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Abstract. We provide the explicit solutions of linear, left-invariant, diffusion equa-
tions and the corresponding resolvent equations on the 2D-Euclidean motion group
SE(2) = R? x T. These parabolic equations are forward Kolmogorov equations for
well-known stochastic processes for contour enhancement and contour completion. The
solutions are given by group convolution with the corresponding Green’s functions. In
earlier work we have solved the forward Kolmogorov equations (or Fokker-Planck equa-
tions) for stochastic processes on contour completion. Here we mainly focus on the
forward Kolmogorov equations for contour enhancement processes which do not include
convection. We derive explicit formulas for the Green’s functions (i.e., the heat kernels
on SE(2)) of the left-invariant partial differential equations related to the contour en-
hancement process. By applying a contraction we approximate the left-invariant vector
fields on SE(2) by left-invariant generators of a Heisenberg group, and we derive suit-
able approximations of the Green’s functions. The exact Green’s functions are used in
so-called collision distributions on SFE(2), which are the product of two left-invariant
resolvent diffusions given an initial distribution on SFE(2). We use the left-invariant evo-
lution processes for automated contour enhancement in noisy medical image data using
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256 REMCO DUITS anp ERIK FRANKEN

a so-called orientation score, which is obtained from a grey-value image by means of a
special type of unitary wavelet transformation. Here the real part of the (invertible)
orientation score serves as an initial condition in the collision distribution.

1. Introduction. In many medical imaging applications, elongated structures (such
as catheters, blood vessels and collagen fibres) appear only partially and vaguely in noisy
medical image data, [30]. It is often desirable to process these images such that crossing
elongated structures become more visible before actual detection takes place. Due to
occlusions, small parts of these line or edge-like structures may not be clearly visible,
requiring contour completion, [47, 67, [6, 2], [20]. Furthermore, the acquisition of, for
example, X-ray images is harmful to a patient. Therefore, the radiation dose is reduced
as much as possible, which leads to very noisy images. Such images typically require
contour enhancement, [30, [10], where the aim is to make the elongated structures more
visible while reducing the noise. In this article we will consider operators for contour
enhancement, using diffusion equations on the noncommutative group SE(2) of planar
translations and rotations. Rather than designing operators directly on images we first
construct invertible orientation scores which are complex-valued functions on SE(2), see
Figures[Mland [, and process the image via these invertible orientation scores, see Figure
Bl This approach has the practical advantage that we can handle crossing curves.

First we consider the construction of an orientation score. Image analysis usually starts
with the sampling of an image f € Ly(R?) by a function ¢ € Lo(R?) via f — (1, f)L,®2)-
i0

To probe an image at every location x € R? and in every direction e*’ one translates and

rotates an anisotropic wavelet v. Here directions e*? are elements of the torus T. This
commutative group T is the unit sphere (the set S') in C equipped with the product
e0ei? = ¢i0+0") The result of such an image sampling is a function Wy, f € La(SE(2))
on the Euclidean motion group manifold SE(2) = R? x T, which is given by

Wotlo) = | 0(RG & =)/ ) dy, (L.1)
where g = (x,¢"?) € SE(2) = R2 x T, Ry = ( cose g ) € SO(2). Note that the
mapping f — Wy f is a mapping from Ly (R?) into Lo(SE(2)). Throughout this article
we refer to function Wy, f as the orientation score of image f; see Figure [Il

The generation of orientation scores and the reconstruction of images thereof has been
the subject of previous publications, [14] 15} 18] [37]. In SectionRland Appendix [Alwe will
provide an overview, containing new results on, respectively, the differences with standard
wavelet theory and connections to Fourier theory on SE(2). In previous work we have
shown, [I4] Thm. 18, App. 7.2], [IZ 16 I5], that Wy is a unitary transformation of
L2(IR?) onto the unique [5] reproducing kernel space (Cf(E@) consisting of complex-valued
functions on SE(2) with reproducing kernel K (g, h) = (U, Unt))L, (r2), where

Uyh(y) = ¥(Ry (y — %)) (1.2)

for all g = (x,€"?) € SE(2). This reproducing kernel space is the space of orientation
scores and equals the range of W,,. However, in Section 2 we will show that only for
a proper choice of (distributions) 1 does the norm on this reproducing kernel space (of
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FiG. 1. Tllustration of an example image (left) f : R? — R, mapping
to a given position (z,y) € R? to a grey-value f(z,y) € R, and an iso-
intensity surface (right) {(z,y,e*’) € SE(2) : Wy f(z,y,e")| = c}
of the absolute value |Wy, f| of an orientation score Wy, f : SE(2) —
C, mapping an element (z,y,e*) € SE(2) to a complex number
Wy f(z,y,e?) € C. Here we have set the constant ¢ > 0 slightly
smaller than max |[Wy f(g)|.

gESE(2)
e Wy Orientation Score
f Uy
Ty P
Processed W;; o _Procgssgd
Image rientation Score

F1c. 2. A brief schematic view on image processing via invertible
orientation scores. Throughout this article we shall consider suitable
operators for contour enhancement based on left-invariant parabolic
evolutions on SE(2). Here in part I we consider operators ® based
on linear left-invariant operators, whereas in part II, [22], we shall
consider ® as a nonlinear left-invariant evolution operator.

orientation scores), for details see [14] ch:4.4, p.120], coincide with the natural restriction
of the Lo-norm to the closed subspace of all orientation scores.

This is important since then a small pertubation on an image corresponds to a small
pertubation on its orientation score and vice versa, and consequently operators ® on the
space of orientation scores are robustly and 1-to-1 related to operators Y, on images by

Ty =Wy o0®oWy. (1.3)

To get a first quick impression of our scheme, see Figure

Now the wavelet transformation WV, between the image f and the orientation score
Wy, f intertwines the left regular unitary representations U, L of the 2D Euclidean motion
group SE(2) on, respectively, La(R?) and Lp(SE(2)) and consequently, the effective
operator on an image Ty := W, o ® o Wy, is Euclidean invariant iff the corresponding
operator ® on the orientation score is left-invariant, [I4, Thm. 21, p.153]. So this means
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that an operator on an orientation score must commute with left actions of the Euclidean
motion group in order to obtain a Euclidean invariant operator on the image.

As a particular class of left-invariant operators we consider in section [ all linear,
second-order, left-invariant evolution equations and their resolvents on Ly (R? x T), which
correspond to the forward Kolmogorov (or Fokker-Planck) equations of left-invariant
stochastic processes on the Euclidean motion group SFE(2) = R? x T. The solutions
W(g,s) = e*AW(g,0) of these linear evolution equations represent the probability den-
sity of finding a random walker at position g with traveling time s > 0, given some
initial distribution g — W(g,0). The solutions P,(g9) = a(al — A)"'W(g,0) of the
corresponding resolvent equations (obtained from W(g, s) by a Laplace transform over
time) represent the probability density of finding a random walker at position g regard-
less of its traveling time, but again given the initial distribution g — W(g,0). Here the
traveling time s > 0 is memoryless and therefore negatively exponential distributed with
expectation o=t > 0.

We stress however that just linear left-invariant diffusions themselves (without com-
bining them with grey-value transformations) are of no use on orientation scores, since
if the operator ® on an orientation score is linear, bounded and left-invariant, the net
operator YT, on an image is an isotropic convolution. To this end we simply note that if
® is linear and left-invariant, then Ty is linear, bounded, and Euclidean invariant. So by
the Dunford-Pettis theorem, [I1], Ty is a translation rotation-invariant kernel operator,
which must be a convolution with an isotropic kernel, [I7], and in such a trivial case,
orientation scores are not needed. Instead of considering linear left-invariant diffusions
we consider direct products of linear left-invariant evolution equations which are collision
distributions of two linear stochastic processes. So these nonlinear operators on orienta-
tion scores boil down to solving linear, left-invariant, evolution equations. We distinguish
between two types of stochastic processes on the Euclidean motion group:

(1) Stochastic processes for contour completion, including the direction process as
proposed by Mumford [47].
(2) Stochastic processes for contour enhancement, including the cortical model of
the visual system for contour enhancement as proposed by Citti et al. [10].
The mathematical difference between these two types of stochastic processes is that the
generator of the forward Kolmogorov equation of stochastic processes of the first type, in
contrast to the forward Kolmogorov equations of stochastic processes of the second type,
contains a convection part that fills and bridges gaps in lines and contours; see [20], Fig.
1, Ch: 1 for two typical examples.

The intuitive difference between contour enhancement and completion in image anal-
ysis is that contour enhancement aims for robust de-noising of elongated structures as a
pre-processing step for detection of elongated structures in noisy images, whereas contour
completion aims for completion of interrupted curves due to, for example, occlusion or
due to the application of thresholds on grey-levels. The difference between enhancement
and completion will clearly be reflected in both the trajectories of the random walks in
the underlying stochastic processes, Figure Bl and in the shape of iso-contours of the
Green’s functions, Figures [7] and
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In this article we mainly consider linear and nonlinear stochastic processes for contour
enhancement, in contrast to our related earlier work [20], where we considered stochastic
processes for contour completion, [20] 2, [I4]. Occasionally, we will briefly return to the
contour completion process to stress the analogy and differences between (the solutions
of) the forward Kolmogorov equations of the contour completion and contour enhance-
ment processes. In comparison to [20] we will provide much more detailed information in
SectionZlon the framework of invertible orientation scores, including new results on both
the embedding in standard wavelet theory and Fourier theory on SE(2) in Appendix [Al
Section [ serves as an essential prerequisite for contour enhancement in images, which
we consider in Sections [3 @l Here we put much more emphasis on both the underlying
(discrete) stochastic processes and the Hormander condition. Finally, we present a bet-
ter connection (compared to our earlier work on contour completion [20]) of the exact
solutions to the Heisenberg approximations [20] by means of contraction, [52].

In Section M we restrict ourselves to direct products of two linear left-invariant re-
solvent diffusions on SE(2) as suitable operators for contour enhancement on invertible
orientation scores. These direct products are the probability density of collision of ori-
ented grey-value particles moving from a source distribution, with oriented grey-value
particles of a sink distribution. In the context of contour completion this is a well-known
technique in image analysis, [59]. In this article, however, we apply this technique to
contour enhancement and restrict ourselves to the case where both the sink and source
distribution are equal to the real part of an orientation score of the input image. Al-
though the nonlinear adaptive left-invariant diffusion equations, which we discuss in part
IT of our article, applied to invertible orientation scores seem to lead to visually more
appealing results of enhancing elongated structures in noisy medical image data, we con-
sider these products of linear evolutions for three reasons. Firstly, they are easier to
implement, secondly they involve fewer parameters, and thirdly they are much easier to
analyse.

The solutions of the linear left-invariant evolution equations are given by SE(2)-
convolution with the corresponding Green’s function. As explicit formulae for the Green’s
functions for contour enhancement (i.e., the heat kernels on SFE(2)) were missing in our
earlier work [20], we explicitly derive them in Section[fl Here we follow two approaches,
comparable to our two approaches in [20], where we derived the exact Green’s functions
of Mumford’s direction process, [47]. Both approaches are described in Subsection (.11

Then in Subsection 5.2l we approximate (analogously to [20, ch: 4.3]) the left-invariant
basis of the Euclidean group generators by left-invariant generators of a Heisenberg-type
group. The resulting equations render simple, analytic approximations, which do not
exactly coincide with the closely related approximations derived in [10].

