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1. Introduction

The AdS/CFT correspondence a remarkable equivalence between certain gauge theories and
string/M-theory on certain backgrounds involving AdS spaces. In these lectures we will look
at the correspondence in the case of AdS,/CFTs3, in particular for ABJM theory [4]. One of
the mysterious consequences of this correspondence is that, at strong coupling, the number of
degrees of freedom of the CFT3 should scale as N3/2 [28]. This was finally established at the
gauge theory level in [15].

The derivation of the N3/2 behavior in [15] is based on two ingredients. The first one,
due to [26], is that certain path integrals in the CFTj3 can be reduced to matrix integrals by
using the powerful localization techniques of [33]. Localization techniques have a long story in
supersymmetric QFTs, and the applications of [33, 26] to superconformal field theories provide
a powerful technique to analyze certain observables in terms of matrix models. One of these
observables is, in the three-dimensional case, the partition function on the three-sphere. The
second ingredient in [15] was the realization that this quantity is a good measure of the number
of degrees of freedom in a CFT3 and that it can be calculated at strong coupling in the gauge
theory and in the AdS SUGRA. This leads to new powerful tests of the AdS/CFT correspondence.

In some cases, the partition function on the 3-sphere can be computed explicitly at all
couplings, and it gives a non-trivial interpolating function between perturbation theory and
supergravity results. In the case of ABJM theory, the planar limit of the free energy on S? can
be calculated at weak 't Hooft coupling (a one-loop calculation in QFT) and at strong coupling
(where it is given by the regularized gravity action) with the result

) —log(2mA) + 3 +2log(2) + O(\), A — 0,
— lim mFABJM(S?’) = (1.1)

N-—oo % Lo <e_2m/ﬁ) ’ A — 0.

The goal of these lectures is to explain how to obtain the above result, both in QFT and in the
AdS dual, and then we will show how the recent progress in [26, 15] makes possible to obtain
the exact function of the 't Hooft coupling interpolating between these two results. To do this,
we will present the localization technique of [26] and the matrix model techniques of [15].

2. Chern—Simons—matter theories

In this section we will introduce the basic building blocks of supersymmetric Chern—Simons—
matter theories. We will work in Euclidean space, and we will eventually put the theories on the
three-sphere, for reasons that will be discussed later on. In this section we will closely follow the
presentation of [22].



2.1 Conventions

Our conventions for Euclidean spinors follow essentially [39]. In Euclidean space, the fermions
1 and v are independent and they transform in the same representation of the Lorentz group.
Their index structure is

RN (2.1)

For example, in [39] (with Minkowski signature) one has
= (M) 9% M e si2,0). (2.2)

In our case (Euclidean three-dimensional space) the Lorentz group is SU(2) and we will simply
have

v — MY, M e SU(2). (2.3)
We will take v, to be the Pauli matrices, which are hermitian, and
1 ) o
Yuv = 5[')’;“')’1/] = l€uvp7"- (2.4)

We introduce the usual symplectic product through the antisymmetric matrix

g = <_OC (5) . (2.5)

In [39] we have C'= —1 and the matrix is denoted by €,3. The product is

EX = EChp)\’ (2.6)
Notice that
ey A = @C, (1)1, A (2.7)
It is easy to check that
EA=)Xg, ey = —X\yle (2.8)
and in particular
() A = —er¥A (2.9)

We also have the following Fierz identities

€(ey) +e(e) + (€e)yp = 0. (2.10)
and
€ (€) + 2 () + (eyu) YHe = 0. (2.11)
2.2 Vector multiplet and supersymmetric Chern—Simons theory

We first start with theories based on vector multiplets. The three dimensional Euclidean N = 2
vector superfield V' has the following content

V: Ay, o0y A\, AD (2.12)

where A, is a gauge field, o is an auxiliary scalar field, A, \ are two-component complex Dirac
spinors, and D is an auxiliary scalar. This is just the dimensional reduction of the N' = 1 vector
multiplet in 4 dimensions, and ¢ is the reduction of the fourth component of A,. All fields are



valued in the Lie algebra g of the gauge group G. For G = U(N) our convention is that g are
Hermitian matrices. It follows that the gauge covariant derivative is given by

D, =0, +i[Au, ] (2.13)
while the gauge field strength is
Fu =0,A, —0,A,+i[A,, A (2.14)

The transformations of the fields are generated by two independent complex spinors e, €.
They are given by,

0A, = %(E’y“/\ — AY,6),
S0 = L(EX — e),
SA = —37"€F,, — De + iy*eDyo + Zoy" Dye, (2.15)
S\ = —%WWEFW + De — int'eDyo — gcr'y“Dlﬁ

5D = _%gyﬂD#)\ — %Du;\yue + %[E)\, ol + [)\6 o] — é( LWEYHA + Ay D e),

and we have naturally

§ = 6. + 0. (2.16)

Here we follow the conventions of [22], but we change the sign of the gauge connection: A, —
—A,. On all the fields except D the commutator [0, d¢| becomes a sum of translation, gauge
transformation, Lorentz rotation, dilation and R-rotation:

[0c, 0e] Ay =iv" 0, Ay + 10,07 Ay + DA,
[0, 0e|o =iv"' 0,0 +i[A, 0] + po,
[0c, 6] A =10HOuN + 10,y N +1[A ] + 3pA + @, (2.17)
[0c, Se]A =100 + 10, X +1[A, A] + 3pX — @,
e Ve =1v +1 ) + p +7U€77 v€ — €YY VE7
de, 0e| D =iv*0, D +i[A, D] + 2pD é H~"D, D H~"D, D

where
vt =yt
O =Dyl 4 v N,
A =vMiA, + o€, (2.18)

p= %(e*y D, e+ D,ey"e),
a :%(D#Ev“e — ey"'Dye).

As a check, let us calculate the commutator acting on o. We have,

1_ 1-
o =0, <26)\> — ¢ (—2)\6)

1 < 1 . i

—€| —=1""€eF,, — De +iv"eD 0'> + —ey*D,e
3\ 73 w # 3 # (2.19)
1 1 i

+ 3 (—QV“VEFW + De — iv“ED#J> €— gv“ (Dyé€) €

=ieyteD, 0 + po,



where we have used (2.9).
In order for the supersymmetry algebra to close, the last term in the right hand side of
[0¢, 0] D must vanish. This means that the Killing spinors must satisfy

9D, Dye = he, Y4 D,Dy€ = he (2.20)

for some scalar function h. A sufficient condition for this is to have

i I S
D,e= ZWG’ D,e= gfyue (2.21)
and
he -2 (2.22)
42 '

This condition is satisfied by one of the Killing spinors on the three-sphere (the one which is
constant in the left-invariant frame).
The (Euclidean) SUSY CS action, in flat space, is given by

Scs = /d% Tr (A AdA + %A3 — A\ + 2Da>
” (2.23)
= /d?’x Tr (6‘“’" <AM8VA,; + ?)IAMAVAp> — A\ + 2Da>

Here Tr denotes an invariant inner product. Usually we will take it to be k/47 times the trace
in the fundamental representation.

We can check that the supersymmetric CS action is invariant under the supersymmetry
generated by . (the proof for dz is similar). We find

6L = (254,0,A, +2i5A,A,A,) éP — NSA + 2(0D)o + 2Ddo
= — iAy, €0, AP + Ny eA, AP
/1 9i_
-2 (—27‘“'}7,“, - D+ i’y“D,p) €— gl)\'y“DMea (2.24)
—1 (DMS\) Yoe +i[Ae, olo — %j\v“Duea — XeD.

The terms involving D cancel on the nose. Let us look at the terms involving the gauge field.
After using (2.4) we find

1< - ,
5/\7“”FW = i\y,ee""P0, A, — Ny eeP AL A, (2.25)

which cancel the first two terms in (2.24). Let us now look at the remaining terms. The covariant
derivative of A is )
i

DA =9\ + Z”‘X +i[A,, A (2.26)

If we integrate by parts the term involving the derivative of A we find in total

_ _ 1 _ _
iMHted, o+ My o e0 + — (YHN) yue + [A, Ay eo
V€O, Y Opu o ('7 )’Yu [ m v (2.27)

= iMPed, o +iMHDyeo + [Ay, e



where we used that
(Y X) vue = =AyH e (2.28)

The derivative of o cancels against the corresponding term in the covariant derivative of o.
Putting all together, we find

IMH* (Dye) o —idy* (Dye) o + (A, Nyteo + My e[A,, o] +i[Ae, o] (2.29)

The last three terms cancel due to the cyclic property of the trace. This proves the invariance
of the supersymmetric CS theory.

Of course, there is another Lagrangian for vector multiplets, namely the standard Yang—Mills
Lagrangian,

Ly = Tr(§Fu F™ + §D,0D o + 5(D + §)* + 30" Dud + S0, A = 5AA). (2.30)
which is not only invariant under SUSY, but it can be written as a superderivative,
Ee Lyn = 5556Tr<%5\)\ - 2Da>. (2.31)
This will be important later on.

2.3 Supersymmetric matter multiplets

We will now add supersymmetric matter, i.e. a chiral multiplet in representation R. The com-
ponents are

¢, ¢, ¥, P, F, F. (2.32)

The supersymmetry transformations are

0p =€y,
3¢ =€,

. . 2Ai -
0 =ivFeD, ¢ +ieogp + TW”Duﬁqb + €F,

7 T 2A1 - _
6 =in'€Dy¢ + igoe + Tl(ﬁ'y“DuE + Fe, (2.33)

SF =e(iy" Dyt — i — irg) + %(m — 1)Dyertp,
OF =e(iy" Db — itho + ipA) + %(m — 1) D,y

where A is the possible anomalous dimension of ¢. For theories with N' > 3 supersymmetry, the
field has the canonical dimension

1
A=l (2.34)

but in general this is not the case.



