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For each simply connected three-dimensional Lie group we determine the automorphism group, classify the
left invariant Riemannian metrics up to automorphism, and study the extent to which curvature can be altered
by a change of metric. Thereby we obtain the principal Ricci curvatures, the scalar curvature and the sectional
curvatures as functions of left invariant metrics on the three-dimensional Lie groups. Our results improve a bit
of Milnor’s results of [7] in the three-dimensional case, and Kowalski and Nikvcevié’s results [6, Theorems 3.1
and 4.1].
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1 Introduction

This paper concerns itself with three main problems:

1. to determine the automorphisms of all 3-dimensional Lie algebras g,

2. for each simply connected 3-dimensional Lie group G to classify all the left invariant Riemannian metrics
on GG up to automorphism of G, and

3. to study the extent to which curvature can be altered by a change of metric.

A non-zero Borel measure on G which is invariant under left multiplication is called a left Haar measure on G.
If G is a Lie group, then a left Haar measure always exists and any two left Haar measures on G are propositional.
The Lie group G is unimodular if every left Haar measure is a right Haar measure and vice versa. It is known
that G is unimodular if and only if | det Ad(¢)| = 1 for all ¢ € G if and only if the trace of ad(X) is zero for all
X in its Lie algebra g if and only if g is unimodular. The abelian, compact, semisimple, reductive, nilpotent Lie
groups are well-known examples of unimodular Lie groups.

There are six simply connected three-dimensional unimodular Lie groups: the abelian Lie group R3, the
nilpotent Lie group Nil, the special unitary group SU(2), the universal covering group 15§i(2, R) of the special
linear group, the solvable Lie group Sol and the universal covering group EO(Q) of the connected component
of the Euclidean group. Thus the Lie groups R?, Nil, SU(2), ﬁ(ZR) are unimodular. We note that the
two solvable Lie groups Sol and E0(2) are also unimodular. There are uncountably many nonisomorphic non-
unimodular three-dimensional Lie groups. These are all solvable and of the form R? x, R where R acts on R?
via a linear map .

The investigations described here are motivated by the paper [1] in which all left invariant metrics on the real
Heisenberg group are classified up to automorphisms. We establish the classification up to automorphism of the
left invariant metrics on all simply connected three-dimensional Lie groups. Since the Riemannian connection
is determined uniquely, due to the famous theorem of Levi—Civita, by the bracket product operation and the
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given metric, our classification of the left invariant metrics up to automorphism leads to the study of the left
invariant metrics which leave all the curvature properties invariant. Utilizing Milnor’s idea in [7] together with
our complete list of left invariant metrics on simply connected three-dimensional Lie groups up to automorphism,
we are able to understand completely the change of the signature of the Ricci transformation and the change of the
sign of the scalar curvature by a change of metric. Our results of Section 4 extend completely Milnor’s results of
[7] in the three-dimensional case, and Kowalski and Nikvcevi¢’s results [6, Theorems 3.1 and 4.1]. See Tables 1
and 2 for a summary.
All the calculations were done using the program Mathematica [8].

2 Automorphisms of three-dimensional Lie algebras

2.1 The three-dimensional Lie algebras

We list all the three dimensional Lie algebras. If {X,Y,Z} is a basis for a Lie algebra then the following
multiplication tables describe all the non-isomorphic Lie algebras of dimension 3 (for details see [5, 1.4] and [7]).

(2.1.1) Abelian: [X,Y]=[Y,Z]=[Z,X]=0.

(2.1.2) Nilpotent: [X,Y] =2, [Z,X]=[Z,Y]=0.

(2.1.3) Unimodular Solvable: There are only two non-isomorphic unimodular solvable Lie algebras and a
basis may be chosen such that
(@) (X,)Y]=0, [Z,X]=X, [Z,Y]=-Y,o0r
() [X,Y]=0, [Z,X]=-Y, [Z,Y]=X.

(2.1.4) Simple: There are only two non-isomorphic simple Lie algebras and a basis may be chosen such that
(@ [X,Y]=2Z, [Z,X]=2Y, [Z,Y]=2X,o0r

(2.1.5) Non-unimodular Solvable: There are uncountably many nonisomorphic non-unimodular solvable Lie
algebras and a basis may be chosen such that
(2) [Xﬂ Y] =0, [Za X] =X, [Za Y] =Y, or
(b) [Xﬂ Y] =0, [Za X] =Y, [Za Y] =—cX +2Y,

where ¢ € R. Note that ad(Z) = [{ 7] has trace 2 and determinant c.

2.2 The automorphisms of a Lie algebra

In this subsection we find all the automorphisms of each three dimensional Lie algebra. This results in finding
all the automorphisms of the corresponding simply connected three-dimensional Lie group. For this purpose, we
will use the ordered bases { X,Y, Z} given in Section 2.1 for the three-dimensional Lie algebras.

2.2.1 The abelian Lie algebra R3

In the abelian case the Lie algebra is isomorphic to R3.
Proposition 2.1 The Lie group Aut (R3) is isomorphic to GL(3,R).

2.2.2 The Heisenberg Lie algebra n

In the nilpotent case the Lie algebra is isomorphic to the Heisenberg Lie algebra n of all 3 x 3 strictly upper
triangular real matrices. Choose the canonical basis { X7, X2, X3} in n where

010 0 0 0 0 01
Xi=10 0 0, Xo=(0 0 1|, X3=1(0 0 O
0 0 0 0 0 0 0 0 0

Then [Xl,XQ] = X3 and [Xg,Xl] = [Xg,XQ] =0.
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Proposition 2.2 The Lie group Aut(n) is isomorphic to

a ¢ 0
b d 0 a,b,c,d,x € R, ad —bc#0
* x ad—be

Proof. An automorphism on n must map the center Z(n) = (X3) = R* onto itself. Hence it maps the basis
{X1, X2, X3} of n as follows:

X — aXy +bXo 4+ kX5,
X2 [ CX1 + dX2 + £X3,
X3 [— ’I“X3.

Thus we obtain that p[X;, X;] = [¢pX;, ¢X;] if and only if r = ad — bc # 0. O

2.2.3 The unimodular solvable Lie algebra R? x, R

In the unimodular solvable case the Lie algebra of (2.1.3) (a) is isomorphic to the semidirect product R? x, R,
where o(t) = [§ % ]. We can choose a basis { X1, X2, X3} of R? x, R where

({9 - ([ %)

Then [X1, Xo] = 0, [X3, X1] = X1, [X3, Xo] = — X
Proposition 2.3 The Lie group Aut (R2 X o R) is isomorphic to

0 1 0 a 0 =
SiuSi |1 0 0|, where S = 0 B = a,fB,x€R, af #0
0 0 -1 0 0 1

Proof. Let ¢ € Aut(R? x, R). Then ¢[X;, X;] = [¢X;,pX,] if and only if with respect to the basis
{X1, X2, X3}, [¢] is of the form

a 0 v a 0 v 0 1 0
[p]=1 0 B ¢ or 0 8 ¢ 10 0
0 0 1 0 0 1 0 0 -1
where «, 3,7, § are real numbers with a3 # 0. O

2.2.4 The unimodular solvable Lie algebra R? x so0(2)

In the unimodular solvable case the Lie algebra of (2.1.3) (b) is isomorphic to the Lie algebra R? x s0(2). We
choose a basis { X1, X2, X3} of R? x 50(2), where

(0 R (R GG e )

Then [Xl,Xg] = 0, [Xg,Xl] = —XQ, [X3,X2] = Xl.
Proposition 2.4 The Lie group Aut(R? X s0(2)) is isomorphic to

1 0 0 C* Y
SoUSy | 0 —1 0|, where Sy = 1) v,6 € R
0 0 -1 0 0 1

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Proof. Let ¢ € Aut(R? x s0(2)). Then ¢[X;, X;] = [¢X;, ¢X,] if and only if with respect to the basis
{X1, X2, X3}, [¢] is of the form

a B v a [ v 1 0 0
pl=| -8B a o or -8 a ¢ 0 -1 0
0 0 1 0 0 1 0 0 -1
where «a, 3, v, § are real numbers with («, 5) # (0, 0). O

2.2.5 The simple Lie algebra s((2, R)

In the simple case the Lie algebra of (2.1.4) (a) is isomorphic to the Lie algebra s[(2,R) of all 2 X 2 matrices of
trace 0. We choose a basis { X1, X2, X3}, where

0 1 0 1 10
A I B N L

Then [X1, Xa] = 2X3, [X3, X1] = 2Xa, [X3, Xa] = 2X1.
Proposition 2.5 The Lie group Aut(sl(2,R)) is isomorphic to SO(1, 2).
Proof. Let p € Aut(s[(2,R)). With respect to the basis { X1, X2, X3},
©X; = a1;X1 +az;j Xa + az; X3

for some a;;. Observe that ¢[X;, X;] = [¢X;, ¢X;] if and only if the classical adjoint adj [¢] of [¢] is

ai1  —a1 —asi -1 0 0

adJ [(‘0] = —ai2 a9 aso = 11,2 [(p]t 11,2, where 11,2 = 0 1 0

—a13 a23 as3 0 0 1
Since (det[¢])Is = [p](adj [¢]) = [¢] [1.2]¢]" I1 2, we have det[¢] = 1 and [p]' 1 2[¢] = I12. Hence
€ Aut(sl(2,R)) if and only if [¢] € SO(1, 2). O
Remark 2.6 Note that the identity component SOg(1, 2) is isomorphic to PSL(2, R). The adjoint represen-
tation of SL(2, R) preserves the Cartan—Killing form which is a quadratic form of signature (—, —, +). See also

3.25.

