡ t♦ ❤✐♠✱ ❜② P✐♦❧❛ ❬✶✶✾❪✮✳ ❲❡ ♣r❡❢❡r t♦ ❛✈♦✐❞ ♥❛♠✐♥❣ t❤❡ ✐♥tr♦❞✉❝❡❞ ❝❧❛ss ♦❢ ✢✉✐❞s ❛❢t❡r ❈❛❤♥ ❛♥❞ ❍✐❧❧✐❛r❞ ♦r ❑♦rt❡✇❡❣ ❛♥❞

❞❡ ❱r✐❡s✱ ❛s ❞♦♥❡ s♦♠❡t✐♠❡s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❙❡❡ ❡✳❣✳ ❙❡♣♣❡❝❤❡r ❬✶✹✷✱ ✶✹✺✱ ✶✹✻✱ ✶✹✼✱ ✶✹✽❪✱ ❈❛s❛❧ ❛♥❞ ●♦✉✐♥ ❬✷✻✱ ✷✼❪✮✳ ❚❤✐s ❝❤♦✐❝❡ ✐s ❛✐♠❡❞

t♦ tr② t♦ r❡❞✉❝❡ ♣♦ss✐❜❧❡ ❛♠❜✐❣✉✐t✐❡s✿ ❈❛❤♥ ❛♥❞ ❍✐❧❧✐❛r❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥t❡♥❞❡❞ t❤❡ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ✇❡r❡ s✉❜s❡q✉❡♥t❧② ♥❛♠❡❞ ❛❢t❡r t❤❡♠

t♦ ❜❡ ✈❛❧✐❞ ❢♦r t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❛ s♦❧✉t❡ ✐♥ ♠♦t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ st❛t✐♦♥❛r② s♦❧✈❡♥t✱ ❛♥❞ ❞❡❞✉❝❡❞ t❤❡♠ ✈✐❛ ♠♦❧❡❝✉❧❛r ❛r❣✉♠❡♥ts

✭♠♦❞✉❧♦ s♦♠❡ t❤❡r♠♦❞②♥❛♠✐❝❛❧❧② r❡❧❡✈❛♥t t❡r♠s✱ s❡❡ ❈❛s❛❧ ❛♥❞ ●♦✉✐♥ ❬✷✻❪✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❡q✉❛t✐♦♥s ❬✽✵❪ ✇❡r❡

♦r✐❣✐♥❛❧❧② ❞❡❞✉❝❡❞ ❢♦r ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ❝❧❛ss ♦❢ ♣❤❡♥♦♠❡♥❛✿ ✇❛✈❡s ♦♥ s❤❛❧❧♦✇ ✇❛t❡r s✉r❢❛❝❡s✳ ▲❛t❡r ✐t ✇❛s ❞✐s❝♦✈❡r❡❞ t❤❛t t❤❡② ❝❛♥

❛❧s♦ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ ❛♥ ❛t♦♠✐st✐❝ ❛r❣✉♠❡♥t✱ s✐♥❝❡ t❤❡ s♦✲❝❛❧❧❡❞ ❋❡r♠✐✲P❛st❛✲❯❧❛♠ ❬✻✸❪ ❞✐s❝r❡t❡ s②st❡♠ ❤❛s ❑♦rt❡✇❡❣✲❉❡ ❱r✐❡s ❡q✉❛t✐♦♥s

❛s ✐ts ❝♦♥t✐♥✉✉♠ ❧✐♠✐t✳ ❖♥❧② ✐♥ ❛ ❧❛t❡r ♣❛♣❡r ✭❑♦rt❡✇❡❣ ❬✽✷❪✮ ✐s ❛ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❝❛♣✐❧❧❛r✐t② ♣❤❡♥♦♠❡♥❛ ❡st❛❜❧✐s❤❡❞✳

❚❤❡ ♥♦♠❡♥❝❧❛t✉r❡ ❝❛♣✐❧❧❛r② ✢✉✐❞s ❤❛s t♦ ❜❡ ♣r❡❢❡rr❡❞ ❜❡❝❛✉s❡ ✐t ✐s s✉❣❣❡st✐✈❡ ♦❢ ♠❛♥② ♦❢ t❤❡ ♠♦st ❢✉♥❞❛♠❡♥t❛❧ ♣❤❡♥♦♠❡♥❛ ✇❤✐❝❤ ♠❛②

❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♠♦❞❡❧ ❞✐s❝✉ss❡❞ ❤❡r❡✳

❆♠♦♥❣ t❤❡s❡ ✭r❡❢r❛✐♥✐♥❣ ❢r♦♠ ❝♦♥s✐❞❡r✐♥❣ ♠❛♥② ♦t❤❡rs✮ ✇❡ ❝✐t❡

✐✮ ✇❡tt❛❜✐❧✐t②✱

✐✐✮ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ✐♥t❡r❢❛❝✐❛❧ ❜♦✉♥❞❛r② ❧❛②❡rs✱

✐✐✐✮ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❧✐q✉✐❞ ♦r ❣❛s❡♦✉s ✜❧♠s ❝❧♦s❡ t♦ ✇❛❧❧s✱

✐✈✮ t❤❡ ❢♦r♠❛t✐♦♥ ❛♥❞ t❤❡ ♠♦t✐♦♥ ♦❢ ❞r♦♣s ♦r ❜✉❜❜❧❡s ✐♥s✐❞❡ ❛♥♦t❤❡r ✢✉✐❞ ♣❤❛s❡ ♦r

✈✮ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ♣❡♥❞❛♥t ♦r s❡ss✐❧❡ ❞r♦♣s ♦♥ ❛ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ ✭s❡❡ ❡✳❣✳ t❤❡ ♣❛♣❡rs ❜② ❙❡♣♣❡❝❤❡r ❬✶✹✷✱ ✶✹✺❪✱ ❞❡❧❧✬■s♦❧❛ ❡t ❛❧✳ ❬✹✹❪✱

●♦✉✐♥ ❛♥❞ ❈❛s❛❧ ❬✷✻❪✮✳

❋✐♥❛❧❧②✱ ✇❡ ♠✉st r❡♠❛r❦ ❡①♣❧✐❝✐t❧② t❤❛t s❡❝♦♥❞ ❣r❛❞✐❡♥t t❤❡♦r✐❡s ❛r❡ str✐❝t❧② r❡❧❛t❡❞ t♦ ❝♦♥t✐♥✉✉♠ t❤❡♦r✐❡s ✇✐t❤ ♠✐❝r♦str✉❝t✉r❡ ✭s❡❡ ❡✳❣✳

●r❡❡♥✱ ❘✐✈❧✐♥ ❬✼✷✱ ✼✸✱ ✼✹✱ ✼✺❪✱ ▼✐♥❞❧✐♥ ❬✶✵✻✱ ✶✵✼✱ ✶✵✽❪✱ ❑r♦♥❡r ❬✽✸❪ ❛♥❞ ❚♦✉♣✐♥ ❬✶✻✵✱ ✶✻✶❪✮ ❛s ❝❧❛r✐✜❡❞ ✐♥ t❤❡ ♥♦t❡ ❜② ❇❧❡✉st❡✐♥ ❬✶✵❪ ❛♥❞ ✐♥

t❤❡ ♣❛♣❡rs ❜② ❋♦r❡st ❬✻✺✱ ✻✹❪✳ ■♥❞❡❡❞ ❤✐❣❤❡r ❣r❛❞✐❡♥t t❤❡♦r✐❡s ❛r❡ s✐♠♣❧② ♠✐❝r♦str✉❝t✉r❡❞ ❝♦♥t✐♥✉❛ ✐♥ ✇❤✐❝❤ s✉✐t❛❜❧❡ ✐♥t❡r♥❛❧ ❝♦♥str❛✐♥ts

❛r❡ ✐♥tr♦❞✉❝❡❞✳

✷ ❆♥ ✐♥t❡r❧✉❞❡✿ s♦♠❡ ❛♣♣❛r❡♥t ❞✐❝❤♦t♦♠✐❡s

✷✳✶ ❆♥❛❧②t✐❝❛❧ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ❛♥❞ ❝♦♥t✐♥✉✉♠ t❤❡r♠♦❞②♥❛♠✐❝s

■t ✐s ♥❛t✉r❛❧ ❛♥❞ ♥❡❡❞❡❞ t♦ r❡❢❡r ❛t t❤✐s ♣♦✐♥t t♦ t❤❡ ♦r✐❣✐♥❛❧ s♦✉r❝❡s ♦❢ ❛♥❛❧②t✐❝❛❧ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✱ ✇❤✐❝❤ ✐♥❞❡❡❞ s❡❡♠ t♦ ❜❡ t♦✉t ❝♦✉rt

t❤❡ s♦✉r❝❡ ♦❢ ❛❧❧ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✳ ❙♦♠❡ ♦❢ t❤❡♠ ❛r❡ r❡❧❛t✐✈❡❧② ❝❧♦s❡ ✐♥ t✐♠❡ ❛♥❞ ✐♥ ♦✉r ♦♣✐♥✐♦♥✱ ✈❡r② ♦❢t❡♥✱ t❤❡✐r tr✉❡ s♣✐r✐t ❤❛s ❜❡❡♥

s♦♠❡❤♦✇ ♠✐s❥✉❞❣❡❞ ♦r ❝❧❡❛r❧② ♠✐s✉♥❞❡rst♦♦❞✳

❙♦♠❡t✐♠❡s t❤❡s❡ s♦✉r❝❡s ✇❡r❡ ❢♦r❣♦tt❡♥ ♦r ❝♦♥s✐❞❡r❡❞ ❜② s♦♠❡ ❛✉t❤♦rs ❛s ♥♦t ❜❡✐♥❣ ❣❡♥❡r❛❧ ❡♥♦✉❣❤ t♦ ❢♦✉♥❞ ♠♦❞❡r♥ ♠❡❝❤❛♥✐❝s✳

❚❤✐s ✐s ♥♦t ♦✉r ♦♣✐♥✐♦♥✿ ✇❡ s✐♠♣❧② ❜❡❧✐❡✈❡ t❤❛t t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠❛❧✐s♠ ♥❡❡❞❡❞ t♦ ❝♦♥str✉❝t ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s st❛rt✐♥❣ ❢r♦♠

✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s ❤❛s ❜❡❡♥ r❡❣❛r❞❡❞ ❛s ❛♥ ♦❜st❛❝❧❡ t♦ ✐ts ❢✉❧❧ ✉♥❞❡rst❛♥❞✐♥❣ ❛♥❞ s♦♠❡ ♣r❡s❡♥t❛t✐♦♥ s❤♦rt❝✉ts✱ ♦r✐❣✐♥❛❧❧② ❛✐♠❡❞ t♦

s✐♠♣❧✐❢② t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❦♥♦✇❧❡❞❣❡s r❡q✉✐r❡❞ t♦ t❤❡ r❡❛❞❡rs✱ ❤❛✈❡ ✐♥❞❡❡❞ ❤✐❞❞❡♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❜❡❛✉t② ❛♥❞ ❡❧❡❣❛♥❝❡ ♦❢ ❝♦♥t✐♥✉✉♠

♠♦❞❡❧s✱ ✇❤♦s❡ ♣r❡❞✐❝t✐✈❡ ♣♦✇❡r ❝❛♥♥♦t ❜❡ q✉❡st✐♦♥❡❞✳

❖♥❡ s❤♦✉❧❞ ♥♦t ❜❡❧✐❡✈❡ t❤❛t s✐♠♣❧✐❢②✐♥❣ ✐s ❛❧✇❛②s ✉s❡❢✉❧✳ ■♥❞❡❡❞✿

✐✮ ❝♦♠♣❧❡①✐t② ♦❢ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❝❛♥♥♦t ❜❡ ♠♦❞❡❧❧❡❞ ❜② ♠❡❛♥s ♦❢ s✐♠♣❧❡ ♠♦❞❡❧s

✐✐✮ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s s✉♣♣❧② ❛ ♣♦✇❡r❢✉❧ t♦♦❧ ✐♥ ❝r❡❛t✐♥❣ ♥❡✇ ♠♦❞❡❧s✱ s♦ t❤❛t t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛❜str❛❝t✐♦♥ ✇❤✐❝❤ t❤❡② ✐♥✈♦❧✈❡ ✐s

r❡♣❛✐❞ ❜② t❤❡ ❡✣❝❛❝✐t② ♦❢ t❤❡✐r ✉s❡ ✐♥ ❧♦♦❦✐♥❣ ❢♦r ♥❡✇ ♠♦❞❡❧s ❢♦r ♥♦t ❛❧r❡❛❞② ❞❡s❝r✐❜❡❞ ♣❤❡♥♦♠❡♥❛✳

✹



❍♦✇❡✈❡r✱ ✐♥st❡❛❞ ♦❢ ❧♦♦❦✐♥❣ ❢♦r ♥❡✇ ✇♦r❞s t♦ s✉♣♣♦rt ♦✉r ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ ✇✐❧❧ ❝♦♥t✐♥✉❡ t♦ ❝✐t❡ t❤❡ ❝❤❛♠♣✐♦♥ ♦❢ ❛♥❛❧②t✐❝❛❧ ♠❡❝❤❛♥✐❝s✿

t❤❡ ■t❛❧✐❛♥ ♠❛t❤❡♠❛t✐❝❛❧✲♣❤②s✐❝✐st ●❛❜r✐♦ P✐♦❧❛✱ ✇❤♦s❡ ✇♦r❦s ❛r❡ tr❛♥s❧❛t❡❞ ✐♥ t❤✐s ✈♦❧✉♠❡✳ ❉❡s♣✐t❡ ❤✐s ❜❡✐♥❣ ♦♥❡ ♦❢ t❤❡ ❢♦✉♥❞❡rs ♦❢ ♠♦❞❡r♥

❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✱ ❤✐s ❝♦♥tr✐❜✉t✐♦♥ t♦ ✐t ❤❛s ❜❡❡♥ s❡r✐♦✉s❧② ✉♥❞❡r❡st✐♠❛t❡❞✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐❝❛❧

❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ❤❛s ♥♦t ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❢r❡q✉❡♥t❧② ✉♣ t♦ ♥♦✇✳ ■♥ ▼❛✉❣✐♥ ❬✾✾❪ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t ❝❛♥ ❜❡ ❢♦✉♥❞

✏❚❤❡ r♦❛❞ t♦ t❤❡ ❛♥❛❧②t✐❝❛❧ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ✇❛s ❡①♣❧♦r❡❞ ✐♥ ♣❛rt✐❝✉❧❛r ❜② P✳●❡r♠❛✐♥ ❬✼✶❪✱ ❜✉t ♥♦t ✐♥ ❛ ✈❛r✐❛t✐♦♥❛❧ ❢r❛♠❡✇♦r❦✳✑

❚❤❡ ❝♦♥❝❡♣t ✉♥❞❡r❧②✐♥❣ ❛♥❛❧②t✐❝❛❧ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ✐s ♦♣♣♦s❡❞ t♦ t❤♦s❡ ✉♥❞❡r❧②✐♥❣ ❝♦♥t✐♥✉✉♠ t❤❡r♠♦❞②♥❛♠✐❝s✳ ❆❝t✉❛❧❧② ❝♦♥t✐♥✉✉♠

t❤❡r♠♦❞②♥❛♠✐❝s ✐s ❜❛s❡❞ ♦♥ ❛ ♣♦st✉❧❛t✐♦♥ ♣r♦❝❡ss ✇❤✐❝❤ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s ✭s❡❡ ❡✳❣✳ ◆♦❧❧ ❛♥❞ ❚r✉❡s❞❡❧❧ ❬✶✶✼❪✱ ◆♦❧❧ ❬✶✶✻❪✮✿

• ✜♥❞ ❛ s❡t ♦❢ ❦✐♥❡♠❛t✐❝ ✜❡❧❞s ♦❢ r❡❧❡✈❛♥❝❡ ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧ ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t t♦ ❞❡s❝r✐❜❡ ❝♦♥s✐❞❡r❡❞

♣❤❡♥♦♠❡♥❛❀

• ♣♦st✉❧❛t❡ ❛ s✉✐t❛❜❧❡ ♥✉♠❜❡r ♦❢ ❜❛❧❛♥❝❡ ❧❛✇s ❤❛✈✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳ ❙♣❡❝✐❢② t❤❡ ♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣ ♦❢ ❡❛❝❤ ❝♦♥s❡r✈❡❞

q✉❛♥t✐t② ❛♥❞ ✐♥tr♦❞✉❝❡ ❢♦r ❡❛❝❤ ❛ ✢✉①✱ ❛ s♦✉r❝❡ ❛♥❞ ❛ ✈♦❧✉♠❡ ❞❡♥s✐t②❀

• ♣♦st✉❧❛t❡ ❛ s✉✐t❛❜❧❡ ♥✉♠❜❡r ♦❢ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s r❡q✉✐r❡❞ t♦ ❝❧♦s❡ t❤❡ ❢♦r♠✉❧❛t❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠s✿ t❤❛t ✐s t♦ ❤❛✈❡ ❡♥♦✉❣❤

❡q✉❛t✐♦♥s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❦✐♥❡♠❛t✐❝ ✜❡❧❞s✱ ♦♥❝❡ s✉✐t❛❜❧❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❞❛t❛ ❛r❡ ❛ss✐❣♥❡❞❀

• ❛s t❤❡ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ♦❢ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❛r❡ t♦♦ ❧❛r❣❡✱ ❛♥❞ ♠❛♥② ♦❢ t❤❡♠ ❛r❡ ✉♥♣❤②s✐❝❛❧✱ ❝❤♦♦s❡ ❛ ♣❛rt✐❝✉❧❛r ❜❛❧❛♥❝❡ ❧❛✇✱

✐✳❡✳ t❤❡ ❜❛❧❛♥❝❡ ♦❢ ❡♥tr♦♣②✱ ❛♥❞ ❛ss✉♠❡ t❤❛t ✐ts s♦✉r❝❡ ✐s ✉♥❞❡t❡r♠✐♥❛t❡ ❛♥❞ ❛❧✇❛②s ♣♦s✐t✐✈❡✳ ❚❤❡ ♣❤②s✐❝❛❧❧② ❛❝❝❡♣t❛❜❧❡ ❝♦♥st✐t✉t✐✈❡

❡q✉❛t✐♦♥s ❛r❡ t❤♦s❡ ❢♦r ✇❤✐❝❤ ❛❧❧ ♣♦ss✐❜❧❡ ♠♦t✐♦♥s ♣r♦❞✉❝❡ ❛ ♣♦s✐t✐✈❡ ❡♥tr♦♣②✳

❆♥②♦♥❡ ✇❤♦ ❤❛s ❝❛r❡❢✉❧❧② ❝♦♥s✐❞❡r❡❞ t❤❡ ❡✣❝❛❝② ♦❢ t❤❡ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ❝♦♥t✐♥✉✉♠ t❤❡r♠♦❞②♥❛♠✐❝s ♠❛② ❛❣r❡❡ t❤❛t✿

• ✇❤❡♥ ♦♥❡ ✇❛♥ts t♦ ❢♦r♠✉❧❛t❡ ♥❡✇ ♠♦❞❡❧s ✐t ✐s ❞✐✣❝✉❧t t♦ ✉s❡ ✐t ❛s ❛ ❤❡✉r✐st✐❝ t♦♦❧❀

• ✐t ✐s s♦♠❡❤♦✇ ✐♥✈♦❧✈❡❞ ❛♥❞ ♦❢t❡♥ r❡q✉✐r❡s ♠❛♥② ❛❞✲❤♦❝ ❛ss✉♠♣t✐♦♥s✳

❲❡ r❡❢r❛✐♥ ❢r♦♠ ❛❞❞✐♥❣ ♦✉r ♦✇♥ ❝♦♠♠❡♥ts ❛♥❞ ❝♦♥❝❡r♥✐♥❣ t❤❡ ✈❛❧✉❡ t♦ ❜❡ ❣✐✈❡♥ t♦ t❤❡ s♦✲❝❛❧❧❡❞ ❛①✐♦♠❛t✐③❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s

❛♥❞ t♦ s♦♠❡ r❡❛s❡❛r❝❤ ♣r♦❣r❛♠s ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❝♦♥t✐♥✉✉♠ t❤❡r♠♦❞②♥❛♠✐❝s ❢♦✉♥❞ s♦♠❡✇❤❡r❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r

✐s ✐♥✈✐t❡❞ t♦ ❥✉❞❣❡ ❜② ❤✐♠s❡❧❢ ❛❧s♦ ❜② r❡❢❡rr✐♥❣ t♦ t✇♦ ❜❡❛✉t✐❢✉❧ t❛❧❦s ❜② ❘✐✈❧✐♥ ❬✶✸✵✱ ✶✸✶❪✳ ❲❡ ❝✐t❡ ❤❡r❡ s♦♠❡ ❡①❝❡♣t✐♦♥s ♦❢ t❤❡s❡ t✇♦ ❘✐✈❧✐♥✬s

❧❡❝t✉r❡ ♥♦t❡s ✇✐t❤ s♦♠❡ ❝♦♠♠❡♥ts r❡❧❛t✐✈❡ t♦ P✐♦❧❛✬s ❝♦♥tr✐❜✉t✐♦♥ t♦ ♠❡❝❤❛♥✐❝s ✿

✏❚❤✐s ❧❡❝t✉r❡ ✇♦✉❧❞ ♥♦t ❜❡ ❝♦♠♣❧❡t❡ ✇✐t❤♦✉t s♦♠❡ r❡❢❡r❡♥❝❡ t♦ t❤❡ s♦✲❝❛❧❧❡❞ ❛①✐♦♠❛t✐③❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✳

◆♦✇✱ ❛①✐♦♠❛t✐❝s ❝❛rr✐❡s ✇✐t❤ ✐t ❝❡rt❛✐♥ ♦✈❡rt♦♥❡s ♦❢ ❤✐❣❤✲❧✐✈✐♥❣ ❛♥❞ ✐t ❜❡❝♦♠❡s ❥✉st ❛s ✇❡❧❧ t♦ ❞✐s❝✉ss ✇❤❛t ✐s t❤❡ ❝♦♥t❡♥t ♦❢ t❤✐s

❛①✐♦♠❛t✐③❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✱ ♣❛rt✐❝✉❧❛r❧② ❛s ❝❡rt❛✐♥ ✐♠♣r❡ss✐♦♥s ✇❤✐❝❤ ❛r❡✱ ✐♥ ♠② ♦♣✐♥✐♦♥✱ q✉✐t❡ ❡rr♦♥❡♦✉s ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧②

❞✐✛✉s❡❞✳ ■t ❤❛s✱ ❢♦r ❡①❛♠♣❧❡✱ ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛s ❢✉❧✜❧❧✐♥❣ ❛ ♣r♦❣r❛♠ ♣r♦♣♦s❡❞ ❜② ❍✐❧❜❡rt ❛♥❞ t❤❡ ✐♠♣r❡ss✐♦♥ ❤❛s ❜❡❡♥ ❝r❡❛t❡❞ t❤❛t ✐t ♣❧❛②s

♠✉❝❤ t❤❡ s❛♠❡ r♦❧❡ ✐♥ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ❛s ❞♦❡s t❤❡ ❛①✐♦♠❛t✐❝ ♦❢ ❍✐❧❜❡rt✱ s❛②✱ ✐♥ ♣✉r❡ ♠❛t❤❡♠❛t✐❝s✳ ❲❤❛t❡✈❡r ♠❛② ❜❡ t❤❡ ❧✐t❡r❛❧

tr✉t❤ ♦❢ t❤❡ ❢♦r♠❡r ❝❧❛✐♠✱ ✐t s❤♦✉❧❞ ❜❡ ✉♥❞❡rst♦♦❞ t❤❛t t❤❡ s♦✲❝❛❧❧❡❞ ❛①✐♦♠❛t✐③❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ❞♦❡s ♥♦t ❧❡❛❞ t♦ ❛♥② ♥❡✇

✉♥✐✜❝❛t✐♦♥✱ ♣❛r❛❧❧❡❧✐♥❣ t❤❡ ✉♥✐✜❝❛t✐♦♥ ♦❢ t❤❡♦r❡♠s ✐♥ ✇✐❞❡❧② ❞✐✛❡r❡♥t ❜r❛♥❝❤❡s ♦❢ ♠❛t❤❡♠❛t✐❝s ✇❤✐❝❤ r❡s✉❧ts ❢r♦♠ t❤❡ ❛①✐♦♠❛t✐③❛t✐♦♥ ♦❢

♣✉r❡ ♠❛t❤❡♠❛t✐❝s✳ ◆♦r ❤❛s ✐t s♦ ❢❛r s✉❣❣❡st❡❞ ❛♥② ♥❡✇ ❛♥❞ ✉♥❡①♣❡❝t❡❞ ❣❡♥❡r❛❧✐③❛t✐♦♥s✱ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❛❜❛♥❞♦♥✐♥❣ ♦❢ ❝❡rt❛✐♥ ❛①✐♦♠s✱

s✐♠✐❧❛r t♦ t❤♦s❡ ✇❤✐❝❤ ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ❛❜❛♥❞♦♥✐♥❣ t❤❡ ❛①✐♦♠ ♦❢ ♣❛r❛❧❧❡❧✐s♠ ✐♥ ❣❡♦♠❡tr②✳ ■♥❞❡❡❞✱ ✐♥ ❝♦♥t❡♥t✱ ✐t ❛♣♣❡❛rs t♦ ❜❡ ❧✐tt❧❡ ♠♦r❡

t❤❛♥ ❛ tr❛♥s❧❛t✐♦♥ ♦❢ ❢❡✇ ❢❛♠✐❧✐❛r ❝♦♥❝❡♣ts ✐♥ t❤❡ ❦✐♥❡♠❛t✐❝s ❛♥❞ ♠❡❝❤❛♥✐❝s ♦❢ ❝♦♥t✐♥✉❛ ✐♥t♦ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❡❧❡♠❡♥t❛r② s❡t t❤❡♦r②✑ ✭s❡❝t✳✽

♦❢ ❬✶✸✶❪✮

■t ❤❛s t♦ ❜❡ r❡♠❛r❦❡❞ t❤❛t ●❛❜r✐♦ P✐♦❧❛ ❞✐❞ ✉s❡ ✈❡r② ❛❞✈❛♥❝❡❞ ✭❢♦r ❤✐s t✐♠❡s✮ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s✿ ❤♦✇❡✈❡r✱ ✐♥ ♦✉r ♦♣✐♥✐♦♥✱ ✇✐t❤ ❤✐s

✇♦r❦s ❤❡ ✐♥❞❡❡❞ ❛❞❞❡❞ ♥❡✇ ♣❤②s✐❝❛❧ ✉♥❞❡rst❛♥❞✐♥❣ t♦ ♠❡❝❤❛♥✐❝❛❧ s❝✐❡♥❝❡ ❛s ❤✐s ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠❛❧✐s♠ ✇❛s r❡❛❧❧② ♥❡❡❞❡❞ t♦ ❝❛t❝❤ r❡❧❡✈❛♥t

♣❤❡♥♦♠❡♥❛✳

✏❚r✉❡s❞❡❧❧✬s ✶✾✺✷ ♣❛♣❡r ❛♥❞ ❤✐s s✉❜s❡q✉❡♥t ♠❛♠♠♦t❤ ❛rt✐❝❧❡s ✇✐t❤ ❚♦✉♣✐♥ ❛♥❞ ◆♦❧❧ ✐♥ t❤❡ ❍❛♥❞❜✉❝❤ ❞❡r P❤②s✐❦ ❬✳✳✳❪ ❤❛✈❡ ❜❡❡♥ ✈❡r②

✈❛❧✉❛❜❧❡ ✐♥ ❝♦❧❧❡❝t✐♥❣ t♦❣❡t❤❡r ❡❛r❧✐❡r ✇♦r❦ ❛♥❞ ❡❛r❧✐❡r ✐❞❡❛s✑✭s❡❝t✳✶✷ ♦❢ ❬✶✸✵❪✮✳

■♥❞❡❡❞ ❚r✉❡s❞❡❧❧✬s r❡✈✐❡✇ ✇♦r❦s ❛ttr❛❝t❡❞ t❤❡ ❛tt❡♥t✐♦♥ t♦ P✐♦❧❛✬s ❝♦♥tr✐❜✉t✐♦♥s t♦ s♦♠❡ ♣❛rts ♦❢ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✳ ❍♦✇❡✈❡r t❤❡

r❡✲❞✐s❝♦✈❡r② ♦❢ P✐♦❧❛✬s ♣❛♣❡rs ❜② ❚r✉❡s❞❡❧❧✱ ✇❤✐❧❡ ❛ttr❛❝t✐♥❣ t❤❡ ❛tt❡♥t✐♦♥ ♦❢ r❡s❡❛r❝❤❡rs t♦ t❤❡ ♥♦✇ ❢❛♠♦✉s P✐♦❧❛✬s tr❛♥s❢♦r♠❛t✐♦♥✱ ❞✐❞

♦❜s❝✉r❡ t❤❡ ♠❛♥② ♦t❤❡r ♥♦✈❡❧ ❛♥❞ ♦r✐❣✐♥❛❧ ❝♦♥tr✐❜✉t✐♦♥s ✇❤✐❝❤ ♠✉st ❜❡ ❛ttr✐❜✉t❡❞ t♦ P✐♦❧❛✱ ❛s ✇❡ ✇✐❧❧ tr② t♦ ✉♥❞❡r❧✐♥❡ ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦

❛♥❞ ❛s ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♦t❤❡rs ✇❤✐❝❤ ❛r❡ ♣✉❜❧✐s❤❡❞ ✐♥ t❤✐s ✈♦❧✉♠❡✳

❆❣❛✐♥ ✐♥ s❡❝t✳✶✷ ♦❢ ❬✶✸✵❪ ♦♥❡ ❝❛♥ r❡❛❞✿

✏❍♦✇❡✈❡r✱ ❤✐s ✶✾✻✺ ❛rt✐❝❧❡ ✇✐t❤ ◆♦❧❧ ✲❚❤❡ ◆♦♥✲▲✐♥❡❛r ❋✐❡❧❞ ❚❤❡♦r✐❡s ♦❢ ▼❡❝❤❛♥✐❝s✲ ❛♥❞ ❤✐s ✈♦❧✉♠✐♥♦✉s ❧❛t❡r ✇r✐t✐♥❣s✱ ✐♠♣r❡ss✐✈❡ ❛♥❞

❛❞♠✐r❛❜❧❡ t❤♦✉❣❤ t❤❡② ❜❡ ✐♥ ♠❛♥② r❡s♣❡❝ts✱ ❛r❡ s❡r✐♦✉s❧② ♠❛rr❡❞ ❜② ❤✐s ❡✈✐❞❡♥t ❝♦♥t❡♠♣t ❢♦r ♣❤②s✐❝❛❧ r❡❛s♦♥✐♥❣ ❛♥❞ ✐♥s✐❣❤t ❛♥❞ ❜② ❛

t❡♥❞❡♥❝② t♦ ♣r❡s❡♥t t❤❡ ✇♦r❦ ♦❢ ❤✐s ♣r♦t❡❣ï➽÷s ❛s ♣❛r❛❞✐❣♠s✱ ✇✐t❤♦✉t r❡❣❛r❞ t♦ ✐ts ♦r✐❣✐♥❛❧✐t② ♦r ✐ts ♣❤②s✐❝❛❧ ♦r ♠❛t❤❡♠❛t✐❝❛❧ s♦✉♥❞♥❡ss✳

■♥ ❤✐s ✇r✐t✐♥❣s ❚r✉❡s❞❡❧❧ ❡✈✐❞❡♥❝❡s ❛ str♦♥❣ t❛st❡ ❢♦r ❞r❛♠❛t✐❝ ❛♥❞ s♦ t❤❡r❡ ❤❛s ❜❡❡♥ ❝r❡❛t❡❞ ❛ ❢❛♥t❛s② ✇♦r❧❞ ✐♥ ✇❤✐❝❤ ✈❛r✐♦✉s s❛✈❛♥ts

✺



♣r♦❞✉❝❡ ❛ str❡❛♠ ♦❢ ♣r✐♥❝✐♣❧❡s✱ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠s✱ ❝❛♣✐t❛❧ r❡s✉❧ts✱ ❛♥❞ ✇♦r❦s ♦❢ ✉♥✉s✉❛❧ ❞❡♣t❤✳ ◆♦ ♠❛tt❡r t❤❛t✱ ♦♥ ❡①❛♠✐♥❛t✐♦♥ ❛♥❞

str✐♣♣❡❞ ♦❢ t❤❡✱ ♦❢t❡♥ ✐rr❡❧❡✈❛♥t✱ ♠❛t❤❡♠❛t✐❝❛❧ ✈❡r❜✐❛❣❡ ✇✐t❤ ✇❤✐❝❤ t❤❡② ❛r❡ s✉rr♦✉♥❞❡❞✱ t❤❡② ❢r❡q✉❡♥t❧② t✉r♥ ♦✉t t♦ ❜❡ ❦♥♦✇♥ r❡s✉❧ts ✐♥

❞✐s❣✉✐s❡✱ ♦r tr✐✈✐❛❧✱ ♦r ♣❤②s✐❝❛❧❧② ✉♥❛❝❝❡♣t❛❜❧❡✱ ♦r ♠❛t❤❡♠❛t✐❝❛❧❧② ✉♥s♦✉♥❞✱ ♦r s♦♠❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡② ❤❛✈❡ ❜❡❡♥

✇✐❞❡❧② ❛♥❞ ✉♥❝r✐t✐❝❛❧❧② r❡♣r♦❞✉❝❡❞ ✐♥ t❤❡ ❡①t❡♥s✐✈❡ s❡❝♦♥❞❛r② ❧✐t❡r❛t✉r❡ ❛♥❞ ❤❛✈❡ ♣r♦✈✐❞❡❞ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ♠❛♥②✱ ❝♦rr❡s♣♦♥❞✐♥❣❧②

✢❛✇❡❞✱ t❤❡s❡s ❛♥❞ ♣❛♣❡rs✑✳

■t ❤❛s t♦ ❜❡ r❡♠❛r❦❡❞ t❤❛t✱ ❡✈❡♥ ✐❢ ❤❡ ❜❡❧♦♥❣❡❞ t♦ ❛ ♠✉❝❤ ♠♦r❡ r❤❡t♦r✐❝❛❧ ï➽÷♣♦q✉❡ t❤❛♥ ♦✉rs✱ P✐♦❧❛ ✐s ✈❡r② ❝❛r❡❢✉❧ ✐♥ ❛ttr✐❜✉t✐♥❣

♦r✐❣✐♥❛❧✐t② ❛♥❞ ✐♠♣♦rt❛♥❝❡ t♦ ❤✐s ♦✇♥ r❡s✉❧ts ❛♥❞ t♦ t❤♦s❡ ♦❢ ❤✐s ❝♦♥t❡♠♣♦r❛r✐❡s✱ ❡✈❡♥ ✇❤❡♥ ❤✐s ♥❛t✐♦♥❛❧✐st✐❝ s♣✐r✐t ✭s❡❡ t❤❡ ✇♦r❦ ❛❜♦✉t

P❡r✐❞②♥❛♠✐❝s ✐♥ t❤❡ s❛♠❡ ✈♦❧✉♠❡✮ ✇♦✉❧❞ ♣✉s❤ ❤✐♠ t♦ ❡①❛❧t ■t❛❧✐❛♥ ❝♦♥tr✐❜✉t✐♦♥s t♦ ♠❡❝❤❛♥✐❝❛❧ s❝✐❡♥❝❡s✳

❆ ✈❡r② ❝❧❡❛r ❛♥❞ ❡❧❡❣❛♥t✺❝♦♠♣❛r❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❜t❛✐♥❡❞ ✇❤❡♥ ♣❤②s✐❝❛❧ t❤❡♦r✐❡s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧

✇♦r❦ ✭♦r t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥✮ ✐s ❢♦✉♥❞ ✐♥ ❝❧❛ss✐❝❛❧✱ ❛❧t❤♦✉❣❤ ♥♦✇❛❞❛②s ✉♥❞❡r❡st✐♠❛t❡❞ ❛rt✐❝❧❡ ❜② ❍❡❧❧✐♥❣❡r ❬✼✼❪✳ ❆❝t✉❛❧❧② ❡✈❡♥ ❛

♠♦r❡ ❡❧❡❣❛♥t ❞✐s❝✉ss✐♦♥ ♦❢ t❤✐s ♣♦✐♥t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ P✐♦❧❛ ✭▼❡♠♦✐r ❬✶✷✶❪ ♣❛❣❡ ✶✮ ✇❤❡r❡ ♦♥❡ ❝❛♥ r❡❛❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇♦r❞s✿

✏❬❇② ♠❡❛♥s ♦❢ t❤❡ ❝♦♥❝❡♣ts ♦❢ ❆♥❛❧②t✐❝❛❧ ♠❡❝❤❛♥✐❝s❪ ❛ ❝♦♠♣❡♥❞✐♦✉s t❤❡♦r② ✐s ❢♦r♠❡❞ ✇❤✐❝❤ ✐s s♦ ✇❡❧❧✲❣r♦✉♥❞❡❞ t❤❛t ✐t ❝❛♥ ✐♥❢✉s❡ ✈✐❣♦r

❢♦r ❢✉rt❤❡r ♣r♦❣r❡ss❡s✳ ■t s❤♦✉❧❞ ❜❡ ❞❡s✐r❛❜❧❡ t❤❛t t❤✐s ❝♦✉❧❞ ❤❛♣♣❡♥ ❛❧s♦ ❢♦r t❤❡ ❧❛st ❛❞❞✐t✐♦♥s ♠❛❞❡ ❜② t❤❡ ♠♦❞❡r♥ ●❡♦♠❡t❡rs t♦ ❘❛t✐♦♥❛❧

♠❡❝❤❛♥✐❝s✿ ❛♥❞ ✐♥ ♠② ♦♣✐♥✐♦♥ ■ s❤♦✉❧❞ s❛② t❤❛t t❤❡ tr✉❡ ♠❡t❤♦❞ s✉✐t❛❜❧❡ t♦ s✉❝❝❡❡❞ ✇❡ ❤❛✈❡ ✐♥ ♦✉r ♦✇♥ ❤❛♥❞s✿ ✐t ❤❛s t♦ ❜❡ s❡❡♥ ✐❢ ♦t❤❡rs

✇✐❧❧ ❜❡ ✇✐❧❧✐♥❣ t♦ s❤❛r❡ ♠② ♦♣✐♥✐♦♥✳ ■ ✇r♦t❡ ♠❛♥② t✐♠❡s t❤❛t ✐t ❞♦❡s ♥♦t s❡❡♠ t♦ ♠❡ ♥❡❡❞❡❞ t♦ ❝r❡❛t❡ ❛ ♥❡✇ ♠❡❝❤❛♥✐❝s✱ ❞❡♣❛rt✐♥❣ ❢r♦♠ t❤❡