The commutators of these transformations are given by

¢ = 9, — ipA + qpo + qag,
d} = i’UMaMTIZ) + i@wﬂ,ll”w + iAw +

[0c, O¢] (¢ +3)p¢ + (1 = g)ar,

[0, 6eltp = "0t + 10, — 1A + (q+ 5)p¢ + (¢ — 1)y,

[0c, 0| F' = "0, F +iAF + (¢ + 1)pF + (2 — q)aF,

[0, 6e)F = 1" udF —iFA+ (¢ + 1)pF + (¢ — 2)aF. (2.35)

The lowest components are now assigned the dimension g and R-charge F¢g. The supersymmetry
algebra closes off-shell when the Killing spinors €, € satisfy (2.20) and h is given by (2.22).
As a check, we compute
¢ = 55 (&/})
2i 2i (2.36)
= (i'y“eD#gb + ieoco + g'y“ (Dye) ¢> =iv"D,¢ +ic€e + % (ev"'Dye),

which is the wished-for result. Let us now consider supersymmetric Lagrangians for the matter
hypermultiplet. If the fields have their canonical dimensions, the Lagrangian,

= - 3 - - . Ty . - =
L = Du¢D"¢ — W' Dyt + 1566 + o) + ipAd — igpAt) +i6 D¢ + ¢po’p+ FF,  (2.37)
which is invariant under supersymmetry if the Killing spinors e, € satisfy (2.20). The quadratic

part of the Lagrangian for ¢ gives indeed the standard conformal coupling for a scalar field. We
recall that the action for the conformal coupling of a scalar field in d dimensions is

S = / d%cf( “”au¢ay¢+ ( )R¢2> (2.38)

where R is the curvature of a sphere of radius r

d(d—1)
R = 2 (2.39)
The curvature coupling can then be written as
d d 2
( )¢>2 (2.40)

which in d = 3 gives the quadratic term for ¢ in (2.37). Of course, this term is effectively a mass
for the complex scalar field.
If the fields have non-canonical dimensions, it turns out that the Lagrangian

Lonms =DuD"é + G0’ + (QA )¢a¢ + Mw +igDe + FF
(2.41)

— gD — i,




is supersymmetric, provided the parameters e, € satisfy
D,e = 2%7#6, D€ = 2%%6 (2.42)

An important fact, which will be useful later, is that the Lagrangian (2.41) can be written as a
total superderivative,

€€ Lonat = 0c0¢ (W — 2ipo + 2A-1) q3¢> . (2.43)

,
3. A brief review of Chern—Simons theory

3.1 Perturbative approach
We recall that the CS action is given by

47

”
szk/ Tr(A/\dA—i——lA/\A/\A) (3.1)
" 3

It will be useful to introduce a Hermitian basis for the Lie algeba, T,, with commutation relations

[Tm Tb} = if(leTC) (32)
and normalization
Tr(ToTy) = Oqp- (3.3)
If we write
A= AT, (3.4)
then the action reads
k v a 1 a C
S§=—1 / dae (A50,4, = S Fuc AL ALAS). (3.5)

We will assume that the theory is defined on a compact three-manifold M. In this case, the
partition function

Z(M) = Vo11( g / (DA (3.6)

should be well-defined. Here G is the group of gauge transformations. There are many different
approaches to the calculation of (3.6), but the obvious strategy is to use perturbation theory, as in
standard QFT. In perturbation theory we evaluate (3.6) by expanding around the saddle—points.
These are flat connections, which are in one-to-one correspondence with group homomorphisms

m (M) — G. (3.7)

For example, if M = S3/7Z, is the lens space L(p, 1), one has 71(L(p, 1)) = Z,, and flat connec-
tions are labelled by homomorphisms Z, — G. Let us assume that these are a discrete set of
points (this happens, for example, if M is a rational homology sphere, since in that case 71 (M)
is a finite group). We will label the flat connections with an index ¢, and the flat connection will
be denoted by A©). Each flat connection leads to a covariant derivative

dyo =d+id®, (3.8)



0
dA(C)

Kerd%(c) Im (d%(c>)T Imd%(c) Ker (Cl%(c))Jr

\_/’

; (%)’ )

Figure 1: The standard elliptic decomposition of Q%!(M, g).

and flatness implies that
d,24(c> = Fpe = 0. (3.9)

Therefore, the covariant derivative leads to a complex
0 dye) 1 Ay 9 Ay 3
0—Q°(M,g) —> Q' (M,g) — Q*(M,g) — Q°*(M, g), (3.10)
We recall the basic orthogonal decompositions (see Fig. 1)

Q°(M,g) =Kerd o & Imd'

X T (3.11)
0 (M, g) =Ker dA(C) @ Imd .

To prove the first decomposition, we just note that

a € Kerdyo = (dywa,¢) = (a,dl, ¢) =0, Vo (3.12)
therefore
(Kerd y)" =Imdf. (3.13)
In the following we will assume that

HY(M,d 4) = 0. (3.14)

This means that the connection A is isolated. However, we will consider the possibility that
A has a non-trivial isotropy group H.. We recall that the isotropy group of a connection A(©
is the subgroup of gauge transformations which leave A(©) invariant,

He = {¢ € Glp(A)) = A}, (3.15)
The Lie algebra of this group is given by zero-forms annihilated by the covariant derivative (3.8)
Lie(H.) = H(M,d 4)) = Kerd 4 (3.16)

which is in general non-trivial. We recall that a connection is irreducible if its isotropy group is
equal to the centrer of the group. In particular, if A ig irreducible one has

H(M,d 4) = 0. (3.17)

It can be shown that the isotropy group H, consists of constant gauge transformations that leave
A invariant,

pA@p~1 = A, (3.18)



They correspond then to a subgroup of G which we will denote by H..
In the semiclassical approximation, Z (M) is written as a sum of terms associated to station-
ary points:
Z(M)=> " Z9Mm), (3.19)
C

where ¢ labels the different flat connections A(®) on M. Each of the Z(°)(M) will be an asympotic
series in 1/k of the form

ZOM) = 2, (M) exp{z sg"”k;—f}. (3.20)
/=1

Let us study this in detail. First of all, we split the connection into a “background”, which is a
flat connection A, plus a “fuctuation” B:

A=A 4+ B, (3.21)
Expanding around this, we find
Scs(A) = Scs(A“) + 5(B), (3.22)
where " )
S(B) = = / Te (B AdywB + ~B). (3.23)
47 M 3

The first term is the classical Chern—Simons invariant of the connection A(©). Since we have
a gauge theory, we have to fix the gauge. Our gauge choice will be the standard, covariant,
Feynman gauge,

gao(B)=dl  B=0 (3.24)

where g4 is the gauge fixing function. In the treatment of the path-integral, we will follow
the detailed analysis of [1]. We recall that in the standard Fadeev—Popov gauge fixing one first
defines

AL (B) = / DU § (940 (BY)) (3.25)

where the superscript U denotes the gauge transformation by U, and then inserts into the path
integral

1= /DU5 (gA(c) (BU)) AA(C) (B) . (326)

The key new ingredient here is the presence of a non-trivial isotropy group H. for the flat
connection A(®. When there is a non-trivial isotropy group, the gauge-fixing condition does not
fix the gauge completely, since

ga (B?) = dgu(B)o™",  $€H,, (3.27)

i.e. the basic assumption that g(A) = 0 only cuts once the gauge orbit is not true. Another
way to see this is that the standard FP determinant is not well-defined. In fact, the standard
calculation (which is valid if the isotropy group of Al g trivial) gives

-1

T
detd,

09 Ae
AL —'det Jae | _ da (3.28)

Ale) ™ SU

~10 -



But when H. # 0, the operator d 4 has zero modes due to the nonvanishing of (3.16), and the
above determinant cannot be computed in perturbation theory. The correct way to proceed in
the calculation of (3.25) is to split the integration over the gauge group into two pieces. The first
piece is the integration over the isotropy group, and since the integrand does not depend on it,
this just gives a factor of Vol(H,). The second piece gives an integration over the remaining part
of the gauge transformations, which has as its Lie algebra

(Kerd )™ (3.29)

The integration over this piece leads to the standard FP determinant (3.28) but with the zero
modes removed. We then find,

-1

AL (B) = Vol(H,)|det d', (3.30)

(Ker dA(c>)

This phenomenon was first observed by Rozansky in [35], and developed in this language in [1].
As usual, the determinant appearing here can be written in terms of ghost fields,

Sghosts(07 67 B) = / <€7 dL(c)dAC>a (331)
M

where
(a,b) = Tr (a A xb) (3.32)

is the standard norm for g-valued forms on M, and the fields C, C take values in
C,C € (Kerd 40)*. (3.33)

The action for the ghosts can be divided into a kinetic term plus an interaction term between
the ghost fields and the fluctuation B:

Sghosts(07 67 B) = (67 A(I)q(c) C> + <67 (dA(C) )T[B7 C]> (334)

The FP gaugefixing leads then to the path integral

eiScs(Al) s(B) )
7= DBeSBIA cB(S(d CB)
vol(G) /Ql(M o) A (B) (d
(3.35)
eiScs(Al) -
= /DB(S )/ DODC e (B)+Sghosts(C,C,B)
VO] Al) (Kerd ) )L
Finally, we notice that the delta constraint imposes that
B € Ker dA(c)7 (3.36)

and therefore restricts the integration range in the path integral, but it also introduces a factor

1

(det AA(C>) 5, (337)

where the ’ indicates, as usual, that we are removing zero modes. This is the generalization of

the standard formula .

/dxf(:z)é(aaz) = mf(O) (3.38)

- 11 -



It can be also seen by writing the delta constraint as

if(pdl B
6 (dly, B) Z/Dwe“‘p ate B (3.39)

The final result for the gauge-fixed path integral is then

/Ker df
A

3.2 The one—loop contribution

eiScs(A)

_ ' AO -
7= Vol et Aae)

N|=

DB / DCDC 5B+ Sarosts(COB) (3 40)
(c) (KGI‘ dA(C) )J‘

We now consider the one-loop contribution of a saddle-point to the path integral. This has been
studied in many papers [17, 25, 35, 36]. The most detailed treatment, in our view, is the one
presented in [2].