In Subsection 1.3l we apply the results by Hormander [36] and provide stochastic
insight in the induced smoothing in the “missing” directions in the diffusion processes
on SE(2) generated by hypo-elliptic (not elliptic) operators. We also explain why the
singular behavior that occurred in the Heisenberg approximation of the Green’s function
of the contour completion |20, ch: 4.3] does not occur in the contour-enhancement case.
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Finally, in Section 5.4l we also provide Gaussian estimates and new practical, accurate,
asymptotic formulas for both the exact and the approximative Green’s functions of the
contour-enhancement process in Subsection [5.41

2. Invertible orientation scores. In many image analysis applications a func-
tion Uy € Lo(SE(2)) defined on the 2D Euclidean motion group SE(2) = R? x T is
constructed from a 2D grey-value image f € Ly(R?). Such a function is supposed to pro-
vide an overview of all local orientations in an image. This is important for perceptual
organization, [37, 28, 44l [18 [15] [56] [7] and is inspired by the visual system of mam-
mals, in which receptive fields exist that are tuned to various locations and orientations,
[8]. In addition to the approach given in the introduction there exist many other ways,
[6, 24] 28, [44] and [I4, Ch.5], to construct a function Uy : R? x T — C from an image
f : R? = R, but usually these approaches do not consider the stability of the inverse
transformation Uy — f.

In this section we consider the case Uy = Wy, f, as is given in the introduction (I]).
This case leads to the framework of invertible orientation scores, which we developed in
previous work, [14] [I8] [15], and which we summarize here. Moreover, we will provide a
better view on our previous results in Appendix [Al

An orientation score Wy, f : R?> x T — C of an image f : R*> — R is obtained by
correlation with an anisotropic kernel ¢ : R? — C via ([[L1]). Assume ¢ € Lo(R?)NL;(R?).
Then the transform Wy, cf. (), which maps image f € Lo(R?) onto its orientation
score Wy, f € La(R? x T) can be rewritten, in inner product form, as

Wy f)(9) = Ugt, fL,r2),

where g — U, is a unitary (group) representation of the Euclidean motion group SE(2) =
R? x T into Ly(R?) given by ([Z). Note that the representation U is reducible as it
leaves the following closed subspaces invariant: {f € L2(R?) | supp {F[f]} C Bo,},
o0 > 0, where By, denotes the ball with center 0 € R? and radius ¢ > 0 and where
F : L2(R?) — Ly(R?) denotes the Fourier transform given by

Fflw) = L f(x)e "9 dx, (2.1)
2w R2

for almost every w € R? and all f € Ly(R?). This differs from standard continuous
wavelet theory; see, for example, [39] and [4], where the wavelet transform is constructed
by means of a quasi-regular representation of the similitude group SIM (2)=R? x T x R,
which is unitary, irreducible and square integrable (admitting the application of the
more general results in [33]). For image analysis this means that we do allow a stable
reconstruction already at a single scale orientation score for a proper choice of ¥. In
standard continuous wavelet reconstruction schemes with ¢ € Ly(R?) NL;(R?) and

W’L/Jf(x7 61‘97 CL) = (V(x,ei‘g,a)d}a f)]LQ(]RZ) ) (22)

with irreducible representation V : STM(2) — B(LLy(R?)) given by

Vi apty) = (e Ry 'y = %)), (23)
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LINEAR LEFT-INVARIANT DIFFUSIONS ON SE(2) 261

however, it is not possible to obtain an image f in a well-posed manner from a “fixed
scale layer”, that is, from Wy f(-, -, a) € Lao(R? x T), for fixed scale a > 0.

This shortcoming in the standard wavelet theoretical framework directly follows from
the fact that the standard necessary and sufficient wavelet admissibility condition

1 2
= —— d .
Cy (0, 0) /SIM(Q) |(Vo, ¥)[Fdpsrarce) (9) < oo, (2.4)

where dpugrar(2) denotes the left-invariant Haar measure on SIM(2), allowing stable
reconstruction of f from Wy f € La(SIM(2)) via the Lo-adjoint (ie., f = WiW,f)
conflicts with the necessary and sufficient condition, [I4], [31],

Mp,y(w) = / |Fy(a RYw)|?df = 1 for all w € R?, (2.5)
50(2)
for some fixed a > 0 for stable reconstruction of f from Wy, f(-,-,a) € Lo(SE(2)) via the
adjoint f = (Wy(-,-,a))*Wy f(-,-,a). Here the unitary dilation operator D, is given by
D,(x) = a p(a=1x), a > 0, x € R?, ¢ € Lo(R?).
To this end we note that by a brief and well-known calculation (for details see, for
example, [}, pp. 52, 53]) equality (24 is equivalent to

2
C,/,:47r2/ de<oo,
re |l

so that it implies F1(0) = 0 and thereby the continuous function M, vanishes at 0. So
clearly, condition (23] cannot be satisﬁed See Example 211

Moreover, the general wavelet reconstruction results [33] do not apply to the transform
f = Wy f, since our representation I is reducible. In earlier work we therefore provided
a general theory [14], [12], to construct wavelet transforms associated with admissible
vectors/ distributionsld With these wavelet transforms we construct orientation scores
Wy f : R?xT — C by means of admissible line detecting Waveletsﬁ 1 € La(IR?) such that
the transform W, is unitary onto the unique reproducing kernel Hilbert space (Cf(E@)
of functions on SE(2) with reproducing kernel K (g, h) = (Uyp,Up1)), which is a closed
vector subspace of Lo(SE(2)). For the abstract construction of the unique reproducing
kernel space Ck on a set I (not necessarily a group) from a function of positive type
K :IxI— C, we refer to the early work of Aronszajn [5]. Here we only provide the
essential Plancherel formula, which can also be found in a slightly different way in the
work of Fiihr [31], for the wavelet transform W, and which provides a more tangible

2)

description of the norm on (C}q(E( rather than the abstract one in [5]. To this end we

note that we can write

Wy f)(x,€?) = Ueinyh, flLwe) = (FTxRot, F L,z = FHRoFY - Ff)(x)

IFor well-posed reconstruction it is not necessary to have reconstruction by the La-adjoint. In prin-
ciple for My, bounded from below and above one may use the inverse (28] (which is the adjoint if we
impose the reproducing kernel norm on orientation scores, [14, pp. 123-124, Thm. 19]), but even then
the inverse (28) is ill-posed as My, is not globally bounded from below.

2Depending on whether images are assumed to be band-limited or not; for full details, see [13].

30r rather admissible distributions 1 € H~(1+€):2(R2), ¢ > 0 if one does not want a restriction to
band-limited images.
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where the rotation and translation operators on Ly (R?) are defined by Rg f(y) = f(R,'y)
and Tx f(y) = f(y — x). Consequently, we find that

W2z = [ | [ 1FWor) (w0 st do
= [, [1ED@P R )b s do (2.6)
= [ IED@Ido = £, o)

where My, € C(R?,R) is defined by

My(w) = /0 ' | Fy(RE w)|*dé. (2.7)

If 9 is chosen such that M, = 1, then by ([2.6) we gain La-norm preservation. However,
this is not possible as 1) € Ly(R?) N L;(R?) implies that M, is a continuous function
vanishing at infinity. Now, theoretically speaking, one can use a Gelfand-triple structure
generated by /1 + |A] to allow distributional wavelets ¢ € H=*(R2), k > 1 with the
property M, = 1, so that ¢ has equal length in each irreducible subspace (which uniquely
corresponds to the dual orbits of SO(2) on R?); for details see Appendix [A] and for
generalizations see [I3]. In practice, however, because of finite grid sampling, we can as
well restrict U (which is well-defined) to the space of band-limited images.

Finally, since the wavelet transform W, maps the space of images Lo (R?) unitarily@
onto the space of orientation scores CiE@) (provided that My > 0), [14, Thm. 18], we can
reconstruct the original image f : R? — R from its orientation score Wy, f : SE(2) — C
by means of the adjoint

2m
F=WiW,lf] = F! [w o [ FWSC ) FIRwvl(e) 46 MG @) (28
For typical examples (and different classes) of wavelets ¢ such that M, = 1 and for
details on fast approximative reconstructions, see [29] [I5] [16]. For an illustration of a
typical proper wavelet ¢ (i.e., My ~ 1) with corresponding transformation Wy f and
corresponding My, : R? — RT, see Figure 3l

With this well-posed unitary transformation between the space of images and the
space of orientation scores at hand, we can perform image processing via orientation
scores; see [15], [16], 18, [37]. For the remainder of the article we assume that W, f is some
given function in Ly (SE(2)) and we write Wy, f € Lo(SE(2)) rather than Wy, f € (C“ZE@).

4To be precise: According to [5], [46], the norm on the space Cf(E@) with reproducing kernel

K(g,h) = Ugy,Up) is given by
2 L —2 ! —1 L

”UHCSE(2) = sup ‘ > ajU(gj)’ ( 3 W%‘K(gkagj)) ’lE N, aj €C, gj € SE(2), Y. @ro; K(gr,g;) #0, -
K j=1 kij=1 kyj=1

Now according to our previous more general results in [I4, Thm. 18, appendix 7.2], [12], W, :

Lo(R2) — Cf(E@) is unitary. Now by (2.6) a more tangible description of the same norm is given by
”U”aZISE(Q) = Jg2 Jp [Fr2U(:, 0)(w)|?d0 My (w)~*dw. This norm equals the Lo (SE(2)) norm iff My = 1.
K
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EXAMPLE 2.1. Consider ¢(x,y) = ¥(—x, —y), with
2|2

. 1 |=|2 1 | @24y

1
qp(x,y):ﬁze T:ﬁ28z6_ 2 :\/—%(81—1'8?4)6_ T, z=x+iy. (2.9)

A direct computation yields Cy, = 472, so 1 is admissible in the classical sense. Then
according to [33] the reconstruction is given by

f=WiWyf= C%p/ /R+ /R(Wwf)(b,a,ei@)Ub,aw (2ma®)~ ' dbdadd
o (2.10)

= ﬁ/ f* DaRo) * DyRoyp (2ma®) "t dadd.
0 —T

However, a reconstruction from a single scale layer, that is, a reconstruction of f from
Wy f(a,-,-) by means of (28] is extremely ill-posed as we have Mp,,(w) = p2e—(ar)®
for a > 0 fixed. This example (Z9) is special since the solution of the following diffusion
problem (in image analysis known as Gaussian scale space, [49, 38|, 26, [17]):

{ Osu(z,y,8) = Ay y u(z,y,s) = (8% + 35) u)(z,y,s) , (z,y) € R%,5 >0,
u(x,y, O) = f(fl?7y) )

is given by u(z,y,s) = (Gs x f)(x,y). Now set scale s = a? > 0. Then it respectively
follows by A = 40,0z, Gs * G5 = G, 0;Gs = AG; and Ro) = €9 that the wavelet
reconstruction formula (ZI0) simply coincides with integration after differentiation of
the semigroup generated by the heat kernel:

f——/Oooas(f*Gs)ds_—/Ooo(f*AGs)ds_—4/ooof*8;8ZGsds

= —2/ f%20.G .2 x20,G 2 ada (2.11)
0 2 2

1 o0 us _ B .

