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ABSTRACT

Lectures on Relativity Theory

These lectures were given to graduate and undergraduate
engineering and science students during the spring semester, 1966. The
lectures cover both the special and general theories. The coverage
of the special theory is fairly complete while that of the general
theory is somewhat abbreviated due to lack of time. The lectures
on the general theory stopped with the derivation of the Schwartzschild

solution and a discussion of the linear theory.
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Relativity Theory
Chapter 1

Newton's Theories
A. Newtonian Mechanics:

Postulates or assumptions

1) In inertial frames particles which are not acted on by
forces remain at rest or continue in uniform motion. (This helps
define an inertial frame.)

2) 1In inertial frames when particles are acted upon by

applied forces, #y = [FX, F , Fz} = {Fl, F2, F3}, the particle moves in

y

accordance with
a _ L«
dt :

Here Pg(t) is the linear momentum of the particle and t is the time.
For speeds slow with respect to the speed of light in vacuum, it is an

empirical fact that

Pdccflzf:;{“
dt
o

] vie << 1 ,
F - Fa(x,x, t)

where ¢ = 2.99776 X 1010 cm sec_1 is the speed of light in vacuum.

2

x(t) = {xl, X, x3} is the position of the particle. The proportion-

ality constant is called the inertial mass of the particle m.
Hence, we can write

o
dx
= _— << .
#1 m oF (v/c 1)
Newton's second law is now in its popular form
dzxa o .
m—— =F (x,x, t) (v/e < 1)

dt2

These are a set of three second-order, ordinary, quasi-linear, differ-

ential equations for the position of the particle.

(1.1)

(1.2)

(1.3)



3) To every force there is an opposite and equal force.
(action = reaction) Forces occur in pairs, that is, there is no such
thing as a single force. To avoid confusion we point out that the
action force and the reaction force always act on different particles
i.e. (different bodies).

4) Forces obey the principle of linear summation. If two
forces Fla, F;x
single force Fa =F

act on a particle, then they may be replaced by a

o o
1 T F,

(Page 88: Resnick Halliday for a popular critique of Newton's laws).

, that is, forces are vectors.

B. Galilean*, Transformations and Principle of Relativity.

Newtonian mechanics is formulated in an inertial frame,
however, the precise definition of an inertial frame is not given.

At present we assume that such reference frames exist and discuss
their properties. The main features of inertial frames are:

1) Distances are determined by using Euclidean three dimen-
sional geometry.

2) Time is measured by comparison with clocks reading a
universal time in terms of which "free'" particles remain at rest or
continue to move with uniform velocity.

The transformations which leave Newton's laws invariant must be distance

preserving transformations of Euclidean three dimensional space.

Ci

*
The Galilean group is a 10 parameter Lie group; for details
of group structure (infinitesimal generators and structure constants)

see the book Group Theory by M Hammermesh.




These are the Galilean transformations, g, defined by,

]
x ¥ = R? xB - vat + a’
P
g: ca = constant
t'"=t+ b o, B, v, etc. =1, 2, 3, (1.4)

Distance preserving implies

2 _ o _ oy ' _ )
ds” = dx d%? = dx ~ dx 0 ds ~. (1.5)
This condition restricts RQB
‘o ' _ v B
dx dx a - R BRU dx~ dx
Ra RAQ = 58 > Rg R Y = 6.y (R(row) is an orthogonal matrix).
oy y R (col)

The Galilean principle of relativity is just the statement that Newton's
laws 1), 2), 3), and 4) are valid in all inertial frames. One says
that Newton's laws are covariant (form invariant) under Galilean trans-

formations. 1In two inertial frames S(x),S'(x') we have

2 o
S(x) : m Q—EE =
dt Covariance (1.6)
2 o
S'(x') : m d 5 = F
dt'
L
p¥ = g P <% R¥ &
B dt'2 B dt2

C. Newtonian Gravitational Theory:
Postulates or assumptions
1) A particle with active gravitational mass Aa sets up in

its vicinity a gravitational potential ¢a,



0,00 = =2, x| =/ 2 202, 3.2 1.7

| x| ///4{/7b

2) Another particle brought into the vicinity experiences

a

a force

Fba x - V¢a .

The constant of proportionality Pb is called the passive gravitational

mass.

Fia= "BV, =—5— . . (1.8)

The three masses introduced can be shown to be proportional if one

assumes (principle of equivalence) 1) the motion of a particle in a

gravitational field depends only on its initial position and velocity
and is independent of the type of "material" the particle is constructed

from, 2) Newton's laws of mechanics. We have

™y ——? T va¢a o

constant for all particles => can choose units such that

o°lo?

m, Pb. If we now interchange the particles, then by Newton's third

law of motion,

-mbAa X +maAb

Fra = 3 Ep = 3
| x| | x|

X

constant (for all particles).



Hence, we can choose
A = km

and Newton's law of gravitation becomes

_ "k My M
=ba I |3

X

x . (1.9)

k= 6.670 x 10°° gm-l cm® sec™?. Newton's law of gravitation (1.9) is

an empirical law. What is the range of validity of (1.9)? The poten-

tial at a distance |§l from a mass m is

¢ = == . (1.10)

Of course the same result is true for a spherically symmetric uniform
mass distribution of radius R as long as l§| > R. For such a body a

characteristic dimensionless number is

Eﬂi (1.11)
Rc

We shall find later that (1.10) is only an approximate expression and

is "modified" in the following way in Einstein's gravitational theory,

oo [(=

The corrections will become important when
(2=
(Correction) _ clx| _ _km

(Newtonian) _km czlx\

EY

Thus, we may take the number EEE as a measure of the deviation from
Re

Newtonian gravitational theory. Another way to say this is that we

_km \2 ]

o|x]

(1.12)

may use (1.10) when



5 = KB g (1.13)

c2R

where R is a characteristic size. Examples:

Table T
Body 6 = k%—
¢ R
earth ~ 7 X 10-10
sun ~2x 10°°
moon ~ 3 X 10_11
neutron ~ 10-39 (R~ lfm = 10-13 cm)
2 2
electron = km _ km 10-42 (R = S <3 10-13cm).
2 2 2 2 2
c e /me e m ¢

Thus, it is not in the atomic or subatomic world where we must look
for deviations from Newtonian gravitational theory. For material of

a given density p

m e~ pR3 and
2
km kpR
ES) ~
2 2
R c

Therefore for a given density the size of the body must be large.

Further examples:

Body &
13 -3 7
Neutron star ~ 0.1 p~10"" gmem 7; R~ 10" cm
Universe kazvv 0.1 T~ 1010 years; p ~ 10-28 gm cm-3

Therefore, we expect the deviations from the Newtonian model to play
a more important role in astrophysics and cosmology. Because the elec-

trical force Fe is much larger than gravitational force



F 2
(Proton) FE = Emz'v 10-36
e e

when gravity does play a major role in phenomena, the bodies considered
must be very nearly electrically neutral. If one could free the
electrons in 10 tons* of water on the earth's surface and a like number
of positions on the moon's surface, the electrical force of attraction
would be the same as the gravitational attraction. If we are con-
sidering a continuous distribution of matter, then the potential at a
point x produced by the body is from (1.10)

1 3,
8 (x) =-kj|ﬂ7=-kjm
X - X

x - x'|

If we operate with the Laplacian VZ on this equation and use

w =)= -2
X - X

(where §(x - x') is the Dirac delta)

we obtain

v #(x) = + 4rko (1.14)

which is called Poisson's equation.

*
This is about the amount of water in a cube 7 ft. on

a side.



D. Einstein's Generalizations of Newton's Theories.
In 1905 Einstein generalized equation (1.3) so that it

would hold for arbitrary values of v/c. The theory he constructed

in doing this is called the special theory of relativity. In 1915
Einstein formulated a theory of gravitation which superseded Newton's
theory. 1In this latter theory, which is known as general relativity,
Einstein generalized his ideas of 1905 and discovered an equation
which represented a generalization of Poisson's equation in Newton's

gravitational theory.



Chapter 2

A. Einstein's Special Relativity

One can find a hint of where to start this discussion by
taking a look at the title of Einstein's paper of 1905, "On the Electro-
dynamics of Moving Bodies." As we have mentioned before, Newton's laws
are covariant under the Galilean group. This led us to the Galilean or

Newtonian principle of relativity. When one considers electrodynamics

-on the other hand, one finds that Maxwell's equations are not covariant

under the Galilean group, i.e.
2 2 »°
s V% - 1/c —% = 0 (Maxwell's equation) (2.1)
ot

(¢ = electric or magnetic field strengths)

under Galilean transformation

X =x =-vVvt
t = ¢t
(2.1) becomes
! 2 vng 62¢ 2vq 82® -2 BZQ _
S v ¢ - 2 'Q' 'B - c 'Q’ y - C |2 =0. (2'2)
c” 9x °ox 9% ot at

Therefore, by measuring the field ¢ alone in the new reference frame S',

none con A
one ca a

point of view there is one frame which has a privilege position, namely
WV = 0 => Maxwell's equations have their simplest form, namely (2.1). 1In
this frame ("ether' frame) the velocity of light was supposed to be c.

(As the velocity of sound is independent of the velocity of the source,

so also it was supposed that the velocity of light was independent of the
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A MAN IN HERE CAN DETERMINE

HIS VELOCITY WITHOUT LOOKING
OUT THE WINDOWS.

Fig. 2.1
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motion of the source in the "ether'" frame.) (For this part we shall
pick units such that ¢ = 1.)

Some possibilities open in 1900:

1) There is a principle of relativity for mechanics (Galilean)
but not for electrodynamics. A preferred frame exists for electrodynamics.

2) Maxwell's equations wrong and there exists a principle of
relativity for both mechanics and electrodynamics.

3) Newton's laws (1.3) wrong and a principle of relativity
exists for both mechanics and electrodynamics.
In physics such choices must be made by the experimentalists. Three
types of experiments suggest themselves.

1) Attempt to detect the preferred frame of electrodynamics.

2) Attempt to find faulty predictions from Maxwell's
equations.

3) Attempt to find faulty predictions from Newton's equation
(1.3).
The first and most famous experiment performed was of the type 1). This
was the Michelson-Morley experiment . This made use of an interferometer
(Michelson) on the earth which was used to compare the velocity of light
along and perpendicular to the earth's velocity through the ether.

24

Let £t. = time PM.P = 4. (-1 + _1 ‘\ = l, be the time for
i i 1\1i-v i+v / 2
(1-v7)
the light to travel from the half silvered mirror to M1 and back. To

calculate t, the time for the light to go from P to M, and back, we must

2 2
consider the light traveling over the extended path PMZP.

2 vt t
The time t2 follows from 22 + —§%> = <:E%> or
222

ty = 1/2

Ca-v?)
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Y e VELOC|ITY OF APPARATUS THRU ETHER

Fig, 2.2
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The optical path difference of light reflected from the two mirrors is

2
2 1
A = t - t = - z
27 T IR [(l_vz)uz )]

Rotate instrument by 900, then Ll and LZ change places and one has in the

new configuration

2 24
t! _-_——.—;%1_ t! = 2
1 (1-v2)1/2 2 (1-v2)
The path difference is now
£
2 2
A' = tl - tl =_____,,__[£ - _—_] .
1 2 (1-v2)1/2 1 (1-v2)1/2

Thus, when one rotates the apparatus a fringe shift should occur. The

number of fringes is given by

At
n=A_lL’ or
A
. 2(zl+22)[ 1 _1]
X(I_VZ)IIZ (1-v2)1/2
expanding the square root (1-v2)-1/2 =1+ 1/2 v2 ... gives
_£1+£2v2
=
In most cases 21 = 22 and, therefore,
_2 2
n=5=v .
Experimental results
Observer Year A n= ?% ve Measured
Michelson & 1887 1100 cm .40 < .005
Morley
Joos 1930 2100 cm .75 < .00l .
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Many modifications of the Michelson-Morley experiment were devised.
The measurements were made at 12-hour intervals at 3- and 6-month inter-
vals with the arms of the interferometer in all positions. The results
are unequivocal - there is no fringe shift observed. As an explanationm,
Lorentz and Fitzgerald postulated (Ether Theory") that all bodies that
move with respect to the '"ether'" are contracted by the amount § = (l-v?')l/2
£ (rest), in the direction of motion. Thus, we must modify our calcula-
tions concerning the Michelson-Morley experiment. The necessary

modifications are:

2.1/2
A - Zﬂl(l-v ) ] 222
(1-v?) (1-vH /2
2.1/2
. 20 2,0
(1-v3y1/2 (1-v%)

. A" = A and n =0.
Thus, the null result of the Michelson-Morley experiment is explained away
by the contraction hypothesis. By another experiment we can also show
that time does not eécape unscathed. Imagine in Fig. (2.2) another rod
z'z identical to 22 moving such that it is at rest with respect to the
ether and parallel to 22 (Fig. 2.3).

We measure the time for the emission of light and its return

to P and P' re

noctivoely Tar DM D «
Y. & OT

o hawve +ho came +ime
‘.“.2; we uave Tl Same Time

as t2 in the Michelson-Morley experiment,

222

time PMP = —3—7r =t
SN NV

Also, since L'z is at rest in the ether

t, = time PM,P = 2'
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Since 22 = £'2 (because zz perpendicular to motion) then

£, = (1-V2)l/2t2 (2.4)

If the time actually measured were different, this could be used to
measure the velocity of 22 through ether. But we have seen from the
results of the Michelson-Morley experiment that one cannot detect motion
through the ether. An explanation of (2.4) is then that all clocks
moving in the ether are slowed. This means that if a clock at rest in
the ether has n ticks, then when it moves through the ether it will
only have (l-vz)l/zn ticks. Thus, although the times in (2.4) are
actually different, they will be measured to be the same because the
moving clocks slow down. Thus, in the ether theory the appearance of
length contraction and time dilatation are not demonstrable because all
bodies including the measuring scales and clocks undergo the same phenom-
ena. Besides the length contraction hypothesis of Lorentz-Fitzgerald
many modifications of Maxwell's equations were attempted. For example,
one of these (emission theory) assumed that light travels at speed c
with respect to its source instead of through the ether. All these
atteﬁpts were shown to be in contradiction with experimental facts.
Hence, in 1905 one had learned from the experimentalists

1) The existence of motion through the ether is not
demonstrable.

2) Any alteration of Maxwell's equations is contradicted by
experiment.
With these conclusions there was only one logical choice:

3) Newton's laws (1.3) were wrong and a principle of rela-

tivity exists for mechanics and electrodynamics.
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Fig. 2.3
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Einstein's reaction to the failure to detect the ether was
radical. He proposed the following two postulates as a solution.

Einstein's 1905 postulates of special relativity:

1) Principle of Relativity (Einstein's) - all inertial
frames are equivalent for the formulation of all physical laws. (Co-
variance of all physical laws under transformation of coordinates
between inertial frames,)*

2) Light signals (in vacuum) are propagated rectilinearly
with the same constant velocity c, at all times, in all directions, and

in all inertial frames. That is, (2.1) holds in all inertial frames.

Remarks concerning the Einstein postulates:

1° 1) is just a generalization of the relativity principle of
Newton to the whole of physics. (Electrodynamics must be covariant under
the transformations from one inertial frame to another, while Newtonian
mechanics (1.3) cannot be.)

2° 1) and 2) are not completely independent - it was known
that the velocity of light was independent of the motion of the source.
(de Sitter - binary stars) So there exists in one frame (at least) an
effect that is propagated through vacuum at a velocity independent of the
motion of the source. Thus, by the principle of relativity all inertial
observers must find the same result. It is an empirical fact that this

actually is the case. It is quite irrelevant here that this velocity

happens to be equal to the velocity of light in vacuum.

*
This postulate still suffers in that it picks out the inertial

frames as privileged.
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B. The Lorentz Transformations:

The transformation equations which replace the Galilean trans-
formation equations can be derived immediately from Einstein's postulates
in several ways. One could find the set of all transformations which
leaves Maxwell's equations forms invariant. Poincaré was the first to do
this. Here, however, we take a less sophisticated approach. We briefly
review the properties of inertial frames:

1) spatial distance determined by Euclidean three dimen-
sional geometry.

2) universal time defined throughout.

3) Newton's laws hold in the form stated in the first chapter.

4) spatially homogeneous and isotropic and temporally homo-
geneous with respect to all physical phenomena. (This means that space
is the same at each point and in each direction and that time is the same
at each instant or "a second is a second."

Remark: 1In practice there are no extended inertial frames. Whether or

not a frame can be treated as inertial depends upon the particular situa-
tion. How do we define the universal time in our inertial frame? This is
arbitrary to a certain extent, but we take the following definition: Two
stationary clocks A and B are said to be synchronized if when a light signal
is dispatched from A, it reaches clock B when B reads t+f{ (c=1) where £ is
the distance between A and B, measured by rods at rest in the frame of the
clocks. To set up an inertial frame we imagine that an origin is chosen
and three dimensional cartesian coordinates are set up in this frame using
a very short measuring rod. Next, at each coordinate point in three dimen-
sional space, identical clocks are placed and synchronized with each other.

, 1 2 3
Each point at each time is then characterized by an event £(x, x", x7, t),
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that is, where and when. When we speak of an '"observer' who measures

the path of a given particle, we are speaking of giving the position in
space together with the time as measured by the local clock which is loca-
ted at that point.

One can then imagine space being filled with small "observers"
each one wearing a watch (Fig. 2.4). If the particle comes very near a
particular observer, then he measures t on his watch at that instant and
records it with his position in the form of an event (xl, x2, x3, t). The
set of all these observations furnish the path of the particle. It is very
important to keep in mind that events 6(x1, x2, x3, t) are measured by the
local observer. Later when we speak of "observers" making measurements
it must be borne in mind how the observations are made; if this is not
kept in mind then much of what follows is meaningless. Spatial points in
inertial frames will be denoted by capital Latin letters A, B, C, ...,
while events will be characterized by a symbol € telling where and when

1 2 3 4

E(x", x°, x7, x

t). The universal time as defined above would also

serve as an appropriate time for Newtonian mechanics. On the other hand
because Newtonian mechanics allows arbitrarily large signal velocities,
simultaneity can be defined so that events which are simultaneous in one
inertial frame are simultaneous in all inertial frames. That is, simul-
taneity can be defined in an absolute way. That this is true follows
directly from the Galilean transformation property ot time in Newtonian
theory [t' = t + b equation (1.4)]. In Einstein's special relativity theory,
on the other hand, simultaneity cannot be defined in an absolute way. Two
events 61 and &2 are said to be simultaneous in a given inertial frame if

a light signal emitted at the two events meets halfway between them.
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Consider a flashbulb being set off in a reference frame S' at a

point C. Suppose A and B are at rest and equidistant from C in S'. Then
by our definition of simultaneity the illumination from the flash will
reach A and B at the same instant in S'. Then by our definition of simul-
taneity the illumination from the flash will reach A and B at the same
instant in S'. Now suppose S' is moving with respect to another frame S.
To an observer in S the point B is moving away from the origin of the light
flash and A is approaching the origin of the light flash. Therefore in S
t precedes tB (see Fig. 2.5). Therefore, as defined in special relativity

simultaneity is relative.