❧✉♠✐♥♦✉s ♠❡t❤♦❞ ♦❢ ▲❛❣r❛♥❣❡✬s ❆♥❛❧②t✐❝❛❧ ♠❡❝❤❛♥✐❝s✱ ✐❢ ♦♥❡ ✇❛♥ts t♦ ❞❡s❝r✐❜❡ t❤❡ ✐♥t❡r♥❛❧ ♣❤❡♥♦♠❡♥❛ ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ♠♦t✐♦♥ ♦❢ ❜♦❞✐❡s✿

❬✐♥❞❡❡❞ ✐t ✐s ♠② ♦♣✐♥✐♦♥ t❤❛t❪ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛❞❛♣t t❤♦s❡ ♠❡t❤♦❞s t♦ ❛❧❧ ♥❡❡❞s ♦❢ ♠♦❞❡r♥ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s ✿ ❬❛♥❞ t❤❛t❪ t❤✐s ✐s✱ ♥❛②✱ t❤❡

tr✉❡ r♦✉t❡ t♦ ❢♦❧❧♦✇ ❜❡❝❛✉s❡✱ ❜❡✐♥❣ ✇❡❧❧ ❣r♦✉♥❞❡❞ ✐♥ ✐ts ♣r✐♥❝✐♣❧❡s✱ ✐t ❧❡❛❞s t♦ r❡❧✐❛❜❧❡ ❝♦♥s❡q✉❡♥❝❡s ❛♥❞ ✐t ♣r♦♠✐s❡s ✉❧t❡r✐♦r ❛♥❞ ❣r❛♥❞✐♦s❡

❛❝❤✐❡✈❡♠❡♥ts✳ ❍♦✇❡✈❡r ■ ❤❛❞ ✲❛♥❞ st✐❧❧ ♥♦✇❛❞❛②s ■ ❤❛✈❡✲ ❛s ♦♣♣♦♥❡♥ts ✇❡❧❧ r❡s♣❡❝t❡❞ ❛✉t❤♦r✐t✐❡s✱ ✐♥ ❢r♦♥t ♦❢ ✇❤♦♠ ■ s❤♦✉❧❞ ❝♦♥❝❡❞❡ t❤❡

♣♦✐♥t✱ ✐❢ t❤❡ ✈❛❧✐❞✐t② ♦❢ ❛ s❝✐❡♥t✐✜❝ ♦♣✐♥✐♦♥ ❤❛❞ t♦ ❜❡ ❜❛s❡❞ ♦♥ ❛♥ ❛r❣✉♠❡♥t ❝♦♥❝❡r♥✐♥❣ t❤❡ s❝✐❡♥t✐✜❝ ✈❛❧✉❡ ♦❢ ✐ts s✉♣♣♦rt❡r✳ ◆❡✈❡rt❤❡❧❡ss✱

❛s ■ ❝❛♥♥♦t r❡♥♦✉♥❝❡ t♦ ♠② ♣❡rs✉❛s✐♦♥✱ ■ ❜❡❧✐❡✈❡❞ ✐t ✇❛s s✉✐t❛❜❧❡ t♦ tr② ❛♥♦t❤❡r ❡✛♦rt✱ ❣❛t❤❡r✐♥❣ ✐♥ t❤✐s ♠❡♠♦✐r ♠② t❤♦✉❣❤ts ❛❜♦✉t t❤❡

s✉❜❥❡❝t ❛♥❞ ❤❛✈✐♥❣ ❝❛r❡ t♦ ❡①♣♦s❡ t❤❡♠ ✇✐t❤ t❤❡ ❛❝❝✉r❛❝② ♥❡❡❞❡❞ t♦ ❛ss✉r❡ t♦ t❤❡♠ t❤❡ ❞✉❡ ❛tt❡♥t✐♦♥ ♦❢ ●❡♦♠❡t❡rs✳ ❬✳✳✳❪ ❊✈❡♥ ♠♦r❡ t❤❛♥ ❢♦r

✐ts ❡❧❡❣❛♥❝❡ ❛♥❞ t❤❡ ❣r❛♥❞✐♦s✐t② ♦❢ ✐ts ❛♥❛❧②t✐❝❛❧ ♣r♦❝❡ss❡s✱ t❤❡ tr✉❡ r❡❛s♦♥ ❢♦r ✇❤✐❝❤ ■ ♣r❡❢❡r t♦ ❛❧❧ t❤❡ ♦t❤❡r ♠❡t❤♦❞s ✐♥ ♠❡❝❤❛♥✐❝s t❤♦s❡

♠❡t❤♦❞s ❞✉❡ t♦ ▲❛❣r❛♥❣❡ ✐s t❤❛t ■ s❡❡ ✐♥ t❤❡♠ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❛t ✇✐s❡ ✐♥❞✉❝t✐✈❡✴❞❡❞✉❝t✐✈❡ ♣❤✐❧♦s♦♣❤② ❜r♦✉❣❤t t♦ ✉s ❜② ◆❡✇t♦♥✱ ✇❤✐❝❤

st❛rts ❢r♦♠ t❤❡ ❢❛❝ts t♦ r✐s❡ ✉♣ t♦ t❤❡ ❧❛✇s ❛♥❞ t❤❡♥ ❬st❛rt✐♥❣ ❢r♦♠ ❡st❛❜❧✐s❤❡❞ ❧❛✇s❪ ❣♦❡s ❞♦✇♥ ❛❣❛✐♥ t♦ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ♦t❤❡r ❢❛❝ts✳✑

❚❤❡ ✈✐s✐♦♥❛r② ✉♥❞❡rst❛♥❞✐♥❣ ♣r♦✈❡♥ ❜② P✐♦❧❛ ❤❛s ❜❡❡♥ ❝♦♥✜r♠❡❞ ❜② t❤❡ s✉❜s❡q✉❡♥t s✉❝❝❡ss❡s ✭❢♦r ✐♥st❛♥❝❡ ✇❤✐❧❡ ♣❤②❝✐s✐sts ❢♦✉♥❞❡❞

◗✉❛♥t✉♥ ▼❡❝❤❛♥✐❝s✮ ✇❤✐❝❤ ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ ❝r❡❛t✐♥❣ ♥❡✇ t❤❡♦r✐❡s ❜❛s❡❞ ♦♥ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥✳

❖♥❡ ❤❛s t♦ r❡♠❛r❦✱ ♠♦r❡♦✈❡r✱ t❤❛t ❛♥❛❧②t✐❝❛❧ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ❤❛s ❛ ♠✉❝❤ s✐♠♣❧❡r ♣♦st✉❧❛t✐♦♥ ♣r♦❝❡ss s✐♥❝❡✱ ✇❤✐❧❡ ✉s✐♥❣ ✐t✱ ♦♥❡

❤❛s t♦

• ♣♦st✉❧❛t❡ t❤❡ ❢♦r♠ ♦❢ ❛ s✉✐t❛❜❧❡ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧❀

• ♣♦st✉❧❛t❡ t❤❡ ❢♦r♠ ♦❢ ❛ s✉✐t❛❜❧❡ ❞✐ss✐♣❛t✐♦♥ ❍❛♠✐❧t♦♥✲❘❛②❧❡✐❣❤ ❢✉♥❝t✐♦♥❛❧✱ ❛♥❞ ❝❛❧❝✉❧❛t❡ ✐ts ✜rst ✈❛r✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ✈❡❧♦❝✐t②

✜❡❧❞s❀

• ❛ss✉♠❡ t❤❛t ✐♥ ❝♦♥s❡r✈❛t✐✈❡ ♠♦t✐♦♥s t❤❡ ❛❝t✐♦♥ ✐s st❛t✐♦♥❛r②✱ ❛♥❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡s❡ ♠♦t✐♦♥s ❜② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ✜rst ✈❛r✐❛t✐♦♥ ♦❢ t❤❡

❛❝t✐♦♥ ❛♥❞ ❡q✉❛t✐♥❣ ✐t t♦ ③❡r♦ ❢♦r ❡✈❡r② ✐♥✜♥✐t❡s✐♠❛❧ ✈❛r✐❛t✐♦♥ ♦❢ ♠♦t✐♦♥❀

• ❡q✉❛t❡✱ ❢♦r ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ♠♦t✐♦♥s✱ t❤❡ ✜rst ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧ ✭♦♥ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ✈❛r✐❛t✐♦♥s ♦❢ ♠♦t✐♦♥✮ t♦ t❤❡ ✜rst

✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✲❘❛②❧❡✐❣❤ ❢✉♥❝t✐♦♥❛❧ ✇✐t❤ r❡s♣❡❝t t♦ ▲❛❣r❛♥❣✐❛♥ ✈❡❧♦❝✐t✐❡s ✭❡st✐♠❛t❡❞ ♦♥ t❤❡ s❛♠❡ ✐♥✜♥✐t❡s✐♠❛❧ ✈❛r✐❛t✐♦♥s

♦❢ ♠♦t✐♦♥✮✳

❚❤❡ tr✉❡ ❞✐✣❝✉❧t② ✐♥ ❛♥❛❧②t✐❝❛❧ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ✐s t❤❛t ✐t str♦♥❣❧② r❡❧✐❡s ♦♥ t❤❡ ♠❡t❤♦❞s ❛♥❞ ♦♥ t❤❡ ✐❞❡❛s ♦❢ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s✳

❚❤❡s❡ ♠❡t❤♦❞s r❡q✉✐r❡ t♦ t❤❡ ♠❡❝❤❛♥✐❝✐❛♥ ✇❤♦ ✐s ✉s✐♥❣ t❤❡♠ s♦♠❡ s❦✐❧❧s ✇❤✐❝❤ ❝❛♥ ❜❡ ❣❛✐♥❡❞ ♦♥❧② ❛❢t❡r ❛ s✉✐t❛❜❧❡ ♠❛t❤❡♠❛t✐❝❛❧ tr❛✐♥✐♥❣✱

✇❤✐❝❤ r❡q✉✐r❡s ❛ ❝❡rt❛✐♥ t✐♠❡ ❛♥❞ ✐♥t❡❧❧✐❣❡♥❝❡ ✐♥✈❡st♠❡♥t✳

▼♦st ❧✐❦❡❧② ✐t ✐s ❢♦r ❛✈♦✐❞✐♥❣ ❛❧❧ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛❜str❛❝t✐♦♥ r❡q✉✐r❡❞ ❜② t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ❛♥❞ ✐ts ❛♥❝✐❧❧❛r② t❤❡♦r✐❡s t❤❛t ♠❛♥②

♦♣♣♦♥❡♥ts r❡❥❡❝t ▲❛❣r❛♥❣✐❛♥ ♠❡❝❤❛♥✐❝s✳ ❚❤✐s s✐t✉❛t✐♦♥ r❡♣❡❛ts ❝②❝❧✐❝❛❧❧② ✐♥ ❤✐st♦r② ♦❢ ♠❡❝❤❛♥✐❝s ❛♥❞ ✇❛s ❢❛❝❡❞ ❜② P✐♦❧❛ ❤✐♠s❡❧❢✳

❆❣❛✐♥ ✇❡ ♣r❡❢❡r t♦ ❣✐✈❡ ✈♦✐❝❡ t♦ P✐♦❧❛ ✭❬✶✷✶❪ ♣❛❣❡ ✹✮✿

✏❙♦♠❡❜♦❞② ❝♦✉❧❞ ❤❡r❡ ♦❜❥❡❝t t❤❛t t❤✐s ❬✐✳❡✳ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦✉♥❞❛t✐♦♥s ♦❢ ❆♥❛❧②t✐❝❛❧ ♠❡❝❤❛♥✐❝s❪ ✐s ❛ ✈❡r② ♦❧❞ ❦♥♦✇❧❡❞❣❡✱ ✇❤✐❝❤ ❞♦❡s ♥♦t

❞❡s❡r✈❡ t♦ ❜❡ ♥❡✇❧② ♣r♦♠✉❧❣❛t❡❞ ❜② ♠❡✿ ❤♦✇❡✈❡r ❬✐t s❡❡♠s t❤❛t ♠② ❡✛♦rts ❛r❡ ♥❡❡❞❡❞❪ ❛s ♠② ❜❡❛✉t✐❢✉❧ t❤❡♦r✐❡s ❬❛❢t❡r ❜❡✐♥❣ ♣✉❜❧✐s❤❡❞❪ ❛r❡

t❤❡♥ ❝r✐t✐❝✐③❡❞✱ ❜❡❝❛✉s❡ P♦✐ss♦♥ ❤❛s ❛ss✉r❡❞ ✉s ✭▼ï➽÷♠♦✐r❡s ■♥st✐t✉t ❞❡ ❋r❛♥❝❡ ❚✳ ❱■■■✳ ♣❛❣✳ ✸✷✻✱ ✹✵✵❀ ❏♦✉r♥❛❧ ❊❝♦❧❡ ♣♦❧②t✳ ❝❛❤✳ ❳❳✳ ♣❛❣

✷✮ t❤❛t t❤❡ ▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ✉s❡❞ ❢♦r ✇r✐t✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❢♦r❝❡s ❜② ♠❡❛♥s ♦❢ ❝♦♥str❛✐♥t ❡q✉❛t✐♦♥s ✭♠❡t❤♦❞ ✇❤✐❝❤ ✐s ♣r♦❝❧❛✐♠❡❞ ❤❡r❡

❛s t❤❡ ♦♥❧② ♦♥❡ r❡❛❧❧② s✉✐t❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥ts ❢❛❝ts ✐♥st❡❛❞ ♦❢ ❝❛✉s❡s✮ ✐s t♦♦ ❛❜str❛❝t❀ t❤❛t ✐t ✐s ♥❡❝❡ss❛r② t♦ ❞❡✈❡❧♦♣ ❛ ❙❝✐❡♥❝❡ ❝❧♦s❡r

✺❚❤✐s ❛♥❛❧②s✐s ❛❧s♦ r❡❧❛t✐✈❡❧② ♦❧❞❡r ✇❤❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ ❚r✉❡s❞❡❧❧✬s ♦♥❡✿ ❜✉t ♦♥❡ ❤❛s t♦ r❡♠✐♥❞ t❤❛t s♦♠❡t✐♠❡s ♦❧❞❡r ❞♦❡s ♥♦t ♠❡❛♥ ♥❡❝❡ss❛r✐❧② ✇♦rs❡ ♦r ❡✈❡♥
❧❡ss ❛❞✈❛♥❝❡❞✦ ✭s❡❡ ❬✶✸✸❪✮

✻



t♦ t❤❡ r❡❛❧✐t② ♦❢ t❤✐♥❣s❀ t❤❛t s✉❝❤ ❛♥❛❧②s✐s ❬t❤❡ ▲❛❣r❛♥❣✐❛♥ ♦♥❡❪ ❡①t❡♥❞❡❞ t♦ t❤❡ r❡❛❧ ❜♦❞✐❡s ♠✉st ❜❡ r❡❥❡❝t❡❞ ❛s ✐♥s✉✣❝✐❡♥t✳ ■ r❡s♣♦♥❞ t❤❛t ■

❛❧s♦ r❡❝♦❣♥✐③❡ t❤❡ ❞✐✣❝✉❧t q✉❡st✐♦♥ t♦ ❜❡ ✐♥ t❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s✳ ■❢ ✐t ✐s ✇❡❧❧ ❢♦✉♥❞❡❞ ♦r ♥♦t t❤❡ st❛t❡♠❡♥t t❤❛t t❤❡ ▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞s ❛r❡

s✉✣❝✐❡♥t t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛❧❧ ▼❡❝❤❛♥✐❝❛❧ P❤❡♥♦♠❡♥❛✱ ❛♥❞ ❛r❡ s♦ ♣♦✇❡r❢✉❧ t❤❛t t❤❡② ❛r❡ s✉✐t❛❜❧❡ ❢♦r ❛❧❧ ❢✉rt❤❡r ♣♦ss✐❜❧❡ r❡s❡❛r❝❤❡s✱ t❤✐s

✐s ✇❤❛t ✇✐❧❧ ❜❡ ❞❡❝✐❞❡❞ ❧❛t❡r✱ ❛♥❞ ❜❡❢♦r❡ r❡❜✉tt✐♥❣ ♠② ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐t ✇✐❧❧ ❜❡ ❢❛✐r t♦ ❛❧❧♦✇ ♠❡ t♦ ❡①♣♦s❡ ❛❧❧ ❛r❣✉♠❡♥ts ✇❤✐❝❤ ■ ❤❛✈❡ ❣❛t❤❡r❡❞

t♦ ❞❡❢❡♥❞ ♠② ♣♦✐♥t ♦❢ ✈✐❡✇✳ ■ ❤♦♣❡ t♦ ❝❧❛r✐❢② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ▼❡♠♦✐r t❤❛t t❤❡ ♦♥❧② r❡❛s♦♥ ❢♦r ✇❤✐❝❤ t❤❡ ❆♥❛❧②t✐❝❛❧ ▼❡❝❤❛♥✐❝s s❡❡♠❡❞

t♦ ❜❡ ✐♥s✉✣❝✐❡♥t ✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ s♦♠❡ ♣r♦❜❧❡♠s✱ ✐s t❤❛t ▲❛❣r❛♥❣❡✱ ✇❤✐❧❡ ✇r✐t✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ♠♦t✐♦♥ ♦❢ ❛ t❤r❡❡

❞✐♠❡♥s✐♦♥❛❧ ❜♦❞②✱ ❞✐❞ ♥♦t ❞❡t❛✐❧ ❤✐s ♠♦❞❡❧ ❜② ❛ss✐❣♥✐♥❣ t❤❡ ❡q✉❛t✐♦♥s r❡❧❛t✐✈❡ t♦ ❡✈❡r② ♠❛t❡r✐❛❧ ♣♦✐♥t ❜❡❧♦♥❣✐♥❣ t♦ ✐t✳ ■❢ ❤❡ ❤❛❞ ❞♦♥❡ t❤✐s✱

❛♥❞ ❤❡ ❝♦✉❧❞ ✈❡r② ✇❡❧❧ ❞♦ ✐t ✇✐t❤♦✉t ❞❡♣❛rt✐♥❣ ❢r♦♠ t❤❡ ♠❡t❤♦❞s ✐♠♣❛rt❡❞ ✐♥ ❤✐s ❜♦♦❦✱ ❤❡ ✇♦✉❧❞ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❡❛s✐❧② t❤❡ s❛♠❡ ❡q✉❛t✐♦♥s ❛t

✇❤✐❝❤ t❤❡ ❋r❡♥❝❤ ●❡♦♠❡t❡rs ♦❢ ♦✉r t✐♠❡s ❛rr✐✈❡❞ ✈❡r② ♣❛✐♥❢✉❧❧②✱ ❬❡q✉❛t✐♦♥s❪ ✇❤✐❝❤ ♥♦✇ ❛r❡ t❤❡ ❢♦✉♥❞❛t✐♦♥ ♦❢ ♥❡✇ t❤❡♦r✐❡s✳ ❍♦✇❡✈❡r t❤♦s❡

r❡s✉❧ts ✇❤✐❝❤ ▲❛❣r❛♥❣❡ ❝♦✉❧❞ ♥♦t ♦❜t❛✐♥✱ ❜❡❝❛✉s❡ ❞❡❛t❤ s✉❜tr❛❝t❡❞ ❤✐♠ ❢r♦♠ s❝✐❡♥❝❡ ❜❡❢♦r❡ ❤❡ ❝♦✉❧❞ ❝♦♠♣❧❡t❡ ❤✐s ❣r❡❛t ♦❡✉✈r❡✱ ✐♥❞❡❡❞ t❤♦s❡

r❡s✉❧ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♦t❤❡rs✳✑

✷✳✷ ▲❡❛st ✭♦r st❛t✐♦♥❛r②✮ ❛❝t✐♦♥ ♣r✐♥❝✐♣❧❡ ❛♥❞ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦

❱❡r② ♦❢t❡♥ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ s♦♠❡t❤✐♥❣ ✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱

❛s ✇❛s ❛❧r❡❛❞② r❡♠❛r❦❡❞ ❜② ▲❛❣r❛♥❣❡ ❤✐♠s❡❧❢ ❬✽✼❪✳ ❆❝t✉❛❧❧② t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ ✐♠♣❧✐❡s ❛ ♣❛rt✐❝✉❧❛r ❢♦r♠ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧

✇♦r❦✱ ❛♥❞ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❛ ❍❛♠✐❧t♦♥✲❘❛②❧❡✐❣❤ ❞✐ss✐♣❛t✐♦♥ ♣♦t❡♥t✐❛❧ ❛❧❧ ♠❡❝❤❛♥✐❝❛❧ ♠♦❞❡❧s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♠❛②❜❡ ❢r❛♠❡❞

✐♥t♦ ❛ ✉♥✐q✉❡ ❝♦♥❝❡♣t✉❛❧ s❝❤❡♠❡✳

❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡ ✇❡ ♥❡❡❞ s♦♠❡ s♣❡❝✐✜❝ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❤②s✐❝❛❧ s②st❡♠ ❞❡♥♦t❡❞ S✳ ❚❤❡ s❡t ♦❢ t❤❡ ♣♦ss✐❜❧❡

st❛t❡s t❤✐s s②st❡♠ ✐s ♠❛t❤❡♠❛t✐❝❛❧❧② ❞❡s❝r✐❜❡❞ ❜② ❛ s♣❛❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s C✳ ❚❤✐s s♣❛❝❡ ✇✐❧❧ ❜❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ s✉✐t❛❜❧❡ t♦♣♦❧♦❣✐❝❛❧ ❛♥❞

❞✐✛❡r❡♥t✐❛❧ str✉❝t✉r❡✱ ❛s ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❞❡✜♥❡ ❝♦♥t✐✉♦✉s ❛♥❞ ❞✐✛❡r❡♥t✐❛❧ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ s✉❝❤ ❛ s♣❛❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥

♦❢ S ✐s ♠♦❞❡❧❡❞ ❜② ❛ s✉✐t❛❜❧② r❡❣✉❧❛r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ ✇❤♦s❡ ✈❛❧✉❡s ❜❡❧♦♥❣ t♦ C✳ ❋♦❧❧♦✇✐♥❣ t❤❡ tr❛❞✐t✐♦♥ t❤✐s ❢✉♥❝t✐♦♥ ✇✐❧❧ ❜❡

❝❛❧❧❡❞ ♠♦t✐♦♥ ❢✉♥❝t✐♦♥ ✭♦r s❤♦rt❧②✿ ♠♦t✐♦♥✮✳

■t ✐s ❝❧❡❛r t❤❛t ✐♥ ♦r❞❡r t♦ ❣❡t ❛ ✇❡❧❧✲♣♦s❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❢♦r S ♦♥❡ ❤❛s ✜rst ❡st❛❜❧✐s❤ ✇❤✐❝❤ ✐s t❤❡ ♠♦st s✉✐t❛❜❧❡ s♣❛❝❡ ♦❢

❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ t❤❡♥ ❤❡ ❤❛s t♦ ✜♥❞ ❛ s❡t ♦❢ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❞❡t❡r♠✐♥❡ t❤❡ ♠♦t✐♦♥s ✐♥ ♣❤②s✐❝❛❧❧② s♣❡❝✐✜❡❞ ❝♦♥❞✐t✐♦♥s✳

▲❡❛st ❛❝t✐♦♥ ♣r✐♥❝✐♣❧❡✿

❚❤❡ ♠♦t✐♦♥s ✐♥ ❛ t✐♠❡ ✐♥t❡r✈❛❧ [t0, t1] ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s t❤♦s❡ ♠♦t✐♦♥ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ♠✐♥✐♠✐③❡

✭♦r ✇❤✐❝❤ ❛r❡ st❛t✐♦♥❛r② ❢♦r✮ ❛ s✉✐t❛❜❧② ❞❡✜♥❡❞ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧ ✐♥ ❛ s♣❡❝✐✜❡❞ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ♠♦t✐♦♥s✳

■♥❞❡❡❞ ✐t ✐s ✈❡r② ✐♠♣♦rt❛♥t✱ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ✇❡❧❧✲♣♦s❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ✭♦r st❛t✐♦♥❛r✐t②✮ ♣r♦❜❧❡♠✱ t♦ ♣r❡❝✐s❡❧② s♣❡❝✐❢② t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡

♠♦t✐♦♥s ❛♠♦♥❣ ✇❤✐❝❤ t❤❡s❡ ♠✐♥✐♠✐③❡rs ❤❛✈❡ t♦ ❜❡ s♦✉❣❤t✳ ❋♦❧❧♦✇✐♥❣ ▲❛❣r❛♥❣❡ ✐t ✐s ❣❡♥❡r❛❧❧② ❛ss✉♠❡❞ t❤❛t t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ♠♦t✐♦♥s

✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s❡t ♦❢ ✐s♦❝❤r♦♥♦✉s ♠♦t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✐♥st❛♥ts t0 ❛♥❞ t1, ✐✳❡✳ ♠♦t✐♦♥s ✇❤✐❝❤ st❛rt ❢r♦♠ ❛ ❣✐✈❡♥ ❝♦♥✜❣✉r❛t✐♦♥ ❛t ✐♥st❛♥t

t0 ❛♥❞ ❛rr✐✈❡ t♦ ❛♥♦t❤❡r ❣✐✈❡♥ ❝♦♥✜❣✉r❛t✐♦♥ ❛t t❤❡ ✐♥st❛♥t t1. ❲❤❡♥ ❞✐✛❡r❡♥t✐❛❧ ❝❛❧❝✉❧✉s ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ t❤❡ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧✱ t❤❡ ✜rst

✈❛r✐❛t✐♦♥ ♦❢ t❤✐s ❢✉♥❝t✐♦♥❛❧ ✭✐♥ t❤❡ s❡♥s❡ ♦❢ ●ï➽÷t❡❛✉① ❞❡r✐✈❛t✐✈❡✮ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞✳ ❚❤✐s ✜rst ✈❛r✐❛t✐♦♥ ✐s ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧

❞❡✜♥❡❞ ♦♥ t❤❡ s❡t ♦❢ ✐s♦❝❤r♦♥♦✉s ✐♥✜♥✐t❡s✐♠❛❧ ✈❛r✐❛t✐♦♥s ♦❢ ♠♦t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛ ❞✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥✳ ❚❤✐s ❡q✉❛t✐♦♥ r❡q✉✐r❡s t❤❛t t❤❡ ✜rst ✈❛r✐❛t✐♦♥ t♦ ✈❛♥✐s❤ ❢♦r ❡✈❡r② ✐♥✜♥✐t❡s✐♠❛❧ ✈❛r✐❛t✐♦♥ ♦❢ ♠♦t✐♦♥✳

■♥ ♠❛♥② ♦❢ ❤✐s ♣✐♦♥❡❡r✐♥❣ ✇♦r❦s✱ ▲❛❣r❛♥❣❡ st✉❞✐❡❞ ❛ ♣❛rt✐❝✉❧❛r ❝❧❛ss ♦❢ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧s ✭✇❤✐❝❤ ❛r❡ ♥♦✇ ♥❛♠❡❞ ❛❢t❡r ❤✐♠✮ ❛♥❞ ❣❛✈❡

❛ ♠❡t❤♦❞ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡✐r ✜rst ✈❛r✐❛t✐♦♥ ✉♥❞❡r s✉✐t❛❜❧❡ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧ ✐ts❡❧❢ ❛♥❞ ♦♥ t❤❡ ❛❞♠✐ss✐❜❧❡

♠♦t✐♦♥s✳

❚❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❛r❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ✭✐♥ t❤❡ ❝❧❛ss ♦❢ ❝♦♥s✐❞❡r❡❞ r❡❣✉❧❛r ♠♦t✐♦♥s✮ ❢♦r t❤❡ st❛t✐♦♥❛r✐t②

♦❢ ❛ ❣✐✈❡♥ ❛❝t✐♦♥✳ ❚❤✐s ♠❡t❤♦❞ ❛❧❧♦✇s ❢♦r t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❜♦t❤ ✜♥✐t❡✲ ❛♥❞ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡s✱ ❤❡♥❝❡ t❤❡ ❛❝t✐♦♥

♣r✐♥❝✐♣❧❡ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ✉♥✐q✉❡ ❢♦r♠✉❧❛t✐♦♥ ✐♥ ❜♦t❤ ❝❛s❡s✳

▲❛❣r❛♥❣✐❛♥ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧s ❛r❡ ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ ❛ s✉✐t❛❜❧❡ ▲❛❣r❛♥❣✐❛♥ ❢✉♥❝t✐♦♥✱ ✇❤♦s❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡ ✭❛♥❞ ❛❧s♦ ✐♥ s♣❛❝❡ ✐❢ t❤❡

❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ✐s ❝♦♥st✐t✉t❡❞ ❜② s♣❛t✐❛❧ ✜❡❧❞s✮ ✐s r❡q✉✐r❡❞ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❛❝t✐♦♥ r❡❧❛t✐✈❡ t♦ ❛ ❣✐✈❡♥ ♠♦t✐♦♥✳ ❚❤❡ ❢♦r♠ ♦❢ s✉❝❤ ❛

❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ ❝♦♥❥❡❝t✉r❛❧ ❝❤♦✐❝❡✱ ✇❤♦s❡ ✈❛❧✐❞✐t② ❤❛s t♦ ❜❡ ❡①♣❡r✐♠❡♥t❛❧❧② t❡st❡❞✳ ❖♥❡ ❝❛♥ s❛② t❤❛t ❛ ❝♦♥st✐t✉t✐✈❡ ❝❤♦✐❝❡ ✐s

✐♠♣❧✐❝✐t ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ▲❛❣r❛♥❣❡ ❢✉♥❝t✐♦♥✳

▼❛♥② ♦♣♣♦s❡rs ♦❢ ▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞s ♦❜❥❡❝t t❤❛t ♥♦❜♦❞② ❦♥♦✇s ❤♦✇ t♦ ❝❤♦♦s❡ ❛ ▲❛❣r❛♥❣✐❛♥ ❢♦r ❛ ❣✐✈❡♥ ♣❤②s✐❝❛❧ s②st❡♠✳ ❚❤✐s ✐s

❛♥ ❡①tr❡♠❡❧② ❡①tr❛✈❛❣❛♥t ♦❜❥❡❝t✐♦♥✿ t❤❡② ✐♥❞❡❡❞ ❝♦♠♣❧❛✐♥ ❜❡❝❛✉s❡ ❛ ✈❡r② ❣❡♥❡r❛❧ ✭✐♥❞❡❡❞ s♦ ❣❡♥❡r❛❧ t❤❛t ♠❛♥② s❝✐❡♥t✐sts ❜❡❧✐❡✈❡ t❤❛t ❜②

♠❡❛♥s ♦❢ ▲❛❣r❛♥❣✐❛♥ ❛❝t✐♦♥s ♦♥❡ ❝❛♥ ♠♦❞❡❧ ❡✈❡r② ♣❤❡♥♦♠❡♥♦♥✱ ❡✈❡♥t✉❛❧❧② ❛❞❞✐♥❣ ✐♥ t❤❡ ♣✐❝t✉r❡ s♦♠❡ ❞✐ss✐♣❛t✐♦♥ ♣♦t❡♥t✐❛❧✮ ♠❛t❤❡♠❛t✐❝❛❧

♠♦❞❡❧❧✐♥❣ ♣r♦❝❡❞✉r❡ ✐♥❝❧✉❞❡s s♦♠❡ ❛r❜✐tr❛r② ♠♦❞❡❧❧✐♥❣ ✐♥❣r❡❞✐❡♥ts✳ ❚❤❡s❡ ♦♣♣♦s❡rs s❤♦✉❧❞ ❡①♣❧❛✐♥ t❤❡♥ ❤♦✇ t❤❡② ❝❤♦♦s❡ t❤❡ ♠❛♥② ✭❛♥❞

♥♦t ✇❡❧❧✲s♣❡❝✐✜❡❞✮ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ✇❤✐❝❤ t❤❡② ♥❡❡❞ ❛♥❞ ❤♦✇ t❤❡ ❝❤♦♦s❡ t❤❡ ❡✈❡♥ ♠♦r❡ ♥✉♠❡r♦✉s ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s t❤❡② ❤❛✈❡ t♦

✼



♣♦st✉❧❛t❡✿ ♦❢ ❝♦✉rs❡ ♥♦ ❛♣♣❡❛❧ t♦ ♣❤②s✐❝❛❧ ✐♥t✉✐t✐♦♥ ✐s ❛❞♠✐ss✐❜❧❡✱ ❛s ♠❛♥② ♠❛② ❝♦♥s✐❞❡r ✈❡r② ✐♥t✉✐t✐✈❡ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ▲❛❣r❛❣✐❛♥s ✉s✉❛❧❧②

♣♦st✉❧❛t❡❞✱ ❛♥❞ t❤❡ ✐♥t✉✐t✐♦♥ ✐s ♥♦t ❛ ♠❛tt❡r ♦❢ s❝✐❡♥t✐✜❝ ❞✐s❝✉ss✐♦♥✱ ❛s ✐s ❛❧s♦ ❛♥② q✉❡st✐♦♥ ♦❢ t❛st❡✳ ■♥❞❡❡❞ t❤❡ ❛r❜✐tr❛r② ❝❤♦✐❝❡s t♦ ❜❡

♣❡r❢♦♠❡❞ ✐♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤ ❛r❡ t❤❡ ♠✐♥✐♠✉♠ ♣♦ss✐❜❧❡ t♦ ❣❡t ❛ ✇❡❧❧✲♣♦s❡❞ ♠♦❞❡❧ ❛♥❞ ♦♥❡ ❞♦❡s ♥♦t s❡❡ ✇❤② ♠♦❞❡❧❧✐♥❣ ♣r♦❝❡❞✉r❡s

✇❤✐❝❤ ✐♥❝❧✉❞❡ ♠♦r❡ ❛r❜✐tr❛r② ✭❛♥❞ ✐♥❞❡❡❞ r❡❞✉♥❞❛♥t✮ ❝❤♦✐❝❡s s❤♦✉❧❞ ❜❡ ♣r❡❢❡r❛❜❧❡✳

❍♦✇❡✈❡r✱ ❣✐✈❡♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ C✱ ♦♥❡ ❝❛♥ ♣♦st✉❧❛t❡✱ ✐♥st❡❛❞ ♦❢ ❛ ❧❡❛st ❛❝t✐♦♥ ♣r✐♥❝✐♣❧❡✱ ❛ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦✳ ▼♦st ❧✐❦❡❧②

❜♦t❤ P✐♦❧❛ ❛♥❞ t❤❡ s❛♠❡ ▲❛❣r❛♥❣❡ ❢♦❧❧♦✇ ❉✬❆❧❡♠❜❡rt ✐♥ t❤✐s ❛❧t❡r♥❛t✐✈❡ ♣❛t❤ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ s♦♠❡ ♦❢ t❤❡ ♠♦st ❢r❡q✉❡♥t ♦❜❥❡❝t✐♦♥s ✇❤✐❝❤

❛r❡ ✉s❡❞ ❛❣❛✐♥st t❤❡ ❧❡❛st ❛❝t✐♦♥ ♣r✐♥❝✐♣❧❡✳

❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ st❛t❡s t❤❛t t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ s②st❡♠ ✐s ✉♥✐q✉❡❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t ❢♦r ❡✈❡r②

✭❛❞♠✐ss✐❜❧❡✮ ✈❛r✐❛t✐♦♥ t❤❡ s✉♠ ♦❢ t❤r❡❡ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧s ✐s ✈❛♥✐s❤✐♥❣✳

❚❤❡s❡ ❢✉♥❝t✐♦♥❛❧s r❡♣r❡s❡♥t✱ r❡s♣❡❝t✐✈❡❧②✱

✐✮ t❤❡ ✐♥t❡r♥❛❧ ✇♦r❦✱

✐✐✮ t❤❡ ❡①t❡r♥❛❧ ✇♦r❦ ❛♥❞

✐✐✐✮ t❤❡ ✐♥❡rt✐❛❧ ✇♦r❦✳

❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❝❤♦✐❝❡ s♣❡❝✐❢②✐♥❣ ❡❛❝❤ ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥❛❧s ❤❛s ❛ ♥❛t✉r❡ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ▲❛❣r❛♥❣✐❛♥ ❢✉♥❝t✐♦♥ ❛♥❞ ✐s

s✐♠✐❧❛r❧② ❛❜s♦❧✉t❡❧② ❝♦♥❥❡❝t✉r❛❧ ✐♥ ✐ts ♥❛t✉r❡✳

❆s ♣r❡✈✐♦✉s❧② st❛t❡❞ ❛♥❞ ❛s ✐t ✐s r❡q✉✐r❡❞ ❛❧s♦ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❝♦♥t✐♥✉✉♠ t❤❡r♠♦❞②♥❛♠✐❝s✱ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡s❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s

❤❛s t♦ ❜❡ ❡①♣❡r✐♠❡♥t❛❧❧② t❡st❡❞✳

■t ♥❡❡❞s t♦ ❜❡ ❡①♣❧✐❝✐t❧② r❡♠❛r❦❡❞ t❤❛t ✐❢ ❛ ▲❛❣r❛♥❣❡ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧ ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t❤r❡❡ ♣❛rts✱ ✐✳❡✳ ✐♥t♦ t❤❡ s✉♠ ♦❢ ✐♥❡rt✐❛❧✱ ✐♥t❡r♥❛❧

❛♥❞ ❡①t❡r♥❛❧ t❡r♠s✱ t❤❡ st❛t✐♦♥❛r✐t② ♦❢ ❛❝t✐♦♥ ✐♠♣❧✐❡s t❤❡ ✈❛❧✐❞✐t② ♦❢ ❛ ✈✐rt✉❛❧ ✇♦r❦ ♣r✐♥❝✐♣❧❡✳

❍♦✇❡✈❡r ✐t ✐s ❝❧❡❛r t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ✈❛r✐❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ♠❛② ♥♦t ❜❡ t❤❡ ✜rst ✈❛r✐❛t✐♦♥

♦❢ ❛ ❢✉♥❝t✐♦♥❛❧ ♥❡❝❡ss❛r✐❧②✳ ■♥ t❤✐s s❡♥s❡ t❤❡♥ ♦♥❡ ❝❛♥ st❛t❡ t❤❛t t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st

❛❝t✐♦♥✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ✐♥❝❧✉❞❡s ♦❜✈✐♦✉s❧② ❛❧s♦ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ ❛s ♠♦❞✐✜❡❞ ❜② ❍❛♠✐❧t♦♥ ❛♥❞ ❘❛②❧❡✐❣❤✳

❚❤❡r❡❢♦r❡✱ ❛♥❞ ❝♦♥tr❛r② t♦ ✇❤❛t ✐s s♦♠❡t✐♠❡s st❛t❡❞✱ ❜♦t❤ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ ❛♥❞ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ❞❡♣❡♥❞ ♦♥

