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Abstract. By means of a special type of wavelet unitary transform we construct an
orientation score from a grey-value image. This orientation score is a complex-valued
function on the 2D Euclidean motion group SFE(2) and gives us explicit information on
the presence of local orientations in an image. As the transform between image and
orientation score is unitary we can relate operators on images to operators on orienta-
tion scores in a robust manner. Here we consider nonlinear adaptive diffusion equations
on these invertible orientation scores. These nonlinear diffusion equations lead to clear
improvements of the celebrated standard “coherence enhancing diffusion” equations on
images as they can enhance images with crossing contours. Here we employ differen-
tial geometry on SFE(2) to align the diffusion with optimized local coordinate systems
attached to an orientation score, allowing us to include local features such as adaptive
curvature in our diffusions.

1. Introduction. In many noisy medical images, elongated structures occur that
cross each other. Therefore in the previous part, cf. [I7], we proposed to enhance these
elongated structures using linear diffusions on the Euclidean motion group SE(2). In this
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part we go one step further and consider nonlinear diffusion on SE(2). The advantage
of the nonlinear approach is that we can adapt the diffusion process depending on the
orientation confidence of local elongated structures. Just as in the previous part, we will
process the image via diffusions on invertible orientation scores, which we will briefly
explain next.

Image analysis usually starts with the sampling of a square integrable grey-value image
[ R? = R by a function ¢ € Ly(R?) NLy(R?) via f + (4, f)1,(r2). To probe an image
at every location x € R? and in every direction ¢’ € T one translates and rotates an
anisotropic wavelet 1) by means of a representation g — U, of the 2D Euclidean motion
group SE(2) given by

Ugp(y) = Y(Ry ' (y — %)), 9= (x,¢") € SE(2). (1.1)
The result of such an image sampling is a function Wy, f : SE(2) — C on the Euclidean
motion group manifold SE(2) = R? x T, which is given by

Wy f(9) = U, Lo @2) = /R2 Y(Ry ' (y —x))f(y) dy, with g = (x,¢”),  (1.2)

and where Ry = ( cosf —sin® ) € SO(2). Throughout this article we refer to this

sinf  cos0
function (x,e?) — W, f(x,e%) as the orientation score Wy, f of the grey-value image f.

As we have shown in [I3], [II, ch:4.4, App.7.2] the transformation W, is a unitary
linear operator from Ly (R?) onto the unique reproducing kernel space (C}g{E(Q) consisting
of complex-valued functions on SFE(2) with reproducing kernel

K(g,h) = Ugh, Untp) L, (r2)- (1.3)
The generation of orientation scores and the reconstruction of images thereof has been

the subject of previous publications, [I1] [12] [14] 25], and in part I [I7], we have derived
the essential equality in the Fourier domain (of the spatial part only):

HWwaéim) = fRz fqr |(]-'W¢f)(w,ei9)\2d9 Mwl(w) dw = Hf”]]%?(]RQ)v (1.4)

where My (w) = 027T | Fp(RE w)|?df and where we assume that ¢ is chosen such that

My > 0, so that ML¢ is well-defined. Here F denotes the usual unitary Fourier transform
on Ly (R?) given by Fip(w) = % fRZ P(x)e *Wdx.
From (4] we obtain the reconstruction formula

Fo= Wl = F 7 w e [T F V(e )] (w) FIRowl(w) 40 My w)] . (15)

The transformation between images and orientation scores preserves the Lo-norm iff

112, m2y = IV FIIE (s B2y © My = 1. (1.6)

It can be shown that for kernels 1) € Lo(R?)NL;(R?) the function M, is a continuous
function vanishing at infinity. This means that for such kernels the wavelet transform
W, cannot be an isometry from La(R?) into La(SE(2)).

This problem can be tackled by choosing 1, within the dual space H~%2(R?) of the
k-th order, k > 1, isotropic Sobolev space H¥2(R?) such that My, = 1. In this case the
associated distributional transform Wy : H*2(R?) — (C}q(E(Q), defined by Wy f(x, ) =
(U, Uk ci0)-1 f), for all f € H*(R?), extends to an isometry from Ly (R?) into Lo (SE(2)).
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Image Wy Orientation Score
f € La(R?) Uy € CR"® C L2 (SE(2))
T P
Processed Image Processed Score
A=Wl [y wy, | ®lU] € La(SE(2)

Fic. 1. Top Row: The complete scheme; for proper anisotropic

wavelets i the linear map W, is unitary from L2(R?) onto the
closed subspace Cf(E(Q) of orientation scores. We can uniquely re-

late a transformation Py o & : C'Is(E(Q) — C'Is(E(Q) on an orientation
score to a transformation on an image Y, = (W:L) 0Py o ® oWy,

Here P, denotes the orthogonal projection onto Cf{E(m given by

PyU(g) = fSE(2) K(g,h)U(h) dh, using the reproducing kernel ([I3).

Alternatively, one may restrict the transform W, to the space of images f € L3(R?),
the so-called “disc-limited” images, whose Fourier transform has support within a given
disc with radius ¢ > 0 as motivated in Part 1. If we now choose ¥ € L§(R?) such that
My = 1p,,, where Bg, = {w € R? | ||w| < p}, then the unitary operator W, :
L4(R?) — (C}g(E@) between the space of disc-limited images and the space of orientation
scores preserves the Lo-norm.

These two approaches lead to two different classes of proper wavelets, as explained
in [I2, ch: 4.3 and ch: 4.4], [II]. In both approaches the engineering rationale behind
My = 1 is that the auto-correlations of all rotated kernels R.i07) together fill up the
Fourier-spectrum. Note that My (w) = f(f;ﬂ Reioth*Rio) df)(w), with 1(x) = 1(—x).

As a result for appropriate choice of ¢ (say M, = 1) a small perturbation on an image
f corresponds to a small perturbation on its orientation score Wy, f and vice versa, and
consequently operators ® on the space of orientation scores are bijectively related to
operators on images T, in a stable manner by

TwH‘P@TwZW:Z)Oq)OWw; (17)

see Figure[Il This bijection is manifest if ® maps the space of orientation scores (CiE(z)

into itself. With the operators ® we consider in this article this is usually not the case.
Recall from part I [I7] that this does not cause any problems if we naturally extend the
adjoint, recall [I7), eq. 4.4], to the space Lo(SE(2)). However one should keep in mind
that the effective operator from the space of orientation scores into itself is given by
Py, o ®; see Figure[ll

Furthermore, in part I we have explained that & must be a nonlinear left-invariant

operator. Therefore we considered collision distributions obtained from a forward linear
diffusion resolvent and a backward linear diffusion resolvent; that is, in part I [I7, eqgs.

4.1 and 4.2] and [15], [13], [12], we considered the case where the operator ® : (CiE(Z) —

Ly(SE(2)) is given by Wy f) = (QP*(4) — al) "' (x(R{ Wy /1)) - (QP2(4))" -
al)=1(x(R{Wyf})), where we recall the quadratic form QP*(A) on the left-invariant
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vector fields on SE(2):
A= {A1, Az, A3} = {09, 0¢, 04}, £ =xcosf+ysinf,n = —xsinf + ycosb,
(1.8)

i=1

3 3
QD’a(A) = Z <_aiAi + ZAZDZJA]> , Qi Dij e R, DT =D >0,
=1

with a = (a1,a2,a3) € R?, D = [D;;] € R3*3. Here we recall that y was some monotonic
grey-value transformation to put a soft threshold on weak responses in the orientation
score. The linear parts of these operators, such as

(QP(A)* —al) 1) (g) = ( [ KE s U) @)

= (RE " x5p2) U)(9),

are easily computed by means of SE(2)-convolution with the corresponding Green’s
functions RP-~2 which we derived explicitly in part I and [15]. However, these operators
suffer from the practical drawback that the involved convolution kernels RY-—2 RD-a
take care of constant diffusion and convection. In the approach presented in this article
it is possible to incorporate curvature into contour completion and enhancement, as first
reported (for contour completion) by August and Zucker [5].

In this part we go one step further: we propose ®; : (Cf(E@) — Lo(SE(2)) as nonlinear
adaptive diffusion equations on invertible orientation scores, with stopping time ¢ > 0.
Here we will not consider products of linear resolvent equations, but we will consider
nonlinear evolutions, without convection, given by

{ o U(g,t) = QPW2=07(g,t), g€ SE(2),t>0,

U(g,O) = Wiﬁf(g)> g e SE(Q), (19)

where the conductivity D(U) depends on the local differential structure of (g,t) +—
U(g,t).

Here we use locally optimal exponential curve fits to the absolute value of an orienta-
tion score. These optimal exponential curve fits provide a gauge frame attached to (the
graph of) an orientation score at each position g € SE(2) in the 2D Euclidean motion
group and will be used to locally align the diffusion on orientation scores. This locally
adaptive alignment of diffusion is a common procedure in image processing, [30], [10],
[39], but so far it has always been considered for diffusions directly on images.

The advantage of the more elaborate nonlinear, adaptive diffusions on invertible ori-
entation scores is that the domain of orientation scores is the 2D Euclidean motion group
SE(2), which has a much richer structure than the domain of images, R?, allowing us to
deal with (multiple) crossing curves in images.

1.1. Organization of Part II. Section [2] gives a quick review of locally adaptive diffu-
sions in image processing. We finish this section with the so-called coherence-enhancing
diffusions proposed in [39], where both the norm and the direction of the image gradient
are used to steer the diffusion on the image. The basic idea is to diffuse tangent to
edges/lines, not orthogonal to edges/lines, in images. The drawback of this approach is
that at locations of crossing lines the direction of the gradient is ill-defined, resulting in
ill-defined orientations and thereby artificial curvatures within the diffusion process. In
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the orientation score this typical crossing problem is automatically tackled as crossing
line structures are torn apart by multiple convolutions with rotated versions of the ori-
ented wavelet. Now in contrast to the differential structure in an image, the direction of
each disentangled elongated structure in an orientation score is well-defined. Therefore,
in Section @ we consider coherence-enhancing diffusion on invertible orientation scores,
meaning that we set ® to be equal to a nonlinear left-invariant diffusion operator with
a certain stopping time. Before we can provide these nonlinear diffusions we need some
prerequisites from differential geometry on the Euclidean Motion group. This differential
geometry will be explained in Section [B] and will be used to properly include orientation
score adaptive features such as local curvature and deviation from horizontality in our
nonlinear diffusion schemes.

Section [3] is organized as follows. In Subsection B.I] we reformulate the coherence-
enhancing diffusion schemes to stress the role of an invariant metric in an adaptive
nonlinear diffusion scheme. Then in Subsection we consider the design of an invariant
metric on SE(2), where by Theorem Bl we must choose between bi-invariance and
nondegeneracy. Although bi-invariance is a common requirement in both the fields of
mathematics (on symmetric Riemannian spaces, [24]) and computer vision [2], [3], [33],
we show why we do not need it. As we explain in Lemma[3.3land Corollary 3.4}, operators
® on orientation scores should be left-invariant and not right-invariant.

This brings us to a nondegenerate first fundamental form Gg (inducing a metric) on
SE(2), depending on a parameter 8 with physical dimension 1/[Length]. The induced
metric does not coincide with the usual degenerate bi-invariant Cartan metric on SE(2).
Within this first fundamental form the parameter 5 > 0 sets a balance between penaliza-
tion of length and penalization of curvature of projections of curves to the spatial plane.
As 3 tends to zero this left-invariant inner product tends to the bi-invariant degenerate
Cartan metric on SE(2). For § > 0 this first fundamental form is related to the non-
degenerate Cartan metric on SO(3) which can be embedded in SFE(2), as we will explain
in Theorem Furthermore in Subsection we apply the Maurer-Cartan form and
the thereby induced Cartan connection on SE(2). This yields the covariant derivatives
of vector fields on SFE(2), which we explain in Theorem Then in Theorem we
show that our nonlinear diffusions on orientation scores can be expressed in these covari-
ant derivatives and thereby the diffusions take place along the covariantly constant (i.e.,
auto-parallel) curves, which coincide with the exponential curves on SE(2). The Car-
tan connection has constant curvature and torsion and so have the auto-parallel curves,
which are indeed circular spirals.

Then in Subsection B3] we consider the definition and relevance of horizontal curves in
SE(2). To every C'-curve s — (z(s),y(s)) one can associate a unique horizontal curve
in SE(2) by s+ (z(s),y(s),0(s) = arg(z’(s) +iy'(s))). This is relevant, since at regions
2 C SE(2) with strongly oriented responses |Wy, f(g)!, g € €, in the orientation score g —
Wy f(g) one would like to diffuse mainly along such horizontal curves. We will show that
this requires a principal fiber bundle structure Py on the domain of an orientation score,
constructed from the unique subgroup ¥ = {(0,y,0) | y € R} C SE(2) with the property
that constant right action on a horizontal curve again yields a horizontal curve. On this
principal fiber bundle Py = (SE(2),SE(2)/Y, 7, R), with Y = {(0,9,0) | y € R} and
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m(g) = gY and Rjg = gh we impose a Cartan-Ehresmann connection form. By definition,
the kernel of this Cartan-Ehresmann connection form equals the horizontal part of each
tangent space T,3(SE(2)) and coincides with the tangent space of all horizontal curves
through g. This is explained in Theorem [3.13], where we also equip Py with the following
left-invariant form df®d@+ 32 (cos Odx+sin Ody)®(cos Odxr+sin Ody), again parameterized
by 8, yielding a suitable left-invariant metric on SFE(2). This parameter is similar to
the natural parameter in elastica curves, [29]. Although there is a difference between
the geodesics in Py and elastica curves on SE(2), we note that there is also a strong
analogy between these curves; for more details, see [16]. Here we will not make a detailed
comparison between elastica curves in R? and geodesics in Py. We will only derive the
geodesics in Py in Appendix [Al In contrast to well-known formulas for elastica curves,
[29] our exact formula for the geodesics does not involve special functions.