2.2.6 The split simple Lie algebra so(3)

The simple Lie algebra of (2.1.4) (b) is isomorphic to the Lie algebra so(3) of all 3 x 3 skew symmetric matrices.
We choose the following basis { X1, Xo, X3}, where

00 1 01 0 0 00
X;=| 000/, Xo=|-100], Xs=]0 01
-1 0 0 00 0 0 -1 0

Then [X1, Xo] = X3, [X3, X1] = Xo, [X3, Xo] = — X1
Proposition 2.7 The Lie group Aut(so(3)) is isomorphic to SO(3).
Proof. Let ¢ € Aut(s0(3)). With respect to the basis { X1, X2, X3}
X = a1;X1 + a; Xo + a3; X3

for some a;;. Observe that [ X;, X;] = [¢X;, ¢X,] if and only if a;; = (—1)""7 det[p(i|)], the (4, j) cofactor
of [p] forall i, j = 1,2, 3 if and only if [p]* = adj [¢], the classical adjoint of [].

Since [p][¢]* = [p](adj [¢]) = (det[¢])I5, we have det[¢] = 1 and [p][¢]! = I. Hence ¢ € Aut(so(3)) if
and only if [¢] € SO(3). U
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2.2.7 The non-unimodular solvable Lie algebras

All the three-dimensional non-unimodular Lie algebras are solvable. By (2.1.5), such a Lie algebras is isomorphic
to either gy or g. for some ¢ € R where g7 is the Lie algebra of (2.1.5) (a) and g, is the Lie algebra of (2.1.5) (b).
In fact,

N t 0
gr = R? Xo, R, where o,(t) = [ ] :
gc 2R* %, R, where o (t)= [

with a basis

satisfying
(@ [X,Y]=0, [Z2,X]=X, [Z,Y]=Y,0r
b) [X,Y]=0, [Z,X]=Y, [Z,Y] = —cX +2Y.

Proposition 2.8 (1) The Lie group Aut(g;) is isomorphic to

Hmfﬂ>j*ew}

(2) Foreach c € R, the Lie group Aut(g..) is isomorphic to

B—a —ca %
o O+a x
0 0 1

a?ﬂ?*ER’
B2+ (c—1)a® #0

Proof. (1) Itis easy to see that ¢ € Aut(g) if and only if with respect to the basis {X,Y, Z}, [¢] is of the
form [GL(OQVR) ’1‘} where * € R2.
ail ai12 ais

(2) Let ¢ € Aut(g.). Suppose that, with respect to the basis {X,Y, Z}, [¢] = [azl azz az;s } Note that

az1 as2 as3

¢ € Aut(g.) if and only if

ass =0, (@12 + 2ag22)as1 = 0,
cazy =0, (a12 + 2a22)ass = 2a2 — casgy,
c(a11 — 0,220,33) = 2a19, (041 + 20:21)0:33 - (0,13 + 20,23)0,31 = a22,

C(a23(131 - 1121(133) = a12.

If asgs = 1 or ¢ = 0, then the above equations yield that ag; = ase = 0,a33 = 1, a;2 = —cao; and
ase = ai1 + 2as1.
Suppose that agz # 1 and ¢ # 0. Then the above equations yield that

aiz2 = —Cas1a33, as3ail — a2 = —2as1ass,
1
a2 = 56(121((133 + 1), a1l — a33a22 = —2a21a33.
Thus ass # —1, —a11 = % = Q99 = % and ¢ = (a:;fl)z. Now consider the automorphism 2
and let [@2} = [bij] with respect to the basis {X,Y, Z}. Then since b33 = a§3 and bs3 # 1, we obtain that
_ __4bss dags  _ ,, _ _ 4da3y _ —_ f ot
€= Tt Thus @nt)? = €= @41 and so a3z = 0 or a3z = 1, a contradiction. O

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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3 Left invariant metrics on three-dimensional Lie groups

For each finite dimensional Lie algebra g there is, up to isomorphism, a unique simply connected Lie group whose
Lie algebra is isomorphic to g. In this section, we list all the three-dimensional simply connected Lie groups, and
for each such G we classify all the left invariant Riemannian metrics on G up to automorphism of GG and in the
next section, we will study the extent to which curvature can be altered by a change of metric.

When we refer to left invariant metrics in this paper we mean left invariant Riemannian metrics.

3.1 Three-dimensional Lie groups

The simply connected unimodular three-dimensional Lie groups are well-known. We list them below together
with the simply connected non-unimodular three-dimensional Lie groups for convenience.

3.1.1 The abelian Lie group R?

In the abelian case the corresponding Lie group is the abelian Lie group R3.

3.1.2 The Heisenberg group Nil

In the nilpotent case the corresponding Lie group is the Heisenberg group Nil of all 3 x 3 real matrices of the
form

o O =
o = 8
— e N

3.1.3 The solvable group Sol

The Lie group of the solvable Lie algebra R? x,, R is the 2-step solvable Lie group Sol, which is the semidirect
product R? x, R where ¢ € R acts on R? by ¢(t) = {et 0 }

0 et

3.1.4 The solvable group Eo(2)

The solvable Lie algebra R? x s0(2) is the Lie algebra of the Lie group Ey(2) = R? x SO(2). The group Ey(2)
is not simply connected. The unique simply connected Lie group corresponding to the Lie algebra R? x s0(2) is
the universal covering group Eo(2) of Ey(2). The group Eo(2) = C x R, (¢, 7)(d, s) = (c+€*™"d,r + s) has
a faithful matrix representation in GL(3, C)

627”'7" c 0
(c,r)— | O 1 0|, reR, ceC.
0 0 e”

3.1.5 The simple Lie groups I/’§f4(2, R) and SU(2)

There are two distinct simple Lie algebras of dimension 3: s[(2,R) and s0(3). The Lie algebra s[(2,R) is the
Lie algebra of the Lie group SL(2,R). The unique simply connected Lie group corresponding to the Lie algebra

s[(2,R) is the universal covering group PASTJ(Q, R) of SL(2, R). The two fold covering group SU(2) of SO(3) is
the unique simply connected Lie group corresponding to the Lie algebra so(3).

3.1.6 The non-unimodular solvable Lie groups

The three-dimensional non-unimodular Lie algebra gr or g. is the Lie algebra of the three-dimensional simply
connected Lie group

t
Gr=R?x, R, where ¢,(t)= [% 2] , or

www.mn-joumal.com © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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G. >~ R? X, R, where

zt —zt 1 0 zt —zt —1 -
ete +2e +et% ¢ if z:\/lfC#O,
0 1 z 11
p.(t) =
1 0 -1 -1
et +€tt if c=1.
0 1 1 1

Remark 3.1 The group SU(2) is isomorphic to the group S* of unit quaternions and therefore lives on the
3-sphere. Hence the groups discussed in this paper are topologically either R? or S3.

3.2 Left invariant metrics on three-dimensional Lie groups

Let g be a Riemannian metric on a connected Lie group G, and let § : G — G be a diffeomorphism on G. Then
6 induces a metric on G by g¢(X,Y) = g(@; X, 0, 1Y). If g is a left invariant metric on G, the induced metric
gp 1s not necessarily left invariant.

Now to describe all the left invariant metrics on an n-dimensional connected Lie group, we fix a basis
{X1, Xo,...,X,} for the Lie algebra of G and let {w1,wa, ...,w,} be its dual basis. Then every left invariant
metric on G is of the form

g= Zgij wi ® wj.
This yields a symmetric, positive definite matrix [g] = [g;;] and satisfies
9(X.Y) = [X]'[g][Y]

where [X] is the column vector [a1 as . . . a,)" if and only if X = a1 X1 + a2 Xo + -+ + an Xp.
Let ¢ € Aut(g) and let g be a left invariant metric on G. Define g, by g,(X,Y) = g(ga’lX, @*IY) for all
X,Y € g. Then g, is a left invariant metric on G, because

9o (X,Y) =gl X, 07'Y) =g(071(6,1), X, 07" (6,1).Y) = (&) go(X,Y).

Further [g,,] = [cp’l}t[g] [¢7!]. Therefore Aut(g) acts on the set of all left invariant metrics on G by the rule
(,9) > g or equivalently (], [g]) — g,

A left invariant metric ¢’ on G is equivalent up to automorphism to a left invariant metric g, written ¢’ ~ g,
if there exists ¢ € Aut(g) such that [¢'] = [p]'[g][]. In this case we often say that [¢] is equivalent up to
automorphism to [g] or [¢'] is cogredient to [g] by [¢].

Let [g] = [gi;] be a positive definite matrix. Then for any (z1, z2,x3) # (0,0,0), g1127 + g2273 + g3sz3 +
2(g122122 + g132123 + gagwaxs) > 0. This implies that

911,922.933 > 0, Giigj; > ;-

In particular, g;; + g;; > 2|9i;]-

In this section we will classify all the left invariant metrics up to automorphism on the three-dimensional
simply connected Lie groups. For this purpose, we will use the bases {X,Y, Z} given in Section 2.1 for the
three-dimensional Lie algebras. Let {w1, w2, w3} be its dual basis. Then every left invariant metric g is of the
form g = Y gijwi @ wy. If {X{, X}, X%} is another basis with its dual basis {w], w), w4}, then the left invariant
metric g will be of the form g = Z g;] w;®w3 so that [g;_]] = [pu]t[g”] [le] where le = pi1 X1+pioXo+pizXs.
We must note that it is not necessarily true that [p;;] € Aut(g).

3.2.1 The abelian Lie group R3
Recalling that Aut(R3) = GL(3,R) we obtain
Theorem 3.2 Any left invariant metric on R is equivalent up to automorphism to the metric whose associated

matrix is the identity matrix.