❢✉♥❞❛♠❡♥t❛❧ ❝♦♥st✐t✉t✐✈❡ ❛ss✉♠♣t✐♦♥s✿ t❤♦s❡ ✇❤✐❝❤ ❧❡❛❞ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢✱ r❡s♣❡❝t✐✈❡❧②✱ ❡✐t❤❡r t❤❡ t❤r❡❡ ✇♦r❦ ❢✉♥❝t✐♦♥❛❧s ♦r t❤❡ ▲❛❣r❛♥❣✐❛♥

❢✉♥❝t✐♦♥✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s ✐s✱ ♦♥❝❡ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ✐s ✜①❡❞✱ ❛❜❧❡ t♦ ♣r♦❞✉❝❡ ❛ ✇✐❞❡r ❝❧❛ss ♦❢ ♠♦t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r ✐t

s❡❡♠s t♦ ❜❡ ❛❜❧❡ t♦ ❞❡s❝r✐❜❡ ❛ ✇✐❞❡r ❝❧❛ss ♦❢ ❞✐ss✐♣❛t✐✈❡ ♣❤❡♥♦♠❡♥❛ ✭s❡❡ ❡✳❣✳ ❙❛♥t✐❧❧✐ ❬✶✸✹❪✮✳ ❍♦✇❡✈❡r✱ ✐t ❤❛s t♦ ❜❡ r❡♠❛r❦❡❞ t❤❛t

✐✮ t❤❡r❡ ❛r❡ ❞✐ss✐♣❛t✐✈❡ s②st❡♠s ✇❤✐❝❤ ❛r❡ ❣♦✈❡r♥❡❞ ❜② ❛ ❧❡❛st ❛❝t✐♦♥ ♣r✐♥❝✐♣❧❡ ✭s❡❡ ❡✳❣✳ ▼♦✐s❡✐✇✐ts❝❤ ❬✶✶✸❪ ♦r ❱✉❥❛♥♦✈✐❝ ❛♥❞ ❏♦♥❡s ❬✶✻✻❪✮❀

✐✐✮ ✐t ✐s ❝♦♥❝❡✐✈❛❜❧❡✱ ❜② ❛ s✉✐t❛❜❧❡ ❡♠❜❡❞❞✐♥❣ ✐♥t♦ ❛ ❧❛r❣❡r s♣❛❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥✱ t♦ ✜♥❞ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠s ❢♦r s②st❡♠s ✇❤✐❝❤ ❛r❡ ✐♥✐t✐❛❧❧②

♥♦t ▲❛❣r❛♥❣✐❛♥ ✭s❡❡ ❛❣❛✐♥ ❙❛♥t✐❧❧✐ ❬✶✸✹❪ ♦r ❈❛r❝❛t❡rr❛ ❛♥❞ ❆❦❛② ❬✷✷✱ ✷✸❪✮✳

❲❤❛t❡✈❡r ♠❛② ❜❡ st❛t❡❞ ❜② s♦♠❡ s❛✈❛♥ts✱ t❤❡ ♣❤②s✐❝❛❧ ✐♥s✐❣❤t ❣❛✐♥❡❞ ✉s✐♥❣ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ ✭♦r t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧

✇♦r❦✮ ❝❛♥♥♦t ❜❡ ♦✈❡r ❡st✐♠❛t❡❞✳

❋♦r ❛ ❞❡❡♣❡r ❞✐s❝✉ss✐♦♥ ♦❢ t❤✐s ♣♦✐♥t ✇❡ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ ❝✐t❡ ❤❡r❡✱ ❛♠♦♥❣ t❤❡ ✈❛st ❧✐t❡r❛t✉r❡✱ t❤❡ t❡①t❜♦♦❦s ▲❛♥❞❛✉ ❛♥❞ ▲✐❢s❤✐t③ ❬✽✺❪✱

▲❛♥❝③♦s ❬✽✻❪✱ ❙♦♣❡r ❬✶✹✾❪✱ ❇❡❞❢♦r❞ ❬✽❪✱ ❑✉♣❡rs❤♠✐❞t ❬✽✹❪✱ ❑r❛✈❝❤✉❦ ❛♥❞ ◆❡✐tt❛❛♥♠❛❦✐ ❬✽✶❪✱ ▲❡♠♦♥s ❉✳❙✳ ❬✾✵❪ ❛♥❞ t❤❡ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❡ss❛②

❜② ❊❞✇❛r❞s ❬✺✻❪✳ ❙♦♠❡ r❡s✉❧ts ♦❢ ✐♥t❡r❡st ✐♥ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ❛♥❞ str✉❝t✉r❛❧ ❡♥❣✐♥❡❡r✐♥❣ ❛r❡ ❣❛t❤❡r❡❞ ✐♥ ▲❡✐♣❤♦❧③ ❬✽✾❪✱ ❛♥❞ ▲✐♣♣♠❛♥♥

❬✾✶❪✱ ✇❤✐❧❡ ✐♥ ▲✉♦♥❣♦ ❛♥❞ ❘♦♠❡♦ ❬✾✸❪✱ ▲✉♦♥❣♦ ❡t ❛❧✳ ❬✾✷✱ ✾✹❪✱ ❛r❡ ♣r❡s❡♥t❡❞ s♦♠❡ ✐♥t❡r❡st✐♥❣ r❡s✉❧ts ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ s♦♠❡

str✉❝t✉r❛❧ ♠❡♠❜❡rs✳

✷✳✸ ❉✐s❝r❡t❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧s

■♥ ♠❛♥② ✇♦r❦s ✭s❡❡ ❡✳❣✳ ❚r✉❡s❞❡❧❧ ❬✶✻✷❪✮ ✐t ✐s st❛t❡❞ t❤❛t t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ ✐s s✉✐t❛❜❧❡ t♦ ❞❡r✐✈❡ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ❢♦r ✜♥✐t❡

❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s ♦♥❧②✳ ▼♦r❡♦✈❡r✱ ✐♥ s♦♠❡ ï➽÷♣♦q✉❡s ❛♥❞ s♦♠❡ ❝✉❧t✉r❛❧ ❡♥✈✐r♦♥♠❡♥ts✱ t❤❡ ❛t♦♠✐st✐❝ ✈✐s✐♦♥ ♣r❡✈❛✐❧❡❞ ✐♥ ♣❤②s✐❝s t♦ t❤❡

❡①t❡♥t t❤❛t ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧s ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ✐♥❛♣♣r♦♣r✐❛t❡ s✐♠♣❧② ❢♦r ♣❤✐❧♦s♦♣❤✐❝❛❧ r❡❛s♦♥s✳ ■♥❞❡❡❞ ❛❧r❡❛❞② P♦✐ss♦♥ ❜✐tt❡r❧② ❝r✐t✐❝✐③❡❞

t❤❡ ✜rst ✇♦r❦s ♦❢ P✐♦❧❛ ✭s❡❡ ❡✳❣✳ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❬✶✷✶❪✮ ✐♥ ✇❤✐❝❤ t❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ ♠♦❞❡r♥ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ❛r❡ ❧❛✐❞ ❜❛s❡❞ ♦♥

t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦✳ ❆❝t✉❛❧❧② ✐♥ P♦✐ss♦♥✬s ♦♣✐♥✐♦♥ t❤❡ tr✉❡ ♣❤②s✐❝❛❧ r❡❛❧✐t② ✇❛s ❛t♦♠✐st✐❝ ❛♥❞ t❤❡ ♠♦st ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥❝❡♣t

✐♥ ♠❡❝❤❛♥✐❝s ✇❛s t❤❡ ❝♦♥❝❡♣t ♦❢ ❢♦r❝❡✱ ✇❤♦s❡ ❜❛❧❛♥❝❡ ✇❛s ❜♦✉♥❞ t♦ ❧❡❛❞ t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ♦❢ ❡✈❡r② ♠❡❝❤❛♥✐❝❛❧ s②st❡♠✳ ❆s ❛

❝♦♥s❡q✉❡♥❝❡ ❛♥❞ ✐♥ ♦r❞❡r t♦ r❡s♣♦♥❞ t♦ t❤❡ ♦❜❥❡❝t✐♦♥s ♦❢ P♦✐ss♦♥✱ ❡✈❡♥ ✐❢ P✐♦❧❛ ✇❛s ❛✇❛r❡ t❤❛t ❛ ✈❛r✐❛t✐♦♥❛❧ ❞❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥

❡q✉❛t✐♦♥s ❢♦r ❝♦♥t✐♥✉♦✉s s②st❡♠s ✇❛s ♣♦ss✐❜❧❡✱ ✐♥ t❤❡ ✜rst ❤❛❧❢ ♦❢ t❤❡ ❳■❳ ❝❡♥t✉r② ❤❡ ❞❡❝✐❞❡❞ t♦ r❡❣❛r❞ t❤❡ ❝♦♥t✐♥✉✉♠ t❤❡♦r② ❛s t❤❡ ❧✐♠✐t

♦❢ ❛ ❞✐s❝r❡t❡ s②st❡♠✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ r❡♠❛r❦ t❤❛t✱ ♦♥❧② ❛ ❢❡✇ ②❡❛rs ❧❛t❡r✱ ❛ s✐♠✐❧❛r ❝♦♥tr♦✈❡rs② ❛r♦s❡ ❜❡t✇❡❡♥ ▼❛❝❤ ❛♥❞ ❇♦❧t③♠❛♥♥✱

❜❛s❡❞ ♦♥ ▼❛❝❤✬s r❡❥❡❝t✐♦♥ ♦❢ t❤❡ ❛t♦♠✐st✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇ ✐♥ t❤❡r♠♦❞②♥❛♠✐❝s✳ ❲❡ ♣r❡❢❡r t♦ ❧❡❛✈❡ P✐♦❧❛ ✭❬✶✷✶❪ ♣❛❣❡ ✷✮ t♦ ❡①♣❧❛✐♥ ❤✐s ✭❛♥❞

♦✉r✮ ♣♦✐♥t ♦❢ ✈✐❡✇✿

✏■♥ ♠② ♦♣✐♥✐♦♥ ✐t ✐s ♥♦t s❛❢❡ ❡♥♦✉❣❤ t♦ ❢♦✉♥❞ t❤❡ ♣r✐♠♦r❞✐❛❧ ❢♦r♠✉❧❛s ❬♦❢ ❛ t❤❡♦r②❪ ✉♣♦♥ ❤②♣♦t❤❡s❡s ✇❤✐❝❤✱ ❡✈❡♥ ❜❡✐♥❣ ✈❡r② ✇❡❧❧✲t❤♦✉❣❤t✱

❞♦ ♥♦t r❡❝❡✐✈❡ s✉♣♣♦rt ✐❢ ♥♦t ❢♦r ❛ ❢❛r ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ s♦♠❡ ♦❜s❡r✈❡❞ ♣❤❡♥♦♠❡♥❛✱ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❜t❛✐♥❡❞ ❜② ♣❛rt✐❝✉❧❛r✐③✐♥❣ ❣❡♥❡r❛❧

st❛t❡♠❡♥ts✱ ❬✐♥ ♠② ♦♣✐♥✐♦♥❪ t❤✐s s❤♦✉❧❞ ❜❡ ❛s ❝♦♠✐♥❣ ❜❛❝❦ ✐♥ ❛ ❝❡rt❛✐♥ s❡♥s❡ t♦ t❤❡ ♣❤✐❧♦s♦♣❤② ♦❢ ❉❡s❝❛rt❡s ❛♥❞ ●❛ss❡♥❞✐✿ ✐♥❞❡❡❞ t❤❡

✽



♠❛❣✐st❡r✐✉♠ ♦❢ ♥❛t✉r❡ ❬t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡❪ ❛t t❤❡ ✈❡r② s♠❛❧❧ s❝❛❧❡ ✐♥ ✇❤✐❝❤ ✇❡ tr② t♦ ❝♦♥❝❡✐✈❡ t❤❡ ❡✛❡❝t ♦❢ ♠♦❧❡❝✉❧❛r ❛❝t✐♦♥s ✇✐❧❧

♣❡r❤❛♣s ❛❝t✉❛❧❧② ❜❡ ✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ ✇❤❛t ✇❡ ❝❛♥ ♠❡♥t❛❧❧② r❡❛❧✐③❡ ❜② ♠❡❛♥s ♦❢ t❤❡ ✐♠❛❣❡s ✐♠♣r❡ss❡❞ ✐♥ ♦✉r s❡♥s❡s ✇❤❡♥ ❡①♣❡r✐❡♥❝✐♥❣

t❤❡✐r ❡✛❡❝ts ♦♥ ❛ ❧❛r❣❡r s❝❛❧❡✳ ❊✈❡♥ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤✐s ❞✐✛❡r❡♥❝❡ ❜❡ ✈❡r② s♠❛❧❧✿ ❛ ❞❡✈✐❛t✐♦♥ q✉✐t❡ ✐♥s❡♥s✐t✐✈❡ ✐♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

❝♦♥st✐t✉❡♥ts ❬♦❢ ♠❛tt❡r❪ ✲✇❤✐❝❤ ♦♥❡ ♥❡❡❞s t♦ ❝♦♥s✐❞❡r ❛s ♠✉❧t✐♣❧✐❡❞ ❜② ♠✐❧❧✐♦♥s ❛♥❞ ❜② ❜✐❧❧✐♦♥s ❜❡❢♦r❡ ♦♥❡ ❝❛♥ r❡❛❝❤ s❡♥s✐❜❧❡ ❞✐♠❡♥s✐♦♥s✲

❝❛♥ ❜❡ t❤❡ ✉❧t✐♠❛t❡ s♦✉r❝❡ ♦❢ ♥♦t❛❜❧❡ ❡rr♦rs✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❜② ✉s✐♥❣ ▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞s✱ ♦♥❡ ❞♦❡s ♥♦t ❝♦♥s✐❞❡r ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s t❤❡

❛❝t✐♦♥s ♦❢ ✐♥t❡r♥❛❧ ❢♦r❝❡s ❜✉t ❬♦♥❧②❪ t❤❡✐r ❡✛❡❝ts✱ ✇❤✐❝❤ ❛r❡ ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ❛r❡ ♥♦t ❛t ❛❧❧ ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ✐♥❝❡rt✐t✉❞❡ ❛❜♦✉t t❤❡ ❡✛❡❝ts

♦❢ ♣r✐♠❡ ❝❛✉s❡s✱ ❬s♦ t❤❛t❪ ♥♦ ❞♦✉❜t ❝❛♥ ❛r✐s❡ r❡❣❛r❞✐♥❣ t❤❡ ❡①❛❝t✐t✉❞❡ ♦❢ t❤❡ r❡s✉❧ts✳ ■t ✐s tr✉❡ t❤❛t ♦✉r ✐♠❛❣✐♥❛t✐♦♥ ♠❛② ❜❡ ❧❡ss s❛t✐s✜❡❞✱

❛s ❬✇✐t❤ ▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞s❪ ✇❡ ❞♦ ♥♦t ❛❧❧♦✇ t♦ ✐t t♦ tr❛❝❡ t❤❡ ✈❡r② ❢✉♥❞❛♠❡♥t❛❧ ♦r✐❣✐♥s ♦❢ t❤❡ ✐♥t❡r♥❛❧ ♠♦t✐♦♥s ✐♥ ❜♦❞✐❡s✿ ❞♦❡s ✐t r❡❛❧❧②

♠❛tt❡r❄ ❆ ✈❡r② ❧❛r❣❡ ❝♦♠♣❡♥s❛t✐♦♥ ❢♦r t❤✐s ❞❡♣r✐✈❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❝❡rt✐t✉❞❡ ♦❢ ❞❡❞✉❝t✐♦♥s✳ ■ ❝♦✉❧❞ ❤❡r❡ r❡♣❡❛t✱ ✐❢ t❤❡② ✇❡r❡ ♥♦t

✈❡r② ✇❡❧❧✲❦♥♦✇♥✱ t❤❡ ✇✐s❡ ❞♦❝✉♠❡♥ts ✇✐t❤ ✇❤✐❝❤ ◆❡✇t♦♥ s✉♠♠♦♥❡❞ t♦ t❤❡ s❝✐❡♥❝❡ ♦❢ ❢❛❝ts t❤♦s❡ ♣❤✐❧♦s♦♣❤❡rs ✇❤♦ ❜❡❢♦r❡ ❤✐♠ ❤❛❞ ❧❡❢t ❛

t♦♦ ❢r❡❡ ❧❡❛♣ t♦ t❤❡✐r ✐♠❛❣✐♥❛t✐♦♥✳ ■t ❤❛s t♦ ❜❡ r❡♠❛r❦❡❞ t❤❛t ■ ❞♦ ♥♦t ✐♥t❡♥❞ ❢♦r t❤✐s r❡❛s♦♥ t♦ ♣r♦s❝r✐❜❡ t❤❡ ❞✐❝t❛t✐♦♥ ♦❢ ♠♦❞❡r♥ P❤②s✐❝s

❛❜♦✉t t❤❡ ✐♥t❡r♥❛❧ ❝♦♥st✐t✉t✐♦♥ ♦❢ ❜♦❞✐❡s ❛♥❞ t❤❡ ♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s❀ ■ t❤✐♥❦✱ ♥❛②✱ t♦ r❡♥❞❡r t♦ t❤❡♠ t❤❡ ❣r❡❛t❡r ♦❢ s❡r✈✐❝❡s✳ ❲❤❡♥ t❤❡

❡q✉❛t✐♦♥s ♦❢ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ♠♦t✐♦♥ ✇✐❧❧ ❜❡ ❡st❛❜❧✐s❤❡❞ ✜r♠❧② ✉♣♦♥ ✐♥❞✐s♣✉t❛❜❧❡ ♣r✐♥❝✐♣❧❡s✱ ❜❡❝❛✉s❡ ♦♥❡ ❤❛s ❝❛❧❝✉❧❛t❡❞ ❝❡rt❛✐♥ ❡✛❡❝ts r❛t❤❡r

t❤❛♥ ❤②♣♦t❤❡t✐❝❛❧ ❡①♣r❡ss✐♦♥ ♦❢ ❢♦r❝❡s✱ ■ ❜❡❧✐❡✈❡ t♦ ❜❡ ❧✐❝✐t t♦ tr② t♦ r❡❝♦♥str✉❝t ❛♥❡✇ t❤❡s❡ ❡q✉❛t✐♦♥s ❜② ♠❡❛♥s ♦❢ ❬s✉✐t❛❜❧❡❪ ❛ss✉♠♣t✐♦♥s

❛❜♦✉t s✉❝❤ ♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s✿ ❛♥❞ ✐❢ ✇❡ ♠❛♥❛❣❡ ✐♥ t❤✐s ✇❛② t♦ ❣❡t r❡s✉❧ts ✇❤✐❝❤ ❛r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤♦s❡ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t♦ ❜❡ tr✉❡✱ ■

❜❡❧✐❡✈❡ t❤❛t t❤❡s❡ ❤②♣♦t❤❡s❡s ✇✐❧❧ ❛❝q✉✐r❡ s✉❝❤ ❛ ❤✐❣❤ ❞❡❣r❡❡ ♦❢ ❧✐❦❡❧✐♥❡ss ✇❤✐❝❤ ♦♥❡ ❝♦✉❧❞ ♥❡✈❡r ❤♦♣❡ t♦ ❣❡t ✇✐t❤ ♦t❤❡r ♠❡t❤♦❞s✳ ❚❤❡♥ t❤❡

♠♦❧❡❝✉❧❛r P❤②s✐❝s ✇✐❧❧ ❜❡ ❡♥❝♦✉r❛❣❡❞ t♦ ❝♦♥t✐♥✉❡ ✇✐t❤ ✐ts ❞❡❞✉❝t✐♦♥s✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t✱ ❜❡✐♥❣ ❛✇❛r❡ ♦❢ t❤❡ ❛❜❡rr❛t✐♦♥s ♦❢ s♦♠❡ ❜❛❧❞

❛♥❝✐❡♥t t❤✐♥❦❡rs✱ ✐t ✇✐❧❧ ❛❧✇❛②s ♠✐♥❞ t♦ ❧♦♦❦ ❝❛r❡❢✉❧❧② ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥ t❤♦s❡ ❤✐♥ts ❬❝♦♠✐♥❣ ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❛❣r❛♥❣✐❛♥

♠❛❝r♦s❝♦♣✐❝ ♠❡t❤♦❞s❪ ✇❤✐❝❤ ❛r❡ ❡①♣❧✐❝✐t ✇❛r♥✐♥❣s ❧❡❢t t❤❡r❡ t♦ ✐♥❞✐❝❛t❡ ❡✈❡r② ❡✈❡♥t✉❛❧ ❞❡✈✐❛t✐♦♥✳✑

❘❡❣❛r❞✐♥❣ t❤❡ ❝♦♥❝❡♣t ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ s❝❛❧❡ ❧❡♥❣t❤s r❡❧❡✈❛♥t ✐♥ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛✱ P✐♦❧❛ ❤❛❞ ❝r②st❛❧ ❝❧❡❛r ✐❞❡❛s✱ ❡①♣r❡ss❡❞ ❜② ❤✐♠

✇✐t❤ s✉❝❤ ❛♥ ❡❧❡❣❛♥❝❡ t❤❛t ❡✈❡♥ ♥♦✇❛❞❛②s ❤✐s ✇♦r❞s ❝❛♥ ❜❡ ✉s❡❞ ✭P✐♦❧❛ ❬✶✷✶❪ ♣❛❣❡ ✶✸✮✿

✏❙❝❤♦❧✐✉♠✳ ❚❤❡ ❛❞♠✐ss✐❜✐❧✐t② ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ❬✐✳❡✳ t❤❡ ♣r✐♥❝✐♣❧❡ ✇❤✐❝❤ ❛ss✉♠❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ σ ❞❡t❡r♠✐♥✐♥❣

t❤❡ ❛✈❡r❛❣❡ ❞✐st❛♥❝❡ ❛♠♦♥❣ t❤❡ ♠♦❧❡❝✉❧❡s ♠✐❝r♦s❝♦♣✐❝❛❧❧② ❝♦♥st✐t✉t✐♥❣ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝♦♥t✐♥✉✉♠❪ r❡❢❡rs t♦ t❤❡ tr✉❡ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❤✉♠❛♥

❜❡✐♥❣✱ ♣❧❛❝❡❞✱ ❛s s❛✐❞ ❜② P❛s❝❛❧ ✐♥ ❤✐s ❚❤♦✉❣❤ts ✭P❛rt ■✳ ❆rt✳■❱✮ ❛t ✐♠♠❡♥s❡ ❞✐st❛♥❝❡s ❜♦t❤ ❢r♦♠ ✐♥✜♥✐t② ❛♥❞ t❤❡ ③❡r♦✿ ❞✐st❛♥❝❡s ✐♥ ✇❤✐❝❤

♦♥❡ ❝❛♥ ✐♠❛❣✐♥❡ ♠❛♥② ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✱ ♦❢ ✇❤✐❝❤ ♦♥❡ ❬♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡❪ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s t❤❡ ✇❤♦❧❡ ✇❤❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♦♥❡

✇❤✐❝❤ ✐s ♣r❡❝❡❞✐♥❣ ✐t✱ ❛♥❞ ♥❡❛r❧② ♥♦t❤✐♥❣ ✇❤❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ ❬t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡❪ ✇❤✐❝❤ ❢♦❧❧♦✇s ✐t✳ ❚❤❡r❡❢♦r❡ ✐t r❡s✉❧ts t❤❛t t❤❡ s❛♠❡

q✉❛♥t✐t✐❡s ✇❤✐❝❤ ❛r❡ ❛ss❡rt❡❞ t♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ❢♦r ✉s ✇✐t❤♦✉t ❜❡✐♥❣ ❛❢r❛✐❞ ♦❢ ❜❡✐♥❣ ✇r♦♥❣✱ ❝♦✉❧❞ ❜❡ ❣r❡❛t ❛♥❞ ♥♦t ❛t ❛❧❧ ♥❡❣❧✐❣✐❜❧❡ q✉❛♥t✐t✐❡s ❢♦r

❜❡✐♥❣s ✇❤✐❝❤ ❝♦✉❧❞ ❜❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❝❛♣❛❜❧❡ t♦ ♣❡r❝❡✐✈❡ t❤❡ ♣r♦♣♦rt✐♦♥s ✇❤✐❝❤ ❛r❡ r❡❧❡✈❛♥t ❢♦r t❤❡ str✉❝t✉r❡ ♦❢ ♠✐❝r♦✲♦r❣❛♥✐s♠s ✳ ❋♦r t❤♦s❡

❜❡✐♥❣s t❤♦s❡ ❜♦❞✐❡s ✇❤✐❝❤ ❛♣♣❡❛r t♦ ✉s t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ❝♦✉❧❞ ❛♣♣❡❛r ❛s ❜✉♥❝❤❡s ♦❢ s❛❝❦s✿ ✇❛t❡r✱ ✇❤✐❝❤ ❢♦r ✉s ✐s ❛ tr✉❡ ❧✐q✉✐❞✱ ❝♦✉❧❞ ❛♣♣❡❛r

❛s ❢♦r ✉s ❬❛♣♣❡❛rs❪ ♠✐❧❧❡t ♦r ❛ ✢♦✇✐♥❣ ❜✉♥❝❤ ♦❢ ❧❡❛❞ ♣❡❧❧❡ts✳ ❇✉t ❛❧s♦ ❢♦r t❤❡s❡ ❜❡✐♥❣s t❤❡r❡ ✇♦✉❧❞ ❡①✐st tr✉❡ ✢✉✐❞s✱ r❡❧❛t✐✈❡ t♦ ✇❤✐❝❤ ❢♦r

t❤❡♠ t❤❡ s❛♠❡ ❝♦♥s❡q✉❡♥❝❡s ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡ r❡❧❛t✐✈❡❧② t♦ ✇❛t❡r s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s tr✉❡✳ ❚❤❡r❡ ❛r❡ t❤❡r❡❢♦r❡ q✉❛♥t✐t✐❡s ✇❤✐❝❤ ❛r❡ ♥✉❧❧

❛❜s♦❧✉t❡❧② ❢♦r ❛❧❧ ♦r❞❡rs ♦❢ ❜❡✐♥❣s✱ ❛s t❤❡ ❛♥❛❧②t✐❝❛❧ ❡❧❡♠❡♥ts ✉s❡❞ ✐♥ t❤❡ ■♥t❡❣r❛❧ ❈❛❧❝✉❧✉s✱ ❛♥❞ t❤❡r❡ ❛r❡ q✉❛♥t✐t✐❡s ✇❤✐❝❤ ❛r❡ ♥✉❧❧ ♦♥❧② ❢♦r

❜❡✐♥❣s ♦❢ ❛ ❝❡rt❛✐♥ ♦r❞❡r✱ ❛♥❞ t❤❡s❡ q✉❛♥t✐t✐❡s ✇♦✉❧❞ ♥♦t ❜❡ ♥✉❧❧ ❢♦r ♦t❤❡r ❜❡✐♥❣s✱ ❛s s♦♠❡ ❡❧❡♠❡♥ts ✇❤✐❝❤ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ♠❡❝❤❛♥✐❝s✳ ❆s

■ ✇❛s ❡❞✉❝❛t❡❞ ❜② ❇r✉♥❛❝❝✐ t♦ t❤❡ s❝❤♦♦❧ ♦❢ ▲❛❣r❛♥❣❡✱ ■ ❛❧✇❛②s ♦♣♣♦s❡❞ t♦ t❤❡ ♠❡t❛♣❤②s✐❝❛❧ ✐♥✜♥✐t❡s✐♠❛❧✱ ❛s ■ ❜❡❧✐❡✈❡ t❤❛t ❢♦r t❤❡ ❛♥❛❧②s✐s

❛♥❞ t❤❡ ❣❡♦♠❡tr② ✭✐❢ ♦♥❡ ✇❛♥ts t♦ ❛❝❤✐❡✈❡ ❝❧❡❛r ✐❞❡❛s✮ ✐t ❤❛s t♦ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ✐♥❞❡t❡r♠✐♥❛t❡❧② s♠❛❧❧ ✇❤❡♥ ✐t ✐s ♥❡❡❞❡❞✿ ❤♦✇❡✈❡r ■ ❛❝❝❡♣t

t❤❡ ♣❤②s✐❝❛❧ ✐♥✜♥✐t❡s✐♠❛❧✱ ♦❢ ✇❤✐❝❤ t❤❡ ✐❞❡❛ ✐s ✈❡r② ❝❧❡❛r✳ ■t ✐s ♥♦t ❛♥ ❛❜s♦❧✉t❡ ③❡r♦✱ ✐t ✐s ♥❛② ❛ ♠❛❣♥✐t✉❞❡ ✇❤✐❝❤ ❢♦r ♦t❤❡r ❜❡✐♥❣s ❝♦✉❧❞ ❜❡

❛♣♣r❡❝✐❛❜❧❡✱ ❜✉t ✐t ✐s ❛ ③❡r♦ r❡❧❛t✐✈❡ t♦ ♦✉r s❡♥s❡s✱ ❢♦r ✇❤✐❝❤ ❡✈❡r②t❤✐♥❣ ✇❤✐❝❤ ✐s ❜❡❧♦✇ t❤❡♠ ✐s ❡①❛❝t❧② ❛s ✐❢ ✐t ✇❡r❡ ♥♦t ❡①✐st✐♥❣✳

❚❤❡ r❡❛❞❡r s❤♦✉❧❞ r❡♠❛r❦ t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛t✐♦♥s ✇❤✐❝❤ ❧❡❛❞ t♦ t❤❡ ❈❛❤♥✲❍✐❧❧✐❛r❞ ❡q✉❛t✐♦♥s ❬✶✺✱ ✶✻❪ ❛♥❞ t♦ ❝❛♣✐❧❧❛r② ✢✉✐❞

❡q✉❛t✐♦♥s ✭s❡❡ ❡✳❣✳ ✈❛♥ ❑❛♠♣❡♥ ❬✶✻✹❪✱ ❊✈❛♥s ❬✺✼❪✱ ❉❡ ●❡♥♥❡s ❬✸✾❪✮ ✇❡r❡ ❜❛s❡❞ ♦♥ ❛t♦♠✐st✐❝ ❛r❣✉♠❡♥ts✳ ❍♦✇❡✈❡r t❤❡s❡ ❛r❣✉♠❡♥ts ♠❛②

❧❡❛❞ s♦♠❡t✐♠❡s t♦ ❡q✉❛t✐♦♥s ✭s❡❡ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ❈❛s❛❧ ❛♥❞ ●♦✉✐♥ ❬✷✻❪✮ ✇❤✐❝❤ ❛r❡ t❤❡r♠♦❞②♥❛♠✐❝❛❧❧② ✐♥❝♦♥s✐st❡♥t✳ ❚❤✐s ❝✐r❝✉♠st❛♥❝❡

✇❛s ❛❧r❡❛❞② ❝❧❡❛r t♦ P✐♦❧❛✱ ✇❤♦ s✉❣❣❡st❡❞ t❤❡ ✉s❡ ♦❢ ♠❛❝r♦s❝♦♣✐❝ t❤❡♦r✐❡s ✭❜❛s❡❞ ♦♥ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦✮ t♦ ❞❡r✐✈❡ ❛♥❞ ❝♦♥✜r♠

t❤❡ ❝♦rr❡❝t ❞❡❞✉❝t✐♦♥s ❢r♦♠ ❛t♦♠✐st✐❝ ❛r❣✉♠❡♥ts✳ ❚❤✐s ❣♦♦❞ s❝✐❡♥t✐✜❝ ♣r❛❝t✐❝❡ ✐s ♥♦✇❛❞❛②s ❣❡♥❡r❛❧❧② ❛❝❝❡♣t❡❞✳ ▼❛♥② ❡✛♦rts ❤❛✈❡ ❜❡❡♥

❞❡❞✐❝❛t❡❞ t♦ ❞❡❞✉❝❡ ❢r♦♠ ❛♥ ❛t♦♠✐st✐❝ s❝❛❧❡ ❞✐s❝r❡t❡ ♠♦❞❡❧ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❢♦r♠ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣✐❡s ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ ✜rst ♦r

❤✐❣❤❡r ❣r❛❞✐❡♥ts ♦❢ ❞❡❢♦r♠❛t✐♦♥ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✇♦r❦s ♦❢ P✐♦❧❛ ❬✶✷✶❪✳ ❚❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❊s♣♦s✐t♦ ❛♥❞ P✉❧✈✐r❡♥t✐ ❬✻✷❪ ❢♦r ❛♥ ❡①t❡♥s✐✈❡

r❡✈✐❡✇ ❛❜♦✉t t❤❡ r❡s✉❧ts ❛✈❛✐❧❛❜❧❡ ❢♦r ✢✉✐❞s✳ ■t ✐s s✉❣❣❡st✐✈❡ t♦ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ ♠❛❝r♦✲♠♦❞❡❧s ❢♦r ✢✉✐❞ ✢♦✇s ❞✐s❝✉ss❡❞ ❡✳❣✳ ✐♥ ❬✼✱ ✷✽✱ ✼✽❪✱

✇❤✐❝❤ ✐♥✈♦❧✈❡ s♦♠❡ ♠✐❝r♦✲♠❛❝r♦ ✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❛♥❞ ♠♦r❡ t❤❛♥ ♦♥❡ ❧❡♥❣t❤ s❝❛❧❡✱ ♠❛② ❜❡ ❢r❛♠❡❞ ✐♥ t❤❡ ❣❡♥❡r❛❧ s❝❤❡♠❡ ✇❤✐❝❤ ✐s

♣✉t ❢♦r✇❛r❞ ❤❡r❡✳ ■♥ s♦❧✐❞ ♠❡❝❤❛♥✐❝s ❛❧s♦✱ ♠✉❧t✐s❝❛❧❡ ♠♦❞❡❧s ❤❛✈❡ ❛ttr❛❝t✐♥❣ t❤❡ ✐♥t❡r❡st ♦❢ ♠❛♥② ❛✉t❤♦rs✿ ✇❡ ♠❛② r❡❢❡r✱ ❢♦r ✐♥st❛♥❝❡✱

t♦ ❙✉♥②❦ ❛♥❞ ❙t❡✐♥♠❛♥♥ ❬✶✺✶❪✱ ❆❧✐❜❡rt ❡t ❛❧✳ ❬✶❪✱ ❙t❡✐♥♠❛♥♥ ❡t ❛❧✳ ❬✶✺✼❪✱ ❘✐♥❛❧❞✐ ❡t ❛❧✳ ❬✶✷✾❪✱ ▼✐sr❛ ❛♥❞ ❈❤❛♥❣ ❬✶✵✾❪✱ ❨❛♥❣ ❛♥❞ ▼✐sr❛

❬✶✻✼❪❬✶✻✽❪✱ ❨❛♥❣ ❡t ❛❧✳ ❬✶✻✾❪✱ ▼✐sr❛ ❛♥❞ ❙✐♥❣❤ ❬✶✶✶❪✱ ▼✐sr❛ ❛♥❞ ❈❤✐♥❣ ❬✶✶✷❪ ❢♦r s♦♠❡ ♦t❤❡r ✐♥t❡r❡st✐♥❣ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ❣r❛♥✉❧❛r s♦❧✐❞s✳ ■♥

t❤❡ s❛♠❡ ❝♦♥t❡①t t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❇♦✉t✐♥ ❛♥❞ ❍❛♥s ❬✶✹❪✱ ❆✉r✐❛✉❧t ❡t ❛❧✳ ❬✸❪✱ ❈❤❡s♥❛✐s ❡t ❛❧✳ ❬✸✵✱ ✷✾❪✱ ❙♦✉❜❡str❡ ❬✶✺✵❪ ❛♥❞ ❇♦✉t✐♥

❬✶✸✱ ✶✷❪ ❤❛✈❡ ❛❧s♦ t♦ ❜❡ ❝✐t❡❞✳ ■♥ t❤❡s❡ ♣❛♣❡rs t❤❡ ❛✉t❤♦rs✱ ❛❧t❤♦✉❣❤ st❛rt✐♥❣ ✐♥ t❤❡✐r ♣r♦❝❡❞✉r❡ ❢r♦♠ ❜❛❧❛♥❝❡ ❧❛✇s ✈❛❧✐❞ ❛t ❛ ♠✐❝r♦s❝♦♣✐❝

❧❡✈❡❧✱ ♣r♦❝❡❡❞ ✐♥ ❛ s♣✐r✐t ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❢♦✉♥❞ ✐♥ t❤❡ ♣✐♦♥❡❡r✐♥❣ ✇♦r❦s ❜② P✐♦❧❛✳

✾



P❛rt ■■

❉❡❞✉❝t✐♦♥ ♦❢ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ❢♦r ❝♦♥t✐♥✉♦✉s s②st❡♠s ✉s✐♥❣

t❤❡ ❧❡❛st ❛❝t✐♦♥ ♣r✐♥❝✐♣❧❡

■♥ t❤✐s ♣❛rt✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ❧❡❛st ❛❝t✐♦♥ ♣r✐♥❝✐♣❧❡✱ ✇❡ ♣r❡s❡♥t t❤❡ ❢♦r♠❛❧ ❞❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❣♦✈❡r♥ t❤❡ ♠♦t✐♦♥ ♦❢

✐✮ ✜rst ❣r❛❞✐❡♥t ❝♦♥t✐♥✉❛✱ ✐♥ ♣❛rt✐❝✉❧❛r ❊✉❧❡r ✢✉✐❞s✱ ❛♥❞ ♦❢ ✐✐✮ s❡❝♦♥❞ ❣r❛❞✐❡♥t ❝♦♥t✐♥✉❛✱ ✐♥ ♣❛rt✐❝✉❧❛r ❝❛♣✐❧❧❛r② ✢✉✐❞s✳ ❆❧t❤♦✉❣❤ t❤❡ ❝♦♥t❡♥t

♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥ ✐s ✇❡❧❧✲❦♥♦✇♥ ✭❡✈❡♥ ✐❢ ♠♦r❡ ♦r ❧❡ss ❝♦♥s❝✐♦✉s❧② ✐❣♥♦r❡❞ ✐♥ s♦♠❡ ❧✐t❡r❛t✉r❡✮ ✐t ✇❛s ✇r✐tt❡♥ ♣✉rs✉✐♥❣ ❛ t✇♦❢♦❧❞

❛✐♠✿ ✐✮ t♦ ❡st❛❜❧✐s❤ t❤❡ ♥♦t❛t✐♦♥ ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥ t♦♦❧s t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ s✉❜s❡q✉❡♥t s❡❝t✐♦♥s❀ ✐✐✮ t♦ r❡♣❤r❛s❡ t❤❡r❡✱ ✐♥ ❛ ♠♦❞❡r♥ ♥♦t❛t✐♦♥✱

t❤❡ r❡s✉❧ts ♦❢ P✐♦❧❛ ❬✶✶✽✱ ✶✷✷❪✳ ■t ❤❛s t♦ ❜❡ r❡♠❛r❦❡❞ t❤❛t ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ t❤❡ ❧❡❛st ❛❝t✐♦♥ ♣r✐♥❝✐♣❧❡ ✐♥ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ✐s ♣r❡s❡♥t❡❞