Also in scale space theory a reconstruction of f from wus(-,s) (i.e., inverse diffusion),
s > 0, is clearly ill-posed. A first alternative, as proposed in [37], to (Z3)), which does
allow well-posed single scale reconstruction, is given by the pointwise limit:

2|2

N _
1 Z\" e o
W(zy) = = i (_) : 2.12
Ya(z,9) aNgﬂmn:O o) 7 (2.12)
since it satisfies M, = 1 for all a > 0. But even this choice (2I2)) has serious practical
disadvantages (for details, see [I4], pp. 141-142, App. 7.3, pp. 222-224]) compared to the
other class of proper wavelets discussed in [I4], ch: 4.6.1, pp. 131-136], which we used in
the experiments within this paper; see Figure Bl and Figure

3. Left-invariant evolution equations on the Euclidean motion group. The
group product within the group SE(2) of planar translations and rotations is

99 = (x,e?)(x', ) = (x + Rox', /1)), g = (x,€?),g' = (x',") € SE(2),
with Ry = (6059 *Sine) € SO(2). The tangent space at the unity element e = (0,0, e),

sin€ cos6

T.(SE(2)), is a 3D Lie algebra equipped with Lie product [A,B] =
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Fic. 3. (a) Example image (z,y) — f(z,y). (b) The structure of
the domain of the corresponding orientation score Wy [f]. The lifted
circles in the example image become spirals and all spirals are situ-
ated in the same helicoid-shaped surface. The absolute value of an
orientation score |[Wy, f| is mainly concentrated around this surface,
(i-e., [Wy f| attains high values in the direct neighborhood of this
surface). (c) Real part of orientation score (z,y) — Wy f(z,y, €)
displayed for 4 different fixed orientations. (d) The absolute value
(z,y) = Wy f(z,y,e?)| yields a phase-invariant and positive re-
sponse displayed for 4 fixed orientations. (e) Real part of the wavelet

B s — [ d 2m) T
P(x) = &2 F1llw — Bk (Wz_)) M(p)](x), where
2
T
M(p) = = ek2—1 —2 2
Zk:()(_l) (2 o P )
o and k-th order B-spline By, = By ¥ By and Bo(z) = 1[_1 l](x)
272
and parameter values k = 2, ¢ =4, %02 =400, s = 10, ng = 64. (f)
Imaginary part of ¥. (g) The function |F+|? (h) The function M.
In all images grey-values have been scaled to [0, 1], where 0 is black
and 1 is white.

5, with o = % and Nyquist frequency

limg o t72 (a(t)b(t)(a(t) "1 (b(t)) ™' — ), where ¢ — a(t), resp. t — b(t), are any smooth
curves in G with a(0) = b(0) = e and a/(0) = A and V'(0) = B. Define {A;, A3, A3} =
{eg, ez, €y} Then {Aq, Ay, A3} form a basis of T.(SE(2)) and their Lie products are
[A1, Ao] = A3, [A1, As] = —Az, [A2,A43]=0. (3.1)
A vector field on SE(2) (considered as a differential operator) is called left-invariant if
for all g € G the push-forward of (Lg).X. by left multiplication Lyh = gh equals X;
ie.,
(Xg) = (Lg)«(Xe) © Xgf = Xe(foLy), forall feC™:Q, =R, (3.2)
where € is some open set around g € SE(2). Recall that the tangent space at the unity
element e = (0,0, ™) is spanned by T.(G) = span{ey, e;, e,} = span{(1,0,0), (0,1,0),
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(a) Left-invariance of tangent vectors to curves:

T

X :ee

<\'\ T.(SE(2))

7(0)=¢ ey 77777
oo

ex,,/ R?

(b) Left-invariance of tangent vectors considered as differential operators:

o(g) =
(&0 Lg)(e)

Xg(¢) = Xc(oo Lg) = ((Lg)*Xc)(¢) eR

F1G. 4. Left-invariant vector fields on SE(2), where we both con-
sider the tangent vectors tangent to curves, that is, Xy = cleg(g) +
c2e¢(g) + cey(g) for all g € SE(2), and as differential operators on
locally defined smooth functions, that is, Xy = ct Bg\g + 2 85|g +
c3 On|, for all g € SE(2). We see that the push-forward of the left

multiplication connects the tangent space Te(SE(2)) to all tangent
spaces Ty (SE(2)).

(0,0,1)}. By the general recipe of constructing left-invariant vector fields from elements
in the Lie algebra T,(G) (via the derivative of the right regular representation) we get
the following basis for the space L£(SE(2)) of left-invariant vector fields:

{A1, Az, A3} = {09, 0¢, 0y} = {09, cos 0 0, + sin6 9y, —sin 6 9, + cos 0 9, }, (3.3)

with £ = x cos@+y sinf, n = —x sinf+y cosf. More precisely, the left-invariant vector
fields are given by

eo(x,¢") = ep, ec(x,e) =cosfe,+sinfe,, e,(x,e)=—sinfe,+cosbe,, (3.4)

where we identified T,_ (s ci0)(R?, ") with T, (R?, ™) and T,_ x ci0)(x, T) with T, (0, T),
by parallel transport (on R2, respectively T). We can always consider these vector fields
as differential operators; see Figure 4l This means that one can always replace e; by 9;,
i = 0,&,n. Summarizing, we see that for left-invariant vector fields, the tangent vector
at g is related to the tangent vector at e by ([B2). Equality ([B.2]) sets the isomorphism
between T, (SE(2)) and L(SE(2)), as A; «» A;, i = 1,2,3 implies [A4;, A;] < [Ai, Aj],
j=1,2,3; recall B.I]). Moreover it is easily verified that

[Ar, Ao) = A1 Ay — As Ay = Az, [A, As] = —Ag, [Ag, A3l =0.

See Figure Ml for a geometric explanation of left-invariant vector fields, both considered
as tangent vectors to curves in SE(2) and as differential operators on locally defined
smooth functions.
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Next we follow our general theory for left-invariant scale spaces on Lie groups, see
[19], and set the following quadratic form on L(SE(2)):

3 3
QD’B(A17A27A3) = Z (—az‘Ai + ZDiinAj> , ai, Dij € R, D :=[Dy;] > 0,D" =D,

i=1 j=1
(3.5)
and consider the only linear left-invariant second-order evolution equations
{ 89W = QD’a(A1,A2, A3) w 5 (3 6)
W(,s=0)=Wyf(),

where W : SE(2) x Rt — C, with corresponding resolvent equations (obtained by a
Laplace transform over s):

P = a(QP?(Ay, Az, Az) — o) TP Wy f. (3.7)

These resolvent equations are relevant since for the cases a = 0 they correspond to
first-order Tikhonov regularizations on SFE(2), [19], [10]. They also have an important
probabilistic interpretation, as we will explain later on in this section.

By our results in [20], the solutions of these left-invariant evolution equations are given
by SE(2)-convolution with the corresponding Green’s function K2-2:

W(gu s) = (K?’a *SE(2) U)(g) = /s ( )K?’a(h_lg)U(h) dMSE(2)(h)>
E(2

2m
= / K?’a(Re_,l(X _ X/)7 ei(e_a')) U(le eml)deldxl g= (x, ew), (3.8)
R2 JO

)
Pa(g) = (Ra,D,a *SE(Z) U)(g)u Ra,D,a - Oé/ K?,ae—o(sds'
0

Here a > 0 is the parameter in the Laplace domain, since, at least formally, one has
(oo} oo Da
/ W(g,s)e“ds = / eSO (Al’A""A?’)W(g, 0)e”** ds
0 0

= O‘(QDya(Ala A27A3) - al)ilw(g’ O) = P(X(g)v

which puts the connection between (B8 and (B1).
In the special case D;; = 0;16j1, a = (0,1,0), our evolution equation ([B.G) is the
Kolmogorov equation

{ 9sW (g, s) = (0¢ + D1103)W (g, 8), g€ SE(2),s>0, (3.9)
W(g,0) =U(g), '
of Mumford’s direction process, [47],
X(s) = X(s)e, +Y(s)e, =X(0) + [; cosO(7) e, +sinO(7) e, dr, (3.10)
O(s) = ©(0) + /sv/2D11 €, eg ~ N(0,1), ’

for contour completion, the explicit solutions of which we have derived in [20].
In this article, however, we are primarily interested in the explicit solutions of the case
D;; = D;;d;5, 1,7 € {1,2,3}, Dsg = 0, a = 0 in which case our evolution equation (3.6)
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becomes the forward Kolmogorov equation

{ 8SW(g75) = (D11(89)2+D22(8£)2)W(g58) ) (311)
W(g,0) = Wy f(9)
of the following stochastic process for contour enhancement:
X(s) = X(0) + v2Dgz €¢ [, (cosO(7) e, +sinO(7) e,) # dr, (3.12)
@(S) = @(0) + \/E\/ 2D11 €9, ’

with the standard normal random variables ez ~ N (0,1) and g ~ N (0, 1), D11, D22 > 0.

Here we note that contour-completion processes (cf. ([BI0)) are designed for com-
pletion of contours due to occlusion, so one prefers a deterministic drift of the oriented
random walker along the preferred positive direction cos(#)e, + sin(f)e, in the spatial
plane, whereas contour-enhancement processes (cf. [3.12)) are designed for noise removal
by anisotropic diffusion, in which case the stochastic movement of the oriented random
walker is bi-directional along the span of cos(f)e, + sin(6)e,,.

In general the evolution equations ([B.6]) are the forward Kolmogorov equations of all
linear left-invariant stochastic processes on SE(2), as explained in [20, 2]. All these cases

correspond to continuous stochastic processes such as [B.I0) and (BI12).
They can be considered as limiting cases of the following discrete stochastic processes
on SE(2):

d d d
Gni1 = (Xni1,0n41) = Gn + As Y ai €ilg, +VASY €ini1 2 0ji €l
{ i=1 " i=1 j=1 " (3-13)
Go = (Xo, 9o),
where n = 1,...,N — 1, N € N denotes the number of steps with step-size As > 0,
o = /2D is the unique symmetric positive (semi)-definite matrix such that o? =
2D, {€; n+1}i=1..dn=1,.~n—1 are independent normally distributed €; ,+1 ~ N(0,1) and
61|Gn
=(0,0,1), ea|5 = (cosO,,sin0,,0), es|, = (—sinO,,cosO,,0).
We wrote the discrete processes in the form BI3) to stress that the continuous pro-
cesses ([B12)) and BI0) directly arise by recursion and taking the limit N — co. In more
explicit form in (z,y, #)-coordinates they read:

Xn+1 Xn a2 €2 n+1
Yoy1 | =| Yu | +AsRe, | as | +VAs(Re,)" ocRe, [ esn+1
On+t1 S a €Lnt1 (3.14)

cosf) —sinf 0
with Ry = sinf cosf® O
0 0 1

In this article we shall mainly restrict ourselves to the case d = 2 (or equivalently d = 3
and D;3 =0,4=1,2,3 and a3 = 0) so that the trajectories only use the horizontal part,
spanned by {e1[,, e2[ } = {es(g),ec(g)}, of each tangent space Ty(SE(2)), g € SE(2)).
Occasionally, we shall also consider d = 3, a3 = 0 and D33 > 0. See Figure

With respect to this connection to probability theory we note that W (g, s) represents
the probability density of finding an oriented random walker? (traveling with unit speed,

5That is, a random walker in the space SE(2) that is only allowed to move along horizontal curves,
i.e., along curves with tangent vectors within span{ds, d¢}, which is the horizontal subspace if we apply
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image plane!

