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1. Introduction

Let X denote an infinite dimensional Banach space. We use B(X) to de-
note the set of all linear bounded operators on X. Also, K(X) and F(X),
respectively, denote the set of all compact and finite rank operators on X.
For A € B(X) we use N(A) and R(A), respectively, to denote the null-space
and the range of A.

We use G;(X) and G, (X), respectively, to denote the set of all left and
right invertible operators on X. It is well-known that A € G;(X) if and only
if A is injective and R(A) is a closed and complemented subspace of X. Also,
A € G, (X) if and only if A is onto and N(A) is a complemented subspace of
X. The set of all invertible operators on X is denoted by G(X).

Let a(A) = dim N(A) if N(A) is finite dimensional, and let a(A4) =
oo if N(A) is infinite dimensional. Similarly, let 5(4) = dim X/R(A4) =
codim R(A) if X/R(A) is finite dimensional, and let 8(A) = oo if X/R(A) is
infinite dimensional.

Sets of upper and lower Fredholm operators, respectively, are defined as

O, (X)={AeB(X) : a(A) <ooand R(A) is closed},
and
o_(X)={AeB(X) : B(A) < oo}.
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Operators in &4 (X) = &, (X)UP_(X) are called semi-Fredholm operators.
For such operators the index is defined by i(A) = a(A) — B(A). Let & (X) =
{Ae®,(X):i(A) <0} and ®T(X) ={A € ®_(X):i(A) > 0}. The set of
Fredholm operators is defined as

P(X)=2,(X)NDP_(X).

The set of Weyl operators is defined as ®o(X) = {4 € ®(X) : i(4) = 0}.
Let S be a subset of a Banach space A. The perturbation class of S,
denoted by P(S), is the set

PS)={aeR:a+se€S forevery s e S}.

The Calkin algebra over X is the quotient algebra C(X) = B(X)/K(X),
and m : B(X) — C(X) denotes the natural homomorphism. Let r.(A) de-
note spectral radius of the element 7(A) in C(X), A € B(X), i.e. r.(A) =
Jim (|r(A™)]
Ae B(X)isRieszif {AeC: A—- X e ®(X)} =C\{0}, i.e. 7.(A) = 0. For
A € B(X) set

)% and it is called essential spectral radius of A. An operator

|Allpe = inf{Jl4 — P||: P € P@(X))}.
It is known that r.(A) = lim (|A"|ps)".
n— oo

An operator A € B(X) is relatively regular (or g-invertible) if there
exists B € B(X) such that ABA = A. It is well-known that A is relatively
regular if and only if R(A) and N(A) are closed and complemented subspaces
of X.

Sets of left and right Fredholm operators, respectively, are defined as

?,(X) ={Ae B(X):R(A) is a closed and complemented subspace of X
and a(4) < oo},
and
®,.(X) ={AeB(X):N(A) is a complemented subspace of X
and (A) < oo}.

It is known that the sets ®;(X) and ®,(X) are open [1] (Chapter 5.2,
Theorem 6), and P(®;(X)) = P(®(X)) = P(®,(X)) [1] (Chapter 5.2, Corol-
lary 3).

An operator A € B(X) is left (right) Weyl if A is left (right) Fredholm
operator and i(A) <0 (i(A) > 0). We use W;(X) (W,.(X)) to denote the set
of all left (right) Weyl operators.

The ascent of A € B(X), denoted by asc(A), is the smallest n € N such
that N(A") = N(A™*1). If such n does not exist, then asc(A) = oo. The
descent of A, denoted by dsc(A), is the smallest n € N such that R(A™) =
R(A™1). If such n does not exist, then dsc(A4) = oo.

An operator A € B(X) is upper semi-Browder if it is upper semi-
Fredholm of finite ascent, and A is lower semi-Browder if it is lower semi-
Fredholm of finite descent. Let B4 (X) (B_(X)) denote the set of all upper
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(lower) semi-Browder operators. The set of Browder operators is defined as
B(X)=By(X)NB_(X).