✐♥ ❛ ✈❡r② ❝❧❡❛r ✇❛② ✐♥ ❇❡r❞✐❝❤❡✈s❦② ❬✾❪✳ ■t ✐s ❡✈✐❞❡♥t t❤❛t t❤❡ ❙♦✈✐❡t s❝❤♦♦❧ ✭s❡❡ ❡✳❣✳ ❙❡❞♦✈ ❬✶✸✾✱ ✶✹✵❪✱ ✇❤✐❝❤ ❞❡✈❡❧♦♣❡❞✱ ✐♠♣r♦✈❡❞ ❛♥❞

❡❧❛❜♦r❛t❡❞ ✐t ✐♥ s❡✈❡r❛❧ ❛s♣❡❝ts✮✱ ✇❛s ❛✇❛r❡ ♦❢ t❤❡ ❝♦♥t❡♥t ♦❢ P✐♦❧❛✬s ❝♦♥tr✐❜✉t✐♦♥ t♦ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✻✱ ❡✈❡♥ ✐❢ ✐t ✐s ♥♦t s♦ ❝❧❡❛r ❤♦✇

t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♠❛♥❛❣❡❞ t♦ r❡❛❝❤ ❙♦✈✐❡t s❝✐❡♥t✐sts✳ ❚♦ ❡st❛❜❧✐s❤ t❤❡ ✇❛②s ✐♥ ✇❤✐❝❤ s✉❝❤ ❝♦♥♥❡❝t✐♦♥s ❛r❡ ❡st❛❜❧✐s❤❡❞ ✐s ❛ s❝✐❡♥t✐✜❝ ♣r♦❜❧❡♠

❜② ✐ts❡❧❢✱ ✇❤♦s❡ ✐♠♣♦rt❛♥❝❡ ❤❛s ❜❡❡♥ ✉♥❞❡r❡st✐♠❛t❡❞ ✉♣ t♦ ♥♦✇✳

✸ ❋✐rst ❣r❛❞✐❡♥t ❝♦♥t✐♥✉❛

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡♣r♦❞✉❝❡✱ ❜② ✐♥tr♦❞✉❝✐♥❣ ♠♦r❡ r❡❝❡♥t ♥♦t❛t✐♦♥s ❛♥❞ ❜② ❡①t❡♥s✐✈❡❧② ✉s✐♥❣ ▲❡✈✐✲❈✐✈✐t❛✬s ❛❜s♦❧✉t❡ t❡♥s♦r ❝❛❧❝✉❧✉s✱ t❤❡

❛r❣✉♠❡♥ts ✉s❡❞ ❜② P✐♦❧❛ ❢♦r ❢♦✉♥❞✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✳ ❚❤❡ r❡❛❞❡r ✇✐❧❧ ♦❜s❡r✈❡ ❜② s✐♠♣❧❡ ❝♦♠♣❛r✐s♦♥ ✭s❡❡ P✐♦❧❛

❬✶✶✽✱ ✶✶✾✱ ✶✷✵✱ ✶✷✶✱ ✶✷✷❪✮ t❤❛t t❤❡ ✉s❡ ♦❢ t❡♥s♦r ❝❛❧❝✉❧✉s ♠❛❦❡s t❤❡ ♣r❡s❡♥t❛t✐♦♥ ❞r❛♠❛t✐❝❛❧❧② s❤♦rt❡r✳ ▼♦r❡♦✈❡r✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❛

s✉❜s❡q✉❡♥t s✉❜s❡❝t✐♦♥✱ ❜② ♠❡❛♥s ♦❢ ✐ts ✉s❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ♥❡❡❞❡❞ t♦ ❞❡❛❧ ✇✐t❤ s❡❝♦♥❞ ❣r❛❞✐❡♥t ✢✉✐❞s ❜❡❝♦♠❡ ❢❡❛s✐❜❧❡✳ ❆♥♦t❤❡r ❞✐✛❡r❡♥❝❡

✇✐t❤ P✐♦❧❛✬s ♣r❡s❡♥t❛t✐♦♥ ❝♦♥s✐sts ✐♥ ♦✉r ✉s❡ ♦❢ t❤❡ ❧❡❛st ❛❝t✐♦♥ ♣r✐♥❝✐♣❧❡ ✐♥st❡❛❞ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ✭s❡❡ ❡✳❣✳ ❞❡❧❧✬■s♦❧❛ ❛♥❞

P❧❛❝✐❞✐ ❬✺✸❪✮✳ ❍♦✇❡✈❡r ✇❡ ❦❡❡♣ t❤❡ ❞✐st✐♥❝t✐♦♥ ❛♠♦♥❣ ✐♥❡rt✐❛❧✱ ✐♥t❡r♥❛❧ ❛♥❞ ❡①t❡r♥❛❧ ❛❝t✐♦♥s✳ ◆♦t❛t✐♦♥s ✉s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❞❡t❛✐❧❡❞

✐♥ t❤❡ ❆♣♣❡♥❞✐❝❡s✳

✸✳✶ ❆❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧✿

A = ∆
t1
to ∆B

(
1

2
ρ0v

2
−W (χ, F,X)

)

dV dt+∆
t1
to ∆∂B (−WS(χ,X)) dAdt

✇❤❡r❡ ✿

• t❤❡ ✜❡❧❞ χ ❞❡♥♦t❡s t❤❡ ♣❧❛❝❡♠❡♥t ✜❡❧❞ ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥t✐❛❧ ✭♦r ▲❛❣r❛♥❣✐❛♥✮ B ❛♥❞ t❤❡ s♣❛t✐❛❧ ✭♦r ❊✉❧❡r✐❛♥✮ χ (B) ⊂ E ❝♦♥✜❣✉r❛t✐♦♥s

χ : B → E

• t❤❡ ✜❡❧❞ ρ0(X) r❡❢❡rs t♦ t❤❡ ▲❛❣r❛♥❣✐❛♥ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ♠❛ss ❞❡♥s✐t②✱ s♦ t❤❛t t❤❡ ❊✉❧❡r✐❛♥ ♠❛ss ❞❡♥s✐t② ✐s ❣✐✈❡♥ ❜②

ρ = detF−1 (ρ0)
−→
(E)

✇❤❡r❡ t❤❡ ✉s❡❞ ♥♦t❛t✐♦♥ ✐s ❝❛r❡❢✉❧❧② ❞❡✜♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆❀

• t❤❡ ♣❧❛❝❡♠❡♥t ❣r❛❞✐❡♥t F = ∇Xχ ✐s ❛ ▲❛❣r❛♥❣✐❛♥ t❡♥s♦r ✜❡❧❞✱ ✐✳❡✳ ❛ t❡♥s♦r ✜❡❧❞ ❞❡✜♥❡❞ ♦♥ B❀

• t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ v = ∂χ
∂t ✱ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♣❧❛❝❡♠❡♥t ✜❡❧❞ χ, ✐s ❛ ▲❛❣r❛♥❣✐❛♥ ✜❡❧❞ ♦❢ ❊✉❧❡r✐❛♥ ✈❡❝t♦rs❀

• t❤❡ ♣♦t❡♥t✐❛❧ W (χ, F,X) ✐s r❡❧❛t✐✈❡ t♦ t❤❡ ✈♦❧✉♠❡tr✐❝ ❞❡♥s✐t② ♦❢ ❛❝t✐♦♥ ✐♥s✐❞❡ t❤❡ ✈♦❧✉♠❡ B❀

• t❤❡ ♣♦t❡♥t✐❛❧ WS(χ,X) ♣❡rt❛✐♥s t♦ t❤❡ ❛❝t✐♦♥s ❡①t❡r♥❛❧❧② ❛♣♣❧✐❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② ∂B✳

✻■t ❝❛♥♥♦t ❜❡ ❡①❝❧✉❞❡❞ ❧♦❣✐❝❛❧❧② t❤❛t P✐♦❧❛ ❝♦✉❧❞ ❤❛✈❡ s♦✉r❝❡s ✇❤✐❝❤ ✇❡ ❝♦✉❧❞ ♥♦t ✜♥❞✳ ❍♦✇❡✈❡r ❤✐s ✇♦r❦s ✜① ❛ ❞❛t❡ ❢r♦♠ ✇❤✐❝❤ ❝❡rt❛✐♥ ❝♦♥❝❡♣ts st❛rt t♦ ❛♣♣❡❛r
✐♥ ♣✉❜❧✐s❤❡❞✲♣r✐♥t❡❞ ❢♦r♠✳

✶✵



❚❤❡ r❡s✉❧ts ✈❛❧✐❞ ❢♦r ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ▲❛❣r❛♥❣✐❛♥ ♠♦❞❡❧s ✭s❡❡ ❡✳❣✳ ❞❡❧❧✬■s♦❧❛ ❛♥❞ P❧❛❝✐❞✐ ❬✺✸❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮ ❛♣♣❧✐❡❞ t♦ t❤❡

✐♥tr♦❞✉❝❡❞ ❛❝t✐♦♥✱ ❧❡❛❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s ✭✇❤✐❝❤ ❤♦❧❞ ❛t ❡✈❡r② ✐♥t❡r♥❛❧ ♣♦✐♥t ♦❢ B✮✿

−
∂

∂t
(ρ0vi) +

∂

∂XA

(
∂W

∂F i
A

)

−
∂W

∂χi
= 0

❛♥❞✱ ✐❢ t❤❡ ❜♦✉♥❞❛r② ∂B ✐s s✉✐t❛❜❧② s♠♦♦t❤✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✼

−
∂W

∂F i
A

NA −
∂WS

∂χi
= 0.

✇❤✐❝❤ ❤♦❧❞ ❛t ❡✈❡r② ♣♦✐♥t P ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✭▲❛❣r❛♥❣✐❛♥✮ s✉r❢❛❝❡ ∂B ✇❤♦s❡ ♥♦r♠❛❧ ✜❡❧❞ ✐s ❞❡♥♦t❡❞ N(P ) ♦r✱ ✐♥ ❝♦♠♣♦♥❡♥ts✱ NM (P )✳ ■♥

t❤❡ ❢♦r♠❡r ❡①♣r❡ss✐♦♥s ❛♥❞ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ ▲❛❣r❛❣✐❛♥ ✐♥❞✐❝❡s ❛r❡ ✇r✐tt❡♥ ✐♥ ✉♣♣❡r ❝❛s❡ ✇❤✐❧❡ ❊✉❧❡r✐❛♥ ✐♥❞✐❝❡s ❛r❡ ✇r✐tt❡♥ ✐♥ ❧♦✇❡r

❝❛s❡✳ ❋✉rt❤❡r♠♦r❡ t❤❡ ❝❧❛ss✐❝❛❧ ❊✐♥st❡✐♥ ❝♦♥✈❡♥t✐♦♥ ✐s ❛♣♣❧✐❡❞ ❛♥❞ t❤❡ s✉♠♠❡❞ ✐♥❞✐❝❡s ❛r❡ t❛❦❡♥ ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛❧♣❤❛❜❡t✳

✸✳✷ ❖❜❥❡❝t✐✈❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②

❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t t❤❡ ❡♥❡r❣② W ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t✇♦ ♣❛rts✱ t❤❡ ✜rst ♦♥❡ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②✱ t❤❡ s❡❝♦♥❞ ♦♥❡ ❛♥ ❡①t❡r♥❛❧

✭❝♦♥s❡r✈❛t✐✈❡✮ ❛❝t✐♦♥ ♦❢ ❛ ❜✉❧❦ ❧♦❛❞

W (χ, F,X) = W def(C,X) + U ext(χ,X)

✇❤❡r❡ C := FTF ✐s t❤❡ r✐❣❤t ❈❛✉❝❤②✲●r❡❡♥ t❡♥s♦r ✇❤✐❝❤✱ ✐♥ ❝♦♠♣♦♥❡♥ts✱ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✿

CMN = gNAF
A
a F a

M = FNaF
a
M = gabF

b
MF a

N ,

✇❤❡r❡ gMN ❛♥❞ gij ❞❡♥♦t❡s✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ✭❞✐st✐♥❝t✮ ♠❡tr✐❝ t❡♥s♦rs ♦✈❡r B ❛♥❞ E ✳ ❚❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ t❤❡

s♦✲❝❛❧❧❡❞ ❜❛❧❛♥❝❡ ♦❢ ❧✐♥❡❛r ♠♦♠❡♥t✉♠✱ ♦r ❜❛❧❛♥❝❡ ♦❢ ❢♦r❝❡s✱ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥s

−
∂

∂t
(ρ0vi) +

∂

∂XC

(
∂W def

∂CAB

∂CAB

∂F i
C

)

−
∂U ext

∂χi
= 0. ✭✶✮

❖❜s❡r✈❡ t❤❛t t❤❡ ❡q✉❛❧✐t② ❝♦♥❝❡r♥s ❊✉❧❡r✐❛♥ ✈❡❝t♦rs✱ ❜✉t t❤❡ ✜❡❧❞s ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✈❛r✐❛❜❧❡s❀ t❤❡r❡❢♦r❡ t❤❡

❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❛r❡ ▲❛❣r❛♥❣✐❛♥✳ ▲❡t ✉s ♥♦✇ ♦❜s❡r✈❡ t❤❛t ❛s✿

∂CMN

∂F i
P

= gab
∂

∂F i
P

(
F b
MF a

N

)
= gab

(
∂F b

M

∂F i
P

F a
N + F b

M

∂F a
N

∂F i
P

)

=
(
δPMFiN + FiMδPN

)

✇❡ ❣❡t
∂W def

∂CAB

∂CAB

∂F i
P

= 2
∂W def

∂CPA
FiA

❛♥❞ t❤❡ ❜❛❧❛♥❝❡ ✭✶✮ ❜❡❝♦♠❡s

−ρ0
∂vi
∂t

+
∂

∂XA

(

2FiB
∂W def

∂CAB

)

−
∂U ext

∂χi
= 0. ✭✷✮

❚❤❡ t❡♥s♦r

PM
i := 2FiA

∂W def

∂CAB
gBM

✐s t❤❡ P✐♦❧❛ str❡ss t❡♥s♦r✳ ■t ❛♣♣❡❛rs ❛❧s♦ ✐♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❛r❡ ❞❡❞✉❝❡❞ ❢r♦♠

∂W def

∂F i
A

NA = −
∂WS

∂χi
✭✸✮

■♥ P✐♦❧❛ ❬✶✷✶❪ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ ♦❜❥❡❝t✐✈✐t② ✭✐✳❡✳ t❤❡ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r ❝❤❛♥❣❡s ♦❢ ♦❜s❡r✈❡r✮ ♦❢ P✐♦❧❛ str❡ss ✐s ❝❧❡❛r❧② st❛t❡❞ ❛♥❞ ❛♥❛❧②t✐❝❛❧❧②

❢♦r♠✉❧❛t❡❞✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ❝♦♥❝❡♣t✉❛❧ t♦♦❧s s✉♣♣❧✐❡❞ ❜② t❡♥s♦r ❝❛❧❝✉❧✉s✱ ✐♥ ❤✐s r❡s✉❧ts ❤❡ ❞✐❞ ♥♦t ❛❝❤✐❡✈❡ t❤❡ ❝❧❛r✐t② ❛❧❧♦✇❡❞

❜② t❤❡ t❡♥s♦r✐❛❧ ❢♦r♠❛❧✐s♠✳

✼❚♦ ❛✈♦✐❞ ❛♥② ♠✐s✉♥❞❡rst❛♥❞✐♥❣✱ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ WS t❤❡ s✉❜s❝r✐♣t S r❡❢❡rs t♦ ✏❙✉r❢❛❝❡✑ ❛♥❞ ✐s ♥♦t ❛♥ ✐♥❞❡①✳

✶✶



✸✳✸ ❚❤❡ ❊✉❧❡r✐❛♥ ❢♦r♠ ♦❢ ❢♦r❝❡ ❜❛❧❛♥❝❡

❯s✐♥❣ t❤❡ P✐♦❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ✭s❡❡ ❆♣♣❡♥❞✐❝❡s✮✱ t❤❡ ❡q✉❛t✐♦♥s ✭✷✮✱ ✇❤✐❝❤ r❡♣r❡s❡♥t t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❜❡❝♦♠❡

−

(

ρ0
∂vi
∂t

∣
∣
∣
∣
X

)−→
(E)

+ J
−→
(E) ∂

∂xa



2J−1

(

FiA
∂W def

∂CAB
F a
B

)
−→
(E)


−

(
∂U ext

∂χi

)
−→
(E)

= 0.

❲❡ r❡♠❛r❦ ❤❡r❡ t❤❛t J−1 = det
(
F−1

)
✱ ❝♦♥s❡q✉❡♥t❧② J−1 ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❊✉❧❡r✐❛♥ q✉❛♥t✐t②✳ ▼✉❧t✐♣❧②✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ❜② J−1

♦♥❡ ❣❡ts

−J−1

(

ρ0
∂vi
∂t

∣
∣
∣
∣
X

)−→
(E)

+
∂

∂xa



2J−1

(

FiA
∂W def

∂CAB
F a
B

)
−→
(E)


− J−1

(
∂U ext

∂χi

)
−→
(E)

= 0. ✭✹✮

❚❤❡s❡ ❛r❡ r❡❝♦❣♥✐③❡❞ ❛s t❤❡ ❝❡❧❡❜r❛t❡❞ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ♦❢ ❧✐♥❡❛r ♠♦♠❡♥t✉♠ ♦❢ ❝❧❛ss✐❝❛❧ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✱ ♦♥❝❡ ♦♥❡ ✐♥tr♦❞✉❝❡s✿

✶✳ t❤❡ ❈❛✉❝❤② str❡ss t❡♥s♦r ✭✇❤✐❝❤ ✐s s❡❧❢✲❛❞❥♦✐♥t✮

T j
i := 2J−1

(

FiA
∂W def

∂CAB
F j
B

)
−→
(E)

✭✺✮

✷✳ t❤❡ ♠❛t❡r✐❛❧ ❊✉❧❡r✐❛♥ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ ▲❛❣r❛❣✐❛♥ ✜❡❧❞ Φ ❛s

(
∂Φ

∂t

∣
∣
∣
∣
X

)−→
(E)

✸✳ t❤❡ ✜❡❧❞

bext := −J−1

(
∂U ext

∂χi

)
−→
(E)

✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛❧❧❡❞ t❤❡ ❊✉❧❡r✐❛♥ ✈♦❧✉♠❡ ❢♦r❝❡ ❞❡♥s✐t② ❢♦r ❝♦♥s✐❞❡r❡❞ ❜✉❧❦ ❧♦❛❞s✳

❋✐♥❛❧❧②✱ t♦ tr❛♥s♣♦rt t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✸✮ ✐♥t♦ t❤❡ ❊✉❧❡r✐❛♥ ❝♦♥✜❣✉r❛t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✱ ❛ss✉♠♣t✐♦♥s ❛♥❞

r❡s✉❧ts✿

✶✳ ❚❤❡ ❜♦❞② ❜♦✉♥❞❛r② ∂B✱ ✇❤♦s❡ ✉♥✐t ♥♦r♠❛❧ ✜❡❧❞ ✐s ❞❡♥♦t❡❞ N ✱ ✐s ♠❛♣♣❡❞ ❜② t❤❡ ♣❧❛❝❡♠❡♥t χ ♦♥t♦ t❤❡ ❊✉❧❡r✐❛♥ s✉r❢❛❝❡ χ(∂B) ✇❤♦s❡

✉♥✐t ♥♦r♠❛❧ ✜❡❧❞ ✐s ❞❡♥♦t❡❞ n❀

✷✳ P❛rt✐❝✉❧❛r✐③✐♥❣ t❤❡ r❡❧❛t✐♦♥s ✭✹✸✮ ❛♥❞ ✭✹✹✮ ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✱ ✇❡ ♦❜t❛✐♥ t❤❛t

N
−→
(E)
M =

(
J−1

(
FT
)a

M

)
na

∥
∥
∥

(

J−1 (FT )
b
A

)

nb

∥
∥
∥

✭✻✮

❛♥❞ t❤❛t

dAE

dAB

=

(∥
∥
∥

(

J−1
(
FT
)a

A

)

na

∥
∥
∥

−1
)−→

(B)

=
∥
∥
∥

(

J
(
F−T

)A

a

)

NA

∥
∥
∥ ✭✼✮

✸✳ ❚❤❡ ▲❛❣r❛♥❣✐❛♥ ❝♦♥❞✐t✐♦♥s ✭✸✮ ✐♠♣❧②

2
∂W def

∂CAB
FiANB = −

∂WS

∂χi

✇❤✐❝❤✱ ❜② ✉s✐♥❣ ✭✻✮✱ ❜❡❝♦♠❡

2FiA
∂W def

∂CAB
F a
B

(
J−1na

)−→(B)
= −

∂WS

∂χi

∥
∥
∥

(

J
(
F−T

)A

a

)

NA

∥
∥
∥

❚❤❡s❡ ❧❛st ❡q✉❛t✐♦♥s✱ ❜② ✉s✐♥❣ ✭✺✮ ❛♥❞ ✭✼✮✱ ❛❧❧♦✇ ✉s t♦ ♦❜t❛✐♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❊✉❧❡r✐❛♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

T a
i na =

(

−
dAE

dAB

∂WS

∂χi

)−→
(E)

✭✽✮

✸✳✹ ❊✉❧❡r ✢✉✐❞s

❲❡ ♥♦✇ ❝♦♥t✐♥✉❡ t♦ ♣❛r❛❧❧❡❧ P✐♦❧❛ ✭❬✶✷✶❪ ❈❛♣♦ ❱ ♣❛❣❡s ✶✶✶✲✶✹✻✮✳ ❍♦✇❡✈❡r ♦✉r tr❡❛t♠❡♥t ❞✐✛❡rs s✐♥❝❡ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♠❛t❡r✐❛❧ s②♠♠❡tr②

♦❢ ❊✉❧❡r ✢✉✐❞s ❜② ❛ss✉♠✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✭✾✮ ❜❡❧♦✇✱ ✇❤✐❧❡ P✐♦❧❛ ✐♠♣♦s❡s ✐t ♦♥ t❤❡ ❊✉❧❡r✐❛♥ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ P✐♦❧❛ str❡ss✳ ▲❡t ✉s ❛ss✉♠❡

✶✷



t❤❛t

W def(C) = Ψ(ρ
−→
(B)(C)) = W eul(F ) ✭✾✮

❛♥❞ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿

ρ
−→
(B) = ρ0 (detF )

−1
; (detF )2 = det(FTF ) = det(C); ρ

−→
(B) = ρ0 (detC)

−
1
2

❚♦ ♣❛rt✐❝✉❧❛r✐③❡ ✭✹✮ ✇❡ ♥❡❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ s♣❡❝✐❛❧ ❢♦r♠ ❛ss✉♠❡❞ ❜② ❈❛✉❝❤②✬s t❡♥s♦r ❢♦r ❊✉❧❡r ✢✉✐❞s✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ✉s✐♥❣✿

✶✳ ❚❤❡ ❡q✉❛❧✐t② ✭✹✼✮ ❣✐✈❡♥ ✐♥ t❤❡ ❛♣♣❡♥❞✐❝❡s

∂ρ
−→
(B)

∂CMN
= −

ρ
−→
(B)

2

(
F−1

)Ma (
F−1

)N

a

✷✳ ❚❤❡ ❡q✉❛❧✐t②

T j
i = 2J−1

(

FiA
∂Ψ

∂ρ
−→
(B)

∂ρ
−→
(B)

∂CAB
F j
B

)
−→
(E)

= −J−1ρ
∂Ψ

∂ρ
δai δ

j
a = −ρ2

∂

(

Ψ/ρ
−→
(E)
0

)

∂ρ
δji ✭✶✵✮

✸✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ❣✐✈✐♥❣ t❤❡ ♣r❡ss✉r❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❞❡♥s✐t②

p(ρ) := ρ2
∂

(

Ψ/ρ
−→
(E)
0

)

∂ρ
✭✶✶✮

■♥ ❝♦♥❝❧✉s✐♦♥✱ ❜② ✉s✐♥❣ ✭✶✶✮ ❛♥❞ ✭✶✵✮✱ t❤❡ ❊✉❧❡r✐❛♥ ❢♦r❝❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ❛ss✉♠❡ t❤❡ ❢♦r♠✿

−ρ
−→
(E)
0 J−1

(
∂vi
∂t

∣
∣
∣
∣
X

)−→
(E)

−
∂p(ρ)

∂xi
− J−1

(
∂U

∂χi

)−→
(E)

= 0.

❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡①t❡r♥❛❧ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♣❡r ✉♥✐t ♠❛ss✱ t❤❡ ❧❛st ❡q✉❛t✐♦♥ r❡❛❞s

−ρ

(
∂vi
∂t

∣
∣
∣
∣
X

)−→
(E)

−
∂p(ρ)

∂xi
− ρ

(
∂ (U/ρ0)

∂χi

)−→
(E)

= 0.

❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ♠❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ ✈❡❧♦❝✐t② ✇❡ ♦❜t❛✐♥

−ρ




∂v

−→
(E)
i

∂t
+

∂v
−→
(E)
i

∂xa
(va)

−→
(E)



−
∂p(ρ)

∂xi
− ρ

(
∂ (U/ρ0)

∂χi

)−→
(E)

= 0.

❚❤❡ ❡①♣r❡ss✐♦♥ ✭✶✵✮ ❢♦r t❤❡ ❈❛✉❝❤② str❡ss✱ ✇❤✐❝❤ ✐s ✈❛❧✐❞ ❢♦r ❊✉❧❡r ✢✉✐❞s✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✽✮ ✐♠♣❧✐❡s t❤❛t✿

◆♦t ❛❧❧ ❡①t❡r♥❛❧❧② ❛♣♣❧✐❡❞ ❛❝t✐♦♥s ❝❛♥ ❜❡ s✉st❛✐♥❡❞ ❜② ❊✉❧❡r ✢✉✐❞s✳ ■♥❞❡❡❞ ❊✉❧❡r ✢✉✐❞s ❝❛♥♥♦t s✉st❛✐♥ ❛r❜✐tr❛r② s✉r❢❛❝❡

tr❛❝t✐♦♥s ✭❛s ♣r❡ss✉r❡ ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✮ ♥♦r s✉r❢❛❝❡ s❤❡❛r ❢♦r❝❡s✳

❚❤✐s st❛t❡♠❡♥t✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛❧r❡❛❞② ❢♦✉♥❞ ✐♥ P✐♦❧❛ ❬✶✷✶❪ ✭s❡❡ ❡q✉❛t✐♦♥ ✭✸✼✮ ♣❛❣❡ ✶✸✻ ❛♥❞ t❤❡ s✉❜s❡q✉❡♥t ❞✐s❝✉ss✐♦♥✮✱ ✐♠♣❧✐❡s t❤❛t✿

✏❚❤❡ ❛ss✉♠♣t✐♦♥s ❛❜♦✉t t❤❡ ✐♥t❡r♥❛❧ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❞❡t❡r♠✐♥❡ t❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❜♦❞② t♦ s✉st❛✐♥ ❡①t❡r♥❛❧❧② ❛♣♣❧✐❡❞ ❛❝t✐♦♥s✳

❚❤❡r❡❢♦r❡✿ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❝❧❛ss ♦❢ ❛❞♠✐ss✐❜❧❡ ❡①t❡r♥❛❧ ❛❝t✐♦♥s ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ❜♦❞②✳✑

❲❡ ✇✐❧❧ r❡t✉r♥ ♦♥ t❤✐s ♣♦✐♥t ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✳

✹ ❙❡❝♦♥❞ ❣r❛❞✐❡♥t ❝♦♥t✐♥✉❛

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ✉s❡❞ ✉♣ t♦ ♥♦✇ t♦ t❛❦❡ t❤❡ s❡❝♦♥❞ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞

✐♥t♦ ❛❝❝♦✉♥t✳ ■t ❤❛s t♦ ❜❡ r❡♠❛r❦❡❞ t❤❛t ✐♥ P✐♦❧❛ ✭❬✶✷✶❪ ♣❛❣❡ ✶✺✷✮ ❛ ✜rst ✭❛♥❞ ♣❡rs✉❛s✐✈❡✦✮ ❛r❣✉♠❡♥t s✉♣♣♦rt✐♥❣ t❤❡ ♣♦ss✐❜❧❡ ✐♠♣♦rt❛♥❝❡ ♦❢

❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✐♥t❡r♥❛❧ ✇♦r❦ ❢✉♥❝t✐♦♥❛❧ ♦♥ ❤✐❣❤❡r ❣r❛❞✐❡♥ts ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ✐s ♣✉t ❢♦r✇❛r❞✳ ❚❤✐s ♣♦✐♥t ❞❡s❡r✈❡s ❛ ❞❡❡♣❡r ❞✐s❝✉ss✐♦♥

❛♥❞ ✐s ♣♦st♣♦♥❡❞ t♦ ❢✉t✉r❡ ✐♥✈❡st✐❣❛t✐♦♥s✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡ P✐♦❧❛ ✐s t❤❡ ✜rst ❛✉t❤♦r ✇❤♦ ❛♥❛❧②③❡❞ s✉❝❤ ❛ ❞❡♣❡♥❞❡♥❝❡✳ ❚❤❡r❡❢♦r❡ ✇❡

✶✸



♣r♦♣♦s❡ t♦ ♥❛♠❡ ❛❢t❡r ❤✐♠ t❤❡ ♦❜t❛✐♥❡❞ ❣❡♥❡r❛❧✐③❡❞ ❝♦♥t✐♥✉✉♠ t❤❡♦r✐❡s✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t s❡❝♦♥❞ ❣r❛❞✐❡♥t ♠❛t❡r✐❛❧s ❤❛✈❡ ❛ ❞❡❢♦r♠❛t✐♦♥

❡♥❡r❣② ✇❤✐❝❤ ❞❡♣❡♥❞s ❜♦t❤ ♦♥ t❤❡ ❈❛✉❝❤②✲●r❡❡♥ t❡♥s♦r ❛♥❞ ♦♥ ✐ts ✜rst ❣r❛❞✐❡♥t✳ ❚❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ t♦ ❜❡

❝♦♥s✐❞❡r❡❞ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

L =
1

2
ρ0v

2
− (W I(χ, F,X) +W II(χ, F,∇F,X)). ✭✶✷✮

✹✳✶ P✐♦❧❛✲t②♣❡ s❡❝♦♥❞ ❣r❛❞✐❡♥t ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②

❚❤❡ ❡①♣r❡ss✐♦♥ ✭✶✷✮ ✇✐❧❧ ❜❡ ❛ss✉♠❡❞ ✐♥ t❤❡ s❡q✉❡❧✳ ❚❤❡ t❡r♠ W I(χ, F,X) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✜rst ♦r❞❡r t❡r♠ ♣r❡✈✐♦✉s❧② ❝♦♥s✐❞❡r❡❞✱ ✇❤✐❧❡

W II(χ, F,∇F,X) st❛♥❞s ❢♦r ❛♥ ❛❞❞✐t✐✈❡ t❡r♠ ✐♥ ✇❤✐❝❤ t❤❡ ✜rst ♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t F ❛♣♣❡❛rs✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♥❡❡❞ t♦

❝♦♠♣✉t❡ t❤❡ ✜rst ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧

A
II = ∆B −W II(χ, F,∇F,X)dV.

P❛r❛❧❧❡❧✐♥❣ t❤❡ st②❧❡ ♦❢ ♣r❡s❡♥t❛t✐♦♥ ✉s❡❞ ❜② P✐♦❧❛✱ ✇❤✐❧❡ ❞❡✈❡❧♦♣✐♥❣ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✇❡ ❝♦♠♠❡♥t ♦♥ t❤❡ r❡s✉❧ts ❛s s♦♦♥ ❛s t❤❡② ❛r❡ ♦❜t❛✐♥❡❞✳

❇❡❝❛✉s❡ ♦❢ t❤❡ ❛ss✉♠❡❞ str✉❝t✉r❡ ♦❢ t❤❡ ❛❞❞❡❞ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣②✱ ✇❡ ❤❛✈❡

δAII = δχA
II + δFA

II + δ∇FA
II

= ∆B −

(
∂W II(χ, F,∇F,X)

∂χ
δχ+

∂W II(χ, F,∇F,X)

∂F
δF +

∂W II(χ, F,∇F,X)

∂∇F
δ∇F

)

dV

■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ✜rst t✇♦ t❡r♠s ❝❛♥ ❜❡ tr❡❛t❡❞ ❡①❛❝t❧② ✐♥ t❤❡ ♠❛♥♥❡r ♦❢ t❤❡ ✜rst ❣r❛❞✐❡♥t ❛❝t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ✐♥

t❤❡ ❜✉❧❦ ❡q✉❛t✐♦♥ ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞

DIVX

(
∂W II

∂F

)

−
∂W II

∂χ
✭✶✸✮

t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠ ✐♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿

−
∂W II

∂F
·N. ✭✶✹✮

❖♥ t❤❡ ❝♦♥tr❛r②✱ ♥❡✇ ❞✐✣❝✉❧t✐❡s ❛♣♣❡❛r ✇❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ✜rst ✈❛r✐❛t✐♦♥ δ∇FA. ❍♦✇❡✈❡r✱ t❤❡ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ❜② ▼✐♥❞❧✐♥✱ ●r❡❡♥✱

❘✐✈❧✐♥✱ ❚♦✉♣✐♥ ❛♥❞ ●❡r♠❛✐♥ ✭s❡❡ ❛❧s♦ ❞❡❧❧✬■s♦❧❛ ❡t ❛❧✳ ❬✺✹❪✮ ❛❧❧♦✇ ✉s t♦ tr❡❛t t❤✐s t❡r♠ ❡✣❝✐❡♥t❧② ❛♥❞ ❡❧❡❣❛♥t❧②✳ ❙t❛rt✐♥❣ ❢r♦♠ ✭t❤❡ ❝♦♠♠❛

✐♥❞✐❝❛t❡s ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥✮✽

δ∇FA
II = ∆B −

(

∂W II

∂F a
A,B

δF a
A,B

)

dV

✇❡ ♣❡r❢♦r♠ ❛ ✜rst ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✳ ■♥❞❡❡❞ r❡♠❛r❦✐♥❣ t❤❛t

∂

∂XB

(

∂W II

∂F a
A,B

δF a
A

)

=
∂

∂XB

(

∂W II

∂F a
A,B

)

δF a
A +

∂W II

∂F a
A,B

δF a
A,B

❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✭r❡❝❛❧❧ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② NM t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✉♥✐t ♥♦r♠❛❧ t♦ t❤❡ s✉r❢❛❝❡ ∂B✮✱ ✇❡ ♦❜t❛✐♥

δ∇FA
II = ∆B −

(

∂W II

∂F a
A,B

δF a
A,B

)

dV = −∆B

∂

∂XB

(

∂W II

∂F a
A,B

δF a
A

)

dV +∆B

(

∂

∂XB

(

∂W II

∂F a
A,B

)

δF a
A

)

dV

= −∆∂B

(

∂W II

∂F a
A,B

NB

)

δF a
AdA+∆B

(

∂

∂XB

(

∂W II

∂F a
A,B

)

δF a
A

)

dV. ✭✶✺✮

▲❡t ✉s ♦❜s❡r✈❡ t❤❛t t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥ ❤❛s ❡①❛❝t❧② t❤❡ s❛♠❡ ❢♦r♠ ❛s t❤❡ ✜rst ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✜rst ❣r❛❞✐❡♥t ❛❝t✐♦♥✳

❚❤❡r❡❢♦r❡ t❤✐s t❡r♠ ❜❡❝♦♠❡s

∆B

(

∂

∂XB

(

∂W II

∂F a
A,B

)

δF a
A

)

dV = ∆B

∂

∂XA

(

∂

∂XB

(

∂W II

∂F a
A,B

)

δχa

)

dV −∆B

(

∂2

∂XA∂XB

(

∂W II

∂F a
A,B

)

δχa

)

dV

= ∆∂B

(

NA
∂

∂XB

(

∂W II

∂F a
A,B

))

δχadA−∆B

(

∂2

∂XA∂XB

(

∂W II

∂F a
A,B

)

δχa

)

dV

✽■♥ t❤✐s ♣❛♣❡r ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ ❜♦t❤ r❡❢❡r❡♥t✐❛❧ ❛♥❞ s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ❛ ❝❤❛rt ✇✐t❤ ✈❛♥✐s❤✐♥❣ ❈❤r✐st♦✛❡❧ s②♠❜♦❧ s♦ t❤❛t ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡s ❝♦✐♥❝✐❞❡ ✇✐t❤
❞❡r✐✈❛t✐✈❡s✳

✶✹



✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t♦ ✭✶✸✮ ❛♥❞ ✭✶✹✮ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠s ♠✉st✱ r❡s♣❡❝t✐✈❡❧②✱ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ❜✉❧❦ ❛♥❞ s✉r❢❛❝❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❝♦♥❞✐t✐♦♥s

−DIVX

(

DIVX

(
∂W II

∂∇F

))

; DIVX

(
∂W II

∂∇F

)

·N

✹✳✷ ❋✐rst ❣r❛❞✐❡♥t s✉r❢❛❝❡ str❡ss

❲❡ ♥♦✇ ❤❛✈❡ t♦ tr❡❛t t❤❡ ✜rst t❡r♠ ✐♥ ✭✶✺✮✱ ♣❡r❢♦r♠✐♥❣ ❛ s✉r❢❛❝❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✳ ❲❡ ♦❜t❛✐♥

−∆∂B

(

∂W II

∂F a
A,B

NB

)

δF a
AdA. ✭✶✻✮

❘❡❝❛❧❧ t❤❛t ✐♥ ❞❡❧❧✬■s♦❧❛ ❡t ❛❧✳ ❬✺✹❪ t❤❡ ❢❛❝t♦r
(

∂W II

∂F a
A,B

NB

)

❛♣♣❡❛r✐♥❣ ✐♥ ❛ ✈✐rt✉❛❧ ✇♦r❦ ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ ❦✐♥❞ ❣✐✈❡♥ ✐♥ ✭✶✻✮ ✇❛s ❝❛❧❧❡❞ ✜rst ❣r❛❞✐❡♥t s✉r❢❛❝❡ str❡ss✳ ❚♦ ♣r♦❝❡❡❞ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✇❡

♥❡❡❞ t♦ ✉s❡ s♦♠❡ r❡s✉❧ts ❢r♦♠ ●❛✉ss✐❛♥ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr② ✭s❡❡ ❡✳❣✳ ❆♣♣❡♥❞✐❝❡s ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳ ❚❤❡ ♠❛✐♥ t♦♦❧ ✇❡ ✉s❡ ❝♦♥s✐sts ✐♥ t❤❡

✐♥tr♦❞✉❝t✐♦♥ ♦❢ t✇♦ ♣r♦❥❡❝t♦r ✜❡❧❞s P ❛♥❞ Q ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ s✉r❢❛❝❡ ∂B✳ ❚❤❡ ♦♣❡r❛t♦r P ♣r♦❥❡❝ts ♦♥t♦ ✐ts t❛♥❣❡♥t ♣❧❛♥❡✱ ✇❤✐❧❡

Q ♣r♦❥❡❝ts ♦♥ t❤❡ ♥♦r♠❛❧✳ ❚❤❡ ✉s❡❞ ✐♥t❡❣r❛t✐♦♥✲❜②✲♣❛rts t❡❝❤♥✐q✉❡s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ t♦ ✉s ❜② ❙❡♣♣❡❝❤❡r ❬✶✹✶❪✳ ❚❤❡② ❛r❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡

❢r❛♠❡✇♦r❦ ♦❢ ▲❡✈✐✲❈✐✈✐t❛ ❛❜s♦❧✉t❡ t❡♥s♦r ❝❛❧❝✉❧✉s✱ ❤♦✇❡✈❡r ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ s♦✉r❝❡s ♦❢ ❇❡r❞✐❝❤❡✈s❦② ❬✾❪ s②st❡♠❛t✐❝❛❧❧② ❡♠♣❧♦②❡❞ t❤❡s❡

t❡❝❤♥✐q✉❡s✳ ❲✐t❤ t❤❡✐r ❤❡❧♣✱ t❤❡ ❡①♣r❡ss✐♦♥ ✭✶✻✮ ✐s tr❛♥s❢♦r♠❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②

−∆∂B

(

∂W II

∂F a
A,B

NB

)

δχa
,AdA = −∆∂B

(

∂W II

∂F a
A,B

NB

)

δχa
,Cδ

C
AdA = −∆∂B

(

∂W II

∂F a
A,B

NB

)

δχa
,C

(
QC

A + PC
A

)
dA

= −∆∂B

(

∂W II

∂F a
A,B

NB

)

δχa
,CQ

C
DQD

AdA−∆∂B

(

∂W II

∂F a
A,B

NB

)

δχa
,CP

C
DPD

A dA ✭✶✼✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s✱ ❡❛❝❤ ❡❧❡♠❡♥t❛r② t❡r♠ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞✳

✹✳✸ ❊①t❡r♥❛❧ ❛♥❞ ❝♦♥t❛❝t s✉r❢❛❝❡ ❞♦✉❜❧❡ ❢♦r❝❡s

❈♦♥s✐❞❡r✐♥❣ t❤❛t

QC
D := NCND

t❤❡ ✜rst t❡r♠ ✐♥ ❡q✉❛t✐♦♥ ✭✶✼✮ ✐s r❡✇r✐tt❡♥

−∆∂B

(

∂W II

∂F a
A,B

NB

)

δχa
,CQ

C
DQD

AdA = −∆∂B

(

∂W II

∂F a
A,B

NB

)

δχa
,CN

CNDNDNAdA = −∆∂B

(

∂W II

∂F a
A,B

NBNA

)

(
δχa

,CN
C
)
dA

♦r✱ ✐♥ ❝♦♦r❞✐♥❛t❡✲❢r❡❡ ❢♦r♠✱

−∆∂B

(
∂W II

∂∇F
· (N ⊗N)

)

·

(
∂δχ

∂N

)

dA. ✭✶✽✮

❚❤✐s ❧❛st ❡①♣r❡ss✐♦♥ ❝❛♥♥♦t ❜❡ r❡❞✉❝❡❞ ❢✉rt❤❡r✱ ❛♥❞ ♠❛❦❡s ❝❧❡❛r t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❛ ♥❡✇ ❦✐♥❞ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❚❤✐s q✉❛♥t✐t②

r❡♣r❡s❡♥ts t❤❡ ✇♦r❦ ❡①♣❡♥❞❡❞ ♦♥ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❦✐♥❡♠❛t✐❝❛❧ q✉❛♥t✐t②

∂δχ

∂N

❜② ✐ts ❞✉❛❧ ❛❝t✐♦♥✱ ✇❤✐❝❤ ✐s s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ❛ ❞♦✉❜❧❡ ❢♦r❝❡ ✭s❡❡ ❡✳❣ ●❡r♠❛✐♥ ❬✻✾❪✮✱ ♥❛♠❡❧②

∂W II

∂∇F
· (N ⊗N) .