Fic. 5. Left: six random walks in SE(2) = R%2 x T (and their projec-
tion on R?) of direction processes for contour completion by Mum-
ford [47] with a = (ko,1,0), D = diag{D11, D22, D33} for various
parameter settings of kg > 0 and D;; > 0. Middle: one random
walk (N = 500 steps, with step-size As = 0.005) and its projec-
tion to the image plane of the linear left-invariant stochastic pro-
cess for contour enhancement within SE(2) with parameter settings
D11 = Do = % and D33 = 0 (corresponding to the cortical model
of Citti and Sarti for contour enhancement, [10]). Right: one ran-
dom walk (N = 800 steps, with step-size As = 0.005) of the sto-
chastic process with parameter settings Di; = %057 Doy = %0’2,
D33 = %a%, with o9 = 0.75, o¢ = 1, 05, = 0.5 (other parameters
have been set to zero). Appropriate averaging of infinitely many
of these sample paths yields the Green’s functions; see Figure [T of
the forward Kolmogorov equations (3.6). Note that Mumford’s di-
rection process is the only linear left-invariant stochastic process on
SE(2) whose sample path projections on the image plane are differen-
tiable. For contour completion this is desirable; see [2]. However, the
Green’s function of all linear left-invariant processes (so also the ones
for contour enhancement) are infinitely differentiable on SE(2) \ {e}
iff the Hérmander condition as we will discuss in Section [5.3] see

G139, is satisfied.

which allows us to identify traveling time with arc-length s) at position g and traveling
time s > 0 given the initial distribution W (-,0) = W, f, whereas P(g) represents the
unconditional probability density of finding an oriented random walker at position g
given the initial distribution W (-,0) = Wy, f regardless of its traveling time. To this end
we note that traveling time 7" in a Markov process is negatively exponentially distributed:

P(T =3s)=ae™*, (3.15)
since this is the only continuous memoryless distribution. A simple calculation yields:
P(z,y,0 |U and T = s) = (KPn *sp(2) U)(x,y,0),
P(x,y,0|U) = fooo P(z,y,0 |U and T = s) P(T = s)ds = (Ra,p,, *se(2) U)(z,y,0)

with Ra p,, = a [ KP1emds.
(3.16)

the Cartan connection on Py = (SE(2),SE(2)/Y,w, R); see part II, [22]. In previous work in the field
of image processing, [15] [16], we called these random walkers “oriented grey-value particles”.
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For exact solutions for the resolvent equations B.7) (in the case of Mumford’s direction
process), approximations, and fast numerical algorithms (related to Fourier-transform on
SE(2)), see [20]. For more details on efficient computation schemes of S F(2)-convolutions
in general and Fourier transforms on SE(2), we refer to [9].

Finally, we recall from [20] that both diffusion and convection in the evolutions (3.0])
take place along the exponential curves in SE(2). These well-known curves are circular
spirals and straight lines; for explicit formulas of the exponential curves, see [20, eq. 3.7].

4. Tmage enhancement via left-invariant evolution equations on invertible
orientation scores. In Section 2] we have constructed a stable transformation between
images f and corresponding orientation scores Wy, f. This enables us to relate operators
T on images to operators ® on orientation scores in a robust manner; see Figure [0l Let
B(L2(SE(2))) denote the space of all bounded linear operators on La(SE(2)).

It is easily verified that Wy, oU, = L4 0 W, for all g € SE(2), where the left-regular
representation £ : G — B(L2(SE(2))) is given by L,U(h) = U(g~'h). Consequently,
the effective operator on the image Y is Euclidean invariant if and only if the operator
on the orientation score is left-invariant, i.e.,

YToly=UyoY forall ge SE(2) & PoLy=Lyo® forall g SE(2); (4.1)

see [14, Thm. 21, p.153].

The diffusions discussed in the previous section, Section [3, can be used to construct
a suitable operator ® on the orientation scores. At first glance the linear diffusions
themselves (with a certain stopping time ¢ > 0) and their resolvents (with parameter
a > 0) seem to be suitable candidates for operators on orientation scores, as they follow
from stochastic processes for contour enhancement. However, if the operator ® is left-
invariant (which is required, see Figure [6) and linear, then the effective operator T
is translation and rotation invariant, boiling down to an isotropic convolution on the
original image. Clearly, in such a case one does not need any orientation scores.

So our operator ® must be left-invariant and nonlinear and still we would like to relate
such an operator to stochastic processes on SE(2) as we discussed in the previous section.
Therefore we consider the operators (with A := {A;, A2, A3})

B(U.V) = (QPHA) — al) () (QPA) —al) V).

= (Ra,p,~a *sp(2) (X(U)))  (Ra,p,—a *sE@) (X(V))), '
where U (the source distribution) and V' (the sink distribution) denote two initial distri-
butions on SE(2) and where x is a monotonic, homogeneoud? grey-value transformation
on orientation scores such as x(U)(z,y,0) = F(U(x,y,0)), with F : R — R given by
F(I) = |IPsign(l), I € R, for some p > 1. The function ®(U,V) € Ly(SE(2)) can be
considered as the “collision distribution” obtained from collision of the forwardly evolving
source distribution U and backwardly evolving sink distribution V', similar to [7]. Origi-
nally, this idea was first developed for contour-completion processes in [57]. To motivate
the word “collision distribution” we recall from ([B.16) that (QP2(A) — o)~ (x(U))(9)
represents the unconditional probability density of finding a random walker (regardless

5To ensure grey-scaling f — Af, A > 0 covariance of the effective operator Y, (Z3).
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Image Wy Orientation Score
2 SE(2)
f € Lo(R?) Uy € C5FP C Ly(SE(2)
T 0]
Processed Image Processed Score
T[f] — W,;Z [@[U‘f]] (W;Z)ext: W;Z Pw @[Uf] G ]IJQ(SE(2))

Contour enhancement Contour completion
output image Tf:W(’gCDWd) f

Fic. 6. Top Row: The complete scheme; for admissible anisotropic
wavelets 1) the linear map W, is unitary from Lz (R2) onto a closed
subspace (C}g(E(Q) of L2(SE(2)). So we can uniquely relate a trans-
formation & : (Cf(E(Q) — (CiE(Q) on an orientation score to a trans-
formation on an image Y, = (W:L)”t o ® o Wy, where (W;Z)ezt
is given by ([@4)). Here we take ® as a concatenation of nonlin-
ear invertible grey-value transforms and linear left-invariant evolu-
tions (@3) with U = V = R{Wy(f). Bottom row: Automated
contour enhancement (left) and completion (right). Part II of this
article offers a more adaptive alternative to the operator ® defined by
(E3); one can set the operator ® as the adaptive evolution operator
Wy f = u(z,y, e, t) defined by the nonlinear adaptive left-invariant
evolution equation with certain stopping time ¢ > 0.

of its traveling time) at position g starting from the initial distribution x(U). Now the
probability density of finding both a random walker evolving independently from a source
distribution x(U) and a random walker from the sink distribution x (V') (regardless of its
traveling time) is up to normalization equivalent to the direct product of the probability
densities. For a clear connection between the well-known Brownian-bridge measures in
probability theory on manifolds [58], and the measures induced by collision distributions,

both defined on the manifold SE(2), see [2I, App. B, pp. 67-69)].

In contrast to earlier work [21], [20], [6], we shall restrict ourselves here to the case
where both source and sink equal the real-valued part of the orientation score of the
original image f, i.e. U =V = R{W, f}, so that the effective operator on the image
f € Ly(R?) becomes

To(f) = Wi [(Q7™(A) = al) ' ((RDVuSH)) - (Q7MA)" = al) ™ ((R(Wuf})] -
(4.3)
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Here we note that the imaginary part, which we discard by setting U = V = R{W, f},
of the orientation score does not play a role in the reconstruction.

In part IT of this article, [22], we shall consider more sophisticated alternatives to
the operator given by (3. In this part, however, we restrict ourselves to the case
#3)), since this is much easier to analyse and also easier to implement as it requires
two group convolutions (recall (B.8])) with the corresponding Green’s functions, which we
shall explicitly derive in the next section.

The relation between image and orientation score remains bijective if we ensure that
the operator on the orientation score again provides an orientation score of an image:
Let (Cf(E(z) denote the space of orientation scores within Lo (SFE(2)). Recall from Section
that we use this notation since the space of orientation scores generated by a proper
wavelet 1) is the unique reproducing kernel space on SFE(2) with reproducing kernel, [14
pp. 221-222, pp. 120-122], [12],

K(gv ) ( ng/[hdJ)

An operator on an orientation score is 1-to-1 related to an operator on an image iff ®

SE(2) 540 CSE(2)

maps C; However, in general it is very hard to directly obtain operators

that leave the space of orientation scores (C B2)

the reconstruction to Lo (SE(2)):

invariant. Therefore we naturally extend

W)U (g) = F [w > ; W.F[U(-,ew)}(w) FRewotp](w) dd M (w) |, (4.4)

for all U € Ly(SE(2)). Consequently, the effective part of an operator ® : (CSE(2) —

Ly(SE(2)) on an orientation score is in fact Py® : (CSE 2, (CSE( ). where Py, =
Wy (W;,)¢" is the orthogonal projection of Ly(SE(2)) onto (CSE 2,
the range R(Wy,) of Wy, equals R(Wy,) = (CSE(Q) R(Py) = N(I —Py) and thereby
(since the null space of a bounded operator is always closed) the space of orientation
scores (CS ) is a closed subspace of Ly (SE(2)). Furthermore, we note that (Py,®)(g) =
fSE2 (g, h)®(h)dh.

Now recall that ® must be left-invariant because of [@I]). It is not difficult to show
that the only linear left-invariant kernel operators on Lo (SE(2)) are SE(2)-convolutions,
which are given by (Bﬂ) Even these SE(2)-convolutions do not leave the space of
orientation scores (C P invariant. Although for all f € L2(R?), g € SE(2), k €
L;(SE(2)), one has

Here we note that

(k xsp@2) Wy f)(g) = /SE@) U, [, k(b g)dpsp @) (h)

([ Uy b@duso () Duae
SE(2)
= Uy, flLoe2) = Wi (9),

where ¢ = fSE(Z) Us, 1y k(h) d’LLSE(g)(iL), the reproducing kernel space associated to 1
will in general not coincide with the reproducing kernel space associated to .
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5. The heat kernels on SF(2). In Section 51l we will present the exact formulas
of the Green’s functions and their resolvents for linear anisotropic diffusion on the group
SE(2), which do not seem to appear in the literature. Although the exact resolvent diffu-
sion kernels, which take care of Tikhonov regularization on SE(2), cf. [I9], are expressed
in only four Mathieu functions, we also derive the corresponding Heisenberg approxima-
tive resolvent diffusion kernels, in Section These approximate Green’s functions are
Green’s functions on the space of positions and velocities rather than Green’s functions
on the space of positions and orientations and arise by replacing cosf by 1 and sinf
by 6 in the generators. In the context of contour completion this was first proposed in
3] and here we will mainly focus on the contour-enhancement case. Although these
approximative Green’s functions are not as simple as in the contour-completion case,
[20 ch:4.3], they are more suitable if it comes to fast implementations. For comparison
between the exact resolvent heat kernels and their approximations, see Figure [71

5.1. The exact heat kernels on SE(2) = R? x SO(2). In this section we will derive
the heat kernels K2 : SE(2) — RT and the corresponding resolvent kernels R, p :
SE(2) - R on SE(2). Recall that SF(2)-convolution with these kernels, see (B.8)),
provides the solutions of the forward Kolmogorov equations (B.11]) and recall that R, p =
o fooo KPe=*sds. In this chapter we set D as a constant diagonal matrix. Although
D33 =0 (as in Section Bl (BI1))) has our main interest we also consider the case D33 > 0.

The kernels KP and R, p are the unique solutions of the following problems:

{ (*Du(ag)Q D22(85)2 D33(8 )2 + a) Ra D = ade

Ra,p(+,-,0) = RaD(7 ,2m)Ra,p € L1(SE(2)) ,
9:KP = (D )2+ D22 (0¢)*+ D33 (0y) )KSD
lim KP = 6.

zsfé% € Li(SE(2)) .