In Subsection 3.4 we explain how one can obtain a best (horizontal) exponential curve
fit to the orientation score data, locally at each ¢ € SE(2). Later on in Subsection
[4.1] we use the tangent vector of these optimal exponential curves to introduce a gauge-
coordinate frame of left-invariant vector fields {0,, 9y, 0.}, where 0, is aligned with the
best fitting (horizontal) exponential curve and 9, and 0. are tangent vectors orthogonal
to 0, with respect to the first fundamental form Gg of Section

Finally, in Section ] we use the theoretical results of the previous section in our solution
to a number of medical image analysis problems that require enhancement of (multiple)
crossing elongated structures in noisy images. For details on the algorithmic side and
medical image analysis applications, see our applied companion paper [20].

2. Previous work in the field of image analysis on locally adaptive diffusion.
A scale space representation u; : R? x RT — R of an image f : R — R is usually
obtained by solving an evolution equation on the additive group (R?,+). The most
common evolution equation, in image analysis, is the diffusion equation

{ Osup(x,5) = V- (Clugs (-, 5))(x) Viup)(x, 5)
Uf(X, O) = f(x)a

where C' : Ly(R?) N C?(R?) — C'(R?) is a function which takes care of adaptive
conductivity; that is, C(us(-,s))(x) models the conductivity depending on the local

differential structure at (x,s,uf(x,s)). If C = 1 the solution is given by convolu-
tion us(x,s) = (Gs * f)(x) with a Gaussian kernel G4(x) = ﬁe_ ' with scale
TSs)2

s = %02 > 0.
As pointed out by Perona and Malik [3T], nonlinear image adaptive isotropic diffusion
is achieved by replacing C' =1 by C(uys(-,s))(x) = ¢(||Vxus(x, s)||), where ¢ : R — R*
is some smooth strictly decaying positive function vanishing at infinity. This is based on
the idea that if (locally) the gradient is large you do not want to diffuse too much. By
restricting ourselves to positively valued ¢ > 0 one ensures that the diffusion is always

forward, and thereby ill-posed backward diffusion is avoided. The common choices are
T (2)?P 1 1

(%)

ct)y=e \t) | ¢(t)= ——5——and c(t) =

(07 +1 N

(2.1)
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involving parameters p > %,)\ > 0. The corresponding flux magnitude functions are
given by ¢(t) = tc(t), with ¢t = ||Vuy||. Now the sign of

@' (t) = c(t) + tc'(t) (2.2)
is important, since if ¢’(¢) > 0, then the magnitude ¢(t), t = ||Vuy||, of the flux
c(IVugp)Vuy (2:3)

(by the Gauss Theorem) increases as | Vuy|| increases, whereas if ¢'(¢) < 0 the magnitude
&(|[Vugl]) of the flux (Z3) decreases as ||Vuy|| increases. Typically, this introduces an
extra “sharpening effect” of lines and edges. However, this sharpening effect should
not be mistaken for ill-posed backward diffusion because, in all cases, ¢(t) > 0 for all
t > 0. To this end we note that the Perona and Malik equation can be rewritten in
gauge coordinates {a,b}, with a along the normalized gradient WVU ¢ and b along

the normalized vector m(—ayuf, Oyuy) orthogonal to the gradient, using (2.2]):

P : ous B - o2
5 = dv(ellIVus|)Vuy) = 5 (C(%)%) +e(TH) T < (2.4)
o ) 82w+ P) 52 .
o = (%) T + (G T s

. &y e}
with S = o (Vaug) Hx[ug)(Vxup)™ and - b = [ Vg

A further improvement of the Perona and Malik scheme is introduced by Weickert [39],
who also uses the direction of the gradient Vyus of uy, which is not used in the algorithms
of Perona and Malik type. He proposed “coherence-enhancing diffusion” (CED), where
the diffusion constant c is replaced by a diffusion matrix:

S(us(-,9))(x) = (Ga  Vuy (-, 8)(Vus (- 5) ) (%),
Clug(9)(x) = al+ (2.5)
(1 _ a)e_ (/\1(S(uf(-,s))(x))f/\2(S(uf(-,s))(x)))2 ez(S(Uf(', 8))(X)) eg(S(uf(, 8))(X)),

where a € (0,1), ¢ > 0,0 > 0 are parameters and where the so-called “structure tensor”
S, with eigenvalues {\;(S(us(-, s))(x))}i=1,2 is used to get a measure for local anisotropy

e MLy CNEN =X (S CNGM? together with an orientation estimate ex(S(uy(-, 5))(x)),
which is the eigenvector of the structure tensor with smallest eigenvalue. In order to get
robust orientation estimates it is essential to apply a componentwise smoothing on the
so-called “structure-tensor field” Vuy ® Vuy. The amount of averaging of the structure
tensor field is determined by ¢ > 0. The CED method leads to useful and visually
appealing diffusions of, for example, the famous Van Gogh paintings and fingerprint
images; see Figure 2

Nevertheless, this method fails in image analysis applications with crossing curves as
it starts to create strong artificial curvatures at crossing locations where the direction of
the gradient is ill-defined. As this is a major drawback in many imaging applications we

are going to solve this problem by considering similar nonlinear adaptive evolution equa-

tions on invertible orientation scores. This coherence-enhancing diffusion via invertible
orientation scores has two advantages over coherence-enhancing diffusion on images:

(1) In the domain SE(2) = R?xT of an (invertible) orientation score Wy, f : SE(2) —

R, crossing curves visible in an image f : R? — R are torn apart by convolution

with an oriented wavelet at multiple angles (L2)). Along the separated curves
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Linear Non-Linear
O(uf L) 3)

A TR

uf('73)

F1c. 2. From left to right: input image f of the well-known portrait
of Van Gogh, computed on comparable slices u (-, s) in a linear scale
space representation C' = 1, Perona and Malik nonlinear scale space
representation (left case in ([27I])) and coherence-enhancing diffusion

(CED) given by (23] in Weickert, [39].

Original +Noise CED-OSt = 10 CED t =10

Fic. 3. Ilustration of the typical different behavior of coherence-
enhancing diffusion on images (CED) and coherence-enhancing dif-
fusion via invertible orientation scores (CED-OS). Both methods are
applied to the second image with noise and both evolutions are
stopped at comparable stopping time ¢ = 10. Clearly, CED-OS
preserves crossings of curves much better than CED (which creates
artistic van Gogh-type patterns at crossings).

the direction of the gradient of an orientation score is well-defined. This allows
us to diffuse coherently along the separate curves after which the inverse wavelet
transformation will automatically merge the separate curves visible in a diffused
orientation score ®(W,, f) into properly smoothed crossings visible in the final
enhanced image Y (f).

(2) In an orientation score (z,y, ) — Wy (f)(z,y, e?) we have explicit information
on local directions and we can easily measure curvature in a robust manner as we
will explain in Subsection 3.4l This enables us to align the left-invariant diffusion
Wy f = ®:(Wy f) on the orientation scores adaptively to the local differential
structure in an evolving orientation score ®¢(Wy, f).

See Figure [3
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Before we can translate these conceptual advantages into working image-processing
algorithms, of which Fig. Blshows an example result, we need to discuss some prerequisites
from differential geometry, which will be the subject of the next section.

3. Differential geometry on SE(2).

3.1. First fundamental forms underlying nonlinear diffusion schemes. In order to gen-
eralize the CED (coherence-enhancing diffusion) schemes to orientation scores we simply
have to replace the left-invariant vector fields {8,,9,} on the additive group (R?, +),
by the left-invariant vector fields on SE(2). To this end we formulate the standard
coherence-enhancing diffusion equations on images (with conductivity (Z3])) as

€ 0 _
Ortses) = (V"' 5 ( 0 (l—e)e 37 4o ) 571 (vxuf(-,s»T) ()
_ € o da ) (3.1)
=(0a O )( o (176)6—7@17}\2)2 e >< Py )Uf(x,s), x € R?, s >0,
up(x,0) = f(x), xeR%

Here we expressed the diffusion equations in both the global standard basis € =
{ez ey} = {(1,0),(0,1)} <+ {0s,0,} and in the locally adapted basis of eigenvectors
of an auxiliary matrix S(uy(-, s))(x) (in image analysis known as the “structure tensor”,

recall (2.8])):
a={er, e} = {e1 (S(us(-5))(x)), e (S(uyp(-5) (X))} < {0a, 0},

with respective eigenvalues A\, := A\, (S(uys(-,5))(x)), k = 1,2. The corresponding orthog-
onal basis transform which maps the standard basis vectors to the eigenvectors {e1, ez}
is denoted by S = (e; | e2) and we have (9, 0) = (95 0,) - S. At isotropic areas
A1 — A2 and thereby the conductivity matrix becomes a multiple of the identity yielding
isotropic diffusion only at isotropic areas, which is desirable for noise-removal.

In principle, one can consider linear diffusion equations by making the conductivity
only adaptive to f = u(-,-,0). In such a case the mapping f — u is still nonlinear, but
the diffusion equation itself is linear. In a numerical finite difference scheme this means
that the conductivity need not be updated as it is not dependent on time. Moreover,
in this case the diffusion system will have a unique smooth solution, which is to our
knowledge not a priori guaranteed in the case of nonlinear diffusions.

The diffusion/conductivity matrix in (BI)) is intuitively diagonalized along the local
gauge-coordinate frame {J,, 0y} attached to the graph Ty, (..o = {(z,y,us(z,y,s)) |
(z,y) € R?} of a blurred image (z,y) +— us(z,y,s), s > 0. By equipping the space
R? with the usual metric where each tangent space Ty (R?) is identified with To(R?) by
standard parallel transport on R?, the basis-transformation between the fixed coordinates
and the gauge coordinates is unitary, so that ST = S~' and thereby the diffusion is

steered along a normalized, orthogonal, local gauge-coordinate frame {9,, 9y }-
Instead of adapting the conductivity one can also intrinsically replace the standard
first fundamental form on the image domain by a first fundamental form on the graph
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of an image in order to consider Laplace-Beltrami flow, as proposed by Sochen [33]:

2 2
asuf($7y78): m Z X:O'L{\/dEt{C:iE Y,s G” LE Y,s Juf(v'vs)}(xvy)7

|
where we applied short notation G(z,y, s) := C(us(:,-, s))(m,y),

up(z,y,s =0) = f(z,y) for all (z,y) € R>.

Now note that the right-hand side in the PDE in (31 can be rewritten as

S50, {69 s () (2.0),

=1 j=1

where [G"(x,y,s)];;—; denotes the inverse of the first fundamental form matrix
G(z,y,s) = [Gij(x,y,5)]7 j—,. Here the inverse matrix [G*(x,y,s)]; ;—; equals the sym-
metric positive definite conductivity matrix C(uy(-,-,s))(z,y), recall 21, evaluated at
position (z,y) € R? at time s > 0.

By the product rule for differentiation, the Laplace-Beltrami flow can be obtained by
adding the following terms to the right-hand side of the PDE in &I):

mza {\/W} (#.9) D GV (2,9, 5) s (2,9,5) -

For numerical reasons, however, we will not add these terms within this paper.

Now in order to generalize the coherence-enhancing diffusion schemes on images to
coherence-enhancing diffusion schemes on orientation scores we must replace the left-
invariant vector fields on R? by the left-invariant vector fields on SE(2), as in (L3), and
in order to keep track of orthogonality and parallel transport in our diffusions we need an
invariant first fundamental form G on SE(2), rather than the trivial, bi-invariant, first
fundamental form on (R?,T(R?)), where each tangent space Ty (R?) is identified with
To(R?) by standard parallel transport on R?, i.e. Gpe(x,y) = x -y = zly! + 22y?