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Proof. Let [g] = [gi;] be a symmetric and positive definite 3 x 3 real matrix. Since [g] is symmetric, there
is T € O(3) such that T*[g]T = D, a diagonal matrix. Since [g] is positive definite, the diagonal entries are all
positive and hence there is S € GL(3, R) such that S*[g]S = I. O

3.2.2 The Heisenberg group Nil
Recalling Proposition 2.2, we obtain

Theorem 3.3 Any left invariant metric on Nil is equivalent up to automorphism to a metric whose associated
matrix is of the form

A0 O
0 A 0
0 0 1
where X > 0.
1 0 0
Proof. Let [g] = [¢;;] be a symmetric and positive definite real 3 x 3 matrix. Let B = [Sm s (1)] €
933 933

Aut(n). Then B'[g]B = { [(3"10] § } where [¢1] is a symmetric and positive definite matrix. Since [g;] is symmetric

and positive definite and {82(02) § } C Aut(n), we may assume that B[g] B = diag{d, d2, 1} where dy,d2 > 0.

LetD=| i;/g: 0| € Aut(n). Then D'B[g|BD = diag{\/d1dz,\/d1dz,1}.

0 0 1
Therefore [g] is equivalent up to automorphism to a diagonal matrix diag{A, A\, 1} with A > 0. Finally it is
easy to see that any two such distinct diagonal matrices are not equivalent. o

3.2.3 The solvable Lie group Sol
Recalling Proposition 2.3, we obtain

Theorem 3.4 Any left invariant metric on Sol is equivalent up to automorphism to a metric whose associated
matrix is of the form

1 0 0
0 1 0 or
0 0 v

O ==
oxr ~
oo

where > 1 and v > 0.

Proof. Let [g] = [gi;] be a symmetric and positive definite 3 x 3 real matrix. Suppose g12 = 0 and let
3

= 0 - 1 0 0
911 g11
B = 0 i -l € Aut(R? x, R). Then B'[g]B = [0 1 0|. Next suppose g1z # 0. Since
0 0 1 0 0 14
1 913922 —9g12923
V11 9%5,— 911922 1 1 0
g11922 > 9o, B=| 0 MO gugm—gios| € Aut(R? %, R)andthen B[g]|B = (1 n 0| withpu > 1.
912 972 —911922 0 0 v
0 0 1

1 1 0 1 0 O
Finally, inspection shows that any two matrices of the form {1 w 0} or {0 1 0} are equivalent if and only
0 0 v 0 0 v

if they are equal.
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3.2.4 The solvable Lie group Eo(2)
Recalling Proposition 2.4, we have

Theorem 3.5 Any left invariant metric on Ey(2) is equivalent up to automorphism to a metric whose associ-
ated matrix is of the form

1 0 0
0 u O
0 0 v

where 0 < u < 1landv > 0.

Proof. Let [g] = [g¢i;] be a symmetric and positive definite 3 x 3 real matrix. Since {800(2) ﬂ C
1 _os
Vait g
Aut(R? x s0(2)), we may assume that g1 = 0. Let B = 0 T 7%‘3 € Aut(R? x s0(2)).
0 0 1
1 0 0 0 5 0
Then B'[g]B=| 0 p 0 | wherep,v>0.1fp>1thenC=| -2 0 0 |€ Aut(R? x s0(2)) and
0 0 v 0 0 1

s equivalent up to automorphism

—

C'B'[g]BC" = diag{1, i, v}. Thus we may assume that ;4 < 1. Therefore [g]
to a matrix diag{1, u, v} where 0 < p < 1l and v > 0.

ox® ©

1 0
Inspection shows that any two matrices of the form {0 0} where 0 < p < 1 and v > 0 are equivalent if
0 v

and only if they are equal. o

3.2.5 The simple Lie group 1;§f1(2, R)

Since SL(2,R) is a simple Lie group with center {£1I}, by [2, Corollaries I1.5.2 and 11.6.5], SL(2,R) /{+1} =
Int(sl(2,R)) = Auto(sl(2,R)) = SOq(1,2). Here Int(sl(2,R)) is the adjoint group of sI(2,R). In fact, the
map SL(2,R) — SOy(1, 2) is given by

1 1
§(a2+b2+02+d2) §(a2—b2+c2—d2) —ab — cd

a b 1 1
c d — §(a2+b2702—d2) §(a2—b2—62+d2) —ab + cd
—ac — bd —ac + bd ad + be

The kernel of this homomorphism is {£I} and its image is SOg(1,2). It thus implements the isomorphism
PSL(2,R) 2 SO¢(1, 2) mentioned in Remark 2.6. Note that the group SO(1, 2) has two components

1 1
§(a2+b2+62+d2) §(a27b2+02—d2) —ab — cd
_ 1 1
800(1,2) = §(a2+b2 - —d) §(a2 V- +d®) —ab+cd| (°
—ac — bd —ac + bd ad + be

-1 00
SO¢(1,2)| 0 -1 0
0 0 1

where ad — bc = 1. Thus in particular each of these matrices can be connected by a (continuous) arc to that one
of the two matrices

O = O
= O O

1
0
0

o = O
= o O

-1
) 0 -
0

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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in its component (but there is no arc connecting these two matrices). It is known that the group 1§§i(2, R) has no
faithful finite dimensional linear representation. It is the only simply connected three-dimensional real Lie group
with this property. (Nil has a not simply connected quotient with this property). A description of parametrization
of ﬁ(l R) and its R? geometry is given for instance in the book [3], notably pp. 414—434, and in [4], notably
p- 18.

Recalling from Proposition 2.5 that Aut(sl(2,R)) = SO(1, 2) we obtain
R) is equivalent up to automorphism to a metric whose

Theorem 3.6 Any left invariant metric on PSL(
associated matrix is of the form

A0 O
0 u O
0 0 v

where A > 0, p > v > 0.

Proof. Let [g] = [g;;] be a symmetric and positive definite 3 x 3 real matrix. Since 0 SO(Q)} C SO(1,2),
we may assume that go3 = 0. Suppose that goo = g33 or g13 = 0. Let ¢; be a solution of the equation
cost + sint = 0. Then sint; = F—22&— and cost; = +—=£22— and hence cost — sint =
913 g12 1 :Fm 1 NZRTN g12 913
1 0 0
+1/9%5 + g%5. Taking B = {0 costy sint1:| € SO(1,2), we get B'[g]B = [¢'] with g}y = £+/g35 + 935
0 —sint; costy

and ¢15 = gbs = 0. Hence we may assume that the matrix [¢g] has gos = 0 and g13 = 0 (if g22 = g¢33). Next
coshto sinhty 0

we take C' = |sinhts coshtz 0| € SO(1,2) where ¢2 is a solution of the equation (g11 + g22) sinh(2¢) +
0 0 1

2g12 cosh(2t) = 0. Then C*[g]C = diag{\, u, v} for some X, i, v > 0. Clearly we may assume further that
w > v. If g1 = 0 then the matrix [g] is cogredient to a matrix [¢'] with gi5 = g53 = 0 and then, by the above
argument, [¢'] and hence [g] is cogredient to the matrix of the form diag{\, u, v} with A > 0, u > v > 0.

Suppose that gao # ¢33, g12 7 0 and g13 # 0. It suffices to show that [g] is cogredient to [¢'] where ghs = 0
and g}; = 0. This follows by taking

a=1,
b= {11gh19%> — 4491191 + 44g%; + 2207 gagls — 1101197207 + 13297075
+ 11g71 972915 — 88911972013 + 143912915 — 22911912915 + 6691293
+ 11935 — 8911912 (912 + g7s) + 32911972 (912 + g7s) — 32972 (912 + gis)
— 8911972913 (g7 + 913) + 48911912913 (972 + gi3) — 64912913 (972 + 913)
+ 2971913 (972 + g13) + 1691191215 (972 + g13) — 48912913 (gt + gi3)
- 169?3 (9%2 + 9%3) - 39%19%2 (9%2 + 9%3)2 + 129119:1))2 (9%2 + 9%3)2
— 12915 (972 + g35)” + 6911912975 (972 + g1s) — 12972975 (972 + 9is)°
— 3g13(gta + 913)% + 22911952922 — 44972922 + 44911 912913922
— 11097273922 + 2291972913922 — 88g72g13922 — 22012913922
— 16911912 (912 + gi3) 922 + 32972 (932 + g13) g22 — 16911972973 (972 + 913) 922
+ 4872913 (972 + gis) 922 + 4911915 (912 + gis) 922 + 16912915 (972 + g13) g2
— 6911972 (912 + 953)2922 + 12975 (972 + 953)2922 + 6912915 (972 + 953)2922
+ 11972955 + 22912913952 + 11932913952 — 8912 (912 + gis) g5a
— 8012973912 + g73) 952 + 2915 (912 + gi3) 952 — 3972 (g2 + g?s)gggz}
/{ (4g%s (972 + g32) "% (971 — 4972 — 493 + 2011922 + 932) ) }7
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¢ = 912 — /91> + 975
913 ’
d = arbitrary.

(The calculations here were done using the program Mathematica [8].) Here we observe the following. Since
1 0 0
B=]0 o0 -1
0 1 0

2 .
911 + 922 > 2[g12 + g13| and s0 (911 + g22) > 4(g12 + 913) " = 4(98, + 983) + 8912913 > 4(98, + 9i3). This
shows that the denominator of our choice b is non-zero. Hence all such real numbers a, b, ¢, d exist.

€ SOy(1,2), we may assume that g12g13 > 0. Since [g] = [g4;] is positive definite,

A0 O
Inspection shows that any two matrices of the form [0 p 0} where A > 0, 4 > v > 0 are equivalent if and
0 0 v

only if they are equal.