The first step here is to perform a Fourier transform with respect to the spatial part
=R? of SE(2) = R2 x T, so that we obtain R, p, KP € La(SE(2)) N C(SE(2)):

[:(sD(whw%e) ZF[KE('7'79)}(W17W2)a
Ra,D(wlaWQae) :f[ROé,D('v'va)](wl’WQ)'

Then R(LD and K’f satisfy

al —Bw)Rap = 25 and 9, K P :BWKD, lim KD w,0) =6, , 5.1
) 27 S s 510 s ( )

where we define the operator
Bw = —Daap® cos?(p — 0) — Dagp? sin? (¢ — 0) + Dy1(9g)>
where we expressed w € R? in polar coordinates
w = (pcosp, psinp) € R?,

and where we note that 7(8.) = 5=1gz ® 6. We can rewrite operator B to a Mathieu
operator (corresponding to the well-known Mathieu equation (&.4), [45], [1)

Bw = D11 ((89)2 + al —2qcos(2(p — 0))),
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Dy 4D1
operator (with domain D(By,) = H?(T)) is for each fixed w € R? a symmetric operator

where a = _(y+(p2/2)(D22+D33) and q = p2 (M) € R. Clearly7 this unbounded

of Sturm-Liouville type on Ly (T):

Its right inverse extends to a compact selfadjoint operator on Ly(T) and thereby By, has
the following complete orthogonal basis of eigenfunctions:

0W(0) =men(p—0,q), neZg=p (Lglu)eRr
B,O% = )¢ 0%,

2
M, = —an(q)D11 — 5 (D2z + Ds3) < —n?Dy; <0,

where me, (z,q) = ce,(z,q) + ise,(z, q) denotes the well-known Mathieu function (with
discrete Floquet exponent v = n), [45][1], and characteristic values a,,(¢) which are count-
able solutions of the corresponding characteristic equations [I p.723], [45], containing
continued fractions. Note that at w = 0, i.e. p = 0, we have me,(z,0) = e, \0 = n?.
The functions ¢ — a,(q) are analytic on the real line. In contrast with the eigen-
function decomposition of the generator of the forward Kolmogorov equation ([39) of
Mumford’s direction process [20], we have ¢ € R rather than ¢ € iR and therefore we
will not meet any cumbersome branching points of a,,. For Taylor expansions of a,(q),
see [I, p.730]. For each fixed w € R? the set {©%},,cz is a complete orthogonal basis for
Lo(T) and
oo

Y (67,9)07(0)

n=—oo

1

T o

(b0, ®) = #(0)

for all test functions ¢ € D(T). Consequently, the unique solutions of (EI) are given by
o0

N e o . W geW
Ry(@,0) =& ¥ 0%(0)0 (00X, Rop(w,) =g ¥ 20% 0 (52

2 a—Ap
n=—oo
This proves the following result:

THEOREM b5.1. Let Diq,Dsy, D33 > 0. Then the heat kernels KSD“’DZ?’D33 on the
Euclidean motion group which satisfy

Os K P11:P22:Dss — (D11 (99)? 4 Daa(9¢)? + D33 (9,)?) KPr1:Paz2:Das
KDu:D22.Da3 (.. () = KDu:D22.Daa (.. 97) for all s > 0,

thDu,Dzz,Dss(. . ) =4 (53)
sl0 s ” <

KDu:D22.D33 ¢ 1,,(SE(2)), for all s >0

are gi\/en by
KD]] ,D22,D33 (l' y ei‘ ) = F [w — [A(; ? s (w 6‘ )}(I y)
S ’ ’ 7 ’

where

]A(SDlhD227D33 (w7 ei@) — 6_8(1/2)(D22+D33)92 < Z men(go, q)n21en(ga -9, Q) e~ S an(q)D11>
Y8

n=—oo
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2
with ¢ = ”(D4+:1D33) and a,(q) the Mathieu characteristic with Floquet exponent n and
with the property that KP11:P22:D33 > 0 and

2m
|‘K£11,D227D33 ||L1(SE(2)) — / KSD11,D227D33 (O, ei9) de
0

oo

2
= (277)*1/ e P = 1,
0

n=—oo

Consider the case where Dy; | 0. Then a,(q) ~ —2¢ as ¢ — oo and we have

lim KD117D22’D33((.0 619) :e*%(D22+D33)(w§+w§)e*%(D22*D33)(w§*w§)58
D110
2 2 A .
_ E—S(Dzzwm-‘rDsswy)(;g _ KSD117D221D33 (w7 619)56) )

Finally, the case D11 = 0 yields the following operation on Lo(SE(2)):

(KO yD22,D33 *5E(2) U / GD22’D33 (X _x ))U(X,, eie)dxl

= (RuGP** sz ) ()

g = (x,e") € SE(2), where G>*7% (2, y) = G¢ o, (1) GITL (y) equals the well-known
anisotropic Gaussian kernel or heat kernel on R", and where R i0(x) = ¢(R, 'x) is the
left regular action of SO(2) in Ly(R?), which corresponds to anisotropic diffusion in each
fixed orientation layer U(-,-,6) where the axes of anisotropy coincide with the £ and 7
axes. This operation is, for example, used in image analysis in the framework of channel
smoothing [24], [T5]. However, also the diffusion kernels with Dj; > 0 are interesting for
various image processing frameworks such as tensor voting, channel representations and
invertible orientation scores, as they allow different orientation layers {U (-, -, 9)}96[072,,) to
interact. For an illustration of the corresponding resolvent kernel R, p (with comparison
to the approximations in Section (.2)), see Figure [

Although expression (5.2)) for the exact resolvent kernel R, p can be related to numer-
ical schemes [20], ch: 5], it is a Fourier series which converges (point-wise) rather slowly in
the neighborhood of the unity element. Therefore we shall derive a more suitable series
expression than (5.2)) for the resolvent kernel R, p with rapidly decreasing terms. To
this end we will unwrap the torus to R and replace the periodic boundary condition in 6
by an absorbing boundary condition at infinity. Afterwards we shall construct the true
periodic solution by explicitly computing (using Floquet’s theorem) the series consisting
of (rapidly decreasing) 2m-shifts of the solution with absorbing condition at infinity.

In our explicit formulas for the resolvent kernel R, p we shall make use of the non-
periodic complex-valued Mathieu function which is a solution of the Mathieu equation

y"(2) + [(a — 2q) cos(22)]y(z) = 0, a,q €R (5.4)
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and which is by deﬁnitionﬂ [45, p.115], [1l p.732], given by

me4,(z,q) = ce,(z,q) T ise,(z,q). (5.5)
Here v = v(a, q) equals the Floquet exponent (due to the Floquet Theorem [45], p.101])
of the solution, which means that

me., (2 +7,q) = e mey,(z,q), (5.6)
for all z,q € R.
THEOREM 5.2. Let a > 0, Dag > D33 > 0, D11 > 0. The solution Rg’p, : R3\ {0,0,0} —
R of the problem

(=D11(89)* — Da3(9¢)? — D33(9y)* + a) RYp, = ade,
R p(++,0) — 0 uniformly on compacta as [0 — oo,
is given by RY’p(7,y,0) = F  (wa, wy) = Rng (Wg, wy, 0)](z,y), where
R p(wa,wy,0) = grpoivns
2 2
x {mel, (go, %) me_, (@ -0, %) u(f) (5.7)
_ 2 _ 2
e, (ip, L2 Y e, (o — g, L2Dmle’ ) ()|
with w = (pcos¢, psing), where § — u(f) denotes the unit step function, which
is given by u(d) = 1if 6 > 0, u(f) = 0 if & < 0. The Floquet exponent equals
v (_(a+(1/2)§£f2+D33)p2), (D21_D[i33)p2) and W, 4 = ce,(0,q)se],(0,q) equals the Wron-
skian of ce(+, q) and se(-,q) with a = (0‘+(1/2)(D22+D33)p ) and ¢ = 7@224 DDITB’) .
In case Doy = D33 (which follows by takmg the limit Dyy — D33 in (B1)) we have

_ °‘+D22P2|9‘
R ae D11

Rzo (w, 9) = )
D 47T\/D11\/D22p2+04
which yields (for Dy = D33):

p = ||w|, D22 = D3s,

02 2
D1y T Doy
KD,OO(X 0) = \/D—an (4778)2 Ts , r = ||x||, D22 = D33,
_va 0% 2 (58)
R (X 0) _ e D11 " Dag
47"\/ 11D22 TM+D22

Proof. We apply a Fourier transform with respect to R? only, which yields
(Dgg(@g)Q + Dgg(an)2 + D11(89) — CkI) a.D = Ck&e R <~
(=Da2p? cos* (¢ — 0) — Dzp®sin®(p — 0) + D11 (9p)* — )R = -0 &
(—Ds3p* + (D33 — Dag)p? cos (80 0) + D11(06)° — O‘I)Ra p =500

((90)* +al —2qcos(2(¢ — )Ry = — 5500 »

(5.9)

"There exist several definitions of Mathieu solutions (for an overview see [I, p.744, Table 20.10]), each
with different normalizations. In this article we always follow the consistent conventions by Meixner and
Schaefke [45]. However, for example, Mathematica 5.2 chooses an unspecified convention. This requires
a slight modification of (E3); see [2].
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where a = — (a+(p2/233(£22+D33)) and ¢ = p? (D”TIDM). Now the remainder of the
proof is tangential /analogous to our proof of a similar theorem for the contour-completion
process [20, Thm. 4.10], so we omit it here. For details see [21] p.16].

Note that if Doy = D33, the diffusion in the spatial part is isotropic and A = 5‘2 +82
92+02 commutes with ;. Therefore if Doy = Dss, then left-invariant diffusion on RQ x T
(with dlrect product), left-invariant diffusion on R? x T (with semi-direct product), and
thereby the kernels (B8] coincide with the Green’s functions for anisotropic diffusion on
R3. We have employed this fact in [29] in order to generalize fast Gaussian derivatives
on images with separable Gaussian kernels to fast Gaussian derivatives on orientation
scores. For details and implementation, see [30, ch:5.2].

Finally, analogously to the contour-completion case [20, ch:4.2.1], we stress that we
can expand the exact Green’s function R, p,, as an infinite sum over 2m-shifts of the

solution RS’ -~ for the unbounded case, i.e.

N
Rop(z,y,e’)= lim > RYp(z,y,0— 2k). (5.10)

N—o00
k=—N

We stress that the rapidly decaying sum in (BI0) can be computed explicitly by means
o0 .

of the Floquet theorem, i.e. (5.6]), and the geometrical series > r* = ﬁ for r = e%
k=0

with r = |e™| < 1 since the imaginary part of v = v(a, q) is positive. By straightforward

computations this yields the following result.

THEOREM 5.3. Let «, D11, D22 > 0 and D33 > 0. Then the solution R, p : SE(2) - R
of the problem

(—D11(89)2 — Dgg(ag)z — D33(877)2 —|— a) ROuD = 04567
Ra,D('; 0+ Qkﬂ') = Ra,D('a ,9) for all k € Z,
Ra.p € Li(SE(2))

is given by R, p(x,0) = > R p(x,0 + 2km), the right-hand side of which can be
kEZ
calculated using Floquet’s theorem and (5.7)) yielding for D33 < Das:

[FRa,p(,0)(w) = Zpriee, 095 0
x {(— cot(vm) (ce (v, q) sew (¢ — 0, q) + sew(p, q) sew (¢ — 0, q))

+ce, (p,q) sew (¢ — 0,9) — seu (0, q) cew (p — 041))‘»1( ) (5.11)
+ (= cot(vm) (cev (v, q) cen (v — 0,q) —sew (v, q) sev (v — 0,q))

+eeu (i, q) sew(p — 0, ) +seu(p, q) cen (v — 0,9)) u(=0)},

with ¢ = W, w = (pcosy, psing) and the Floquet exponent v = v(a,q),

a = —“+(1/2)(D22_D33)p and where § — u(f) denotes the unit step function, which is
givenbyu(G)—11f9>0 u(@)=0if 6 <0.