3.2. Design of the metric on SE(2): Bi-invariance versus nondegeneracy. In both the
field of image analysis [2] and in mathematics (symmetric spaces) [24] it is very common
to use bi-invariant metrics on groups. Here arises the first complication: as in SE(2)
no such bi-invariant, nondegenerate, first fundamental form (inducing a metric in the
usual way) exists; see Theorem Bl Therefore we must choose between bi-invariance
and nondegeneracy for the underlying metric in our nonlinear diffusion schemes. In this
section we explain why we use a left-invariant, nondegenerate metric on SE(2) as the
underlying metric for our nonlinear diffusions on orientation scores. Furthermore, we will
consider some differential geometry on SFE(2), which serves as an essential prerequisite
for the full understanding and design of our diffusions on orientation scores later onl

1t is not crucial to grasp all the details in Subsections B2 B3] to follow Sections 34 and @l The
reader who is not interested in the details can skip all proofs in Subsections B3] and just consider

Theorems[31] B3] 3:4] B9 and Definition B ITland eqs. (35), 11, (3:25), (326), (331, (323), (329,
B39).
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THEOREM 3.1. The only real-valued left-invariant (symmetric, positive, semidefinite)
first fundamental forms G : SE(2) x T(SE(2)) x T(SE(2)) — C on SE(2) are given by

g:

3
1=

Zgij d.AZ ® dA] , 9ij S R, (32)
1j=1
where the dual basis {dA',dA% dA3} C (L(SE(2)))* of the dual space (L(SE(2)))* of
the vector space L(SFE(2)) of left-invariant vector fields spanned by

A1 =0y, Ay = 0¢ =cosf0, +sinb0,, A3 =0, = —sinf0, +cosf0,, (3.3)

obtained by applying the derivative dR of the right-regular representation R to the
standard basis in the Lie algebra {41, Ag, A3} := {0, 0y, 09} C Te(SE(2)), is given by

dA' =df, dA?=cosfdr +sinfdy, dA>= —sinfdz + cosfdy. (3.4)

The only (up to scalar multiplication) bi-invariant fundamental form on SE(2) is degen-
erate and given by G = df ® d6.

Proof. Recall from part I [I7, ch:3] that dR yields the fundamental isomorphism
between the Lie algebras T.(SE(2)) and L(SE(2)), so A, = dR(A;) and [A;, A;] =
AiA; — AjA;. The dual basis (B.4) satisfies (A, A;) = 0%. Then by definition, G is

e left-invariant if thgesE(2)VX,Y€X(SE(2)) : gh(Xh,Yh):ggh((Lg)*Xh, (Lg)*Yh)
L] right—invariant if vh,gESE(Q)vX,YE)((SE(Q)) : gh(Xh, Yh):ghg((Rg)*Xh, (Rg)*Yh)
e inversion-invariant if Vj, sesp2)Vx vex(se@) :

Gre(9)((re) Xy, (re) Yg) =Gg(Xg, Yy).
e Ad-invariant if vh,gESE(2)vX,YEx(SE(2)) :

Gngh-1(Ad(h) Xg, Ad(h) Xg) =Gy (X, Yy).
o reflection-invariant if V), jesp2)Vx,yex(sE@)) :

Grin(o) ((rh)« Xg, (1) Yg) = Gg(X, Yy).

Now the dual tangent space (T,(SE(2)))*, g € SE(2), is spanned by {d.A1|g , d.A? 0
dA3|q}. As a result for all g € SE(2) there exist numbers g;;(g9) € R, 4,5 = 1,2,3 such
that -

3 3
Gy =YY gis(g) dA’
i=1j=1
Now G is left-invariant iff Vi7je{172,3}vgeSE(2) Qg(Ai|g,Aj|g) = ge((Lgf1)* .Ai‘g,
(Lg—l)* Aj|g) = ge(Ai,Aj), ie. Vi,j€{1,2,3}vg€SE(2) gij(g) = gij(e). For the cases
where G is bi-invariant we note that reflections around the unity element given by
re(g) = g~ relate left multiplication Lyh = gh to right multiplication R;h = hg since
Ry =reLg-re & reRg-1re = Ly and reflections h +— ry(h) = gh~lg around element
g € SE(2) follow by ry = LyRyr. and the adjoint action is defined by Ad(g) = (Ry-1Lg)-,
so that, [35, Ch:V]:

® dA’
g

g

G is both left and inversion-invariant < G is both left and right-invariant
< G is both left and reflection-invariant < G is both left and Ad-invariant.
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This brings us@ to the left-invariant Cartan form induced by the Killing-form K (which
is invariant under all Lie algebra automorphisms, [24, p.266], and in particular Ad):

Gy = —K(A,4;) dA'| @ dA’| = trace (ad(Ai) 0 ad(4;)) dA'| ©@ dA7|

— (A A", ad(A) 0 ad(A) Ax) A, @ | = —chyel ad’] [ ai] [, (BD)

where ¢f; are the structure constants of the Lie algebra and ad(A;)A; = [A;, A;] = ¢} Ag.
A direct computation of this Killing form yields G = df ® df. It is not difficult to see
that the metric given in ([B.3]) is the only both left- and Ad-invariant metric, since by
left-invariance it can be written as B.2) and by Adgy_(,, ci0)(0p) = 0o —y Oz + x 0y,
Ad(g,yei0)(0r) = Oz, Ad(yy ci0)(9y) = 0y, the adjoint orbits are planes with fixed 0y
component on which the quadratic form is constant, so g;; = 0 if (4,7) # (1, 1). O

Summarizing, we must choose between bi-invariance and invertibility. On the one
hand, in Lie group theory it is common to maintain bi-invariance, and therefore we
embed SE(2) into SO(3), on which the bi-invariant metric is nondegenerate. In Theorem
we present a parameterized class of compact groups {(SE(2))? | 0 < 8 < 1}, with
lﬁi%(SE@))ﬁ = SE(2) and (277 x {0} x {0})\(SE(2))?=! = SO(3). Each member of
this class admits a bi-invariant metric which is nondegenerate iff 5 > 0. We use this class
to derive covariant derivatives and Riemannian curvature on (SE(2))? and by taking the
limit 8 | 0 we obtain covariant derivatives and sectional curvatures on SE(2). On the
other hand, by Lemma and Corollary [3.4] operators on orientation scores should be
left-invariant, not right-invariant, so we do not need right-invariance.

THEOREM 3.2. The Euclidean motion group SE(2) can be obtained by contraction from
the group SO(3), by means of the groupsﬁ (SE(2))?, B €[0,1], that arise by equipping
the set R? x S; with the group product

(z,y,0) -8 (z',y,0") = (z+ 2’ cos0/1+82y2 — ' sin0,/1 + B2y2 | y+w'(l+62y2)sin0
+y' (1482%y?) cos 0,0 + 0" — B%x’y cos 0 4+ B2y’ ysind mod 27) .

One has SE(2) = g%(SE(Q))ﬁ and SO(3) =21 Z x {0} x {0}\(SE(2))?=!. The latter

isomorphism (for a geometrical explanation, see Figure [)) is given by

50(3 > RezﬁReyﬁRez,& Ad (:E,y,ﬁ) S (SE(2))B:1 (3 6)

@dzwand@z%—arctan(y) and ¥ =6, '
where the well-known Euler angle parametrization of SO(3) is given by Rezf-YRew jRe. a-
The left-invariant vector fields on (SE(2))? are given by

Alf :89,
A = =By cos0p +cosd /1 + f2y2 0, +sinf (1 + 52y%) 9, (3.7)
AT = Bysinf 0y —sind \/T+ B2y? 0, + cos 6 (1+ 52 y?) ), .

2Qccasionally within this paper, as in (3], we use the Einstein summation convention; i.e., we apply
automatic summation over indices which appear both as upper and lower indices.

3The groups (SE(2))?, B € [0, 1] in this part II, connecting SE(2) and SO(3), should not be mistaken
with the groups (SE(2))t, t € [0,1], connecting SE(2) and H(3), used in part I [I7].

4The quotient is taken only to ensure that the first variable z of the group (SE(2))?=! is 27-periodic.
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These vector fields form a 3D Lie algebra: [A} AS] = A5, [A] AS] = —AJ,
[AS, AS] = 8% A7) which tends to L(SE(2)) = {ds, 0,8y} for f — 0. Let the left-
invariant co-vectors {d.AiB 3_, be given by (dA};,Af ) = 65 Then the bi-invariant first
fundamental form G” on (SFE(3))? induced by the Killing form (as in (3.5))) is given by
. . 1 0 0
Gh = gijd.A% ® dA%, with G = [9i] = ( o g o ) . (3.8)
o o0 g8
As a result the groups (SFE(2))? are compact symmetricﬁ Riemannian spaces iff 5 > 0.
The Riemann curvature tensor on these symmetric Riemannian spaces equals:
R =p2A) @ dA% @ dAL A dA2 — B2A) ® dA3 @ dAL A dAS
+B2AL @ dAS @ dAS A dAS — B2AS ® dAZ ® dAS A dAZ (3.9)
B 1 1 2 B 1 1 3
+ Ay @dA; @dAgAdAL + A3 @dA; @ dAZ AdAS .
Proof. The tangent space at the unity element e = (0,0, 0) of all groups {(SE(2))s}
is the same for all § > 0 and it is spanned by {Ai, Ay, A3} = {0;,0,,0¢}. Now the

formula for the left-invariant invariant vector field A? B0) directly follows by applying
the derivative dR of the right-regular representation R given by R,¢(h) = ¢(hg), as
in (B2), to 4;, i = 1,2,3. Now with respect to the isomorphism ([B.6) we note that
the Euler angle parametrization of SO(3) is given by Re. 5R, 5Re..a A basis of left-

invariant vector fields on SO(3) (in Euler angles) is given by

B = cot/g’cos'?ax, - ;;g 05 +sin785, Ba=—cotf sing 05 — ;;g O0a +siny0z, (3.10)

and Bz = 05, with commutators [Bi, Ba] = Bs, [B2, Bs] = By, [Bs, Bi] = Ba, [8, ch:9.10].
If we apply the coordinate transformation & = Bz, 8 = § — arctan(By), ¥ = ¢ and
multiply By and By by 8 we obtain the left-invariant vector fields ([B7)). Therefore these

vector fields {Af ; A§ , Ag } again form a three-dimensional Lie algebra:

(AT, AS] = AG, AT AS] = = A5, A, AS] = B2 A,
which converges to {Ai, A2, A3} = {0g,0¢,0,} for § — 0. Now the Lie algebra of
SO(3) is equal to so(3) = {A € GL(3,R) | AT = —A}, which is isomorphic to R3
by means of a < (x — a X x), and by direct computation of ([B35) we indeed find

gszl = 4,5 and (B.8). Moreover [33) follows by Cartan’s formula [I] for the Riemannian
curvature tensor components on compact, semisimple Lie groups: Ré’kl = %Z A\ cg\jczl,

where —c2; = 3, = ¢, = —c3; = 1 and c3; = B2, As a matrix group is compact and
semisimple iff its Killing form is negative definite, [24, p.269], (SE(2))s is compact iff
> 0. However, Cartan’s formula also applies to the case 8 = 0 as we show in Appendix

Bl O

LEMMA 3.3. Let ® be a mapping on the space of orientation scores ® : (C}g{E(Q) — (C}g{E(Q).
Let Ty = Wy, 0®@oWy, be the corresponding operator on the space L (R?) of images. Let
U, respectively £, denote the regular representation of SE(2) onto Lo (R?) and Lo (SE(2),
given by, respectively, (LI) and £,U(h) = U(g~'h). Then,

VgESE(Q) : (I)Oﬁgzﬁgofb = VgESE(Q) : UQOT¢:T¢ O[/{g,

3.11
VgEgE(Q) : (I)ORg:Rgofb = VgEsE(Q) : TMQ¢ZT¢. ( )

5These spaces are symmetric with respect to fundamental reflection h — gh~1g, [24].
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=~ Wod(z, 27 cost! sin;ﬁ cos %
zZ Bogs 3 %(g) = 7, sinff | =& | sind sind

V=g ] cos

!

Re, 3Re, aRe, 5 € SO(3)

w2
=

g = (z,y.¢") € SE(2)

F1G. 4. The embedding of SE(2) in SO(3) by @) for 8 = 1. The
group SO(3) can be identified with a unit ball Bg 2, with radius
27 by means of the Euler angle parametrization. Here all points on
the sphere {X € R3 | ||X|| = & = 27} are identified with the origin.
Now given a fixed member of (z,y,e*?) € SFE(2) we can obtain the
corresponding element in SO(3) as follows. First consider the point
(%,9,2) = (x,y,0) with attached direction § = Z((%,9),(1,0)) and
construct the unique half-line ¢ through the origin with direction 6.
Then project (z,y,0) on the g-axis and rotate the point so that it
ends up at point P at the line £. Then find the unique point @ on the
unit sphere such that O@J.P?V where N is the north pole. Finally,
scale @ with £ modulo 2.

Proof. Recall from Figure[Ilthat every operator ® on (and in) the space of orientation
scores (associated to kernel 9) is 1-to-1 related to an operator Ty = Wy, 0@ oW,y on
the space of images. Now it is easily verified by conjugation that the following relations
hold:

ngSE(Z) : Wqﬂ/{g = £9W¢, 54 ngSE(Z) : W:/;‘CQ = Z/[QW* R
Voese@E) @ RWy =Wu,y & Veespe) © Wi = Wuw) Ry,

where we used (£y)* = (Ly) 7 = L1, (Rg)* = (Rg) ' =Ry-1, Uy)* = (Uy) ™' = Uy
for all g € SE(2). Now the result (811 directly follows from (BI2]). O

(3.12)

COROLLARY 3.4. Operators on orientation scores ® should be left-invariant (i.e. Lyo® =
® o L,) and not right-invariant in order to ensure that the effective operator Y, is
a Euclidean invariant operator which requires an appropriately centered and rotated
anisotropic kernel 1.