The main ingredients in the one-loop contribution are the determinants of the operators
appearing in the kinetic terms for B, C and C. For B, we obtain

(det DY) "2, (3.41)
where
1 ik

is the operator appearing in the kinetic term for B, but restricted to
Kerd' ., = (Imd)* (3.43)

due to the gauge fixing. Notice that the determinant is well-defined if (3.14) holds, since in this
case one has
HY(M,g) = 0= Kerd 4 = Imd 4, (3.44)

and since the operator is restricted to (3.43), no zero modes are involved in its evaluation.
For the ghost fields we obtain
det’ A, (3.45)

since we are restricting to (3.33). Recalling that there is a determinant coming from the delta
function, we finally get, after putting all together,

det’ A? 3
<eA(C>)> : (3.46)

1
det D, .,

The operator A%(C) is positive—definite, so its square root is well-defined. The operator D,14(c)
is not positive definite, and one has to do a careful analysis of its phase as first pointed out by

Witten [40]. The starting point is the trivial Gaussian integral
> x? im
/ dz exp (12)\> = /27| \| exp <4sign )\) . (3.47)
—00

In our problem,

= = (3.48)

- 12 —



We then conclude that, for each eigenvalue of Di(c) we have a factor of

<4fr2> o (3.49)

The regularized number of eigenvalues of the operator is simply

C(A@) = ¢ (0, [xd 40 ]) - (3.50)

Here we have defined the zeta function for the operator |T'|
1
C(s,[T)) = Z V0 (3.51)
— 1A
J

where \; are the eigenvalues of the original operator T'. We obtain then a factor

L\ —C(A©)/2
(L) 52

Finally, the signs of the different eigenvalues combine into the 7 invariant of the operator *d 4.
We recall that the 7 invariant is defined as

n(s,T) = zj: (A;) — zj: (_Alj_> (3.53)

where )\ji are the strictly positve (negative, respectively) eigenvalues of 7. The regularized
difference of eigenvalues is then 7(0,T"). In our case, this gives

(A) = 1(0,%d40) (3.54)

We then obtain,

—((A©)/2 : _1
1 k im .
(det D}A(c)) 2 = <47r2> exp<4 (Al ))> (det’ dz@dA(C)) Y (3.55)

where the last determinant is evaluated after subtracting the zero—modes.
The quotient of the determinants of the Laplacians gives the square root of the Ray—Singer
torsion,

N

(det’ A%(C))

(det’d, a0 '

When the connection A is isolated and irreducible, this is a topological invariant of M, but in
general it is not. However, for a reducible and isolated flat connection, the dependence on the
metric is just given by an overall factor, equal to the volume of the manifold M:

Th(M, A©)) = (vol(M))me) 70 (a1, A©). (3.57)

where Tr(M, A(C)) is now metric-indepedendent. It is interesting to notice that the volume,
metric-dependent factor cancels in the final answer for the one-loop path integral. The isotropy

~13 -



group H, is a space of constant zero forms, taking values in a subgroup H. C G of the gauge
group. Each generator of its Lie algebra has a norm given by its norm as an element of g, times

< /M *1>1/2 = (vol(M))"/2 . (3.58)

Therefore,
vol(H,) = (vol(M))3™(He)/2 yol(H.), (3.59)

and

(M A€) [ (00, A (3.60)

vol(H.) vol(H.,)

which does not depend on the metric of M.
Finally, in order to write down the answer, we take into account that ((A(®) can be evaluated
as [3]
C(A©®) = dim HO(M,d 4)). (3.61)

Putting everything together, we find for the one-loop contribution to the path integral

(k /dn?)~ 2dim HOMd )

ikScs(A©)+1Tn(Al) M. Al©) 2
Vol(Hc) e 4 TR( ) ) (36 )

Z(C)

1—loop

(M) =

Notice that, when A(©) = 0 is the trivial flat connection, one has that H, = G, where G is the
gauge group. This result will be useful later on.

4. The partition function of 3d CFTs on S

The partition function of a CFT on the three sphere should incorporate some information about
the number of degrees of freedom of the theory. For example, if a theory has N? degrees of
freedom we should expect the free energy on the three-sphere to scale as

F(S? N) =log Z(S*, N) ~ O(N?), (4.1)

at least in the weak coupling approximation, i.e. when the N? degress of freedom are weakly
interacting. This follows from the fact that, at weak coupling, the partition function factorizes
2
Z(S%, N) ~ (2(s*, 1)) (4.2)
In this section we will first compute this partition function at weak coupling in Chern—Simons—
matter theories. More precisely, we will compute this partition function on the three sphere
at one-loop. First, we will review the computation in Chern—-Simons theory, and then we will
consider the much simpler case of the matter multiplets. Finally, we will explain what is the
expected behavior at strong coupling from the large N AdS duals.
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4.1 Chern-Simons theory on S?

The above general procedure to calculate the one-loop contribution on the three-sphere can be
made very concrete on S3. Here, there is only a flat connection, the trivial one A(©) = 0, and the
cohomology twisted by A(©) reduces to the ordinary cohomology. The group H, is the full gauge
group, since any constant gauge transformation leaves A(®) invariant, and H,. = G.

We first calculate the quotient of determinants appearing in (3.56) (a similar calculation was
made in Appendix A of [18]). The determinant of the scalar Laplacian on the sphere can be
computed very explicitly, since the eigenvalues are known to be given by

where

j= (4.4)

n

2

is the left SU(2) spin, and their degeneracy is
dj=(2j+1)*=(n+1)>% (4.5)

We have assumed that S? is endowed with its standard metric (the one induced by its standard
embedding in R* with Euclidean metric), and that its radius is R = 1. Removing the zero
eigenvalue just means that we remove j = 0 from the spectrum. To calculate the determinant
we must calculate the zeta function,

dj > n 1 2 > m
SCIOEDD St > (75(7;:_2)))5 => 2 =1 (4.6)

j>0 "7 n=1

since

log det’ A©® = —¢/, (0). (4.7)

This can be done in many ways, and general results for the determinant of Laplacians on the
n-sphere can be found in for example [34]. We will follow a simple procedure inspired by [32].

We split
m? 1 S
(mg — 1)5 = m2(—1) + m2s + R(m7 s), (4'8)

where

m?2 1 S

R(m,s) = (mZ—1)°  m26-D 2

(4.9)

which decreases as m~25~2 for large m, and therefore leads to a convergent series for all s > —1/2
which is moreover uniformly convergent, and one can exchange sums with derivatives. The
derivative of R(m,s) at s = 0 can be calculated as

dR(m, s)
ds

1
= —1+m?log <1 - m2> (4.10)
S=

The sum of this series can be explicitly calculated by using the Hurwitz zeta function (or, in
practical terms, by plugging it in Mathematica), and one finds

_ i [1 L m?log <1 - n;)] _ g ~ log(r). (4.11)

m=2
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We then find -
(A (8) = ((2s —2) =1+ 5(¢(25) = 1)+ Y _ R(m,s), (4.12)

m=2

where ((s) is Riemann’s zeta function, and

—Caw (0) = log(m) — 2¢(-2). (4.13)
Here we have used that )
¢(0) = -3 log(27). (4.14)
The final result can be expressed in terms of {(3), since
3)
"(-2) = —i. 4.1
¢(-2)=-5% (115)

We conclude that the determinant of the scalar Laplacian on S? is given by

3
log det’ A = log(r) + 2(2) (4.16)
7
We now compute the determinant in the denominator of (3.56). We must consider the space
of one-forms on S3, and restrict to the ones that are not in the image of d. These forms are
precisely the vector spherical harmonics, whose properties are reviewed in the Appendix. The
eigenvalues of the operator dfd are given in (B.30), and they read

A= (n+1)2 n=1,2---, (4.17)
with degeneracies
dp, =2n(n+ 2). (4.18)
The zeta function associated to this Laplacian (restricted to the vector spherical harmonics) is
) =3 m =23 L ag(as - 2) - 2((29) (4.19)
and
log det’ AN = —4¢’(—2) — 2log(2m) = —2log(27) + CS’) (4.20)

We conclude that
log 7h(S?,0) = log det’ A® —log det’ A = log(27?). (4.21)

This is in agreement with the calculation of the analytic torsion for general spheres in [38]. In
view of (3.57), and since
vol(S?) = 272, (4.22)

we find
mR(S?,0) = 1. (4.23)

One can also calculate the invariant (3.50) directly, since

(5, %d) = 2 Z nn++12 2(C(s —2) — C(s)), (4.24)
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and
¢ (0,%d) = —2¢(0) = 1. (4.25)
Since there are dim G copies of this operator, we verify the expression (3.61). Finally, a similar

calculation gives
n(0) = 0. (4.26)

1 k —%dimG
Zl—loOp(Sg) = VO](G) (47‘_2> (427)

We conclude that

4.2 Matter fields

The supersymmetric multiplet contains a complex scalar and a fermion. At one loop we just have
to compute the functional determinant for a conformally coupled complex scalar and a complex
fermion.

We will first consider the complex scalar. The kinetic operator is now the conformal Laplacian

3

A, =-V?
Vit

(4.28)

where for simplicity we have set » = 1 (we will incorporate later on the dependence on r). The
eigenvalues of the conformal Laplacian are simply

3
n(n+2)+1, n=0,1,---, (4.29)

with the same multiplicity as the standard Laplacian, namely (n + 1)2. We then have

o0

(n+1)?
A, = (4.30)
T e AP A Ty
As in the case of the standard Laplacian, we split
m? 1 S
(m2 _ 1)8 - m2(8—1) + 4m25 +RC(m73)7 (431)
where )
m 1 s
R.(m,s) = (m2 — %)s T T I (4.32)
The derivative of R.(m,s) at s = 0 can be calculated as
dR.(m, s) 1 9 1
_— =—- 1 1-— 4.
1s - 1 + m*” log 2 (4.33)
The sum of this series can be explicitly calculated as
1 11 7¢(3)
We then find .
s
Can(s) = (25 = 2) + ¢(25) + > " Re(m,s), (4.35)

m=1
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and

1 3¢(3)
e, = —log(2) — . 4.
Ca.(0) = Jlog(2) — =5 (430)
We conclude that the determinant of the conformalLaplacian on S? is given by
1 3¢(3
log det A, = 1 log(2) — 557(72) (4.37)

This is in agreement with the result quoted in the Erratum to [14]'.

Let us now consider the determinant (in absolute value) for the spinor field. We have, using
(B.44),

o0

n(n+1)
s)=2 = 4.38
Cp|(s) 2yl (4.38)
After a small manipulation we can write it as
C|p|(3) —9. 2572 Z ; _ Z #
s—2 s
w1 @mA 1) e (2m 4 1) (4.39)
S— 1 S
=2(27 = 1)¢(s - 2) = 5 (27 = D (s),
where we have used that
1
— = — 1 —27 : 4.4
Z(Qmﬂ > Z ) ¢(s) (4.40)
n>1 k>1
We can then compute
log d i = —([p(0) = 3 3 L log 2 4.41
og det (—1P) = —(jp(( )—*@C( )*1 og 2. (4.41)
In fact, the regularized number of negative eigenvalues is
(p|(s) =0 (4.42)

and there is no contribution from the extra phases. The above result is the determinant we were
looking for. Notice that the supersymmetric, one-loop quantity is then

1
log det (—ip) — log det A, = —3 log 2. (4.43)

This can be seen directly at the level of eigenvalues. The quotient of determinants is
1\m

1p et H™ Y "V 1 Em+ ggm (4.44)
m=3

m=1 (m2 - i)mQ m=1

and its regularization leads directly to the result above.