The results in the preceding theory on the resolvent Green’s function of the contour-
enhancement process can be set in a variational formulation, similar to the variational
formulation in [I0] (where D33 = 0).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



LINEAR LEFT-INVARIANT DIFFUSIONS ON SE(2) 277

COROLLARY 5.4. Let U € Lo(SE(2)) and «, D11, D3z > 0, D33 > 0. Then the unique
solution of the variational problem

. @
arg min / 5W(9) = U(9)]” + D11|06 W (9)|* + D22|0c W (9)|* + D33|0c W (9)|*dpisp2) (9)
WERL(SE2)) Jsp(2) 2

is given by W(g) = (Ra.p *sp@2) U)9) = [sp() Ra.p(h'9)U(h) duspe)(h), where the
Green’s function R, p : SE(2) — R* is explicitly given in Theorem [5:3]

For a proof see [21] p.18].

5.2. The Heisenberg approximations of the heat kernels on SE(2). If we apply a first-
order approximation cosf & 1 and sin 6 & § the left-invariant vector fields {A;, As, A3}
are approximated by

Ay =99, Ay = 8, + 00, As = —00, + 9, (5.12)

which are left-invariant vector fields in a 5-dimensional nilpotent Lie algebra (adding
the directions A = Oy, Ay = 9,) of Heisenberg type. In our previous related work [20]
we used this replacement to explicitly derive more tangible Green’s functions which are
surprisingly good approximations of the exact Green’s functions of the direction process.
In fact the replacements A; — Ay and Ay — A, (while considering the case D33 = 0) will
provide Green’s functions on the group of positions and velocities rather than Green’s
functions on the group of positions and orientations; see [53, App. C]. The Lie algebra
of this 3-dimensional subgroup Hj is spanned by

{A) = 09, Ay = 8, +00,, A3 = [A1, Ay)] = 0,}.

Later in Section [5.4] we will underpin the intuitive replacements A; — Ay and Ay — A,
by decent mathematics, following the method of contraction as described in [52].

Here we will derive the approximative Green’s functions for contour enhancement,
which coincide, up to coordinate transformation, with the heat kernels on Hsz. In the
case of contour completion we had the interesting situation that the approximative left-
invariant vector field Ay = 8, + 00, together with the diffusion generator (09)? and the
identity operator I and all commutators form an 8-dimensional nilpotent Lie algebra
spanned by {I,@I,89,8y,98y,892,398y,8§}. From this observation and [55, Theorem
3.18.11 p.243] it follows that the approximative Green’s functions are given by

_ 3(@0-21)2+a22(0—rga)?

FsDu,aQ:I(x’ v, 9) — (5(1‘ _ S)%e 423D1q , - 1a
— V3 o _3(10721,)2;:2(97,{02)2 ( : )
ROé7D11,a2=1(xa Y, 9) =Q5p a2 € 4e2 D1y u(X),

where u denotes the 1D Heaviside/unit step function. However, this efficient technique
cannot be applied to the diffusion case (contour enhancement), since the commutators of
the separate diffusion generators provide infinitely many directions. Therefore we follow
[10] and apply a coordinate transformation

—=D11,D22
KS

i i 0 20y-%)
) ;9 = Ks /; /7t, = Ks ° ’ ) 2 ’ 514
(z,y,0) (2,0, 1) <\/2D22 V2D11 v/D11Dao (14
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where we note that 83FSD“’D22 = (D1103 + D22 (0, +03y)2)Ff“’D22 if and only if
0. K, = % ((dw —22'0p)? + (0w + 2w/8t/)2) K, = %AKf(s, which provides us the left-
invariant evolution equation on the usual Heisenberg group Hs generated by Kohn’s
Laplacian, [32]. So now we can translate well-known results on harmonic analysis on
Hj3 to the diffusion equation of the contour-enhancement process. For example the heat
kernel and fundamental solution on Hs are well known [32]. The heat kernel equals

@H?  (@H?)]
f(s(x’,w’,t') — 1 / 2 cos T_t/ e 75:;”11)(2;) d7-7 (5.15)
(27s)? Jg sinh(27) s

and as a result by (I4) we obtair] the following Heisenberg-type approximation of the
Green’s function and corresponding resolvent (for infinite expected lifetime, (3:15])):

FDM,DM (l‘ 9) _ 1 f( 2 0 2(y—22)
8 Y 2D11 D227 "% \ \/2D23’ /2D11’ /D11 D22
bt )"
_ 1 27 2r(y—22) \ Rt
= 8D11Daan?s? JR simh(2r) €08 (S\/D11D22 € Do dr (5.16)

22 02 (y—320)2

a—0 ( )2
16 D22+D11 + D11 D22

i -1 _ 1
and lim o 'Ry p,, D, (2, y,0) = 4WD11D22¢
1

The resolvent Green’s function lirrb o 'R p,, D,, follows by the fundamental solution
a—

on Hs, [32] and the coordinate transform (G.14)).

For a detailed derivation of (515)), (EI8]), we refer to our earlier work [19, pp. 6-8],
which mainly follows derivations by [32] on Hj, where we systematically applied (514
to relate the coordinates of the first kind to coordinates of the second kind on Hs. Here
we also provide the corresponding resolvent kernel with finite expected lifetime a=':

Ro(a',w',t') = a [, KP(a/,w',t')e"**ds, which is given by

_ ~ . 2( ,LG)
Ra(xvya 0) = Ra(x/,w/,t/) with (x/vwl7 tl) = (\/2277 \/QGDT7 511522)
=2 (w!)2 iT
m(zﬁ\/tan?g%((Dl)l ‘(92)2} ?)1133/22> . (5.17)
T

27 ((w')z; W2\ 2irt!
tanh27 \ ‘D11 'Dag ) D11 D2z

_ 2 \C
- U:r < I5° smhar Re \/

where ky is the first-order Bessel K-function. Formulae (5.I7) and (5I6) are somewhat
cumbersome if it comes to fast computations in practice. Later, in Section 0.4l we shall
derive asymptotic formulas for these kernels that are more tangible from a practical point
of view. However, the resolvent kernel with infinite lifetime (5.I6]) is much simpler and
follows by taking the limit o — 0 in (&I7) and substitution v = cosh(27).

Figure [7] shows illustrations of both the exact resolvent Green’s function Ry p,,,D,,
and its approximation Ry, p,, D,,, Which coincides with the resolvent kernel on Hj:

RQ,D11>D22 = (Dllfi% + D22A§ - aI)ilée . (518)

8 Note that our approximation of the Green’s function on the Euclidean motion group does not
coincide with the formula by Citti in [10].
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X—axis

X—axis

Fic. 7. Top row, left: A comparison between the exact Green’s func-
tion Ry, py,, D4, Of the resolvent diffusion process a = %, D11 =0.1,
D33 = 0.5 on SE(2) in Theorem and the approximate Green’s
function Ra,Dll,DQQ (EI]) (iso-contours in dashed lines) of the cor-
responding resolvent process with infinite lifetime (ow — 0) on SE(2)
given by (5I6). Here both distributions are integrated over the torus,
yielding the xy-marginals. Top row right: 3D-view on a stack of iso-
contours (intersections by fixed 6-planes) in SE(2) (left: approxima-
tion Ea,DH,DQQ = C, right: exact Ro py;,Ds5(5,0) = C) viewed
along the f-direction. Bottom row: a comparison of the level curves
of the marginals of Rq, p,, (given by (513)) and the exact Green’s
function of the direction process Ry, p,;,a=1 given in [20]. Right:
3D-view on a stack of iso-contours R, D ,a5=1(+,,0) = C in SE(2).
Left: comparison of the xy-marginals, where again dashed lines de-
note the level sets of the approximation Empu,az:l, The small
difference is best seen in the iso-contours close to zero. In both cases
the typical difference between the dashed (approximation) and non-
dashed iso-contours (exact) contours is due to the fact that random
walkers of the approximation processes (such as (521))) on H3 must
move forward in the initial z-direction and thereby, in contrast to the
random walkers of the exact processes on SE(2) (such as ([3I2)), do
not turn in the negative x-direction.
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5.3. The Hormander condition and the underlying stochastics of the Heisenberg ap-
proximation of the diffusion process on SE(2). In this subsection we will address two
issues. First we derive necessary and sufficient conditions on the convection and diffu-
sion parameters, respectively a = (a1,a2,a3) and D = [D;,], in order to get smooth
Green’s functions of the left-invariant convection-diffusions ([B.6]) with generator (B3). It
turns out that D need not be strictly positive, as for example in the case of the contour-
enhancement process we have a = (0,0,0) and D = diag{D11, D22,0} and in the case
of the direction process we even have a = (0,1,0) and D = diag{D;1,0,0}. By the
Hormander theorem [36] the noncommutative nature of SFE(2), in certain cases, takes
care of missing directions in the diffusion matrix (i.e., directions in the null-space of
D). Secondly, we would like to get a stochastic grip on the induced smoothing in these
missing directions.

Consider the contour-enhancement kernel

2
KPn=bDn=10(g . 0) = (20 075,) (@, ,0)

on the group SFE(2) and its approximation
> 8, +600,)%+07
K2M0(2,y,0) = (g 75, (@, y.6)

on the group Hs. Both kernels are nonsingular and smooth in all directions, whereas
the corresponding kernel on the commutative group (R?,+), given by (e]%(zd +89)5”” Ry ®

88) (2, y,0) = GEL(x)GE=1(0)8], is the singular Green’s function of Brownian motion
in the (z,0)-plane in R3. Throughout this subsection we shall restrict ourselves to the
Heisenberg approximation of contour enhancement to illustrate our issues. Regarding
our second issue we show how the indirect smoothing in the J,-direction relates to a
random variable that depends on random variables related to the direct smoothing in

the 0, and 0y directions. First we will formulate the Hormander theorem.

A differential operator L defined on a manifold M of dimension n € N,n < oo is called
hypo-elliptic if for all distributions f defined on an open subset of M such that Lf is
C* (smooth), f must also be C°°. In his paper [36], Hérmander presented a sufﬁcient

and essentially necessary condition for an operator of the type L = ¢+ Xy + E( )2,

r < n, where {X;} are vector fields on M, to be hypo-elliptic. This condition, Wthh we
shall refer to as the Hormander condition, is that among the set

{Xju [levij]a [Xju [Xj2an3Hv RN [lea [ijv [Xj3a e vX]km s | Ji € {07 L. .,7‘}} (519)

there exist n elements which are linearly independent at any given point in M. Now if M
is a Lie group and we restrict ourselves to left-invariant vector fields, then it is sufficient to
check whether the vector fields span the tangent space at the unity element. So necessary
and sufficient conditions for smooth (resolvent) Green’s functions on SE(2)\{e} on the
diffusion and convection parameters (D, a) in the generator ([B.5]) of (3.6 for diagonal D
are

{1,3Yyc{ila; #0VD; #0} Vv {1,2} C{i|a; #0V Dy # 0}.

If we apply this theorem to the forward Kolmogorov equation of the direction process,
then we see that the Hormander condition is satisfied since we have M = SE(2) x R,
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Xo = —0s — 0¢, X1 = 0y and we have
dim span{—0, — O¢, 0y, (09, —0s — O¢], (09, [0g, —0s — O¢|]} = dim span{ds, 0y, O¢, 0y} = 4

and indeed the Green’s function of Mumford’s direction process is infinitely differentiable
on SE(2); see [20]. Similarly the Green’s function of the resolvent direction process
determined by LR = 4., with L = —9¢ + D11(09)* — 1, is infinitely differentiable on
SE(2)\{e}; for explicit formulas, see [20]. To this end set M = SFE(2) and note that

span{dp, [0y, O¢], [Op, [0p, O¢]]} = span{0y, O¢, 0y} = L(SE(2)).