The operator A € B(X) is left Browder if it is left Fredholm of finite
ascent, and A is right Browder if it is right Fredholm of finite descent. Let
Bi(X) (Br(X)) denote the set of all left (right) Browder operators.

From [4] (Theorem 7.9.2) and [1] (Chapter 5.2, Theorem 7), for A €
B(X) and K € K(X) which commutes with A, it follows that

A is left Browder <= A + K is left Browder, (1.1)

A is right Browder <= A + K is right Browder. (1.2)

The following assertions [13] (Theorem 7 and Theorem 8) tell us that it
holds more generally. If A € B(X), and if F Riesz which commutes with A,
then

A is left Browder <= A + E is left Browder ,
A is right Browder <= A + F is right Browder.
Moreover, the following hold.

Theorem 1.1. If A € B(X) and E € B(X) is Riesz, then

AE — FA € P(®(X)) = ol/t(A) = olTY (A + E), (1.3)
AE — EA € P(®(X)) = o"9"(A) = 079" (A + E), (1.4)
AE = EA = o' (A) = 0l (A + E), (1.5)

AE = EA = 079" (A) = 07" (A + E). (1.6)

The following theorem gives a characterization of left and right Browder
operators [13] (Theorem 5 and Theorem 6).

Theorem 1.2. Let A € B(X). Then A is left (right) Browder iff there exist
closed subspaces X1 and X invariant with respect to A such that X = X1 ®
Xo, dim X < oo, the reduction Ay = A|x, : X1 — Xy is nilpotent and the
reduction Ay = A|x, : Xo — Xo is left (right) invertible.

Corresponding spectra of A € B(X) are defined as:
o1(A) ={ e C: A— X ¢& G (X)}-the left spectrum,
or(A)={AeC: A—-X¢ G.(X)}-the right spectrum,

0a(A) ={XA € C: A— Xis not bounded below }-the approximate point
spectrum,

cq(A) ={A € C: A— X is not onto }-the defect spectrum,
op(A) ={A € C: A—\¢ B(X)}-the Browder spectrum,
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o (A) ={N€C: A— )¢ B.(X)}-the Browder essential approximate
point spectrum,

o/ (A) ={\ e C:A— )¢ B_(X)}-the Browder essential defect spec-

trum,
o’,lfft(A) ={AeC:A— )¢ B(X)}-the left Browder spectrum,
oy 9" (A) = {A € C: A— X ¢ B,(X)}-the right Browder,
ow(A)={AeC: A—\¢ Dy(X)}-the Weyl spectrum,
aleft(A) = {\ € C: A— X ¢ W;(X)}-the left Weyl spectrum,
oright(A) = {A € C: A — X ¢ W,(X)}-the right Weyl spectrum,
of(A) ={A e C: A—- X ¢ & (X)}-the essential approximate point

w
spectrum,

o (A)={\€C:A— )¢ d"(X)}-the essential defect spectrum,
oe(A)={A e C:A— X ¢ P(X)}-the Fredholm spectrum,

oleft(A) ={\ € C: A— )\ ¢ &/(X)}-the left Fredholm spectrum,
ottt (A) ={A € C: A— \ ¢ ®,.(X)}-the right Fredholm spectrum,
of(A)={AeC:A— )¢ &, (X)}-the upper semi-Fredholm spectrum,
o, (A)={AeC:A—- ¢ D_(X)}-the lower semi-Fredholm spectrum.

2. Properties of corresponding spectra
We prove the following auxiliary assertion.

Lemma 2.1. Let A € B(X) and let X be a direct sum of closed subspaces X1
and Xo which are A-invariant. If Ay = Ajx, : X1 — X and Az = Ax, :
Xy — Xa, then the following statements hold:

(2.1.1) The operator A is g-invertible if and only if A1 and Ay are g-invertible.
(2.1.2) The operator A € ®;(X) if and only if A1 € &;(X1) and Az € &1(X2),
and in that case i(A) = i(A1) +i(Asz).

(2.1.3) The operator A € ®,.(X) if and only if A1 € @,.(X1) and Ay € ®,.(X>),
and in that case i(A) = (A1) +i(As).