Therefore we consider the Maurer-Cartan form on SE(2), see Theorem[B.8] and impose
the following left-invariant, first fundamental form Gz : SE(2) xT'(SE(2)) xT(SE(2)) —

C on SE(2),
3 . .
Gs = > gidA' @ dA = dI @ d0 + B2dA’ ® dA® + B2dA° ® dA® |, (3.13)
i,j=1
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where [g;;] = diag{1, 3% 8%}. Here the parameter 8 (physical dimension equals 1/
[Length]) should be considered as a fundamental parameter which relates distance on
the tori {(x,¢e) | @ € [0,27)} to distances in the spatial planes {(x,¢e%) | x € R?2}. We
return to this explanation of £ later when we put an explicit relation to certain geodesics
in SE(2) and elastica curves in R? (where 32 determines the typical energy ratio of
bending and stretching of an elastic rod).

Remarkably, the left-invariant metric (induced by) Gz on SE(2), which serves as the
major ingredient in our diffusion schemes on orientation scores in Section M is clearly
related to the bi-invariant metric (induced by) G” on the compact group (SE(2))?, (B5).

In order to be able to understand the full meaning of the next two theorems we need
some basic definitions from differential geometry.

DEFINITION 3.5. Let M be a smooth manifold, G be a Lie group. A principal
fiber bundle Pg := (P, M,w, R) above a manifold M with structure group G is a tu-
ple (P, M,n, R) such that P is a smooth manifold, 7 : P — M is a smooth projection
map with 7(P) = M, R a smooth right action Rgp = p-g, p € P, g € G, such that
p-(gh)=(p-g)-hand w(p-g) = w(p) for all p € P, g,h € G. Finally it should satisfy
the “local triviality” condition, [34, pp. 346-347].

DEFINITION 3.6. It is common to equip a principal fiber bundle P = (P, M, 7, R)
with a Cartan-Ehresmann connection form w. This is by definition a Lie algebra T, (G)-
valued 1-form w: P x T(P) — T.(G) on P such that

w(dR(A)) = A for all A € T.(G),
w((Rp)+A) = Ad(h™Hw(A) for all vector fields A and all h € G .

It is also common practice to relate principal fiber bundles to vector bundles. Here
one uses an external representation p : G — F into a finite-dimensional vector space
F of the structure group to put an appropriate vector space structure on the fibers
{m=Y(m) | m € M} in the principal fiber bundles.

DEFINITION 3.7. Let P be a principal fiber bundle with finite-dimensional structure
group G. Let p: G — F be a representation in a finite-dimensional vector space F. Then

(3.14)

the associated vector bundle is denoted by P x, F' and equals the orbit space under the
right action

(PXx F)xG— P x F given by ((u, X), g) — (ug, p(9)X),

forallge G, X € Fand u € P.
For details on the associated fiber bundle, see [32] pp. 123-148], where at the end the
author provides a clarifying table of correspondences between P and P x, F.

THEOREM 3.8. The Maurer-Cartan form w on SE(2) is given by
3
we(Xg) =D (dA| XA, X, € Ty(SE(2)), (3.15)
i=1
where {dA*}?_, is given by (34) and 4; = A;|_; recall (33). It is a Cartan-Ehresmann
connection form on the principal fiber bundle P = (SE(2),e,SE(2),L(SE(2))), where
7(g) = e, Ryu = ug, u,g € SE(2). Let Ad denote the adjoint action of SE(2) on its own
Lie algebra T.(SE(2)), i.e. Ad(g) = (Rg-1Lg)«, i.e. the push-forward of conjugation.
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Then the adjoint representation of SE(2) on the vector space L(SE(2)) of left-invariant
vector fields is given by

Ad(g) = dR o Ad(g) o w. (3.16)
This adjoint representation gives rise to the associated vector bundle SE(2)x3L(SE(2)).
The corresponding connection form on this vector bundle is given by

O =Ay ®dA> AdA + Az @ dA' A dA% (3.17)
Then @ yields the following 3 x 3-matrix-valued 1-form:
() = —a(dAr, Ay, kj=1,2,3 (3.18)

on the frame bundle, [34], p.353, p.359], where the sections are moving frames [34] p.354].
Let {u}3_, denote the sections in the tangent bundle E := (SE(2),T(SE(2))) which
coincide with the left-invariant vector fields {Ax}?_,. Then the matrix-valued 1-form
BI8) yields the Cartan connectior] D on the tangent bundle (SE(2),T(SE(2))) given
by the covariant derivatives

Doy, (1)) = Dp(y(£)( X1, )

ak () (v(t)) +

Il
e
M

ol
Il
_

k
ak () (v(t)) +

1

#(0) 5 H X 0) OO g5
3 (1) a* (v (1)) Ty 1 (4(1)),

I
Mw
e L

x>
I
—

2,7=1
with a*(t) = 4 (t) (Aily ) a®), for all tangent vectors Xy =) Ail, 4 along a curve
t — y(t) € SE(2) and all sections u(y(t)) = 22:1 a®(y(t)) pr(v(t)). The Christoffel

symbols in ([BI9) are constants I/, = —czk, with ¢/, the structure constants of the Lie
algebra T.(SE(2)). The curvature tensor equals

D? =R}, dARIA @dA ®A; = A @d0@dIAdA® + As®dI@diAdA®. (3.20)

This formula arises from (39) by taking the limit 5 | 0. So the curvature on SE(2) is
constant, the sectional curvature of the planes spanned, respectively, by {9, 0¢} and by
{09, 0y} is 1 (so constant) and the sectional curvature of the plane spanned by {0¢,0,}
vanishes.

Proof. For the proof, see Appendix [Bl O
The next theorem relates the previous results on Cartan connections and covariant
derivatives to our nonlinear diffusion schemes on SE(2).

THEOREM 3.9. The covariant derivative of a co-vector field a on the manifold ((SE(2))?,
GP) is a (0,2)-tensor field with components: V;a; = Aja; — I'¥;a;, whereas the covariant
derivative of a vector field v on (SE(2))? is a (1,1)-tensor field with components Vv =
Ajvt + I’;'-,k,vk/. Here the Christoffel symbols equal minus the structure constants of

SFollowing the definitions in [34], it is formally not right to call this the Cartan connection. Tt is the
Koszul connection, [34, p.242], corresponding to the Cartan connection, [34] p.353], i.e. the associated
differential operator corresponding to a Cartan connection. For a complete overview on Koszul connec-
tions, Ehresmann connections (the most general ones), Cartan connections and classical connections, see
[34, pp. 386-387]. From now on we avoid all these technicalities and just use “Cartan connection” (a
Koszul connection in [34]) and “Cartan-Ehresmann connection form” (Ehresmann connection in [34]).
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the Lie algebra L£((SE(2))7) : I'}; = —c}; using short notation V; := D4, where D
denotes the Cartan connection on (SE(2))s. The Christoffel symbols are anti-symmetric
as the underlying Cartan connection] D has constant curvature and constant torsion.

The left-invariant evolution equations (L9) can be rewritten in covariant derivatives:

1,7=1 1,j=1

{&W(g, 9= 3 A (Du(W))(g.9)AW)(g.8) = 52 Vi (Dis (W) (g, )V W) (g, 9),
Wi(g,0) =Wy f(g) , for all g € SE(2),s > 0.

(3.21)
Both convection and diffusion in the left-invariant evolution equations (9] take place
along the exponential curves in SFE(2) which are the covariantly constant curves with
respect to the Cartan connection. These curves are circular spirals in R? x [0, 27):

3
t— go exp(t(g:1 ciAi)) = (zo + 2 (cos(crt + o) — cosbo) + 22 (sin(c1t+0o) — sinbo),

yo—l—Z—?(sin(clt—i—Go) — sin 90)— z—f(COS(Cﬂf-i-eo)—COS 90), ei(CIH—GO)), Cc1 ;é 0,
(3.22)

. 2 2
for all go = (70, y0,€"°) € SE(2), with radius —”Cé’j_% and central point (—£2 cosfy —
i—f sin 6y + o, E—’;‘ cos g — z—i‘ sin Ay + yo). For ¢; = 0 the exponential curves are given by

t — go exp(t(ceAz + c3As)) = (o + tcacosfp — tezsinbo, yo + ¢ ca sin g + t ¢z cos bg, ewo).

Proof. The first part of the proof is a straightforward generalization of Theorem 3.8
where § = 0. Here we note that by Theorem covariant differentiation takes place
on a symmetric Riemannian manifold ((SE(2))g),Gg iff 8 > 0. We know by Theorem
that the curvature of the Cartan connection D on (SE(2))s is constant. Now the
torsion tensor T'(X,Y) = DxY — Dy X — [X,Y] is constant as well, since T[A;, A;] =
Da,Aj — D, Ai — [Ai, Aj] = 30, (K A = TX Ay — i Ay) = =337, ¢k Ay, Finally, the
covariant constant curves vy (or “auto-parallel” curves) are by definition given by D+ = 0
on the tangent bundle (SE(2), T(SE(2))):

. o k

D,Y’y = D"yiA’il»y(t)’yZ Az"Y( = ’Y .A | +’Y ’Y sz:A = ’Y .A |'y(t , (323)
where we again apply automatic summation over double indices and where Fij = —I‘fi =
c?i = —cfj. Apparently, tangent vectors to auto-parallel curves have constant coefficients

with respect to {41, Ag, A3}, ie. Viso 7(t) = (dAi|W(t) () = (dA? ’v(O) ,5(0) =ct e
R,i=1,2,3. Now for smooth U : SE(2) — C one has

&=

3 3
U(y(t)) = Jim FOCEIEEOED = (dR(3 ¢ A)U)(v(1) = 3 ' (dR(A)V) (7(1))

, L& i:l =t (3.24)
> c A¢U|7<t) , where v(t) = goe =1 ‘. recall A; = Ail,
i=1

so these curves «y(t) coincide with the exponential curves in SE(2), derived in [I5], [1I].
Now the connection D is a Koszul connection, [34] p.241], and therefore V;(UA,) ¢ =
Vi(UV;) ¢ = UV,V,;¢ + (V;U)V,¢ for all U € C*(SE(2)) and all smooth ¢ €
C*(SE(2)). Now set U = D;;(W)(-,s) and ¢ = W (-, s) for all s > 0, use D;; = Dj; and
I}, = =T, take the sum over both indices i, j and the result (3.2I)) follows. O

7Our Cartan connection is not related to a Levi-Civita connection (where Christoffels are symmetric).
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REMARK 3.10. Circular spirals are the only curves with nonzero constant curvature
and torsion in the flat space R? x [0,27). A circular spiral is covariantly constant in
(SE(2),T(SE(2))) with respect to the Cartan connection with constant curvature and
torsion iff the principal axis of the cylinder containing the spiral lies in the #-direction.

3.3. Horizontal curves and principal fiber bundles. There exists a natural relation
between curves in the plane R? and curves in SE(2). For every C'-curve s — (z(s),y(s))
one can construct a unique corresponding curve in SE(2) by s — (x(s),y(s),0(s) =
arg(z'(s) +1y'(s))). We will call such curves in SE(2) horizontal curves.

DEFINITION 3.11. A curve s +— (s) = (x(s),y(s), e?®)) in SE(2) is called horizontal
iff 6(s) = arg(2'(s) +iy'(s)). Then ~ is called the lifted curve in SE(2) of the curve
s+ x(s) = (z(s),y(s)) in R%. A tangent vector in X, € T,(SE(2)) is called horizontal
if it is the tangent vector to some horizontal curve through g. A vector field X is called
horizontal if X is horizontal for all g € SE(2).

We want to diffuse on orientation scores mainly along horizontal exponential curves;
for a practical motivation, see [20]. To get the right intuition: Recall [I7, Fig.1], where
typically the mass of an orientation score is concentrated around a horizontal curve.

A smooth horizontal curve v = (x,¢?) in SE(2), given by s +— (x(s),e?(s)), can be
parameterized by the arc-length s > 0 of its projection x = Pg27y on the spatial plane.
Using this spatial arc-length parametrization it is clear from Definition B.I1] that along
a horizontal curve v = (x,e¥) : R — SF(2) one has

v = (x,¢e") is horizontal = r(s) = (s), (3.25)

where r(s) = £||%(s)||g2, with || - [|[z> the Euclidean norm on R?, is the curvature of the
curve s — x(s) = Pge27y(s). Furthermore, a smooth curve s — ~y(s) is horizontal iff

Y(s) € span{eg|, ) , eg\v(s)} for all s > 0. (3.26)

Here we denote tangent vectors as e(s) = eg, e¢(s) = cos(s)e, + sinf(s)e,, e,(s) =
—sinf(s)e, + cosO(s)e, as they are considered as tangent vectors to (classes of) curves,
rather than considering tangent vectors as differential operators {0, 0¢,0,} on locally
defined smooth functions, although by the isomorphisms described in [4] it boils down
to the same thing; recall [I7), Fig.4].