❆❝t✉❛❧❧② t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥❛❧ ✭✶✽✮ ❥✉st✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✱ ✇❤✐❝❤ ✜ts ✐♥ t❤❡ s♣✐r✐t ♦❢ P✐♦❧❛ ❬✶✷✶❪ ❛♥❞ ✐s r❡❛✣r♠❡❞

✐♥ ❇❡r❞✐❝❤❡✈s❦② ❬✾❪✿

❙❡❝♦♥❞ ❣r❛❞✐❡♥t ❝♦♥t✐♥✉❛ ❝❛♥ s✉st❛✐♥ ❡①t❡r♥❛❧ s✉r❢❛❝❡ ❞♦✉❜❧❡ ❢♦r❝❡s✱ ✐✳❡✳ ❡①t❡r♥❛❧ ❛❝t✐♦♥s ❡①♣❡♥❞✐♥❣ ✇♦r❦ ♦♥ t❤❡ ✈✐rt✉❛❧ ♥♦r♠❛❧ ❣r❛❞✐❡♥t

♦❢ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞s✳

✶✺



❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐♥ t❤❡ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧✱ ♦♥❡ ✐s ❛❧❧♦✇❡❞ t♦ ❛❞❞ ❛ t❡r♠ ♦❢ t❤❡ ❦✐♥❞✿

A
II
S = ∆

t1
to ∆∂B

(

−W II
S (χ,

∂χ

∂N
,X)

)

dAdt

✇❤❡r❡ t❤❡ ♣♦t❡♥t✐❛❧ W II
S (χ, ∂χ

∂N , X) ❝❛♥ ❜❡ ❝❛❧❧❡❞ s✉r❢❛❝❡ ❡①t❡r♥❛❧ ❞♦✉❜❧❡ ♣♦t❡♥t✐❛❧✳

✹✳✹ ❊❞❣❡ ❝♦♥t❛❝t ❢♦r❝❡s

❚❤❡ t❡r♠ ❡①♣r❡ss✐♥❣ t❤❡ ✇♦r❦ ❡①♣❡♥❞❡❞ ♦♥ ✈✐rt✉❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞s ♣❛r❛❧❧❡❧ t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ ∂B✱ ♥❛♠❡❧②

∆∂B δχa
,CP

C
DPD

A

(

∂W II

∂F a
A,B

NB

)

dA

❝❛♥ ❜❡ r❡❞✉❝❡❞ ❜② ♠❡❛♥s ♦❢ ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✐♥ t❤❡ s✉❜♠❛♥✐❢♦❧❞ ∂B t♦

∆∂B

(

δχa
,CP

D
A

∂W II

∂F a
A,B

NB

)

PC
D dA = ∆∂B

∂

∂XC

(

PD
A

∂W II

∂F a
A,B

NBδχ
a

)

PC
D dA−∆∂B

∂

∂XC

(

PD
A

∂W II

∂F a
A,B

NB

)

δχaPC
D dA. ✭✶✾✮

❙✉r❢❛❝❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✐s t❤❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ✜rst t❡r♠✱ r❡s✉❧t✐♥❣ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ✭s❡❡ ❆♣♣❡♥❞✐❝❡s ♦r ❞❡❧❧✬■s♦❧❛ ❡t ❛❧✳ ❬✺✹❪✮

∆∂B
∂

∂XC

(

PD
A

∂W II

∂F a
A,B

NBδχ
a

)

PC
D dA = ∆∂∂B

(

∂W II

∂F a
A,B

NBδχ
a

)

PC
A νCdL = ∆∂∂B δχa

(

∂W II

∂F a
A,B

NBνA

)

dL ✭✷✵✮

❲❤❡♥ t❤❡ s✉r❢❛❝❡ ∂B ✐s ♦r✐❡♥t❛❜❧❡ ❛♥❞ C1✱ t❤❡ ❜♦✉♥❞❛r② ∂∂B ✐s ❡♠♣t②✳ ❆❧t❡r♥❛t✐✈❡❧② ✱ ✐❢ ∂B ✐s ♣✐❡❝❡✇✐s❡ C1 t❤❡♥ ∂∂B ✐s t❤❡ ✉♥✐♦♥ ♦❢

t❤❡ ❡❞❣❡s ♦❢ ∂B ❛♥❞ t❤❡ ♦❜t❛✐♥❡❞ ❡①♣r❡ss✐♦♥ r❡♣r❡s❡♥ts t❤❡ ✇♦r❦ ❡①♣❡♥❞❡❞ ❜② ❝♦♥t❛❝t ❡❞❣❡ ❢♦r❝❡s ♦♥ t❤❡ ✈✐rt✉❛❧ ❞✐s♣❧❛❝❡♠❡♥t δχ. ❚♦ t❤❡

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐t ✐s t❤❡r❡❢♦r❡ ♥❡❝❡ss❛r② t♦ ❛❞❞ ♦♥ ∂∂B t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠s✱ ✇❤✐❝❤ ❜❛❧❛♥❝❡ ❡①t❡r♥❛❧ ❧✐♥❡ ❢♦r❝❡s

∂W II

∂F i
A,B

NBνA.

❖♥❝❡ ❛❣❛✐♥✱ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥❛❧ ✭✷✵✮ ❥✉st✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✿

❙❡❝♦♥❞ ❣r❛❞✐❡♥t ❝♦♥t✐♥✉❛ ❝❛♥ s✉st❛✐♥ ❡①t❡r♥❛❧ ❧✐♥❡ ❢♦r❝❡s✱ ✐✳❡✳ ❡①t❡r♥❛❧ ❛❝t✐♦♥s ❡①♣❡♥❞✐♥❣ ✇♦r❦ ♦♥ ✈✐rt✉❛❧ ❞✐s♣❧❛❝❡♠❡♥t

✜❡❧❞s ❛t t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❜♦✉♥❞❛r② ∂B✳

❚❤✐s ♠❡❛♥s t❤❛t✱ ✐♥ t❤❡ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧✱ ♦♥❡ ✐s ❛❧❧♦✇❡❞ t♦ ❛❞❞ ❛ t❡r♠ ♦❢ t❤❡ ❦✐♥❞✿

A
II
L = ∆

t1
to ∆∂∂B

(
−W II

L (χ,X)
)
dLdt

✇❤❡r❡ t❤❡ ♣♦t❡♥t✐❛❧ W II
L (χ,X) ❝❛♥ ❜❡ ❝❛❧❧❡❞ ❧✐♥❡ ❡①t❡r♥❛❧ ♣♦t❡♥t✐❛❧✳

✹✳✺ ❈♦♥t❛❝t ❢♦r❝❡s ❞❡♣❡♥❞✐♥❣ ♦♥ ❝✉r✈❛t✉r❡ ♦❢ ❝♦♥t❛❝t s✉r❢❛❝❡s

❚❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ❡q✉❛t✐♦♥ ✭✶✾✮ ♣r♦❞✉❝❡s ❛ ❢✉rt❤❡r t❡r♠ t♦ ❜❡ ❛❞❞❡❞ t♦ s✉r❢❛❝❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♥❡✇

❦✐♥❞ ♦❢ ❝♦♥t❛❝t ❢♦r❝❡ ✭❛s ✐t ❡①♣❡♥❞s ✇♦r❦ ♦♥ ✈✐rt✉❛❧ ❞✐s♣❧❛❝❡♠❡♥ts✮✳ ❚❤❡ ♥❡✇❧② ✭❜② ❈❛s❛❧✱ ▼✐♥❞❧✐♥✱ ●r❡❡♥✱ ❘✐✈❧✐♥ ❛♥❞ ●❡r♠❛✐♥✮ ❢♦✉♥❞

❝♦♥t❛❝t ❢♦r❝❡ ❞♦❡s ♥♦t ♦❜❡② t❤❡ s♦✲❝❛❧❧❡❞ ❈❛✉❝❤② ♣♦st✉❧❛t❡✱ ❛s ✐t ❞❡♣❡♥❞s ♥♦t ♦♥❧② ♦♥ t❤❡ ♥♦r♠❛❧ ♦❢ ❈❛✉❝❤② ❝✉ts ❜✉t ❛❧s♦ ♦♥ t❤❡✐r ❝✉r✈❛t✉r❡✳

❚❤❡ s✉r❢❛❝❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❛✈❡ t♦ ❜❡ ❝♦♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠s

−DIV∂B

(

P

(
∂W II

∂∇F
·N

))

.

✇❤✐❝❤ ❞❡♣❡♥❞ ❡①♣❧✐❝✐t❧② ♦♥ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ s✉r❢❛❝❡ ∂B✳

✹✳✻ ❘❡s✉♠ï➽÷ ♦❢ t❡r♠s t♦ ❜❡ ❛❞❞❡❞ t♦ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s ❢♦r s❡❝♦♥❞ ❣r❛❞✐❡♥t ❝♦♥t✐♥✉❛

❚❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❝♦♥❞✐t✐♦♥s ❢♦✉♥❞ ❢♦r ✜rst ❣r❛❞✐❡♥t ❛❝t✐♦♥ ❤❛✈❡ t♦ ❜❡ ❝♦♠♣❧❡t❡❞ ❜② t❤❡ t❡r♠s ❧✐st❡❞ ❜❡❧♦✇ ✭s❡❡ ❬✹✺✱ ✹✻❪✮✿

✶✻



• t❡r♠s t♦ ❜❡ ❛❞❞❡❞ t♦ ❜✉❧❦ ❡q✉❛t✐♦♥s

DIVX

(
∂W II

∂F

)

−
∂W II

∂χi
−DIVX

(

DIVX

(
∂W II

∂∇F

))

✭✷✶✮

• t❡r♠s t♦ ❜❡ ❛❞❞❡❞ t♦ s✉r❢❛❝❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

−
∂W II

∂F
·N +DIVX

(
∂W II

∂∇F

)

·N −DIV∂B

(

P

(
∂W II

∂∇F
·N

))

✭✷✷✮

• t❡r♠s t♦ ❜❡ ❛❞❞❡❞ t♦ ❢♦r♠ ♥❡✇ ❡❞❣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

∂W II

∂∇F
· (N ⊗ ν)−

∂W II
L (χ,X)

∂χ
✭✷✸✮

• t❡r♠s ❢♦r♠✐♥❣ ♥❡✇ s✉r❢❛❝❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✇❤✐❝❤ ♠❛② ❜❡ ❝❛❧❧❡❞ ❜❛❧❛♥❝❡ ♦❢ ❝♦♥t❛❝t ❞♦✉❜❧❡ ❢♦r❝❡s✮

∂W II

∂∇F
· (N ⊗N)−

∂W II
S (χ, ∂χ

∂N , X)

∂
(

∂χ
∂N

) ✭✷✹✮

✹✳✼ ❖❜❥❡❝t✐✈❡ s❡❝♦♥❞ ❣r❛❞✐❡♥t ❡♥❡r❣✐❡s

❚❤❡ ❛❞❞❡❞ t❡r♠

W II(χ, F,∇F,X)

♠✉st ♦❢ ❝♦✉rs❡ ❜❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ♦❜s❡r✈❡r ✐♥ t❤❡ ❊✉❧❡r✐❛♥ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ ✉s❡ ♦❢ t❤❡ ❈❛✉❝❤②✲●r❡❡♥ ❞❡❢♦r♠❛t✐♦♥

t❡♥s♦r ❡♥s✉r❡s t❤❛t t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ✐s ♦❜❥❡❝t✐✈❡ ✭s❡❡ ❡✳❣✳ ❬✺✷❪✮✳ ❚❤✐s r❡q✉✐r❡♠❡♥t ✐s ✈❡r✐✜❡❞ ❜② ❛ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❤❛✈✐♥❣ ♦♥❡ ♦❢

t❤❡ ❢♦r♠s

Ŵ II(C,∇C,X); W̌ II(C−1,∇C−1, X)

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ r❡♠❛r❦ t❤❛t ♠❛♥② ❝♦♥t✐♥✉✉♠ ♠♦❞❡❧s ♦❢ ✜❜❡r r❡✐♥❢♦r❝❡❞ ♠❛t❡r✐❛❧s ✭s❡❡ ❡✳❣ ❙t❡✐❣♠❛♥♥ ❬✶✺✷❪✱ ❆t❛✐ ❛♥❞ ❙t❡✐❣♠❛♥♥ ❬✷❪✱

◆❛❞❧❡r ❛♥❞ ❙t❡✐❣♠❛♥♥ ❬✶✶✹❪✱ ◆❛❞❧❡r ❡t ❛❧✳ ❬✶✶✺❪✱ ❍❛s❡❣❛♥✉ ❛♥❞ ❙t❡✐❣♠❛♥♥ ❬✼✻❪✮ s❤♦✇ s♦♠❡ ♣❡❝✉❧✐❛r✐t✐❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡

✐♥tr♦❞✉❝t✐♦♥ ♦❢ s❡❝♦♥❞ ❣r❛❞✐❡♥t ♦r ❡✈❡♥ ❤✐❣❤❡r ❣r❛❞✐❡♥t ♠♦❞❡❧s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ F

❛♥❞ ∇F ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❡q✉❛t✐♦♥s ✭✷✶✮✱ ✭✷✷✮✱ ✭✷✸✮ ❛♥❞ ✭✷✹✮✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ❧✐st❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s

✭s❡❡ ❆♣♣❡♥❞✐① ✽ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ✮✳

• ❉❡r✐✈❛t✐✈❡s ♦❢ C ❛♥❞ ∇C ✿

∂CMN

∂F i
P

= δPMFiN + FiMδPN

∂CMN,O

∂F i
P

= FiM,Oδ
N
P + FiN,Oδ

M
P

∂CMN,O

∂F i
P,Q

= δPMδQOFNi + δPNδQOFMi

• ❉❡r✐✈❛t✐✈❡s ♦❢ C−1 ❛♥❞ ∇C−1 ✿

∂C−1
MN

∂F i
P

= −
(
F−1

)

Mi

(
F−1

)P

a

(
F−1

)a

N
−
(
F−1

)

Ni

(
F−1

)bP (
F−1

)

bM

∂C−1
MN,O

∂F l
P

= −
(
F−1

)aP
((

F−1
)

Nl

(
F−1

)

Ma,O
+
(
F−1

)

Ml

(
F−1

)

aN,O

)

∂C−1
MN,O

∂F i
P,Q

= −

[(
F−1

)

Mi

(
F−1

)aP (
F−1

)

aN
+
(
F−1

)

Ni

(
F−1

)bP (
F−1

)

bM

]

δOQ

✹✳✽ ❈❛♣✐❧❧❛r② ✢✉✐❞s

■♥ P♦✐ss♦♥ ❬✶✷✺❪ ♣❛❣❡s ✺✲✻✿ ✭tr❛♥s❧❛t❡❞ ❜② t❤❡ ❛✉t❤♦rs✮ ♦♥❡ ✜♥❞s t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛❜♦✉t t❤❡ r❡❣✐♦♥ ♦❢ ❛ ✢✉✐❞ ✐♥ ✇❤✐❝❤ ❛ ♣❤❛s❡

tr❛♥s✐t✐♦♥ ♦❝❝✉rs ✭♣❛❣❡ ✺✮

✏❇✉t ▲❛♣❧❛❝❡ ♦♠✐tt❡❞✱ ✐♥ ❤✐s ❝❛❧❝✉❧❛t✐♦♥s✱ ❛ ♣❤②s✐❝❛❧ ❝✐r❝✉♠st❛♥❝❡ ✇❤♦s❡ ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ❡ss❡♥t✐❛❧✿ ■ r❡❢❡r t♦ t❤❡ r❛♣✐❞ ✈❛r✐❛t✐♦♥ ♦❢

❞❡♥s✐t② ✇❤✐❝❤ t❤❡ ❧✐q✉✐❞ ❡①♣❡r✐❡♥❝❡s ✐♥ ♣r♦①✐♠✐t② ♦❢ ✐ts ❢r❡❡ s✉r❢❛❝❡ ❛♥❞ ♦❢ t❤❡ t✉❜❡ ✇❛❧❧✱ ❬✈❛r✐❛t✐♦♥❪ ✇✐t❤♦✉t ✇❤✐❝❤ t❤❡ ❝❛♣✐❧❧❛r② ♣❤❡♥♦♠❡♥❛

✶✼



❝♦✉❧❞ ♥♦t ♦❝❝✉r ❬✳✳✳✳❪ ❆❝t✉❛❧❧②✱ ✐♥ ❛♥ ❡q✉✐❧✐❜r✐✉♠ st❛t❡✱ ❡❛❝❤ ❧❛②❡r ✐♥✜♥✐t❡❧② t❤✐♥ ♦❢ ❛ ❧✐q✉✐❞ ✐s ❝♦♠♣r❡ss❡❞ ❡q✉❛❧❧② ♦♥ ❜♦t❤ ♦❢ ✐ts ❢❛❝❡s ❜② t❤❡

r❡♣✉❧s✐✈❡ ❛❝t✐♦♥s ♦❢ ❛❧❧ ❝❧♦s❡ ♠♦❧❡❝✉❧❡s ❞✐♠✐♥✐s❤❡❞ ❜② t❤❡✐r ❛ttr❛❝t✐✈❡ ❢♦r❝❡ ❬✳✳✳✳❪ ❛♥❞ ✐ts ❧❡✈❡❧ ♦❢ ❝♦♥❞❡♥s❛t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♠❛❣♥✐t✉❞❡

♦❢ t❤❡ ❝♦♠♣r❡ss✐✈❡ ❢♦r❝❡✳ ❆t ❛ s❡♥s✐❜❧❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ❧✐q✉✐❞ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❢♦r❝❡ ✐s ❡①❡rt❡❞ ❜② ❛ ❧✐q✉✐❞ ❧❛②❡r ❛❞❥❛❝❡♥t

t♦ t❤❡ ✐♥✜♥✐t❡❧② t❤✐♥ ❧❛②❡r✱ ✇❤♦s❡ t❤✐❝❦♥❡ss ✐s ❝♦♠♣❧❡t❡ ❛♥❞ ❡✈❡r②✇❤❡r❡ ❝♦♥st❛♥t✱ ✐✳❡✳ ❡q✉❛❧ t♦ t❤❡ r❛❞✐✉s ♦❢ ❛❝t✐✈✐t② ♦❢ ✢✉✐❞ ♠♦❧❡❝✉❧❡s❀ ❛♥❞

❢♦r t❤✐s r❡❛s♦♥ t❤❡ ✐♥t❡r♥❛❧ ❞❡♥s✐t② ♦❢ t❤❡ ❧✐q✉✐❞ ✐s ❛❧s♦ ❝♦♥st❛♥t ❬✳✳✳❪ ❇✉t ✇❤❡♥ t❤✐s ❞✐st❛♥❝❡ ✐s ❧❡ss t❤❛♥ t❤❡ r❛❞✐✉s ♦❢ ♠♦❧❡❝✉❧❛r ❛❝t✐✈✐t②

t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❧❛②❡r ✉♥❞❡r t❤❡ ❧❛②❡r ✇❤✐❝❤ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ✐s ❛❧s♦ s♠❛❧❧❡r t❤❛♥ t❤✐s r❛❞✐✉s✿ t❤❡ ❝♦♠♣r❡ss✐✈❡ ❢♦r❝❡ ✇❤✐❝❤ ✐s ❡①❡rt❡❞

❜② t❤❡ s❛✐❞ ✉♣♣❡r ❧❛②❡r ✐s t❤❡r❡❢♦r❡ ❞❡❝r❡❛s✐♥❣ ✈❡r② r❛♣✐❞❧② ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ s✉r❢❛❝❡ ❛♥❞ ✈❛♥✐s❤❡s ❛t t❤❡ s✉r❢❛❝❡ ✐ts❡❧❢✱ ✇❤❡r❡ t❤❡

✐♥✜♥✐t❡s✐♠❛❧ t❤✐♥ ❧❛②❡r ✐s ❝♦♠♣r❡ss❡❞ ♦♥❧② ❜② t❤❡ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❝♦♥❞❡♥s❛t✐♦♥ ♦❢ t❤❡ ❧✐q✉✐❞ ✐s ❛❧s♦ ❞❡❝r❡❛s✐♥❣✱

❢♦❧❧♦✇✐♥❣ ❛♥ ✉♥❦♥♦✇♥ ❧❛✇✱ ✇❤❡♥ ♦♥❡ ✐s ❛♣♣r♦❛❝❤✐♥❣ ✐ts ❢r❡❡ s✉r❢❛❝❡ ❛♥❞ ✐ts ❞❡♥s✐t② ✐s ✈❡r② ❞✐✛❡r❡♥t ✐♥ t❤❛t s✉r❢❛❝❡ ❛♥❞ ❛t ❛ ❞❡♣t❤ ✇❤✐❝❤

❡①❝❡❡❞s ❜② ❛ s♠❛❧❧ ❛♠♦✉♥t t❤❡ ❛❝t✐✈✐t② r❛❞✐✉s ♦❢ ✐ts ♠♦❧❡❝✉❧❡s✱ ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t ❢♦r ❤❛✈✐♥❣ t❤✐s ❞❡♥s✐t② t♦ ❜❡ ❡q✉❛❧ t♦ t❤❡ ✐♥t❡r♥❛❧ ❞❡♥s✐t②

♦❢ t❤❡ ❧✐q✉✐❞✳ ◆♦✇ ✐t ✇✐❧❧ ❜❡ ♣r♦✈❡♥ ✐♥ t❤❡ ✜rst ❝❤❛♣t❡r ♦❢ t❤✐s ✇♦r❦ t❤❛t ✐❢ ♦♥❡ ♥❡❣❧❡❝ts t❤✐s r❛♣✐❞ ✈❛r✐❛t✐♦♥ ♦❢ ❞❡♥s✐t② ✐♥ t❤❡ t❤✐❝❦♥❡ss ♦❢

t❤❡ ✐♥t❡r❢❛❝✐❛❧ ❧❛②❡r✾ t❤❡♥ t❤❡ ❝❛♣✐❧❧❛r② s✉r❢❛❝❡ s❤♦✉❧❞ r❡s✉❧t t♦ ❜❡ ♣❧❛♥❡ ❛♥❞ ❤♦r✐③♦♥t❛❧ ❛♥❞ ♦♥❡ ❝♦✉❧❞ ♥♦t ♦❜s❡r✈❡ ♥❡✐t❤❡r ❡❧❡✈❛t✐♦♥ ♥♦r

❧♦✇❡r✐♥❣ ♦❢ t❤❡ ❧✐q✉✐❞ ❧❡✈❡❧✳❬✳✳✳❪✑

❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❛❧r❡❛❞② P♦✐ss♦♥ ✇❛♥t❡❞✱ ✇✐t❤ s♦♠❡ ❛ss✉♠♣t✐♦♥s ✇❤✐❝❤ ♣r♦❜❛❜❧② ♥❡❡❞ t♦ ❜❡ ❝❧❛r✐✜❡❞✱ t♦ ♠♦❞❡❧ t❤❡

✐♥t❡r❢❛❝✐❛❧ ❧❛②❡r ❛s ❛ t❤✐♥ ❜✉t t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❧❛②❡r✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ r❡♠❛r❦ t❤❛t ✐t ✐s ♦♥❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ✐❞❡❛s

❜② P✐♦❧❛ ✭✐❞❡❛s ✇❤✐❝❤ P♦✐ss♦♥ ✈✐♦❧❡♥t❧② ❝r✐t✐❝✐③❡❞✮ t❤❛t t❤❡ ♠♦❞❡r♥ t❤❡♦r② ♦❢ ❝❛♣✐❧❧❛r② ✢✉✐❞s ♠❛♥❛❣❡❞ t♦ ❣✐✈❡ ❛ ♣r❡❝✐s❡ ♠❡❛♥✐♥❣ t♦ t❤❡

P♦✐ss♦♥✬s ✐♥t✉✐t✐♦♥s✳ ❲❤❛t P♦✐ss♦♥ ❝❛❧❧s ❛♥ ✉♥❦♥♦✇♥ ❧❛✇ ✐s ♥♦✇ ❡①♣❧✐❝✐t❧② ❞❡t❡r♠✐♥❡❞ ❜② ✉s✐♥❣ s❡❝♦♥❞ ❣r❛❞✐❡♥t ❝♦♥t✐♥✉❛ ✭s❡❡ ❡✳❣✳ ❬✷✹✱ ✶✹✷❪✮✳

■♥ t❤❡ s♣✐r✐t ♦❢ P✐♦❧❛✬s ✇♦r❦s✱ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ♠♦st s✐♠♣❧❡ ❝❧❛ss ♦❢ s❡❝♦♥❞ ❣r❛❞✐❡♥t ❝♦♥t✐♥✉❛✱ ✐✳❡✳ ❝❛♣✐❧❧❛r② ✢✉✐❞s✳ ❲❡ r❡❝❛❧❧ ❤❡r❡

t❤❛t ❝❛♣✐❧❧❛r② ✢✉✐❞s ❛r❡ ❝♦♥t✐♥✉❛ ✇❤♦s❡ ❊✉❧❡r✐❛♥ ✈♦❧✉♠❡tr✐❝ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❞❡♥s✐t② ❞❡♣❡♥❞s ❜♦t❤ ♦♥ t❤❡✐r ❊✉❧❡r✐❛♥ ♠❛ss ❞❡♥s✐t② ρ ❛♥❞

♦♥ ✐ts ❣r❛❞✐❡♥t ∇ρ✳ ❋♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s ❛♥ ❛❞❞✐t✐✈❡ ❡①tr❛ t❡r♠ ✐♥ t❤❡ ♣❛rt ♦❢ ❛❝t✐♦♥ r❡❧❛t❡❞ t♦ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✿

A
cap = ∆E Ŵ

cap (ρ,∇ρ) dv = ∆B JŴ cap

(

(ρ)
−→
(B)

, (∇ρ)
−→
(B)

)

dV

❚❤❡ ♥♦t❛t✐♦♥s (·)
−→
(B)

❛♥❞ (·)
−→
(E)

✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❆✱ ✇✐❧❧ ❜❡ ♦♠✐tt❡❞ ♦❝❝❛s✐♦♥❛❧❧② ❢♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞❛❜✐❧✐t②✳ ❖❜✈✐♦✉s❧② t❤❡

❞❡♣❡♥❞❡♥❝❡ ♦❢ Ŵ cap ♦♥ ∇ρ ♠✉st ❜❡ ♦❜❥❡❝t✐✈❡✳ ❚❤❡r❡❢♦r❡ ✇❡ ♠✉st ❤❛✈❡ ✭s❡❡ ❡✳❣✳ ❇❛❧❧ ❬✺❪✮

Ŵ cap (ρ,∇ρ) = W̌ cap (ρ, β) ✭✷✺✮

✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡❞ t❤❡ s❝❛❧❛r

β := ∇ρ · ∇ρ.

❆ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❡♥❡r❣② ✭✷✺✮ ✐s ❣✐✈❡♥ ❜② t❤❡ ♦♥❡ ❞✐s❝✉ss❡❞ ❜② ❈❛❤♥ ❛♥❞ ❍✐❧❧✐❛r❞

W̌ cap (ρ, β) =
1

2
λ (ρ)β =

1

2
λ (ρ) (∇ρ · ∇ρ)

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ λ (ρ) ❤❛s ❜❡❡♥ ♦❢t❡♥ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❝♦♥st❛♥t✳

✹✳✽✳✶ ▲❛❣r❛♥❣✐❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ♦❢ ❝❛♣✐❧❧❛r② ✢✉✐❞s

■t ✐s t❤❡r❡❢♦r❡ ♥❡❡❞❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜rst ✈❛r✐❛t✐♦♥

δAcap = δ

(

∆B JW̌ cap

(

(ρ)
−→
(B)

, (β)
−→
(B)

)

dV

)

.

❖♥❝❡ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ✭✇✐t❤ ❛♥ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✮

W cap(F,∇F ) := JW̌ cap

(

(ρ)
−→
(B)

, (β)
−→
(B)

)

=
ρ0

(ρ)
−→
(B)

W̌ cap ✭✷✻✮

✾❚❤✐s t❤✐❝❦♥❡ss ♠✉st ❤❛✈❡ ❛ ✜♥✐t❡ ✈❛❧✉❡ ❜✉t t❤✐s ✈❛❧✉❡ ♠✉st ❜❡ ✉♥❞❡t❡❝t❛❜❧❡ ♥♦t s❡♥s✐❜❧❡✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❤②♣♦t❤❡s✐s ✇❤✐❝❤ ✇❛s ❛❝❝❡♣t❡❞ ❛❜♦✉t t❤❡ ❡①t❡♥s✐♦♥ ♦❢
♠♦❧❡❝✉❧❛r ❛❝t✐✈✐t②✳ ❚❤✐s ✐s ❝♦♥✜r♠❡❞ ❜② t❤❡ ❡①♣❡r✐❡♥❝❡ ♠❛❞❡ ❜② ▼✳●❛②✲▲✉ss❛❝✳

✶✽



✐t ✐s ❝❧❡❛r t❤❛t

δ
(
JW̌ cap

)
=



W̌ capδJ + J
∂W̌ cap

∂ (ρ)
−→
(B)

δ (ρ)
−→
(B)

+ J
∂W̌ cap

∂ (β)
−→
(B)

δ (β)
−→
(B)





=



W̌ cap ∂J

∂F
δF + J

∂W̌ cap

∂ (ρ)
−→
(B)

∂ (ρ)
−→
(B)

∂F
δF



+
∂W̌ cap

∂ (β)
−→
(B)

J




∂ (β)

−→
(B)

∂F
δF +

∂ (β)
−→
(B)

∂∇F
δ∇F





❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ✭✇✐t❤ ❛♥♦t❤❡r ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✮ ✇❡ ❤❛✈❡

∂W cap

∂F
=W̌ cap ∂J

∂F
+ J

∂W̌ cap

∂ρ

∂ρ

∂F
+ J

∂W̌ cap

∂β

∂β

∂F
✭✷✼✮

∂W cap

∂∇F
=J

∂W̌ cap

∂β

∂β

∂∇F
✭✷✽✮

✹✳✽✳✷ ❊✉❧❡r✐❛♥ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s

❋♦❧❧♦✇✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ♠❡t❤♦❞s ✐♥tr♦❞✉❝❡❞ ❜② P✐♦❧❛✱ ❛❢t❡r ❤❛✈✐♥❣ ❛♣♣❧✐❡❞ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ ♦r t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ✐♥ t❤❡

▲❛❣r❛♥❣✐❛♥ ❞❡s❝r✐♣t✐♦♥✱ ✇❡ ♠✉st tr❛♥s❢♦r♠ t❤❡ ♦❜t❛✐♥❡❞ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥s ✐♥t♦ s♦♠❡ ♦t❤❡r ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❛r❡ ✈❛❧✐❞ ✐♥ t❤❡ ❊✉❧❡r✐❛♥

❞❡s❝r✐♣t✐♦♥✳ ❆s ♣r❡✈✐♦✉s❧② s❡❡♥✱ ✐♥ ▲❛❣r❛♥❣✐❛♥ ❞❡s❝r✐♣t✐♦♥ t❤❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s r❡❛❞

−
∂

∂t
(ρ0vi) +DIVX

(
∂W eul

∂F
+

∂W cap

∂F

)

−DIVX

(

DIVX

(
∂W cap

∂∇F

))

= 0 ✭✷✾✮

✇❤❡r❡ W eul ❛♥❞ W cap ✇❡r❡ ❞❡✜♥❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥ ✭✾✮ ❛♥❞ ✭✷✻✮✳ ❚❤❡ t❡r♠s ✐♥ ✭✷✾✮✱ ✇❤✐❝❤ ❛r❡ s♣❡❝✐✜❝ t♦ ❝❛♣✐❧❧❛r② ✢✉✐❞s✱ ♠✉st t❤❡r❡❢♦r❡

❜❡ ❡st✐♠❛t❡❞✳ ❙t❛rt✐♥❣ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✼✮ ❛♥❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✭❝❛❧❝✉❧❛t❡❞ ✐♥ ✭✽✳✶✳✼✮ ❛♥❞ ✭✽✳✶✳✷✮✮

∂J

∂F i
M

= J
(
F−1

)M

i
,

∂ρ

∂F i
M

= −ρ
(
F−1

)M

i
,

∂β

∂F i
M

= −2gab
(

ρ,aρ,i
(
F−1

)M

b
+ ρ,a

(

ρ
(
F−1

)M

i

)

,b

)

✇❡ ♦❜t❛✐♥ ✭t❤❡ ♥♦t❛t✐♦♥ (·)
−→
(B)

❤❛s ❜❡❡♥ ❞r♦♣♣❡❞ t♦ ②✐❡❧❞ ♠♦r❡ r❡❛❞❛❜❧❡ ❢♦r♠✉❧❛s✮✱

∂W cap

∂F i
M

= −P
capJ

(
F−1

)M

i
− 2

∂W̌ cap

∂β
J
(

gabρ,aρ,i
(
F−1

)M

b
+ β

(
F−1

)M

i
+ gabρ,aρ

(
F−1

)M

i,b

)

✭✸✵✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞

P
cap := ρ

∂W̌ cap

∂ρ
− W̌ cap

✹✳✽✳✸ P✐♦❧❛ str❡ss ❞❡❝♦♠♣♦s✐t✐♦♥

■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤❡ ♣❛♣❡r✱ ❞✐✛❡r❡♥t P✐♦❧❛ str❡ss t❡♥s♦rs ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡r❡❢♦r❡✱ ❛♥❞ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❛♥② ♠✐s✉♥❞❡rst❛♥❞✐♥❣✱

s♦♠❡ t✐♠❡ ✇✐❧❧ ❜❡ ❞❡✈♦t❡❞ t♦ ♣r♦♣❡r❧② ❞❡✜♥❡ t❤❡s❡ ❞✐✛❡r❡♥t str❡ss t❡♥s♦rs✳ ❚❤✐s ❞✐s❝✉ss✐♦♥ ✐s s♣❡❝✐✜❝ t♦ ❤✐❣❤❡r✲♦r❞❡r ❝♦♥t✐♥✉❛✱ s✐♥❝❡ ❢♦r t❤❡

✜rst ❣r❛❞✐❡♥t ❝♦♥t✐♥✉✉♠ t❤❡s❡ ❞✐✛❡r❡♥t t❡♥s♦rs ❛r❡ ❡✐t❤❡r ✐❞❡♥t✐❝❛❧ ♦r ♥✉❧❧✳ ❆s ❛ st❛rt✐♥❣ ♣♦✐♥t ✇❡ ❞❡✜♥❡ t❤❡ ❜✉❧❦ P✐♦❧❛ str❡ss ❢♦r ❝❛♣✐❧❧❛r②

✢✉✐❞s ❜②

P
M
i :=

∂W eul

∂F i
M

+
∂W cap

∂F i
M

−
∂

∂XA

(

∂W cap

∂F i
M,A

)

✭✸✶✮

❛s t❤❡ q✉❛♥t✐t② t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥

−
∂

∂t
(ρ0vi) +

∂PA
i

∂XA
−

∂U ext

∂χi
= 0

❚❤✐s t❡♥s♦r ✐s ❛♥ ❡✛❡❝t✐✈❡ t❡♥s♦r ✭✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✛❡❝t✐✈❡ t❡♥s♦r ❛r❡ ✇r✐tt❡♥ ✉s✐♥❣ ❜❧❛❝❦❜♦❛r❞ ❢♦♥ts✮ s✐♥❝❡ ✐t ✐s ❝♦♠♣♦s❡❞ ♦❢ t❡♥s♦rs ♦❢

❞✐✛❡r❡♥t ♦r❞❡r✱ ❛s

P
M
i := PM

i +
∂

∂XA

(
H

MA
i

)
,

✇❤❡r❡ PM
i ✐s t❤❡ ❝❧❛ss✐❝❛❧ P✐♦❧❛ str❡ss✱ ❛♥❞ HMA

i ✐s t❤✐r❞✲♦r❞❡r ❍②♣❡r P✐♦❧❛ str❡ss ❞❡✜♥❡❞ ❛s

✶✾



H
MN
i :=

∂W

∂F i
M,N

.