SI
i A

LIGHT SIGNAL SENT
- FROM C, RECEWED
AT A AND B
> L L
A Cc B
Fig. 2.5

See Fig. 4.5b on a further explanation of simultaneity.

Suppose a flashbulb is set off at (xl, x2, x3) at time t = x4

1
in S, then it illuminates a point a distance dx , dx2, dx3 from the flash

at a time dx4 from it.

S: Flash El(xl,xz,x3,x4); illumination &2(x1+dx1,x2+dx2,x3+dx3,x

3,X'A); illumination 62(X'l+dx'l,x'2+dx'2,x'3

4+dx4)

3

S': Flash El(x'l,x'z,x' +dx ',

x'4+dx'4)
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Since this is an expanding. light signal in both frames, it follows from

Einstein's postulates that:

s: (ax M2 - (axhH? - @xH? - @2 =0

st (ax'? - (@x'H? - @x'H? - @wx'H2=o0.
1234
-1_1 0 1
Let M(ﬂzk) =1 o -1+1 g then we can write
— 4
A k . ..
S: ﬂzk dx” dx =0 Notation: 1i,j,k,4, ... = 1,2,3,4,
' Lo ik - .
S': ﬂzk dx'"dx'" = 0 M( ) = Matrix ( )
The Lorentz transformation is given by
L fz(x) or
WA v k . . . .
dx'" = 7, dx (transformation of differentials always linear
k - .
fﬂ afz for coordinate transformations)
k 8xk

Therefore, we have two polynomials

1) T]f'kdxzdxk =0

2) My fz,rfk,sdxrdxs =0

which have the same zeroes, this means the polynomials are multiples of one

another, or

1k L, k

lz - T
dx'"dx'" = k ﬂzkdx dx

Mk

By homogeneity and isotropy of space and time, k' cannot depend upon space

or time. By the symmetry of the two inertial frames we can write
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)/

dx’ 2

k___ 1 [ 1k
dx k ﬂzkdx dx

nﬁk

therefore, k'2 =1, but for v = 0 k' = 1; therefore k' = 1 always. Thus,
the square of the measure ds2 between two events is an invariant under

coordinate transformations

[o N

b

o

b
[

= invariant. (2.5)

One can show that a transformation x'z fz(x) which transforms the form

dx2 = ﬂzk dxﬂ’dxk with constant coefficients nﬂk into the form ds'2 = d52 =
ﬂ'zk dxzdxk with constant coefficients ﬂlzk must be linear. When two inertial

frames S, 8' are oriented so that their axis are parallel, their origins coin-
cide at t = t' = 0, and their relative motion is along their common x, x'

axis we shall say they are in standard configuration. The transformation
connecting frames in standard configuration will be called standard Lorentz
transformations. Consider a light pulse: & pulse(x = x' =0, y=y' =0,
z=2z"=0, t=1t'=0) and assume the two frames are in standard configura-
tion. Then since coordinate differences transform in the same way as
coordinate differentials under linear transformations, we have

2 2 2 t2

-xt oy i e i@t - - @)+ en? (2.6)

as the expression of the invariance of measure (2.5). Note y =0 => y' =0
". y' = Ay, but by the same arguments as used for k' before, A = 1. The

same arguments holds for z, Therefore

123 s

~@)? = @)+ el 2.7)
x' = 0 =>x = vt, where v is the relative velocity of the two frames.
x' = B(x - vt) B, C, D constants
t' = Cx + Dt.
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Substituting these expressions into (2.7) and solving for the constants

yields
B =D = ___;Lj;__ C = ___E;Z___ *
(1_v2)l/2 (1_v2)l/2

For transformations which evolve continuously from the identity, we must

choose the signs + — . Therefore, the transformations are
! = X =Vt y' =y
(1_V2)1/2
(2.8)
£t - vx
t!' = ————— 3z z
(}.~-v2)1/2
One can write this in matrix notation
x! v (v) 00 -w(v) x
1
I A 0 10 0 y -
x . o 01 0 i L(v) x (2.9)
t' -vww(v) 00 vy (v) t
where y(v) = (1 - vzfi/z. We note that the Newtonian formulas can often be
recovered from the formal limiting process ¢ - ® . To show this in (2.8)

return to the conventional units:

2
. X - vt v _ bt -v/e x
X = t = . (2.8)
> 1
(1--v2/c2)1/2 (l-vz/cz) /2
In the limit ¢ - ® these go over into
x' = x - vt t' = t

which are just the Galilean formula. Thus, when there are Newtonian laws
corresponding to laws in special relativity they can be obtained from the
latter by this limiting procedure. It should be remembered, however, that
there are theories in special relativity which have no Newtonian counter-

parts, i.e. Maxwell's theory. We can extend the Lorentz transformations
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(2.8) to a more general Lorentz transformation. Writing (2.9)

1
g
§2
E' = L(V)Es g = 3
§4
g
and operating on this with a three dimensional rotation matrix R we
have RE' = R L(v) R™L RE.
Let x' = RE' and x = RE. Then
t - -1 ' = -1
x'"=RL(V) R x L'(v) =R L(v) R
is a Lorentz transformation from x to x' where the x, x' frames differ
from standard configuration by the rotation R. Example:
/
S S
’
Y Y
( STANDARD
CONFIGURATION )
> vd
X X
/ —
yd Zz
-~
Fig. 2.6a

e —

cos® -sin® 0 0

For R(®) = sind  cosd 00 the picture is:
0 0 1 0
0 0 01

- ]

(2.9)
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o o CONFIGURATION)

Fig. 2.6b

The Lorentz transformation for this case is:

1
i
Y v’
w1 (ROTATED

VX2 _VXV
1 - ——(1-y) —"21(1"() 0 -v.Y
v v
2
VxV _V
a - 1Ty 0 vy
L' =RL(V)R = v v

where V.=V cosf, vy = v sinb.

For the general case one allows R to be the most general three dimen-

sional rotation:

0 0 1 0
- ViY - Vyy 0 v s

cosY cosp - cosBsingsinY, cosYsing + cosBcosgsiny, sin¥sind 0
R = -sinYcos¢ - cosOsingcosY, -sin¥sing + cosBcospcosY, cos¥sind 0
sinf sing - sinB cosgp coeh 0
0 0 0 1
| —

R—l - RTranspose

*
Y, ¢, and © are the Euler angles relating the frames £, x ; €', x'

*
See the book Classical Mechanics, H. Goldstein, page 107.




Fig. 2.7a

After a fairly lengthy calculation one finds

— -
2
A vV <z
+S-y-1) e 20D - vy
v v v
2
vV v V. v
= y-1) I+ -1 LEy-1) - vy
L' = RLR-I - v v v
2
v,V v,V v,
7 (v-1) ——12 v-1 I+ —=(y-1) - vy
v v v
- vy - vy - vy v
X y z
- A
where y = y(v)
v = v(cosYcosg - cosBsingsinV)
vy = - v(sinYcosg - cosBsingcosY)
v, =V sinBsing

(2.10) gives the most general Lorentz transformation without rotations.

We note that the components of v can be obtained from:

= — -

v rV
X

v =R 0
y

v 0
z

b — -

27

(2.10)
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One can write (2.10) in a three vector form

-}_{l

x + 1/v2 (y-1) &-v)v - vy vt (2.10a)

t! = y(t - x-¥)

The inverse transformation is obtained from (2.10a) by the substitutions

x <> x', v v'

1%
S
+
,—l
~
<
N
~~
<
)
AR
N”
(i
P
N
|<
1
2
1<
(u3

(2.10b)

ot
it
2
~~
ot
1
kg
<
-

(GENERALLY
ROTATED
CONFIGURATION)

Fig. 2.7b
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Appendix to Chapter 2

Standard Configuration
The Lorentz transformations (2.10) are the most general
Lorentz transformations '"without rotations". The general inhomogeneous

Lorentz transformation can be written

where L'e'r are constant transformation coefficients. (2.9) and (2.10)

are both examples of particular Lzrs. The dzs are constants that

correspond to a change in origin. We shall usually be concerned with
£

the homogeneous Lorentz transformations a~ = 0. Proof that standard

configuration is always possible between two arbitrary inertial frames

S, S'. A plane fixed in S' has the equation
dz x'z +P=20, @, = 0 ; P = const. (1)
. . . 4 £ r .
Transforming this plane into S : x'” = L £ glves
Lk _
QEL K& +P=20 (2)
or
L B £ -
a!,LBX +P+Q£L4t 0.

If the transformed plane is at rest in S then

or

w1? =o0. (3)

*
The set of all Lorentz transformations (L,a) is a ten para-
meter Lie group.
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Now a point fixed in S has velocity in S' v'B
B P ax* 1P
B dx _ 4 _ 4 . L
v'Y = = = . . the condition (3)
dx'4 L4 dx4 L4

4 4

becomes
@-v' =0, (3)

hence @ is | to v'
@ is also perpendicular to the plane in S'. Choose two planes in S'

at 90° to each other and parallel to v'.

S s’
A .

LFA s

1T| B / ’125l

/' 4 ¥

STATIONARY PLANES T/, T3 ,IN S’ TRANSFORM
INTO STATIONARY PLANES T, Tz IN S,

Then these planes must also be at rest in S and they must by symmetry
make 90° angles with one another. They must also be parallel to the
original planes in S' by symmetry. (That is, there is no reason for
them to move one way more than another.) We can now construct the
coordinate axis of standard configuration in these fixed planes, taking

the direction -v' as the x,x' axis.
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Chapter 3

A, Lorentz Transformations
The transformations between two inertial frames which are in

accord with Einstein's postulates have been shown to be:

x' =y(WE-vt),y' =y, 2' =z
(2.8)
t' = y()(t - xv)
or written in the more general form
x'=x+ Sl - DE - ¥ v - vyt
v (2.9)

tl

y(t - x » v).

These transformations are called homogeneous Lorentz transformations.
They have some interesting consequences.

1) Length contraction

AS QS'

STATIONARY
BOTTLE IN S/

- T IR e
.Xg Xz
Fig. 3.1
The bottle is at rest in S' where its length is LO = xz' - xlg. To

measure the bottle's length in S requires two simultaneous markings of

the end points in S: 81(x1,t), Ez(xz,t). The particular way these
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simultaneous markings are made does not concern us here; they could be
done by two observers by trial ahd error,
Using (2.8) we have
x' = y(x - vt)
subtracting gives
X - X = LO = yL or
L= (1l - vz);2 LO (Length contraction) ' (3.1)
(Moving bottles are shortened')
As seen from (2.8) there is no contraction perpendicular to the motion.
Thus, the result (3.1) is mathematically the same as the Lorentz-Fitzgerald
contraction hypothesis and of course explains the null results of the
various "experiments" to detect the ether. In general when a body having
a rest volume VO moves at velocity v, the volume is contracted to
V= (1- vz)% V..
)
Let us carry out the same contraction calculations using the form (2.10)
for the more general type of transformation "without rotation"
x' = @"’142(\( - D& - wy - yvt).
Let 31',52' denote the position vectors of fixed points in S'; then

/
*5 ¢ ﬁ S FIXED VECTOR.
N S

Fig. 3.2
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these points have coordinates X X, in S. If a measurement is carried
out to measure the vector Xy - X then one has:

1
X T E A =X -t N - DG, - x)y

bx = bx + 1/Vz(y - Dx - vy

bxoyy = YAy, bx) = Ox)
(11 => parallel to v | | => perpendicular to v)
Inverting Ago one finds

bx = x4+ l/vz(A_}so - wliy -1y .

Thus, a vector along the x-axis in S' will not point along the x-axis in S.
For two vectors (fixed in S') Agl', Azz' such that Agl' . A§2'= 0, it does
not follow that Ax - A§2 = 0; therefore, the coordinate axis in S' as
viewed from S will not be orthogonal. Although the two frames in Fig. 3.2
are both obtained from standard configuration by the same orthogonal
transformation, their axis are not parallel, Parallelism is not tran-

sitive under Lorentz transformations.

2) Time dilation

AS \s’

Fig. 3.3
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Let 61 be the events of a person in S' starting a Beatle record on a
phonograph. Let 32 signify the end of the record. These events have
3 . . . 1 1 1] 1] 1

coordinates S: El(xl,tl), 62(x2,t2), S 61(x1 sty ), Sz(x1 sty ).

The Lorentz transformations of times for the two endpoints are:

+
0

] ]
1 Y(t1 + v X )

T
|

5 = Y(tz' +vx,")

and subtracting gives

At = yAt' (time dilation). (3.2)
(Moving clocks run slow.) (Notice that these are the times corresponding
to how long the record played. The details of what the record sounds
like will have to await the discussion of wave phenomenon in relativity.)
It is clear that (3.2) must be true for all repetitive processes, thus it
is true for the life processes in particular. It is to be stressed that
the relativity effects discussed here are not to be thought of as illu-
sionary or merely results of our particular measuring methods. To an
observer the effects are real in every possible sense of the word. One
is often asked to explain why the "rod is shortened" or the "clock runs

slow,"

it is important to realize that these effects cannot be explained

by some underlying "magic mechanism'" they are predicted in a straight
forward manner in relativity theory. Relativity theory offers no expla-
nation in terms of the struciure of matter, etc., why these things occcur,
any theory which is Lorentz covariant must put up with such changes., Also
to avoid the type of misunderstanding that has occasionally arisen, we
point out that there is no absolute observer who can, so to say, ''see things

as they really are." As an example of the absurdity of this last statement

consider the path of a bomb dropped from a bomber as seen by 1) the



35

bombardier 2) a ground based observer. To the bombardier the path is a
verticle straight line, while to the ground observer the path is a
parabola. The details of what one sees depends on the frame of reference,
a fact that is so obvious it is often overlooked. It is instructive to
consider a particular type of clock and understand time dilation in a
particular example. The clock we consider is the so called light clock.
It consists of an electronic flash, a mirror and a photocell as shown in

Fig. 3.4a.

(LIGHT CLOCK)
M

Ll L L L LY/

w1
I

[
|
LIGHT PATH I

“‘*—u-‘/

\
\
\
\
\
\
\
\
Y
\
|
|

F C

ELECTRONIC FLASHD| "Z_PHoTO ceLL

Fig. 3.4a

Light clock as seen by an observer
at rest with respect to the clock.
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Suppose the clock is at rest in S', then the time measured for a complete
cycle is To = 220. The observer in S sees the light travel in an extended

path because of the clocks motion,

“:5 162,//’ \\\\.téa"'_‘.

FATH OF MOVING
ClLock 1IN s

NP3

Fig. 3.4b

A clock at rest in S' as seen by S.

Since the clocks at (1) and (2) in S are synchronized, the time between

clicks ig T. The connection between the two is
T2 = v2T2 + T 2.
(o]
= .2
T = yT, (3.2)

or the light takes longer to travel the extended path than the up and
down path. The formula for time dilation has been checked experimentally

by the observation of muons at the surface of the earth. The life time
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of a muon is 2y sec and traveling at the speed of light it could travel
only ~ ,6km. However, even though the muons are produced at the top of
the atmosphere ~ 10km they are actually found at the surface of the earth,
The answer .is to be found in (3.2), they live 2u sec in their rest frame
but this corresponds to Yy - 2u sec; since Y can be quite high the muons
will penetrate to the earth's surface. When the experiments are carried

our seriously the agreement with (3.2) is good.

Comments on time dilation: It will be noticed from the coor-
dinates of the events in the Beatle record experiment, the clock at rest
with respect to the record must really be compared with two clocks in S,
one at Xy and one at X, These clocks, of course have been synchronized

by the methods discussed earlier. (The "clock" that lags is always the

one which is being compared with different clocks in the other system.)
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Chapter 4

A, Spacetime - Minkowski Space

Let us imagine the points of spacetime to be plotted on a four
dimensional cartesian set of axis (x,y,z,t). Each point of the space is
an event €. We have seen that in cartesian coordinates the following
measure

dx dx (401}

is invariant in special relativity. The space made up of the points of
a four dimensional Euclidean space together with the invariant measure

(4.1) is called Minkowski space and is denoted by M It is a flat (free

4°
particles move in straight lines) four space with signature --- +. The
region about any event X of M4 is divided into three sections. The null

(light) cone of an event x_ consists of all points connected with X by

light signals. It is the locus of all points

2 4

As™ = Mgy 4% Axk =0 (4.2)

where

Ax” = x7 - x . (4.3)
The three sections are 1) absolute future of xo; As2 20, At > o0
2) relative present of X A52 <o and 3) absolute past As2 >0 At < o,

These three sections are depicted in Fig, 4.1.
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Fig. 4.1

If X, = 0, then As —» s and the measure from o is:

2 = - x%+ 2. (4.4)

One can also introduce vectors into spacetime. Let Vz be a four vector in
spacetime. (This means that Vz transforms in the same way that dxz does
under Lorentz transformations.) The square of V'e is defined as:
2 k 1.2 2,2 3.2 4.2
vi=, V= - wh? - 0B - @) e b (4.52)
Since d52 is invariant one can show that V2 is invariant. One can

2
classify four vectors according to the magnitude of V° as shown in Fig. 4.2a:
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1) V2 >0 => Vz is a timelike vector

2) 2 £

V' =0 = V' is a lightlike vector

3) V2 < o => Vz is a spacelike vector

4

A curve in M4 is classified by its tangent vector dx tz, where A is

di

a parameter along the curve. A general curve in M4 will be a mixture

of all three types. For example in Fig. 4.2b along portion A,

4
TIMELIKE
/’Luc-.n'r CONE
7
/
LGHT LIKE
SPACELIKE
—
X
Fig. 4.2a
t A
A TIMELIKE
LIGHTLKE
C
SPACELIKE
>
X

Fig. 4.2b
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the curve is timelike, etc. The paths of a material particles when plotted
in spacetime (that is MA) are always timelike curves, and light signals
are always lightlike curves. The dot product of two four Az, BZ is defined

as
A"B" = A - B = AB, (4.5b)

Two four vectors are called orthogonal if A - B = 0. We shall next give
a geometric interpretation of Lorentz transformations in spacetime. Two
methods will be discussed. The first method introduces an imaginary
forth coordinate into the metric

d82 = - dx2 - dy2 - dz2 - (idt)2 i

J

it. (4.6)

2 2 2 2 2

ds -~ dx” - dy” - dz" - dE g

(4.6) is formally the same as a Euclidean metric but, of course, its content
is much different because of the imaginary forth coordinate. The Lorentz
transformation (2.8) can now be written as a rotation by an imaginary

angle © in the spacetime described by (4.6).

A O | L-1t

o B = IMAGINARY ANGLE
X
'\_g——”””’iz;’>..
X

Fig. 4.3
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1

'=y(x - vt) - x

t
Il

y(t - vx) - ¢'
cosb =vy |

Introducing a real angle © = i®p and
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cos® x + sinf €

-sin® x + cosb € (4.7)
sin® = ivy.

using the relations

i6 -i8 P -
cosd = & ; £ =& +2e = cosh ¢
and
i8 -i6
sinf = 2———522——— = é% (e(P - e—w) = isinh @

the Lorentz transformations can be written in terms of the real quantities

in the form

xl

x cosh ¢

tl

- t sinh @
(4.8)

-x sinh @ + t cosh ¢

and sinh ¢ = vy(v), cosh ¢ = y(v), tanh ¢ = v. @ is called the rapidity.