(2.1.4) The operator A € Bi(X) if and only if A1 € Bi(X1) and As € Bi(X32),
and in that case i(A) = i(A1) + i(As2).

(2.1.5) The operator A € B,.(X) if and only if A1 € B,(X1) and A € B, (X2),
and in that case i(A) = i(A1) +i(Asg).

Proof. (2.1.1): The operator A has the following matrix form with respect to
the decomposition X = X; & Xo:

=o)L~ B
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Suppose that A is g-invertible. Then there exists B € B(X) such that ABA =
A, and B has the following matrix form:

B Bi1 Bia| | Xy R X1
Byy B " | Xo Xo

A1 0 B11 Blg A1 0 _ A1 0
0 A2 Bgl BQQ 0 A2 - 0 A2 ’

Therefore

and we get

A1Bii Ay AiBippAs| _ |Ar O

AgBo1 Ay ABa Ay 0 A’
which implies A1B11A7 = Ay and AsBogAs = As. Thus, Ay and As are
g-invertible operators.

Conversely, suppose that 4; € B(X;) and Ay € B(X3) are g-invertible
operators. Then there exist By € B(X;) and By € B(X3) such that A1 B1A; =
A1 and A2B2A2 = AQ. Let

B= [Bl 0} .

0 B

Then we have B € B(X) and ABA = A, so A is a g-invertible operator.

(2.1.2): Since N(A) = N(A;) ® N(A42) and R(A) = R(A1) @ R(A4,), it
follows that a(A) = a(A1) + a(A4z) and B(A) = B(A1) + B(As). Therefore,
a(A) < oo if and only if a(A;) < co and a(Az) < co. Hence, according to
(2.1.1), A € &;(X) if and only if A; € ®;(X;) and Ay € <I>1(X2) and in that
case i(A) = a(A)=(A4) = (a(A1)+a(A2)) = (H(A1)+6(A2)) = i(Ar1)+i(As).

(2.1.3): Similarly to (2.1.2).

(2.1.4): Since N(A™) = N(A}) & N(A%) for n € N, we conclude that
asc(A) < ooif and only if asc(A;) < oo and asc(Az) < co. Now the statements
follows from (2.1.2).

(2.1.5): From R(A™) = R(A}) ® R(AY) for n € N, we see that dsc(4) <
oo if and only if dsc(A;) < oo and dsc(Az) < co. Then the conclusion follows
from (2.1.3). O

Let P(X) denote the set of all projections P € B(X) such that
codim R(P) < oo. For A € B(X) and P € P(X), the compression Ap :
R(P) — R(P) is defined by Apy = PAy, y € R(P), i.e. Ap = PAgp),
where A|g(py : R(P) — X is the restriction of A. Clearly, R(P) is a Banach
space and Ap € B(R(P)).

Zemanek [12] gave the proof of the fact that if P € P(X), then A is
semi-Fredholm if and only if Ap is semi-Fredholm and i(A) = i(Ap).

We prove the following result in that case.
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Theorem 2.2. Let A € B(X), P € P(X). Then

(2.2.1) A € ®)(X) if and only if Ap € O (R(P)), and in that case i(Ap) =
i(A).

(2.2.2) A € @,.(X) if and only if Ap € ®,.(R(P)), and in that case i(Ap) =
i(A).

(2.2.3) If AP = PA, then A € Bi(X) if and only if Ap € Bi(R(P)), and in
that case i(Ap) =i(A).

(2.2.4) If AP = PA, then A € B,.(X) if and only if Ap € B.(R(P)), and in
that case i(Ap) =i(A).