However, in the case of the direction process, the Heisenberg approximation of the time-
dependent Green’s function (513) is singular and indeed

dim span{—0s; — 0, — 00,,09,0,} = 3 < 4.

Fortunately, this discrepancy between the Heisenberg approximation and the exact case
does not take place in the contour-enhancement processes, where we have both

dim span{—0s, 0 + 00y, 0g, 0y} = 4 and dim span{ds, 9y, 0¢, 0y} =4 .

Now we consider our second issue:
“Can we get stochastic insight in the induced smoothing in the remaining directions in
the diffusion processes [B.6]) on SFE(2) generated by hypo-elliptic operators, of the type
B3, that are not elliptic ?”
Consider to this end the heat kernel on the 3D Heisenberg group Hs, recall (B.13]), which
is smooth in all directions, despite the fact that diffusion is only done in the 0, 4+ 2wd;
and 9, — 2x0; directions. Here, the induced smoothness in the ¢-direction has an elegant
stochastic interpretation. As shown in [32], the underlying stochastic process (with the
diffusion equation on Hs as the forward Kolmogorov equation) is given by
Z(s)=X(s)+iW(s) = Zo+ev/5, e ~N(0,1),
T(s) = 2/ WdX — XdW, s > 0, (5-20)
0
so the random variable Z = X + ¢ W is a Brownian motion in the complex plane and
the random variable T'(s) measures the deviation from a sample path with respect to
a straight path Z(s) = Zy + s(Z(s) — Zp) by means of the stochastic integral T'(s) =
2 [; WdX — XdW. To this end we note that forl] s — (z(s),w(s)) € C°(RT,R?) such
that the straight line from X to X (s) followed by the inverse path encloses an oriented
surface 2 € R?, we have by Stokes’ theorem that

2u(Q) = —/Os(—X’(t)W(t) +X(OW'(t))dt +0 = /Os WdX — XdW.

Now by the coordinate transformation (5.I4]) we deduce that the underlying stochastic
process of the Heisenberg approximation of the diffusion process on SFE(2) is given by

{ X(s)+i0(s) = X(0) +iO(0) + /5(ex + i €g),

5.21
Y(s) = Y(0) — XQRO) 4 X()O) 4 1 f2gdx — XdO , (5:21)

9A Brownian motion is a.e. not differentiable in the classical sense, nor does the integral in (520)
make sense in classical integration theory.
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F1G. 8. Stochastic interpretation of the “indirect smoothing” (by
means of the commutators) within the Hérmander condition of the
diffusion generator of the Heisenberg approximation. See (5.21]). The
left-invariant diffusion on H3 generated only by A; = 9 and Ay =
0z + 00, takes place along the corresponding exponential curves of

Hs. Along these curves one has «% = 6 and thereby d(y — %9) =
%(de — xd#) and the random variable Y'(s) (determined by X and
O) can be written as the stochastic integral Y (s) = Y (0)— w—l—

% + % Jo ©dX — XdO and measures the surface area between

a path and the z-axis.

with the random variables e, ~ N(0,2D11),e9 ~ N(0,2D32), which provides a better
understanding of the “indirect smoothing” (by means of the commutators) within the
Hormander condition of the Heisenberg approximation of the contour-enhancement pro-
cess on SE(2): the indirect smoothing in the 0,-direction is due to the randomness of
the variable Y (s) given in (5.2Il), similar to the fact that the direct smoothing in, re-
spectively, the 9, and 0y directions is due to the randomness of X (s) and ©(s). For the
simple geometric meaning of the random variable Y (s), see Figure [8

5.4. Gaussian estimates for a parameterized class of intermediate semigroups. In this
section we shall derive, only for the case D33 = 0, a continuum of semigroups between
the exact semigroup U — KP1P22 sgp o) U with the kernels KP1-P22 - SE(2) — RY

. . . . . —D11,D
discussed in Subsection [5.1]and the approximate semigroup U — K, ' =

—=D11,D22

the kernels K : SE(2) — RT discussed in Subsection [5.2] s > 0. Furthermore, we
shall derive Gaussian estimates for both KP11:P22 and stu’Dn, s > 0. For the latter

case this Gaussian estimate turns out to be rather sharp.

We follow the general work by ter Elst and Robinson [23] on semigroups on Lie groups
generated by weighted subcoercive operators. In their general work we consider a par-
ticular case by setting the Hilbert space H = Lo(SFE(2)), the group G = SE(2) and the
right-regular representation & = R. For details, see [21, App.D]. Furthermore we con-
sider the algebraic basis {0y = dR(A1),0: = dR(Az2)} leading to the following filtration
of the Lie algebra:

g1 = span{dy, Ot} C g2 = span{9y, ¢, Oy }, (5.22)

so the weights are w; = 1, wa = 1 and w3 = 2. For example 0, has weight 2 since it
occurs in go but not in g;. Now we define the dilations on the Lie algebra and the Lie
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group:

3 3 A A
(D A) = > tvict A, forall ¢ € R,
j =1

i=1 2

tw2 ) tw3

’Vt(x,yﬁ): ( x y eh“‘%), with wp = wy = 1,wg = 2,

and for 0 < t < 1 we define the Lie product [A, B]; = v; ' [:(A), 7:(B)]. Now let (SE(2));
be the simply connected Lie group generated by the Lie algebra (T.(SE(2)), [, ]:). The
group products on the intermediate groups (SE(2)):c(0,1) are given by

(x,9,0) ¢ (x',y',0") = (x + cos(0t)x’ — tsin(0t)y’,y + w:pl +cos(0t)y’,0+6') . (5.23)
The left-invariant vector fields on (SE(2)), are given by Aﬂg = (3 Yo LyoA).A;, s0
Aﬂg = %(t({?@) =0y,

Ag’g =t (%(at)aw + Si,?#@y) = cos(0t)0, + way ,

A =12 (—Si“,ﬁ@“ 0, + <300 ay) = —tsin(604)d, + cos(6t)d,.
Now the homogeneous nilpotent contraction Lie algebra equals

(SE@)o =lm(SE@)=Hs  and (SE(2)e—1/({0} x {0} x 20Z) = SE(2), (5.24)

with the Lie algebra £(Hz) = L((SE(2))o) = span{dy,d. + 00,,0,} = {A;, Ay, A3},
where we recall (5.12). Note that L(SE(2)) = L((SE(2))i=1) = {09, 0¢, Oy}

So we have derived a continuum of holomorphic semigroups between the exact case
and its Heisenberg approximation with rapidly decaying kernels K! € La((SE(2)):) N

(g15)?

L1 ((SE(2));) that satisfy Gaussian estimates |K!(g)| < Cs2e~*" <, with C,b > 0
constant, where the equivalent |g|; moduli are defined in [62]. Locally these moduli are
equivalent (so locally there exists a ¢ > 0: ¢ t|a|; < |exp,(a)]; < clalt, later we will see
¢ =~ 1) to the weighted modulus on the Lie algebra, see [52, Prop.6.1], which is given by

3
> BiA;
i=1

and as a result (derivations will follow below) we have for, respectively, ¢ | 0 and for

=SB+ (@) + |5, (5.25)

lal =

t

t=1:
1 22 | 02 ly— 22|
—=D11,D22 i0 1 T 4se2 (Dzz toat /50
KS ('T’ Yy, e ) = 4ms2Dy1 Das ’ e (5 26)
1 02 + 0% (y—n)? + 1 ‘ 0(£—=) ’
K D11,D22 (I,y7ei9) <5 2Dl e 252\ D11 " 4(1-cos(0))2 D23 | /D11 Dag | 2(T—c0s0)
S - TS 114722 '

A problem though with these estimates is that they are, in contrast to the corresponding
exact kernels, not differentiable at, respectively, the surface given by y = %x@ and the
surface given by tan# = ¥. This is for example a practical problem in generalizing fast
regularized derivatives on orientation scores, [30, ch: 5], to the case Dy # Dsz. This

problem can be resolved by applying the estimate

1
la| +1b] > Va? +b* > ﬁ(|a|+|b\), (5.27)
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which holds for all a,b € R, to the exponents of our Gaussian estimates. Therefore we
shall estimate the weighted modulus (5.25) by the equivalent (for all ¢ > 0) weighted
t

= VB! + 167172 + |82,
again indexed by ¢ > 0. This yields, with again { =xcosf+ysinh, n = —xsinf+ycosh,

modulus | - |t : T.((SE(2));) — R given by PAL

1 22 92 ly— 222
?D117D22(x y,e ) < e T 4sc2 \/(Dz D7 ) + D11D22
s .¢) < 7 prpm ’

_ 4022 L1 02 (¢—x)2
4w? D11 4(1—cos(0))2Dgy D11D22 \ 4(1—cos6)2 )’

D11,D22
K (2,9,¢") < frprps©

(5.28)
where the right-hand sides turn out to be useful asymptotic formula@ for the exact
Green’s functions, in the sense that almost similar lower bounds exist. The latter estimate

coincides only locally with the local upper estimate reported by Citti and Sarti [I0]

_CZ<LD + o+ il +2\/ Pl s + oy )41 .
Thm. 5.1, eq. 12], xP1P22(5) < Y. 22 P 11D22 1 Daz V P22 T Pun )35 ih

g = (z,y,¢e") for |g|, < 1 and some Cy,Cy > 0. Our estimate appears to be a much
sharper estimate (away from the origin e). Moreover, the formula by Citti and Sarti is
intended as a local upper estimate. It can only be used as a rough approximation of
the true kernel close to the unity element if the last term in the exponent is dropped,
but even then the restriction of exact kernels to fixed 6 strongly deviates from the exact
kernels as |0] increases, which is not the case with our asymptotic formulas (5.28]).

The advantage of using the Gaussian estimates (B.28) is that they in practice do
not require any inverse Fourier transforms, in contrast to our exact formula for the
Green’s functions on SE(2) and their local approximations, the Green’s functions on
Hs, in Theorem Bl (for Das # Dss). For g—; < 1 the Heisenberg approximation is
close to the exact case, so for these parameter settings we may expect (considering the
results concerning the equivalent moduli | - |, t € [0,1] in [52]) that the estimate for the
exact kernel KP11:P22 see (5.26]), is sharp as well. Figure [ shows how the asymptotic
formulae (528) perform into our scheme of contour enhancement via orientation scores
as explained in Section @l

5.4.1. Derivation of our estimates by coordinates of the first kind. With respect to
the first estimate of (5:26) (and (5.28])) we note that this nilpotent Lie group, which is
isomorphic to Hj, is a subgroup of the five-dimensional group Hs of Heisenberg type
that arises by approximating cosf =~ 1 and sinf =~ 6 with left-invariant vector fields:

A =AY =0y, Ay=A=0,+00, As=20,,
143 = —00, + 8y, A5 =0,.