In Minkowski space M4 the transformation (4.8) has a different appearance

than Fig. 4.3,

t
A

#<0

t,

X
? t=TauH @
t=XTANH ¢
p30 X’
1" o
" X
x/

Fig. 4.4
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Equations (4.8) can be written in a convenient form if we add and subtract

them:
x'+ t' = e—w(x + t) A
x' - t' = ecp(x - t). 9
Using the definitions
+p

e~ = cosh ¢ + sinh ¢,

Under successive Lorentz transformations associated with coordinate systems
in standard configuration rapidities are additive. Suppose we perform two

standard Lorentz transformations.

P3 =979
Xx o x' o x"
?1 )

then from (4.9) the resultant transformation is

"+ t"=e P11 P x+ t)

which proves that @3 =9 + @2. This example also shows that the
"product" of two standard Lorentz transformations is another standard
Lorentz transformation, that is, the set of all standard Lorentz trans-

formations forms a group (abelian). Note the velocity of x" with respect

to x is

tanh Py + tanh ¢2 \2] + v,
v3 = tanh 95 = tanh(®; +9,) = 7 ¢, tanh 9, - T+ v v, (4.10)

which is the Einstein law for composition of velocities.

B. Geometry of M4

Can one picture length contraction and time dilation in

Minkowski space? With certain reservations the answer is yes. Construct

Fig. 4.5 using the invariant 32 of equation (4.4).



44

/
! . » X
i {
\ \,z .2 z
- =-2
Fig. 4.5
x' = x cosh® - t sinh ¢ cosh ¢ =y

]

tl

-x sinh @ + t cosh ¢ sinh ¢ = yv.

One sees that the scales on the two axis are not the same from the
Euclidean point of view. This is because

2 2 2

2 12
-x + t =85 = -x' + t

which one must use to scale the two sets of axis.

1. Time dilation by diagrams.
Suppose we consider a clock at rest in a frame S' (at the origin)

and compare it with clocks in S.
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’ S
$=oto PATH OF CLOCK
(1-v3)2 WHICH 1S AT REST
N S
3 €2 x
z

Fig. 4.6a

Time dilation

In S we observe the clock at the events 51 and 62, in S' the time elapsed
on the clock is the time to',iwhereas in S the elapsed time is t. Note
that it does not take S any time to read the clock at 51 and 82. This of
course is not the case we have just idealized the comparison it would have
to be done in reality by means of signals sent back and forth. Of course,
the arguments can be reversed and a clock at rest in S compared with the
clocks of S' will also run slow. The relativeness of simultaneity shown

in Fig, 2.5 appears as in Fig. 4.6b in Minkowski space.
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WORLD LINE oF A

WORLD LINE oF 8

LIGHT SIGNALS SEMT
FeoM € To A AND B

—
X
Fig, 4.6b
Simultaneity
2, Length contraction by diagrams
At
S
ZVZL
L=(1-v&Ye L,

5
n Z\—L—-I X
Fig. 4.7
Length contraction
Here the rod is assumed to be at rest in S'. It's end points are measured

at the events 61 and 82 at the same time in S (definition of length
measurement). The rod is seen to be on one meter length in S' but some-

what shorter than this in S.
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Because Lorentz transformations are linear, straight lines will look like
straight lines in M4 and parallel lines will look like parallel lines.

With these properties we can compare the measure As2 of parallel lines in
M&' But where metrical properties (distances, angles) are concerned we can

no longer trust our Euclidean intuition,

n

Fig. 4.8

For example, in Fig. 4.8, & is a '"right angle" and the points drawn are

all unit "distance" from the origin 0. In S': Az = (1,0,0,0), Bz =

L2k
(0,0,0,1) My A" = 0.
C. Proper time
The path of a particle in spacetime is a single infinity of
points; a curve characterized by some parameter A defined along the
curve., The equation of the curve I' then consists in giving the coordinates

of the line in some coordinate frame (which of course implies the curve is
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known in all coordinate systems)

< =x*oy ¢ T, (4.11)

If the path is that of a material particle then the curve is at every
point timelike. This means that the measure s can be used as the para-
meter along the curve. Of course, the time t could also be used for the
path parameter. For the coordinate system in which the particle is at

rest we have

ds = dT = "proper time"

Hence, ds may be interpreted as the time as measured by a clock "carried

with particle." In an arbitrary frame
ds? = a1% = - ax® - dy? - ar? + at?
dT2 = dt2(1 - u2)
dt = —i':—z-; =y dr (4.12)
(1 - u%)*

which gives the relationship connecting the time as measured on the
particle (proper time) to the time as measured in an arbitrary inertial

frame. The arc length
B(I")
T = J dr (4.13)
A)
1s the total time elapsed as measured by a clock moving with the particle
between the points A(I') and B(I') along the curve I'. In general the

integral T depends on the path I', This gives rise to the clock or "twin"

effect of relativity theory. If two clocks have the same reading at
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point A, then if they are separated and have different motions and are

reunited at B they will in general show different times.

B
T #T2
T T, ELAPSED TIME DEPENDS
ON MOTION.
A
Fig. 4.9

The proper time dT is therefore not an exact differential but it depends
upon the path. The coordinate time dt is an exact differential, a fact
which is obvious from the definition of time in an inertial frame.

If we have "twins'" at rest in an inertial frame and one remains
at rest while the second leaves and returns, then upon return the second

twin will be younger. That this is true can be seen from spacetime

picture.
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‘t
ts
fa-et
8 T,= | (-UB) %4t
Ty= fat= ts'tAj’ “a

A

dt

ta

CLOCK CR TWIN EFFECT

Fig. 4.10

Since (1 - uz)% <1, it is clear that Ty = T, and hence the returning twin

is younger.
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Chapter 5

A. Transformation of Kinematical Variables in Special Relativity
1) Velocity: The velocity of a material particle in two

different frames is given by:

S TR AT
1] 1 ]
I R roE A T

where the "hat" " signifies a unit vector.
We pick S and S' to be in standard configuration. Using the transforma-

tion formula (2.8) we find the transformation properties of the velocity

to be
o 9% _v@@x - vde) _"x "V
x dt'  y(dt - vdx) (1 - uxv)
u u (5.1)
u' = Ly = —Z
y y(l - uw) z vy(l - uyv)
X X
It is easily seen that the equations (5.1) predict an ultimate speed for
a material particle in an inertial frame. (Usually 1+ 1 = 2 but this is
no longer true!) Suppose in a given inertial frame S one particle is
traveling at a speed (1 - €) and another particle is traveling in the
opposite direction with a speed -(l - €). Then what is the velocity u'x
cf the latter particle with respect to the former. (Imagine that particle

creation occurs at a certain point.)
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- N

AS
‘-———..'1r=|-é
PARTICLE ‘® ZPARTICLE ©)
—
Fig. 5.1
R y (L -€) - (1 -€)
YxTT-u v - Y% T 2
x 1+ (1 -6)
. -2
u -
X

2+ et 34

Thus, u'x > - 1 and in the limit € - 0

When one adds velocities according to Einstein's rule 1 + 1 = 1. In

order for the Lorentz transformations to make sense v < 1, that is the
speed of an inertial frame with respect to another inertial frame is

always less than the speed of light in free space. We see from the

example just worked that when we add velocities according to Einstein's

law of addition, a particle can never have a velocity in an inertial frame
greater than that of light in vacuum. To avoid the confusion that some-
times results, we point out that this restriction applies by its derivation
only to the velocity of a particle as measured in an inertial frame. One
can also see directly from the transformation equations that there is an

ultimate speed to any signal transmitted through an inertial frame.
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f:(xutw) Ax X

%%=U= SIGNAL SPEED

Fig. 5.2

Suppose 61 is a "cause" and 62 is an "effect". 1In S'

At' = y(At - vAx) = At y(1 - vU). Now if U > 1,
then there exists a frame of reference with v < 1 such that 1 - vU < 0
LAt = t'2 - t'l < 0, therefore we have found a frame in which
cause and effect are interchanged. Hence, U > 1 is not possible. By
using the transformations (2.10) for Lorentz transformations without
rotations one can show the velocities are related by:

u' = [%1-_ +—Z__2_(:",'2) a-vyh - z] ad-uy . (5-2)

Because the formulas for the transformation of dynamical variables
become fairly complicated (i.e. (5.2) is not easy to remember) we intro-

duce four-vectors. The four-velocity of a particle (also world velocity,

proper velocity) is defined as the unit tangent to the world line of the
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particle
Aot dead 1 dxc? (5.
T N VAR T:

Here dr stands for the proper time elapsed during the particle's motion
through dx&. dT is a Lorentz invariant and since dxz is a four-vector

VE is a four-vector. This means that under Lorentz transformation L:

% = szxk <L==> V'L = sz Vk . (5.4)

In (5.3) u is the magnitude of the velocity of the particle in the

L

frame where the four-velocity is V”. The first three components of V'e

o
are just y(u) times the ordinary velocity %%— = ¥ of the particle. The

fourth component V4 is given by:

vt =.ZI___15;I75 = y(u) . (5.5)
-u

We shall use u for the velocity of a particle in a reference frame and
v for the velocity parameter between two Lorentz frames. (usually in
standard configuration) Since the measure d52 is a Lorentz invariant

the matrix sz must satisfy certain conditions;

12

ds' = »nZk dxlfldxlk £ k r ]

= T%k L r L s dx~ dx

. . r s
= invariant = d32 = nrs dx™ dx

Therefore,

L om. L =T . (5.6)

One can easily check to see that the standard Lorentz transformations
(2.9) satisfy (5.6). Using (5.6) we can show that the square of the

four-velocity is a Lorentz invariant, namely
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2 k _ 42 _ Lok
v-nzkvev v M VOV

Thus, if we know V2 in one inertial frame, we know it in all inertial

frames. 1In the rest frame of the particle: d? = 0, V4 = 1, hence

ve=1. (5.7)

(5.7) is called the relativity constraint on the four-velocity; it
arises because there are really only three independent components of
velocity. 1In order to check that the transformation law (5.4) contains

the transformation properties of u, we consider the special Lorentz

transformation (2.9). In matrix notation: LEEEY; we have
— _ — - W
V'l vy (v) 0 0 - w(v) V1 V - four-velocity of particle
V'2 - 0 1 0 0 V2 u - ordinary velocity of particle
V'3 0 0 1 0 V3 v - relative velocity of inertial
14 4
v vy (v) 0 0 v (V) v frames
L —J S jo— .
from which follows
V'1 = 'y(v)(V1 - vVa) , V'2 = V2 , V'3 = V3

(5.8)

4

V' o= 'y(v)(V4 - vVl).

(5.8) holds for any four-vector A” under standard Lorentz transformation

if the kernal symbol V is replaced by A. Since

v (v(u) u, y(U)>

4 (Y(u') u', v(uD)

we have from the second of equations (5.8):

v
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v =y (Y@ - ww W)

(5.9)
M = v)(1l - Vul
(o) = Y )
and from the first of (5.8):
' 1 1
y(u') u'm o =y(v) (y(u) u - vy(u)
or
1 y(uw) 1
' - -
Wy EE @ -
grbou -v
(1 - vul) (5.1)
2,3 u*3
“ - 1
NV (L - vu')
which are the same transformation laws as given before. Thus, the
transformation properties of the ordinary velocity are contained in
those for the four-velocity. With a given four-vector Bz there 1is
associated new quantities defined by
B, =1 Bk (5.10)
£ Lk ) )

The four-vector is characterized abstractly by the kernal symbol B;

the components Bz are called the contravariant components of B while the

components B
p f) 4

2

is that they transform differently under Lorentz transformations.

are called the covariant components. The difference in B

and R

Bz transforms as:

or in matrix notation
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B'1 B1
B'Z . B2
B'3 B3
4 4
1
| BT LB
where L is the four by four matrix LEZEY; . The transformation of
Bz is
k
' =
B ) Lz Bk

k _ ks _k ks . .
where L£ = nﬂp N L s and M is the inverse of nﬂs defined by

1% Mg = 67 - ‘ (5.11)

In matrix notation the constraint on the Lorentz matrix (5.6) can be

written

4 ko _ — 1T =
L r ﬂzk L s ﬂrs <L TW L FT » by
(T = transpose)

matrix theory we can also write

LTHL=|I_—!<=$> L!_-|LT=[_—|<=> R s ST (5.12)
] I S P
Using these results one can show that the transformation of BE may be
written
. _
B 1 Bl
'
S S
1
B3 B3
1]
By By
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That is, if Bz is picked to transform under the usual representation

of the Lorentz group L, then Bz transforms under the contragredient

representation LT-l. These two representations are equivalent because
LT“1 = rw L rw . In the terminology of modern algebra, if Bz lies in
4 dual to M4'

In terms of co- and contra-variant vectors we can write the scalor

the vector space M4, then Bz lies in the vector space M¥

product as

_ 4 .k _ k _ 4
(B-C) = M8 C =C B C'B,
= -B-C + Bt
where
Bz = (B, B4) and
_ 4
We shall now consider other four-vectors in M4. The four-momentum Pz

of a particle is proportional to the four-velocity, the proportionality

constant is called the rest mass, m

=mV'; PP, = m" . (5.13)
P e by o, - o

The rest mass of a particle is an invariant under Lorentz transforma-
tion but if you just heat a particle the rest mass changes as we shall
later see. The acceleration four-vector AL is defined to be parallel

to the first normal of the world line of a particle.

g _ a5

N
dt dr 2

(5.14)

The four acceleration is normal to the four velocity (and four momentum)

w-v = Ay, - n, v =0 (5.15)
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[ this means that A must be space like as can be proven from (5.7)].

Since

Vo= (Y(U) u, \((U)>

then
Mo (o, S yw)

which can be written

A£= (y(u) a+u y(u)4 u-a, y(u)4 B'E) (5.16)
b
where
du d2
a =22 5 the ordinary acceleration
oA g2
4

of the particle. The magnitude of A

ag =V T (5.17)

is the curvature of the world line and physically is the acceleration
which would determine the apparent weight of a pilot riding in a rocket
along the world line.

It is clear that one can always make a Lorentz transformation such that

the space components of Vz are zero (instantaneous rest frame). That this
be done for any time like four vector is easily proven. On the other hand,
one can always make a transformation which eliminates the time component
of a space like four-vector. 1In the case of the velocity and accelera-
tion the same Lorentz transformation (instantaneous rest frame) brings

them to the form:

(5.18)
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Fig. 5.3

For some reason the myth that one cannot treat acceleration in special
relativity is widespread. This is just not the case. An accelerated
frame of reference is a complicated thing and the transformation formula
between an inertial frame and an accelerated frame will not be a Lorentz
transformation as defined previously, but it does exist even in special

relativity.

B. Rectilinear Motion for Which the Acceleration ao in the Instantaneous

Rest Frame Remains Conmstant (Hyperbolic Motion)

S
Y,2 A

—
TR
AV IR N
p v
X

[

L dt
X Rt
ACCELERATING
X OBSERVER

Fig. 5.4

*
L. Marsh, Am. Journ. Phys., page 934, 1965.
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Since the square of the four acceleration is Lorentz invariant, we

can write
dav
dVZ 4 _ _ _
4T @~ "8, = comst . (5.19)
In an inertial frame S
2 2
- dVl\ de) - _. 2
E;T/ + T a; - (5.20)
Using
1 4
Vi=y(u V' =y
dy = y33°d3 = Y3udu, dyu = y3du
or dy =y u.du = u-(dyw) 5 oy + oyl =y
(5.20) becomes
1 dy (wWu _
/ dr o
Y
In terms of coordinate time we write this as
d d u
T OO =G —"55 =
dt dt (1 - u2)1/2 o
hence
L = a t + const
(1 - u2)1/2 0
If u=0, t =0 then const. = 0 and
u
=a t = uy(u)
(1 - u2)1/2 o
solving for u one finds
a t
dx 0o
u=--= (5.22)
dt (1 +a 2t2)l/2
o
and integrating again gives
x(t) = 1/ao (1 + a02t2)1/2 + const.
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If x =0, t = 0, then const = - 1/ao and the solution is
x(t) = '/a_ <(1 + aoztz)l/z - 1> (5.23)
(5.23) can be written in the form
x2+§—x-t2=0 (5.24)
o

which is the equation for the path of the accelerated observer in the
x,t plane. If we consider the observer at the origin of an accelerating
coordinate system the coordinate transformation connecting the inertial

frame S(x,t) with the accelerating frame S'(x',t') is

X = -l/a0 + (x' + 1/ao) cosh aot' (5.25a)
t = (x'+ 1/ao) sinh aot' (5.25b)
the
A\
AN
\\\
\C
\
AN

. —-
~Youp X
WORLD LINE OF
WORLD L;ue-z_' ACCELERATED ORSERVER
of QRIGI)

Fiz. 5.5
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Notice that light signals 1) emitted from the origin of S after t > 1/a0

will not reach the accelerated observer, whereas light signals 2) emitted
by the moving observer will always reach the origin of S. A clock car-
ried by the accelerating observer will read a time dT which is related

to the coordinate time of S as in (4.12):

ar = (1 - )2 ¢ . (4.12)
t
T = j (- w2 g .
(o]

Using (5.22) this can be written

and integrating

or

a t = sinh a7 (5.26)
o o

thus as aot - @, ar increases much more slowly than t:

arT
o
2a t~ e or
o

aTa4n 2a t .
o] (o]

Thus, as t » », T follows logarithmically.



64

PN

Qot

Fig. 5.6

From (5.26) and the identity

cosh x2 - sinh x2 =1
follows:

u = tanh arT y(u) = cosh ar

(5.27)
1
at=sinhat, x= "/a (coshart - 1)
o) o o o
If one considers deacceleration with initial conditions t = 0, x = X s
u=u, t = to’ x = 0, u = 0 then one has merely to replace t by
t - t in the above results. That is to say the moving clock is slowed

(o]

both in acceleration and deacceleration. Some interesting numbers can
be obtained from (5.27); if a =g the acceleration of gravity at the

earth's surface then for x = 3.4 X 109

light years; T = 22 years. There-
fore, if one could accelerate at g for 22 years he would be at the edge

of the detectable universe. A real solution to this problem would
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require cosmological considerations. For a round trip to Andromeda, the
most interesting nearby galaxy, x = 2 X 106 light years; if the rocket
accelerates at g for 14 years and then deaccelerates at g for 14 years
it will arrive at Andromeda. If the rocket has the same type of return
trip then T = 56 years for the round trip and the earth has aged about
2 x 106 years. (The rocket is traveling at very nearly the speed of
light after T = 1 year as seen from the earth, the maximum speed of the
rocket occurs at midpoint and is u = .9999999999995C.)