3.2.6 The simple Lie group SU(2)
Recalling from Proposition 2.7 that Aut(su(2)) = Aut(so(3)) = SO(3) we obtain

Theorem 3.7 Any left invariant metric on SU(2) is equivalent up to automorphism to a metric whose associ-
ated matrix is of the form

A0 O
0 u O
0O 0 v
where A > > v > 0.

Proof. Let [g] = [g;;] be a symmetric and positive definite 3 x 3 real matrix. Since [g] is symmetric, it
is orthogonally diagonalizable; that is, there exists an orthogonal matrix P such that P~1[g]P = P![g]P is
a diagonal matrix. If P ¢ O(3), we can write P = Qo with Q € SO(3) and 0 = diag{—1,1,1}. Then
Q'[g]Q = P![g] P and [g] is equivalent to a diagonal matrix with positive entries as [g] is positive definite.

0 1 0 -1 0 0
On the other hand, since { 1 0 0 }, { 0 0 1 } € SO(3), we can switch the diagonal entries of

0o 0 -1 0 1 O
a diagonal matrix. Therefore [g] is equivalent up to automorphism to a diagonal matrix diag{\, u, v} with
A 0 O
A > p > v > 0. Inspection shows that any two matrices of the form {0 I 0} where A > p > v > 0 are
0 0 v
equivalent if and only if they are equal. O

3.2.7 The non-unimodular Lie groups

Recalling Proposition 2.8, we obtain the following:

Theorem 3.8 Any left invariant metric on Gy is equivalent up to automorphism to a metric whose associated
matrix is of the form

1 00

0 1 0

0 0 v
where v > (.

Proof. Let [g] = [gi;] be a symmetric and positive definite real 3 x 3 matrix. Since g11g22 > g3, B =

1 0 913922 —912923
9ia—911922 0
0 1 9uga—gvas| € Aut(gy) and then B[g]B = L e [91] is a symmetric, positive definite
9127911922 0 0 by
0 0 1
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0
matrix and A > 0. Since [g;] is symmetric and positive definite and SO0 ¢ | ¢ Aut(g), we may assume
0 0 1
that there is B € Aut(gy) such that B![g;|B = diag{dy,d2, 1} where d;,ds > 0. Let D = | 0 = 0| €
0 0 1

Aut(gr). Then D!Bt[g|BD = diag{1,1,v}. Therefore [g] is equivalent up to automorphism to a diagonal
matrix diag{1,1,v} with v > 0. Finally it is easy to see that any two such distinct diagonal matrices are not
equivalent. O

Lemma 3.9 Let [g] = [gi;] be a left invariant metric on G. Then
(1) [g] is cogredient to a matrix [¢g'] with ¢i5 = gh3 = 0.

1
(2) Ifg13 = gas = 0 and if g12 < 0 or g12 > 2911, then [g] is cogredient to a matrix of the form [0

or ©

0

R © O
||

where v > 0, and if c = 0 then > 0; if ¢ # 0 then 0 < p < |c|.
1 0 913922—912923
9%2—g11922

Proof. (1) Since g11g22 > g5, wehave B = [0 1 “ugas—gi2as| € Aut(g.) and Bf[g] B = [¢'] where

912 —911922
0 0 1
913 = 933 = 0.
B—a —ca O
(2) Suppose that g12(g12 — 2g11) > 0. Let B = { a fB+a 0} where
0 0 1

a = 2912,
B = (g11¢ — g22) + /9312 — 2(2g11912 — 2975 + g11922)c + (2912 — g22)2.

Since gi11922 — 935, We have 4g12(2911 — g12) (911922 — 932) < 0, which implies that the value gf,c*—

2(2g11912 — 293, + g11922)c + (2912 — 922)2 is nonnegative for any c. Thus (3 is well-defined real number.
Moreover, we can show that 32 + (¢ — 1)a? # 0 and so B € Aut(g) and B'[g|B = diag{ds, d2,d3} where

7= 0 0 d 0 0 100 B—a —ca 0
di>0.LetC =1 o =0 € Aut(g.). ThenC*| 0 do 0|C =|0 p 0. LetC =| o f+a 0
0 0 1 0 0 v 00 v 0 0 1
u Sy JJrooo
where 0« = —<£ _____ and f = —£ . Since ¢ 0, C € Aut(g.) and C*|0 o|C =
p((c—p)2+4p) p p((c—p)2+4p) 7 (9:) 0 g v
1 0 0
0 % 0| . Thus we have the result. O
0 0 v

Theorem 3.10 (Case: ¢ < 0) Any left invariant metric on G, where ¢ < 0, is equivalent up to automorphism
to a metric whose associated matrix is of the form

1 0 0
0 pu O
0 0 v

where 0 < p < |c| and v > 0.

Proof. Let [g] = [g;;] be a symmetric and positive definite real 3 x 3 matrix. By Lemma 3.9, we may
assume that g13 = go3 = 0and 0 < g12 < 2¢g11. Then B :{ j 8 8 } € Aut(g.) and Bt[g|B = [g;,] where
gi3 = ghs = 0and ¢45 = (2911 — g12)c. Since ¢ < 0 and g12 <029101, vile have g}, < 0. Thus by Lemma 3.9 (2),
[g] is equivalent up to automorphism to a diagonal matrix [é 2 8} where 1 < u < |c| and v > 0. Finally it is
easy to see that any two such distinct matrices are not equivgller?t. ’ O
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Theorem 3.11 (Case: ¢ = 0) Any left invariant metric on G is equivalent up to automorphism to a metric
whose associated matrix is of the form

1 00 1 120
0 p O or |5 1 0
0 0 v 0 0 v
where p,v > 0.
Proof. Let [g] = [gi;] be a symmetric and positive definite real 3 x 3 matrix. By Lemma 3.9 (1), we
— g2 0 0
912
may assume that g13 = g23 = 0. If g12 # 0 and go2 # 2¢12, then B = 1 2-22 0 € Aut(go)
0 0 1

and B'[g]B = diag{d,d2,ds}. Thus by Lemma 3.9(2), [g] is equivalent up to automorphism to a diagonal

1 0 O
matrix [0 W 0} where p, v > 0. Suppose that gao = 2g12. Let &« = 0 and [ be a solution of the equation
0 0 v
B —a 0 0
(911 — 2912)b2 — 2(911 + glg)b + (911 — 2912) = (0. Then B = e} B+a 0|E Aut(go) and Bt[g]B =
0 0 1
20 p 0 7 00 20 p 0
p 2w 0| forsome p > 0. Let C = | 0 \/% 0. Then C € Aut(go) and C*| p 2u 0|C =
0 0 v 0 o 0 0 v
1 L0
1 1 of. Finally it is easy to see that any two such distinct matrices are not equivalent. o
0o 0 v

Theorem 3.12 (Case: ¢ = 1) Any left invariant metric on G is equivalent up to automorphism to a metric
whose associated matrix is of the form

1 0 0 1 A 0
0 p O or A1 0
0 0 v 0 0 v
where ) < A< 1,0< p < landv > 0.
Proof. Let [g] = [¢i;] be a symmetric and positive definite real 3 x 3 matrix. By Lemma 3.9 (1), we may

assume that g13 = go3 = 0. Let

=

m = ((911 + g22 — 2912)((911 + g22 — 2g12)° + 4911922))_ ;
a=m(gin —g22), B=2m(g11 + g22 — 2912).

B—a —« 0

1 X 0
Then B :[ o  PBo 0} € Aut(g1) and B'[¢g|B = {)\ 1 0} where [A| < landv > 0. If -1 < A <0,
0 0 v

0 0 1
1 X 0 1 0 O
by Lemma 3.9(2), |A 1 0] is equivalent up to automorphisms to a matrix of the form [0 x 0| where
0 0 v 0o 0 v
0 < p < 1andv > 0. Finally it is easy to see that any two such distinct matrices are not equivalent. O

Theorem 3.13 (Case: ¢ > 1) Any left invariant metric on G, with ¢ > 1 is equivalent up to automorphism to
a metric whose associated matrix is of the form

1 1 0
1 w O
0 0 v

wherel < < candv > 0.
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Proof. Let[g] = [g;;] be a symmetric and positive definite real 3 x 3 matrix. By Lemma 3.9, we may assume
that g13 = go3 = 0 and 0 < g12 < 2g11. Suppose g11 # g12. Note that for any ¢ > 1,

D(c) := gi1¢® — 2g11922¢ — 4g11912¢ + 4g75¢ + 4911922 — 4912922 + 950 > 0.

-1 —c 0 e - A A0
Let By :{ 1 B+1 of withg = 29“”222(2;’11127919;;” PO Then By € Aut(g.), Bl[g]B1 = |» * 0]
0 0 1 0 0 v
> 0 0 1 10
for some A,k > 0. Let By = | 0 = 0| € Aut(gc). Thus B{B{[g]B1B> = |1 »u 0| where p > 1
0 0 1 0 0 v
11 0 =T
and v > 0. Observe also that for any [g] = |1 0|, wehave C =| 0o L5 o|€ Aut(g) and
0 0 v 0 0

1 1 0
1 1 0
Ctlg]C = 1+ % 0|. Therefore [g] is equivalent up to automorphism to a diagonal matrix |1 x 0
0 0 v 0 0 v
where 1 < p < c. Finally it is easy to see that any two such distinct matrices are not equivalent. O

Remark 3.14 Consider the Lie algebra g. where 0 < ¢ < 1. Recall that g, has a basis {X, Y, Z} so that
[X,Y]=0, [Z2,X]=Y, [Z,Y]=-cX+2Y.