Proof. (2.2.3), (2.2.4): Suppose that P € P(X), A € B(X) and AP = PA.
Then X = R(P) ® N(P) and subspaces R(P) and N(P) are invariant for
PAP € B(X). The operator PAP has the following matrix form:

e[t . 8] - (2]

Since dim N(P) < oo, from (2.1.4) and (2.1.5) it follows that PAP is left
(right) Browder if and only if Ap is left (right) Browder and i(PAP) =
Z(Ap) + Z(O) = Z(Ap) Since

A=PA+(I—P)A=PAP+ PA(I — P) + (I — P)A,
(

and since PA(I—P)+(I—P)A is a finite rank operator, which commutes with

PAP, by (1.1) and (1.2) it follows that PAP is a left (right) Browder operator

if and only if A is left (right) Browder, and in that case i(PAP) = i(A).
(2.2.1) and (2.2.2) can be proved similarly, using (2.1.2) and (2.1.3). O

It is known [12] that

oh(A)= N oa(dp), oy(A)= [\ aa(dp),
PeP(X) PeP(X)
oy (A) = N oa(Ap), o0, (A)= N oa(Ap).
PeP(X), AP=PA PeP(X), AP=PA

We prove analogous assertion for the left and right Browder and Weyl spectra.

Theorem 2.3. Let A € B(X). Then

O'éeft(A) — ﬂ Ul(AP)7 (21)
PeP(X), AP=PA
a9 (A) = N or(Ap). (2.2)

PeP(X), AP=PA
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Proof. To prove the inclusion ”C” in (2.1) (or (2.2)), suppose that A ¢ o;(Ap)
(A ¢ 0,.(Ap)) for some P € P(X) such that AP = PA. Then Ap — AIp =
(A—X)p is left (right) invertible, and so (A — ) p is left (right) Browder. By
Theorem 2.2 it follows that A — X is left (right) Browder, i.e. A ¢ all)eft(A)
(A ¢ 03" (A)).

To prove the converse inclusion, suppose that A ¢ o' (A) (A ¢ ;9" (A)).
Then A— X € B)(X) (A— X € B.(X)). By Theorem 1.2, X is a direct sum of
closed subspaces X7 and Xo, which are A—A-invariant. Consequently, they are
A-invariant, and they have the following properties: dim X; < co and A; — A
is nilpotent on Xy, where A1 = A|x, : X1 — Xy andif Ay = A, : Xo — Xo,
then As — A is left (right) invertible. Let P be the projection of X onto Xs
along X;. Clearly, P € P(X). Since the subspaces X; and X» are invariant
for A, we see that AP = PA and (A — A\)p = Ay — X. Thus Ap — \p is left
(right) invertible and so A ¢ 0;(Ap) (A & o,.(Ap)). O

Combining (2.2.1) and (2.2.2) with the proof of Theorem 2 in [12] we
get the following theorem.

Theorem 2.4. Let A € B(X). Then

o lH(A) = ﬂ o1(Ap), (2.3)
PeP(X)

ot (A) = [ on(Ap). (2.4)
PeP(X)

Proof. To prove the inclusion ”C” in (2.3) (or (2.4)), suppose that A ¢ o;(Ap)
(AN ¢ o.(Ap)) for some P € P(X), then Ap — AMp = (A — \)p is left (right)
invertible, and so (A — X)p is left (right) Weyl. By (2.2.1) (or (2.2.2)) it
follows that A — ) is left (right) Weyl, i.e. A ¢ olet(A) (X ¢ o719 (A)).

To prove the converse in (2.3), suppose that A ¢ ol®/*(A). Then A—\ €
®;(X) and i(A—X) <0. Since a(A—)) < B(A—N), there exists a subspace V
such that dim V' = dim N(A—\) < co and VNR(A—)\) = {0}. There exists a
joint closed complement W of V and N(A—\), thatis X =VeW = N(A—
A) @ W. Let P be the projection such that R(P) = W and N(P) = V. Then
P € P(X) and we show that (A—\)p is left invertible. From A—\ € ®;(X) it
follows that (A—\) p is a left Fredholm operator on R(P), by (2.2.1). To prove
that (A — A)p is injective, suppose that w € W and (A — \)pw = 0. Then
P(A—X)w = 0 and hence (A—X)w € N(P)NR(A—)X) = VNR(A-X) = {0},
which implies w € W N N(A — X) = {0}. Therefore, (A — A)p is injective.
This proves that (A — \)p is left invertible, and hence A ¢ o;(Ap).