A further study of the rocket can be carried out using the
same analysis as in the Newtonian case. Let Io denote the relative
velocity of the ejected mass as measured in the instantaneous rest
frame of the rocket, r denote the burning rate and M the mass of the
rocket in the instantaneous rest frame. Then by conservation of momentum

in the instantaneous rest frame or Eq. (5.20)

Ior =M ao (5.28)

where a_ is the acceleration. Substituting for r yields

dM 0
M -1 dTt
0
or
aO
M= Moe - E; T (5.29)

which is the usual rocket equation. If IO =1, i.e., the ejection velocity

is equal to the velocity of light in vacuum, then one finds for the trips

previously discussed

g— as 56-(-]3-6 (Alpha Centauri)
© (5.30)
%— 10-25 (Andromeda)
(o]
. .M. 1 1
In present day rockets, Saturn, etec., this ratio ¥ is between 10 and 5o

(o}
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Chapter 6

A. Dynamics of Particles
From Einstein's first postulate for special relativity we
know that all physical laws must have the same form in all inertial
frames. Another way to state this is to say that all laws must be
covariant (form invariant) under Lorentz transformations. Let us
formulate this mathematically. Let
F(A,B,C, ...) =0 (6.1)
be a physical law in a reference frame S. Carry out a Lorentz trans-
formation to a new reference frame S'. Let A',B',C', ... denote the
transformed variables appearing in the physical law (6.1). Then by
Einstein's postulate the physical law in S' must be
F@Aa',B',¢c', ...) =0 (6.2)
where F has exactly the same functional dependence on A',B',C' as it
does on A,B,C, ... . Now we can use Einstein's postulate along with
the known transformation properties of four-vectors to write equations
satisfying Einstein's postulates. The first such equation we shall
look at will be Einstein's generalization of Newton's second law. When

we wrote Newton's second law before

Fr o= S : (1.1)

we left undefined the expression for Pa. We do know, however, that in

the low velocity approximation

o
P°’=mu°’=m§1£—,“/c<<1 (1.2)

where m is called the inertial mass. In analogy we assume the four-

vector generalization of (l.1) is
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== (6.3)

where Pz is the four momentum defined in (5.13) and fz will be called

the four-force acting on the particle.

o
Pz = VZ = i , = = (m (u)UQ, m Yy (u) (5.13)
<(1_u2)1/2 (1_u2)1/2> ( Y )

(6.3) is certainly a covariant equation but we must now explore its
physical meaning and connection with (l.1). Since dt = y(u) dr (6.3)

can be written

) apt

7 = y(u) T

The first three components of this equation can be written

o
- dm u)u
Loy cu) & ——Y-(—L-dt ) (6.4)

Comparing (6.4) with (1.1) we see that
P = oy (6.5a)

ordinary force = = 1/y(u) 2 (6.5b)

In the low velocity limit the equation (6.3) will therefore yield the
empirical Newton laws (1.3). It is an empirical fact that the asso-
ciations (6.5) are indeed correct. Thus, the inertial mass of a
particle m(u) depends on its speed u

m(u) = m vy (u). (6.5)
The inertial mass in the rest frame of the particle m(o) = m is just
what was defined in Newton's theory as the inertial mass. 1In relativity
the inertial mass is m(u) and the mass m(o) or m is called the rest
mass. The rest mass of a given particle is an invariant under Lorentz
transformation but it of course can be changed by physical transforma-

tions such as heating the particle. Writing the law of motion in
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expanded form

. m.é!f + b dm dm (6.6)

we see that the four-force can be broken into two pieces; the non-
. Vz dm , d .
mechanical E; and the mechanical ma If the rest mass is con-
dm . . *
stant, then e 0 and the force is purely mechanical. In what

follows we shall consider only the mechanical force unless explicitly

stated otherwise.

fz = m'%gf =m Az (6.7)

Note that since Az Vz =0, fz must satisfy the constraint condition
£y =0 (6.8)

£
when it is purely mechanical. We shall see later that the electro-
magnetic force acting on a charged particle satisfies (6.8). From
(6.8) follows

= £ u (6.9)

therefore for mechanical forces the four-force is

<fa, f4> = (fa, £« ud> = v (u) <Fa, Fa ud> . (6.10)

We have accepted Newton's first, second, and fourth laws of mechanics,
but what about the third? Newton's third law cannot be accepted in its
Newtonian form. That this is true follows from the transformation
properties of the ordinary force F in (6.10). By comparison with the

transformation formula for the velocity (5.2) we can see that (for a

*The generalization of Newton's law to the case where the
system expells mass (rocket) can be found in: K. Pomeranz, Am. J. of
Phys. 32, 955 (1964).
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Lorentz transformation '"without rotation'") the ordinary force transforms

according to:

A | ¥
L PR [Y(u) *

(1 - 1/Y(V)) .
2 -

y-EWy |- (6.11)
v

Clearly, the force has a complicated transformation property and if

Newton's third law holds in one frame it is not necessary that it hold

in another frame. Short range forces (essentially contact forces)

which are active only when the particles are in contact do imply Newton's
third law true, since if the forces are equal and opposite in one frame

it follows from (6.11) that they are equal and opposite in all frames.

We also expect Newton's third law not to survive if we remark that it

is the statement of the equality of two forces acting at different places

but at the same time. However, as we have seen simultaneity is a rela-

tive concept.

B. Energy and Conservation Laws
The concept of energy arises in Newtonian physics as a
first integral of Newton's equation (1.3). We now attempt the same

analysis of the more general law (1.l):

o o
¢ _ dP _ d y(u)u
F e - m it (1.1)
multiply by de and summing o = B yields
o - {dyu
F dxa = Hl{ 7y u, dt , (6.12)

- B
(an - 'nQ,B dx ) ’

integrating from event 81 to 82 yields



&2
-m J Q;ﬁ%&l dt

&

’

&2 ”
I F d%y
e

L]

where use has been made of dy = u - d(yu). Now the change in kinetic
energy from &1 to &2 is defined to be the work done on the particle,

hence,

T2 - T1 =m Y(uz) - m y(ul)
where T2, T1 represent the kinetic energy of the particle at 61 and &
We require T|u=° = 0. Thus, the kinetic energy of a particle having
rest mass m and speed u is

T(u) = mvy(u) - m,

independent of what type of forces act on the particle. For a free

particle fz =0 (6.12) yields

aTr _ _ o
rri 0 T=mvy(u - m= const.

as a first integral. In this case the total energy W is defined as
my (u) and we write

4

const = P =W =T(u) + m = my(u) free

particl

Consider a collection of particles. Let FAA' be the force extended on

the AEB by the A'Eh. Then the equation (6.13) becomes

t
‘,
I N B, dxa J z, m, -—XS-—l dt
t

TR
FAA' dﬁg ZA WA

70

(6.13)

9

(6.14)

(6.15)

(6.16)

(6.17)
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where

WA = m, y(uA) = TA + m, (6.18)

and m, is the rest mass of the AEE particle. 1In the Newtonian theory
o - p
FAA,(t) FA'A (t) . (6.19)

Relativistic mechanics is very complicated for the very reason that
this equation cannot be true in a relativistic theory (effects cannot
propagate at speeds greater than that of light). We shall discuss a
scattering experiment where the complications arising from this are

minimal.

1) Scattering: Suppose we are considering a number of

particles, then (1.1) becomes

o

o 9Py

s F¥ = A
A' aa+ 9t

summing over all particles and integrating yields,

+T +T o

o dPA
I ZA’AIFAAI dt =-[ ZA _TIE (A#A ) . (6.20)
-T ~-T

Even though we cannot use (6.19) it is safe to assume that if free
particles in the initial state -T scatter into free particles in the

final state +T then the integral

+T
lim o _ '
T o ‘[ ZAA' Fypr de =0 (A #A") (6.21)
-T

(This is assumed to hold in all inertial frames!)
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From (6.20) follows

e [ <2PA°I>T - CZPAOD_T ]

P, = #’ = const. (6.22)

Thus, the three momentum #’ is conserved in scattering processes.

Define

NS AR 1 (6.23)

where Pﬁ is the final four-momentum and Pi is the initial four-momentum.
By (6.21) Na = 0 in all inertial frames. This implies that N4 =0
which implies

4 4 _

£ = Pi or W W (6.24)

£ £y

hence, under the assumption (6.21) the linear momentum and energy are

conserved in a scattering processes. The conservation of four-momentum

L _ 2
TP = 1 (6.25)
f i

is a fundamental law of‘physics which has been experimentally verified
many times. 2) composite "particles".
The results obtained in (6.16) are also valid for a composite system of
particles as long as the system is closed or isclated. This follows
directly from (6.20) if we assume T is greater than the time taken for
light to traverse the system under consideration then

+T

o T > > (characteristic

J 2A,A' FAA' dt =0 dimensions of the system) (6.26)
-T
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and

— P =0 == ﬁg = const.

these conditions are the same as (6.22) and hence it follows that

the energy momentum four-vector of the composite system is

S
"
=
%
I

My (u)u¥, My (u) (6.27)

or

S
n

&, w.

Here u¥ represents the velocity of the system as a whole and M its

rest mass. Thus, the rest energy of a composite body is equal to its
rest mass,

W =M. (6.28)
In a composite body, say an atom, where does the rest energy reside?
The energy resides in the rest masses of the constituent particles,
the kinetic energy of the constituent particles, and in the energy of
interaction between and among the constituent particles. Suppose we

have a number of particles which form a composite body, then

= = + ¢ s 0
M Wo Z mA +2 TA+ 2 V 1] + 2 VAAIA"
AA' A,A',AM

(A#A"#A" ....)

Let Vint v

wat FZV + ...

AA'A"
Where the Vint is the interaction energies of the basic particles.
Suppose we form a nucleus. To do this, we carry out the following steps:

2) Bring Z protons and N neutrons together with all inter-

actions '"turned off'. The rest energy in this configuration is:

' = =
M' = wo = nk + = TA ,
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2) Turn on the interactions. The rest energy now becomes

M =M'+ Vint (6.29)
therefore if the composite configuration is stable ==> Vint < 0

W,=M=Im+ZT, - | vint] . (6.30)

For stable nuclei it is always observed that
M-Em =TT, - |vint] <0 (6.31)

indicating that the interaction energies are greater than the kinetic

energies involved. Example:

mproton = 038.211 Mev.
m = 939.505 Mev.
neutron ‘ .
exper imental
m = .511 Mev. numbers.
electron
M=m 6C12 = 11177.233 Mev.

Em = [6(938.211) + 6(939.505) + 6(.511)IMev.

z m, = 11269.334 Mev.

M - = mAI = 92.101 Mev. =~ 1.64 X 10-25 gms .
13 for C12
1l cal. = 2.613 x 107~ Mev. 6
Note: (The masses above are for the system m O16 = 16.000 a.u. Now
8
the ofticial system is M C12 = 12.000 a.u. and in this system

6
m 016 = 15.995) (no practical difference between these systems).
8

From (5.13) it follows that for a free particle

PZPL = -gz + W =l or

w? = % 4+l (6.32)
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which is the relativistic relationship between energy and momentum.
Also the following relation between the energy and momentum holds
P=Wu. (6.33)
For u = 1 the energy and momentum of a particle become infinite, thus
a particle with m different from zero cannot move with the speed of
light. However, for zero rest mass particles we assume the limiting
form of (6.33) to be
P=W,m=0. (6.34)
Thus, the momentum four-vector of a zero mass particle is a lightlike
vector. One can represent the four-momentum of a zero mass particle
in the form
o= we® , 1) . (6.35)
Here o is a unit vector in the direction of the propagation of the
particle. If one prefers to speak of the wave properties then the
wave vector kz can be introduced by the definition
P =nit,w=h (6.36)

v is the frequency associated with energy W and his Plank's constant
h=6.63 x 10°% joule-sec.

Relativistic mechanics of point particles is not nearly as successful as
its Newtonian counterpart. Even though one knows the basic law of motion
(6.3) one cannot write realistic forces fz easily because of the break-
down of Newton's third law. 1In general the form of fz makes (6.3) a
nonlinear integro-differential equation and not much is known about such
equations. 1In particular one has not been able to prove that unique

solutions for these equations exist or not.
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Chapter 7

A. Periodic Disturbances in Special Relativity
Let A represent a general periodic disturbance in a frame S.

As an example A could be of the form
A= A0 cos(k.x - wt) (7.0

A could have a general transformation property. k is called the pro-
pagation vector of the wave and w is its frequency. These can be com-

bined together to form the wave vector K
T
k= (k, w) . (7.2)
Using the wave vector the distrubance A can be written
T
A= A0 cos(er ) . (7.3)

The quantity ¢ = err = =-k.x + wt is called the phase of the disturbance.
It is clear that the phase ¢ must be an invariant under Lorentz trans-
formation because A = 0 in S must imply A' = 0 in any other inertial
frame S'. That is, a periodic wave in one inertial frame must be a
periodic wave in every inertial frame. This is equivalent to asserting
the wave vector kr is a four-vector. Knowing this, we can write down

r .
the transformation properties of k immediately:

K o=k+ 2 D&Y - yyo )

(7.4)
"=y - k.v)

v = velocity of S' with respect to S ; -v = velocity of S wrt. S'.

w

(7.4) gives the transformation law of k' between two frames S, §' which
differ from one another by a Lorentz transformation "without rotation'.

The speed of propagation of the wave disturbance (phase velocity) is
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W= % . Suppose the source of the periodic disturbance is moving

away from S at velocity v and sends the disturbance to S. In S' the
kinematic characteristics of the disturbance are k', w', and W' and
in S they are k, w, and W. The connections between S and S' can be

written

=
1l

-

0

(o]

73

R
|

= y(kll—wv) = yk(cos & - Wv)

=
]
o
v
e
=]
R
]

k1 = k sin & (7.5)

Y - k cos g v) = yw(l-v/w cos o)

Here & is the angle between k and v in S and &' is the angle between
k' and v in S'. It is convenient to consider the angles 6 = T-& and

o' =m-¢'

Y2 ?5

Fig. 7.1
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The transformation formulas are:

k' cos®' = yk(cosd + Wv)

k' sinb'

k sin® (7.5)
o' =vyo(l + Vi cosb )

From the top two equations follows the relativistic aberration formula:

voo -sind
tand Y (cos® + Wv) (7.6)
and the last equation
w' =Yw(l+-;§cose) (7.7

is the relativistic Doppler equation.

From the invariance of krkr = -kz + wz under Lorentz transformation

follows
0? (1 - 1/w2> - w'2<1 - l/wv2> . (7.8)

Using (7.7) in (7.8) yields |,

N
-

DI

(e 2) 7

(7.9) gives the transformation properties of the disturbance velocity
W. Since v cost = Ve is the radial velocity of S' one can write the
Doppler equation
1
@ = —_— (7.10)
"R
1+ —>
Y< W
In the classical limit this reduces to the classical Doppler formula.

If a sound source S' is moving away from an observer S at rest with

respect to the air, say, then the classical Doppler shift is
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(7.11)
(1+ )
where W is the speed of sound in air. (7.11) differs from (7.10) only
in the y(v) term which implies a differing of terms in v2. Experimen-
tally one cannot measure the difference between (7.10) and (7.11) for

sound waves. In most applications one is interested in equations

(7.6) and (7.7) for light W =1,

v - sinb
tand ;?ZEEE-;_;S (7.12)
or
)
. 6' _ 1-?)2 ¢ 6
am =\ T+v an 3
w' = yo(l + v cosB). (7.13)
Two cases for (7.13) suggest themselves 1) 6 = 0°
3
w' (1 V) 1
Y=y T o
Ty (1+v)*
this is the longitudinal Doppler shift, w < w' => A > \' which is
called the Doppler red shift: 2) 6 = TT/2
wl
w =,
Y
this is the transverse Doppler effect which is just the inverse of
time diiation, this has been checked using the Mossbauer effect.
Inverting (7.12) we can write
_ sinf '
tanb Y(cos8' - v) (7.14)

The classical aberration formula can be obtained from (7.14) by taking

Y = 1. If 6' is the angle between minus the earth's velocity and the
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actual direction to a star while 6 is the angle between minus the earth's
velocity and the apparent direction to the star, then (7.14) connects
theée two angles. The constant of aberration B is the apparent dis-
placement of a star when the earth is revolving at average speed at

right angles to the stars direction 6' = ﬁ/z .

)

ACTUAL aesc:noz
OF STAK /!Z/ APPARENT DIRECTION

OF STAR

{ ¥ Y .

(VELOCITY OF EARTH ‘

Aberration of Starlight

Fig. 7.2
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tanb = -1/VY , 8' = n/Z or
tanB~B = wa v (7.15)
v 10'4; v=3x 102 B8~ 20.5 sec. of arc.
sec.

The constant of aberration gives a measure of the size of apparent
orbit of a star due to the aberration of starlight. The aberration

orbit traced out by the star depends upon its location on the celes-

tial sphere, it is a circle at the ecliptic poles, a straight line at
the ecliptic equator and an ellipse in between. The constant of
aberration is the same for all stars and measures the radius of the
circle at the ecliptic poles, half the length of the straight line at
the ecliptic equator, and half the major axis in between. The aberra-
tion of starlight was first noticed by Bradley in 1727 and was the first
conclusive proof that the earth actually moves about the sun instead of
the opposite. The aberration orbit of stars is independent of the

size of the earth's orbit and dependé only on the fact that the earth
has a changing velocity. The parallax (heliocentric) of a star is due
to the fact that since the earth is revolving around the sun, a nearer
star seems to be describing a little orbit with respect to the more

distant stars. This apparent orbit has almost the same shape as the

aberration

orbit. The parallax orbit is much smaller than the aberra-
tion orbit, being around .76" for the nearest star Alpha Centauri at

4.3 ly. and smaller than this for all other stars.




HELIOCENTRIC
PARALLAX

EARTHS oRBIT

DISTANT
STARS

Heliocentric Parallax of a Star

Fig. 7.3

For completeness we might mention a third type of motion associated
with stars. This is change in the stars position on the celestial

sphere due to its actual motion. This is the so-called proper motion

=

of the star. The known proper motions of only about 330 stars exceed
1" a year and the average for all naked eye stars is not greater than

0.1" per year. Barnard's star has the largest observer proper motion

of 10.3" per year.
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Chapter 8

A, Tensor Analysis I

Tensor analysis concerns the transformation of quantities from
one frame of reference to another. The differential dxz is a tensor and
. . . . 'y ) *
its transformation law under coordinate transformation x * = £°(x)” can

be written 7
ax't = QZ;_ dx" . (8.1)
ox

A scalar ¢ is also a tensor and its transformation law is the simplest

9! (x') = g(x). (8.2)

The gradient of a scalar ﬁQ; = ¢,r is also a tensor and its transformation
ox

law is
20" _ (3 |ag 8.3)
axlr ax'r axz

The two transformation laws (8.1) and (8.3) look very similar. If one

. . . 14
considers linear transformations, then x

= erxr and (8.1) is the
transformation law given previously for a contravariant vector, while
(8.3) ‘is the law given for a covariant vector. Thus, (8.1) is the
transformation law for a contravariant tensor of rank 1 and (8.3) is
the transformation law for a covariant tensor of rank 1. (The rank of

a tensor is just the number of indicies it carries, i.e., Tz is a second

rank tensor, a vector is a first rank tensor, etc.) This leads us to the

*
For present we assume that all coordinate transformations are

single valued, continuous, differentiable, and have non-vanishing Jacobian
(which implies the inverse exists).
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following definitions: 1) A set of quantities Az are said to form a
contravariant vector if their transformation law is

)
AP xy = L ATy (8.4)

axr

2) A set of quantities BE are said to form a covariant vector if their

transformation law is

r
9X B (x). (8.5)

1] 1 -
B I.(x‘) B a4 T

For tensor transformations the ''group property'" holds. That is if we make

two transformations x = x' — x" then the transformation is the same as

x - X". We shall show this in detail.
We have
14
X = x' A'z = axr AT
ox
S
x' - x" Ans :x"'p A'P’
X
therefore
s 1
Aus 8x"' axrp AI"
3x' P d
and since
ax”s ox ' P x"S
= ’
ox P er axr
then
ns ax"S r
A7 = = A, (8.6)
ox
which is the transformation x - x". Thus, the tensor transformation law

implies the group property
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2\

£ . .
(T,T)) T, T,

The generalization of the transformation laws to higher rank tensors is

to treat each covariant index as in (8.5) and each contravariant index

as in (8.4). Thus, if Tf?pé:::: is a rth rank tensor it transforms under
the law
p'TS coe. | é;ii,ﬁ;ii cees Q;E_ Q;i_ . Tz@ e (8.7)
Pq «... axz 3™ 3x'P 3x'4 ni ....
rlifactors r, factors
here r, is the number of contravariant indicies and r, is the number of
covariant indicies, cléarly ry + r, =r. The usefulness of tensors

follows from the following fact: If a tensor equation holds in one

coordinate system then it holds in all coordinate systems. This is

because the transformation law for a tensor T """ is linear and homo-
geneous in T """ ., If a tensor equation is given in one frame
r . .r,
T = C
s . s

B. Algebra of Tensors

0

. . S .... . S ....
Given various tensors Tr , Sr , and Ur one can

define several algebraic combinations:

1) The sum of two tensors (having the same number of co- and

contra-variant indicies) is a tensor
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2) The multiplication of two tensors is again a tensor

TS ceer gP eeee L ySP ...
r vooo q ..., rq ....