By equality ([820) and Definition BIT] it follows that the horizontal part H, C
T4(SE(2)) of each tangent space Ty(SE(2)) is spanned by Hy = { 0|, , %, }, and the
space of horizontal left-invariant vector fields is spanned by {0y, 0¢} = {A1, A2}. How-
ever, a horizontal curve itself s — 7(s) € SE(2) can have components in all directions
{eg, e¢, e, }, in contrast to Y(s) € Ty (5)(SE(2)). In fact a smooth curve v given by

s () = E(s)eg(s) +n(s)ey(s) + 6(s)eq(s), (3.27)

with v(s) = (x(s),e??®)) € SE(2) and s > 0 the arc length of the projected curve
x = Pg27, is a horizontal curve in SE(2) iff % = —¢k. Moreover, for such curves we
ag

have 5> — xn = [|&(s)|| = 1. This follows by differentiation of s — ~(s) and observation

d%(6(8)95(S)+n(8)en(8)+9(8)ee) = (£(s)—r(s)n(s))ec(s)+(i(s)+r(5)E(s) Jeq (s)+0(s)es. (3.28)
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Differentiating a smooth function C': SE(2) — R along a horizontal curve v yields

#CO() = (Ce(v()dA? + Cy((s ))dA3+Co( (£))d0,+(s))
= (Ce((9)) (8 — w(s)n(s)) + Cu(y(s)) (F + K(s)E(5)) + Co(v(s))r(s))
= Ce(7(5)) + £(s) Co(7(s)) -

(3.29)

A horizontal curve can be mapped to a new horizontal curve by right multiplication
with a fixed element from the subgroup Y = {(0,y,¢e"® = 1) | y € R}. Here we note that

v(s) (0,5,1) = (x(s), ) (0,,1) = (x(s) + ye,(s),e?®)

and xVEW (5) = x(s) + Le,(s) = x(s) + K(s)ee(s) = (1 + r(s))ee(s), so again the
horizontal condition §VFW (s) = arg(2VEW (s) + igVEW (s)) holds and therefore

s — v(s) is horizontal = s+ (7(0,h,0))(s) :=v(s)(0, h,0) is horizontal .  (3.30)

In fact Y is the only subgroup of SE(2) that has this property, whereas left multiplication
of a horizontal curve with any fixed element from SE(2) always yields a horizontal curve
again. For an overview of all (length-preserving) perturbations of horizontal curves into
horizontal curves, see [16, app. C].

Let us return to our goal of diffusing on orientation scores along horizontal exponential
curves; for a practical motivation, see [20]. Now by ([B:28) this simply means that in the
diffusion generator (L)) of our nonlinear diffusion system on orientation scores ([B.21),
all 0,, derivatives should be removed (or equivalently set a3 = D;3 = D3; =0, 1 = 1,2, 3).
Recall from [I7] that this removal does not cause singular behavior (like it would on R?)
iff {1,3} € {i | a; #0V Dy # 0} or {1,2} € {i | a; # 0V D;; # 0}, because of the
noncommutativity of SE(2) and Hoérmander’s condition, [23]. We stress that diffusion
does not take place on an integrable 2D submanifold of SE(2) (not even locally !), due to
the nonintegrability of the {d.A', d.A?} = {d#, cos@dz + sin fdy}-foliation, nor does the
horizontal diffusion take place on the quotient SE(2)/Y, as horizontal curves can have
an 7-component in ([B3.27).

Summarizing, we need a better mathematical grip on the removal of the third direction
in the tangent space. Now technically speaking this means that diffusion takes place along
the contact manifold {SE(2),d.A3}, [T, p.9]. Here we note that ddd = 0 and

d(—sinfdx + cosfdy) = —cosfdf Adx —sinfdf Ady,
d(cos @ dz + sin 6 dy) = —sinfdf A dz + cos 8 df A dy,

which coincides with Cartan’s structural formula on SE(2), [1], (B:I0), in explicit form.
For example one has ddA® = —dA' A dA?, where in the left-hand side only the left d
denotes an exterior derivative (d.A’ denotes the dual vector to A; as in Theorem B). So
the nondegeneracy condition on the Pfaffian form d.A? of the contact manifold [7, p.9] is
indeed satisfied : dA% A ddA? = dA! A dA? AdA3 # 0. Tt is well known in the theory
on contact manifolds [7] that the only integrable submanifolds are one-dimensional and

(3.31)

they are usually called Legendre submanifolds, which in our case simply coincide with
horizontal curves on SE(2). Contact manifold theory, [6], is highly useful for optimization
of Lagrangians along horizontal curves, [7, ch:1.2], as can be seen in Appendix [Al But
it is mainly based on Pfaffian forms (elements in the dual tangent space) and we rather
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need a fiber structure in the manifold SE(2). Therefore we will use the Pfaffian form
d.A3 of the contact manifold in an Ehresmann connection of a principal fiber bundle on
SE(2). So we consider the domain of the (evolving) orientation score as the following
principal fiber bundle:

Py = (SE(2), SE(2)/Y,m, R), (3.32)

with subgroup Y = {(0,y, ) |y € R}, right-multiplication R,g = gh, h €Y, g € SE(2)
and projection m : SE(2) — SE(2)/Y given by n(9) = gY = {¢’ € SE(2) | ¢ ~
gie. g g’ € Y}, so that w(gh) = w(g) for all g € SE(2), h € Y. For more details on
principal fiber bundles in general, see [20], [34], [32].

Here we stress that coordinate-free differential geometry on principal fiber bundles
starts with horizontal lifts as defined below. These horizontal lifts define parallel trans-
port (which turns out to be independent of the choice of horizontal lift), [34], ch:8, p.365]
and parallel transport defines the covariant derivative [34] p.366] which yields a connec-
rﬁp, [34, p.367-368).

DEFINITION 3.12. A horizontal lift of a curve v : [0,1] — SFE(2)/Y is a horizontal
curve v* : [0,1] — SE(2) such that 7(y*) = .

It can be shown [34) Prop. 7, p.363] that for every curve in v : [0,1] — SE(2)/Y
with v(0) = goY for some gy € Py meaning gg € SE(2), say m(go) = goY’, there exists a
unique lift v* of v such that v*(0) = go. In fact horizontal lifts are uniquely determined
by right multiplication and since Y is the unique subgroup satisfying (8:30), we are able
to relate our basic definition of horizontal vector fields, Definition B.11], to the standard
definition of horizontal vector fields on the principal fiber bundle Py ; see Theorem B.13]

On Py one can still impose a left-invariant metric, as is done in Theorem [B.13] again
parameterized by the same 8 > 0, by removing the left-invariant direction Az from each

tio

tangent space. The geodesics on this principal fiber bundle are closely related to elastica
curves and are derived in Appendix [Al Our formula for these geodesics is much more
tangible than the well-known formula for the corresponding elastica curves, [29], [6]. For
a comparison between elastica and corresponding geodesics, see [16, Ch: 7, Fig.13].

THEOREM 3.13. The set Py = (SE(2),SE(2)/Y,n, R) with subgroup Y = {(0,v,€") |
y € R}, projection 7(g) = ¢gY and right-multiplication Rpg = gh, h € Y, is a principal
fiber bundle (with structure group Y') on which w = (Lo,—y,0)« is a Cartan-Ehresmann
connection form and, in the moving frame of reference {4, A3, A3}, it is given by

wy(X,) = <dA2|g , Xg)As = (—sinf dx + cos 0 dy, X,)0, , X € L(SE(2)). (3.33)
The horizontal part H, of each tangent space T,(SE(2)), g € SE(2), is by definition

Hg = ker{wy} = span { A1, , Az|,} = span {0y, cos 0 9, + sin 09, } (3.34)

and it coincides with the vector space of tangent vectors along all possible horizontal

curves passing through g € SE(2); recall Definition B-ITl The connection form @ on the

8This Koszul connection coincides, [34, pp. 368-371], with the Koszul connection [p.320][34] obtained
from the Cartan connection, [34, ch:7,p.314] corresponding to an Ehresmann connection, [34] p.359] on
the frame-bundle F(SE(2)/Y), [34, ch:7,p.345].
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associated vector bundle SFE(2) x 14 L(SE(2)) is given by
O=-Ay®dA' ® dA® = —(cos0 0, +5sin09,) ® dI @ (—sinfdx + cosfdy). (3.35)

The horizontal auto-parallels of the connection D = d + w, with w(a"A) =
—af@(dAY, -, Ap)A;,
Dyia, (3 Ailyy) = (Da' A)F Al ) = @' Al + (0 +a3") Ao|  +6° Asl,,, (3-36)
are the horizontal exponential curves, given by [B22)) with c3 = 0; see Figure
Finally, we equip Py with the following left-invariant form:
Gs = df ®df + B*dA* ® dA?, (3.37)

which yields a left-invariant metric on SE(2): dsg2)(9,90) = dsg(2) (90 'g,e) defined by

dse) (g0 g, €) = inf{ [1/(0' ()% + B2[[x'(t)][2 dt | v horizontal,¥(0) = e, (L) = g ' g}

= inf{ f;" /(r(s)> + 8% ds = [, /91,4 ()37 (s)ds | v horizontal, 7(0) = e,7(L) = 961?}, )
3.38

where s > 0 denotes the spatial arc-length parameter of the projected curve x = Pg27y,
with curvature x(s) = [|%(s)|| in R? and where 5i(s) = (dA%,5(s)), i = 1,2,3. The
explicit curves that minimize ([3.38) are explicitly derived in Appendix[Al In contrast to

previous belief, [9], they do not exactly coincide with elastica curves, [29],[6].

Proof. The first part of the proof is analogous to the proof of Theorem B.8in Appendix
[Bl The big difference, though, is that instead of a principal fiber bundle P with structure
group SFE(2) we now have fiber bundle Py with structure group Y. In particular the base
manifold {e} = SE(2)/SFE(2) is now replaced by SE(2)/Y. In Theorem[B§ every tangent
vector is vertical, whereas in this theorem we are rather interested in the horizontal
part H, of the tangent space T(SE(2). Note that by ([B.20) the differential geometrical
definition of horizontality H, := ker{w,} coincides with the horizontality condition,
Definition BIT] required in the application ! The connection form wy is indeed a Cartan-
Ehresmann connection form on Py: The first condition in Definition is satisfied since
wo dR(As) = w(A3) = As, and the second condition follows by BI4]) (special case
gevy).

Again the Cartan connection D is obtained via the connection form @. This is the
corresponding connection form on the associated vector bundle SE(2) x5 L(SE(2)) given
by @ = Avd*(A3) ®dA? = ;&(Ag) ®dA® = KA ® dAT @ dA® = 23 hs @ dA @ dA3,
yielding ([3.35]). Here we note that direct computation yields @w(alA; + a?As + a®A3) =
a*dA*(-)As from which ([330) directly follows. Tangent vectors 4 = >, 4*(t) Al to
auto-parallel curves satisfy: V44 =0 < A% = —4143 and ' = 4% = 0, so in particular if
they are horizontal we find 42 = ' = 4% = 0. As a result all auto-parallel curves in the
fiber bundle are horizontal exponential curves ([B.22)) with constants ¢; = 41, co = 42,
cs = 0. Now B37) follows from (BI3) by omitting the vertical direction A3 and in
(B3])) we stress that the Lagrangian is parameter independent, so we may as well choose
the spatial arc-length parameter s > 0 of the projection of the horizontal curve on the
spatial plane with length L, in which case we have x(s) = 6(s). The metric (3:37)
coincides with the metric in [9] (where this metric is called an “elastica functional”)
and is related to the well-known elastica functional fOL k2(s) + B2ds, [29), [6], for curves
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Fic. 5. All horizontal exponential curves through a fixed point
g € SE(2) for different curvature values, shown from different view-
points. The left image shows that these curves correspond to circular
arcs if projected onto the spatial plane. These curves coincide with
the auto-parallels, see (3:22)), in the principal fiber bundle Py .

in R%2. The important difference though is the square root! This square root ensures
that the functional is parameter independent in SFE(2), whereas the elastica functional
is only parameter independent on R2. In a standard Riemannian manifold it does not
matter if one applies a monotonic transformation on the integrand of the metric (this
monotonic transformation can be taken into account by a reparametrization of the same
curve). However this argument does not apply here since only for the spatial arc-length
parametrization of a horizontal curve do we have s(s) = 6(s). O

Finally we note with respect to the fundamental parameter 82, which in the case of
elastica denotes the typical fraction of bending and stretching energy, that there exist two
fundamentally different approaches to relate minimal energy curves to direct products
of Green’s functions of stochastic processes on SE(2) with linear forward Kolmogorov
equations, parameterized by constants a > 0, [D;;] > 0 as considered in part I [I7]. If one
follows the approach by Mumford, [29], to relate elastica curves to the direction process
(a contour-completion process), then one must set 32 = 4aDy1; if one follows Brownian
bridge theory, [16, app.B], to relate geodesics to a contour-enhancement process with
Dij #0 < (i = j = lori = j = 2), then one takes the limit a=' — 0 and sets
2 = D11/Das.