To prove the converse in (2.4), suppose that A ¢ 079" (A). Then A—\ €
®,.(X) and i(A—X) > 0. Hence a(A—X) > B(A—)) and B(A— ) < co. Let
M be a subspace of N(A—\) such that dim M = codim R(A—\) < oo. There
exists a closed subspace V' of X such that X = M & V. Since codimV =
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codim R(A — \) < oo, there exists a joint complement W of V and R(A — \),
that is

X=WeV=WaeRA-)\. (2.5)
Let P be the projection such that R(P) =V and N(P) = W, clearly, P €
P(X). Since X = M@V and M C N(A — )\), we see that (A — \)V =
(A—=XMNX,s0 R(A=XNp)=P{(A-NV) = P(R(A - X)). From (2.5) we
get P(R(A— X)) = V. Therefore, R((A—X)p) =V, ie. (A—\)p is onto. By
(2.2.2) it follows that (A — A)p is right Fredholm, and so (A — \)p is right
invertible. Hence A ¢ o,.(A4p). O

The following example shows that in general ol¢/*(A) # /*(A) and
a9 (A) # o7 (A). This example was used in [9] and [7].

Ezxample. Let H be a separable Hilbert space, let V' be the right shift on H
and let N € B(H) be quasinilpotent. If A =V & V* @ N, then Jll)eft(A) =
oy 9" (A) = D and oleft(A) = oTi9M(A) = gleft(A) = oTi9M(A) = DD U {0},
where D is the closed unit ball.

Proof. Since 0,(A) = D [9] and o, (A) = =
o, 1'(A) C oy(A) and o, (A) C 0" (A op(A
o, 9" (A) = D.
From o, (A) = D U {0} [9], dow(A) C 0F(A) C 0.(A) C 0y(A) and
oy (A) C 0. (A) C 0yw(A) we obtain o (A) = o, (A) = 0.(A) = 0D U {0}.
Since o (A) C oleft(A) C a.(A) and o7 (A) C o719 (A) C o.(A), it follows
that oleft(A) = 079" (A) = 9D U {0}. As oleft(A) C oleft(A) C 0, (A) and
ol (A) C ol (A) C oy, (A), we get olefH(A) = o9t (A) = 9DU{0}. O
Recall that for A, B € B(X) the following hold:

If A, B € ®(X) (®,(X)), then BA € ®;(X) (9,(X));
If BA € ®;(X), then A € &;(X); If BA € &,(X), then B € &,(X).

Also recall that for A, B € B(X) it holds [4] (Theorem 7.9.2):
If AB = BA, then A, B € B (X) (B_(X)) if and only if AB € B, (X)
(B-(X)).
Now it is easy to see that the next statements hold.
Lemma 2.5. Let A, B € B(X) and AB = BA. Then
(2.5.1) A, Be Bi(X) <= ABe€B(X),
(25.2) A, Be B, (X) <= ABe€bB,.(X).

) = o, (A) D[]fromag_(A)C
M(A) C )

we get o}t (A) =

Theorem 2.6. Let A € B(X) and let f be an analytic function defined in a
neighborhood of o(A). Then

H@ 7 (A) = oy ((4)),
Fop o™ (A)) = a7 7" (£(A)).
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Proof. Follows from Lemma 2.5, [6] (Chapter I, Theorem 6.4 and Theorem
6.8), (2.1.4), (2.1.5) and the fact that the left (right) Browder spectrum of
any operator is non-empty set. O

Let us remark that previous theorem can be proved also in the following
way: for A € B(X), Jéeft(A) = o/t (A) U o (A) and it is well-known that
Floilt(A)) = ol (f(A)) [3] and f(oy (A)) = o/ (f(A)) [7] (Theorem 3.4)

for every analytic function f defined in a neighborhood of o(A). Thus,
Fo,T1(A)) = flolIH(A) Uoyf (A) = f(ol (A) U o) (A))
= ol (F(A) Ui (F(A) = 0T (F(A4).

Similarly for the right Browder spectrum.