Putting X1 = —cX + (1 — 2)Y, Xo = —cX + (14 2)Y, X3 = Z where z = v/1 — ¢, we obtain a new basis
{X1, X2, X3} for g, satisfying

[Xl,XQ] = 07 [Xg,Xl] = (1 — Z)Xl, [Xg,Xg] = (1 + Z)Xg

With respect to this new basis, the Lie group Aut(g..) is isomorphic to

v 0 =
0 0 *|| v,0+xeR, v0#£0
0 0 1
In fact, given 7, 9,
l+z 1 -1 l+z 1
—2cz -2z v 0 x| [—2cz -2z f—a —ca *
-z 1 0 0 6 | |Ll-2 4 ol = « B+a *
2cz 22 0 0 1 2cz 2z 0 0 1
0 0 1 0 0 1

where z =1 —¢, a= 527 and 5 = ‘”TW.
Theorem 3.15 (Case: 0 < ¢ < 1) Any left invariant metric on G, with 0 < ¢ < 1 is equivalent up to
automorphism to a metric whose associated matrix is of the form

1+ 2 1 0 t 1+ 2z 1 0
—2cz -2z 1 pw O —2cz -2z
-z 1 0 p 1 0o |1l-2 1 0
2cz 2z 0 0 v 2cz 2z

0 0 1 0 0 1

where z =+/1 —c, 0 < p<landv > 0.
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Proof. Let {X7, X5, X3} be the basis for g. given in Remark 3.14, i.e.,
Xi=—cX+(1-2)YY, Xo=—-cX+(1+4+2)Y, Xs5=Z2
where z = v/1 — c. Then

[X1,X5] =0, [X3,X]=(1-2)X1, [X3X5]=(1+2)X;

v 0 %
and the Lie group Aut(g..) is isomorphic to { 0 4 *} ‘ v,0,% ER, 78 # 0}.

0 0 1
Let g be a left invariant metric on g.. Then with respect to the basis {X1, X2, X3}, [g] = [gi;] is a
1 0 913922912923
Vi1 g%2_911g22
symmetric and positive definite real 3 X 3 matrix. Since B = £l gi11923-912913 Aut(g.) and
y p 0 V922 g3,—911922 € (Gc)
0 0 1
1 £p 0 (1 un 0
B'lg]B =|+x 1 0], [g] is equivalent up to automorphism to a matrix of the form |z 1 0| where
0 0 v 0 0 v

0 < pu < 1land v > 0. Moreover it is easy to see that any two such distinct matrices are not equivalent.
Since

I+z 1 0
X —2cz =2z X
Y|= ﬁ i 0 Xa |,
Z 2cz 2z X3
0 0 1
Remark 3.14 yields the result. O

4 Curvatures on three-dimensional unimodular Lie Groups

In this and the next sections, we study the extent to which curvature can be altered by a change of left invariant
metric. Let g be a Riemannian metric on a connected Lie group G. Suppose that ¢ € Aut(g) with [¢] =
[©]t[g][¢]. Let V and V' be the Levi-Civita connections determined by the left invariant metrics g and ¢/,
respectively, on G. Then by [7, (5.3)]

g(@v/va QOZ) = /(v/va Z)

5 (9(lpX, 0Y],02) = 9([pV, 2], 0X) + 9([9Z, X, V)
= Q(VgoXQOYa @Z)a

for all X,Y,Z € g. This reduces to pV’yxY = V,x¢Y. In other words, we have the following commuting
diagram:

’

v
gxg — ¢
s
v
gxg — ¢

Therefore, the classification of the left invariant metrics up to automorphism is equivalent to the study of the left
invariant metrics which leave all the curvature properties invariant.
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Let g be a left invariant metric on a connected Lie group GG and let V be the Levi—Civita connection determined
by g. Then the Riemann curvature tensor R associates to each smooth vector fields X, Y the linear transformation

Rxy =Vixy]—VxVy +VyVx
from smooth vector fields to smooth vector fields. If U and V are orthonormal, the number
K =«x(U,V) =(Ryv(U),V)

is called the sectional curvature associated with U and V. If Y1, Y5, ..., Y, is any orthonormal basis for g, then
for a unit vector field U the number

r(U) =Y _s(U.Y;) =Y (Ruv,(U),Y:)

i i
is called Ricci curvature, and the number

p=r(Y1) +r(Yo) +-+r(Ya) =2 w(V;,Y))

i<j

is called the scalar curvature.

In particular, we review curvatures of left invariant metrics on the 3-dimensional simply connected unimodular
Lie groups from [7]. Let g be a 3-dimensional unimodular Lie algebra with a positive definite metric and with a
preferred orientation. One can choose an orthonormal basis {Y7, Y2, Y3} which is positively oriented such that

[Yé75{’)] :€1Y1) [}/375/1] 252}/2) [Y1)}/2] :€3Y})

Define numbers (1, (2, (3 by the formula

G = %(51 +&+63) -G

Then:

1. the orthonormal basis Y7, Y5, Y3 diagonalizes the Ricci transformation 7, the principal Ricci curvatures
being given by

r(Y1) =2GG,  r(Y2) =2¢G,  r(Y3) =2GC;
2. the scalar curvature is given by the formula
p=2(¢20s + (3G + G1¢2),

3. for any pair of orthonormal vectors U and V, the sectional curvature (U, V') associated with U and V' is
given by the formula

R(UV) = U x VIPE = (U x V).
In particular, foreach 1 <1 < j < 3,

£(Yi,Y)) = GG + GG + (3G — 2GiG;
IfU => w;Y; and V = > v;Y; are linearly independent unit vectors, then

K(U, V) = (ugvs — ugve)?k(Ya, Y3) + (uzvr — u1v3)?k(Ya, Y1) + (uive — ugvr)?k(Y1, Ya),
where

£(Yi,Y)) = GG + GG + (3G — 2GiG;
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Lie algebra Associated Automorphisms of a Lie algebra Left invariant metrics Signature of Ricci transformation
(9) simply connected Lie group / Sign of scalar curvature
Abelian [100] 0,0,0
(R®) R? GL(3,R) 010 ( Hov
Loo01] =
. lxz 0 _ _
Nilpotent Nil= | 01 y| | z,y,2€R ac a,b,c,d,*€R, A00 (=)
001 ‘ bd 0 ad—bc£0 0X0| A>0 0 inall
(n) % % ad—be Loo 1 p< in all cases
= Heisenberg group
rtr 107
1450 pn>1 (+,——)
Unimodular 0 m v>0 in all cases
01 0 a 0 * o,B,%€R, Lo o v p<0 inall cases
solvable Sol = R2x R S1US1 {10 0 |, where S1 = 08 = 340
(a) R% R here o(t)=|¢ © 00-1 001 « (1007 (0,0,—)
where PLH)= 0et 010 v>0 p<0 inall cases
LOO vl
(,—,—) if <1
Eo(2): the universal 100 « Y - (0,0,0) if p=1
(b) R*50(2) O $2US2 |0 =1 0 | where S> = ¢ | &5 | | 7.0€R Sool o<usa <0 it p
covering of R xSO(2) 00 —1 001 0upo HS p<0 if p<l
00w v>0 p=0 if p=1
(+,——) if A<ptv
__ 0,0,—) if A=p+4v
Simple PSL(2,R) SO(1,2) A 00 A>0 (0.0 i A=n
0po Sv>0 (=+,—) if A>ptv
(a) sl(2,R) 00w Hzv p<0 inall cases
(+:+,4)  if A<ptv
(+,0,0) if A=p+v
(+i——)  if ASpdv
(b) s0(3) SU(2) SO(3) A00 :
040 R p>0 if VA< E+HVY
00 v p=0 if VA=tV
p<0 if VAS/E+VY

Table 1 Unimodular Case
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In [7], Milnor studied the extent to which curvature is altered by a change of metric on each three-dimensional
Lie group. Since we have the left invariant metrics in hand, we can take an orthonormal basis {Y7, Ya, Y3}. We
compute directly the principal Ricci curvatures r(Y7),7(Y2), r(Y3), the scalar curvature p = (Y1) + r(Y2) +
r(Y3) and the sectional curvatures . Then these are expressed explicitly as functions of left invariant metrics.
Therefore we can understand completely the change of the signature of the Ricci transformation and the change of
the sign of the scalar curvature by a change of metric. In particular, given a simply connected three-dimensional
Lie group G with any left invariant metric on it, it is possible to determine the necessary and sufficient conditions
for three real numbers 71, 12, 3 in order that they be the principal Ricci curvatures of the Lie group G. Actually
this kind of problem was treated in [6] by means of the formulas given in [7], which relate the Ricci curvatures
to the structure constants of G. See Table 1 for a summary.

Recall that the left invariant metrics are the metrics [g;;] obtained after fixing the ordered bases {X,Y, Z}
which are given in Section 2.1 for the three-dimensional Lie algebras.

Theorem 4.1 For any left invariant metric on R3, the Ricci transformation has signature (0,0,0) and the
scalar curvature p is zero.

Theorem 4.2 For any left invariant metric on Nil, the Ricci transformation has signature (+, —, —) and the
scalar curvature p is strictly negative. Furthermore, the Ricci transformation is diagonalized as diag{—p, p, p}.
A007 . .