3.4. Extraction of spatial curvature from orientation scores. Let U : SE(2) — R be
some positive smooth function on SE(2). This could for example be the absolute value
U= Wyfl=+VRWyf))?+ (SOWy[))? of a (processed) orientation score of an image,
which is positive and phase invariant; see part I [I7, Fig.3]. Then the exponential curves

through go with direction ¢! A;U| 9 form “tangent spirals” (where we naturally embed
SE(2) into R? x [—7, 7)) to the orientation score Wy, f : SE(2) — RT. In particular, the
horizontal exponential curves are given by ([3:22]). See Figure

In this section we will provide fast algorithms for curvature estimation at each gy €
SE(2) in the domain of U, by finding the exponential curve through go that fits U locally
in an optimal way.
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REMARK 3.14. Sometimes we restrict ourselves to horizontal exponential curve fits;
however, orientation scores Wy, f and their absolute value U = |W,, f| in general do not
satisfy 0,U = 0. So from a strict point of view this restriction is not entirely appropriate.
Nevertheless, the density U = |W,, f| is typically concentrated around horizontal curves.
Recall, for example, Figure 1 in Part I of this article.

For the exact definition of such an optimally fitting (horizontal) tangent spiral we first
need a few preliminaries. First we apply the left-invariant first fundamental form (B3]
on T(SE(2)) x T(SE(2)). Then the norm of a left-invariant vector field ¢'.A; equals

A5 = /(@A 0 s = ()2 + (B2 + (Ben)2 = ells,  (339)

with ¢ = (c!,c?,¢3) € R3. Here we stress that the norm |- |z : L(SE(2)) — R

is defined on the space L(SE(2)) of left-invariant vector fields on SE(2), whereas the

norm || - [z : R3 —> R* is defined on R3. The gradient dU of U : SE(2) — R*

is given by dU = d0 + 8UdA2 dg dA3. The corresponding vector field equals

G1dU = 289, + 8~ 2%’58 + 6 235;6 . Note that G~*dA*F = g¥ A;, with g g;, = 6.
The norm of a co-vector field (such as the gradient dU) is given by

|a;dA" |3 = g7 aia; = (ag)® + B *(ag)® + B >(ay)* = |lal|g-1 with a = (a',a? a®).

If we differentiate a smooth function U : SE(2) — RT along an exponential curve
7(t) = goexp(t(>_ ¢t A;)) passing gy we get, recall (3.24)),

dtU Zc AU = ¢ Ug(4(1) + & Ue(1(1)) + ¢ Uy (1(1)). (3.40)
=1
After these preliminaries we return to our goal of finding the optimal tangent spiral
at position go € SE(2) given U : SE(2) — R™.
DEFINITION 3.15. Consider the solution of the following minimization problem:
2

3
m—mgnm.ﬂ%dm<>> |ww—%wmuﬁpmm;wm-n}. (3.41)

{ei}?

t=0lp

Then we call the covariantly constant curve ¢ — go exp(t Zle ¢! A;) the optimal tangent
spiral at go € SE(2) given U : SE(2) — R*.
By means of (3:40) and the chain rule, the energy in (3:41]) can be rewritten as

|%mw<u»L0§=HVVUT<w»~’omA

(V) 9(90U)  9,(D00) A (3.42)
— || @@v) o) o,00:0) & — || HU],, <]+,
(O,U) 0:(0,U)  0y(9,) A

where VU := (0pU, 0:U, 0,U) and where the noncovariant Hessian HU does not coin-
cide with the covariant Hessian form consisting of covariant derivatives of the Cartan
connection, which we provided in Theorem The covariant Hessian form equals

[ViV;U] = [ViA;U] = [AiA;U + T35 AU

( 09(0gU)  09(0cU) 89(8 U) ) (3.43)
0c(0eU)  0c(0U)  0¢(0,U) '
87,(89 U) 871 (aEU) 871 (&,U)
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For example, in the 2nd row and the 1st column we have V1 VoU = (950 — ¢3,0,)U =
0¢(0pU). Note that the minimization problem ([341)) can now be rewritten as

argmin { || (HU)(g0) /3 | ells =1}

Set Mg := diag{1,57!,837'} € GL(3,R) and HgU := Mg HU Mg. Then by the Euler-
Lagrange theory the gradient of H(HU)CH%,1 = (¢, (HU)" M3(HU)c), at the optimum
c. is linearly dependent on the gradient of the side condition, which can be written
(L= ell) =1~ (c, M5%c)1 =0, ie.

(HU(go))TM2(HU (go))ex = A Mg2c. & (HgU)T(HgU)e

A¢c,
for some Lagrange multiplier A € R, where ¢ = Mglc*.

So we have shown that the minimization problem ([B4I) requires eigensystem analysis
of (HsU)T HgU, which is the product of the Hessian HgU and the covariant Hessian

given by [3.43)), which equals (HzU)T. The covariant Hessian also appears in the Euler-
Lagrange equation for the following minimization problem (for simplicity we set § = 1):

2 3.
arg min {‘;;U(v(t))] [9(8) = goexp(t (Y €' A0) 5 o = 1} : (3.44)

=1

which by means of a double application of (3.40) can be rewritten as
%U(v(t))‘:|%0iAiU(7(t))|:|CjCiAj(AiU)(7(t))|:\ (5 (HU + (HU)T)| e |

and as a result the Euler-Lagrange equations for the minimization problem (3.44]) corre-
spond to the eigensystem of 1(HU + (HU)T): VVTUc = $(HU + (HU)T)c = Ac.

Experiments on images consisting of lines with ground truth curvatures show that the
minimization problem (B.41]) is preferable over ([8.44]) for spatial curvature estimation.

REMARK 3.16. On the commutative group R? (i.e., the domain of images f rather
than the domain of the orientation scores Wy f) we do not have the difference between
fzz fly
fyz fyy
and thereby Hf = L(Hf + (Hf)") and (Hf)"(Hf) have the same eigenvectors with
respective eigenvalues {\,} and {()\,)?}.

We suggest the following two methods for curvature estimation. In the first approach
we do not restrict ourselves to horizontal exponential curves, whereas in the second

the two Hessians above, since here the Hessian H f = ( ) is square symmetric

approach we enforce horizontality and obtain a horizontal curvature estimate.
1. Compute the curvature of the projection x(s(t)) = Pge (goexp(t(zle ciAJ))
of the optimal exponential curve in SE(2) on the ground plane from an eigenvector
c. = (?, 5, c1). This eigenvector of (HslU|)T (Hp|U|), with 3 x 3 Hessian
) B20009|U|  BOOs|U|  ,06|U|
Hg|lU| = BOe0e|\U|  0:0:|U|  0,0¢|U| , (3.45)
B000,|U|  0c0,U|  8,0,|U]
is the one with smallest eigenvalue. The curvature estimation is now given by
PFsign(ct)

. (3.46)
(c5)2 + (c])?

Kest = [|X(s)||sign(X(s) 'en) =
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2. Compute the eigenvectors of (ﬁg°r|U\)T(ﬁg‘”|U|) with horizontal Hessian

) B20p09|U|  BO:0g|U|
Hp"U| = | BOgO|U|  0:0:|U| | . (3.47)
B0y |U| 90, |U]|

To this end we recall that the optimum c, = aulrgmin{||1‘~I[’§"T|U\(go)CH%,1 | [cllg = 1}
with ¢ = (?,¢%) = ey + cte; satisfies 2(ﬁg°r|U|)Tﬁgo’“|U|é = 2)A¢, ¢, = Mjgc for
some Lagrange multiplier A\. Then we compute the curvature of the projection x(s(t)) =
P2 (goexp(t(>_ L A;))) of the exponential curve in SE(2) on the ground plane from the

eigenvector c, = (c?, cﬁ) with smallest eigenvalue:

o
. . . Cy
rest = [[%(s)sign((s) - e) = g (3.48)

For numerical experiments on the proposed curvature estimation (comparing the two
methods above and the approach by van Ginkel [37]) on orientation scores of noisy
example images, see [20], [19], [16].

4. Coherence-enhancing diffusion on orientation scores. In order to obtain
adaptive diffusion on orientation scores we will use the following basic nonlinear left-
invariant evolution equation on SE(2) as a starting point:

(D11(U))(g,1) 0 0 B0y
0:U(g,t) = ( BOe Oc Oy ) 0 (D22(U))(g,1) 0 e |U(g,t),
0 0 (D33(U))(g,t) O

for all g € SE(2),t >0,

Ulg,t =0) = Wy[f](g) for all g € SE(2),
(4.1)
with 8 > 0 (recall B.8) and where the positive functions Dy : Lo(SE(2) x RT) N
C?(SE(2) x RT) — CH(SE(2) x RT), k =1,2,3 are given by

(9:t) = (Dr(U))(g:1) 20, U € Lo(SE(2) xRT) .

These functions Dy, k = 1,2, 3 should be chosen dependent on the local Hessian HU (-, t)
of U(-,t) such that, at strong orientations, D33 should be small so that we have anisotropic
diffusion in the spatial plane along the preferred direction 0¢, while, at weak orientations,
D33 and Doy should be relatively large and isotropic Dos =~ Dss.

EXAMPLE. In the nonlinear diffusion system (Z1I) we propose to set Dao(U)(g,t) = 1,

s )2
D11(U)(g,t) = D33(U)(g,t) = o~ (e , where ¢ > 0 is a standard nonlinear diffusion
parameter and where the orientation confidence s(U)(g,t) is given by

s(U)(g,t) = max{—(9;|U(g, 1)| + B20|U (g, 1)]), 0}. (4.2)
With respect to the numerics of [@1]) (and later (44])), we implemented a forward finite
difference scheme using central differences along the moving frame {£, 7,6}, where we
used second-order B-spline interpolation, [36], to get the equidistant samples on the
{&,m, 0}-grid from the given samples on the {z,y, 8}-grid; see Figure [fl Our method is

second-order accurate on SE(2) and only first-order accurate in time. With this respect
we note that a Crank-Nicholson scheme for time integration is second-order in time and
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1
Ogu ~ — (u(x,l+1) — u(x,l — 1))
259

1

agu ~ o (u(x,l+1) — 2u(x, 1) + u(x,l — 1))
5o
1

Ogu ~ 5 (u(x +el§,l) —u(x — elg,l))

Bgu ~ u(x + elg, 1) — 2u(x, 1) + u(x — eé, 1)

Opu ~ ! (u(x+el ) —u(x —e! ,l))
2 n n

2 1 l
Opum u(x+e,,l) — 2u(x, 1) +u(x —e,1)

1
O¢Ogu =~ —(u(x«keé,l«kl)7u(x+el£,l71)7u(xfel£,l+1)+u(xfel§,l71))
4s¢

1
BgOeu ~ —(u(x+el§+1,l+1) —u(x+el§+1,l —-1) —u(x—eéfl,l-s-l) +u(x—el€71,l - 1))
4sp

F1G. 6. Finite difference scheme of (£1]), where we use second-order
B-spline interpolation, [36], for sampling on the grid of our moving
frame {eg,e¢ = cosfe, +sinfey,e,; = —sinfe, +cosfey}.

can improve computation time since one can take larger time steps. For comparison
between coherence-enhancing diffusions on images and orientation scores, see Figure [1l

4.1. Including adaptive curvatures in the diffusion scheme by gauge coordinates. In
Subsection B4 we discussed two methods to obtain curvature estimates in orientation
scores. This was done by finding the best exponential curve fit to the absolute valueﬁ
Wy f| : SE(2) — R* of the orientation score Wy f : SE(2) — C. We distinguished
between two approaches. In the first approach ([3.48) we consider the best exponential
curve fit to the absolute value of the orientation score, whereas in the second approach we
consider the best horizontal exponential curve fit to the absolute value of an orientation
score ([B48)). Both approaches yield a curvature estimate, which in this paragraph we
assume to be given. We shall write k := (kest(|U]))(g, ) for the curvature estimate of
the score U via its absolute value |U| at location g € SE(2) at time ¢ > 0.