!'Beware: the arXiv version of this paper gives a wrong result for this determinant.
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4.3 ABJM theory at weak coupling

We can now calculate the free energy on S* of ABJM theory. We have two copies of CS theory
with gauge group U(N), together with four chiral multiplets. Keeping the first term (one-loop)
in perturbation theory we find,

k
Fapm(S?) = —N2%log <42> — 2log (vol(U(N))) — 2N?%1log(2) + - - - (4.45)
T
where the first two terms come from the CS theories, and the last term comes from the su-

persymmetric matter. The volume of U(N) can be calculated in various ways, and its value
is

1
(27T)§N(N+1)
(UN)) = ————— 4.46
vol(U(N)) = S (4.46)
where G2(z) is the Barnes function, defined by
Ga(z+1) =T(2)Ga(z), Ga2(1)=1. (4.47)
Using the asymptotic expansion of the Barnes function
N? 1 3 1
log Go(N +1) = —1log N — —log N — SN% + —N log 27 + ¢'(—1)
2 12 4 2
L i Bag o2y (4.48)
— 29(29 — 2)
g_
where By, are the Bernoulli numbers, we finally obtain
3
Fapym(S?) = N? {log(27r)\) — 5 —2log(2) + - } + O(NY), (4.49)

5. AdS duals

Some 3d SCFTs have a dual AdS description which gives precise predictions for the strong
coupling behavior of the free energy on S3. The dual computation involves calculating the
gravitational action on AdSy, and this calculation needs regularization in order to obtain finite
results. I will now review the method of holographic renormalization and work out two examples:
the closely related example of the Casimir energy of N' =4 SYM on R x S3, and the free energy
of ABJM theory on S3.

5.1 Holographic renormalization

The holographic calculation of many quantities in the AdS/CFT correspondence involves the
calculation of the gravitational action on AdS backgrounds. We recall that this action has two
parts: the bulk part, given by the Einstein—Hilbert action

_ 1
167G N

Thuk =

/ A"z VG (R —2A) (5.1)
M
and a boundary part, or Gibbons-Hawking term [19]

1
Lawt = ——— | K|y|Y/2d? 5.2
surf FYvel /8M |7‘ xz, ( )
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where M is the boundary of spacetime, « is the metric induced by G on the boundary, and K
is the extrinsic curvature, which satisfies

VIK = LovA (5.3)

where n is the normal unit vector to 9M. Both actions, when computed on an AdS background,
diverge due to the non-compactness of the space. For example, the bulk action of an AdS space
of radius L can be written as

n
8TGn L2 / VG (5-4)

which is proportional to the volume of space-time.

In order to use the AdS/CFT correspondence, we have to regularize the gravitational action
in an appropriate way. The standard procedure is to introduce a set of universal counterterms,
depending only on the induced metric on the boundary, which lead to finite values of the grav-
itational action, energy-momentum tensors, etc. This procedure leads to the correct value for
many interesting quantities computed in the CF'T side, and we will adopt it here. It is sometimes
called “holographic renormalization” and it has been developed in for example [23, 7, 16, 13].
We now present the basics of holographic renormalization in AdS.

An asymptotically AdS metric can be written as

du? 1 oo
ds2 2 ” 2 2Vdatda? .
s“=1L 2 —|—u29](u ,x)da'de (5.5)

where the boundary of AdS occurs at u = 0. Notice that, because of the second order pole at the
boundary, this metric does not define an induced metric at the boundary, but rather a conformal
structure. Essentially this is due to the fact that, in order to remove the pole, we should multiply
the metric by a function r with a first-order zero at the boundary (such functions are called
defining functions), and this gives a boundary metric

u=0
However, if r is such a function, e”r also is, and this multiplies g, by a Weyl rescaling.
Let us now solve for the metric g;; (u?,z) in a power series in u. This gives,
0 2
gij(u?, x) = gZ(j (x) + u2gi(j)(:v) + ot {9(4) (z) + log(u®)h® (x)} + - (5.7)

(2n)

This is then plugged in Einstein’s equations in order to solve for g;;" recursively. One finds, for

example [13]?

@__ 1 (p 1 50 5.8
gzg n—2 < ) 2(n_1) gzg . ( . )
The resulting metric is finally plugged in the gravitational action for the AdS metric,
1 n(n—1) 1
I Ihoundary = —7—=— | 4"z VG (R - / Ky[*?d"z (5.9
bulk + {boundary 167G /M x + 2 817G Jonr kel z  (5.9)

To calculate the boundary term, we consider the normal vector to the hypersurfaces of constant
u’

nt = ——. (5.10)

2The sign in the curvature is opposite to the conventions in [13], which give a positive curvature to AdS.
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The minus sign is due to the fact that the boundary is at u = 0, so that the normal vector points
towards the origin. The induced metric is

N 4 o
vijda'dar? = ﬁgij(uz,x)dx’dx], (5.11)
with element of volume 4
L
vi=(1) va (5.12)

The intrinsic curvature of the hypersurface at constant « is then

VIK = Loy = —20, Ki)n \/g} — ”Luzl <1 - :Luau> J3. (5.13)

We then find,

nLnt nLn1 1
I, = d"z (1 — —uo
- 81Gy / / ”‘*‘1\[ 87TGN€"‘/ v ( n u) V9
The singularity structure of this regulated action is [13]

L™ ' —n/2+1 2 0
I = TonGu / \/> "ag) + € /2+ a@) + € “ag_g) — log(e)an) + O(e”) (5.15)

Let us now calculate the first two coefficients (the next two are computed in [13]). We first
expand,

(5.14)

detg:det(g<o>+uzg<z>+...) :eXpTr{logg< ) 4 u2g@-1 <>+...}

(5.16)
— det g© (1 Ty <g(o>—1g<2>) 1. ) :
so that )
2 1) — /g0 w -1, 4 ...
Vy(u?,x) =\/g <1+2TY(9 g )+ >
(5.17)
(1 _ 7u5 ) ol 1) = /40 < 2Tr< -14@) +) _
The first term (coming from the bulk Einstein-Hilbert action) gives
nL" 1 [ 1 1
qr (O = Tr (1,2 5.18
8GN / VI [ne” * 2(n —2)en—2 (g g ) + (5.18)
while the Gibbons-Hawking term gives
nL"! [ [1  n—2
_ n o) | — Tr (@1, 1
8GN /d VI [e” + 2nen—2 (g g ) + (5.19)

In total, we find

1 (1 —-mn) n —dn+4
(0)-1_(2)
167TGN/ TV [ (n— 2 1! (g g >+ ] (5.20)
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and we deduce,

a(o) = 2(1 — n),
n—4)(n—1 _ (5.21)
agg) = ——( n)—( 5 >Tr (g(o) 19(2)) , mFE2

The counterterm action is just minus the divergent part of I,

= o e eI )] e

We should re-write this in terms of the induced metric in the boundary (5.11), evaluated at u = e.
From (5.17) we deduce

g0 = (%) (1 - 622"& (99719@) + 0(64)> NGt (5.23)

On the other hand, from (5.8) we obtain

1 » 1 1
O-1,y=-__* (Opi__ > p,0,9,064) - ___ > pr,0

Tr (g g ) — (gw R = 1)R[g 19;;°9 > = 1)3[9 ]

2 (5.24)
- C2(n— 1)62RM L
Plugging these into the counterterm action we find
1 L? n—4

Jow—— — n 1 )2 =1) - —— =~ 12

o= oz | oA (14 o R ) 200 - gy e+ (5.25)

- SW]é;N/dnxﬁ<n;1 +2(nL—2)R[7]+"'>’

which is the result written down in [16] (for Euclidean signature). This is the counterterm
action which is relevant for AdS in four and five dimensions, and the dots denote higher order
counterterms (in the Riemann tensor) which are needed for higher dimensional spaces [7, 16, 13].

5.2 An example: Casimir energy

Let us consider an n-dimensional CFT on the manifold S' x S"~!, with periodic boundary con-
ditions for the fermions. Let us suppose that we want to compute the supersymmetric partition
function on S' x S*~!, where the circle has length 3. This is

Z (S' x §"71) = Tr(—1)Fe PHE) — ¢=FFo 4 ... (5.26)

where Ej is the energy of the ground state, i.e. the Casimir energy on S*~!. In the SUGRA
approximation, this can be computed by evaluating the regularized gravity action I [41]

Z(S'xs" ) =e". (5.27)

In order to calculate I, we need a Euclidean AdS metric which is asymptotic to S! x S*~! at the
boundary. This metric can be written as [16]

ds? = r dr? + L + r2d0? (5.28)
-Vt 1+4r2/L2 -l ‘
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where the boundary is at 7 — oco. Here, dQ)2 is the metric on the unit n-sphere, and 7 has length
B. Let us compute the gravitational action for this theory, with a cutoff at the boundary oM
located at 7. At the end of the calculation we will take r — oo. Evaluated on the metric (5.28)

we find 1
TGN Ipuk = ﬁTnVOI(Sn_I)ﬁ,

n 1 | —1 1
8GN Tguet = —vol(SP1)grn—t {TV(T) + 2V’(r)} , (5.29)

_ ne1 | —1 n—1)L
87G NIy = —vol(S" ) r 1{ 7 i 27"2) }Vl/%«),

where
2

Vi) =1+ % (5.30)

Plugging the expression for V(r) above, we find

1
871Gy ourt = —vol(S"~1)Br" {”TQ n ”} :

L2
_ n-1 n-—1 2\ /2

We then find, in total,

87TGNI

S L0 (1 B e (14 ) (14 5) ] O

Expanding for r — oo we find, for n = 3, a vanishing action, while for n =4 (i.e. AdSs) we find

3V372 2
3vol(S?)BL Lo 3rL*3

8rGNI = _
TN 8 32GN

(5.33)

Let us suppose that we want to compute the supersymmetric partition function on S! x S*~1,
where the circle has length 8. This is

Z (S' x §"71) = Tr(—1)Fe PHE) — ¢=FFo 4 .. (5.34)

where Ej is the energy of the ground state, i.e. the Casimir energy on S"~!. In the SUGRA
approximation, this is just

3nL?*p3
Z(S'xs" ) =e = — 5.35
(8" x 8" =e™ =exp  —go (5-35)
and in this approximation the Casimir energy is
3rL?
= 5.36
* 732Gy (5.36)
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Let us now compute the Casimir energy directly in QFT at weak coupling. A massless scalar
field on R x S? satisfies the equation

(9""'VuVy +£ER) ¢ =0, (5.37)
where £ is a general coupling to curvature. For a conformally coupled scalar in 4d, we have
E=—. (5.38)
Let 1,x be coordinates for R x S3. The metric can be written as
ds* = L? (dn? — dQ3) (5.39)

where L is the radius of S3, and dw% is the element of volume on an S® of unit radius. The
coordinate n (which is dimensionless) is called the conformal time parameter (see [9], p. 120),
and it is related to the time coordinate by

t= L. (5.40)
We write the wavefunctions in factorized form

U, (11, %) = Xm (1) py, (%), (5.41)
where ¢;(z) is a spherical harmonic, i.e. an eigenfunction of the Laplacian on S3,

~Vi¢l = (m?* — 1) ¢ n=1,---,m? m=12---. (5.42)

m?
The function w], satisfies the wave equation (5.37), which after separation of variables reads

1

73 (0 = V&) + €R| xm(n)é};, = 0 (5.43)

which leads to the following equation for x,,(n):

02X + (m? — 1+ L*€R) xn = 0. (5.44)

Now, R is here just the curvature of the sphere, therefore

6

and for a conformally coupled scalar the equation reads
8%Xm +m%Xm =0 (5.46)

with the solution
—iwmn

Xm(n) x e , W = M. (5.47)
We can now calculate the Casimir energy of this system by zeta-function regularization

[e.e]

o % S m? - (m/L). (5.48)

m=1
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To understand the factor of L, notice that the frequencies are usuallt defined w.r.t. to the
time-depending phase
et = I = gy, = I, (5.49)

The above sum is of course divergent, but we can regularize it with a zeta-function regularization
to obtain

1 o0
E(s)=-=Y m’m™* :

(s) 2L 2 mm (5.50)

which has then to be continued to s = —1. We obtain in this way

1
_ _ .51
B(s) = 5 0(s ) (5.51)
and 1 1

E=FE(-1)= —((-3)=——. .52
(1) = 57C(-8) = 5o (5.52)

For Weyl spinors, the Casimir energy is obtained by summing over the modes of the spinor
spherical harmonics, and with a negative sign due Fermi statistics, i.e.