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s✱ t❤❡ ❝❧❛ss✐❝❛❧ P✐♦❧❛ str❡ss ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s

PM
i := (Peul)Mi + (Pcal)Mi

❍❡♥❝❡✱ ❛♥♦t❤❡r ❡✛❡❝t✐✈❡ t❡♥s♦r ❝❛♥ ❜❡ ❞❡✜♥❡❞

(Pcal)
M

i := (Pcal)Mi +
∂

∂XA

(
H

MA
i

)

r❡s✉❧t✐♥❣ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❜✉❧❦ P✐♦❧❛ str❡ss

P
M
i := (Peul)Mi + (Pcal)

M

i

✹✳✽✳✹ P✐♦❧❛ str❡ss ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s

◆♦✇ ✇❡ ✇✐❧❧ ❡✛❡❝t✐✈❡❧② ❝♦♠♣✉t❡ t❤❡ ❡✛❡❝t✐✈❡ ❜✉❧❦ P✐♦❧❛ t❡♥s♦r✳ ❚♦ t❤❛t ❛✐♠✱ ✇❡ st❛rt ❜② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ r❡❧❡✈❛♥t t❡r♠ ❜② ✉s✐♥❣ ✭✷✽✮ ❛♥❞

✭✺✻✮ t❤✉s✱
∂β

∂F i
M,N

= −2gabρρ,a
(
F−1

)M

i

(
F−1

)N

b
,

−
∂

∂XA

(

∂W̌ cap

∂F i
M,A

)

= −
∂

∂XA

(

J
∂W̌ cap

∂β

∂β

∂F i
M,A

)

=
∂

∂XA

(

ρ02g
abρ,a

∂W̌ cap

∂β

(
F−1

)M

i

(
F−1

)A

b

)

=
∂

∂XA

(

ρ02g
abρ,a

∂W̌ cap

∂β

(
F−1

)M

i

)
(
F−1

)A

b
+ ρ02g

abρ,a
∂W̌ cap

∂β

(
F−1

)M

i

∂

∂XA

((
F−1

)A

b

)

=
∂

∂xb

(

ρ02g
abρ,a

∂W̌ cap

∂β

(
F−1

)M

i

)

+ ρ02g
abρ,a

∂W̌ cap

∂β

(
F−1

)M

i

(
F−1

)A

b,A
.

◆♦✇ ✇❡ ✉s❡ ✭✹✷✮✱ ✐✳❡✳
(
F−1

)A

i,A
=

ρ,A
ρ

(
F−1

)A

i
=

ρ,i
ρ

t♦ ❞❡r✐✈❡

−
∂

∂XA

(

∂W cap

∂F i
M,A

)

=
∂

∂xb

(

2
∂W̌ cap

∂β
ρ0g

abρ,a

)
(
F−1

)M

i
+ 2

∂W̌ cap

∂β
ρ0g

abρ,a
(
F−1

)M

i,b
+ 2β

∂W̌ cap

∂β
J
(
F−1

)M

i
. ✭✸✷✮

❯s✐♥❣ ✭✸✵✮ ❛♥❞ ✭✸✷✮ ✐♥ ✭✸✶✮ ✇❡ ♦❜t❛✐♥

P
M
i =

(

− (p (ρ) + P
cap) + ρ

∂

∂xb

(

2
∂W̌ cap

∂β
gabρ,a

))

J
(
F−1

)M

i
− 2

∂W̌ cap

∂β
gabρ,aρ,iJ

(
F−1

)M

b
,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞
∂W eul

∂F i
M

= −Jp (ρ)
(
F−1

)M

i
.

✹✳✽✳✺ ❈❛✉❝❤② str❡ss ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s

❆s ❢♦r t❤❡ ❡✛❡❝t✐✈❡ ❜✉❧❦ P✐♦❧❛ str❡ss✱ ✇❡ ❞❡✜♥❡ t❤❡ ❡✛❡❝t✐✈❡ ❜✉❧❦ ❈❛✉❝❤② str❡ss ❛s t❤❡ q✉❛♥t✐t② t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ ❊✉❧❡r✐❛♥ ❜❛❧❛♥❝❡

❡q✉❛t✐♦♥

−ρ




∂v

−→
(E)
i

∂t
+

∂v
−→
(E)
i

∂xa
(va)

−→
(E)



−
∂

∂xb

(
T
b
i

)
− ρ

(
∂ (Uexp/ρ0)

∂χi

)−→
(E)

= 0.

❚❤✐s ❡✛❡❝t✐✈❡ t❡♥s♦r ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s

T
j
i := Tj

i +
∂

∂xA

(

S
ja
i

)

,

✇❤❡r❡ Tj
i ✐s t❤❡ s❡❝♦♥❞✲♦r❞❡r ❝❛♣✐❧❧❛r② ❈❛✉❝❤② str❡ss✱ ❛♥❞ S

jk
i ✐s t❤❡ t❤✐r❞✲♦r❞❡r ❝❛♣✐❧❧❛r② ❍②♣❡r ❈❛✉❝❤② str❡ss✳ ❆s ♣r❡✈✐♦✉s❧② ❡①♣❧❛✐♥❡❞✱

t❤❡ s❡❝♦♥❞✲♦r❞❡r ❈❛✉❝❤② str❡ss ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s

✷✵



Tj
i := (Teul)ji + (Tcap)ji

❍❡♥❝❡✱ ❛♥♦t❤❡r ❡✛❡❝t✐✈❡ t❡♥s♦r ❝❛♥ ❜❡ ❞❡✜♥❡❞

(Tcap)
j
i := (Tcap)ji +

∂

∂xa

(

S
ja
i

)

,

r❡s✉❧t✐♥❣ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✉❧❦ ❈❛✉❝❤② str❡ss✿

T
j
i := (Teul)ji + (Tcap)

j
i .

▲❡t ✉s ♥♦✇ r❡t✉r♥ t♦ t❤❡ ❡①♣❧✐❝✐t ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ T
j
i ✳ ❇② r❡❝❛❧❧✐♥❣ ✭s❡❡ ❆♣♣❡♥❞✐① ❆✮ t❤❡ P✐♦❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❡♥s♦rs ❢r♦♠ t❤❡

▲❛❣r❛♥❣✐❛♥ t♦ t❤❡ ❊✉❧❡r✐❛♥ ❞❡s❝r✐♣t✐♦♥✱ ✐✳❡✳

T
j
i = J−1

(

P
A
i F

j
A

)−→(E)

,

t❤❡ ❜✉❧❦ ❈❛✉❝❤② str❡ss t❡♥s♦r ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s ✐s ♦❜t❛✐♥❡❞ ❛s

T
j
i =

(

− (p (ρ) + P
cap) + ρ

∂

∂xb

(

2
∂W̌ cap

∂β
gabρ,a

))

δji − 2
∂W̌ cap

∂β
gajρ,aρ,i.

■♥ t❤❡ ❝❛s❡ ♦❢ ❈❛❤♥✲❍✐❧❧✐❛r❞ ✢✉✐❞s ✇✐t❤ ❛ ❝♦♥st❛♥t λ ✇❡ ❤❛✈❡

2
∂W̌ cap

∂β
= λ, W̌ cap = −P

cap =
λ

2
gabρ,aρ,b,

s♦ t❤❛t

T
j
i =

(

−p (ρ) +
λ

2
gabρ,aρ,b + ρ

∂

∂xb

(
λgabρ,a

)
)

δji − λgajρ,aρ,i,

✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ r❡s✉❧t ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭s❡❡ ❙❡♣♣❡❝❤❡r ❬✶✹✸❪ ♦r ❈❛s❛❧ ❛♥❞ ●♦✉✐♥ ❬✷✻✱ ✷✼❪✮✳ ▲❡t ✉s ♥♦✇ ❞❡✈❡❧♦♣ t❤❡ ❊✉❧❡r✐❛♥

❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ❝❛♣✐❧❧❛r② ❈❛✉❝❤② t❡♥s♦r✿

∂

∂xc
(Tc

i ) =
∂

∂xc

((

−p (ρ) +
λ

2
gabρ,aρ,b + ρ

∂

∂xb

(
λgabρ,a

)
)

δci − λgacρ,aρ,i

)

= −
∂

∂xi
p (ρ) + λgabρ,aρ,bi +

∂

∂xi

(
ρλgabρ,ab

)
− λgacρ,acρ,i − λgacρ,aρ,ic

= −
∂

∂xi
p (ρ) + λρ

∂

∂xi

(
gabρ,ab

)
.

■♥ ❝♦♥❝❧✉s✐♦♥ t❤❡ ❊✉❧❡r✐❛♥ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ ❢♦r ❈❛❤♥✲❍✐❧❧✐❛r❞ ✢✉✐❞s ✐s✿

−ρ




∂v

−→
(E)
i

∂t
+

∂v
−→
(E)
i

∂xa
(va)

−→
(E)



−
∂

∂xi
p(ρ) + λρ

∂

∂xi

(
gabρ,ab

)
− ρ

(
∂ (Uexp/ρ0)

∂χi

)−→
(E)

= 0.

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❛✈❡ t♦ ❜❡ s✉♣♣❧✐❡❞✳

✹✳✽✳✻ ❇♦✉♥❞❛r② t❡r♠s

■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❝❛♣✐❧❧❛r② ✢✉✐❞s t❤❡ ❍②♣❡r P✐♦❧❛ t❡♥s♦r ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥✿

H
MN
i =

∂W cap

∂β

∂β

∂F i
M,N

= −λρ0ρ,ag
ab
(
F−1

)M

b

(
F−1

)N

i
.

■ts ❊✉❧❡r✐❛♥ ❡q✉✐✈❛❧❡♥t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❍②♣❡r ❈❛✉❝❤② t❡♥s♦r

S
jk
i = −J−1HAB

i F j
BF

k
A = −J−1ρ0g

abρ,aλ
(
F−1

)B

i

(
F−1

)A

b
F j
BF

k
A = −λρgakρ,aδ

j
i .

❉♦✉❜❧❡ ❢♦r❝❡ ❚❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ❝♦♥t❛❝t ❞♦✉❜❧❡ ❢♦r❝❡ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✜rst✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ s✉r❢❛❝❡ ❡①t❡r♥❛❧ ❞♦✉❜❧❡ ❢♦r❝❡✱ t❤❡ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s r❡❛❞

∂W cap

∂∇F
· (N ⊗N) = 0

✷✶



♦r✱ ✐♥ ❝♦♠♣♦♥❡♥ts

∂W cap

∂F i
A,B

NANB = −λρ0ρ,ag
ab
(
F−1

)A

b

(
F−1

)B

i
NANB = 0

❯s✐♥❣ t❤❡ P✐♦❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r ♥♦r♠❛❧s ✭✹✸✮✱ t❤❡ ❢♦r♠❡r ❡①♣r❡ss✐♦♥ ✐s r❡✇r✐tt❡♥

−λρ0ρ,ag
ab
(
F−1

)M

b

(
F−1

)N

i
J−1F c

MncJ
−1F e

Nne = 0,

❍❡♥❝❡✱ ❢♦r ❧✐♥❡ ❢♦r❝❡s ✭✷✸✮ ✇❡ ♦❜t❛✐♥

−J−1λρρ,ag
abnbνi = 0.

❋♦r❝❡ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❡①t❡r♥❛❧ ❢♦r❝❡✱ t❤❡ ♥❡✇ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s r❡❛❞

P
A
i NA +

∂

∂XE

(
PD
C

(
H

BC
i NB

))
PE
D = 0,

♦r✱ ✉s✐♥❣ t❤❡ P✐♦❧❛ tr❛♥s❢♦r♠❛t✐♦♥✱ ✐♥ ❊✉❧❡r✐❛♥ ❢♦r♠

T
a
i na +

∂

∂xe

(
P d
c

(
Sbci nb

))
P e
d = 0.

❚❤❡ ✜rst t❡r♠ ✇✐❧❧ ✜rst ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s t❡r♠ ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ❛s

T
a
i na =

[(

−p (ρ) +
λ

2
gbcρ,bρ,c + ρ

∂

∂xc

(
λgbcρ,b

)
)

δai − λgbaρ,bρ,i

]

na

=

(

−p (ρ) +
λ

2
gbcρ,bρ,c + ρ

∂

∂xc

(
λgbcρ,b

)
)

ni − λgabρ,bρ,ina

=

(

−p (ρ) +
λ

2
gbcρ,bρ,c + ρ

∂

∂xc

(
λgbcρ,b

)
)

ni − λnbρ,bρ,i

=

(

−p (ρ) +
λ

2
gbcρ,bρ,c + ρ

∂

∂xc

(
λgbcρ,b

)
− λniρ,in

bρ,b

)

ni.

■t r❡♠❛✐♥s ♥♦✇ t♦ ❝♦♥s✐❞❡r t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✐✳❡✳

∂

∂xd

(
P c
b

(
Sabi na

))
P d
c .

❚❤✐s ❝♦♠♣✉t❛t✐♦♥ ✐s ❛ ❜✐t ♠♦r❡ tr✐❝❦②✳ ■♥ ♦r❞❡r t♦ ❡❛s✐❧② ❞❡r✐✈❡ t❤❡ ❡①♣r❡ss✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t✐❡s ✇✐❧❧ ❜❡ ❡st❛❜❧✐s❤❡❞✿

Q · (v ⊗ n) = (v.n)Q ✭✸✸✮

P · (v ⊗ n) = (v.n)P

❚❤❡✐r ❞❡♠♦♥str❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✿

Qi
av

anj = ninav
anj = nav

aninj = Qi
jv

ana,

P i
av

anj = (δia −Qi
a)v

anj = (δijδ
j
av

anj) +Qi
jv

ana

= δijv
ana +Qi

jv
ana = (δij +Qi

j)v
ana

= P i
jv

ana

◆♦✇✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❤②♣❡rstr❡ss ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s✱ ✇❡ ♦❜t❛✐♥

Saji na = −λρρjni.

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❢❛❝t♦r −λρ ✇✐❧❧ ❞r♦♣♣❡❞ ❛♥❞ ♦♥❧② ❛❞❞❡❞ ❛t t❤❡ ❡♥❞✳ ❯s✐♥❣ t❤❡ ✐❞❡♥t✐t② ✭✸✸✮ ✇❡ ❤❛✈❡ t❤❡ ✜rst tr❛♥s❢♦r♠❛t✐♦♥ r❡❧❛t✐♦♥

P i
a (ρ

anj) = ρanaP
i
j .

✷✷



❚❤❡r❡❢♦r❡✱

∇
S
k

(
P i
a (ρ

anj)
)
= ∇

S
k

(
ρanaP

i
j

)
= ∇

S
k (ρana)P

i
j + ρana∇

S
k

(
P i
j

)
,

✇❤❡r❡ ∇S
k := P a

k
∂

∂xa
❞❡♥♦t❡s t❤❡ s✉r❢❛❝❡ ✭t❛♥❣❡♥t✐❛❧✮ ❣r❛❞✐❡♥t✳ ▲❡t ✉s ♥♦✇ ❝♦♠♣✉t❡ t❤❡ s✉r❢❛❝❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r P ✱

∇
S
k

(
P i
j

)
= ∇

S
k δ

i
j −∇

S
k (n

inj) = −(∇S
k (n

i)nj + ni
∇

S
k (nj))

= Li
knj + niLkj

✇❤❡r❡ Lij := −P a
i naj ✐s t❤❡ ❲❡✐♥❣❛rt❡♥ ❝✉r✈❛t✉r❡ t❡♥s♦r✳ ❚❤❡r❡❢♦r❡✱ ✐t ❢♦❧❧♦✇s t❤❛t

∇
S
k

(
P i
a (ρ

anj)
)
= ∇

S
k (ρana)P

i
j + ρana(L

i
knj + niLkj).

❚♦ ♦❜t❛✐♥ t❤❡ s✉r❢❛❝❡ ❞✐✈❡r❣❡♥❝❡ ✐t r❡♠❛✐♥s t♦ ♠✉❧t✐♣❧② t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t ❜② δik

∇
S
i

(
P i
a (ρ

anj)
)
= ∇

S
i (ρana)P

i
j + ρana(L

i
inj + niLij).

❚❤✐s ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞✱ ✉s✐♥❣

∇
S
i P

i
j = P a

i

∂

∂xa
P i
j = P a

i P
i
j

∂

∂xa
= ∇

S
j ,

niLij = niP a
i naj = 0,

❛♥❞

2H := Li
i,

✇❤❡r❡ H ✐s t❤❡ s✉r❢❛❝❡ ♠❡❛♥ ❝✉r✈❛t✉r❡✳ ❚❤❡r❡❢♦r❡✱ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❥♦✉r♥❡②✱

∇
S
i

(
P i
a (ρ

anj)
)
= ∇

S
j (ρana) + 2ρanaHnj .

❖♥❝❡ t❤❡ t✇♦ ♣❛rts ❛❞❞❡❞✱ ✇❡ ♦❜t❛✐♥

(

−p (ρ) +
λ

2
gabρ,aρ,b + ρ

∂

∂xb

(
λgabρ,a

)
− λniρ,in

aρ,a + 2ρanaH

)

ni +∇
S
i (ρana) = 0,

♦r

−p∗ni +∇
S
i (ρana) = 0,

✐♥ ✇❤✐❝❤

p∗ =

(

p (ρ)−
λ

2
gabρ,aρ,b − ρ

∂

∂xb

(
λgabρ,a

)
+ λniρ,in

aρ,a + 2ρanaH

)

.

❚❤✐s ✐s ❡①❛❝t❧② t❤❡ r❡s✉❧t ❢♦✉♥❞ ✐♥ ❬✶✹✸✱ ✶✹✹✱ ✷✻✱ ✷✼❪✳

✹✳✽✳✼ ❇❡r♥♦✉❧❧✐ ▲❛✇ ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s

❚❤❡ r❡s✉❧ts ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✐♠♣❧② t❤❛t ❢♦r ❝❛♣✐❧❧❛r② ✢✉✐❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❊✉❧❡r✐❛♥ ❇❛❧❛♥❝❡ ♦❢ ❢♦r❝❡ ❤♦❧❞s ✭s❡❡ ❛❧s♦ ❬✷✺✱ ✷✻❪✮

−ρ




∂v

−→
(E)
i

∂t
+

∂v
−→
(E)
i

∂xa
(va)

−→
(E)



−
∂

∂xi
(p(ρ)) +

∂

∂xb
(Tcap)

b
i − ρ

(
∂U/ρ0
∂χi

)−→
(E)

= 0,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s

(Tcap)
b
i =

(

−P
cap (ρ, β) + ρ

∂

∂xb

(

2
∂W̌ cap

∂β
gabρ,a

))

δji − 2
∂W̌ cap

∂β
gajρ,aρ,i,

−Pcap := W̌ cap − ρ∂W̌ cap

∂ρ ; p(ρ) := ρ2 ∂(Ψ/ρ0)
∂ρ

.

✷✸



■❢ t❤❡ ❧❛st r❡❧❛t✐♦♥s❤✐♣ ✐s ✐♥✈❡rt✐❜❧❡ ♦♥❡ ❝❛♥ ❡①♣r❡ss t❤❡ ❞❡♥s✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ρ̂ ♦❢ t❤❡ ♣r❡ss✉r❡ ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥

Q(p) = ∆
1

ρ̂(p)
dp,

✇❤✐❝❤ ❤❛s t❤❡ r❡♠❛r❦❛❜❧❡ ♣r♦♣❡rt②
∂Q(p)

∂xi
=

1

ρ̂(p)

∂p

∂xi
.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❝❡ ❞✐✈✐❞❡❞ ❜② ρ t❤❡ ❡q✉❛t✐♦♥s ❜❡❝♦♠❡

−
∂v

−→
(E)
i

∂t
−

∂v
−→
(E)
i

∂xa
(va)

−→
(E)

−
∂

∂xi
(Q(p)) +

1

ρ

∂

∂xb
(Tcap)

b
i −

(
∂U/ρ0
∂χi

)−→
(E)

= 0. ✭✸✹✮

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ∂
∂xa (T

cap)
a
i ❲❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠

∂

∂xa
(Tcap)

a
i =

∂

∂xa

((

−P
cap (ρ, β) + ρ

∂

∂xb

(

2
∂W̌ cap

∂β
gbcρ,c

))

δai − 2
∂W̌ cap

∂β
gdaρ,dρ,i

)

=
∂

∂xi

(

W̌ cap
− ρ

∂W̌ cap

∂ρ
+ ρ

∂

∂xb

(

2
∂W̌ cap

∂β
gbcρ,c

))

︸ ︷︷ ︸

A

−2
∂

∂xa

(
∂W̌ cap

∂β
gdaρ,dρ,i

)

.

︸ ︷︷ ︸

B

▲❡t ✉s ♣r♦❝❡ss ✜rst t❤❡ t❡r♠ ❧❛❜❡❧❡❞ A✿

A =
∂

∂xi
W̌ cap

−
∂

∂xi

(

ρ
∂W̌ cap

∂ρ

)

+
∂

∂xi

(

ρ
∂

∂xb

(

2
∂W̌ cap

∂β
gbcρ,c

))

=
∂W̌ cap

∂ρ

∂ρ

∂xi
+

∂W̌ cap

∂β

∂β

∂xi
− ρ,i

∂W̌ cap

∂ρ
− ρ

∂

∂xi

(
∂W̌ cap

∂ρ

)

+
∂

∂xi

(

ρ
∂

∂xb

(

2
∂W̌ cap

∂β
gbcρ,c

))

=
∂W̌ cap

∂β

∂β

∂xi
− ρ

∂

∂xi

(
∂W̌ cap

∂ρ

)

+ ρ,i
∂

∂xb

(

2
∂W̌ cap

∂β
gbcρ,c

)

+

(

ρ
∂

∂xi

∂

∂xb

(

2
∂W̌ cap

∂β
gbcρ,c

))

.

❚❤❡ t❡r♠ B ✐s ❡❛s② t♦ ❞❡t❡r♠✐♥❡✿

B = −2ρ,i
∂

∂xa

(
∂W̌ cap

∂β
gadρ,d

)

− 2
∂W̌ cap

∂β
gdaρ,dρ,ia

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡

∂

∂xa
(Tcap)

a
i = −ρ

∂

∂xi

(
∂W̌ cap

∂ρ

)

+

(

ρ
∂

∂xi

∂

∂xb

(

2
∂W̌ cap

∂β
gbcρ,c

))

+
∂W̌ cap

∂β

∂β

∂xi
− 2

∂W̌ cap

∂β
gdaρ,dρ,ia ,

❛♥❞ r❡❝❛❧❧✐♥❣ t❤❛t
∂β

∂xi
=

∂

∂xi

(
gabρ,aρ,b

)
= 2gabρ,aρ,bi,

t❤❡ ❞❡s✐r❡❞ r❡s✉❧t ✐s ✜♥❛❧❧② ♦❜t❛✐♥❡❞

∂

∂xa
(Tcap)

a
i = −ρ

∂

∂xi

(
∂W̌ cap

∂ρ

)

+ ρ
∂

∂xi

∂

∂xb

(

2
∂W̌ cap

∂β
gbcρ,c

)

= ρ
∂

∂xi

(
∂

∂xb

(

2
∂W̌ cap

∂β
gbcρ,c

)

−

(
∂W̌ cap

∂ρ

))

= ρ
∂

∂xi

(
P

eff
(
ρ; ρ,a; g

abρ,ab
))

.

✹✳✽✳✽ ❇❡r♥♦✉❧❧✐ ❝♦♥st❛♥t ♦❢ ♠♦t✐♦♥ ❛❧♦♥❣ ✢♦✇ ❝✉r✈❡s

❚♦ ❝♦♥❝❧✉❞❡ ♦✉r ❛r❣✉♠❡♥t ✇❡ ♥❡❡❞ ❛ ❧❛st t❡♥s♦r✐❛❧ ❡q✉❛❧✐t② ✭s❡❡ ❡✳❣✳ ▲❡❜❡❞❡✈ ❡t ❛❧✳ ❬✽✽❪✮

∂vi
∂xa

va =
∂va

∂xi
va +

(
∂vi
∂xa

va −
∂va

∂xi
va

)

=
∂

∂xi

(
1

2
vava

)

+W a
i va, ✭✸✺✮

✇❤❡r❡ t❤❡ t❡♥s♦r W j
i ❞❡✜♥❡❞ ❜②

W j
i :=

∂vi
∂xj

−
∂vj

∂xi

✷✹



❝❧❡❛r❧② s❛✐s✜❡s t❤❡ ❡q✉❛❧✐t②

W a
b vav

b =

(
∂vb
∂xa

vbva −
∂va

∂xb
vbva

)

=
1

2

(

∂
(
vbv

b
)

∂xa
va −

∂ (vava)

∂xb
vb

)

= 0.

▲❡t ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥s ✭✸✹✮

−
∂v

−→
(E)
i

∂t
−

∂v
−→
(E)
i

∂xa
(va)

−→
(E)

−
∂

∂xi
(Q(p)) +

1

ρ

∂

∂xb

(
S
b
i

)
−

(
∂U/ρ0
∂χi

)−→
(E)

= 0.

■❢ t❤❡ ❛♣♣❧✐❡❞ ❜✉❧❦ ❡①t❡r♥❛❧ ❢♦r❝❡s ❛r❡ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❝❛❧❛r ❊✉❧❡r✐❛♥ ❢✉♥❝t✐♦♥ V ❢♦r ✇❤✐❝❤

(
∂U/ρ0
∂χi

)−→
(E)

=
∂V

∂xi
,

❛♥❞ ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ ✭✸✺✮ ✭ t❤❡ ♥♦t❛t✐♦♥ (·)
−→
(E)

❤❛s ❜❡❡♥ ❞r♦♣♣❡❞✮✱ ✇❡ ♦❜t❛✐♥

−
∂vi
∂t

−
∂

∂xi

(
1

2
vcvc

)

+W d
i vd −

∂

∂xi
(Q(p)) +

∂

∂xi

(
∂

∂xb

(

2
∂W̌ cap

∂β
gabρ,a

)

−

(
∂W̌ cap

∂ρ

))

−
∂V

∂xi
= 0.

❇② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✇✐t❤ v ✇❡ ❣❡t

∂

∂t

(
1

2
v · v

)

+∇

(
1

2
v · v +Q(p(ρ))− P

eff
(
ρ; ρ,a; g

abρ,ab
)
+ V

)

· v = 0,

❛♥❞ ✐❢ t❤❡ ✜❡❧❞ v ❜❡ st❛t✐♦♥❛r②✱ ✐✳❡✳ ✐❢
∂v

∂t
= 0,

t❤❡ ❧❛st ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

∇

(
1

2
v · v +Q(p(ρ))− P

eff
(
ρ; ρ,a; g

abρ,ab
)
+ V

)

· v = 0

✐✳❡✳ ❛❧♦♥❣ ✭st❡❛❞②✮ ✢♦✇ ❝✉r✈❡s t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t K0 s✉❝❤ t❤❛t

1

2
v · v +Q(p(ρ))− P

eff
(
ρ; ρ,a; g

abρ,ab
)
+ V = K0.

✺ ❈♦♥❝❧✉s✐♦♥s✿ t♦✇❛r❞s ❝♦♥t✐♥✉✉♠ ❛♥❛❧②t✐❝❛❧ ♠❡❝❤❛♥✐❝s ❄

❚❤❡ r♦❧❡ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ ✭♦r ♦❢ ✐ts ✇❡❛❦❡r ✈❡rs✐♦♥ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦✮ ✐♥ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r

✐♥ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✱ ❤❛s ❜❡❡♥ ❝♦♥tr♦✈❡rs✐❛❧ s✐♥❝❡ ✐ts ✈❡r② ✜rst ❢♦r♠✉❧❛t✐♦♥s✳ ❚❤❡ ❛tt✐t✉❞❡ t♦✇❛r❞s t❤✐s ♣♦st✉❧❛t✐♦♥ ✐s ♦❢t❡♥ ♦♥❡ ♦❢

t♦t❛❧ r❡❥❡❝t✐♦♥✳ ■♥❞❡❡❞✱ ❜♦t❤ t❤❡ s✉♣♣♦rt❡rs ♦❢ ✈❛r✐❛t✐♦♥❛❧ ♣♦st✉❧❛t✐♦♥s ❛♥❞ t❤❡ s✉♣♣♦rt❡rs ♦❢ ❜❛❧❛♥❝❡ ♦❢ ❡✈❡r②t❤✐♥❣ ❜❡❤❛✈❡ ♦❢t❡♥ ❛s ✐❢ t❤❡

❝♦♥tr♦✈❡rs② ❞♦❡s ♥♦t ❡①✐st✳ ❚❤❡② s✐♠♣❧② ♣r❡t❡♥❞ t❤❛t t❤❡ ♦t❤❡r ♣♦st✉❧❛t✐♦♥ ♣r♦❝❡ss ✐s ♥♦t ✉s❡❞ ❛t ❛❧❧ ♦r ❛♥②♠♦r❡✳ ❖❢ ❝♦✉rs❡ t❤❡ s✉♣♣♦rt❡rs

♦❢ ❜❛❧❛♥❝❡ ♦❢ ❡✈❡r②t❤✐♥❣ ❛r❡ ❛✇❛r❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❛ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ ❛ ♥✉♠❡r✐❝❛❧ ❝♦❞❡ ❤❛s t♦ ❜❡ ❞❡s✐❣♥❡❞ ♦r ❛♥

❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss t❤❡♦r❡♠ ♥❡❡❞s t♦ ❜❡ ♣r♦✈❡❞✳ ❚❤❡② tr❡❛t t❤❡ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡ ❛s ❛ t❤❡♦r❡♠ t♦ ❜❡ ♣r♦✈❡❞ ✐♥ t❤❡✐r ♣♦st✉❧❛t✐♦♥

s❝❤❡♠❡✳ ❱❡r② str❛♥❣❡ ❛♥❞ s♦♠❡❤♦✇ ❝❧✉♠s② ❡①♣r❡ss✐♦♥s ❛r❡ ✉s❡❞ ❧✐❦❡✿ t❤❡♦r❡♠ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ✇❤✐❝❤ ✐s r❛t❤❡r ❛♥ ♦①②♠♦r♦♥✳

❚❤❡✐r ❛tt✐t✉❞❡ ✭s❡❡ t❤❡ s❡❝t✐♦♥ ♦♥ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s ✐♥ ❚r✉❡s❞❡❧❧ ❛♥❞ ❚♦✉♣✐♥ ❬✶✻✸❪✮ ✐s t❤❛t ❛ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❝❛♥♥♦t ❜❡ ❣❡♥❡r❛❧❧②

♦❜t❛✐♥❡❞✳ ■❢ t❤❡② ❡①✐st✱ t❤❡② ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ♠❛t❤❡♠❛t✐❝❛❧ ❝✉r✐♦s✐t✐❡s t❤❛t ♠❡r❡❧② ❢❛❝✐❧✐t❛t❡ t❤❡ ✇♦r❦ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝✐❛♥s✳ ❋♦r t❤❡♠

t❤❡ s❡❛r❝❤ ❢♦r ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s ✐s ❛ s❡❝♦♥❞❛r② t❛s❦ r❡❧❡❣❛t❡❞ t♦ t❤❡ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝✐❛♥s✳

❖♥ t❤❡ ❝♦♥tr❛r② t❤❡ s✉♣♣♦rt❡rs ♦❢ ✈❛r✐❛t✐♦♥❛❧ ♣♦st✉❧❛t✐♦♥s ❜❡❤❛✈❡ ❛s ✐❢ t❤❡✐r ♣♦✐♥t ♦❢ ✈✐❡✇ ✇❡r❡ t❤❡ ♦♥❧② ♦♥❡ ♣♦ss✐❜❧❡✿ t❤❡② ❞♦ ♥♦t ❡✈❡♥

❝❛r❡ t♦ ❛♥♥♦✉♥❝❡ t❤❛t t❤❡② ✉s❡ ✐t ❛s✱ ✐♥ t❤❡✐r ♦♣✐♥✐♦♥✱ ❡✈❡r②❜♦❞② ❤❛s t♦ ❞♦ s♦✳ ❚♦ t❤❡s❡ s✉♣♣♦rt❡rs ❛r❡ ❞✐r❡❝t❡❞ t❤❡ ✇♦r❞s ♦❢ P✐♦❧❛ ✇❤✐❝❤

✇❡ ❛❧r❡❛❞② ❝✐t❡❞✿

✏❙♦♠❡❜♦❞② ❝♦✉❧❞ ❤❡r❡ ♦❜❥❡❝t t❤❛t t❤✐s ❬✐✳❡✳ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦✉♥❞❛t✐♦♥s ♦❢ ❆♥❛❧②t✐❝❛❧ ▼❡❝❤❛♥✐❝s❪ ✐s ❛ ✈❡r② ♦❧❞ ❦♥♦✇❧❡❞❣❡✱ ✇❤✐❝❤ ❞♦❡s ♥♦t

❞❡s❡r✈❡ t♦ ❜❡ ♥❡✇❧② ♣r♦♠✉❧❣❛t❡❞ ❜② ♠❡✿ ❤♦✇❡✈❡r ❬✐t s❡❡♠s t❤❛t ♠② ❡✛♦rts ❛r❡ ♥❡❡❞❡❞❪ ❛s ♠② ❜❡❛✉t✐❢✉❧ t❤❡♦r✐❡s ❬❛❢t❡r ❜❡✐♥❣ ♣✉❜❧✐s❤❡❞❪ ❛r❡

t❤❡♥ ❝r✐t✐❝✐③❡❞✳✑

❆❝t✉❛❧❧② t❤❡ ❡❧✐t✐st ❛tt✐t✉❞❡ ♦❢ ♠❛♥② s✉♣♣♦rt❡rs ♦❢ ✈❛r✐❛t✐♦♥❛❧ ♣♦st✉❧❛t✐♦♥s ✐s t❤❡ tr✉❡ ❝❛✉s❡ ♦❢ t❤❡ ❢r❡q✉❡♥t r❡❞✐s❝♦✈❡r✐❡s ♦❢ t❤❡ s❛♠❡

✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s ✐♥ ❞✐✛❡r❡♥t t✐♠❡s ❛♥❞ t❤❡ ❧♦ss ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡✐r ✜rst ❤✐st♦r✐❝❛❧ ❛♣♣❡❛r❛♥❝❡✳ ❱❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s ❤❛✈❡ t♦

❜❡ r❡❣❛r❞❡❞ ❛s t❤❡ ♠♦st ♣♦✇❡r❢✉❧ ❤❡✉r✐st✐❝ t♦♦❧ ✐♥ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s✳ ❚❤❡ ✇✐s❡ ❛tt✐t✉❞❡ ♦❢ ❍❛♠✐❧t♦♥ ❛♥❞ ❘❛②❧❡✐❣❤ ❝♦♥s✐st❡❞ ✐♥ r❡❢r❛✐♥✐♥❣

❢r♦♠ t❤❡ ❡✛♦rt ♦❢ ❞❡s❝r✐❜✐♥❣ ❞✐ss✐♣❛t✐✈❡ ♣❤❡♥♦♠❡♥❛ ❞✐r❡❝t❧② ❛♥❞ ❡①♣❧✐❝✐t❧② ❜② ♠❡❛♥s ♦❢ t❤❡ ❧❡❛st ❛❝t✐♦♥ ♣r✐♥❝✐♣❧❡✱ ❜✉t ✐♥❝❧✉❞✐♥❣ t❤❡♠ ✐♥ t❤❡

✷✺



♣✐❝t✉r❡ ♦♥❧② ✐♥ ❛ s❡❝♦♥❞ st❡♣✱ ❜② ♠❡❛♥s ♦❢ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ s✉✐t❛❜❧❡ ❞✐ss✐♣❛t✐♦♥ ❢✉♥❝t✐♦♥❛❧✳ ❖❢ ❝♦✉rs❡ t❤✐s ❤❡✉r✐st✐❝ ❛tt✐t✉❞❡ ❞♦❡s ♥♦t

✐♠♣❧② t❤❛t ❛ ♣✉r❡❧② ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❣✐✈❡♥ ♠♦❞❡❧ ❝❛♥♥♦t ❜❡ ♦❜t❛✐♥❡❞✱ ❛t ✇♦rst ❜② ❡♠❜❡❞❞✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ s♣❛❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s

✐♥ ❛ ✇✐❞❡r ♦♥❡✳ ❲❤❡♥ t❤✐s ❢✉rt❤❡r st❡♣ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ t❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♠♣r♦✈❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ✇✐❧❧ ✐♥❝r❡❛s❡✳

■♥ t❤✐s ❝♦♥t❡①t ✇❡ ❢♦✉♥❞ ✐♥t❡r❡st✐♥❣ t❤❡ ✇♦r❦s ❈❛r❝❛t❡rr❛ ❛♥❞ ❙❡st✐❡r✐ ❬✶✽❪✱ ❈❛r❝❛t❡rr❛ ❡t ❛❧✳ ❬✶✾❪✱ ❈✉❧❧❛ ❡t ❛❧✳ ❬✸✹❪✱ ❈❛r❝❛t❡rr❛ ❬✷✵❪✱

❈❛r❝❛t❡rr❛ ❛♥❞ ❆❦❛✐ ❬✷✷❪✱ ✇❤✐❝❤ ✇❡r❡ ✐♥✐t✐❛❧❧② ♠♦t✐✈❛t❡❞ ❜② t❤❡ ♥❡❡❞ t♦ ❞❡✈❡❧♦♣ ✐♥♥♦✈❛t✐✈❡ t❡❝❤♥♦❧♦❣✐❝❛❧ s♦❧✉t✐♦♥s✳ ■♥ t❤❡s❡ ♣❛♣❡rs ✐t ✐s