Now we can include curvature in our scheme (&Il by replacing J¢ by 0: + k0. To
this end we recall from Theorem that the exponential curve s — gge®(%etrdolle —
goe®P=+19) vields a circular spiral [3:22)) whose projection on R? is a circle with radius
|| 71 if & is constant. Moreover, along horizontal curves we have ([3.29)); see Figure Bl

Here we note that {Jy, 0¢+ 0y, 0, } are (in contrast to %{[339, 0O¢, Op }) not orthonormal
with respect to the (-,-)g inner product ([8.39). Therefore we are going to introduce the
gauge coordinates, aligned with the optimally fitting exponential curve

3

s g exp(sZci(g,t)Ai), C*(gvt) = (ci(g,t),ci(g,t),cfj(g,t)) € R37
=1

9The absolute value [Wy f| is phase invariant; recall Fig. 3 in Part I of this article. This phase
invariance is important for local feature estimation. Curvature estimation at the vicinity or border of a
(thick) line should be similar to the estimate on top of the line.
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Original CED-OS t = 30 CED t =30

Fia. 7. Medical image applications. Top row: Result of coherence-
enhancing diffusion on orientation scores (CED-OS), see (@I) and
(4, and standard coherence-enhancing diffusion (CED) directly
on the image, see (Z3)), of bone tissue. Middle row: Result of (CED-
OS) and (CED) of 2-photon microscopy images of a muscle cell.
Bottom row: Result of (CED-OS) and (CED) on medical images
of collagen fibers of the heart. All these applications clearly show
that coherence-enhancing diffusion on orientation scores (CED-OS)
properly enhances crossing fibers whereas (CED) fails at crossings.

with [lc.]ls = ()% + B2(5)? + B2(c])? = 1, to the orientation score data |U(-,¢)| at

*

position g € SE(2) at time ¢ > 0. These gauge directions are (for ¢¢ > 0) given by

_ 2 € n fel el
Dy = B2/ (5)2 + (c1)28y — \/(c£)2+(cz)265 — \/(c£)2+(cz)28’7’
0y = B(c20¢ + 10, + L0p),
'3
= ———% 9 c. d, .
Ve T e

Note that the gauge vector is along the best exponential curve-fit direction, i.e. 9, =
Be. and span{d,,d.} = (c.)t. For geometric understanding it helps to consider the
gauge tangent vectors in the spherical coordinates (dg,«) with respect to the basis
of left-invariant vector fields {9y, 0¢, 0y} so that it becomes obvious which rotation in
SO(3) (or rather which class of rotations in SO(3)/SO(2) = S? if we do not distinguish
between directions in the plane (c,)') is required to map the standard left-invariant
basis {0y, 0¢, 0y} into the gauge basis {04, O, 0. }; see Figure
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Fic. 8. Illustrations of heat kernels K° : SE(2) — Rt on SE(2) for
different parameter values. (a): D = diag{Di1, D22, D33} in left-
invariant coordinate frame {9y, ¢, Oy}, Left: heat kernel integrated
over 8, D11 = D33 = 0.003, kK = 0, Daa = 1, and 8 = 1. (b): shows
the effect of nonzero x. Parameters kK = —0.04, Dgq = Dee = 0,
Dy, = 1, and B = 1, dg = 0 with respect to frame {9q, Op, O},
see ([@3). (c): Shows the effect of varying Dyq = D¢c. Parameters
k= 0.06, 8 = 0.1 and Dy, = 1. As Dgq increases from 0 to 1, the
resulting Green’s function becomes more and more isotropic.

F1G. 9. Illustration of curvature x and deviation from horizontality
dy and the gauge frame ([£3). For visualization reasons, the lengths
of the vectors are arbitrary. The true lengths are given by |c«||g =
lealls = lleclls = llells = 1 and 1alls = 95l = oclls = B.
Recall from part I of this article that eg <+ O, e¢ <+ O¢, ey <+ Oy.

The gauge directions in spherical coordinates read

0y = —cosa cosdy O — cosa sindy 0, + Bsinady
Op = sina cosdy O¢ +sina sindy 0, + S cos ady , (4.3)
0. = —sindy O¢ + cosdy 0, ,
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Original +Noise CED-OS with k  CED-OS no

NSO

F1G. 10. Shows the effect of including curvature k = (kest (|U]))(g,t)
on a noisy test image f in the final result of the CED-OS method,
[20], [16], of Yy f = W;Z@Wwf, where 1 is the kernel illustrated
in Fig. 3(e,f) of part I of this article and where operator @ is the
nonlinear diffusion (£4) stopped at time ¢t = 30. At ¢t = 30 the effect
is visible: the circle with highest curvature is blurred if no curvature
is taken into account.

ginal

F1a. 11. Shows the effect of including “deviation from horizontality”
dg(U)(g,t) = arg(cﬁ (g,t) +icl(g,t)) > 0 on a noisy test image f in
the final result Y, f = W:Z@Wd, f, where 1 is the kernel illustrated
in Fig. 3(e,f) of part I of this article and where the operator @ is the
nonlinear diffusion (£4) stopped at time ¢ = 24 using only 4 equidis-
tant samples on the circle. At ¢ = 24 the result without deviation
from horizontality (using curvature estimation (348) clearly shows
that the lines bias towards the sampled angles 0,7/4, /2 and 3m/4.
If we include deviation from horizontality (using curvature estima-
tion (346)) this problem does not occur, and even with only four
samples on the torus we are able to handle these crossings correctly.

where the Euler angles read, where we recall (8.40)),
_ ; &Y 0) — K _ E ;N
Q= arccos (Slgn(c*) c*> = arccos T dpg = arg(c; +1icd).
K2+52

Here the function dy which maps U to dg (U)(g,t) = arg(c5(g,t) +ic?(g,t)) represents
the “deviation from horizontality”, i.e. it indicates how much the tangent vector of the
optimally fitting exponential curve (tangent spiral) points out of the horizontal plane,
[20], [19]; see Figure [Tl

REMARK 4.1. In some cases (for example if the image f has many identical parallel
curves) it is better to use the horizontal curvature estimates (B.48) rather than the
curvature estimates ([8.46), [20]. In these cases one must set dy = 0.
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The diagonal diffusion generator along the left-invariant gauge vector fields is

Daa(aa)2 + Dbb(ab)2 + Dcc(ac)2

Dea O 0 B0
=( Bds O 0, )MidH( 0 Dy O )Ma,dH(a5 )

0 0 De d,
sina —cosacosdy —cosasindg
where My 4, = | cosa  cosdpsina sinasindgy is the rotation matrix in SO(3) that
0 —sindy cosdy

maps the left-invariant vector fields {80y, O¢, 0, } onto the gauge frame {0,, s, 0. }. This
leads to the following nonlinear evolution equations on orientation scores:

Do 0O 0 B0s
U (g,t) = ( B0y O Oy ML 4, 0 Dw 0 |Maa, | O U(g,t), t >0,
0 O DCC
Ulg,t = 0) = Wylfl(g) for all g € SE(2),

O

(4.4)
where we again used short notation D;; = (D;;(U))(g,t), for i = a,b, c. Now again we set

s g.t))? . .
Dy = 1 and (Dua(U))(g,t) = (Dee(U))(g,t) = e~ "M== ¢ > 0, where orientation
confidence s(|U|)(g,t), recall {2, is now expressed in gauge coordinates:

U(-,1)[(9),0} = max{~ ((0a)*[U (-, t)] + (8e)*|U (- 1)]) (9), 0},

and the conductivity matrix in ([@4]) equals

5(g,t) = max{—Ac1

1 k2 4+ DgqB? KB(1 —Dgag)cosdy kB(1—Dgag)sindy
V) kB(1—Dgg)cosdu Daa(n2+ﬁ2) + (lfDaa)ﬁ2 cos?dy cos dzr sindHB2(lfDaa)
B + K kB(1—Dgg)sindpy cosdy sindyf2(1—Daa) B2 4 Daar? + (Daa—1)B% cos® di

See Figure [§ for an illustration of the special case that Dy, is constant, Dy, = D¢ = 0,
dg = 0, which despite the strong degree of degeneracy still leads to a smooth and useful
Green’s function since the Hérmander condition, recall [I7, Ch:5.3] (part I of this article)
is satisfied. Furthermore, see Figure [[0] and Figure [I] for illustrations of the practical
relevance of, respectively, k and dp in the gauge coordinate frame ([£3)).

Appendix A. Derivation of the geodesics in Py by means of reduction of
Pfaffian systems using Noether’s Theorem. In this section we apply the Bryant-
Griffiths approach [6] on the Marsden-Weinstein reduction for Hamiltonian systems [2§]
admitting a Lie group of symmetries on Euler-Lagrange equations associated to the func-
tional [ /k2(s) + eds, to explicitly derive the solution curves s — v(s) in SE(2). In [16]
Ch:7.1] we derived the curvature of the minimizer of [ \/k2?(s) + eds by solving an ODE
for x that we derived from Euler-Lagrange minimization, similar to Mumford’s approach
to the elastica functional [29]. Here we derive the same equation, in a more abstract way,
avoiding extensive computations, by means of symplectic geometry. Moreover we will
derive an important underlying conservation law and by the Marsden-Weinstein reduc-
tion we derive the curves themselves (rather than just their curvatures [16, Ch:7.1]). The
formulae that we shall derive (A6]) for the geodesics are much simpler than the formulae
for the corresponding elastica curves as they do not involve special functions. For small
B > 0 the geodesics are very close to the elastica curves and could be a nice practical
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alternative to the non-left-invariant (i.e. coordinate dependent) B-spline interpolations
between two local orientations, [15], in vector graphics applications.

Although not discussed here, we stress that there is a fundamental relation between
products of Green’s functions discussed in Part I of this article, cf. [I7) ch:4], and these
curves: The unconditional Brownian bridge measure of the contour-enhancement process
concentrates on the geodesics as the expected lifetime E(T') = (11 — 0; see [I6, App.B].

Consider the manifold Q@ = SE(2) x Rt x R x R with coordinates (z,y,e", 0, k,t),
where o = ||x'(t)]| so that ds = odt. On @ we consider the Pfaffian equations

' :=dA? —odt =0, 6%2:=dA3=0, 6%:=df— kodt=0. (A.1)

Note that these Pfaffian equations uniquely determine the horizontal part I(Q) of the

dual tangent space T*(Q), where we recall that along horizontal curves we have 9¢ =

ds
o140 e (A3, X/ (1)) = 0, (A%, X/ (1) = o

We would like to minimize the energy [ v/k2 + eo dt under the side conditions (AJ]).
Then the gradient of the energy should be linearly dependent on the gradient of the side
condition, and therefore we set

Y = VK24 eodt + A\ (df — kodt) + Ap(dA? — odt) + A3d. A%,

where A1, Ay, A3 are Lagrange multipliers. Formally speaking, we consider the affine
subbundle Z = {Z;| ¢ € Q} = Q x T(SE(2))* of T*(Q) determined by

Z,={ V¥ eadt\q el CTrQ)},
3
Z =Q xT(SE(2))* by the isomorphism (g, ) <> V&2 + eadt’q + > )\ka’q.
k=1

Next we compute the exterior derivative of ) :

dy =+vVk2+edo Adt+ TF=dr Adt+ Aadf A d A3 +di; A dA?
—dXg A odt — A3df A dA? — Nado A dt 4+ dXg A dA3 + dA; A dE

—kodA\ Adt —ohdk Adt — kA1do A dt,

where we used Cartan’s structural equation (BI0): ddA® = —dfAdA?%, ddA? = dOADA3.
Now by the results in [7} ch:1.2.2] the exterior derivative d¢) determines the characteristic
curves (i.e. the geodesics) by means of

v (t)]dy iy =0,  and y*dt # 0,
where we use the notation a|b := b(a,-). As a result the Pfaffian equations for decent
parameterizations satisfying v*dt # 0 are given by
Oz, Jdp =df — kodt =0
Oy, |dy = dA% — odt =0
Oxg)dp =dA® =0

ang”(/J = (\/ K)z +€— )\1:‘{ - )\g)dt =0
O |dtp = o (k(K% 4+ €)71/2 = \))dt =0

—0p|dip = dA; — Aad A% + A3d A% =0
0 |dyp = dhy — A3df = 0
—(9“ dy = dAg + Aodf = 0.
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The first three equations represent the horizontality restriction, the two equations in
the middle represent the Euler-Lagrange optimization of the energy, and the last three
equations provide the Lagrange multipliers

M=F==2, = VeVl =22 dz+4 Azodt =dz+ A3ds = A3 = —2. (A.3)

As we will explain next, by Noether’s theorem and an invariance group of symmetries
of ¢ (in our case SE(2) acting on Z) we will get important preservation laws along the
characteristic curves.

Noether’s theorem states that the momentum mapping m : Z — T.(SE(2))* given by

(m(p),&) = (£]Y)(p),  peZ,EeT(SE2),

is constant along the characteristic curves.
Now the momentum mapping is invariant under the co-adjoint representation

m(ng(p)) = (Ady-1)"m(p), (A4)

where 1y(p = (¢', 5,0, \)) = (99, &, 0, (Adg-1)*A), so that ) = 1 and ()¢ = (Ady)¢,
from which it indeed follows that
(m(ngp), &) = (&J¥)(ng(p)) = ((19)+&1(19) %) (p)
= ((Adg)&] (ng) ) (p) = (] (Adg-1).¥)(p)
= ((Adg-1).m(p),§) ,

for all £ € T.(SE(2)). It can be verified that the co-adjoint orbits of SE(2) are given by
A3+ A2 =c% >0, c>0. Consequently, the geodesics are contained in the co-adjoint
orbits, and we get the following preservation law that holds along the characteristic
curves:

(3(5))? + € — c*e = e(2(s))?, s> 0, (A.5)

where the normalized curvature z(s) = — ) satisfies |z] < 1. Note that

£/ K2(s)+e
P=ez e =iz & (3(s)? = €(2(s)* + C,C €R.