Let (G,,) be a sequence of compact subsets of C. The limit superior,
limsup G, is the set of all A in C such that every neighborhood of A intersects
infinitely many G,,.

It is known that B4 (X) and B_(X) are open subsets in B(X) [5] (Satz
4). Since the sets ®;(X) and ®,.(X) are open, we conclude that B;(X) and
B,.(X) are open subsets in B(X) and consequently, for A € B(X) the map-
ping A — o, ft(A) is upper semi-continuous, i.e. if 4,, € B(X) and A,, — A,
then lim sup Jleft(A ) C Jleft(A) Analogously, the mapping A — U’Mght(A)
is upper semi-continuous.

If X and Y are infinite dimensional Banach spaces, A € B(X), B €
B(Y) and C € B(Y, X), we denote

Mc = [61 g] €EB(XaY).

Theorem 2.7. For each j € {e,w,b} and * € {+,—,left,right} there is
inclusion

0;(Mc) Coj(A)Uaj(B).
Particulary, if A and B are left (resp. right, upper, lower) Browder (Weyl),
then Mc is left (resp. right, upper, lower) Browder (Weyl).

A 0
Proof. Let M = [O B

o7 (B). Observe that

I 0][A Cl[T o] _[A zC1 _ &
[0 kl] [o B] [0 ;I}_[o B}_MC_’M%’“_)OO'

]. By Lemma 2.1 it follows that o7 (M) = o7(A) U

Since M} and M¢ are similar, it follows that aj(Mg) = 03 (Mc). By openess
of all the relevant semigroups the mappings o are each upper semicontinu-
ous: thus indeed

o3 (M) = limsup o (ME) C o7 (A) U o’ (B).
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3. Geometric characteristics

For A € B(X), the injectivity radius of A, denoted by s;,;(A), is defined as
follows:

Sinj(A) = Inf{|A| : A € 0,(A)}
=max{e >0 : |A\| <e = A — X is bounded below}.
The surjectivity radius of the operator A, denoted by sg.-(A), is defined
as follows:
Ssur(A) =nf{|A| : X € 04(A)}
=max{e >0 : |\| <e= A — \is onto}.

The semi-Fredholm radius of A is

s(A) =inf{|A| : A — X is not semi — Fredholm}
=max{e >0 : |A\| <e = A — X is semi — Fredholm}.
Zemének [11] proved the following results: If A € B(X) is bounded
below, then
s(A)= sup sipj(A+F).
FeF(X)
If A € B(X) is surjective, then
s(A) = sup Seur(A+F).
FEF(X)
For A € B(X) we define the G;-radius s;(A) and G,-radius s,(A):

si(4) =inf{|A: A€ 0(A)}=max{e>0: [\ <e= A—- e G(X)},
s$r(A) =inf{\|: A€o0 (A)}=max{e>0: [N <e= A—- A€ G (X)}.

Analogously, we define left and right Fredholm, Weyl and Browder ra-
dius of A:

s, (A) = dist(0,05,(A)),
where w = e, w, b, and x = left, right, and also upper and lower semi-

Browder radius of A:

s (A) = dist(0, 05 (A)),
s, (A) = dist(0, 0, (A)).
Using Zemanek’s method of removing jumping points, we prove the
following result.
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Theorem 3.1. (3.1.1) Let A € B(X) be a left invertible operator. Then

séeft(A) = sup si(A+F) = sup si(A+ E).
AF=FA,FEF(X) AE=EA,E€R(X)

(3.1.2) Let A € B(X) be a right invertible operator. Then

sy M (A) = sup sp(A+F) = sup sr(A+ E).
AF=FA,FEF(X) AE=EA,E€R(X)

Proof. (3.1.1): Let A € Gi(X), and let D = {\ € C : || < s/*(A)}. Then
A— )€ (X) for every A € D. According [2] (Theorem 3.2.20), a(A — X)
is equal to 0 everywhere in the disk D, except possibly in the set which is at
most countable, and all points of this set are isolated. These points are called
jumping points. The set of all accumulation points of the set of all jumping
points can only be a subset of the boundary of D.