♣r♦✈❡♥ t❤❛t ❛ ❝♦♥s❡r✈❛t✐✈❡ s②st❡♠ ❝❛♥ s❤♦✇✱ ✐❢ ♦♥❡ r❡str✐❝ts ❤✐s ❛tt❡♥t✐♦♥ t♦ ❛ s✉❜s❡t ♦❢ ✐ts ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ ❛♥ ❛♣♣❛r❡♥t ❞✐ss✐♣❛t✐✈❡

❜❡❤❛✈✐♦r✳ ❆❝t✉❛❧❧② ✐♥ s✉✐t❛❜❧② ❞❡s✐❣♥❡❞ ❝♦♥s❡r✈❛t✐✈❡ s②st❡♠s t❤❡ ❡♥❡r❣② ♠❛② ✢♦✇ ❢r♦♠ s♦♠❡ ♣r✐♠❛r② ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐♥t♦ ❛ ♣r❡❝✐s❡ s❡t

♦❢ ♦t❤❡r ✭s❡❝♦♥❞❛r② ♦r ❤✐❞❞❡♥✮ ♦♥❡s✱ ❛♥❞ r❡♠❛✐♥ t❤❡r❡ tr❛♣♣❡❞ ❢♦r ❛ ✈❡r② ❧♦♥❣ ✭❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥✿ ✐♥✜♥✐t❡✮ t✐♠❡✳

❚❤❡r❡❢♦r❡✱ ✐♥ s♦♠❡ ❝❛s❡s✱ ❛ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ♣r✐♠❛r② s②st❡♠✱ ✐♥❝❧✉❞✐♥❣ ❛♥ ❛❞✲❤♦❝ ❞✐ss✐♣❛t✐♦♥ ❢✉♥❝t✐♦♥❛❧✱ ✐s ❛ r❡❛❧✐st✐❝ ❛♥❞

❡✛❡❝t✐✈❡ ♠♦❞❡❧✐♥❣ s✐♠♣❧✐✜❝❛t✐♦♥✱ ❡✈❡♥ ✐❢ t❤❡ tr✉❡ ❛♥❞ ❝♦♠♣❧❡t❡ s②st❡♠ ✐s ❛❝t✉❛❧❧② ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ ❝♦♥s❡r✈❛t✐✈❡✳ ❚❤❡ ❣r❡❛t❡st ❛❞✈❛♥t❛❣❡

✐♥ ✈❛r✐❛t✐♦♥❛❧ ❜❛s❡❞ ♠♦❞❡❧s ✐s t❤❛t✱ ✐❢ t❤❡ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧ ✐s ✇❡❧❧✲❜❡❤❛✈❡❞✱ t❤❡② ❛❧✇❛②s ♣r♦❞✉❝❡ ✐♥tr✐♥s✐❝❛❧❧② ✇❡❧❧✲♣♦s❡❞ ♠❛t❤❡♠❛t✐❝❛❧

♣r♦❜❧❡♠s✳ ❙♦♠❡❜♦❞② ❝❧❛✐♠❡❞ t❤❛t t❤✐s ✐s ❛ ♣✉r❡❧② ♠❛t❤❡♠❛t✐❝❛❧ r❡q✉✐r❡♠❡♥t✿ ❛❝t✉❛❧❧② t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ■t ✐s ❛ ✧♣❤②s✐❝❛❧✧ ♣r❡s❝r✐♣t✐♦♥

t❤❛t ❛ ♠♦❞❡❧ ❝♦✉❧❞ ❣✐✈❡ ❛ ✧✉♥✐q✉❡✧ ♣r♦✈✐s✐♦♥ ♦❢ t❤❡ ♠♦❞❛❧✐t✐❡s ♦❢ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥♦♥✦

❚❤❡r❡ ✐s ❛❧s♦ ❛ ♣r❛❝t✐❝❛❧ ❛❞✈❛♥t❛❣❡ ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♠♦❞❡❧s ❛s t❤❡② ❛r❡ ❡❛s✐❧② tr❛♥s❢♦r♠❡❞ ✐♥t♦ ♥✉♠❡r✐❝❛❧ ❝♦❞❡s✳ ❖❢

❝♦✉rs❡ ❛❢t❡r ❤❛✈✐♥❣ ❝♦♥s✐❞❡r❡❞ ▲❛❣r❛♥❣✐❛♥ s②st❡♠s ✭t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✇❤✐❝❤ ❛r❡ ❣♦✈❡r♥❡❞ ❜② ❛ ❧❡❛st ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧✮ t❤❡ st✉❞② ♦❢ ♥♦♥✲

▲❛❣r❛♥❣✐❛♥ ♦♥❡s ✭❢♦r ✇❤✐❝❤ s✉❝❤ ❛ ❢✉♥❝t✐♦♥❛❧ ♠❛② ♥♦t ❡①✐st✮ ♠❛② ❛♣♣❡❛r ✈❡r② ❞✐✣❝✉❧t✳ ■t ✐s ♦❢t❡♥ st❛t❡❞ t❤❛t ❞✐ss✐♣❛t✐♦♥ ❝❛♥♥♦t ❜❡

❞❡s❝r✐❜❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❧❡❛st ❛❝t✐♦♥ ♣r✐♥❝✐♣❧❡✳ ❚❤✐s ✐s ♥♦t ❡①❛❝t❧② tr✉❡✱ ❛s ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞ s♦♠❡ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧s ❢♦r ❛ ❧❛r❣❡ ❝❧❛ss

♦❢ ❞✐ss✐♣❛t✐✈❡ s②st❡♠s ✭s❡❡ ❡✳❣✳ ▼❛✉❣✐♥ ❬✾✾❪✱❱✉❥❛♥♦✈✐❝ ❛♥❞ ❏♦♥❡s ❬✶✻✻❪ ♦r ▼♦✐s❡✐✇✐ts❝❤ ❬✶✶✸❪✮✳ ❍♦✇❡✈❡r ✐t ✐s tr✉❡ t❤❛t ♥♦t ❡✈❡r② ❝♦♥❝❡✐✈❡❞

s②st❡♠ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ ▲❛❣r❛♥❣✐❛♥ ♦♥❡✳ ❚❤✐s ♣♦✐♥t ✐s ♠❛t❤❡♠❛t✐❝❛❧❧② ❞❡❧✐❝❛t❡ ❛♥❞ ✇✐❧❧ ❜❡ ♦♥❧② ❡✈♦❦❡❞ ❤❡r❡ ✭s❡❡ ❡✳❣✳ ❙❛♥t✐❧❧✐ ❬✶✸✹❪ ❢♦r

♠♦r❡ ❞❡t❛✐❧s✮✳ ■♥ ❣❡♥❡r❛❧✱ ❛ ♥♦♥✲▲❛❣r❛❣✐❛♥ s②st❡♠ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ▲❛❣r❛♥❣✐❛♥ ✐♥ t✇♦ ❞✐✛❡r❡♥t ✇❛②s✿ ✐✮ ❜❡❝❛✉s❡ ✐t ✐s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥

♦❢ ❛ ▲❛❣r❛♥❣✐❛♥ s②st❡♠ ✭s❡❡ t❤❡ ❝❛s❡ ♦❢ ❈❛tt❛♥❡♦ ❡q✉❛t✐♦♥ ❢♦r ❤❡❛t ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❡✳❣✳ ❱✉❥❛♥♦✈✐❝ ❛♥❞ ❏♦♥❡s❬✶✻✻❪✮✱ ❛♥❞ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥

❧❡❛❞s t♦ ❝❛♥❝❡❧ t❤❡ ❧❛❝❦✐♥❣ ♣❛rt ♦❢ t❤❡ tr✉❡ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧❀ ✐✐✮ ❜❡❝❛✉s❡ t❤❡ ❝♦♥s✐❞❡r❡❞ s②st❡♠ ✐s s✐♠♣❧② ❛ s✉❜s②st❡♠ ♦❢ ❛ ❧❛r❣❡r ♦♥❡

✇❤✐❝❤ ✐s tr✉❧② ▲❛❣r❛♥❣✐❛♥✳ ✭s❡❡ ❡✳❣✳ ❈❛r❝❛t❡rr❛ ❛♥❞ ❙❡st✐❡r✐ ❬✶✽❪✱ ❈❛r❝❛t❡rr❛ ❡t ❛❧✳ ❬✶✾❪ ❈❛r❝❛t❡rr❛ ❬✷✵❪✱ ❈❛r❝❛t❡rr❛ ❛♥s ❆❦❛✐❬✷✷❪ ❬✷✷❪✮✳ ❚❤❡

❛ss✉♠♣t✐♦♥ t❤❛t ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s ❝❛♥ ❜❡ ✉s❡❞ ♦♥❧② ❢♦r ♥♦♥✲❞✐ss✐♣❛t✐✈❡ s②st❡♠s ✐s ❝♦♥tr❛❞✐❝t❡❞ ❜②✱ ❡✳❣✳✱ ❇♦✉r❞✐♥ ❡t ❛❧✳❬✶✶❪✱ ▼❛✉❣✐♥ ❛♥❞

❚r✐♠❛r❝♦ ❬✾✽❪ ♦r ❘✐♥❛❧❞✐ ❛♥❞ ▲❛✐ ❬✶✷✽❪ ✇❤❡r❡ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s ♠♦❞❡❧✐♥❣ ❞✐ss✐♣❛t✐✈❡ ♣❤❡♥♦♠❡♥❛ ♦❝❝✉rr✐♥❣ ✐♥ ❞❛♠❛❣❡ ❛♥❞ ❢r❛❝t✉r❡ ❛r❡

❢♦r♠✉❧❛t❡❞✳ ■♥ ♦✉r ♦♣✐♥✐♦♥ ♠♦❞❡❧s ❢♦r s✉r❢❛❝❡ ♣❤❡♥♦♠❡♥❛ ✐♥ ♣r❡s❡♥❝❡ ♦❢ t❤❡r♠♦❞②♥❛♠✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❛♥❞ ❞✐✛✉s✐♦♥ ♦r ♣❤❛s❡ tr❛♥s✐t✐♦♥s

✐♥ s♦❧✐❞s ❞❡✈❡❧♦♣❡❞ ❡✳❣✳ ✐♥ ▼❝❇r✐❞❡ ❡t ❛❧ ❬✶✵✸✱ ✶✵✹❪✱ ❙t❡❡❜ ❛♥❞ ❉✐❡❜❡❧s ❬✶✺✻❪ ❛♥❞ ❙t❡✐♥♠❛♥♥ ❡t ❛❧✳ ❬✶✺✽❪ ♦r ❢♦r ❣r♦✇t❤ ♣❤❡♥♦♠❡♥❛ ✐♥ ❧✐✈✐♥❣

t✐ss✉❡s s✉❝❤ ❛s t❤♦s❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✾✺❪ ✭✇✐t❤ s✉✐t❛❜❧❡ ♠♦❞✐✜❝❛t✐♦♥s✦✮ s❤♦✉❧❞ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ ❛ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✳

❖♥❡ s❤♦✉❧❞ ♥♦t ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❝♦♥s✐❞❡r❛t✐♦♥s ❛r❡ ❧✐♠✐t❡❞ t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♠❡❝❤❛♥✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ♦♥❧②✿ ❛❝t✉❛❧❧②

t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s ♣r♦✈❡❞ t♦ ❜❡ ❛ ♣♦✇❡r❢✉❧ t♦♦❧ ✐♥ ♠❛♥② ❞✐✛❡r❡♥t r❡s❡❛r❝❤ ✜❡❧❞s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐st ✭✇❤✐❝❤ ❝❛♥♥♦t

❜❡ ❡①❤❛✉st✐✈❡✮ ✇❡ s✐♠♣❧② ✇❛♥t t♦ ✐♥❞✐❝❛t❡ t❤❡ ❡♥♦r♠♦✉s ✈❛r✐❡t② ♦❢ ♣❤❡♥♦♠❡♥❛ ✇❤✐❝❤ ✇❡r❡ ❝♦♥s✐❞❡r❡❞✱ ✉♣ t♦ ♥♦✇✱ ❢r♦♠ t❤❡ ✈❛r✐❛t✐♦♥❛❧

♣♦✐♥t ♦❢ ✈✐❡✇✱ ❜② ❝✐t✐♥❣ ♦♥❧② t❤♦s❡ ❢❡✇ ✇♦r❦s ❛♠♦♥❣ t❤❡ ♠❛♥② ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ t❤❛t ❛r❡ ♠♦r❡ ❢❛♠✐❧✐❛r t♦ ✉s✿

• ❢♦r ❜✐♦❧♦❣✐❝❛❧ ❡✈♦❧✉t✐♦♥❛r② ♣❤❡♥♦♠❡♥❛ ✭s❡❡ ❡✳❣✳ ❊❞✇❛r❞s ❬✺✻❪✱ ❑❧✐♠❡❦ ❡t ❛❧✳ ❬✼✾❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮❀

• ❢♦r t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ st✉❞② ♦❢ ♠✉t❛t✐♦♥ ❛♥❞ s❡❧❡❝t✐♦♥ ♣❤❡♥♦♠❡♥❛ ✐♥ s♣❡❝✐❡s ❡✈♦❧✉t✐♦♥ ✭s❡❡ ❡✳❣✳ ❇❛❛❦❡ ❛♥❞ ●❡♦r❣✐✐ ❬✹❪✮❀

• ❢♦r s♦♠❡ ♣❤❡♥♦♠❡♥❛ ♦❢ s♦❧✐❞✴s♦❧✐❞ ♣❤❛s❡ tr❛♥s✐t✐♦♥s ✐♥ ♣❧❛t❡s ❛♥❞ s❤❡❧❧s ✭s❡❡ ❡✳✳❣✳ t♦ ❊r❡♠❡②❡✈ P✐❡tr❛s③❦✐❡✇✐❝③ ❡t ❛❧✳ ❬✶✷✻❪✱ ❊r❡♠❡❡✈

❡t ❛❧✳ ❬✺✽❪✱ ❊r❡♠❡②❡✈ ❛♥❞ P✐❡tr❛s③❦✐❡✇✐❝③ ❬✺✾❪ ✮❀

• ❢♦r ♠❡❝❤❛♥✐❝❛❧ ✈✐❜r❛t✐♦♥ ❝♦♥tr♦❧ ✭s❡❡ ❡✳❣✳ ❈❛r❝❛t❡rr❛ ❛♥❞ ❆❦❛✐ ❬✷✷❪✮❀

• ❢♦r ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♣❤❡♥♦♠❡♥❛ ✭s❡❡ ❡✳❣✳ ❉❛❤❡r ❛♥❞ ▼❛✉❣✐♥ ❬✸✼❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮❀

• ❢♦r ✈✐❜r❛t✐♦♥ ❝♦♥tr♦❧ ✉s✐♥❣ ❞✐str✐❜✉t❡❞ ❛rr❛②s ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ✭s❡❡ ❡✳❣✳ ❞❡❧❧✬■s♦❧❛ ❱✐❞♦❧✐ ❬✹✽✱ ✹✾❪✮❀

• ❢♦r ✐♥t❡r❢❛❝✐❛❧ ♣❤❡♥♦♠❡♥❛ ✭s❡❡ ❡✳❣✳ ❊r❡♠❡②❡✈ ❛♥❞ P✐❡tr❛s③❦✐❡✇✐❝③ ❬✺✾❪✱ ❬✸✺❪ ❙t❡✐❣♠❛♥♥ ❛♥❞ ❖❣❞❡♥ ❬✶✺✸❪✱ ❉❛❤❡r ❛♥❞ ▼❛✉❣✐♥ ❬✸✽❪ ❛♥❞

r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮❀

• ❢♦r t❤❡ t❤❡♦r② ♦❢ ♠❡♠❜r❛♥❡s ❛♥❞ r♦❞s ✭s❡❡ ❡✳❣✳ ❙t❡✐❣♠❛♥♥ ❛♥❞ ❋❛✉❧❦♥❡r ❬✶✺✺❪✮❀

• ❢♦r ♠❡❝❤❛♥✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✐♥✈♦❧✈✐♥❣ ❞✐✛❡r❡♥t ❧❡♥❣t❤ s❝❛❧❡s ✭s❡❡ ❡✳❣✳ ❙t❡✐❣♠❛♥♥ ❬✶✺✹❪✱ ❞❡❧❧✬■s♦❧❛ ❡t ❛❧✳ ❬✺✶❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮❀

• ❢♦r ♣❤❛s❡ tr❛♥s✐t✐♦♥ ♣❤❡♥♦♠❡♥❛ ✐♥ ✢✉✐❞s ✭s❡❡ ❙❡♣♣❡❝❤❡r ❬✻✼✱ ✶✹✶✱ ✶✹✷✱ ✶✹✸✱ ✶✹✹❪ ♦r ❈❛s❛❧ ❛♥❞ ●♦✉✐♥ ❬✷✻✱ ✷✼❪✮❀

• ❢♦r ❞❛♠❛❣❡ ❛♥❞ ❢r❛❝t✉r❡ ♣❤❡♥♦♠❡♥❛ ✭s❡❡ ❡✳❣✳ ❋r❛♥❝❢♦rt ❛♥❞ ▼❛r✐❣♦ ❬✻✻❪✱ ❨❛♥❣ ❛♥❞ ▼✐sr❛ ❬✶✶✵✱ ✶✶✶❪✱ ❈♦♥tr❛❢❛tt♦ ❛♥❞ ❈✉♦♠♦

❬✸✶✱ ✸✷✱ ✸✸❪✱ ❬✸✻❪✱ ❘✐♥❛❧❞✐ ❛♥❞ ▲❛✐ ❬✶✷✽❪ ❛♥❞ ❉❡❧ P✐❡r♦ ❬✺✺❪✮ ❀
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❋✐❣✉r❡ ✶✿ ❉✐❛❣r❛♠ ♦❢ ❋✐❣✉r❡ ✶✳

• ❢♦r s♦♠❡ ♣❤❡♥♦♠❡♥❛ r❡❧❛t❡❞ t♦ ✢✉✐❞ ✢♦✇ ✐♥ ❞❡❢♦r♠❛❜❧❡ ♣♦r♦✉s ♠❡❞✐❛ ✭s❡❡ ❡✳❣✳ t♦ ❞❡❧❧✬■s♦❧❛ ❡t ❛❧✳ ❬✺✵❪✱ ❞❡❧❧✬■s♦❧❛ ❡t ❛❧✳ ❬✺✶❪✱ ❙❝✐❛rr❛

❡t ❛❧✳ ❬✶✸✻✱ ✶✸✼✱ ✶✸✽❪✱ ◗✉✐❧✐❣♦tt✐ ❡t ❛❧✳ ❬✶✷✼❪✮❀

• ❢♦r s♦♠❡ ♣✐❡③♦❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ ♦r ♠❛❣♥❡t♦❡❧❛st✐❝ ❝♦✉♣❧✐♥❣ ♣❤❡♥♦♠❡♥❛ ✭s❡❡ ❡✳❣✳ t♦ ❇❛r❤❛♠ ❡t ❛❧✳ ❬✻❪✱ ▼❛✉r✐♥✐ ❡t ❛❧✳ ❬✶✵✶❪✱ ▼❛✉❣✐♥

❛♥❞ ❆tt♦✉ ❬✾✼❪✱ ▼❛✉r✐♥✐✱ ❡t ❛❧✳ ❬✶✵✷❪✱ ❞❡❧❧✬■s♦❧❛ ❛♥❞ ❱✐❞♦❧✐ ❬✹✽✱ ✹✾❪✮✳

✻ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❋✳❞✳■✳ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❤✐s st✉❞❡♥ts ♦❢ t❤❡ ❝♦✉rs❡ ✏▼❡❝❝❛♥✐❝❛ ❆♥❛❧✐t✐❝❛ ♣❡r ❋✐s✐❝✐✑ ✇❤✐❝❤ ❤❡ t❛✉❣❤t ✐♥ t❤❡ ❆❝❛❞❡♠✐❝ ❨❡❛r ✷✵✶✵✴✷✵✶✶ ❛t t❤❡

❯♥✐✈❡rs✐tï➽÷ ❞✐ ◆❛♣♦❧✐ ✏❋❡❞❡r✐❝♦ ■■✑ ✭❤✐s ❆❧♠❛ ▼❛t❡r✮ ❛♥❞ t❤❡ st✉❞❡♥ts ♦❢ t❤❡ ❉♦❝t♦r❛❧ ❙❝❤♦♦❧ ✐♥ ❚❤❡♦r❡t✐❝❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ♦❢ t❤❡

❯♥✐✈❡rs✐tï➽÷ ❞✐ ❘♦♠❛ ✏▲❛ ❙❛♣✐❡♥③❛✑✳ ❚❤❡✐r ❞❡♠❛♥❞✐♥❣ ❛tt✐t✉❞❡ t♦✇❛r❞s t❤❡ Pr♦❢❡ss♦r ♦❜❧✐❣❡❞ ❤✐♠ ✲❛❢t❡r ❤❛✈✐♥❣ s❡❛r❝❤❡❞ ✉♥s✉❝❝❡ss❢✉❧❧② ✐♥

t❤❡ ❧✐t❡r❛t✉r❡✲ t♦ ✇r✐t❡ ❛ ♣❛♣❡r ✇❤❡r❡ ❤❡ ❤❛❞ t♦ ♣r♦✈❡ t❤❛t t❤❡ ▲❛❣r❛❣✐❛♥ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ ❝❛♥ ❜❡ t❤❡ ❜❛s✐s ♦❢ t❤❡ st✉❞② ♦❢ ❝❛♣✐❧❧❛r②

✢✉✐❞s ❛❧s♦✳ ❚❤❡ ✐❞❡❛s ❡①♣r❡ss❡❞ ❜② P✐❡rr❡ ❙❡♣♣❡❝❤❡r ❞✉r✐♥❣ ②❡❛rs ♦❢ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛❧s♦ ❣r❡❛t❧② ✐♥✢✉❡♥❝❡❞ t❤✐s ♣❛♣❡r✱ ❡✈❡♥ ✐❢ ✐t ✐s ♥♦t s✉r❡

t❤❛t ❤❡ ✇✐❧❧ ❛♣♣r♦✈❡ ❛❧❧ ♣r❡s❡♥t❡❞ ❝♦♥❝❧✉s✐♦♥s✳ ❆❧s♦ t❤❡ ❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s ✇✐t❤ Pr♦❢✳ ❈❛r❧♦ ▼❛ss✐♠♦ ❈❛s❝✐♦❧❛ ✇❡r❡ ✈❡r② ❤❡❧♣❢✉❧✳

❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❈❡♥t❡r ▼✫▼♦❈❙✳ ❱✳❆✳❊✳ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❘❋❇❘ ❬❣r❛♥t ♥✉♠❜❡r ✶✷✲✵✶✲

✵✵✵✸✽❪✳ ❆✳▼✳ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ♣r♦❥❡❝t ❇◗❘ ✷✵✶✸ ✏▼❛tï➽÷r✐❛✉① ▼ï➽÷s♦ ❡t ▼✐❝r♦✲❍ï➽÷tï➽÷r♦❣ï➽÷♥❡s✿ ❖♣t✐♠✐s❛t✐♦♥ ♣❛r ▼♦❞ï➽÷❧❡s

❞❡ ❙❡❝♦♥❞ ●r❛❞✐❡♥t ❡t ❆♣♣❧✐❝❛t✐♦♥s ❡♥ ■♥❣ï➽÷♥✐❡r✐❡✑ ❬❇◗❘ ✷✵✶✸✲✵✵✺✹❪✳

✼ ❆♣♣❡♥❞✐① ❆✳ P✐♦❧❛ tr❛♥s❢♦r♠❛t✐♦♥s ❛♥❞ t❤❡ ❢♦r♠✉❧❛ ♦❢ ♠❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡

✼✳✶ ●❡♦♠❡tr✐❝ ❢r❛♠❡✇♦r❦

▲❡t χ ❜❡ ❛ C2✲❞✐✛❡♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❞♦♠❛✐♥s Dα ❛♥❞ Dβ . ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s ✇✐❧❧ ❜❡ ❛❞♦♣t❡❞

F := ∇χ, J := detF, F−T :=
(
F−1

)T

❚❤❡s❡ ✜❡❧❞s ❛r❡ ❛❧❧ ❞❡✜♥❡❞ ✐♥ Dα✳ ❈♦♥✈❡rs❡❧②✱ t❤❡ ✜❡❧❞s

F−1, J−1 := detF−1, FT

❛r❡ ♦❜✈✐♦✉s❧② ❞❡✜♥❡❞ ♦♥ Dβ ✳ ❚❤❡s❡ r❡❧❛t✐♦♥s ❛r❡ s✉♠♠❡❞ ✉♣ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ♦❢ ❋✐❣✉r❡ ✶ ✐♥ ✇❤✐❝❤ TpD ❛♥❞ T ⋆
pD ❞❡♥♦t❡✱

r❡s♣❡❝t✐✈❡❧②✱ t❤❡ t❛♥❣❡♥t ❛♥❞ ❝♦t❛♥❣❡♥t ♣❧❛♥❡ t♦ D ❛t p✳ ❋♦r ❡✈❡r② t❡♥s♦r ✜❡❧❞ Tα ❞❡✜♥❡❞ ✐♥ Dα✱ ❛♥❞ ❢♦r ❡✈❡r② t❡♥s♦r ✜❡❧❞ Tβ ❞❡✜♥❡❞ ✐♥

Dβ ✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥s

T
−→
(β)
α := Tα ◦ χ−1, T

−→
(α)
β := Tβ ◦ χ.

❲❡ ✇✐❧❧ s❛② t❤❛t T
−→
(β)
α ✐s t❤❡ ✜❡❧❞ Tα ❞✐s♣❧❛❝❡❞ ✐♥ Dβ ❛♥❞ ❝♦♥✈❡rs❡❧②✳ ❚❤❡s❡ r❡❧❛t✐♦♥s ❛r❡ ❡①❡♠♣❧✐✜❡❞ ✐♥ t❤❡ ❞✐❛❣r❛♠ ♦❢ ❋✐❣✉r❡ ✷ ✐♥ t❤❡

s♣❡❝✐✜❝ ❝❛s❡ ♦❢ t✇♦ ✈❡❝t♦rs ✜❡❧❞s✳

✷✼



TXDα

F
!! TxDβ

FT

""

Dα

χ
!!

Tα

##

T
−→

(α)
β

%%⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦

Dβ

Tβ

##

χ−1

""

T
−→

(β)
α

&&❆❆❆❆❆❆❆❆❆❆❆❆❆❆❆❆❆❆❆❆❆❆

❋✐❣✉r❡ ✷✿ ❉✐❛❣r❛♠ ♦❢ ❋✐❣✉r❡ ✷✳

T ⋆
XDα

!!③③
③③
③③
③③
③③
③③

T ⋆
xDβ

FT

""

##❈
❈❈

❈❈
❈❈

❈❈
❈❈

❈

R R

TXDα
F $$

gα

%%

&&❉❉❉❉❉❉❉❉❉❉❉❉

TxDβ

gβ

%%

''④④④④④④④④④④④④

❋✐❣✉r❡ ✸✿ ❉✐❛❣r❛♠ ♦❢ ❋✐❣✉r❡ ✸✳

✼✳✷ ❚r❛♥s♣♦s✐t✐♦♥ ♦❢ ❧✐♥❡❛r ♠❛♣♣✐♥❣s

❚❤❡ tr❛♥s♣♦s❡❞ FT ♦❢ t❤❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣ F ❢r♦♠ t❤❡ ✈❡❝t♦r s♣❛❝❡ TXDα t♦ t❤❡ ✈❡❝t♦r s♣❛❝❡ TxDβ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ✉♥✐q✉❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣

❢r♦♠ T ⋆
xDβ t♦ T ⋆

XDα s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ❝♦✉♣❧❡ (V, l) ∈ TXDα × T ⋆
xDβ

〈l, FV 〉(T⋆
xDβ ,TxDβ)

=
〈
FT l, V

〉

(T⋆
X
Dα,TXDα)

✇❤❡r❡ t❤❡ ❜r❛❝❦❡t ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t✳ ■❢ ❜♦t❤ Dα ❛♥❞ Dβ ❛r❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ t❤❡✐r t❛♥❣❡♥t s♣❛❝❡ ❛t ❡❛❝❤

♣♦✐♥t✶✵✱ t❤❡♥ t❛♥❣❡♥t ❛♥❞ ❝♦t❛♥❣❡♥t s♣❛❝❡ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② gα ❛♥❞ gβ t❤❡ ✜❡❧❞s ♦❢ ♠❡tr✐❝ ❞❡✜♥❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ♦♥ Dα

❛♥❞ Dβ ✳ ❚❤r♦✉❣❤ gβ ❛ ✈❡❝t♦r w ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ t♦ ❛♥② ❝♦✈❡❝t♦r l✱ ♠♦r❡ ♣r❡❝✐s❡❧②✿

∀lǫT ⋆
xDβ , ∃w ǫTxDβ , l = gβw

❚❤❡r❡❢♦r❡ t❤❡ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ ❞✉❛❧✐t② ❜r❛❝❦❡t ❝❛♥ ❜❡ r❡✇r✐tt❡♥

〈gβw,FV 〉(T⋆
xDβ ,TxDβ)

=
〈
FT gβw, V

〉

(T⋆
X
Dα,TXDα)

❚❤✐s ❝♦♥str✉❝t✐♦♥ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❜② t❤❡ ❞✐❛❣r❛♠ ♦❢ ❋✐❣✉r❡ ✸✳

❖♥❝❡ ❜❛s❡s ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ TXDα ❛♥❞ TxDβ ✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t ✈❡❝t♦rs✱ t❡♥s♦rs ❛♥❞ ✐♥♥❡r ♣r♦❞✉❝ts ✐♥ t❡r♠s ♦❢ t❤❡✐r ❝♦♠♣♦♥❡♥ts✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ✐s ✇r✐tt❡♥ ✐♥ t❤❡ ❞♦♠❛✐♥ Dβ ✱ ❤❡♥❝❡ q✉❛♥t✐t✐❡s ❞❡✜♥❡❞ ♦♥ Dα ❤❛✈❡ t♦ ❜❡ tr❛♥s♣♦rt❡❞✿

gabw
b(F a

AV
A)

−→
(β) = V A

(
FT
)a

A
gabw

b(V A)
−→
(β) ∀V A, ∀wb,

✇❤✐❝❤ ✐♠♣❧✐❡s

gab

(

(F a
A)

−→
(β) −

(
FT
)a

A

)

V Awb = 0 ∀V A, ∀wb.

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡

(F i
M )

−→
(β) =

(
FT
)i

M
, ✭✸✻✮

❛♥❞✱ ❝♦♥✈❡rs❡❧②✱

(F−1)Mi
−→
(α) =

(
F−T

)M

i
. ✭✸✼✮

✶✵■♥ ♦t❤❡rs t❡r♠s✱ ✐❢ ❜♦t❤ Dα ❛♥❞ Dβ ❛r❡ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s✳

✷✽



❚❤❡s❡ r❡❧❛t✐♦♥s ✇✐❧❧ ❜❡ ✐♠♣♦rt❛♥t ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ t♦ ♣r♦♣❡r❧② ❞❡✜♥❡ t❤❡ P✐♦❧❛ tr❛♥s❢♦r♠❛t✐♦♥✳

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥♥❡r ♣r♦❞✉❝t ✭✇✐t❤ ❛ s❧✐❣❤t ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✮

〈FV, FW 〉TxDβ
,

✇❤❡r❡ F ✐s t❤❡ s❛♠❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣ ❛s ❜❡❢♦r❡✳ ❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ tr❛♥s♣♦s❡❞ ♠❛♣♣✐♥❣ ♦♥❡ ❣❡ts

〈FV, FW 〉TxDβ
=
〈
FTFV,W

〉

TXDα
,

✇❤✐❝❤ ✐♥ t❡r♠s ♦❢ ❝♦♠♣♦♥❡♥ts ❜❡❝♦♠❡s

(gab)
−→
(α)F a

AV
AF b

BW
B = gCB(F

TF )CBV
AWB ,

t❤❡r❡❢♦r❡

(FTF )MN = (gab)
−→
(α)F a

MF b
N = (FMa)

−→
(α)F a

N ,

♦r ♠♦r❡ s✐♠♣❧②✱ ❞r♦♣♣✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ❞♦♠❛✐♥✿

(FTF )MN = FMaF
a
N ; (FTF )MN = FM

a F aN .

✼✳✸ P✐♦❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r ✈✐rt✉❛❧ ✇♦r❦ ❛♥❞ str❡ss t❡♥s♦rs

❲❡ ❝❛❧❧ ✈✐rt✉❛❧ ❞✐s♣❧❛❝❡♠❡♥t st❡♠♠✐♥❣ ❢r♦♠ χ ❛ ✈❡❝t♦r ✜❡❧❞ δχ ❞❡✜♥❡❞ ✐♥ Dα ❛♥❞ s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② X ✐♥ Dα✱ t❤❡ ✈❡❝t♦r δχ(X) ❜❡❧♦♥❣s

t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛t t❤❡ ♣♦✐♥t χ(X). ❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② D t❤❡ s♣❛❝❡ ♦❢ s✉❝❤ ✈✐rt✉❛❧ ❞✐s♣❧❛❝❡♠❡♥ts✿

D = {δχ : Dα → TDβ , X 7→ δχ(X)}.

❆ ✈✐rt✉❛❧ ✇♦r❦ ❢✉♥❝t✐♦♥❛❧ ♠✉st ♦❜✈✐♦✉s❧② ❜❡ ✐❞❡♥t✐✜❡❞ ❛s ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧ ❞❡✜♥❡❞ ♦♥ D ✭❢♦r ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤✐s

♣♦✐♥t s❡❡ ❞❡❧❧✬■s♦❧❛ ❡t ❛❧✳ ❬✺✹❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✱ ✐✳❡ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ D⋆ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ D

D⋆ = {W : D → R, δχ 7→ W}.

❇❡❝❛✉s❡ ♦❢ ❛ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ❞✉❡ t♦ ❙❝❤✇❛rt③ ❬✶✸✺❪ ✇❡ ❝❛♥ st❛t❡ t❤❛t ❢♦r ❛♥② ✈✐rt✉❛❧ ✇♦r❦ ❢✉♥❝t✐♦♥❛❧ W ❞❡✜♥❡❞ ✐♥ Dα t❤❡r❡ ❡①✐st

N r❡❣✉❧❛r ✜❡❧❞s P
γ
✭✇❤❡r❡ γ = 1, ...N✮ s✉❝❤ t❤❛t

W (δχ) =

N∑

γ=1

∆
Dα

P
γ
∇α
γ

(δχ) dVα,

✇❤❡r❡

∇α
γ

= Dα → ⊗γT ⋆Dα ⊗ TDβ ; P
γ
= Dα → ⊗γTDα ⊗ T ⋆Dβ .

▼♦❞✐❢②✐♥❣ s❧✐❣❤t❧② t❤❡ ♥♦♠❡♥❝❧❛t✉r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❚r✉❡s❞❡❧❧ ❛♥❞ ❚♦✉♣✐♥ ❬✶✻✸❪ ✇❡ ❝❛♥ ❝❛❧❧ P
γ
t❤❡ γ − th ♦r❞❡r P✐♦❧❛ str❡ss t❡♥s♦r✳ ◆♦✇✱

❢♦❧❧♦✇✐♥❣ P✐♦❧❛ ❬✶✷✶❪✱ ✇❡ ❝❛♥ tr❛♥s♣♦rt t❤❡ ✜❡❧❞ δχ ♦♥ Dβ ❛♥❞ ❞❡✜♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❈❛✉❝❤② str❡ss t❡♥s♦rs T
γ
❜② ♠❡❛♥s ♦❢ t❤❡ ❡q✉❛❧✐t②

∆
Dα

P
γ
∇α
γ

(δχ) dVα := ∆
Dβ

T
γ
∇β
γ

(

δχ
−→
(β)
)

dVβ ∀δχ ∈ D,

✐♥ ✇❤✐❝❤

∇β
γ

= Dβ → ⊗γT ⋆Dβ ⊗ TDβ ; T
γ
= Dα → ⊗γTDβ ⊗ T ⋆Dβ .

❚♦ ♣r♦✈❡ t❤❛t s✉❝❤ ❛ t❡♥s♦r ❡①✐sts✱ ❛♥❞ t♦ ❣❡t ✐ts r❡♣r❡s❡♥t❛t✐♦♥✱ ❧❡t ✉s ✇r✐t❡ ❝♦♠♣♦♥❡♥t✲✇✐s❡ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✿

∆
Dα

P
A1...Aγ

i (δχ)
i
,A1...Aγ

dVα = ∆
Dβ

T
j1....jγ
i

(

δχ
−→
(β)
)i

,j1....jγ
dVβ ∀δχ ∈ D.

❚❤❡♥ ✉s✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡ t❤❡ ❞❡r✐✈❛t✐✈❡s✿

(

δχ
−→
(β)
)i

,j1....jγ
=
(

(δχ)
i
,A1...Aγ

)−→(β) (
F−1

)A1

j1
...
(
F−1

)Aγ

jγ
,

✷✾



❛♥❞ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✐♥ t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧✱ ✇❡ ♦❜t❛✐♥

∆
Dα

P
A1...Aγ

i (δχ)
i
,A1...Aγ

dVα = ∆
Dα

J
(

T
j1....jγ
i

(
F−1

)A1

j1
...
(
F−1

)Aγ

jγ

)−→(α)

(δχ)
i
,A1...Aγ

dVα ∀δχ ∈ D,

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ P✐♦❧❛ ❢♦r♠✉❧❛ ❢♦r tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ str❡ss t❡♥s♦rs

P
A1...Aγ

i = J
(

T
j1....jγ
i

(
F−1

)A1

j1
...
(
F−1

)Aγ

jγ

)−→(α)

;

♦r✱ ✉s✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✭✸✼✮ ✿

P
γ
= J

(

T
γ

)−→
(α)

F−T . . . F−T

︸ ︷︷ ︸

γ

.

❲✐t❤ s✐♠♣❧❡ ❛❧❣❡❜r❛ ✇❡ ❛❧s♦ ❣❡t

J−1
(

P
A1...Aγ

i F i1
A1

....F
iγ
Aγ

)−→(β)

= T
i1....iγ
γi

♦r✱ ✉s✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✭✸✻✮ ✿

T
γ
= J−1

(

P
γ

)−→
(β)

FT . . . FT

︸ ︷︷ ︸

γ

.