As observed by Bryant-Griffiths [0, pp. 543-544] (with slightly different conventions) the
last three equations of ([A.2)) can be written as

—

dA=Ag7'dg & d(A-g7") =d ((Ady-1)* - \) =0,

where \ = (—As3, A2, A1) and where the matrix form of the Cartan connection equals

cosf —sinf x\ cos —sinf =z 0 —df dA?
g 'dg=| sinf cosf y d| sinf cos§ y | = d0 0 dA* |,
0 0 1 0 0 1 0 0 0

where both the Lie algebra and the Lie group are embedded in the group of invertible
3 x 3 matrices. Consequently, by Noether’s theorem we have A = [i- g, for some constant
i = (—ps, 2, 1), or more explicitly we have

Z = 1 — p3T + p2y
Z= —pzcosf + pysinf
€(1 — 22) = pzsinf + ps cos b, with p3 + p3 = c?e.
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Next we choose
—1

_ M3 _ M2 Bips
cye e c?e
ho = c‘j}; —C’?g —kife € SE(2),
0 0 1

so that i - hy* = (yV/ec,0,0) and use left-invariance g = hy'g, § = (2,79, €?). Then we
get A= ji-g = (ey/e,0,0) - g, ic.

=7 c ccosh = cy/ei = 2, and — \/e(1 — 22) = —/ecsinf = cy/ej |
and consequently we have

2(s) = (Vee) tz(s), ¥(s) )+ L7/ (Z2(r))dr, O(s) = 6(0 )+0fsn(r) dr

So by solving (AH) we have z(s) = zp cosh(y/€ s
ingly simple solution g(s) = (z(s),y(s),0(s))

nh(y/€ s) and we get the surpris-

() 7(5),6(s)), i

slm

)+
hy

iﬁz

i

x(s)=EEE = Li(s) = L20(s) (s)= 22 cosh(y/s)+ 2 sinh(y/es)
y(s) = =52+ 15-3(5) = L%0(5)  with { §(s)=go+2 [7 /T — E(&(r))2e dr
0(s)=0(s)+arccos (— C‘ijg) 0(s)=arccos 6%‘) sinh(y/€s)+ CZ\% cosh(ﬁs)) ,

(A.6)

where ¢ = /1 + @ — 22. Now we have 6 unknown parameters 1, u3, 2o, 2, 9(0), L,
to ensure the given boundary conditions

{ 9(0) = ((0),y(0), ")) = go = (w0, yo, ™),
g(L) = (x(L),y(L),eZG(L)) =g = ($1,y1,ewl).

By means of left-invariance we can always ensure (by multiplying from the left with g, H
that g1 = e, s0 81 = 0,21 = 0,y; = 0. In this case straightforward computations yield

-1 B3 Vi o —
M1 = zo + H3xo — H2Yo, Ve log(\/ezo)lf e=1
— w3
w2 = cy/esin(arccos ( \/E)), 3 1og (,“ﬁ =24 (o) 2 et 2
A

ps = —z0cos By + /esinbpr/1 — 23, L={ otzove (A.7)

22 ERE if c>1,u3 <0,25,+ 20ve >0
c= \/“26_“3 — \/1 + % — (20)2, I e A AR CRaaT:
7(0) = —Havo—pozo Ve 20 t=0Ve

c\/e ’ if c < 1,pu3 <0,z + 20v€ < 0.

So all parameters are now expressed in the two unknowns zo and z{;, which are determined
by the two remaining boundary conditions:

T —pal) = ¢
Hll’«2_’_ 2&([])_

c2e

(A.8)

Now since SE(2) is a symmetric space [24] all points can be connected by a geodesic and
we may expect that there indeed exist zo and z{, such that (A.8) holds. Consequently,
the singularities (which cause extreme problems in our numerical shooting algorithm [16]
Ch:7.1]), where z(Spmqz) = 1 occur always at Spmayr > L (and if pug # cv/€, then spa. > L).

Next we explicitly verify that s,,4, > L in two cases.
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G(L)

g0} =m

F1G. 12. Left figure: Illustration of a geodesic s — g(s) computed by
([AZ6) and its affine relative s — G(s) = halg(s). Parameter settings
ro = —11.868, yo = —8.44337, g = 51.95°, 1 = y1 = 61 = 0,
L =15, ¢=0.0125, 20 = —0.1641, 2}, = 0.0183, c = 1.

In case ¢ > 1, u3 < 0 and 2z, + /ezgp > 0 we have

2 — —
eVel _ —p3t 752[’))2#»(20)264’#3 and eVesmas — \ﬁ+y/§z6)2 (20)2e+e _ \{g(1+c)
ZOJFZO\/E ZO+ZU\/E ZO+ZU\/E

and indeed —pu3 + /—(20)2 + (20)2€ + p2 < 2¢/€ < (1 + ¢)v/€, 50 L < Spmaq-
In case ¢ < 1, u3 > 0 and z{ + v/ezp < 0 we have
NG A V= (20)% + (20)%¢ + 413
2o + 20V/€

e

and

e _ VAV e d e Vel+e) _VEl+o)
%+ 20v/e 2+ 20Vl (2 T 20v/0)

and indeed we have gV¢smaz > eVel , since

s+ —(2)2 + (20)% + 3 < ev/e + Vel — )+ e = Ve(l +c).

Equality is obtained if ug = ¢y/e. See Figure

Appendix B. Proof of Theorem [3.8l Again we set {A1, Az, As} = {0,,0y,00} as
a basis for the Lie algebra T, (SE(2)) and {A;, Az, A3} = {dR(41),dR(A2),dR(As)} =
{0y, 0¢,0,} as a basis for the space L(SE(2)) of left-invariant vector fields with corre-
sponding dual basis {dA!,d A% dA3} C (L(SE(2)))* as given in Theorem B.11

The Maurer-Cartan form w : (SE(2),T(SE(2))) = T.(SE(2)) is defined by

wg(Yg) = (Lg-1)+Yy, (B.1)

where (Lg-1), denotes the push-forward of the inverse left multiplication h — Ljh =
g7, ie. wy(Yy)p =Yy(dpoL,1) for all ¢ : Q. — R smooth and defined on some local
open set €. around the unity e. Now recall from Theorem [BI] that the left-invariant
vector fields are obtained by the derivative dR of the right-regular representation g +—

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



NONLINEAR DIFFUSIONS ON SE(2) 327

Ryp(h) = ¢(hg), i.e. A; = dR(A;). Now the Maurer-Cartan form does the reverse; it
“connects” each tangent space T,(SE(2)) to T.(SE(2)). To this end we note that

i @9 exp(hAi)) — é(g)
hl0 h

for all g € SE(2) and all smooth ¢ : Q, — R. Therefore we have

= (dR(Ai))g¢ = (Ai)g¢ = (Lg)Aip = Ai(po Ly) € R (B.2)

(Lg)a(Lg-1)s = (Lgg—1)s = & Vicq123) + wodR(A;) =w(A;) = A & wodR = 1.

So by linearity and (d.A%, A;) = §;; it is now clear that the coordinate-dependent defini-
tion of the Cartan-Maurer form (B.I]) indeed yields (3:I5) in explicit coordinates.

Now we show that the Maurer-Cartan form indeed forms a Cartan-Ehresmann con-
nection form, recall Definition 3.6} on the principal fiber bundle and, recall Definition
BE P = (SE(2),e,SE(2),L(SE(2))). The first requirement in Definition has been
shown above, so let us verify the second requirement. Indeed a brief computation yields

W (B)+Ya) = (Lyr © Ly1)o ()2 Yy) = (Ln-1)s 0 (Ly-1)x 0 (Bn)Yy = Ad(h ™ )y Y, -

(B.3)
Then we must show that equality (8I6) holds. This equality follows from the fact that
left multiplication L, and right multiplication R, commute, since this implies that

(Rg—1Lg)s = (LgRg-1)x = (Lg)«(Ry-1)x = (Lg)«(Ry-1Lg)«(Lg-1)x,

from which we indeed deduce that Ka(g) = dR o Ad(g) o w. The adjoint representation
Ad: SE(2) - GL(T.(SE(2))) coincides with the derivative of the conjugation automor-
phism h — conj(g)(h) = ghg™! evaluated at e, i.e. Ad(g) = Dcconj(g) = (Ry-1Lg)x.

REMARK B.1. Here GL(T.(SE(2))) stands for all linear operators on the Lie algebra
T.(SE(2)). Note that each linear operator Q € GL(T.(SE(2)) on T.(SE(2))) is 1-to-1
related to a bilinear form @ on (T.(SE(2)))* x T.(SE(2)) by means of

(B,QA) = Q(B, A), for all B € (T.(SE(2)))*,A € T,(SE(2)) and

_ 3 .

Q= ;Q(dz‘lﬁ ) A
So a basis for GL(T.(SE(2))) is given by {dA?® A, | i,j = 1,2,3}. In this article, we
omit the overline and again write dA* ® A; as it is clear from the context whether we

mean the bilinear form or the linear mapping.
Recall Definition [3.7] of an associated vector bundle and set

P=SE@2),M=e, G=SE2), F=L(SE2)), p=Ad,n(9) = ¢, Ryu=ug, (B.4)

where L£(SF(2)) denotes the Lie algebra of left-invariant vector fields on SE(2) and Ad
the adjoint representation of SE(2) into GL(L(SFE(2))) given by

Ad(g)X = (R,1Ly).X, X € L(SE(2)),g € SE(2). (B.5)

A connection w on a principal fiber bundle P is 1-to-1 related to a connection @ on the
vector bundle P x, F' by means of

w:ZAj(X)dzj(—mD:Zp*(Aj)@dxj, (B.6)
J J
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where {dz7} are dual forms on F; for details on this common bijection, see [32]. In our
case we have F' = L(SFE(2)) and dual forms {dA’};—123. Note that we applied the
convention in Remark Bl So in our case (B.4) the push-forward p. of p = Ad equals

(Ad).(4,) = (dRoAd,)(4;) = (dRoad o w)(4;)
3 .
= ad(4;) = [, Ajle(sm) = kE A @ dA”
ik=1
Thereby the connection form on the vector bundle SFE(2) x 14 L(SE(2)) is given by

3 3
Z Hedal = 3 Ay @dA @ dA7, (B.7)

,,k=1

Ez

where cf; are the structure constants of the Lie group SE(2), so aAa(Aj)(Ai) =[A;, Ajl =
Z?] k=1 ngk The nonzero structure constants are —0%3 = cgl =c}y = —c3; =1 and
thereby (B yields ([3.I7), where we also used da A db = da ® db — da ® db.

Now from & given by (B.) one can construct the 9-connection 1-forms {@%(- =1
by ([BI8) which together form a 3 x 3 matrix-valued 1-form on the frame bundle [34]
p-353, p.359], where the sections are moving frames [34], p.354].

Let {px }3_, denote the sections in (SE(2), T(SE(2))) which coincide respectively with
the left-invariant vector fields {A;}3_,. Then the Cartan connection D on (the vector

bundle SFE(2) x 7 L(SE(2)) isomorphic to) the tangent bundle (SE(2), T(SE(2))) equals

3
=d+ w with @(p)( Zdji s (B.8)

or more precisely, the covariant derivatives are given by

(W) = (DaGEN (X1,
3 3 .
= 3 O mb0) + 3 ¢ 00) 3 X0 mO@) g

k= j=1

HOmOO)+ 3 S0 00) Ty ().

Dx (1

Mwl\

k

with a*(t) = "yi(t)(AiL/(t) a®)(v(t)), for all curves v : R — SE(2) and tangent vectors
Xy = Zle Fi(t) Ail ) € Ty (SE(2)) and all sections

3
= Z a* (v(1)) e (7(t))

and where the Christoffel symbols Ffj, [24, p.108], are constant: Ffj =

OF(A;) = —0(dA¥, A, Aj) = —cf; = ¢f;. Now finally, the curvature 2-forms Q' for
the moving frame {A;, Ay, A3} are Q) = do} + 22:1 @p A@F, [34, p.317]. These curva-
ture 2-forms are bijectively related, [34], p.322] to the Riemann-curvature tensor on the

tangent bundle (SE(2), T(SE(2))) :

Rjy = Q5(Ag, Ay) and Q Z e dAP A dA

kll
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Now by means of Maurer-Cartan’s structural formula, [I], recall (331)),
3

A = —2 3 ddd nad, (B.10)

i,J,k=1
we find by straightforward computation (using Einstein’s summation convention)
Q; = ;Ad(dAA) + c&kcﬁ dA A dA = % (CLACG + (c})\cﬁl — CLACﬁ)) dAX A dA
= %(cbcfj — cfkcéj) dAF A dA! = %cijcél dA* AdAY = %Rg’kldAk AdAL,
where we used the Jacobi identity [X, [V, Z]|+[Y, [Z, X]]+[Z, [X, Y]] = 0 in the third and
fourth equality. For example for Y = A;, Z = A;, X = Ay, we find CZAC% +C§AC§\1€+C§'A021~
Now from (BII) we deduce R}, = 3¢ ;¢py, from which the final result @20) follows.

(B.11)
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