1 00
Espinor = _E Z 2m(m + 1)(m + 1/2)7 (553)
m=1

where 2m(m + 1) is the degeneracy of the eigenvalue m + 1/2 of the Dirac operator. This can
be again regularized by considering

1 X n(n+1)
Exspinor(s) = =7 > 5 (5.54)
n=1 2
and analytically continuing it for s = —1. Since
. n(n+1) 9 1
Y s =2 1) (s —2) — 5 (2° = 1)¢(s) (5.55)
n=1 (TL + %) 4
we find ) . 17
(1) — & -3 _ Loy tg—1 _ _
Bunr(-1) =~ (2 =13 - 1 @1 =) -D) = garr (550
Finally, for a gauge field, we have
1 o0
Egauge = ﬁ Z QTL(TL + 2)(7”L + 1), (557)
n=1

where n+1 is the square root of the energies of the modes (i.e. the square root of the eigenvalues
of the Laplacian). This is regularized as

= n(n > m? —
Bl = 7 00 = 0 T = o2 a6
and one finds . .
Egauge(—1) = 7 (€(=3) —2¢(-1)) = 120L° (5.59)
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It follows that the Casimir energy on S? x R for a QFT with ng conformally coupled real scalars,
n1/2 Weyl spinors and ny vector fields is

1
E = 60T (4no 4 17ny /5 + 88n1) . (5.60)

In the case of N'=4 SYM with gauge group U(N) we have

no = 6N2, nyjg = 4N?, ny = N2, (5.61)
and we obtain )
3N

= .62

16L (5 0 )

The Casimir energy computed in gravity is (5.36), which agrees with the result above after using
the dictionary

LS
N2=T2 5.63
STepe (5.63)

5.3 Example: free energy in AdS,

We are interested in studying CFTs on S™. Therefore, in the AdS dual we need the Euclidean
version of the AdS metric with that boundary, which can be written as [16]

dr?

ds® = ———
I

+r2dQ? (5.64)

with the notations of the previous subsection. The boundary is again at » — oco. This metric
can be also written as [41, 16]

ds? = £2dp* + sinh?(p)dQ2, (5.65)
5.4 AdS duals
The AdS duals to the theories we will consider are given by M-theory on the manifold
AdSy x X7, (5.66)
where X7 is a seven-dimensional manifold. In the case of ABJM theory,
X7 =S"/2. (5.67)
The eleven-dimensional metric and four-form flux are given by
453, = I, <jldsz\ds4 " ds§(7> |

(5.68)

3
G = §L§(7wAdS47

where waqs, is the volume form with unit radius. The radius Lx, is determined by the flux
quantization condition

(274,)5Q = ; *11G = 6L%, vol(Xr). (5.69)
7
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In this equation, ¢, is the eleven-dimensional Planck length, and C7 is a cycle enclosing the brane
and homologous to X7. The charge @) is given, at large radius, by the number of M2 branes IV,
but it receives corrections [8, 5]. In ABJM theory we have

Q:N—214</<:—11). (5.70)

This extra term comes from the coupling

/03 NIy (5.71)

in M-theory, where Ig is proportional to the Euler density in eight dimensions, and satisfies

X
I = —= 5.72
/Ms 24 (5:72)

where Mg is a compact eight-manifold. In ABJM theory, the relevant eight-manifold is C*/Zy,
with regularized Euler characteristic

x (CY/zy) =k — % (5.73)

This leads to the shift in (5.70).
One final ingredient that we will need is Newton’s constant in four dimensions. It can be
obtained by standard compactification of the Einstein—Hilbert action in eleven dimensions, and

one finds Jor208
1 24/6
1 2vemQT” (5.74)

Gy 9/vol(X7)

It follows that the regularized gravitational action in these backgrounds is of the form

s 276
Lo = = Qb2 | 2T .
X =56, ¢ 27vol(X7) (5:75)

In particular, for ABJM theory we have

™2
Iy, = Tkl/QQ?’/Q. (5.76)

6. Localization

6.1 A simple example of localization

In order to introduce the idea and the techniques of localization, it is useful to look at a very
simple example which has a purely geometric interpretation, namely the Poincaré—Hopf theorem.
This example has been worked out in some detail in many references, like for example [10, 12, 29].
We will follow the last one, see [30] as well.

Let X be a Riemannian manifold of dimension n, with metric g,,,, vierbein e}, and a vector
field V},. We will consider the following “supercoordinates” on the tangent bundle T'X

(", "), (¥u, Bu) (6.1)

—97 —



where the first doublet represents coordinates on the base X, and the second doublet represents
supercoordinates on the fiber. ¥* and 1, are Grasmann variables. The above supercoordinates
are related by the Grasmannian symmetry

ozt = Wﬂ &Zju = Bua

(6.2)
ot =0, 0B, = 0.
With these fields we construct the “action”
1 N o
S = §9W(BHBV + 2itBHVY) — ZRP"W@Z)p@ZJU@b”w — itV , V¥ pHa,, (6.3)
and we define the partition function of the theory as
1 _
Z(X)= —— / dz diy dip dBe™™ (6.4)
@2m™ Jx
It is very easy to see that the full action is d-exact,
1- _
S =6V, U = 5% (B* +2itV* + T2, 0,0"g") . (6.5)

In particular, the partition function should be independent of ¢, and we can evaluate it in different
regimes: t — 0 or t — oco. The calculation when ¢ = 0 is very easy, since we just have

2(X) = / da dyy A dB e~ 29m B B + 3RO bt e (6.6)
(2m)™ Jx
The integral over B gives ,
(273;/ , (6.7)
and we can define orthonormal coordinates on the fiber by using the inverse vierbein,
Xa = By, (6.8)
so that the integral reads
Z(X) = (%1)”/2 /X dz dip dy e1 B mxexstv” (%1)”/2 /X dz di Pf(R), (6.9)

where we have integrated over the Grassmann variables x, to obtain the Pfaffian of the matrix
R The resulting top form in the integrand,

1

e(X) = WPf(R) (6.10)

is nothing but the Chern—Weil representative of the Euler class, therefore the evaluation at ¢t = 0
produces the Euler characteristic of X,

Z(X) = x(X). (6.11)
Let us now calculate the integral in the limit ¢ — oo. After integrating out B again, we find

1 _ﬁ L Veyv lRaby HahY LitV, VY M e
200 = iy [ drdu e StV s S (61)

~ 98 —



We will now assume that V# has isolated, simple zeroes py where V#(py) = 0. These are the
saddle—points of the “path integral,” so we can write Z(X) as a sum over saddle-points py, and
for each saddle—point we have to perform a perturbative expansion. Let £# be normal coordinates
around the point pi. We have the expansion,

Vi) =) %% O,V (pr)EM - gt (6.13)

n>1

After rescaling the variables as

E—t7le, WtV x T2y, (6.14)

in such a way that the measure remains invariant, we see that in the limit ¢ — oo the theory
becomes Gaussian,

1 _1 VHék)MH“C)V aef lH(k)D Hely
Z(X)—ZW/dedwdxe 29n 5 STETHHLT Y e (6.15)
where

HH — oV (6.16)

The integral can now be computed as a sum over zeroes of the vector field,

1 det(ed) det H®)

Z(X) = L2 2m)ldet HF) =y~ ——__ 6.17
0 pzk\/gﬂdet ] (2 2mide ; |det H®)| (6.17)

6.2 Localization in the gauge sector

To localize in the gauge sector, we add to the CS-matter theory the term
—tSvym (6.18)

which is a total superderivative, and its bosonic part is positive definite. By the standard
localization argument, the partition function of the theory (as well as any d.-invariant operator)
does not depend on ¢, and we can take t — oo. This forces the fields to take the values that make
the bosonic part of (2.30) to vanish. Since this is a sum of positive definite terms, they have to
vanish separately. We then have the localizing locus,

F=0, D=0 D+2=0 (6.19)
r

The first equation says that the gauge connection A, must be flat, but since we are on S? the
only flat connection is A, = 0. Plugging this into the second equation, we obtain

0o =0 = o = oy, (6.20)
a constant. Finally, we have
D=-2° (6.21)
r

An equivalent analysis can be done by requiring 6.A = 0. Once this is done, we have to consider
the one-loop fluctuations around this configuration. We have to pick a gauge fixing to proceed
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with the calculation, and we will choose the standard Lorentz gauge as in the case of Chern—
Simons theory. The path integral to be calculated to one-loop is

1 I AO\—12 7 o~ Sy (A)+Sghosts (C,C,A)
Vol(H,) (det” A™)"2 /Ker(d)T DA e DCDCe g , (6.22)

where C, C are ghosts fields, which can be integrated out immediately to obtain

1 , _
—— (det' A")2 / DA / DCODC e HSym(A), 6.23
VOl(Hc)( ot A7) Ker ()1 (Ker d)- ¢ (6.23)

We have to expand the YM action around the localizing locus, so we set

1
0=00+ —F=0

NG

o 1,
D=—-—+—/D 6.24
St (6:21)

1 1
) A — 7147 7A7

ViVt
where the factors of t are such that we remove the overall factor of ¢ in the action. In this way
we obtain, up to quadratic order in the fluctuations,

A

1 . - 1 -
3 / Vgdz Tr (—A“AAM — [Ay, 00)* + 040" 0 0" + (D' + 0')* + iMHV A + iX[o0, A] — 7\
T