3) One may take the trace on any pair of one upper and one
lower indicies thus reducing the rank of the tensor by 2, this process

is called contraction.

s .... h s .... th
T r £ rank tensor. -—-—-e> Ts (r-2)= rank .
teee contraction tee tensor
r==s

Notice that there must be one upper and one lower index, a symbol such as
r . ‘ 3
T'" or T__ is not defined. .
rr
4) One may contract indicies across a tensor product, This

process is called transvection.

qf ceee gP oaenn >, f <eee gP ...
S .... qQ .... Transvection s .... r .

5) Alternation (antisymmetrization) over indicies is defined

as 1 7
]3]k =/2!Eijk } Tkj-i‘_] ’

where the indicies set off by bars I are not acted on by the [] operator.

6) Mixing (symmetrization over indicies is defined as

L
Talilo _/ZEEijk+ Tkjﬂ '

Any second rank tensor Tij can be written

T35 = Teagy T ey
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A tensor is called symmetric if T[..] = 0 and antisymmetric if T = 0,

ij (ij)
If one is given a set of functions Tij then one can use the quotient rule
to test for the temsorial character of the functions. The quotient rule
is: If a set of functions Tij when combined by a given type of multipli-
cation with all tensors of a given type again yields a tensor, then the
functions Tij are tensors., The proof is elementary and can be found in
any text on tensor analysis. (For example, Schaum's outline, Vector
k k . i

Analysis) In particular if Ai"" B” = 0 for all vectors B then Ak =

C. Differentiation of ensors
'

For general coordinate transformations x . fz(x) the sum of
tensors located at different points is not a tensor, however, for linear
transformations the sum of a number of tensors located at different points
, . . 4 2 4
is again a tensor, That is, let A (xl) and A (xz) stand for A" evaluated

at two different points Xy and X, then these transform as

\

1 'z
atar) - i"——)x 8% )
1

axr

\

14
2 - /—a-ir—\ix atx,)
ax /2
Adding these yields
12 ) lax'z ) 't 2
A7E',))+A K, = A% (x.) + A" (x,), (8.8)
1 2 r /X 1 r 2
oxX 1 ox 2

. under linear transformations we have"

ax"
er

= const. = aﬁ ==A'£(x'1) + Az(x'z) = af<;£(xl) + Az(XZi
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or the sum transforms as a vector only under linear transformations.

Because of (8.8) the derivative of a tensor of rank > 1 is not a tensor
under general coordinate transformations because it is constructed from
tensor evaluated at two different points., Consider the derivative of a

vector Az(x). How does dAz transform under coordinate transformations?

Since
y) 14 ,r _3
ATGR') =03 x " A 3, =~
ox
we have
't - arx'z daT + Ar(asarx'z) ax® (8.9)

thus only under linear transformations will dAﬂ transform as a vector.
r .

The reason for this is clear, dA represents the difference of two

vectors located at different points

4

aa - Afx + dx) - At (x). (8.10)

Ao g (xe2)

X+d X

Fig. 8.1
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What one needs is to replace (8.10) by the difference of vectors located
at the same point. What is done is to carry Az(x) to x + dx in a definite
manner, The carrying of AL to x + dx is by parallel propagation of Az
from x to x + dx. (We shall define parallel propagation precisely later.)

We write the parallel propagated vector in the form

£
A11 (x + dx).
The difference between the vectors

et = afx 4 ax) - A2 G+ ax) (8.11)

is now a vector and is called the covariant differential of Az. Rewriting

(8.11)

2

DAY = Az(x + dx) - Az(x) - C&fl(x + dx) - Az(x»

or

pa? = aa? - a4 At . (8.12)

The most general form for d11 AL (which is the change in Az under parallel

propagation) is

z—_
d11 AY = LrS A" dx (8.13)

where the Lﬁs(x) is called the affine connection. (Sometimes Lfs is
called the linear connection or coefficient of affine displacement.) The

covariant differential of AZ can now be written:

pat = aa? + th AT @’ (8.14)
If Az is defined along a curve xS(K) in the space, then
mt a4 o

a - da rs A (8.15)
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is called the absolute derivative of A% along the given curve. The fact
that the absolute derivative (or covariant differential) of a vector (or
tensor) is a tensor yields the transformation law for the affine connection

using (8.14) and (8.9) one finds the connection transforms as:

A m n p m n 2 14
L'fs(x') = ax ax'r aX'S Lmn(x) - ax'r ax's a1:1'1}c n
axp 9% ox ox ox ox ox

(8.16)

Therefore, LSS is not a tensor in genepal. In a like manner the covariant

differential and absolute derivative of a covariant vector AZ are given by

A = - 1P r
D. 2 dAZ LLr Ap dx
(8.17)
DA dA r
—4 & P, dx
dA di 4r p dA

Of course at this stage the affine connection for Az and AE does not have
to be the same. It is easily verified that (8.17) are vectors. One

. k ..
generalizes these definitions to an arbitrary tensor T , where each

2
index is treated as if it were a vector. One has
k k k r s r k s :
D III.= « o o » * e o - o.tad .. 8.18
TZ e dTL e + Lrs Tz e dx LZS Tr L + ( )

Again one may prove that the covariant differential of a tensor is a

tensor. For the case of a tensor field one may define the covariant

. . . r k .... . . .
derivative of a tensor with respect to x as TE . which is given by
ceesd

(8.19)



Let us summarize the various derivatives discussed:

1) Covariant differential

Cee dx

is satisfied along the curve. For a vector Az this yields

nf = 0= aal = -Lfs Afax® =

dip

At which is the same as (8.13).
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(8.20)

From the transformation properties for the linear connection

. X .
one can prove the following facts: Let Lﬁs, L’ﬁs be two affine connec-

tions, then the sum

12 =1/2<LZ +L*I'>

rs rs rs

in an affine connection and the difference

is a tensor.

=12 . 1*

rs rs rs

Let us specalize these results to a given affine connection.

If Lﬁs is an affine connection then Lﬁr is also an affine connection and

1.4
r

g can be decomposed as
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L _ 14 )

Lrs L(rs) + L[rs]'

Here 1 = E/ LL + 12 is a symmetric affine connection and
(rs) 2 (rs) ST, .

1

L _ L _ a1 2 . . ) L
L[rs] = /5 Cirs Lsr) 4T, defines the torsion tnesor Trs .

In what follows we shall be interested primarily in spaces described by
Riemannian geometry. Such a space is called a Riemannian space and is
denoted by Va. A Riemannian space is obtained .from the general structure
discussed so far by admitting a second rank symmetric tensor 85 = gji
into the space. This tensor is called the metric tensor. In V4 we may

define a scalar product between pairs of vectors using the metric tensor

gij A B) = scalar. (8.21)

We now show that under several assumptions a unique linear connection is
defined in V4. First the concept of raising and lowering of indicies is
explained. Instead of writing the scalar produce as (8.21) one can define
a covariant vector associated with A' or B by the relation

t (8.22)
(the analogous result for Minkowski space in equation (5.10))

then (8.21) becomes

Ai B = scalar.

i . . .
Ai and B" are called associated vectors. Under the following assumptions
there is a unique symmetric affine connection in a Riemannian space:
1) nat and DAZ are associated vectors

2) the torsion Trsz is zero,
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We first calculate the covariant derivative of the metric tensor and

permute the symbols twice

_ Y/ _ 14
8igik = Bij,k " Vik 845 - Lk 81y
_ ) )
Brizi = Bii,j T Tkj Bpi " Vij Bky (8.23)
- = £ )
Bikit " Byk,1 Uy B T L By
Adding the three equatibns yields
s o 1d ) Y i
2L 3k,1] =2 L)8e1 Tﬁi 50" Tii Bk Bij;k 815 T Byk;i (8.24)
Where the symbol
[ik,i] = }/ g + g -g (8.25)
’ 2 \Bij, k" Bki,j T 8jk,i .

is called the Christoffel symbol of the first kind.and the other symbols

have been defined. We show that assumption 1) implies gzk'i = 0, The
H

covariant differential of a scalar is the same as the ordinary differential

because it is already a geometrical object (i.e., a covariant vector),

Ly _ Ly _ ) )
D(A B%) d(ABY) = dA B + A dB

writing this product out one finds

)/ £ 4
D(A B”) = DA B” + A DB”,
¢ 2 ) 2 2

I
Applying the same analysis to the form (ngAzB") yields

D(AZBL) = dg.. A'BX + ¢

Lonk 4.k r . s
" A - g ALl BT ax

Lk k. g r s
+ gsz DA gsz LrS A" dx".
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Under assumption 1) we can write ngDAk = DAL therefore
L L p P - adgk S>
B = B”) + - L -
p(a ') = n(a B%) <gzk,s P e - 1 AT ax
or g -l g 1P g VAl 4x® - o
Lk,s ks®4p 4s°pk

by three applications of the quotient theorem we deduce that

- 1P

_ 1P
ksgzp L 0 . (8.26)

g,ek;s = gjz,k,s zsgpk -

Using (8.26) and the fact that the torsion vanishes, we have

R 2
[Jk’l] - gf,i ij
and

it - gzi [jk,i] = 1"? (8.27)

where F?k is called the Christoffel symbol of the second kind.

In general relativity one usually considers the Christoffel
symbéls to be equal to the connection (8.27); however, this is not
necessary, a fact which Einstein used to construct some of his "unified
field theories." 1In this work we deal only with general relativity in

the usual form, we do not consider any connection except (8.27).

R. Geodesics

In Euclidean geometry one makes frequent use of straight lines,
while in spherical geometry one uses great circles. Both of these curves
are geodesics of the geometry they are used in. In both of these

examples one knows that these geodesics are the curves of shortest length
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connecting two given points in the space. Again in Euclidean geometry if
one considers an arbitrary curve C, then its tangent vector has an arbi-
trary direction as one proceeds along the curve. However, again the
straight lines have the property that their tangent vectors from point to

point are parallel. This leads us to the abstract definition of a

2
geodesic curve. - A geodesic curve is a curve whose tangent vector tz = %%-
undergoes parallel propagation along the curve. That is,

th - dtz + FE trts - dzxz Fz dxr dxS -0 (8.28)
dx dx rs 2 rs dx dx ) ’

dx

Equation (8.28) is a set of four ordinary differential equations, and
thus has a unique solution corresponding to the initial conditions x‘(xo),
t‘(xo). If one makes a change of curve parameter, say ¢ = f(\), then,

equation (8.28) becomes

d“xt + 0t & dx® clo) ggf
2 rs dog do o do

where C(0) is a definite function of g whose form does not concern us
here. If a parameter is chosen such that the equation for the geodesic
takes the form (8.28), then the parameter A is called an affine
parameter. (If we have an affine parameter associated with a geodesic,
we can sgti wange the scale and the origin ) - Cl A+ C2 where C1 and
C2 are constants.) The equation (8.28) has the first integral

4 ..k
dx” dx~ _
8k an - const, (8.29)

When the scalar product is indefinite, one finds three classifications, i.e.,

const. > 0; = 0; or < 0. 1In the former and latter case A can be normalized
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it

so that the const. = +1, -1. For this choice the parameter A is related

2 gzk de dxk, in a simple way:

[N
“
It

to the measure s,

dxz dx

E)k ds ds

L]
%)

+1 Timelike geodesic A

axt ax®
ok dx  dn

0 Lightlike geodesic A # s (8.30)

L
gzk %f- gz = -1 Spacelike geodesic A = is

|

i=,/-1.
It will be noticed that a given geodesic is either timelike, spacelike,
or lightlike; it cannot change from one type to another in a continuous
manner., Through a given point of V4, there are many geodesics (i.e.,
tangent vectors) however, connecting two neighboring (in the sense of
topological closeness) points in a single geodesic as is the case for the
geometry of surfaces imbedded in Euclidean space. A property that these
curves on the surface have is that they represent the curve of shortest
length connecting these points. The geodeéics (8.28) also have the property
that the equation describing them can be derived from an action principle.

Consider the integral

e £

2 2

JA k

. ax”  dx

I = I.L(x,x)dx = j gzk Y da.
61 61
If the action I between 61 and 62 is an extremum then
62
8 J Ld, =0
1A

1
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for variations of the curve xz(k) which vanish at the end points we have

the necessary conditions for I to be an extremum: (Euler-Lagrange

equations)
AL 4 L _ N
sz dx dx? dx
dx

Therefore, the curves which extremize I are geodesics.

We can now give a geometrical interpretation of the parallel
propagation of a vector Az(or tensor) from a point < to % + axt used
to define the covariant differential (Eq. 9.11). One constructs the

geodesic from x to x + dx ; then carries the vector along this geodesic,

always keeping the same "angle" between the vector A and the tangent

vector t . This angle is given by
- L.k
6 = gzk A%t
. . . Do .
Taking the absolute derivative of 8 yields: o 0 by construction and
Dg L
: —Lk bt” _
since a 0 and a 0 we have
af - 0= a? -aq _al

11

-This construction is shown in (Fig. 8&.2)



Fig. 8.2

We shall continue in the next chapter with more tensor analysis and an

introduction to general relativity.

98
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Chapter 9

A, Special Coordinate Systems

In Euclidean geometry one makes extensive use of Cartesian
coordinates. Oblique coordinates could be used in Euclidean geometry
but they would unduly complicate almost all the calculations carried
out. Hence, in Euclidean geometry there exists a set of special coor-
dinates which make the work easier. (One might say that Cartesian
coordinates are "closer" to Euclidean geometry.) 1In a Riemannian space
there also exists special coordinates systems in which some of the
calculations are simplified.

The first set of special coordinates we consider are called
(local) Cartesian coordinates. These arise in the following manner.

At any point P the measure

2 _ L .k
ds” = gﬂk(P) dx” dx (9.1)

is a quadratic form with constant coefficients gzk(P}. At P the

transformation to new variables dx‘z
4
]
ax® = 25 (py ax® (9.2)
dx’

is a real linear transformation. From algebra one knows that a
quadratic form can always be diagonalized by a linear transformation.

After diagonalization one can rewrite (9.1) in the form:

ds2 = El (dx1 )2 + 62 <dx2 >2 + 63 <dx3 >2 + 64 (dx4 >2 . (9.3}

where the €i's are either +1 or -l. Such coordinates x= are called

Cartesian at the given point. The next special coordinates we consider
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. . . r .
are called Riemannian coordinates. Let x be a general coordinate system

such that P(xr = 0) is the origin. Consider the family of geodesics

emanating form P:

dxz ks A\ d)
Let tz = E%—:> 2 be the tangent vectors of these geodesics. For
=0

points close to P we can write xr(X) in a Taylor series about A=0.

x(0)+< >x+<dx>x + .

£ )

or using (9.4)

»
]

o t 1/2<F )0 t )\ + + ...

The Riemannian coordinates of points close to P are defined to be

x'z = tz)\

Hence, (9.6) represents the coordinate transformation connecting the

general coordinates xz with the Riemannian coordinates x'zz

£ .z_l/<z> ks
X 2 rks 0 ¥ x'"+ ...,

= gL(X')

b
[l

»
|

. . 2 A . . .
The inverse transformation x'" = f”(x) connecting the Riemannian
. : ca £ . .
coordinates and the general coordinates x , can be obtained by inver-

ting the series (9.8). Carrying out the inversion one finds:

1
x'z = XE + /2<1"'f;s>0 xk >+ ...,

(9.4)

(9.5)

(9.6)

(9.7)

(9.8)

(9.9)
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t* , )(FQ='tL};

Fig. 9.1

Riemannian Coordinates

From (9.8) and (9.9) follows

<ax"° )0 - si , Q;‘Tz )0 =5, (9.10)

dxT

These formulae (9.10) imply that the value of any tensor at the origin
P is unchanged by the coordinate transformation (9.8). Also one finds

from (9.8) and (9.9) that

3%t _ (et )
3xax® t50
hence from (8.16) follows
(1“"‘) = 0. (9.11)
rs /,

Equation (9.11) says that at the origin of a Riemannian coordinate

system the Christoffel symbols vanish. Since

_ m
Bik,4 - Buk ig T Bim ke
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it also follows from (9.11) that the first derivative of the metric

tensor vanishes at the origin of a Riemannian coordinate system

' <gik,£ >0 =0 . (9.12)

Since the point P was a general point of our space it follows that

at any point we can choose coordinates (Riemannian) such that

Q;zk’r)o =0 . (9.13)

At the origin of Riemannian coordinates covariant differentiation is
the same as ordinary differentiation. This can be used to prove
(9.13) because the covariant derivative of 81 vanishes in all coor-
dinate systems.

Combining the two types of coordinates discussed so far
1) Cartesian, 2) Riemannian, we can first transform to a coordinate
system in which the metric tensor is diagonal at the point P (9.3)
then we can transform from that set of coordinates to Riemannian
coordinates at P. Since the value of any tensor is unaltered at the
point P for this last transformation we have at the origin of our

Cartesian-Riemannian coordinate system

(gl?,k,r >O =0, <g£‘k>0 =x&,, - (9.14)

Such coordinates are called geodesic at P. We shall make frequent
use of geodesic coordinates in the future; if we have a tensor equa-
tion that we are trying to verify then if we can verify it in a geo-

desic coordinate system (9.14), then it holds in all coordinate systems.
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B. The Curvature Tensor

The operators for ordinary differentiation —é; ’ —ég
3 3

commute with one another

2 2
) AZ ) o) AZ

axsaxr axraxS

=0,

however, covariant differentiations of a vector do not commute.