✼✳✹ P✐♦❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r ❞✐✈❡r❣❡♥❝❡

❋♦r ❛♥② t❡♥s♦r ✜❡❧❞ Tα t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s ✭❢♦r ❛ ♣r♦♦❢ s❡❡ ❡✳❣✳ ❞❡❧❧✬■s♦❧❛ ❡t ❛❧✳ ❬✺✸❪ ♦r ❍✉❣❤❡s ❛♥❞ ▼❛rs❞❡♥ ❬✾✻❪✮✳

∇α · Tα = J
(

∇β ·
(

J−1T
−→
(β)
α FT

))
−→
(α)

✭✸✽✮

✇❤✐❝❤ ♦❜✈✐♦✉s❧② ✐♠♣❧✐❡s✱ ✈✐❝❡ ✈❡rs❛✱

(∇α · Tα)
−→
(β)

= J
−→
(β) ∇β ·

(

J−1T
−→
(β)
α FT

)

.

■♥ ❝♦♠♣♦♥❡♥ts t❤✐s r❡❧❛t✐♦♥ r❡❛❞s ✭✇❤❡r❡ XL ❛♥❞ xj ❞❡♥♦t❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♣♦s✐t✐♦♥ ✈❡❝t♦r ✐♥ Dα ❛♥❞ Dβ r❡s♣❡❝t✐✈❡❧②✮

(
∂TA

α

∂XA

)
−→
(β)

= J
−→
(β) ∂

∂xa

(

J−1
(
TA
α F a

A

)
−→
(β)
)

. ✭✸✾✮

❙✐♠✐❧❛r❧② ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s❤✐♣✱ ✐♥ s♦♠❡ s❡♥s❡ ✐♥✈❡rs❡ ♦❢ t❤❡ r❡❧❛t✐♦♥ ✭✸✽✮✿

∇β · Tβ = J−1

(

∇α ·

(

JT
−→
(α)
β F−T

))−→
(β)

. ✭✹✵✮

✼✳✺ ❚❤❡ P✐♦❧❛✲❘✐❝❝✐✲❇✐❛♥❝❤✐ ❝♦♥❞✐t✐♦♥

❚❤❡ ❡q✉❛t✐♦♥ ✭✹✵✮ ✇❛s ✜rst ❢♦✉♥❞✱ ✇✐t❤♦✉t t❤❡ ❤❡❧♣ ♦❢ t❡♥s♦r ❝❛❧❝✉❧✉s✱ ❜② P✐♦❧❛ ❬✶✷✶❪✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Tβ r❡❞✉❝❡s t♦ t❤❡ ✐❞❡♥t✐t②✱ t❤❡

❢♦r♠❡r ❡q✉❛t✐♦♥ t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

∇ ·
(
JF−T

)
= 0, ✭✹✶✮

✇❤✐❝❤ ✐♥ ❝♦♠♣♦♥❡♥ts ❝❛♥ ❜❡ ✇r✐tt❡♥
∂

∂XA

(

J
(
F−1

)A

i

)

= 0

❊q✉❛t✐♦♥ ✭✹✶✮ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❇✐❛♥❝❤✐ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❘✐❝❝✐ ❝✉r✈❛t✉r❡ t❡♥s♦r✱ ✇❤❡♥ ✐♥t❡r♣r❡t✐♥❣ ▲❛❣r❛♥❣✐❛♥ ❝♦♦r❞✐♥❛t❡s ❛s ❛

❝❤❛rt ❢♦r t❤❡ ❊✉❧❡r✐❛♥ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❜♦❞②✳ ❋r♦♠t❤❡ P✐♦❧❛✲❘✐❝❝✐✲❇✐❛♥❝❤✐ ❝♦♥❞✐t✐♦♥

∂

∂XA

(

J
(
F−1

)A

i

)

= 0

♦♥❡ ❣❡ts

✸✵



J,A
(
F−1

)A

i
+ J

(
F−1

)A

i,A
= 0

(
F−1

)A

i,A
= −J−1

(
ρ0
ρ

)

,A

(
F−1

)A

i
= −ρ0J

−1

(

−
1

ρ2

)

ρ,A
(
F−1

)A

i
=

(
1

ρ

)

ρ,A
(
F−1

)A

i
.

■♥ ❝♦♥❝❧✉s✐♦♥
(
F−1

)A

i,A
=

ρ,A
ρ

(
F−1

)A

i
=

ρ,i
ρ
. ✭✹✷✮

✼✳✻ P✐♦❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r ❞♦✉❜❧❡ ❞✐✈❡r❣❡♥❝❡

❚♦ ♦❜t❛✐♥ t❤❡ ❊✉❧❡r✐❛♥ ❢♦r♠ ❢♦r ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❝❛♣✐❧❧❛r② ✢✉✐❞s ✇❡ ♥❡❡❞ t♦ ❛♣♣❧② t❤❡ ❞✐✈❡r❣❡♥❝❡ t✇✐❝❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥

♦❢ ❞♦✉❜❧❡ ▲❛❣r❛♥❣✐❛♥ ❞✐✈❡r❣❡♥❝❡✳ ❲❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✿ t❤❡ ❡q✉❛❧✐t② ✭✸✾✮ ✐♠♣❧✐❡s t❤❛t ✭r❡♠❛r❦✿ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ t❡♥s♦r TAB
α ✐s

s②♠♠❡tr✐❝✮
(
∂TAB

α

∂XB

)
−→
(β)

= J
−→
(β) ∂

∂xb

(

J−1
(
TAB
α F b

B

)
−→
(β)
)

❚❤❡♥

(
∂

∂XA

(
∂TAB

α

∂XB

))
−→
(β)

= J
−→
(β) ∂

∂xa



J−1





(
∂TAB

α

∂XB

)
−→
(β)

(F a
A)

−→
(β)









= J
−→
(β) ∂

∂xa

(

J−1

(

J
−→
(β) ∂

∂xb

(

J−1
(
TAB
α F b

B

)
−→
(β)
)

(F a
A)

−→
(β)

))

= J
−→
(β) ∂

∂xa

(
∂

∂xb

(

J−1
(
TAB
α F b

B

)
−→
(β)
)

(F a
A)

−→
(β)

)

.

■♥ ❝♦♥❝❧✉s✐♦♥ ✇❡ ❤❛✈❡✿
(

∂

∂XA

(
∂TAB

α

∂XB

))
−→
(β)

= J
−→
(β) ∂

∂xa

(
∂

∂xb

(

J−1
(
TAB
α F b

B

)
−→
(β)
)

(F a
A)

−→
(β)

)

.

✼✳✼ P✐♦❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r ♥♦r♠❛❧s

❋♦r ♥♦r♠❛❧s ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ✭s❡❡ ❡✳❣✳ ❞❡❧❧✬■s♦❧❛ ❡t ❛❧✳ ❬✺✶❪✮

N
−→
(β)
α =

(
J−1FT

)
Nβ

‖(J−1FT )Nβ‖
✭✹✸✮

✇❤✐❧❡✱ ❢♦r t❤❡ ♣❛ss❛❣❡ ❢r♦♠ α t♦ β ❞♦♠❛✐♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r ❛r❡❛s ❤♦❧❞s✿

(∥
∥
(
J−1FT

)
Nβ

∥
∥
−1
)−→(α)

=
∥
∥
(
JF−T

)
Nα

∥
∥ =

dAβ

dAα

. ✭✹✹✮

✼✳✽ ▼❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡

❋♦r t❤❡ ❢♦r♠✉❧❛ ♦❢ ♠❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇❡ st❛rt ❜② r❡♠❛r❦✐♥❣ t❤❛t

(

T
−→
(β)
α

)
−→
(α)

= Tα.

❚❤❡r❡❢♦r❡

(
∂Tα

∂t

∣
∣
∣
∣
X

)

=









∂

(

T
−→
(β)
α

)−→
(α)

∂t

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
X









=







∂

(

T
−→
(β)
α ◦ χ

)

∂t

∣
∣
∣
∣
∣
∣
∣
∣
X







=







∂

(

T
−→
(β)
α (χ(X, t) , t)

)

∂t

∣
∣
∣
∣
∣
∣
∣
∣
X







=







∂

(

T
−→
(β)
α (x, t)

)

∂t

∣
∣
∣
∣
∣
∣
∣
∣
x

◦ χ







+
(

∇xT
−→
(β)
α (x, t)

∣
∣
∣
x
◦ χ
)

·
∂χ

∂t

∣
∣
∣
∣
X

.

✸✶



❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱

(
∂Tα

∂t

∣
∣
∣
∣
X

)−→
(β)

=







∂

(

T
−→
(β)
α (x, t)

)

∂t

∣
∣
∣
∣
∣
∣
∣
∣
x







+
(

∇xT
−→
(β)
α (x, t)

∣
∣
∣
x

)

·
∂χ

∂t

∣
∣
∣
∣

−→
(β)

X

.

✽ ❆♣♣❡♥❞✐① ❇✳ ❇❛s✐❝ ❦✐♥❡♠❛t✐❝ ❢♦r♠✉❧❛s

■♥ t❤✐s s❡❝t✐♦♥ s♦♠❡ ✉s❡❢✉❧ ❦✐♥❡♠❛t✐❝ ❢♦r♠✉❧❛s ❛r❡ ♣r♦✈❡♥ ✭❢♦r ❛ ❝♦♠♣❧❡t❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤✐s s✉❜❥❡❝t s❡❡ ❡✳❣✳ ❬✽✽❪✮✳ ❚❤❡② ❛r❡ t❤❡ ❜❛s✐s ♦❢

t❤❡ ♣r♦❝❡❞✉r❡ ♦♥ ✇❤✐❝❤ ❍❛♠✐❧t♦♥✲P✐♦❧❛ ♣♦st✉❧❛t✐♦♥ ✐s ❢♦✉♥❞❡❞✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ ♦❢ t❤❡② ❝❡♥tr❛❧ r♦❧❡✱ t❤❡② ❝❛♥♥♦t ❜❡ ❛✈♦✐❞❡❞ ✐♥ ❛♥② ❝❛s❡✿

t❤❡✐r ✉s❡ ❝❛♥ ❜❡ ♦♥❧② ♣♦st♣♦♥❡❞ t♦ s✉❜s❡q✉❡♥t st❡♣s✱ ✇❤❡♥ ❞✐✛❡r❡♥t ♣♦st✉❧❛t✐♦♥s ❛r❡ ❛tt❡♠♣t❡❞ ❛♥❞ ✐♥❞❡❡❞ ❦✐♥❡♠❛t✐❝ ❢♦r♠✉❧❛s ♦❢ t❤✐s t②♣❡

❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❛♥② t❡①t❜♦♦❦ ♦❢ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✳ ❋r♦♠ ♥♦✇ ♦♥✱ t❤❡ α ❞♦♠❛✐♥ ✇✐❧❧ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ▲❛❣r❛♥❣✐❛♥ s❡t ♦❢ ❝♦♦r❞✐♥❛t❡s

✇❤✐❧❡ β ❞♦♠❛✐♥ ✇✐❧❧ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❊✉❧❡r✐❛♥ ❞♦♠❛✐♥ ❛♥❞ t❤❡ ♥♦t❛t✐♦♥ (·)
−→
(B)

❛♥❞ (·)
−→
(E)

✇✐❧❧ ❜❡ ❝♦♥s✐st❡♥t❧② ✉s❡❞✳ ❚❤❡② ✇✐❧❧ ❜❡ ♦♠✐tt❡❞

♦❝❝❛s✐♦♥❛❧❧② ❢♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞❛❜✐❧✐t②✳

✽✳✶ ❋♦r♠✉❧❛s ♦♥ ❊✉❧❡r✐❛♥ ♠❛ss ❞❡♥s✐t② ❛♥❞ ✐ts ❣r❛❞✐❡♥ts

▼❛ss ❞❡♥s✐t② ❛♥❞ ✐ts ❣r❛❞✐❡♥ts ♣❧❛② ❛ ♣✐✈♦t❛❧ r♦❧❡ ✐♥ t❤❡ str❛✐♥ ❡♥❡r❣② ♦❢ ✢✉✐❞s✳ ❍❡r❡ ✇❡ ❣❛t❤❡r s♦♠❡ ✉s❡❢✉❧ ❢♦r♠✉❧❛s r❡❧❛t✐♥❣ t❤❡♠ t♦ C✱ F

❛♥❞ ∇F ✭✇❡ ✇✐❧❧ ♦♠✐t t❤❡ ♥❡❡❞❡❞ (·)
−→
(B)

, (·)
−→
(E)

) ❢♦r t❤❡ s❛❦❡ ♦❢ ❦✐♥❣ r❡❛❞❛❜✐❧✐t②✮✳

✽✳✶✳✶ ❚❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ❛ ♠❛tr✐① ✇✐t❤ r❡s♣❡❝t ✐ts ❡♥tr✐❡s

❲❡ st❛rt ❜② r❡❝❛❧❧✐♥❣ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❢♦r♠✉❧❛
∂ det(A)

∂Ai
M

= detA
(
A−T

)M

i
,

✇❤✐❝❤ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❜② ✉s✐♥❣ t❤❡ ▲❛♣❧❛❝❡ r✉❧❡ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❞❡t❡r♠✐♥❛♥t

δNM detA = Aa
M (A∗)

N
a ,

✇❤❡r❡ (A∗)
N
i ✐s t❤❡ ❝♦❢❛❝t♦r ♦❢ t❤❡ ❡❧❡♠❡♥t Ai

N ✳ ❖❜s❡r✈✐♥❣ t❤❛t t❤❡ ❝♦❢❛❝t♦rs ♦❢ ❛❧❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ M − th r♦✇ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡

❡♥tr② Ai
M ✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✐♥✈❡rs✐♦♥ t❤❡♦r❡♠ ❢♦r ♠❛tr✐❝❡s✱ ♦♥❡ ❣❡ts

∂ det(A)

∂Ai
M

= (A∗)
M
i = detA

(
A−T

)M

i
.

✽✳✶✳✷ P❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ ρ, J ❛♥❞ F−1 ✇✐t❤ r❡s♣❡❝t t♦ F

❖♥❝❡ ♦♥❡ r❡❝❛❧❧s t❤❛t

ρ0 detF = ρ,

❛♥❞ ❤❛✈✐♥❣ ❞❡✜♥❡❞ t❤❡ ❝♦❢❛❝t♦r ♦❢ F ❛s

(F ∗)
A
i F j

A = detFδji

✐t ✐s ❡❛s② t♦ ❞❡❞✉❝❡ t❤❛t

∂J

∂F i
M

= J
(
F−T

)i

M
=

ρ0
ρ

(
F−T

)i

M
,

∂ρ

∂F i
M

= −ρ
(
F−1

)M

i
, ✭✹✺✮

∂
(
F−1

)N

j

∂F i
M

= −
(
F−1

)N

i

(
F−1

)M

j
. ✭✹✻✮

✽✳✶✳✸ P❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ ♠❛ss ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ C

❚♦ ♣r♦✈❡ t❤❡ ✐❞❡♥t✐t②
∂ρ

∂CMN

= −
ρ

2

(
F−1

)Ma (
F−1

)N

a
, ✭✹✼✮

✸✷



✇❡ ♣r♦❝❡❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

∂ρ

∂CMN

= ρ0
∂ (detC)

−
1
2

∂CMN

= ρ0
∂ (detC)

−
1
2

∂ detC

∂ detC

∂CMN

= −
ρ0
2

(detC)
−

3
2
∂ detC

∂CMN

.

■♥ ❝♦♥❝❧✉s✐♦♥ ✇❡ ❤❛✈❡
∂ρ

∂CMN

= −
ρ0
2

(detC)
−

1
2
(
C−1

)MN
= −

ρ

2

(
F−1

)Ma (
F−1

)LN

a
.

✽✳✶✳✹ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ ❊✉❧❡r✐❛♥ ❣r❛❞✐❡♥ts ♦❢ F−1

❙t❛rt✐♥❣ ❢r♦♠
(
F−1

)M

a
F a
N = δMN ,

❛❢t❡r ❞✐✛❡r❡♥t✐❛t✐♦♥ ✇❡ ♦❜t❛✐♥✿
(
F−1

)M

a
F a
N,O + F a

N

(
F−1

)M

a,O
= 0,

✇❤✐❝❤ ♣r♦❞✉❝❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥ ♦❢ ❡q✉❛❧✐t✐❡s✿

F a
N

(
F−1

)M

a,O
= −

(
F−1

)M

a
F a
N,O

(
F−1

)M

i,O
= −

(
F−1

)A

i

(
F−1

)M

a
F a
A,O ✭✹✽✮

❚❤❡ ❧❛st ❡q✉❛❧✐t② ❝❛♥ ❜❡ t❤❡♥ ♠✉❧t✐♣❧✐❡❞ ❜② F−1 t♦ ❣❡t t❤❡ ❊✉❧❡r✐❛♥ ❣r❛❞✐❡♥t

(
F−1

)M

i,j
= −

(
F−1

)A

j

(
F−1

)B

i

(
F−1

)M

a
F a
B,A.

■t ❝❛♥ ❜❡ ✉s❡❢✉❧ t♦ ♦❜s❡r✈❡ t❤❛t✿

−
(

ρ
(
F−1

)M

i

)

,j
= −ρ,j

(
F−1

)M

i
− ρ

(
F−1

)M

i,j
= −ρ,j

(
F−1

)M

i
+ ρ

(
F−1

)A

j

(
F−1

)B

i

(
F−1

)M

a
F a
B,A ✭✹✾✮

✽✳✶✳✺ ❊①♣r❡ss✐♦♥ ♦❢ ❊✉❧❡r✐❛♥ ❣r❛❞✐❡♥t ♦❢ ❞❡♥s✐t② ✐♥ t❡r♠s ♦❢ F ❛♥❞ ✐ts ❣r❛❞✐❡♥ts

❲❡ st❛rt ❢r♦♠ t❤❡ ❞❡✜♥✐♥❣ r❡❧❛t✐♦♥s❤✐♣✿

ρ =
ρ0

det (F )
= ρ0 det

(
F−1

)
. ✭✺✵✮

❆s ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛ss✉♠❡ t❤❛t ρ0 ✐s ❝♦♥st❛♥t✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❞❡♥s✐t② ❛s ❢♦❧❧♦✇s

ρ,i = ρ0 det
(
F−1

)

,i
= ρ0

∂ det
(
F−1

)

∂ (F−1)
A
a

∂
(
F−1

)A

a

∂xi
= ρ0 det

(
F−1

)
F a
A

(
F−1

)A

a,i
,

❛♥❞ ✜♥❛❧❧②

ρ
−→
(B)
,i = ρF b

A

(
F−1

)A

b,B

(
F−1

)B

i
.

❚♦ s✉♠♠❛r✐③❡✱ ❢r♦♠ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥s ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ ❢♦r♠✉❧❛s ✿

ρ,i
ρ

= −
(
F−1

)A

a

(
F−1

)B

i
F a
A,B = −

(
F−1

)A

a
F a
A,i ✭✺✶✮

ρ,i = ρF a
A

(
F−1

)B

i

(
F−1

)A

a,B
= ρF a

A

(
F−1

)A

a,i

F a
A

(
F−1

)A

a,M
=

ρ,i
ρ
F i
M

(
F−1

)M

j,A

(
F−1

)A

i
=

(
F−1

)M

j

ρ,i
ρ
.

✽✳✶✳✻ ❈❛❧❝✉❧❛t✐♦♥ ♦❢ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ ❊✉❧❡r✐❛♥ ❣r❛❞✐❡♥t ♦❢ ♠❛ss ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ F

❲❡ ♥❡❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡✿

∂ρ,i

∂F j
M

=
∂

∂F j
M

(

−ρ
(
F−1

)A

a

(
F−1

)B

i

)

F a
A,B .

✸✸



❆s ✇❡ ❤❛✈❡ t❤❛t




∂ρ

∂F i
M

(
F−1

)N

j

(
F−1

)O

k
+ ρ

(
F−1

)O

k

∂
(
F−1

)N

j

∂F i
M

+ ρ
(
F−1

)N

j

∂
(
F−1

)O

k

∂F i
M



 =

−ρ
(
F−1

)M

i

(
F−1

)N

j

(
F−1

)O

k
− ρ

(
F−1

)N

i

(
F−1

)M

j

(
F−1

)O

k
− ρ

(
F−1

)N

j

(
F−1

)O

i

(
F−1

)M

k
,

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❡q✉❛❧✐t✐❡s ✭✹✺✮ ❛♥❞ ✭✹✻✮✱ ✇❡ ❝❛♥ t❤❡♥ ❝♦♥❝❧✉❞❡

∂ρ,i

∂F j
M

= ρ
((

F−1
)M

j

(
F−1

)A

i

(
F−1

)B

a
F a
B,A +

(
F−1

)C

j

(
F−1

)M

i

(
F−1

)D

b
F b
D,C +

(
F−1

)E

i

(
F−1

)F

j

(
F−1

)M

c
F c
F,E

)

,

❜② ✉s✐♥❣ ✭✺✶✮ ✇❡ ❣❡t
∂ρ,i

∂F j
M

= −ρ,i
(
F−1

)M

j
− ρ,j

(
F−1

)M

i
+ ρ

(
F−1

)A

i

(
F−1

)B

lj

(
F−1

)M

a
F a
B,A.

❋✐♥❛❧❧② ❜② s✉❜st✐t✉t✐♥❣ ✭✹✾✮ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✿

∂ρ,i

∂F j
M

= −ρ,j
(
F−1

)M

i
−
(

ρ
(
F−1

)M

j

)

,i
✭✺✷✮

✽✳✶✳✼ ❚❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ (β)
−→
(B)

✇✐t❤ r❡s♣❡❝t F ❛♥❞ ∇F

❲❡ st❛rt ❢r♦♠ ❛ ❞✐r❡❝t ❡①♣r❡ss✐♦♥ ❢♦r (β)
−→
(B)

✿

(β)
−→
(B)

= (∇ρ · ∇ρ)
−→
(B)

=
(
gabρ,aρ,b

)
−→
(B)

,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

∂

∂F
(β)

−→
(B)

= 2 (∇ρ)
−→
(B)

·
∂ (∇ρ)

−→
(B)

∂F
, ✭✺✸✮

∂

∂∇F
(β)

−→
(B)

= 2 (∇ρ)
−→
(B)

·
∂ (∇ρ)

−→
(B)

∂∇F
. ✭✺✹✮

❚❤❡♥ ✉s✐♥❣ ✭✺✺✮ ❛♥❞ ✭✺✷✮ ✇❡ ❣❡t ❡❛s✐❧②✿

∂β

∂F i
M

= 2gabρ,a
∂ (ρ,b )

−→
(B)

∂F i
M

,

∂ (β)
−→
(B)

∂F i
M

= −2gab
(

ρ,aρ,i
(
F−1

)M

b
+ ρ,a

(

ρ
(
F−1

)M

i

)

,b

)−→
(B)

. ✭✺✺✮

❙✐♠✐❧❛r❧②✱ ✉s✐♥❣ ✭✺✹✮ ❛♥❞ ✭✺✶✮ ✇❡ ♦❜t❛✐♥

∂ (β)
−→
(B)

∂F i
M,N

= 2gab (ρ,a)
−→
(B) ∂ (ρ,b )

−→
(B)

∂F i
M,N

= −2gab
(

ρρ,a
(
F−1

)M

i

(
F−1

)N

b

)−→(B)

. ✭✺✻✮

✽✳✷ ❉❡r✐✈❛t✐✈❡s ♦❢ C,C−1,∇C ❛♥❞ ∇C−1 ✇✐t❤ r❡s♣❡❝t t♦ F ❛♥❞ ∇F

✽✳✷✳✶ ❈♦♠♣✉t❛t✐♦♥ ♦❢ ∂CMN

∂F i
P

∂CMN

∂F i
P

= gab
∂

∂F i
P

(
F a
MF b

N

)
= gab

(
∂F b

M

∂F i
P

F a
N + F b

M

∂F a
N

∂F i
P

)

= gab
(
δbi δ

P
MF a

N + F b
Mδai δ

P
N

)
=
(
δPMFiN + FiMδPN

)
.

✸✹



✽✳✷✳✷ ❈♦♠♣✉t❛t✐♦♥ ♦❢
∂CMN,O

∂F i
P

∂CMN,O

∂F i
P

=
∂

∂F i
P

(
∂F a

M

∂XO
FNa +

∂F b
N

∂XO
FLb

)

=
∂

∂F i
P

(
∂F a

M

∂XO

)

FNa +
∂F b

M

∂XO

∂FNb

∂F i
P

+
∂

∂F i
P

(
∂F c

N

∂XO

)

FMc +
∂F d

N

∂XO

∂FMl

∂F d
P

= gabF
a
M,O

∂F b
N

∂F i
P

+ gcdF
c
N,O

∂F d
M

∂F i
P

= gabF
a
M,Oδ

b
i δ

N
P + gcdF

c
N,Oδ

d
i δ

M
P

= FiM,Oδ
N
P + FiN,Oδ

M
P .

✽✳✷✳✸ ❈♦♠♣✉t❛t✐♦♥ ♦❢
∂C−1

MN

∂F i
P

∂
(
C−1

)

MN

∂F i
P

=
∂
((
F−1

)

aM

(
F−1

)a

N

)

∂F i
P

=
∂
((
F−1

)

aM

)

∂F i
P

(
F−1

)a

N
+
(
F−1

)

bM

∂
((

F−1
)b

N

)

∂F i
P

.

❯s✐♥❣ ❡q✉❛t✐♦♥ ✭✹✻✮ ✇❡ ♦❜t❛✐♥

∂
(
C−1

)

MN

∂F i
P

= −
(
F−1

)

Mi

(
F−1

)P

a

(
F−1

)a

N
−
(
F−1

)

Ni

(
F−1

)bP (
F−1

)

bM
.

✽✳✷✳✹ ❈♦♠♣✉t❛t✐♦♥ ♦❢
∂C−1

MN,O

∂F i
P

∂C−1
MN,O

∂F i
P

=

(

(
F−1

)

Ma,O

∂
(
F−1

)a

N

∂F i
P

+
∂
(
F−1

)

Mb

∂F i
P

(
F−1

)b

N,O

)

= −
((

F−1
)

Ni

(
F−1

)aP (
F−1

)

Ma,O
+
(
F−1

)

Mi

(
F−1

)aP (
F−1

)

aN,O

)

= −
(
F−1

)aP
((

F−1
)

Ni

(
F−1

)

Ma,O
+
(
F−1

)

Mi

(
F−1

)

aN,O

)

.

✽✳✷✳✺ ❈♦♠♣✉t❛t✐♦♥ ♦❢
∂CMN,O

∂F i
P,Q

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞

∂CMN,O

∂F i
P,Q

=
∂

∂F i
P,Q

(
F a
M,OFNa + F b

N,OFMb

)
=
(

δai δ
P
MδQOFNa + δbi δ

P
NδQOFMb

)

=
(

δPMδQOFNi + δPNδQOFMi

)

.

✽✳✷✳✻ ❈♦♠♣✉t❛t✐♦♥ ♦❢
∂C−1

MN,O

∂F i
P,Q

❲❡ ❝♦♠♣✉t❡ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝t✿

∂C−1
MN,O

∂F i
P,Q

=
∂C−1

MN,O

∂ (F−1)
a
A,B

∂
(
F−1

)a

A,B

∂F i
P,Q

.

❚❤❡ ✜rst t❡r♠ ✐s ❞✐r❡❝t❧② ♣r♦❝❡❡❞✿

∂C−1
MN,O

∂ (F−1)
i
P,Q

=
∂

∂ (F−1)
i
P,Q

(

gab
(
F−1

)a

N

(
F−1

)b

M,O
+
(
F−1

)

Mc

(
F−1

)c

N,O

)

= gabδ
b
i δ

P
MδOQ

(
F−1

)a

N
+ δci δ

P
NδOQ

(
F−1

)

Mc

(
F−1

)c

N,L

= δOQ
[
δPM
(
F−1

)

iN
+ δPN

(
F−1

)

Mi

]
.

❉❡r✐✈✐♥❣ ❡q✉❛t✐♦♥ ✭✹✽✮ ✇✐t❤ r❡s♣❡❝t t♦ F i
P,Q✇❡ ♦❜t❛✐♥

✸✺



∂
(
F−1

)M

i,N

∂F j
P,Q

= −
(
F−1

)M

j

(
F−1

)P

i
δQN ,

❈♦♠❜✐♥✐♥❣ t❤❡ r❡s✉❧ts ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❛t

(
F−1

)i

M,N
= giagMA

(
F−1

)A

a,N
,

✇❡ ✜♥❛❧❧② ❤❛✈❡

∂C−1
MN,O

∂F i
P,Q

= −δOA
[
δBM
(
F−1

)

aN
+ δBN

(
F−1

)

Ma

] (
F−1

)

Bi

(
F−1

)aP
δAQ

= −δOQ

[(
F−1

)

Mi

(
F−1

)aP (
F−1

)

aN
+
(
F−1

)

Ni

(
F−1

)bP (
F−1

)

Mb

]

.

✾ ❆♣♣❡♥❞✐① ❈✳ ●❛✉ss ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❢♦r ❡♠❜❡❞❞❡❞ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s

❲❡ ❝❤♦♦s❡ ❛ ❣❧♦❜❛❧ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s (ei, i = 1, 2, 3) ❢♦r t❤❡ ✈❡❝t♦r ✜❡❧❞ ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ✐♥ E3✱ t❤❡ tr✐❞✐♠❡♥s✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡✳ ❆❧❧

t❡♥s♦r ✜❡❧❞s ✇✐❧❧ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡✐r ❝♦♠♣♦♥❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ❜❛s✐s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❡♠❜❡❞❞❡❞ ❘✐❡♠❛♥♥✐❛♥

♠❛♥✐❢♦❧❞ M ✐♥ E3✳ ❚❤✐s ♠❛♥✐❢♦❧❞ ❝❛♥ ❜❡ t❤❡r❡❢♦r❡ ❛ r❡❣✉❧❛r ❝✉r✈❡ ♦r s✉r❢❛❝❡✱ ❜✉t ✇✐❧❧ ❜❡ r❡str✐❝t❡❞ t♦ ❛ s✉r❢❛❝❡ ✐♥ t❤❡ ♣r❡s❡♥t ❞✐s❝✉ss✐♦♥✳

❆s M ❝❛♥ ❜❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ●❛✉ss✐❛♥ ❝♦♦r❞✐♥❛t❡ s②st❡♠s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛♥② ♣♦✐♥t ♦❢ M ✭❋♦r ♠♦r❡

❞❡t❛✐❧s s❡❡ ❞❡❧❧✬■s♦❧❛ ❡t ❛❧✳ ❬✺✹❪✮✿

• P ✱ t❤❡ ✜❡❧❞ ♦❢ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ♦♥ t❛♥❣❡♥t s♣❛❝❡❀

• Q t❤❡ ✜❡❧❞ ♦❢ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ♦♥ t❛♥❣❡♥t s♣❛❝❡✳

❚❤❡s❡ ♣r♦❥❡❝t♦rs ✈❡r✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜✈✐♦✉s ✐❞❡♥t✐t✐❡s✿

δji = P j
i +Qj

i , P a
i P

j
a = P j

i ,

Qa
iQ

j
a = Qj

i , P a
i Q

j
a = 0.

■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ❢♦rt❤❝♦♠✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ❝✉r✈✐❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡s✱ ✇❡ r❛t❤❡r ✉s❡ ❛ ❣❧♦❜❛❧ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡

s②st❡♠✱ ❝♦♠♣❧❡t❡❞ ❜② P ❛♥❞ Q ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ M✳ ❚❤✐s t❡❝❤♥✐❝❛❧ ❝❤♦✐❝❡ ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ♦♥❡ ✇❤✐❝❤ ❛❧❧♦✇❡❞ ●❡r♠❛✐♥ t♦

❣❡♥❡r❛❧✐③❡✱ ❢♦r s❡❝♦♥❞ ❣r❛❞✐❡♥t ♠❛t❡r✐❛❧s✱ t❤❡ r❡s✉❧ts ❢♦✉♥❞ ❜② ●r❡❡♥✱ ❘✐✈❧✐♥✱ ❚♦✉♣✐♥ ❛♥❞ ▼✐♥❞❧✐♥✳

❚❤❡ ✉♥✐t ❡①t❡r♥❛❧ ♥♦r♠❛❧ t♦ M ♦♥ ✐ts ❜♦r❞❡r✱ ✇❤✐❝❤ ✐s ❞❡♥♦t❡❞ ν✱ ❜❡❧♦♥❣s t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ M✳

❯s✐♥❣ t❤❡s❡ ♥♦t❛t✐♦♥s t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ r❡❛❞s ✭s❡❡ ❡✳❣✳ ❙♣✐✈❛❦ ❬✶✺✾❪✮✿ ❢♦r ❛♥② ✈❡❝t♦r ✜❡❧❞ W ❞❡✜♥❡❞ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ M

∆M (P a
b W

b),cP
c
adS = ∆∂M W aP b

aνbdL ✭✺✼✮

❚❤✐s t❤❡♦r❡♠ t♦❣❡t❤❡r ✇✐t❤ r❡❧❛t✐♦♥

Qa
j,bP

b
a = −Qa

jP
b
a,b

✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛♥② ✈❡❝t♦r ✜❡❧❞ W ❞❡✜♥❡❞ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ M✱

∆M (W a) ,b P
b
adS = ∆M

[

(P a
b W

b),cP
c
a + (Qd

eW
e),fP

f
d

]

dS

= ∆M W aQb
a,cP

c
b dS +∆∂M W dP e

d νedL = −∆M W aQb
aP

c
b,cdS +∆∂M W dP f

d νfdL.

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆❧✐❜❡rt✱ ❏✳❏✳✱ ❙❡♣♣❡❝❤❡r✱ P✳ ❛♥❞ ❞❡❧❧✬■s♦❧❛✱ ❋✳✱ ❚r✉ss ♠♦❞✉❧❛r ❜❡❛♠s ✇✐t❤ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ❞❡♣❡♥❞✐♥❣ ♦♥ ❤✐❣❤❡r ❞✐s♣❧❛❝❡♠❡♥t

❣r❛❞✐❡♥ts✳ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ▼❡❝❤❛♥✐❝s ♦❢ ❙♦❧✐❞s✱ ✽✱ ✺✶✲✼✸ ✭✷✵✵✸✮✳

❬✷❪ ❆t❛✐✱ ❆✳❆✳ ❛♥❞ ❙t❡✐❣♠❛♥♥✱ ❉✳❏✳✱ ❖♥ t❤❡ ♥♦♥❧✐♥❡❛r ♠❡❝❤❛♥✐❝s ♦❢ ❞✐s❝r❡t❡ ♥❡t✇♦r❦s✳ ❆r❝❤✐✈❡ ♦❢ ❆♣♣❧✐❡❞ ♠❡❝❤❛♥✐❝s✱ ✻✼✱ ✸✵✸✲✸✶✾ ✭✶✾✾✼✮

✳

✸✻



❬✸❪ ❆✉r✐❛✉❧t✱ ❏✳✲▲✳✱ ●❡✐♥❞r❡❛✉✱ ❈✳ ❛♥❞ ❇♦✉t✐♥✱ ❈✳✱ ❋✐❧tr❛t✐♦♥ ❧❛✇ ✐♥ ♣♦r♦✉s ♠❡❞✐❛ ✇✐t❤ ♣♦♦r s❡♣❛r❛t✐♦♥ ♦❢ s❝❛❧❡s✳ ❚r❛♥s♣♦rt ✐♥ P♦r♦✉s

▼❡❞✐❛✱ ✻✵✱ ✽✾✲✶✵✽ ✭✷✵✵✺✮ ✳

❬✹❪ ❇❛❛❦❡✱ ❊✳ ❛♥❞ ●❡♦r❣✐✐✱ ❍✳✲❖✳✱ ▼✉t❛t✐♦♥✱ s❡❧❡❝t✐♦♥✱ ❛♥❞ ❛♥❝❡str② ✐♥ ❜r❛♥❝❤✐♥❣ ♠♦❞❡❧s✿ ❛ ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤✳ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧

❇✐♦❧♦❣②✱ ✺✹✱ ✷✺✼✲✸✵✸ ✭✷✵✵✼✮✳

❬✺❪ ❇❛❧❧✱ ❏✳ ▼✳✱ ❈♦♥✈❡①✐t② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❡①✐st❡♥❝❡ t❤❡♦r❡♠s ✐♥ ♥♦♥❧✐♥❡❛r ❡❧❛st✐❝✐t②✱ ❆r❝❤✐✈❡ ❢♦r ❘❛t✐♦♥❛❧ ▼❡❝❤❛♥✐❝s ❛♥❞ ❆♥❛❧②s✐s✱ ✻✸

✭✹✮✱ ✸✸✼✕✹✵✸ ✭✶✾✼✻✮✳

❬✻❪ ❇❛r❤❛♠✱ ▼✳✱ ❙t❡✐❣♠❛♥♥✱ ❉✳❏✳✱ ▼❝❊❧❢r❡s❤✱ ▼✳ ❛♥❞ ❘✉❞❞✱ ❘✳❊✳ ▲✐♠✐t✲♣♦✐♥t ✐♥st❛❜✐❧✐t② ♦❢ ❛ ♠❛❣♥❡t♦❡❧❛st✐❝ ♠❡♠❜r❛♥❡ ✐♥ ❛ st❛t✐♦♥❛r②

♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❙♠❛rt ▼❛t❡r✐❛❧s ❛♥❞ ❙tr✉❝t✉r❡s✱✶✼ ✭✷✵✵✽✮✳

❬✼❪ ❇❛ss❛♥✐♥✐ P✳✱ ❈❛s❝✐♦❧❛ ❈✳▼✳✱ ▲❛♥❝✐❛ ▼✳❘✳✱ P✐✈❛ ❘✳✱ ❖♥ t❤❡ tr❛✐❧✐♥❣ ❡❞❣❡ s✐♥❣✉❧❛r✐t② ❛♥❞ ❑✉tt❛ ❝♦♥❞✐t✐♦♥ ❢♦r ✸❉ ❛✐r❢♦✐❧s ✲ ❊✉r♦♣❡❛♥

❥♦✉r♥❛❧ ♦❢ ♠❡❝❤❛♥✐❝s✳ ❇✱ ❋❧✉✐❞s✱ ✶✺✱ ✻✱ ♣♣✳ ✽✵✾✲✽✸✵ ✭✶✾✾✻✮

❬✽❪ ❇❡❞❢♦r❞✱ ❆✳✱ ❍❛♠✐❧t♦♥✬s ♣r✐♥❝✐♣❧❡ ✐♥ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✳ ❱♦❧✉♠❡ ✶✸✾ ❞✐ ❘❡s❡❛r❝❤ ♥♦t❡s ✐♥ ♠❛t❤❡♠❛t✐❝s P✐t♠❛♥ ❆❞✈❛♥❝❡❞ P✉❜❧✐s❤✐♥❣

Pr♦❣r❛♠✱ ✶✾✽✺✳

❬✾❪ ❇❡r❞✐❝❤❡✈s❦②✱ ❱✳✱ ❱❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s ♦❢ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✳ ❱♦❧❧✳■✱■■✱ ❙♣r✐♥❣❡r✱ ✷✵✵✾✳
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