(6.25)
The integral over the fluctuation D’ is Gaussian and it can be done immediately. It just eliminates
the term in (D’ + ¢’)2. The integral over o’ gives

(det’ A%)~2 (6.26)

which cancels the term in (6.23). Before proceeding, we just note that due to gauge invariance we
can diagonalize oy so that it takes values in the Cartan subalgebra. But we can also decompose
A, as:
A= A "X+ hy (6.27)
(e

where the sum is over the roots a of G, X, are representatives of the root spaces of G, normalized
as
Tr(XaXp) = Sas (6.28)

Finally, h,, is the component of A, along the Carta subalgebra. Notice that this part of A, will
only contribute a op-independent factor to the one-loop determinant, so we will ignore it for the
moment being. Then we can write:

00, Ayl = afo0) A, X, (6.29)

«

and similarly for A\. Plugging this into the action, we can now write it in terms of ordinary (as
opposed to matrix valued) vectors and spinors

SR> (40 (-2 +(00) Ao = 3oa (179, o) = - ) Xa) (630
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Notice that, due to the rescaling of the A field, at large ¢ the Chern—Simons term for A does
not contribute to the quadratic Lagrangian. We then have to calculate the determinants of the
above operators. Notice that the integration over the fluctuations of the gauge field is restricted,
as in the Chern-Simons case, to the vector spherical harmonics. Using the results (4.17), (4.18),
we find that the bosonic part of the determinant is:

det(bosons) = H H (n+1)? + afop) )2n(n+2) (6.31)
For the gaugino, we can use (B.44) to write the fermion determinant as:

n(n+1)
det(fermions) H H < n+ia(og))(—n — 1+ ioz(cro))) , (6.32)

and the quotient gives

auge had (TL + ia(a ))n(n+1)(_n —1+ ia(a ))n(nJrl)
Zlg loip[ 0] = 1;[ 1;[1 (?n F1)2+ a(00)2>n(n+2)0
(6.33)

H 10—01 n+ix 00 )”(”‘H)(—n — 1 +ia(og)) )
- (n +ia(og)) =D+ (n + 1 — ja(og) ) +2)

We see there is partial cancellation between the numerator and the denominator, and this be-
comes:

1 2 n+1
e (n +ia(og))™t (n? + a(og)?)
1 loop H H TL _ 1a H H TL2 + a 2)n—1
a n=1 a>0n= 1 (6 34)
=11 H(n2 +a(00)?)?,

a>0n=1

where we use the fact that the roots split into positive roots o > 0 and negative roots —a, o > 0.

We finally obtain
oo (0.) 2
au, e O‘(UO)2
st = (I T (1) o
n=1

a>0n=1
We can now regularize this with the zeta function, which will lead to a finite result for the infinite

product
11" (6.36)
n=1

On the other hand, we can use the well-known formula

sin?r(zm) 11 (1+f;) (6.37)

n=1

to write

. 2
Zgauge [UO] . H <Slnh(7ra(00)>) , (638)

1-loop
a>0 ﬂa(Uo)

where the proportionality factor is independent of .
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6.3 Localization in the matter sector

The matter Lagrangian is in itself a total superderivative, so we can introduce a coupling ¢ in
the form
—tSmatter- (6.39)

By the usual localization argument, the partition function is independent of ¢, and we can
compute it for ¢ = 1 (which is the original case) or for ¢ — oco. We can also restrict this
Lagrangian to the localization locus of the gauge sector. The matter kinetic terms are then

Ly = g"0,d0,¢+ doip + BED gog 4 AR G

Ly = —ipy 8,0 + ihootp — B2eep. (6.40)

The real part of the bosonic Lagrangian is definite positive, and it is minimized (and equal to
zero) when

¢ =0. (6.41)

After using (B.11) and (B.39), we find that the operators governing the quadratic fluctuations
around this fixed point are given by

Ay

%2 {4L% — (A —irog)(A — 2 —irog) }
Ay = %{4L-S—|—imo+2—A}. (6.42)
Their eigenvalues are, for the bosons,
Ay =7r"2(n+2+ircg — A)(n —irco+4), n=01,2--, (6.43)
with multiplicity (n + 1)2, and for the fermions
szr_l(n—l—l—kirao—A), r Y =n+iroy — A), n=12,---, (6.44)

with multiplicities n(n + 1). We finally obtain,

|detAy| H (m + 1 +irog — A)™ D (m — irgy + A)mm+D (6.45)
detAy oo (mA1l+irog — A)m*(m — 1 — irog + A)™? ‘
and we conclude LA
+1—-A+1rog\™
Zmatter — (m ) 4
1-loop [0—0} H m—14+A— irog ) (6 6)

As a check, notice that, when A = 1/2 and o = 0, we recover the quotient of determinants (4.44)
of the free theory. This quantity can be easily computed by using (-function regularization [24].
Denote

z=1-A+irog, ((z) = log Zeet o). (6.47)

Then

9.0(z) = i <mm+ —+ m”j Z) : (6.48)

m=1
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which has a linear divergence. We can regularize this quantity as

0 i <(m7j:z)s + (mTz)s> . (6.49)

0:0(z) = -
s=0 ;=1

On the other hand,

2. (( et > = Culs —1,2) = 2Cu(s,2) = Cu(s = 1,—2) — 2Cu(s, —z), (6.50)

m+z)s  (m—z)*

m=1
where -
1
Culs,2) = > —— (6.51)
" 7nZ:1 (m+2)

is the Hurwitz zeta function. Using standard properties of this function, one finally finds the
regularized result

0:0(z) = —mzcot(mz), (6.52)
which can be integrated to give
_ 27z i 2 l : 2miz . E
U(z) = —zlog (1 — e*™) + 5 <7rz + 7rL12(e )> 13’ (6.53)
where we have imposed the boundary condition coming from (4.43)
1 1
There is an important property of ¢(z), namely when A = 1/2 (canonical dimension) one has
1 1
5 (U(z) +(2")) = ) log (2 cosh(nroy)) . (6.55)

To prove this, we write
.
2=5 + 16, (6.56)
and we compute

1 1 1 i i
5 (0(z) + £(=")) = — log (2 cosh(mt)) + mi6” + % n ﬁ (Lig(—e_2”9) + LiQ(—e2“9)> . (6.57)
After using the following property of the dilogarithm,

Lig(—2) + Lig(—z~ 1) = —7: — % (log(x))?, (6.58)

we obtain (6.55).

When one has a self-conjugate representation, the set of eigenvalues of oq is invariant under
change of sign, therefore we can calculate the contribution of such a multiplet by using (6.55).
We conclude that for such a matter multiplet,

zmtter(oo] = [ [ (2 cosh(nrp(o0))) > (6.59)
P

For general representations and anomalous dimensions, one has to use the more complicated
result above for ¢(z).
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6.4 Wilson loops

The condition for invariance of a Wilson loop is

(Yt —1)e=0. (6.60)
The solution is
Yu&H = constant (6.61)
Notice that
P =" "Bl (6.62)
a
satisfies the above equation, since
Yttt = Z’ykeﬁcaEg = Z Y (6.63)
a a
indeed a constant matrix.
We can then take the vector field 5
a2
e (6.64)
to be parallel to
0
_n_ Y
l3 = By D (6.65)

The integral curves of this vector field are “great circles” i.e. circles of radius R inside S®. We
then find,

Yt = 3, (6.66)
and the condition on the spinor is simply
Y3€ = €, (6.67)
ie.
_ (! (6.68)
e=19)" .
where we have normalized
ffe=1 (6.69)

6.5 The Chern—Simons matrix model
6.6 The ABJM matrix model
7. Matrix models at large N

8. Chern—Simons matrix models at large N

8.1 Solving the CS matrix model
The saddle-point equation at finite N is

L= 3 coth <“;“J) . (8.1)

9s i
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The form of the r.h.s. suggest to define the resolvent as

w(2) :gs<2§;coth (2_2“>> (8.2)

The large N limit of (8.1) gives then

1
=5 (wo(z +i€) + wo(z — i€)) . (8.3)
The planar resolvent has the boundary conditions

wo(z) ~ £t, 2z — +oo, (8.4)

where
t=gsN. (8.5)

Let us define the exponentiated variable
Z =é°. (8.6)

In terms of the Z variable, the resolvent is given by

N
dz dz
w(z)dz = —t7 + 2g; <ZE 7 — o > (8.7)

and it has the following expansion as Z — oo

N
w(z) —t+ 2;8 <Z e“"> +-- (8.8)

i=1

From this resolvent it is possible to obtain the density of eigenvalues at the cuts. In the planar
approximation, we have that

wo(z) = —t+ 2t/cp(u)Z_Zeudu, (8.9)

where p(u) is the density of eigenvalues, normalized in the standard way

/p(u)du =1. (8.10)
c

The standard discontinuity argument tells us that

p(X)dX = —ﬁdyX (wWo(X +i6) —wo(X —i€)), X ec (8.11)

Let us now solve explicitly for wy by using analyticity arguments, following [21]. We construct
the function
9(Z) = /2 4 Zemw0/2, (8.12)

This function is regular everywhere on the complex plane. Indeed, we have

g(Z + 16) _ ewo(Z+ie)/2 + Zefwo(Z+ie)/2 _ Zefwg(Zfie)/Q + efwo(Zfie)/Q _ g(Z _ iE), (813)
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so it has no branch cut. The boundary conditions for this function, inherited from (8.4), are

] Z)=e 2y 1 Z) =e U2, 8.14
Zggog() e , Zlglog(> (8.14)

Analiticity and boundary conditions determine uniquely
9(2) = (2 + 1), (8.15)

and we can now regard (8.12) as a quadratic equation that determines w as

wo(Z) = 2log [1

> (g(Z) VR (2) = 42)] . (8.16)

From this resolvent we can determine immediately the density of eigenvalues,

et — cosh? (%)

= —tan~! 8.17
pz) ot cosh (%) (8.17)

supported on the interval [—A, A] with
A =2cosh™ (et/2> . (8.18)

8.2 Solving the lens space matrix model

The lens space matrix model is

dp; dy;
Zr(e, (N1, Na, gs) = Nl‘N2 /H 1_[1 H <2 sinh (

i< )>2<2sinh <Vi;yj>>2

2
XH<2C08h< Z_V])> o 75 (T i+, 7).

(8.19)
The saddle-point equations are
,ul':tl%l: h:uz t2 Ztah“l_ a
M J#i
(8.20)
_ t2 N hya—yb t1 al hl/a
Vg —NZ;co‘c 5 +Nl;tan
a =

The total resolvent of the matrix model, w(z), is defined as [21]