One can prove the identity
A My vt (9.15)
iskse] 2% % ke ‘
(We shall not write in the position dependence of lekz usually)

where

i i i r i r i
=T - + - T, 9.16
o T T T e T T Tre T T Ty -16)
by straight forward differentiation. By using the quotient rule in
(9.15) one can show that RT jke is a forth rank tensor. lekﬂ is
called the Riemann curvature tensor. By inspection we see that lekz

is antisymmetric in its last two indices.

i i
R g = R ] - (9.17)

Equation (9.15) can be written
i

A,,., - A, =A, RY,, . (9.18)

P P 2.0 a1, 21.
JsX 5% Jex 3K i . JrO

Permuting the indices of equation (9.18) twice and adding yields
S T T T (N
<AJ';k Ak;J>;J& <Ak;z AL;k);J 85 ik /3k

i i i
= R .1
Ai<R.jkz+Rk£i+R£jk> (9.19)

Making use of the two identities
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V,, .-V, =V -V

i3] jsi L] 3,1
(9.20)
+ + = +
Vigse P Viiss T Vs T Vi T Vi, g T ViK1t
which hold for any vector Vi(= Ai) and any second rank antisymmetric
tensor V., (= A, ., - A, . equation (9.19) becomes
1J( i;3 J;l), q (9.19)
i i i
LR rE )0,
Ai (R. jk4 R.k@J . 4 ik
Since Ai is an arbitrary vector by the quotient theorem we have
i i i
+ ., +R, .. =0
Rogke P Res "Rk
which can be written
rY =0 (9.21)
[ ke] ) '
The identities of the Riemann tensor derived so far hold in a more
general space if we replace Fﬁr by Eikr)’ a general symmetric affine
connection. When we introduce the metric we have one other identity
n n
- = = =+
igikse  Bijsesk - 07 EnsRl ik T Eai R ojwe
or
ity = .. . .22
Rleﬂ Rflj]kz (9.22)
Hence, in a Riemannian space the Riemann tensor is antisymmetric in
its first two indices. Using (9.17), (9.21), and (9.22) one can prove
the relation
Rijkz = szij . (9.23)

The equations
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R =R, 5 R.p . =0
ik T Rigfke] ¥R gke]
(9.24)
R . R.., =R, ..
RleL R[13]kz ijke kii]
which are the basic symmetry equations for the Riemann tensor, can be
summarized in equations
R.. = . . 9.25a
ik~ [ 13]0ke) ( )
R.r. =0 9.25b
if 3kt (9-250)
A fourth rank tensor has in general n4 independent components in a n
dimensional space. However, because of (9.25a) the number of indepen-
dent components of the Riemann tensor is reduced to <}/2 n(n-l):>2 .
The indices in (9.25b) can be selected in the following ways:
i j k 4 . Because permutation of the last three symbols does

n (n-1) n (n-2)

not change (9.25b),; the total number of restrictions it places on the

<}/2 n(n—1)>2 components is 1/6 n(n-1) n(n-2). Therefore we have
(1/2 n(n-1) >2 - 1/6 n®(n-1)(n-2) = 1/12 n®(n2-1)

independent components of the Riemann tensor at every point of our space.
. i
In four dimensions this is twenty. From the Riemann tensor R jkyg

one can form other quantities by contraction; the once contracted Riemann

tensor Rjk

_ pi - ,in
R, R' . g anki (9.26)
is called the Ricci tensor. It easily can be seen that Rjk is symmetric.

The twice contracted Riemann tensor is called the scalar curvature
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R, =Rr" =Rr. (9.27)

We now derive a very important differential identity satisfied by the
Riemann tensor. The Bianchi identities:

Rewriting (9.15)

i
- A, =A, R,
Aj;k;z AJ;JL;k i7", jkg

and taking the covariant derivative of this with respect to m yields
i i

= A R + A, R

Aisksasm T Ahskm T Aom X ke T AL R jkgsm (9.28)

One can also show in the same manner as (9.15) was proven that

i i
- = + . . .
Aj;m;k;,e Aj;m;z;k Ai;m R. jke Aj;1 R. mk g (9.29)

Subtracting (9.28) and (9.29) yields

i
- + A, - A, - A,
Aisiesm T Amskss Y Amiesk T A5skm T 2551 R mkg
i (9.30)
- Ai R. jkg;m .
If we permute k¢{m twice in this expression and add all three equations
we can derive the identity
i i i
+ R7 + R™ =0 9.31
X ikesm . jmk;g . jem;k ( )
which is called the Bianchi identity. Contracting on i, m and i,k we
obtain the contracted Bianchi identity:
k k j>
R -1/2 R =0
<1& / ) sk
or
ko _
Gz;k =0 (9.32)

where
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k. k k
G, =R, - 1/25, R (9.33)

is called the Einstein tensor.
A space is called flat if the full Riemannian tensor Rijkz
vanishes, otherwise the space is curved. Minkowski space M4 is a flat space

as is obvious from the fact that the metric tensor gij is in this case

constant (ﬂij) and hence

Rijkz =0 (M4 is flat) . (9.34)

To be sure one may perform coordinate transformations which will induce

non-constant metric coefficients, gﬂk from constant metric coefficients

Mok

X'L = fz(x)

¥ k
,F f,s ﬂzk

g (x') =1
but since (9.34) is a tensor equation and it holds in one coordinate
system, then it holds in all coordinate systems. Hence, if a space is
flat the full Riemann tensor vanishes. The converse statement is also
true, namely, that if the full Riemann tensor vanishes then the space is

flat and there exists a coordinate system in which the metric coefficients

are constants. (See the book Synge and Schild Tensor Calculus, page 105,

for a proof of this latter result.)

B. An Introduction to Einstein's Theory of Gravitation; The Principle of
Equivalence.
It is an empirical fact that in a gravitational field all par-

ticles are affected in the same way or, in other words, in a gravitational
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field all particles started with the same initial conditions have the same
path of motion. (That this is true in Newtonian mechanics is due to the
fact that the gravitational mass of a particle is proportional to its
inertial mass, as we have seen in Chapter I.) Experimentally it is known
to one part in 1011 that all particles accelerate equally in a gravita-
tional field. Thus, as far as the motion of a particle is concerned one
cannot distinguish between a uniform gravitational field and uniform

acceleration. The principle of equivalence goes beyond this by saying

there is no difference between the two, i.e., a uniform gravitational
field is equivalent to uniform acceleration. In nature one does not

find uniform gravitational fields, therefore the principle of equiva-
lence must be interpreted to hold only over a region of space-time which
is small enough so that the gravitational field may be treated as uniform.
Later we shall give arguments which show that one cannot introduce a
theory in M4 which is in agreement with the principle of equivalence,
since any reasonable gravitational theory must incorporate the principle
of equivalence; this means that one cannot formulate a theory of gravity
in Ma. On the other hand, one knows that there are gravitational phenome-
na. The way out of this dilemma is to give up M4 and in its place intro-
duce V4. That is, we assume that space-time is a Riemannian space V4 with
metric g, . The principle of equivalence can now be stated in more pre-

1k

cise form as follows: 1In any region of a gravitational field (V4) one

can choose coordinates such that this region is equivalent, up to first

* v e . ;
For a description of the Eotvds experiment, see the book Experimental

Relativity, by R. H. Dicke (Gordan Breach, 1965).
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order in the dimensions of the region, to a small region in M4. (Rieman-
nian coordinates in V4.) This means that in any small space-time region

of a gravitational field one can choose coordinates that remove the first

order effects of the gravitational field; and up to the first order

everything like it would be in an inertial frame (MA)' The invariant
forms are
2 _ 4.,k 2 _ L,k
ds” = ﬂzk dx”dx H M4 ds gzk dx”dx : V4 .

Let us examine the content of the principle of equivalence in the

neighborhood of a point P in V Introducing the Riemannian coordinates

4
about P we can write the metric gzk in the form of a Taylor series about
P = xz .
o
1 T r s ]
ng(x) = (ng)o + 2 (gzk,r,s)o (x - x 0)(x - x 0) + .... (9.35)

where (gzk r)o = 0 in Riemannian coordinates. Using the principle of
3

equivalence we see that (gﬂk)o = T ., and that "small region'" means

2k
size of region = l (" - xro)(xS - xso)l << | L (0)|, (9.36)
gJZ,k,r,s,
Therefore, locally (small region) in any gravitational field (V4) one
can use special relativity (M4) and make only second order errors.
Furthermore at any point in a gravitational field one can reduce the
metric to the form
8 (P) = Ty - (9.37)

Thus, at the origin of geodesic coordinates in V4 one has the same
metric as in special relativity. Equation (9.37) places a restriction

on the metric of a V4 which describes a gravitational field, that is,



110

at any point the matrix of the metric must have three negative eigen-
values and one positive eigenvalue. This set of signs --- + is called
the signature of the space. According to Sylvester's law of inertia
the difference between the number of positive coefficients and the num-
ber of negative coefficients is invariant for real transformations. In
our case this means that a metric 81 which doesn't have signature
-~- + cannot correspond to a real gravitational field.

We can now use the principle of equivalence to derive the

equation of motion of a free particle in V We have the equation of

4"
a free particle in M4

M4:

ot _
o 0 (9.38)
where X is some parameter along the world line of the particle.

In V4 this equation reads

' ot g et

o - d rsa a0 (9.39)

Equation (9.39) is the equation of motion for a particle which is in-
fluenced only by gravity. In Einstein's theory of gravitation (which
is what we are discussing here) the paths of particles which are acted

on by gravity alone are geodesics of the V, describing the gravitational

I~

field, T on the particles (say an electro-

where fz is the four-force action on the particle. The affect of gravity
acting on a particle is to restrict the particle to move along a geodesic.

An alternate statement of the principle of equivalence is that locally
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one can choose a coordinate system such that the first order (ng i)
3
effects of gravity are eliminated (Riemannian coordinates). If one inter-

prets the term

¢ dx© dx®

-lers T (m = rest mass) (9.40)

as the '"gravitational four-force" acting on a particle, then at any

point we can make (fi;)o = 0 and eliminate the "gravitational force."
Near the earth's surface this frame of reference represents Einstein's
freely falling elevator. It is important to realize that removing the
"gravitational force'" on a particle in this manner is possible only
because this "force" is homogeneous in gij,k which vanishes in the

"small region" considered, one does not remove the gravitational field

in this small region because of the higher order terms in (9.35). 1In a
similar manner one can usually write a theory which is known in M, so that

4

it will be valid in V,, for example: Maxwell's equations of electro-

4

dynamics, the equations of hydrodynamics, the theory of elasticity, etc.
Some of these generalizations are well-known (Maxwell's equations) and
others are not so well-known (elasticity). One particular example where

a theory is known in M4 but not in V, is quantum field theory. We shall

4

be interested in studying these various theories at a later time; however,

here we would like to carry through an assertion made earlier concerning
w

the principle of equivalence and field theories in M4,

region of space near a static spherically symmetric gravitating body.

Consider a small

The potential at a point r from the center of the body will be

s(r) = X (9.41)

*
A. Schild, Proc. of the International School of Physics, "E.
Fermi" Course 20, pp. 69-115, Academic Press, 1963.
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in the Newtonian approximation. Consider now the following events; 81:

start with an electron-position pair at ¢ + Ag, €.:

9 the pair is allowed

to fall to a potential ¢, by the principle equivalence both particles
accelerate downward and acquire a kinetic energy m Ag, 83: the pair is
allowed to annihilate and produce two photons of energy hv which are
reflected from heavy mirrors to the upper level ¢ + A¢ where they have

energy hv, € the photons at the upper level are brought back together

4
so as to form another pair which must be at rest. Using the principle

of equivalence we can write:

2 hy

2m + 2mAg at ¢
2m = 2hvy at ¢ + Ap . (9.42)
(h = Plank's constant)

Solving these equations we obtain

vV =V
\%

= Ap . (9.43)

Therefore, light which moves from a lower potential ¢ to a higher
potential ¢ + Ap is '"redshifted." Suppose now that monochromatic light

of frequency V is sent from ¢ to ¢ + Ap where it arrives with frequency

V. Since the number of wavelengths sent from ¢ equals the number received

at ¢ + Ap, we have
n=Tv =Ty (9.44)

where T and T are the times elapsed corresponding to sending and receiving

the n wavelengths respectively. Combining (9.43) and (9.44) we see that

— T - Ap (gravitational time dilation) (9.45)

which shows that the times are not the same. Equation (9.45) must be
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interpreted to mean that '"identical clocks" located at different gravi-

tational potentials run at different rates.

WORLD LINE WORLD LINE OF
OF cLoci AT ¢/‘—Q_’ '__A/CL.OCK AT ¢+ag
t B
: T _
5 T=T ~n Ma
T A
A\
—g—
A

N

Fig. 9.2 Clocks at rest near a gravitating
spherically symmetric mass.

In Fig. 9.2 is shown an experiment which is carried out in the region
of space containing ¢ and ¢ + Ap. At A aﬁ experiment is started at
the lower level and a signal A A is sent to the higher level so as to
compare initial clock readings. At B the experiment (say the Beatle
record) is stopped and another signal B B is sent so as to compare the
final clock readings. Since the gravitational field is static (does
not change with time) the lines A A and B B are parallel and hence

the prediction is that T = T, However, by (9.45) T # T and therefore,
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the equivalence principle and/or the gravitational redshift cannot be

formulated as a theory in special relativity, i.e. in M But, both the

4
principle of equivalence and the gravitational redshift are experimentally
verified. This clearly separates theories such as electrodynamics and
relativistic quantum theory which can be formulated in flat space (M4)
from gravitational theories which cannot be so formulated.

The non-relativistic limit of equation (9.39) must be the
Newtonian equation

dzxa

dt2

=-¢,a (9.46)

where ¢ is the gravitational potential at the particle. In order to
find the non-relativistic limit of (9.39) we assume the metric can be

written in the form

g = Ty * Byp - (9.47)

Where the th represent first order corrections to the Minkowski metric

nZk' Substituting this expression in the geodesic equation

a o

r.s _
ar or Vv =0 (9.39)

and making a low velocity u << 1 weak field approximation we have

1 ~i
au 1%}
r

ac T 4h
‘The first order Cristoffel symbol is

@ as )
Tpe = 1/27 <2h4s,4 h44,r>

o

Since —QZ = 1/c 5t and if the time variations in the field are not extremely
9x
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large the first term is small with respect to the latter and we have
(quasi-static) (9.48)
This equation is the same as the (9.46) if we associate

h44 = 2¢ + const. (9.49)

Thus, Newton's equations follow from the geodesic equations. In
Einstein's gravitational theory the metric gzk is a generalization of the
Newtonian potential.

As previously mentioned in this chapter, if we know a given
theory in M4 we can usually generalize it to V4 without a great deal of
difficulty. There is one theory which we have seen cannot be formulated
in M4, that is a theory of gravitation; in the next chapter we formulate

and begin our investigations of Einstein's theory of gravitation.
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Chapter 10

A. Einstein's Gravitational Field Equations

In this chapter we shall include the constant c (speed of
light in free space) in all formula. The reason for this will be
explained later.

We have seen in the previous chapter that the principle of
equivalence implies the formulation of the theory of gravitation in a
Riemannian space V4. In a Riemannian space the most important object
is the metric tensor 8y We have shown heuristically that the gﬂk's are
generalizations of the Newtonian potential. The missing item is the
dynamical equations that will allow us to determine the gravitational
field 81 from a given distribution of "sources." Thus, we need to know
the generalization of Poisson's equation mentioned in Chapter 1. The

generalization chosen by Einstein was

b or gl racl o b o =
Rk - 3 ék R Gk c1 Tk s c1 const. (10.1)

where Gﬁ is the Einstein tensor defined by (9.33) and Tz is the energy-

k
momentum tensor determined by the "sources." Einstein's field equation
(10.1) thus generalizes Poisson's equation
2
V% = 4m kp . (1.14)

Equations (10.1) and (1.14) have some similarities. - Both equations are
second order partial differential equations for the gravitational field
variables gzk and ¢ in terms of source distributions Tﬁ and p. Of course,
(10.1) is a set of ten quasilinear partial differential equations while

(1.14) is a simple linear partial differential equation. It follows
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immediately from (10.1) that the tensor T'(;'k = gﬂrTi must be symmetric

Lk
since G is symmetric. It also follows from the contracted Bianchi

k
identities (9.32) that the tensor TZ must be covariantly constant:

™ =0 | (10.2)

By contracting (10.1) one finds that the field equations can be written

in the equivalent form

R =

e ™ C1 (T - E 8y D). (10.3)

where T = Tﬁ

In regions where there are no sources (Ti = 0 <=> "vacuum") the field

equations reduce to

Ri = 0. (vacuum field equations) (10.4)
Even if (10.4) is satisfied throughout V4 it does not imply that V4 is
flat. A flat V4 is characterized by the condition
RE. =0 (10.5)

which is not necessarily implied by (10.4) (this is clear from the fact

that (10.4) represents ten independent equations while (10.5) represents

twenty). From (l0.3) one can see the siructure of the left-hand side
of field equations
=1 i ) i
R’ek : 8 “tgim’z’k * g’ek’i’m gikgﬂ/, m gﬁm,i,k]
n npP 0P -y 1
+ g gnp[szrim Fod i) = €1 Ty - 58, D (10.6)

from which the above-mentioned quasilinear form of the field equations

is obvious.
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From the principle of equivalence one sees that the inter-
pretation of the measure ds is the same as in special relativity, namely
along the path of a material particle ds = dr where dr is the propertime
increment. This proper time is the time that would be measured by a clock
which is '"carried by the particle." Light pulses are again characterized
by null geodesics, ds = 0 along their trajectory. The proper time: T can
again be used as a parameter to characterize the motion of a particle.

What is the form of the energy momentum tensor Tzk? It is a
symmetric second rank tensor depending on the distribution and motion of
the sources of the gravitational field. The simplest (or most complica-
ted?) gravitational source one can imagine is a neutral point particle.

Associated with such a particle is its four velocity Vz and mass m,

Ao _af & (10.7)
dr dr > dr )

where Zz(T) is the position of the particle. Since the mass m is
assumed to be concentrated at a point we must have

™)y =0 L 42 (10.8)

. Tzk , , . .
A consistent form for is arrived at by using the Dirac delta
8 (x-z(T)) (see Appendix A). The energy momentum tensor for a neutral
(spiniess) point particle is dcfined as
+oo
) =2 ¢ vdry V() b (x-z(1)) dr . (10.9)

Since +/-g and & (x-z) are both relative tensors of weight plus one it is

clear that T)ek is an ordinary tensor (weight zero). The energy momentum

tensor can be rearranged into the form
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e k
™56 = 2= [ vh(r) €2 5" - 2% 6(x-2) dz”
-g - dz
and after carrying out the integration over z

k
e = 2 v ez 0r)) - (10.10)
-g dz

f 24(T)=x4 = T=f(x4).

The dirac delta therefore allows us to form a tensor field Tzk(x) from
quantities which are defined only along the world line of the particle.
Later we shall use this energy momentum tensor to investigate the field
equations.