This Lie algebra £L(Hs) = span{/h, Ay, As, Ay, A 5} is isomorphic to the matrix algebra

10The Gaussian kernels are global upper bounds for the exact Li-normalized positive kernels; there-
fore they are not Lji-normalized. For example, the first Gaussian estimation kernel (5.26) must be
multiplied by Cj}g to be an LLi-normalized kernel on Hs.
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The exponent is given by

1 ta' ta*+ %t2a1a2 ta® + %t2a1a3
12 0 1 ta? ta®
exp(tB) =1+tB+ 5B =| o o ’11 8
0 O 0 1

This isomorphism enables us to relate the coordinates of the first kind to the coordinates
of the second kind in H3 = (SE(2))o without explicit use of the CBH-formula :

(z,y,0) = eXPo(asAs) eXPo(a2A2) eXPo(alAl) = eXPo(/BéAl + 58142 + 58143) <
Bi=al=0, B+ 1AB =at =y, B =a’=u,

with 4; = A;|, € Tu(Hs), i = 1,2,3. So the coordinates of the first kind on (SE(2)), are

1
By =0, p2=rxand B3 =y — 59&0, (5.29)

and thereby the weighted modulus on (SE(2))o associated to our filtration (5.22]) equals

1
lglo = \/92 +a? + [y — at]. (5.30)

Finally we note that the estimate for the Heisenberg approximation (520 is reason-
ably sharp if we relate it to our fundamental solution (516 :

1 1 oo 7-D11,D22 1 1
7D11Da2 L2 | 42 . lv—3ef] <Jy K (2,y,0)ds = 7rD11D22\/ 22 | 02 \2,. lu—2a0|
D23 " D11 " \/Dy1Day <D22+Tu) +16 51 Doy
<1 V2
— mD11D22 2 02 ly—3z6]

D22 + D11 ' /D11 Dag

where we recall (5.27). Then we see that ¢ = v/2 &~ 1.19 > 1 indeed yields a Gaussian
upper bound for the exact Heisenberg kernel for « | 0, whereas ¢ = 0.5 yields a Gaussian
lower bound for the same kernel.

Similarly we can derive the second estimate of (5.26) (and (5.28])). To this end we use
the formula for exponential curves [20, eq. 3.7] to solve for

exp(Bi A1 + B Az + 5 A3) = (2,y,¢”),
which yields by straightforward computation (for 6 € (—m,7) \ {0}) that

yb — 6n —z0 + &0

1 2 3
=0 =—- " _and B =—"""J— 5.31
=0, 5 2(1 — cos 0) and fy 2(1 —cos )’ (5:31)
from which result (5:28)) follows. Note that 2(179COS 5 = 73 %2 @y % again the first-order
s b

expansion of ¢ in (531 gives (5.29) and if § — 0, then 8} — 0, 32 — =, fZ — y for all
t>0.
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c d e f
output output output output

() . Q

xy-marginal Green'’s functions: - = -

Corresponding Orientation scores

Wavelet

2]
7

Fic. 9. Top row: From left to right, a: original noisy image
f, b: |f|Psignf, c: (W:L)ext(xp(wwf)), where we recall that
x(U)(z,y,0) = |R(U(x,y,0))|Psign{U(x,y,6)}, d: contour enhance-
ment (@3] but using time-dependent diffusion kernel depicted below,
e: contour enhancement (3] using resolvent Green’s functions de-
picted below, f: contour completion using resolvent completion kernel
depicted below. In all cases we have set p = % and the involved ori-
entation scores are sampled on a 100 x 100 grid, using 64 orientations.
Circles depict parts of the output images Yy (f), where a clear dif-
ference arises in the contour-completion and contour-enhancement
processes. Middle row: From left to right, (real part of) proper
wavelet 1, where we used the proper wavelets as described in [29]
(parameters ¢ = 8,k = 2,ng = 64,¢t = 100,s = 20), Green’s func-
tion time-dependent contour-enhancement process with parameters
D11 = 0.00015, D22 = 1, stopping time se,q = 15, where we used
the asymptotic formula (528), Green’s function resolvent contour-
64 , Green’s func-
tion resolvent contour-completion process Di; = 0.0024, o = 6i4.
Bottom row slices Wy, f(-, -, er) for O, = (2k+1) 5 35+ %,0,1,2,3,4,5,
in the corresponding orientation scores of the output image.

enhancement process D11 = 0.00015, D33 =1, a =

Appendix A. Invertibility of transforms W,, resp. W,, and decomposi-
tion of V, resp. U, into irreducible representations and an inverse Fourier
transform on SFE(2), resp. SIM(2). So far we have presented a summary of results
(relevant for applications) of our previous theory on invertible orientation scores. A nat-
ural question that arises to the reader unfamiliar with the previous works [14], [31], [33],
[3] is how does the invertibility of the transform W, given by

(R? 3 (z,y) = f(z,y) €R) = (SIM(2) 3 g = Wy f(g) = Vi, f) € C),
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relate to the irreducibility of the underlying representation V; recall [23). Secondly, the
question arises how this relates to the fact that we must set M, = 1 (recall (Z7]) and
[28)) to guarantee well-posed reconstruction of the transform Wy, given by

(R? 3 (z,y) = f(z,y) €R) = (SE(2) 3 g = Wy f(g) = Uy, f) € C),

by means of its La-adjoint (Wy)*. In this section we provide a brief answer to these
important questions.

Although the early works of Grossmann et al., [33], [3], are mostly based on decompo-
sition of the identity using extended versions of Schur’s lemma, an alternative and shorter
answer to this question can be deduced from [31], ch:4] by exploiting the relation between
the transforms Wy, : Lo(R?) — Lo(SIM(2)) 22) and Wy, : La2(R?) — Ly(SE(2)) ()
and inverse Fourier transforms on, respectively, the groups SIM(2) and SE(2). How-
ever, since the important and general work in [3I] is rather abstract, we will focus only

on our specific cases of interest and provide the explicit formulae for these cases.

To this end we use the general identity: trace{a ® bo A*} = (Ab,a), where A is some
bounded linear operator on a Hilbert space and a and b some vectors in the Hilbert space,
where we define (a®b)(x) = (b, z)a. As a result we rewrite the wavelet transform W, as

— _ *Y _ [ _1 dVS/IT/I(g)(U)
Wy f(g) = (Vb fi,me) = trace{f @ ¢ o (Vy)"} = jﬁ@)trace{Af,w(U) alg )}W
1 . B
= ——— [ Fsrue (Ar)lg™)
Vﬁmz)(V)[ soc) (Are)l(g)
(A.1)

where VST (2) denotes the Plancherel measure on the dual group SINM (2), [27], consisting

of all nonequivalent, unitary, irreducible representations of the group STM (2) and where

/0 ifo#V,
AM(U)_{ fod ifo=V.

So the Plancherel theorem for the Fourier transform on the group STM(2) now yields

dvsr3z(2)(9) 1
SIM(2
oS Macsnran = [ WlAnw@IIP 22 1R, o ety -
SIM(2) VsTaE(2)(v) Vs (V)
where ||| - ||| denotes the Hilbert-Schmidt norm, which is defined on bounded operators

A € B(L2(R?)) acting on Ly(R?) by means of

[|A]||* = trace{A* A} = Z | A fxl|?, where {fi}7Z, is some orthonormal basis for Lo (R?) ,
k=1
so in particular, the Hilbert-Schmidt norm of the tensor product f ®1 of ¥ and f equals
IIf @ ||[* = I fII*l]/?. We conclude that the admissibility constant ([2.4) equals Cy, =
mw}“? and, moreover, the unitarity of W, directly follows from the Plancherel

theorem on STM (2) and the fact that V € ﬁ@)

Obviously, one would like to obtain the same kind of connection between the trans-
form Wy, : Lo(R?) — Ly(SE(2)) and the inverse Fourier transform on SFE(2), but here
arises a technical problem. In contrast to the representation V), the representation U is
reducible. Therefore it must be decomposed into irreducible representations; i.e., I must
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be written as a direct integral of irreducible representations. This is similar to the well-
known Peter-Weyl theorem for compact groups, [50], but the technical problem is that
SE(2) is not compact, giving rise to an over-countable set of irreducible representations
requiring direct integral decomposition (for details on these decompositions, see [31, pp.
67-84]) rather than direct sum decomposition. All unitary, irreducible representations,
up to unitary equivalence, of SE(2) are given in [51] and the ones with nontrivial dual
Plancherel measure occur only once in the direct integral decomposition of &. They can
be related to the dual orbits of SO(2) on R? which coincide with rings in the Fourier
domain, using Mackey’s theory [42]. Now the theoretical rationale behind My, = 1, recall
230, is that the kernel v must be chosen with unit length in each irreducible subspace
of Lo (R?)NL; (R?), meaning that the Ly-norm over each fixed ring in the Fourier domain
is 1 (note that M, (w) only depends on the radius p = [|w||) so that each irreducible sub-
space of Ly(R?) N 1L(IR?) is unitarily mapped to each irreducible subspace of the space
of orientation scores R(Wy) C La(SE(2)).

Let us verify these statements on both the transform W, between images and orienta-
tion scores and the corresponding reducible representation U by explicit formulas. First
of all we define the representations U” : SE(2) — B(Lx(S,)), where B(La(S,)) stands for
all bounded operators on the space Ly(S,) of quadratic integrable function(s) (classes)
defined on the sphere S, = {w € R? | |w|| = p}, given by

UpF(pcosp, psing) = 0o #0 50 (w0) Py cos(p — 6), psin(p — 0),

for all g = (z,y,¢") € SE(2), F € Ly(S,). These representations are unitarily equivalent
to well-known unitary, irreducible representations of SFE(2), [51], [9 ch: 10.2], given by

Ulp(v) = e~ P B((Ry)"Iv), p>0,¢ €Ly(S1),veS,g=(xe?%) e SE?2), (A2)

since Z:l; =D, oUf o D,', where the dilation operator D, : La(S1) = La(S,) is unitary
and D,¢(v) = p~2 ¢(p~'v).
Consider the dual orbit space T\R?, where the dual orbits are given by S, = {ATw |
A € SO(2)}, with p = ||w]||. Then we have the following direct integral decomposition:
&

FolyoF? :/ ur dv(S,)
R+=T\R2

where the measure on the dual orbits by identification p € RT = 5, € T\R? equals
dv(S,) = pdp. Analogously to (AJ]), we have

W f(g) = Ugt, fliyee) = (Jor UL pdp Fo, Ffi, e
= J5o(@p) Fuls, , Ffls,) pdp = [~ trace ((Ffls, © Fulg, ) otie ) pdp.
(A.3)
Now p — UP is injective into the dual group §E(2)7 since U is unitarily equivalent to
the unitary irreducible representations ([A.2)). Moreover dv(S,) equals the restriction of
the Plancherel measure to {U*},0, [51], so we see that (A3) can be rewritten as

Wy f(g™") = Fopo(p = Ffls, @ Fls )(9)-
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Now by the Plancherel theorem on both SE(2), [51], [9], and R? one has

||Wwf||]%2(5E(2)) = fooo Il ]'—f|sp [12pdp = fooo | -7:1/)|sp ||n%2(sp)|| -Ff‘sp HI%,Q(Sp)pdpa
||f|‘i2(R2) = ||]:fH]i2(R2) = fooo I ]:f|Sp ||H2~2(Sp)pdp ’

(A4)
so indeed we have the following sufficient and necessary condition for Ls-norm preserva-
tion:

My =11ie. || Flg, ||u%2(sp) =1 for all p = ||lw| >0,

where we recall the definition of M, @21) and where we note that My(w) =
I }—w|5p=uwu ||H%2(Sp). Moreover in the case My = 1, for ¢ € Lo(R?) NL;(R?), its contin-
uous Fourier transform F1) has equal Lo-norm over each dual orbit, implying that each
irreducible subspace of Lo (R?) NL;(R?) given by {f € La(R?) NL;(R?) | suppFf C S,}
is unitarily mapped onto each irreducible subspace within R(W,,) C La(SE(2)).
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