:gs<§?co‘ch (Z_“">>+gs<§tanh (z ”>> (8.21)

In terms of the Z variable, it is given by
w(z)dz = —(t1 + t2 — —|— 295 < > + 2gs < ~ > (8.22)
— o Z 4+ eva
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and it has the following expansion as Z — oo

5 N N,
w(z) — t1 +t2 + ? <Ze‘”—Zel’“>—i—~- (8.23)
i=1 a=1

From the total resolvent it is possible to obtain the density of eigenvalues at the cuts. In the
planar approximation, we have that

dv, (8.24)

wo(z) = —(t1 +t2) + 2t1/ p1(n) 7 + v

d,u—|—2t2/ p2(V
s A ., (v)

where p1(p), p2(v) are the densities of eigenvalues on the cuts Cy, Ca, respectively, normalized as

| mwdn= [ pmi)av=1. (8.25)
Cy Ca

The standard discontinuity argument tells us that

1 dX
pr(X)dX = ————— (wo(X +i€) — wo(X — ie)), X €,
47T1t1 X
L ay (8.26)
Y)dY = — Y +ie) — wo(Y —i Y )
p2(Y)d T (wo(Y +1i€) —wo(Y —ie)), € Co

Let us now find an explicit expression for the resolvent, following [21]. First, notice that it
can be split in two pieces,
w(z) = wW(2) + w?(z +in), (8.27)

where

(8.28)

In fact, it is easy to see that the matrix model (8.19) is equivalent to a CS matrix model for N
variables u;, ¢ = 1,--- , N, where N; variables

Ui = [bi, Zzlv 7N17 (829)
are expanded around the point z = 0, and Ny = N — N; variables
UNy4a = 1T+ Ve, a=1,---, No, (8.30)

are expanded around the point z = im. At large Nj o it is natural to assume that the first set
of eigenvalues will condense in a cut around z = 0, and the second set will condense in a cut
around z = 7i. It follows that w()(z) will have a discontinuity on a branch cut [—A, A], while
w®(z) will have a discontinuity at the interval [ B, B]. When g, is real, these cuts occur in the
real axis, and the two cuts in the total resolvent are separated by im (see Fig. 2).
The saddle-point equations (8.20) become then, at large N,
2= (wolz+19) +wo(z —i), z€[-A,4]
(8.31)

1
Z=5 (wo(z + im +i€) + wo(z +im —i€)), =z € [-B, B
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Figure 2: Cuts in the z-plane and in the Z-plane.

It follows that the function

f(Z) = e (e0 + Z2%e ") (8.32)

is regular everywhere on the complex plane and has limiting behavior
li Z)=27° lim f(Z) = 1. 8.33
Jim f(2) =27 lim f(2) (8.33)

The unique solution satisfying these conditions is
[(Z)=2*-¢Z +1, (8.34)
where ( is a parameter to be determined. Solving now (8.32) as a quadratic equation for e*°

yields,
—t

an(2) =tox( - [12) - V@ -3 77 ) (5.35)

Notice that €*° has a square root branch cut involving the function

0(Z2) = f2(2Z) —4e¥ 2% = (Z —a) (Z — 1/a) (Z + b) (Z +1/b) (8.36)

where a*!', —b*! are the endpoints of the cuts in the Z = e* plane, see Fig. 2. We deduce that
the parameter ( is related to the positions of the endpoints of the cuts as follows

1 1 1
and we also find the constraint ) . )
— — — — 4
4<a+a—l—b+b> e'. (8.38)

Once the resolvent is known, we can obtain both the 't Hooft parameters and the derivative
of the genus zero free energy in terms of period integrals. The 't Hooft parameters are given by

1 .
ti = el wo(z)dz, i=1,2. (8.39)

i

The planar free energy Fj satisfies the equation

_ 0F, L1
I= s it = —3 é)wo(z)dz, (8.40)
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where 1
.- (s.41)

and the D cycle encloses, in the Z plane, the interval between —1/b and 1/a (see Fig. 2).
The above period integrals are hard to compute, but their derivatives can be computed easily

by adpating a trick from [11]. One finds,

atl 2 = f{ 4z _ . Vab K(k), (8.42)
Ami J (22— CZ+1)? —4e2%z2  w(1+ab)

where K (k) is the complete elliptic integral of the first kind, and its modulus is given by

2_1)®2-1) a+b\?
U =1- . 8.43
(1+ ab)? <1+ab) (8.43)
Likewise for the period integral in (8.40) we find

0L Vab

= = K(K 8.44

o¢ 1+ab k), (844)
where h

Bo=t2 4
1+ab (84)

8.3 ABJM theory and exact interpolating functions
We will now analyze this in the simplest case, namely the ABJM theory in which

N
tl = —t2 = Qﬂi?. (846)
If we think about t12 as “moduli” parametrizing the space of complex 't Hooft couplings, the
ABJM theory corresponds to a real, one-dimensional submanifold in this moduli space. We will
refer to it as the ABJM slice. In this slice, ¢t = 0 and the theory has only one parameter, which
from the point of view of the resolvent is . It follows from (8.37) and (8.38) that

1 1
a—i—a:2+<, b+5:2—<, (8.47)

The derivative (8.42) can be expressed in a simpler way by using appropriate transformations of
the elliptic integral K (k). Let us consider the elliptic moduli

1—F k1

= =i 4
kl 1+k/7 kQ 1 (8 8)

One has that (see for example [20], 8.126 and 8.128)

K(k) = (14 k) K (k1) = — LK (ks), (8.49)

and we can write

Vab Vab 14k 1 ab
ara) B = it ® K<k2)_\/(a+b)(1+ab)

K (k). (8.50)
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Notice that

by = (a_l)(z_? kS =— (8.51)

(a+1)(b+1)’ 4(a+ b)(1 + ab)
In the ABJM slice we have
2
s ¢ ab 1
_ s @ 2 52
=15 \/(a—i—b)(l—i—ab) > (8:52)
and O ) ¢
- m]{ <4> (8.53)

It follows from this equation that, if we want A to be real (as it should be in the ABJM theory),
¢ has to be pure imaginary, and we can write

(=ik, KeER. (8.54)
It follows that " . )
iK
—=—K|—]. .
de  4n? < 4 ) (8:55)
This can be integrated explicitly in terms of a hypergeometric function [31]
K 111 3 &
=—3skhh|l-, =, 5L, —— | . .
)\(H) 871'3 2(272727 'y 16) (856)

where we have used that A = 0 when x = 0 (in this limit, the cut [a, 1/a] collapses to zero size,
and the period ¢ vanishes).

Let us now consider the prepotential. Its second derivative w.r.t. s, evaluated at ¢t = 0, can
be calculated as

2R 7 e\
M‘ _oI  (da . (8.57)
0s? lt=0  OClt=0 \ d¢
Like before, we will use the transformation properties of the elliptic integral K (k') to write (8.44)
in a more convenient way. From (8.48) we deduce

2k 1
K, =22 K, = —, (8.58)
L 2T K

and we have, using again [20], 8.126 and 8.128,

| K

K(K') = T k,K(k:’l) =T W (K (ky) +1K (k2)) . (8.59)
In the ABJM slice we find,
gf = 5 [K (f) LK (fﬂ , (8.60)
so that 2R, K (%)
57 |~ TR 7i. (8.61)
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We conclude that, in the ABJM theory,

DiFy(\) = 4ﬂ3% + 473i (8.62)
’ K(§)
A further integration leads to the following expression in terms of a Meijer function

K 2.3 l? l) 3
OFo(A) = 1 G35 (6’ 87 _2%

K2 n?ik 111 3 k.
= Bz = =,0 =20, .
16>+ 2 ° 2<2’2’2’ ) 16) (863)

This is, indeed, the exact interpolating function we were looking for! To see this, we can expand
it at weak coupling as follows:

443
HFo(X) = =872\ <1og (?) — 1> - 167; A +0(N°). (8.64)

After including the term g2, we find that the first term exactly reproduces the weak-coupling
answer (4.49). The comparison with the weak coupling expansion also fixes the integration
constant,

A
Fy(\) = /0 AN Oy Fy(N) (8.65)

To study the strong-coupling behavior, we can now analytically continue the r.h.s. of (8.63) to
Kk = 0o, and we obtain

472 33 16
_ 2 . .
a)\FO()\) =27 10gl‘i+ 7/{:2 4F3 <1,1,2,2,2,2,2,—K2> . (866)

After integrating w.r.t. A and introducing the shifted variables A we find,

oy ATNV204 —2rv/2A ( 1 )
Fo(A) = ——A ——— 8.67
0(A) 3 +;e fe o (8.67)

where f;(z) is a polynomial in z of degree 2¢ — 3 (for ¢ > 2).
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Figure 3: Comparison of the exact result for 9y Fy(\) given in (8.63), plotted as a solid blue line, and
the weakly coupled and strongly coupled results. In the figure on the left, the red dashed line is the
supergravity result given by the first term in (8.67), while in the figure on the right, the black dashed line
is the Gaussian result given by the first two terms in (8.64).
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A. Differential geometry of S*

A.1 Maurer—Cartan forms

We will first introduce some results and conventions for the Lie algebra and the Maurer—Cartan

forms. The basis of a Lie algebra g satisfies

[Tay Tb] = fabcTc-

(A1)

If g € G is a generic element of G, one defines the Maurer—Cartan forms w® through the equation

g ldg =) Tw",
a
and they satisfy
1
dw® + ifabcwb Aw®=0.

This is due to the fact that
d(g~'dg) + g 'dgAgtdg=0.

Let us now specialize to SU(2). A basis for the Lie algebra is given by:

1
T, = 50'(17

so explicitly

i (01 i (0 i(10
T12<10>’ T22<i0>’ T32<0—1

The structure constants are
fabc = —€abc

Elements of SU(2) are of the form

o= (52) laPeis=1.

We parametrize this element as (see for example [37])

t t t t
la| = cos —1, |3| = sin —1, Arga = H, Arg 3 =
2 2 2
where t; are the Euler angles and span the range
0§t1<7r, 0§t2<2ﬂ', =21 < t3 < 2.

The general element of SU(2) will then be given by

=u(ty,ta.t3) = cos(t1/2)elt2H13)/2 jsin(t) /2)el(t2—t3)/2
9 =ulttats) = (G (1, /2)oi(—+19)/2 cos(1y /2)e1+19)/2

= u(tg, 0, O)U,(O, tl, O)U(O, 0, t3).