902 (1)} with A > 0. Recalling that

the Lie algebra of Nil has a basis {X,Y, Z} sothat [X,Y] = Z, [Z, X]| = [Z,Y] = 0, we see that

Proof. We may assume that the metric (, ) is associated with the matrix {

<X,X>:<Y,Y>:>\, <Z72>:1a <X,Y>:<X,Z>:<Y,Z>:O

Taking Y7 = %X , Yo = \/LXY, Y; = Z, they form an orthonormal basis and satisfy

1
[Y727Y'3] :07 [YEJ)7Y1] :0) [Y17Yé] - XY}”
withé; =0, =0, & = % The principal Ricci curvatures are

1 1 1

r(Y1) = o2’ r(Yz) = o2’ r(Y3) = oz’

and the scalar curvature is strictly negative

1
p=r(¥1) +(¥a) +7(¥s) = 517
The Ricci transformation 7 is diagonalized as diag{p, p, —p} and has signature (—, —, +). Taking the orthonor-
mal basis {Y3, Y7, Y5}, we see that the Ricci transformation  is diagonalized as diag{—p, p, p} and has signature
(+,——). O
A0O
Corollary 4.3 The sectional curvatures for the metric |0 X 0| with A > 0 on Nil are
001
3 1
H(X,Y):*4—)\2, K',(}/r,Z):Ii(Z,AX’):4—)\2
Theorem 4.4 The Ricci transformation for Sol has signature either (0,0, —) or (+,—, —) depending on

the choice of left invariant metric which is equivalent up to automorphism to a metric whose associated matrix is

of the form

1
0
0

o = o
R oo
oOrE =
R oo

1
or 1
0
where u > 1, v > 0; and the scalar curvature is always strictly negative.
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o = O

1 0
Proof. Suppose that the metric (, ) is associated with the matrix [0 0| with v > 0. Recalling that the
0 v

[ ——

Lie algebra of Sol has a basis {X,Y, Z} sothat [X,Y] =0, [Z, X] = X, [Z,Y] = —Y, we see that
Z

<XaX>:<YaY>:17 <ZaZ>:V7 <X,Y>:<X,Z>:<Y, > 0.
Taking Y, %(X +Y),Y, = f%(X -Y),Y; = %Z , they form an orthonormal basis and satisfy

[Y2,Y3] = \%Yl, [Y3,Y1] = 7%}/2, [Y7, Y2] = 0. The principal Ricci curvatures are

) = 0= (%), 1(5) = —,

and the Ricci transformation 7 is diagonalized as diag{r(Y7),r(Y2),7(Y3)}. Thus the signature of the Ricci
transformation # is (0,0, —).

1 0
Suppose that the metric {, ) is associated with the matrix { I 0} with © > 1, > 0. With respect to the
0 v

1
1

0
0

basis { X, Y, Z} for the Lie algebra of Sol subject to [X,Y] =0, [Z,X] = X, [Z,Y] = Y, we see that

<XﬂX>:<XﬂY>:17 <Y7Y>:Na <ZaZ>:Va <X72>:<YaZ>:O

Taking Y, = ﬂ\/jT (\/—X + Y) \/_\/—( — /X + Y), Y; = %Z, they form an orthonormal

basis and satisfy

V2, Ys] = fvjiyl, V3, Y3] = fv\/“wiyz, Vi, Y] = 0.

The principal Ricci curvatures are

N/ SN/ N
T(Yl) - V(,U/ — 1)7 (Y2) V(,U/ — 1)) (Yé) V(,U/ _ 1)’

and the Ricci transformation # is diagonalized as diag{r(Y1),r(Y2),7(Y3)}. Thus the signature of the Ricci
transformation # is (+, —, —). In particular,

2
=r(V) +r(Y2) +r(Y3) =4 ¥ 94
v(p—1)
Hence the scalar curvature p is strictly negative. O

1 0 0 110
Corollary 4.5 The sectional curvatures for the metric [0 1 0} with v > 0 or [(1) " 0} withyp > 1,v >0
0 0 v v

on Sol are

-1 -1

1
v v v

)

K (2—n) 2—p

v/ p2 =1 vip—1) vip—1)

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Theorem 4.6 The Ricci transformation for EO(Q) has signature either (+,—,—) or (0,0,0) depending on
the choice of left invariant metric which is equivalent up to automorphism to a metric whose associated matrix is
of the form

1 0 0
0 pu O
0 0 v

where 0 < u < 1 and v > 0. Moreover, a left invariant metric on Eq(2) is flat if and only if it is equivalent up to
automorphism to a metric whose associated matrix is of the form

1 00
0 1 0
0 0 v

where v > 0 if and only if the scalar curvature p is zero.

. . . . . 1007 .
Proof. We may assume that the metric (, ) is associated with the matrix [8 1 0} withO<p<landv > 0.
v

Recalling that the Lie algebra of Eo(2) has a basis {X, Y, Z} sothat [X,Y] =0, [Z,X] = -, [Z,Y] = X, we
see that

<XﬂX>:17 <Y7Y>:Na <ZaZ>:V7 <X7Y>:<sz>:<YaZ>:0

Taking V7 = X, Yy = #Y, Y; = %Z , they form an orthonormal basis and satisfy

_ _ -
Vi3] =0, VW)= — 7%, V)= o

Y.

The principal Ricci curvatures are

) ) RS ST )

(1 )2
Y —_ "
2uv ’ 2uv r(Ys)

2uyv

Y Y

and the Ricci transformation 7 is diagonalized as diag{r(Y1),r(Y2),7(Y3)}. Therefore r(Y1) > 0, r(Y2) <
0,7(Y3) <0, and r(Y1) = 0 if and only if (Y2) = 0 = r(Y3). Therefore the signature of the Ricci transforma-

tion 7 is (+, —, —) or (0,0, 0) according as p < 1 or ;r = 1. Moreover, the metric is flat if and only if 7(Y;) = 0
if and only if ¢+ = 1. In particular, the scalar curvature is non-positive
(1= p)?
= r(Y; Y- Y3) = ——~—.
p=r(Y1)+r(Yz) +r(¥s) o
Hence the last assertion holds. O

oO® ©
R ©Oo

1 ~
Corollary 4.7 The sectional curvatures for the metric {0 } with0 < p < landv > 0on Ey(2) are
0

H(X,Y) = (1475), w(Y, Z) = w, K(Z,X) = W

Theorem 4.8 The Ricci transformation for PSL(2,R) has signature either (+,—, —) or (0,0, —) depending
on the choice of left invariant metric which is equivalent up to automorphism to a metric whose associated matrix
is of the form

o O X
oOx® O
R OO

according as A # j + v, or A = p + v; and the scalar curvature is always strictly negative.
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} with A > 0 and

0
0
i > v > 0. Recalling that the Lie algebra so(1,2) of I%TJ(Q,R) has a basis {X,Y, Z} so that [X,Y] =
2Z,Z,X]=2Y, [Z,Y] = 2X, we see that

. . . . . A
Proof. We may assume that the metric (,) is associated with the matrix [0
0

R oo

<XaX>:)‘7 <Y,Y>:,LL, <Z72>:Va <XﬂY>:<XﬂZ>:<Y7Z>:O

Taking Y7 = %X 1, Yo = LXg, Y; = %X 3, they form an orthonormal basis and satisfy

N/
—2A 2u 2v
Y5, V3] = —Y; Y3, V]| = —Y- Y1,Y5] = Ys.
[ 2 3] \/W 1 [ 3 1] \/m 25 [ 1 2] \/m 3
The principal Ricci curvatures are
2(A2 — (u—v)? 2(p? — (v + N2 2(v% — (A4 p)?
iy = 28T gy S N gy S A

Apv Ay Apv

and the Ricci transformation 7 is diagonalized as diag{r(Y1),r(Y2),r(Y3)}. Thus r(Y3) < 0, and r(Y;) > 0,
=0, < 0if and only if (Y2) < 0, = 0, > 0, respectively. Therefore the signature of the Ricci transformation 7
is (+,—,—), (0,0, =) or (—,+,—) accordingas A\ + v > p, A+ v = por A+ v < p. In particular, the scalar
curvature

p=r1)+r(Y2) +r(Ys)
2N+ p? + 1 = A+ p)? = (p—v)? = (v +N)?)
Ay
—2((A+p—v)*+4I)
Ay

<0

is strictly negative. O

A —_—
Corollary 4.9 The sectional curvatures for the metric [8 LZL 8} with A > 0, p > v > 0 on PSL(2,R) are

A+p—v) +4v(p—v)

X,Y)=
KX, Y) Ay ’

by 2 2)\27 2 _ .2
(v, 2) = A e E2O0 )

Ay

_ 2 _ _

H(Z’X):(/\ ptv)” —App—v)
Ay

Theorem 4.10 The Ricci transformation for SU(2) has signature either (+,+,+), (+,0,0) or (+,—,—)
depending on the choice of left invariant metric which is equivalent up to automorphism to a metric whose
associated matrix is of the form

A0 O
0 u O
0 0 v

according as A < p+ v, A = u+ v or A > u + v; and the scalar curvature is positive, zero or negative if and

only if VX < VE+ Y, VA= VE+ v or VA > VI + /v, respectively.