In the last argument of Chapter 9 we showed that Newton's
equation (946) follows from the geodesic equation (9.39) in a "weak field
quasistatic" approximation. We now wish to perform the same analysis
with the field equations (10.1) and show that Poisson's equation (1.14)
follows as the first order approximation. The procedure to be followed
here is to use a perturbation technique to solve the equation (10.1). Both
sides of equation (10.1) are developed in terms of a parameter and the
equations are solved successively. (Those familiar with perturbation theory
in quantum mechanics will notice the similarity.) We assume the weak field

metric can be written as in (9.47)

= <
Bk = Mo T Py By == !

7~
£
_p\
N=v

One may interpret (9.47) to mean that the geometry differs only slightly
from M4 in the coordinate system chosen. Far away from the matter, i.e.

the particles producing the field, the space must be flat. That is

lim gzk(x) = ﬂzk lim hzk =0 (10.11)

r - © r —» ®
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where r2 =z XQXQ.
o=1
hﬂk =
th

We also assume the

=entfie?

The parameter expansion has the form

2
+ € hﬂk +

(2)

€ hﬂk

(1)

(1) (2)

kel

e e .0y

Bk ~ Mok T Myx
kK 4k 4k
S gtk gk
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(10.12)

(10.13)

field to vary slowly with time or to be quasistatic.

We shall choose the expansion parameter € to be 1l/c since we are interes-

ted in the Newtonian approximation to the field equationms.

. . . . . 1
approximations we are considering the coordinates (x ,x

In these
2 3 4 _

2 X ,X

ct)

have the interpretation of space and time in the usual Newtonian sense.

As will be shown later this is a useful assumption, however, one should

be warned that by doing this we are destroying the geometrical descrip-

tion of the gravitational field implied by general relativity.

€ = 1/c, differentiation with respect to x4

quantity by one, t

is of one higher order in l/c than f.

hat is,

o

of _
ax4

1/c g

f

t

Because

increases the order of a

(10.14)

Since the time variation of the

field is directly related to the speed of the sources (10.14) implies

o
where v

already determined the first term in h

tive constant in h

(10.11).

conirast to other

44

aAanny

At 4

44

( This is a so-called '"slow'" approximation in
1 i\

is a characteristic speed associated with the sources.

roximations which are

valid for arbitrary ¢ '"fast'" approximations.

in equation (9.49).

Thus putting in the correct factors of ¢ we have

|

We have

The addi-

must be zero since 8hs = +1l as r » o, i.e., condition
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=2
h44 > - (9.49)
c
According to (10.12) this is h44 which implies that h44 = 0.
(2) (1)
- %
Bas = 2
(2)

(10.15)

h,,6 = 2% + l/c3 h
c

s T o
(3)

In order to determine the constant €1 appearing in Einstein's field
equation it is sufficient to know only equation (10.15) as we shall show
later.

The expansions of hzk

that in the limit ¢ - o the general relativistic expressions must go

may be further narrowed if we note

over into the Newtonian expressions. There are basically two reasons
why this is true 1) Newtonian mechanics does not contain the constant
¢ in any fundamental way 2) Newtonian theory is a theory with infinite
signal velocity. We now show how one may further restrict the expan-

*
sion of hzk' The Newtonian Lagrangian for a test particle of mass m

in a field ¢ can be written

1 2 .
LNewtonian = 2¥ ~ ¢ (10.16)

and the Lagrangian for a test particle in general relativity is as we

have seen on page 99.

boat aen? b o

G.R. - Bk dar T dr - 8k \ar/ dt dt (10.17)

*
A test particle is a particle whose own gravitational field is

negligible.
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which can be written

2 4 .k \

- (48t ax dx
Ler. = dé) Mg ¥ M) 36 a0 (10.18)

Expanding (10.18) one obtains in lowest order:

2 2 2 o o
Lop, = (€ - v+, of ny o v P (10.19)

In the Newtonian limit ¢ - « LG R must go over into (10.16), therefore

as ¢ - © ye must at least have

h,,K - 1/c2 h, = l/c2 h_ - 1/c

44 4o oB
h44 = h44 + ...
(2) (10.20)
hmy = hqg + ..
(2)
= + ...
hc!B halB
(1)
By using the field equations one can restrict the hﬂkls even more and
prove the following expansions are generally true:
h44 = h44 + h44 + h44 + ...,
(2) 3) @&
h4a = h4a + h4d + ..., (10.21)
3) (W)
h.,=h_,+h_+ ....
o eB e
(2) (3
(Actually one can even restrict the hﬂk's further by more detailed study
of the field equations.) By making use of (10.21) one finds the following
. . . Lk 4o _ ba _
relations connecting the hzk with the h"". h h44 , h had s

@ 3 @ 5
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oB _ 44 _ 44 - 2 . .
h = hQB’ h = h44, h " (h44) h44 . If we use the assumed metric

L @O G 3G B 2 4

(9.47), and expand the field equations in powers of 1/c, the Riemann

tensor through third order is given by

1
Rigkm = 2Pmig ke ™ Pme,ik Y Mok, im ” Priye,w) (10.22)
-3)
Note that the right hand side has all the symmetries of the Riemann
tensor Rijkz' As one can prove from (10.21), indicies on the small
quantities hij may be raised and lowered with the Minkowski metric as
long as we are considering terms of third order and less. We shall
often make use of this in the following. Contracting the Riemann ten-
sor we obtain the Ricci tensor
1 i im i
= h - h . .t h . - h . 10.23
Bk T 2P Pkt Prgim T P, e (10.23)
3)
im i_
where T him = hi.—~ h.
Define the new auxillary variables sz
Yor = By - /2 My B (10.24a)
M =Y - V2T v - (10.24b)
If we expand Yok in a power series in terms of 1/c we can make the
following identifications:
Yoo = h44 - 1/2(h44-EwB), etc, (10.24c)
(2)  (2) (2) (2)
The Ricci tensor may be written in terms of Y
im i i i
= - - - . 10.
Ry = 1200y o = W2 Y v st Y ) (10.25)

=3)



Contracting the Ricci tensor and writing the Einstein tensor G, =

Ry - 1/2g£kR in terms of y_ yields

_ im ir
Gf,k = 1/2 (M Y

i i
pkim T Mk Y e T Y ki T Ya,i,K0"
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(10.26)

In the present coordinate system the hzk (or sz) are small corrections

to the ﬂzk. But the hz

coordinate transformation

£

x = b+ el x) e "smal1n
The transformation coefficients are given by
14 r
ox _ éz + gz , X - 6r _ gr
3xF r TN s »S

and the transformed metric is to first order in §z,

k k

_ I ]
Brg = 81 (6, §’r)(6S §,S)
1 _ z ) k
Brs ~ Brs T 8y g,r Erk g,s )

If the two coordinate systems are equivalent we must have

+ h' therefore, from (10.30) we find

= ] =
8ok = Mo ¥ Byper By = My ¥ 0y

. _ P _ P
hzk hf&k T]p!& §,k ﬂpkg,z

As can be seen by comparing (10.30) and (10.31) the hﬂk's transform
as tensors under the infinitesimal transformations (10.27).
deduce several properties of the transformation (10.27) from (10.31).

Since qée starts with second order terms (10.21) we must have g“ =

Kk will remain small if we perform an infinitesimal

(10.27)

(10.28)

(10.29)

(10.30)

(10.31)

§Q + .... etc. Under this infinitesimal coordinate transformation the

(2)

divergence of the v's transforms in the following way:
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ko _ ok g
Yo,k Yo,k 4,k,r (10.32)

Since the only requirement on the hzk's is that they be small we can
see from (10.31) that the hzk's are not determined uniquely. There are
four arbitrary functions in (10.31), therefore we may impose four con-
ditions on the hzk' There conditions will be called '"coordinate con-
ditions" or '"gauge' conditions. We choose the following coordinate

conditions for our present analysis

k

_ ..k k -
Yo k= (hz 1/2 62 h),k o . (10.33)

s

With this choice for the coordinate condition the Einstein tensor becomes

_ im
G = Y20 Yy im
-3)
im 2 2 52
sz = o ]_/2 D -Y’e,k, D = - 'n aiam =V - ]._/C _—2 . (10134)
“3) o

Even after specifying the coordinate conditions (10.33) hzk is still not
unique since one can transform it by any infinitesimal vector §£ such

that.[] §£ = 0. Making use of (10.34) the field equations (10.1) become

1/2 [:ly“{ =-c T Yy TO - (10.35)

Hlere 7, represcnts the effective energy momentum tensor obtained from

the exact equations by our approximations. We shall return to (10.35)

later. The equations (10.31) must be interpreted to mean that if we

have an arbitrary solution hzk for the weak field metric 81 = “zk + h‘@k
then all other hzk's of the form
I - 10.31
Mk T Pk T 280,00 (10.312)
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are equally as valid. Thus, to the solution hzk

coordinate dependent part. However, if the Riemann tensor Rijkz

evaluated for the part of the metric gp ’ + gz p °one finds it vanishes
E] I

is added a purely
is

identically (i.e. substitute §(p in (10.22).) This means

- h
L) 1)
that the coordinate dependent part does not enter into the gravitation

field equations (the equations are '"gauge invariant"). In terms of the

v's the transformation corresponding to (10.3la) is
Y,Q',k = Yﬁ,k -2 §(2 k) + 'ﬂzk gf”p . (10.31a)
Consider now a general solution, ;zk’ to the field equations

c, T

Cox =

1 "4k
3)
_ i
with G, given by (10.26). We now write Yy @8 @ sum of two parts
-3) !
Vor = Ve * Yo (10.31b) |
L _ = - p
where Yk,z 0 and Zlk + 2 E(,k) ﬂzk 3 o From (10.31c) follows
=L _ A _
] Vet = Y S s e, - (10.31c)

sz is a part of the ;kk which does not contribute to the curvature
tensor while sz does contribute to the curvature tensor. We can next

make a gauge transformation of the form (10.31b)

which removes from ;ék the part that does not contribute to the curvature
. intrinsi Y t
tensor. One may refer to Yy 28 the intrinsic part of Yok and sz as the
coordinate dependent part. The coordinate condition yﬁ 4 = 0 allows one
b

to consider only the intrinsic part of §£k .
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In the general case the metric 8k ?ontains two types of
information: 1) describes the physical situation 2) describes the
particular coordinate system employed. The coordinate conditions
eliminate the second of these to a large extent.

The constant c, may be determined most easily by using (10.3).
We write out the lowest order terms on both sides for £,k = 4,4. We

have from (10.23) in the quasistatic case

2

R44 =-1/2v h44 (10.36)
(2) (2)
to the lowest order term in R44. From (10.10) we see that the lowest
order term in Tzk is
T, - me? §(x-z) . (10.37)
44 - =
TZ . 2 .
The trace T = f is also equal to mc™ §(x-z) to this order. Hence,
(10.3) becomes
- 1/2 v2 h,, =c, 1/2 mc? 8 (x-2)
44 1 =72
(2)
or rearranging and making use of (10.15) we have
2 4
-V g = cy 1/2 mc ™ 8(x-2) . (10.38)
To determine ¢, we need only compare (10.38) with Poisson's equation
for a point particle
Vz ¢ = 47 km 6 (x-2) . (10.39)
Comparing the constants in (10.38-39) we find
_ -8k
< = (10.40)

C
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for the value of the constant cy- Thus, the field equations can be

written

(10.41)

We shall sometimes choose units such that ¢ = 1 and k = 1. (This may
be interpreted as measuring time in seconds and choosing units for
length and mass such that ¢ = 1 and k = 1,)

We can use equation (10.35) to determine the remaining second

order corrections to the metric, that is, h (remember that we have

oB
(2)
chosen a coordinate system such that hd4 = 0). To determine haB we
(2) (2)
need only calculate Y4z from (10.35) and use equation (10.24). Equation
2)
(10.35) in second order becomes
1/2 v2 Yy = 2 - me? 6 (x-2) (10.42a)
1 Tas
1/2 9%y =0 (10.42b)
opB ’
(2)
1/2 VZ =0 (10.42¢)
Yol :
(2)

The solutions of these equations (which tend to zero at infinity) are

) = =
Yo =74 0 Vep 0 Yys =0 (10.43)
(2) (2) (2)
Using (10.43) and (10.24b) we find
-2
Wwe C2 éaB
(2) (10.44)
h4d =0 .

(2)
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Thus, the metric to second order (in our particular coordinate system)
can be written:

as? = - (1 - Byt + oyt ahy ¢ 1+ By el (10.45)

c c
If one assumes this form for the metric outside a non-rotating spheri-
cally symmetric gravitating body (the sun on the earth) and studies
the consequences, the following predictions can be made: 1) gravitational
red shift, 2) deflection of light passing the body 3) geodetic preces-
sion of a gyroscope. Another effect, the advance of the perihelion of
an orbiting body depends upon higher order terms in the metric (namely

h44 in the present coordinate system). Later we shall give a more

(4)

detailed examination of the experimental verification of general
relativity.

It is interesting that qu correction to the metric is the
(2)

44

(2)

the Newtonian approximation equation (9.48). The reason for this is

same order of magnitude as the h correction but does not show up in

the presence of the c2 in the timelike part of the metric (10.45). 1In
2
the Lagrangian L = ds the 8y terms are multiplied by v2/c2 which
CZdAZ B
is small in the Newtonian approximation.

The solution of the linearized gravitational equations (10.35)

4 _ ., lénk g L
Dyk-+ 4 Tk > Yy = O (10.35)

is solved in exactly the same way as the analogous equation in electro-

magnetic theory. The general solution to the equation

[l¢ =-ap (10.46)
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is

$(x) =+o [ DT (xx") p(x') dx’ (10.47)

where Dret(x-x') is the retarded Green's function and d4x' = 4v' =
(4)
1

dx' dx'2 dx'3 dx'4. The retarded Green's function may be expressed

in the form

2

D' (x-x') = -;—T—T 0(t-t') §((x-x")2) (10.48)

where

0t-t'"< 0 1
B(t-t') = {

1L t-t'>0

5 (x-x)?) =8, 6F - xh et - 1)

Substituting (10.48) into (10.47) and integrating yields the usual

result
p(x'st' = t-{x-x"|/c 3
8(x,t) =+ 5= =3 d’x (10.49)
3. b2 awt L g2 g3
where d7x' = ds(s) =dx' dx'" dx'". Apply (10.49) to (10.35) we have
L,y '
TO(x", t-]x-x'|/c)
£ — ik_ k=~ —_— 3.
V() = - 4f =N a’x' . (10.50)

C

One can show directly that (10.50) satisfies the coordinate conditions

(10.33). Wec shall not continue the calculations of the linear theory
further since from here on the calculations almost parallel those of

. 9€ 3 3
electrodynamics. If one calculates the energy radiated by an oscillating

system then the result comes out

*Landau, Lifshitz, The Classical Theory of Fields, (Second
Edition p. 366).
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& kw6 (10.51)
e~ s ®

when one uses (10.50). Here m is the mass of the system, r is the size

of the system, and w is the angular frequency of the system. For

laboratory size objects the radiation calculated from (10.51) is com-

pletely negligible, i.e. m = 10gms, r = 10cm and w = 106/sec we find

dE . .-30 gms
ac ~ 10 year ° (10.52)

Thus, the measurement of gravitational radiation will be very difficult.
For binary neutron stars the magnitude of the energy loss is more
favorable although none of these objects have yet been observed.

As a final point, I want to mention what role the linear
theory plays in Einstein's over-all theory of gravitation. Although
the linear theory is non-geometrical and therefore very repugnant to
many relativistics it does allow one to make numerical estimates as to
the order of magnitude of various effects (i.e. such as gravitational
radiation treated above). The full theory does not allow, at present,
such numerical predictions. Thus, as far as the experimentalist is
concerned the linear théory is probably the most important part of
general relativity; however, to the person wishing to understand the

21 . 1 . LR e OTY T2 A veviy Sfemdomdtfd A v
theory in full, ihe linear theory is a very imsignificant part indeced.
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Chapter 11

A. General Relativity I

In this chapter we shall be interested in studying the exact
equations of Einstein's gravitational theory (which we shall call general
relativity). Let us review briefly the contents of the theory. We have

a hyperbolic Riemannian space V, with signature (--- +) and a metric

4

tensor 8y = 8 The gﬂk's are related to the '"sources'” by the partial

kg *
differential equations (of the hyperbolic type)

_ -8mk
G (Brg) = 4 Tk

where Tzk (Y matter) represents the stress energy momentum tensor or the
source of the g field. We have given a particular example of T/@k for
simple "point" particles in the previous chapter. This form is appro-
priate when one discusses the motion of particles, however, other forms
for the stress tensor must be chosen if we want to treat a continuous
system. The interpretation of the stress tensor (10.9) used in the
previous chapter is relatively simple. The path of the particle descri-

bed by (10.9) is some curve in V We choose a geodesic coordinate

X
.system attached to the particle. (Such a coordinate system is called a
Fermi coordinate system.) In this coordinate system we have (at the
origin)

Bayy T T B11 T T Bpp T T B33 T
(11.

The non-zero component of T,, is:

(Y matter) (10.41)

L)
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T,, = 2 8 11.2
44 - WC (x-2) (11.2)

T

£k=0 Lk # 4,4 .

Hence, T44 is the energy density associated with the particle. Now for
an arbitrary system Tzk’ we shall retain the same interpretation of its

stress-energy tensor as we have for point particles.

T44 = energy density > 0 (11.3a)
we notice from (10.41) that this implies
<0. (11.3b)

The conditions (11.3b) are conditions which must be satisfied in order

for the energy density to be positive definite. The units of T,, are

44
093$£52) which is the same as (EQEEEEBE—)ﬁﬁﬁch we shall call momentum
time time.area

flux) from (10.10) we find that for "point" particles

P4 =B P gy (11.4)
-8

. th .. .
and hence Tg"4 represents the momentum flux in the ¢  direction. For

those acquainted with the electromagnetic field it might be of interest

k
to quote some of the components of Tz :

L g%+ 8%, 1 - =EXB) o, (11.5)

Ty, = gn®& + B

where E is the electric field and B the magnetic field. The units of

momentum

fo
(force) are the same as those of ( time

), therefore, the units of

k force . . .
Tz are also (——-). 1In the case where we are considering a continuous
area
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system we may interpret the space components of TGIB as the ordinary stress
tensor:
TaB - force in ¢ direction per unit of area (11.6)
having its normal in the B direction. :
. 11 22 _33 .
The diagonal components T, T  , T are stress components while the
12 23 13

off diagonal terms T =, T°7, T ~ are shear type stress components. If
we consider a unit cube in three space the following diagram illustrates

some of the forces exerted on the cube:

Fig. 11.1 A unit volume of continuous material

We now want to consider an exact solution to the field equations (10.41).
First we define what we mean by a stationary space time. Besides coor-

dinate transformations in V4 one can also consider point transformations
in a given coordinate system. Suppose we have a coordinate system S and

we change to a coordinate system S':
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CT: S-§° % = £ x) (11.7)

Fig. 11.2 Coordinate transformation CT.

Associated with every coordinate transformation CT: S—S' there is a
point transformation (PT) PT: S-S such that the transformed point P-P'

in S has the same numerical value as the new coordinates of P in S'.