We then have

Q:g_ldg: 5
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i dts +cos tydty e 3 (dt; + idtg sin t1)
els(dt; —idtgsin t1)  —dts — cos t1dts

(A.2)

(A.3)

(A4)

(A.11)

(A.12)



Therefore,
w1 = cos tgdty + sin tgsin t1dto,

wo =sin t3dt; — cos tgsin t1dig, (A.13)
w3 = cos t1dte + dts,
and one checks explicitly

1
dwg = 5 Cabe Wh A we, (A.14)
as it should according to (A.3).

A.2 Metric and spin connection

The metric on SU(2) = S? is induced from the metric on C?
ds? = r? (d|oz|2 + |a*dArga? + d|B)* + |ﬂ\2dArgﬂ2), (A.15)

where r is the radius of the three-sphere. A simple calculation leads to

2
ds? = % (dt% + dt2 4 dt2 4 2cos t; dtgdtg) : (A.16)
with inverse metric
4 1 0 0
G = — |0 csc? ty —cot ty csc ty | . (A.17)
" 0 —cot t1 csc tg csc? ty
and volume element .
in ¢
(det G)Y/2 = % (A.18)
The volume of S? is then
et t1dtodty = 27 r°. .
det G)Y/2dt; dty dtsz = 27213 A.19
SU(2)
which is the standard result. The only nonzero Christoffel symbols of this metric are
1 L. 2 3 1 3 2 1
F23 = 5 Slntl, F13 = F12 = —m, F13 = F12 = 5 cot tl. (AQO)

We can use the Maurer—Cartan forms to analyze the differential geometry of S*. The vierbein
of S? is proportional to w®, and we have

el = ng. (A.21)
In terms of forms, we have
e = ey dat = gwa. (A.22)
Indeed, one can explicitly check that
efbegnab =Gu. (A.23)
The inverse vierbein is defined by
El = ngpG* e, (A.24)
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which can be used to define left-invariant vector fields

0
— g 2
l, = EY pyl (A.25)
Let us give their explicit expression in components:
0 2 t8+sint38 0t tta
= — | costg— — —sintgcott; —
! r 38t1 sin tl 8t2 3 ! 6t3 ’
2 0 costy O 0
ly = — | sintg— — — tscott;i — A.26
2 r <S1n 36t1 sin tl 6252 +cos 30 18t3) ’ ( )
2 0
by = ——.
3 r 8t3
Of course, they obey
e (ly) = op, (A.27)
as well as the following commutation relations
2
[Emfb] = _;eabcgc- (A28)

This can be checked by direct computation. If we now introduce the operators L, through
9i
o = 2L, (A.29)
r

we see that they satisfy the standard commutation relations of the SU(2) angular momentum
operators:
[Lav Lb] = i€gpcLec. (A30)

The spin connection wy is characterized by
de® + w% A e’ = 0. (A.31)

Imposing no torsion one finds the explicit expression,

Wy = — By (Duel = Thyes) (A.32)
or, equivalently,
oue;, = Fzyei - el;wg“. (A.33)
In our case we find .
wab = *Eabcec (A34)
r

A.3 Hodge dual

The * operator reads

. , /2 . .
*(dz"t A - Ada'r) = et @) = s Cdxtt A Ada' (A.35)

(n=p)l &
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This leads to ,
xdty 25 sin t1dto A dtg,

xdty = —

- (dtl A dts + cos t1dt1 A dt2>,
2sin t1

xdty =

.T' (COS t1dty Adtsg +dt1 A dtg) .
2sin t1

From this we obtain, using that > = 1,

2
dt; Adty) = t1dt dts),
#(dh 2) rsin t (cos t1dt; + dis)

2
*(dtg A dtl) =— (dtQ -+ cos tldtg),

rsin £
*(dtg A\ dtg) =— dtq,

rsin ¢
r3

x1 = _§w1 N wo N\ ws,
T

*Wq = _Zeabcwb A We,
2
*(Wa A wb) = _;Eabcwca
k(wq A wp Awe) = _,,736‘1"0‘

Finally, the norm of the Maurer—Cartan forms is

lwall® = / ( )wa A *wq = 82T
SU(2

B. Differential operators and harmonic analysis

B.1 Laplacian operator and scalar spherical harmonics

The Laplacian can be calculated in coordinates from the general formula

1 0 n 09
Agp = — ; S (\/det GG a:w)’

or equivalently
A =G"0,0, — G*'TY,,0,.

In this case it reads

r2

4 (9% 0 02 H?
A=— ( + cot t] — + csc? ¢y +esc? — 2c¢sc tq cot tq

ot oty o2 at3

It is easy to check that it can be written, in terms of left-invariant vector fields, as

A=)
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(A.36)

(A.37)

(A.38)

(A.39)

(B.1)

(B.2)

(B.3)

(B.4)



To see this, we write

OEY 0 y
S2=> g oot 5+ > ELEL0,0,. (B.5)

The second term is already the second term in (B.2). We now use the identity
OuE{ = Elwj, —TV\Ep. (B.6)

After contraction with E5 and use of the explicit form of the spin connection, we see that only
the second term survives, which is indeed the first term in (B.2).

The Peter-Weyl theorem says that any square-integrable function on S ~ SU(2) can be
written as a linear combination of

m,n=1---,d; (B.7)

where

U SU(Q) — Mdjxdj (B.8)

is the representation of spin j and dimension d;, and My, <4, are the inversible square matrices
J J

of rank d;. The functions w?b are just

A = i (B.9)

where
pmn : Mdjxdj — C, (Bl())

is just the (m,n)-th entry of the matrix. The eigenvalues of the Laplacian might be calculated
immediately by noticing that, in terms of the SU(2) angular momentum operators, it reads

_ 2
A= —T—2L ) (B.11)
and since the possible eigenvalues of L? are
. ) 1
j(7+1), ]:0,5,--- , (B.12)

we conclude that the eigenvalues of the Laplacian are of the form

4 . .

Notice that the dependence on R is the expected one from dimensional analysis.
This result can be checked directly as follows. By the result mentioned above, any zero—form
# € Q°(S?) can be written as

o(x) = Z tr (Wj(l‘)Bj) , (B.14)

jENo/Q

where B7 is an endomorphism of the representation space V; of m;. Notice that this is just

d; '
o(x)= Y > x"(x)Bi, (B.15)

j€ENp/2m,n=1
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so the Bga are just the coefficients of the expansion. We have
dmi(g) = Zﬂj(g)ﬂj(Ta)wo‘. (B.16)
(0%

Let us calculate the action of the Laplacian on

¢ = tr (mj(z)B7). (B.17)
We have
d¢ = tr (mj(2)7;(T2) B?) we. (B.18)
xdp = _%abctr (7 (@) (Ta) BY) wy A e (B.19)
dxde=— geabctr (5 (2)mj (Ta)mj(Ta) BY) wa A wp A we
(B.20)

7” .
- ieabctr (mj(z)m;(Ty) B?) dwpy A we.

If we apply the Maurer—Cartan structure equations, we see that the last term vanishes. We
finally get

2 . 4 ) 4
A = ?Eabcedbctr (7 ()7 (Ty)7;(Ta) B?) = ﬁtr (7 ()7 (To)w;(Ta) B?) = ﬁCQ(Rj)QZ).
(B.21)
Therefore, the eigenvalues of the Laplacian on zero—forms are given by
4 457+ 1)
ﬁ@(Rj) =5 (B.22)
in agreement with the result above. The degeneracy of these eigenvalues is
d¥=(2j+1)* = (n+1)% (B.23)

which is the dimension of the matrice Mg, xq;-

B.2 Vector spherical harmonics

A one—form w € Q(S?) can be written as
3 .
w= Z Z tr (m;(z) E)) w®, (B.24)
a=1 jENO/2

where 7; is the irreducible representation of SU(2) of spin j, with dimension 2j + 1, EJ is an
endomorphism of the representation space V; of 7; and {w®}n—123 is a basis of left invariant
one-forms on SU(2), orthonormal with respect to the normalized bi-invariant metric.

The space of one-forms can be decomposed in fact in two different sets. One set is spanned
by gradients of S}””, and it is proportional to

mq m \an, a
S (Ta)j W™ (B.25)

The other set is spanned by the so-called vector spherical harmonics,

jn:in7 EZil, m:17”.’dj:l:l7 n:lj...7d.

: iy (B.26)
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see Appendix B of [6] for a useful summary of their properties. The e = £1 corresponds to two
linear combinations of the w® which are independent from the one appearing in (B.25). The
vector spherical harmonics are in the representation

1 1
-] F = B.2
<] 5 F 2) (B.27)
of SU(2) x SU(2). We will write them, as in [6], as V¢, where

a=(j,m,m e, (B.28)

and we will regard them as one-forms. They satisfy the properties

dive =0,  *«dV® = —4(2ja + 1)V (B.29)
It follows that
xd x AV = —AVY = (2j, + 1)2V. (B.30)
Their degeneracy is
2dj+%dj_% =45(25 +2) = 2n(n + 2). (B.31)

B.3 Spinors

Using the dreibein, we define the “locally inertial” gamma matrices as
Ya = EZL’Y;M (B‘32)
which satisfy the relations

{Ya> 1} = 28ap, Ya, 1] = 2i€abcYe- (B.33)

The standard definition of a covariant derivative acting on a spinor is

1 1
Vi =0+ 799 = O + g vy ) (B.34)

Using the commutation relations of the gamma matrices 7, and the explicit expression for the
spin connection (A.34) we find

i i
V” :a“ + 7€abc€abd€f¢7d = au + 56;’)/0

ar (B.35)

i

:811‘ + %PYM
It follows that the Dirac operator is
—ip = —in*9, + S —iy*E*9, + 3 —iy*le + 3 (B.36)
o a”h " o “ o ’
Let us now introduce the spin operators
1

Sa = 5’}/@, (B37)

48 —



which satisfy the SU(2) algebra
[Sa, Sb] = i€gpeSe. (B.38)

In terms of the S, and the SU(2) operators L,, the Dirac operator reads

qw:i<ups+§>. (B.39)

The calculation of the spectrum of this operator is as in standard Quantum Mechanics: we
introduce the total angular momentum

J=L+S, (B.40)

so that
AL-S=2(J*-L*-8%). (B.41)

Since S corresponds to spin s = 1/2, and L to j, the possible eigenvalues of J are j £+ 1/2, and
we conclude that the eigenvalues of (B.39) are (we set r = 1)

1 1 2j4+2  for + 1
2( iz ) (jE£=+1)—-4G+1)) = 2 , =0, =, B.42
((] 2) <J 5 ) 30 )> {—2;’—5 for —. J 5 (B.42)
with degeneracies
1 26+ 1)(2j+1) fi
ag= (2 () o= LOrDED ey
I=3 2 2j(25+1) for —.

These can be written in a more compact form as

A%z:l:(n—l—é), df =n(n+1), n=12--- (B.44)
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