=]

. . . . . TA00 .
Proof. We may assume that the metric (,) is associated with the matrix {0; 0} with A > pu > v > 0.
0 v

(=)

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Recalling that the Lie algebra su(3) of SU(2) has a basis X1, X2, X3 so that [X1, Xs] = X3, [X3,X1] =
Xo, [ X3, X2] = — X4, we see that

<XaX>:)‘7 <Y,Y>:,LL, <Z72>:Va <XﬂY>:<XﬂZ>:<Y7Z>:O

Taking Y7 = %X 1, Yo = #Xg, Ys; = %X 3, they form an orthonormal basis and satisfy

A I v
—Y1, [V3,Y1]=—2Y, [V1,Ye] = —Ys.
oY 1, [Ys, Y] N 2, [V1,Y3] v 3
The principal Ricci curvatures are
A —(p—v)? p— (v =N)? V2 — (A —p)?
2 v 2 v ’ 2 v ’
and the Ricci transformation 7 is diagonalized as diag{r(Y1),r(Y2),r(Y3)}. Thus 7(¥1) > 0, and r(Y3) > O,
= 0, < 0 if and only if r(Y3) > 0, = 0, < 0, respectively. Therefore the signature of the Ricci transformation 7

is (+,+,+), (+,0,0) or (+,—, —) according as A < p+ v, A = g+ v or A > p + v. In particular, the scalar
curvature is

[Ya,Y3] =

r(v1) = >0, r(Yz) = r(Ys) =

p=r(Y1)+r(Yz)+r(¥s)
XN - (A ) = (- v)? - (v = NP
2 \pv
(VA+ Vi = VV) (VA = i+ V) (VA + i+ Vo) (VA = Vi = V)
2 v '

Since A > pu > v > 0, we have that p > 0, = O or < Oifandonlyif\/_f\/ﬁf\/ﬂ <0, =0o0r>0,
respectively. O
A
0

Corollary 4.11 The sectional curvatures for the metric [ ¢

?8} with A > u > v > 0on SU(2) are

H(Xy):()‘_ﬂ+y)2+4y(:u_y)
’ A pv ’

At p—v)?2—4AA—v)

w(Y, Z) = Iy :
_ A —p v 4ph - p)
K(Z,X) = Y .

5 Curvatures on three-dimensional non-unimodular Lie groups

Recall that G and G, are simply connected three-dimensional non-unimodular Lie groups whose Lie algebras
are gy and g., respectively. Now we study curvatures on simply connected three-dimensional non-unimodular Lie
groups. Utilizing Milnor’s idea again together with our complete list of left invariant metrics on simply connected
three-dimensional non-unimodular Lie groups up to automorphism, we are able to understand completely the
change of the signature of the Ricci transformation by a change of metric. We show that the scalar curvature of
any left invariant metric on all three-dimensional simply connected non-unimodular Lie groups is always strictly
negative. Our results extend Milnor’s result [7, Theorem 4.11] in great detail. See Table 2 for a summary.

Recall again that the left invariant metrics are the metrics [g;;] obtained after fixing the bases { X, Y, Z} which
are given in Section 2.1 for the three-dimensional Lie algebras.

Theorem 5.1 The Ricci transformation for G has signature (—, —, —) depending on the choice of left invari-
ant metric which is equivalent up to automorphism to a metric whose associated matrix is of the form
1 0 0
010
0 0 v
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where v > 0; and the scalar curvature is always strictly negative.

(= )

1 0
Proof. We may assume that the metric (, ) is associated with the matrix {0 0} with v > 0. We see that
0 v

<X,X>:<Y,Y>:1, <ZaZ>:V7 <X7Y>:<sz>:<YaZ>:0

Taking Y7 = \%Z , Yo = X, Y3 =Y, they form an orthonormal basis and satisfy

1 1
[YVl?YVQ] = 7;}/25 [Y17YE’)] = ﬁy}n [}/2;}/3] =0.

With respect to the basis {Y7, Ya, Y3}, the associated matrix of the Ricci transformation 7 is of the form

2
—— 0 0

v

R 2

[F] = 0 - 0
2
0 0 —
v

Thus the principal Ricci curvatures are
2
M =T =73 = ——.
v
Therefore the signature of the Ricci transformation 7 is (—, —, —). Clearly the scalar curvature

p= (V1) +r(Ya) +r(¥:) =~

is strictly negative. O

(= i)
R OO

1
Corollary 5.2 The sectional curvatures for the metric {O } with v > 0 on Gt are
0

K(X,Y) = (Y, Z) = w(Z, X) = _%.

Lemma 5.3 The Ricci transformation for G has signature (+, —, —) depending on the choice of left invariant
metric which is equivalent up to automorphism to a metric whose associated matrix is of the form

1 0 0
0 p O
0 0 v

where u, v > 0; and the scalar curvature is always strictly negative.

oO®r ©
R oo

1
Proof. Suppose that the metric (, ) is associated with the matrix [0 } with ¢, v > 0. Note that
0

(X,X)=1, (\Y)=pn, (Z.2)=v, (X,Y)=(X,Z)=(Y,Z)=0.

Taking Y] = +-7, Y3 = X, Y3 = -LY, they form an orthonormal basis and satisfy

Vv Vi
—c 2

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com



Math. Nachr. 282, No. 6 (2009) 891

With respect to the basis {Y7, Ya, Y3}, the associated matrix of the Ricci transformation 7 is of the form

- e -
(=) +8u 0 0
2uv
2 _ 2 2
7] = 0 e v
2uv v
0 2y p®—8p—c
L v 2uv ]
Thus the principal Ricci curvatures are
dp— /(02 —dp — )2 + 163 (n? —02)2+8,u(u2+02)
reo= — = R
' 2pv 2pv(4p+ /(1% — 4p — )2 + 1643)
Ap+ /(% — 4y — )2 + 1643
rg = —
2 2/“/ ’
(b —c)*+8u
rg = ——.
2uv
Note that 1 > 0,79 < 0 and r3 < 0. Therefore the signature of the Ricci transformation 7 is (+, —, —). Clearly
the scalar curvature
(b —c)* +16p
= r(Y; Ys ;)= ——F—.
p=rY1)+r(Y2) +r(Ys) 2
is strictly negative. O

100
Corollary 5.4 The sectional curvatures for the metric [0 I 0] on G, are
00w
p? 4+ 2(c — 8)u — 3¢2
duv

woey) =V ) -

Theorem 5.5 (Case: ¢ < 0) The Ricci transformation for G. with ¢ < 0 has signature (+, —, —) depending
on the choice of left invariant metric which is equivalent up to automorphism to a metric whose associated matrix
is of the form

1 0 0
0 p O
0 0 v

where 0 < p < |¢| and v > 0; and the scalar curvature is always strictly negative.
Proof. This follows immediately from Lemma 5.3. o

Theorem 5.6 (Case: ¢ = 0) The Ricci transformation for Gy has signature either (+,—,—) or (0,—, —)
depending on the choice of left invariant metric which is equivalent up to automorphism to a metric whose
associated matrix is of the form

1 00 1 20
0 p O or %10
0 0 v 0 0 v

where p,v > 0; and the scalar curvature is always strictly negative.
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Associated

Lie algebra simply connected Automorphisms of a Lie algebra Fn»ﬁ%%%mi Signature of Ricci transformation
Lie group
2
ar=R%, R, Gr=Rixg R, 100
where where _HOFAM“%V *H_ * € R2 010 v>0 (===
‘0 GNEHﬁma og 0 1 00w
_ t
o1(0=[g 9] e
100
c<0 0po| OSkslel g
00 v v>0
100
OwpO| pr>0 (==
00v
c=0
130
G2R? 0, R, li1o| v>0 0,—,—
00
where v
9c2R% %, R, _ pteftae?t[1 0 N
pe(t)=e 2 T L B—a —ca * pt H\Mo I (+,—,—) if pu<y/2—(1—c)(c+Vc2+4)/V2
where tert _e—zt[—1 —¢ a f[4a rw10 :
o te N‘ﬁ L g 0o 0 1 0<e<1 00 v 0,—,—) 2—(1—c)(c+V2+4) /2
—C
oe()= ¢ o (2=/T=c£0) a,B,%€R, 0<pu<1, v>0 (=——) it p>/2—(1—c)(c+VPFA)/V2
Qm;ﬁﬁn\spmﬂmo
- o)
100| gcpu<i (+:=
)= e [L7] 0uol 5o
t,[—1 —1 =1 LO 0 v
t| ] .
ety g a0 (+,—,—) if A<VB—2
2710 0<A<1 (0,—,—) if A=v5-2
loowv] V>0 (=—,—) if A>vB-2
110 (+,—,—) if u>Vc2+4—+/442c—2v/c?2+4
1<u<c
e>1 1p0 wwm (0,—,—) if p=vF4—+/4+2c—2v2+4
LO 0 v
(—,—,—) if p<Ve2+4—\/4+2c—2c2+4

Table 2 Non-unimodular case
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1+=2 1 0
—2cz —2z
In Table 2, P = [ iz 1 0].
0 01
1 0 O
Proof. Suppose that the metric (,) is associated with the matrix |0 u 0| with g, v > 0. Then by
0 0 v
Lemma 5.3, the signature of the Ricci transformation 7 is (4+, —, —) and the scalar curvature p = 7%1}6 is

strictly negative.
0
o| with v > 0. Note that

14

ON|= =
O ==

Suppose that the metric {, ) is associated with the matrix [

1
<X,X>:<Y,Y>:1, <XﬂY>:§ﬂ <ZaZ>:Va <X,Z>:<Y,Z>:O
Taking Y; = \%Z, Yo=X, Y3 = %X - %Y, they form an orthonormal basis and satisfy
1 V3 V3 3
Y1,V = —Y, — —=Y- Yi,V3] = ———=Y, + —=Y- Y5, Y3] = 0.
[Y1,Y5] 2\/172 2\/173,[1;3] 2ﬁ2+2ﬁ3,[273]0
With respect to the basis {1, Y2, Y3}, the associated matrix of the Ricci transformation 7 is of the form
4
—— 0 0
1%
1 3
W= o - v3
1% 12
3 3
o V3 3
12

Thus the principal Ricci curvatures are

4
7’1:0, Tg =73 = ——.
v
Therefore the signature of the Ricci transformation 7 is (0, —, —), and the scalar curvature

p= (V1) 4 r(Ya) +r(Y:) = =

is strictly negative. O

1 0 0 1 20
Corollary 5.7 The sectional curvatures on Gy for the metric |0 p 0| or |1 % o| with u,v > 0 are
0 0 v 0 0 v
—16 -3
ﬁ & 4 ) 4_,“’
RX,Y) = { woowvy=¢ Y wzx)=9 7
0, -5 -1
2v’ v’
Theorem 5.8 (Case: ¢ = 1) The Ricci transformation for G1 has signature (+,—, —), (0,—, —) or (—, —, —)

depending on the choice of left invariant metric which is equivalent up to automorphism to a metric whose

associated matrix is of the form

1 0 0 1
0 p O or A
0 0 v 0

o O = >
R OO

where 0 < A <1, 0 < u < 1andv > 0; and the scalar curvature is always strictly negative.
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1 0 O
Proof. Suppose that the metric (, ) is associated with the matrix {0 w 0} with0 < ¢ <1, v > 0. Then
0 0 v
2
by Lemma 5.3, the signature of the Ricci transformation # is (4, —, —) and the scalar curvature p = — W*é)lit:rw#

is strictly negative.