Fig. 11.3 Point transformation PT.

For the coordinate transformation (11.7) the point transformation is:

PT: 'xz = fz(x) = x'z. (11.8)
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In point transbrmations the points of space are moved relative to the
coordinate system (this is sometimes called an active coordinate transfor-
mation although this is not very accurate terminology) and under a coor-
dinate transformation (passive) the labels attached to the points are

4

changed. Let us consider an infinitesimal vector xz, xz + dx” in terms

of a picture such as Fig. 11.4.

xR, d x'% . '
< xLae x4 X‘Q+d'x ¢
5I
lxl
x4
X4

Fig. 11.4 CT and PT of an infinitesimal vector.

The relations (11.7) and (11.8) connect the coordinates in Fig. 1l.4. A

point transformation in V, is called a motion or isometry in V, if the

4

4

measure d'S2 of the displaced points 'xz, o+ arxt s equal to the
measure of the two original points * &+ dx”.
a's? = g3 (') atd arx® (11.9a)
ds? = g, () axt dx* (11.9b)

Using (11.8) we can write (11l.9a) in the form
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2 k

a's” = g, (x") ax ax'® (11.10a)

and making use of (11.7) we can write (11.9b) in the form

as? = 8!y (<) dx? ax'¥ (11.10b)
where g'zk is the transformed metric
g' (x') = £ £° g (x) . (11.11)
L2k 4 .k °rs
Therefore, if d82 = d'S2 we have from (11.10a) and (11.10b)
= o!
gzk(P) g 2k(P) s (11.12)

that is, the two metrics must be the same when evaluated at the same
numerical coordinates. Useful statements from (11.12) cannot be obtained
for arbitrary point transformations, however, a kind of point transformation
that yields useful statements from (11.12) is the infinitesimal type.

When we consider infinitesimal point transformations we have

o= 2t o el (11.13)

where 6t is treated as a first order infinitesimal (i.e., all powers of
86t higher than first are neglected) and gz is an arbitrary vector field.

From (11.11) follows (see equation (10.30))

8ok (x') = gy (x) - g, () €0 bt - g () €D bt (11.14)

Expanding g'ﬂk(xl) = g'Zk(x+§5t) about 6t = 0 and retaining only first
order terms (11.14) becomes

' = _ S _ s _ s
8y (%) 8,1 (%) Bik,s g€ 8t -g, L 8t - gy g’z St . (11.15)
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The difference

= - 1 = S S s
e Byu = 8 () - 87 () = (g (8 g, Ty gy ) st (11.16)
which can be written

[y ) &t (11.17)

= +
g 8k~ Coir T Skyy
is called the Lie differential of gﬂk. A necessary condition for gl

to be a motion is for

Ly 0 (11.18a)

g Bk

or

St By =0 - (11.18b)

The equation (11.18b) is known as Killing's equation and a vector satis-
fying this equation is known as a Killing vector. Each solution of
(11.18b) generates a one parameter group (this is a Lie group) of trans-
formations which leave the metric invariant. The maximum number of solu-
tions of (11.18b) in an n dimensional Riemannian space is n(n+l)/2 which
in the case n = 4 is ten. 1In a general space-time V4, however, the
number of solutions will be less than ten, say r. Hence, in general, a
space time will admit a r parameter group Gr which leaves the metric
invariant in form, 0 < r < 10. Physically the group Gr is the symmetry
group of the space. A four dimensional spacq admits four independent
translations along the four coordinate axis and six independent rotations
in the coordinate planes. 1In the case of maximum symmetry, r = 10 and one

can show that the V4 is of constant curvature; for vanishing curvature
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this is just M, and the ten parameter group is the Lorentz group. 1In the
J 4 P group
case r = 0 we have a V, which has no particular symmetr roperties.
A y y prop
Petrov has given an exhaustive classification of many V4's for various
*
values of r. From (11.13) we see that the trajectories in V4 of the one
parameter group associated with t are given by integral curves of the
ordinary differential equations:

dst

&= el (x). (11.19)

We shall give an example for r = 1. A V4 is called stationary if it admits
a one parameter group of motions with a time-like Killing vector. We can
always choose a coordinate system in which a time-like vector §£ has the

form (this is because V4 is of the hyperbolic type):

L

g” = (0,0,0,1) .

In this coordinate system Killing's equation reduces to

8,4 = 0> (11. )

that is, all the metric coefficients are independent of the time like

coordinate x4 in the chosen coordinate system. Furthermore the trajec-

tories of the group are parallel to the Killing vector §£ = 62.
dx” _ 4
ac "% °f
(11.2 )
X ,X ,X const. X =t

*
See A. Petrov, Einstein - Raume Akademie-Verlog, Berlin, 1964

(pages 53-62 for an introduction).
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A static space-time is a special case of a stationary space-time where
the time-like Killing vectors are orthogonal to the family of surfaces

4 .
X = const. This means

which yields

gy = 0 - (11.22)

A static V4 is called '"spherically symmetric'" if in the coordinate system

= = 11.
o 4 = O By = O (11.23)
the surfaces x4 = const. have "spherical symmetry." By "spherical sym-

metry" we mean that all directions (from the origin of the coordinate
system) in the surface x4 = const. are equivalent. 1If d32 denotes the

metric of this surface we have

2

o = - ax® b (11.24)

%?B
where x¥ are the coordinates on the surface. We choose ¥ as "orthogonal

cartesian'" coordinate system on the surface. Under a rotation of the

L 4
three orthogonal space axis in the surface x = const. we have

x"™ = aB X matrix (ag) = a, a-l = aT, (11.25)

where ag is a three dimension rotation matrix. If the metric (11.24) is
invariant under rotations it must have the form

2 2
+ (dx%) + (dx3)%>

2 2 2 3 2

)+ (x7)

o’ = - £(r)) <de1)

ri = (xl) + (%
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where £ is an arbitrary function. Introducing the "usual' spherical

coordinates (r,9,p) we have

x1 = rlsine cosg
x? = rsind sing (11.26)
x3 =1 cos®

Substitution of (11.26) into (11.25) yields

©? = - £(x)) dr? -

T~ £(r) ri (% + sind dp?). (11.27)

Using (11.27) the general form for the static, spherically symmetric line
element can be written
2 4.2 2. 2,2 2. .2
ds” = g(rl)(dx ) - f(rl) <ﬁrl + rl(de + sin"6 dg¢ i) (11.28)
where g and f are arbitrary functions. The coordinates (r,9,p) are called
isotropic spherical coordinates. The line element (11.28) can still be

subjected to the transformations

r = h(rl)

(11.29)

x'® = 4 (x4)

and still retain the properties of being 1) static 2) spherically symmetric.

Under the coordinate transformation
T =A/f(r1) tl
the metric (11.28) transforms into

2
ds? = Lty - r2(a0? + sine ag?) - &) g2 | (11.30)
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where

(11.31)

t1=nl(r)

The form (11.30) is called the standard form of the line element. We
shall now solve Einstein's equations for a static, spherically symmetric
source centered at the origin of the coordinate system. The source is

supposed to represent a model for a "star."

v

(The final form tor the metric (11.31) can also be derived using group

% sk
theory or by geometrical construction. ) We now write the Einstein

*
A. Petrov, Einstein-Raume, pages 331-335.

*k
J. Synge, Relativity: General Theory, pages 266-267.
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equations (10.41) for this metric. The metric coefficients are

_ _ v - .2 = _ 2 . 2 = B
gll = e ’ g22 r s g33 r sin 9 ’ 844 e

(11.32)

11 - 22 -2 33 _ -2 . -2 44 _ -
g -r “sin @ , g = e

(0]
]
]
]
-
o]
L]
]
H
[

In order to find the non-zero Christoffel symbols we make use of the
variational principle equations for geodesics given on page 99. The

Lagrangian is

2 2 4 2
_ & dr 2 (& 2 @3 B dx
L=-e (35) -1 (j—s) +sin® (7)) )+ e () - (11.33)
The Lagrange equation for the r coordinate is
d 3L _ 3L _ - dx 11.34
dsgi-‘ or 0 t ds (a)
which becomes
2 2 2 2 4 2
d’r , o' ,dr -o ,d6 & . 2, ,dp B-u dx
ar, o Gr, _ Dy 9 =i =
dsz + > ds) re (ds) re sin (ds) + 1/2 e B (dS ) 0
(11.35)
where o' = g% , B' = %% . From this we can pick off the non-zero
Christoffel symbols of the form Fik, namely,
1 _ o 1 - 1_ e .2 1 _ B-o, ‘
Tll =5 F22 = - re , F33 = - re sin"®, F44 1/2 e~ B'. (11.36a)
The remaining Christoffel symbeols can be determined in a similar manner:
2 _ 2 _ .
F12 1/r , F33 sin® cosb
3 _ 3 _
T3 = l/r , ;3 = cot8 (11.36b)
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A further calculation yields the non-vanishing components of (10.41)

In the region external to the "star" we have

Ti = 0 (exterior solution)

and the equations become:

-« B8' 1 1
e (r + 2) -5 0
r r
12
_& 11 B B _al _ a'sl -
1/2 e (™ + 3 + - > 0
-«,1 a'' 1 _
( 2 r )- 2 0
r r

Adding the first and second equations yields
al+BI=O
therefore

o + B = const.

By imposing the physical boundary condition

lim V4 = M4

o

The constant in equation (11.39) is easily seen to be zero.

(11.38¢) by r2 we can write

1_ -wpB' 2, .2 .1
G1 = e (r + 1/x%) 1/r ClTl
32 o, 11, 12 B'-a' @B, _ _
Gy =G, = 1/2 e (B +8 /2 + — 3 ) c
b o, 2 2 _ 4
G4 =e (l/r" -a'/r) - 1/r° = - ClT4

T (11.37)

(11.38a)

(11.38b)

(11.38¢)

(11.39)

Multiply
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rg— e_d + e-d -1=0
dr

which can be integrated to yield

(11.40)

The constant is easily evaluated by requiring that far away from the body

the field must reduce to the weak field form (10.45):

2
e .20
By — > LT
s ¢
where ¢ is the Newtonian potential —%E . Hence, the exterior solution for

the spherical symmetric "star" is:
e =e 2 (11.41)

and the measure is:

2
ds? = (1 - 28 axty? - 2(a%sinZ0dp?) - —IE (11.42)
2 2
c“r 1 -7
cCr

Equation (11.42) is called the Schwartzschild solution and is one of the

most useful exact solutions to the vacuum field equations. Although we

have assumed the metric to be 1) static and 2) spherically symmetric it
can be shown that any spherically symmetric vacuum sclution of the field
equations is static. The proof of this result is Birkhoff's theorem.
This means that even if the '"star" pulsates in the radial direction the

exterior solution (11.42) remains valid.
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APPENDIX A

In this appendix we shall consider more results from the tensor

calculus,
1) Relative tensors: A relative tensor of weight N is a quantity which

has the following transformation law under coordinate transformations:

... A
3x axr ax,k Soess

(A.1)

£
Where |§§Tl is the determinent of the matrix <2X ;) or the Jacobian J
ox x'

of the transformation:

2
Jop's
J = det . (A.2)
<%x';>

If N =0 then T is called an absolute tensor or just a tensor. If N = 1

then T is called a tensor density. Since

S-S
Sak T 0y ik Brs
we have
g' = J2 g (A'3)
or
Jg =3/ , (A.4)
that is ,/-g is a relative scalor of weight +1. If Tz"" is a tensor

k....

one can form a tensor density of plus one by writing
AP A (8.5)

(We shall underline tensor densities of weight +1 sometimes.)

Under Coordinate transformations
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(A.6)

Sometimes one finds quantities which transform with an odd power of J
called pseudo (or axial) quantities. 1In these cases one is usually
dealing with transformations for which J = +1 and one must keep track
of sign (J) under reflections. However, here such terminology would
be redundant since we are treating tensor densities separately from
the outset.
A less obvious tensor density is the permutation symbol
.. +1, i,j,k,4 = even permutation of 1,2,3,4
et ke = -1 5300 = odd n noo o

jke 0 elsewhere
(* = same value)

(A.7)

Any object with the symmetry of the permutation tensor is completely
determined by only one of its non-zero components. That is if we know
81234 we can generate all other components by merely switching indices
on 81234. Form the quantity

. axz me an axp

= (4 . (A.8)
rstu aX,r ax,s ax,t ax|u Lmnp

By switching indices on f; one can show that it has the same

stu

symmetry as 8r , and therefore is determined from only one component,

stu

]
says £1o34
sz axm OX

ax'l Bx'z 3%

n
)3

5Xp4 62
axl mnp

f1234 = (A.9)

Now if one has a matrix a; then the permutation tensor is related to

the determinent of a; in the following way
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iy _ i j k4 _aijkl 1 2 3 4
det <aj> 6ijkz a; a, aj 4, A a, aj a 2,
(A.10)
- v o 1ikE t u
/4" € € stu & 2 3 a,
Returning to (A.9) we see that
fi234 =J. (A.11)
Define
1 = '
frstu J 6rstu
where 8;stu is the permutation tensor in the primed frame. We then
have
m n
roo gl o ox" ax 2wl (A.12)
rstu 3x'T 3x'S ax'E yx'¥ Amop

and hence the permutation tensor is a relative tensor of weight minus
. JIstu | .
one. In a like manner one can show that € is a relative tensor of
weight plus one.
2) Covariant differentiation of relative tensors.
Let A be a scalar density of weight N
Al = JN A,

Taking the derivative of A' yields

£ N-1
dA—'.=JN»aL7<d—AZ>+A.NJ aJi .- (A.13)
dx' ax't Nax ox'
We have the following expression for J
i i
J = det BX—D =37 %X ¢(i,8) (A.14)
ox' t ax'z
axi
where C(i,£) is the cofactor of Thus

ax‘e’
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33 _ _3J 225" .15
't 3 me;> ax'Hx ™
Xl
or
0J _ C(m,n) 3 aZXm (A.16)
li J l' ln ’
ox 3x' Bx
dx" ax'z
The inverse of is and from matrix theory one know that
s k
dx' X
)/
'
Bxk may be written
OX
y
% - Sm) (A.17)
ox
Finally,
5 2 m
aJi - me .3 a.x . (A.18)
ox' dx ox' dx'
and
1 4 2t 2 m
i N (A.19)
dx' ox ' dx d3x™ 3x'dx!
Multiplying
Z D 2 m
oo 00X rd 4 9% 3 x (A.20)

Mot in ax" ax ' x'™
which can be derived from (8.16), by NA' and subtracting the resultant

from (A.19) one obtains

~,

(jﬁ - NA r;‘n) ) (A.21)

1
B rnY) - 2
1 in

)
X
i
dx ox'

Therefore the covariant derivative of a relative scalar of weight N is

A =9 _art (A.22)
;1 i in
dx
Similarly for a relative tensor of weight N, ¢ *** the covariant

k....

derivative is
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TZ o e k.... 2 P
= SRS +
k s L Xm Pl k .
P coen ) seoe 1S
rP. Tio.u. e NTﬁ s, . (A.23)

Using this result we can show that
. / = él:g / n _ '
g; gl 0 (A.24)

since

ﬂ:&rz
dx*© Lx

and hence /-g is covariantly constant, a result which seems reasonable
since +/-g only depends on gij which is covariantly constant. Because
of (A.24) when covariantly differentiating a tensor density we can

commute the ,/-g with the differentiation

W ) =vEn (4.25)

oo 3T

3) Green's Theorem

The extension of a 4-cell spanned by the independent infini-

tesimal vectors d(l)xz, d(z)xz, d(3)xz, d(a)x is given by
1 1
d(l)x d(4)x
av = : A.26
%) . . ( )
d(l)x . d(a)x

which can be written in terms of the permutation symbol

av 4 k r s (A.27)

@)y = Cxrs Y1YX

The orientation of the 4-cell is chosen so that d V> 0. The exten-

(4)

sion of a 3-cell span by the three independent infinitesimal vectors
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o d xz, and d(3)xz

dy* > 4

is

£ k r
= 6s£kr d(l)x d(z)x d(3)x . (A.28)

dS(3)S

Green's theorem states

J; TV = jSSV T dS 5y, (A.29)

where V is a region in four space, Sv its surface and the orientation of

ds is chosen so that

(3)r

das AE >0
r

(3

for any vector . pointing out of V as shown in Fig. A.l.
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It will be noticed that Green's theorem (A.29) is independent of any
metric considerations; it is merely the statement that one can '"inte-

grate by parts.'" From (A.12) one sees that the permutation symbol is
a relative tensor of weight minus one, and therefore dV(4) <§S(3);>

is a relative scalar (vector) of weight minus one. If one has a

relative tensor of weight plus on IE"" , then the products
k.... k....
L By, Ll Y (&.30)
are absolute tensors. In particular since
8 (x-y) @ gy = 1 (A.31)

it follows that §(x-y) is relative tensor of plus one or a scalar

density. Here 8(x-y) is the four dimensional Dirac delta.

4

8 (x-y) = f‘>(x1 - yl) 6(x2 - y2) 6(x3 - y3) é(xa -y)

If we pick the infinitesimal vectors which span the 4-cell to lie along

the parametric coordinate lines then dV(a) = dxldxzdx3dx4 and we can
define the three dimensional Dirac delta as
B 4
8(x-y) = [ 8(x-y) dx (A.32)

~C0

I 8 (x-y) dxldxzdx3 =1

and therefore § (x-y) dxldxzdx3 may be treated as an invariant. As an
example we give the tensor formulas for curvilinear coordinates in

Euclidean three dimensional space. In rectangular coordinates
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ds? = ax® + day? + dz?
By = 8gp = (LL,1)
therefore, a vector A can be written

- = b 2 (aX Y AZ
A, = (Ax,Ay,Az) A (A",a7 ,A%)

!
If we introduce orthogonal curvilinear coordinates x'z = fz(x), then

g = (W1 Bpy» 833)

k I N |
81’ =( 3 b )’

811 822 833

2= al,a?,a3

»
|

>
|

- (A1!A2 ’A3)

and

B k
By = gy A

Using this last relation we find

A
1 1 1
A1 = 81y A, etc. and —,ngl A
811
The square of A is an invariant
2 _ L _ 1 2 3
A" = AzA = AlA + A2A + A3A
A A A
A2= l@Al+ 2@A2+ ] @AB'
11 822 833

The '"physical components" of the vector are defined as

1
A(D) = L =A/g11 A", etc.
811
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If A is represented in the form

=A@ o,

where E% are unit vectors along the coordinate lines then
AT =A - A=AQ) AW (sum over £)

the usual expression. In terms of the "physical components'" the diver-

gence can be written

. _ 4 _ A £ r
div A = A 0 A ) + Frﬂ A
or .
L
div A = L MEZA)
JE Ox

after using

k

sz

which has been derived before. 1In terms of physical components

div A = (:

. A(J&)> > (sum g)
g ax 2L

which can be checked by writing it out in spherical coordinates. If A

is the gradient of a scalar ¢ then

A£= gzK o and

Bxk
Laplacian ¢ = Lap ¢ = L —éz Q/g Az)
Jg dx
or
Lap¢=v2¢=———(fg (sum 4)

e 3% 3

which can be easily checked.
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