Suppose that the metric {, ) is associated with the matrix

1 X 0
A1 0} with 0 < A < 1, v > 0. Note that
0 0 v

(X, X)=(V,Y)=1, (X,Y)=X (Z,2)=v, (X,2)=(Y,Z)=0.

Taking Y7 = %Z , Yo=X Y3 =— 7 1); == X+ \/11_ == Y, they form an orthonormal basis and satisfy
A V1—)\2 (1-X)2 2— A
Yi,Y5] = —=Yo + ———Y- Y1,Y3] = — Y5 Y- Y5, Y3] = 0.
[Y1,Y2] \/;2+ N 3, [Y1,Y3] 0= 2+ 7o 3, [Y2,Y3]=0
With respect to the basis {Y7, Ya, Y3}, the associated matrix of the Ricci transformation 7 is of the form
_ 4 . . -
1+
N 0 4 2(1=X)
7] = Trr Vi
0 B 2(1=X) B 4
i VioNw (4w

Thus the principal Ricci curvatures are

2(1+X) —/2(1=N)) o 2( N +2(1-0)) 4
N 1+ N T 1+ N ’ TN

ryg = —

r =

Note that ry > 0, =0, < 0 if and only if A < V=2, =v5-2>5-2, respectively, and ro < 0, r3 < 0.
Therefore the signature of the Ricci transformation 7 is (+, —, —),(0, —, —) or (—, —, —). In particular, the scalar
curvatures

42+ )

p=r(Y1)+7r(Ya) +r(Ys) = ESY

is strictly negative. O

1 0 O 0
Corollary 5.9 The sectional curvatures on G for the metric [0 uw 0 0} with0 < A< 1,0<
0 0 v v

pw<1,v>0are

(1—p)? P —14p -3 (1 —p) (1 +3p)
dpy 4pv 4pv
k(X,Y) = k(Y,Z) = k(Z,X) =
(X.Y) 2A(1 = X\) .2) 4—2X —4AX? +4X3 &%) 2A

/T =A% a 1+ A)v ’ T CEDY
Theorem 5.10 (Case: ¢ > 1) The Ricci transformation for G with ¢ > 1 has signature (+,—, —), (0, —, —)

or (—, —, —) depending on the choice of left invariant metric which is equivalent up to automorphism to a metric
whose associated matrix is of the form

1 1 0
1 w O
0 0 v
where 1 < u < candv > 0; and the scalar curvature is always strictly negative.

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com



Math. Nachr. 282, No. 6 (2009) 895

OoOrT
R © O

1
Proof. Assume that the metric (, ) is associated with the matrix [1 } with1l <y < ¢, v > 0. Note
0
that
(X, X)y=(X,")=1, V\'Y)=pun, (Z,Z2)=v, (X,Z)=(,Z)=0.

Taking Y7 = \%Z, Yo=X, V3=

1 1 . .
fﬁX + \/ﬁY’ they form an orthonormal basis and satisfy

1 Vi —1

c—1 1
VAR VIS Rz

With respect to the basis {Y7, Ya, Y3}, the associated matrix of the Ricci transformation 7 is of the form

[Y2,Y3] = 0.

(c—p)* +4(p—1)

B 2(p— 1w 0 0
A Wr42u—c?+2c—4 c—
7l = 0 T Ji=Tv
0 cC— I w2 —6p—c2+2c+4
Vi —1v 2(p— 1w

Thus the principal Ricci curvatures are

Ap—1) = (c = p)y/(c = p)® +2¢(u — 1)

e 20— v :
o A=+ (e=pVle—p? +2(p—1)
2 2(p — 1) ’
o (e HA(p—1)

3 2 — 1)

Note that r; > 0, = 0, < 0 if and only if

w2+ f\/4+2c72\/c2+4, :\/02+47\/4+2072\/62+4, <\/c2+47\/4+2c72 2 + 4,

respectively, and ro < 0, r3 < 0. Therefore the signature of the Ricci transformation 7 is (+, —, —), (0, —, —)
or (—, —, —), and the scalar curvature

(4= ) +12(0— 1)
2(p— 1w

is strictly negative. O

p=r(1)+r(Ya) +r(¥s) = -

R OO

1 1

Corollary 5.11 The sectional curvatures for the metric [1 W } with 0 < pu < cand v > 0 on G, where
0 0

c>1are

2 —2cpu+p?—4p+4

K(X,Y) =

v/ —1 ’
4— 2+ 2¢(p? +2u —4 212 12
H(Y’Z>:( 3p)e” 4 2e(p® + 2 — 4) + p(p o+ )7
Apv(p —1)
2+ 2cpu — 3p® —dc+ 4
IQ(Z,X):—C + 2cp — 3p c+
4v(p—1)
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Theorem 5.12 (Case: 0 < ¢ < 1) The Ricci transformation for G, with 0 < ¢ < 1 has signature (+,—, —),
(0, —, =) or (=, —, —) depending on the choice of left invariant metric which is equivalent up to automorphism
to a metric whose associated matrix is of the form

1+ 2 1 0 t 1+ 2 1 0
—2cz -2z 1w 0] —2¢2 —2z
-z 1 0 p 1 o||l-2 1 0
2cz 2z 0 0 v 2cz 2z
0 0 1 0 0 1

where z = /1 —c, 0 < p < 1andv > 0; and the scalar curvature is always strictly negative.

Proof. Assume that the metric (, ) is associated with the matrix

1+ 2 1 0 t 1+ 2 1 0
—2cz -2z 1 p O —2cz -2z
l—2z 1 0 p 1 0||l-2 1 0
2cz 2z 0 0 v 2cz 2z
0 0 1 0 0 1

withz=+1—-¢, 0 <p<landv > 0. Let {X;, X5, X3} be the basis for g. given in Remark 3.14, i.e.,

Xi=—-cX+(1-2)YY, Xo=—-cX+1+4+2)Y, Xs5=Z2
where z = y/1 — c. Note that
[)(1,)(2]:07 [Xg,Xl]: (1—\/1—0))(17 [X3,X2]: (1+ 1—C)X2.

With respect to the basis { X1, X2, X3}, the metric (, ) is associated with the matrix {M

v > 0. Note that

(X1, X1) = (X0, Xo) =1, (X1,X0) =p, (X3,X3)=v, (X1,X3)= (X2, X3)=0.
Taking Y7 = \%X& Yo = X1, Y3 = \/1+7X1 - ﬁXQ, they form an orthonormal basis and satisfy

1—-vV1—-c¢c

[YhYQ] == \/17 YQ;

Vi, Ys] = — 2v1 —cu Y, + 1—1—\/1—CY37
-2 N

[Y2,Y3] =0.

1

0

0

v

With respect to the basis {Y7, Ya, Y3}, the associated matrix of the Ricci transformation 7 is of the form

I
1 0} with0 < p < 1,
0

'72(2—0—/12) 0 0
(1—,u2)y
o . 21— VI—e—(2—VI—c—op?) Cou(l-yVI—c—c)
[7'] = (1 _ MQ)V 1— N2V
; 21— VI—c-c) 2(1+ VT=c— (VI—c+ o)
i V1—p?y (1= p2)v

Thus the principal Ricci curvatures are

2((1-1?) -

(1-¢)(1- ch))

e (1—p?)v

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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2 ((1 — )+ /1 =0c)(1- c,u2))
(1—p?)v ’
2(2—c—p?)
(1—p?)v

Note that r; > 0, = 0, < 0 if and only if

T9g = —

rg = —

M>\/2(16)(C+VC2+4) :\/2(10)(c+\/02+4) <\/2(1c)(c+\/02+4)

2 2 B) )
respectively, and ro < 0, r3 < 0. Therefore the signature of the Ricci transformation # is (4, —, —), (0, —, —) or
(—, —, —), and the scalar curvature

2(4 — ¢ —3u?)
=Y, Y: Vo) =~
p=rY1)+r(Ye)+r(Ys) =D
is strictly negative. O

Corollary 5.13 The sectional curvatures on G, where 0 < ¢ < 1 for the metric

1+2 1 ¢ l+z 1
—. Y 1w "9z 25
—2cz =2z cz z
l—2z 1 0 p 1 0o||l-2 1 0
%2z 22 0 0 v 2cz 2z
0 0 1 0 0 1

withz=+v1—¢ 0< u<landv > 0are
2 _
K(X,Y) = 2L =€

/1= 2’
41 -V1—c—e)u* + (1461 —c+2c)u? — (1 ++/1—¢)?

w¥2) = V(1 —p?)
w(Z, X) = (3—2\/1—0720);3—(17\/170)2.

v(l—p?)
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