From (1.5) we obtain

il (A) = dist (0, o1 (A)) = dist(0, 01 (A + E)) > s1(A + E)
for every E € R(X) which commute with A. Hence,

syl (A) > sup si(A+E) > sup si(A+F).  (3.1)
AE=EA,E€R(X) AF=FA,FEF(X)

If A does not have any jumping point in D, then

st (A) = 51(4) < sup si(A+F). (3.2)
AF=FA,FEF(X)
From (3.1) and (3.2) we get (3.1.1).
Suppose that A has the jumping points in D. Denote the jumping points
such that
Ml < Dol <l <0< s A,

Therefore, s;(A) = |A1].

Since A — \; € Bi(X), from [6] (Theorem 20.10) it follows that X is
a direct sum of closed subspaces X; and X5 in X, which are invariant for
A — )y, i.e. they are invariant for A, dim X; < oo, A — A1 is nilpotent on X7,
and for the reduction As = A|x, : Xo — Xo we have Ay — A is injective.

Let p € C such that |u| > |4 + séeft(A) and F' = pP, where P is
the projection from X onto X; along Xs5. Let A € D. Then ||[A — A|| <
Il Al + séeft(A) < |p|, so A— A+ p is invertible. Hence the reduction (A+ p—
Nix, = (A+F = ))x, : X1 — Xj is invertible on X; and N(A+ F — \) =
for all A € D\{)\a,..., An,...}. For all A € D it holds A — X € B;(X). Since
F € F(X) and AF = FA, by (1.1) it follows that A + F — A € Bi(X).
Therefore, A + F — X is left invertible for all A € D\{)\a,..., \s,... }.

Let € > 0. Then there exist only finitely many jumping points A; such

that |N\;| < sfff *(A) — e. Therefore, applying the previous method finitely
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many times, we obtain the operator F; € F(X) such that A+ F; — X is left

invertible for [A| < sl (A) — ¢, i.e.

si(A+ F) > si(A) — e (3.3)
From (3.3) and (3.1) we get (3.1.1).
The statement (3.1.2) can be proved similarly. 0

Theorem 3.2. Let A € B(X).
(3.2.1) If A is bounded below, then

si(A) = sup Sinj(A+ F) = sup Sinj(A+ E).
AF=FA,FEF(X) AE=EA,E€R(X)

(3.2.2) If A is surjective, then

5, (A) = sup Ssur(A+ F) = sup Ssur(A+ E).
AF=FA,FEF(X) AE=FEA,E€R(X)
Proof. Analogously to Theorem 3.1, using [8] (Theorem 7). O

Theorem 3.3. Let J(X) be any non zero ideal of Riesz operators.
(3.3.1) If A € B(X) is left invertible, then
sl (A) =sleft(A) = sup s;(A+F)= sup s(A+E)
FeF(X) EeJ(X)

= sup si(A+ E).
EER(X),AE—EAEP(®(X))

(3.3.2) If A € B(X) is right invertible, then

sPht(A) = sl (A) = sup s.(A+F)= sup s.(A+E)
FEF(X) BeJ(X)
= sup sr(A+ E).
BER(X),AE—EA€P(®(X))

Proof. The first equality in (3.3.1) and (3.3.2) follows from the continuity of
the index. The other equalities in (3.3.1) and (3.3.2) follow from (1.3), (1.4),
[6] (Theorem 16.21 and Corollary 12.4), and [1] (Chapter 5.2, Theorem 7),
analogously to the proof of Theorem 3.1. ]

For A € B(X), set
mleft(A) = dist(A, B(X)\®;(X)),
mli9ht(A) = dist(A, B(X)\®,.(X)).

We extend some results from [14] to left and right Fredholm operators.
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Theorem 3.4. Let A, B € B(X). Then:
(3.4.1) mlTt(A) > 0 <= A € 9(X),
(3.4.2) mleft(A + B) = mleft(A) for each A € B(X) <= B € P(®(X)),
(3.4.3) mT (A + B) < miT'(A) + || B,
(3.4.4) mT (A + B) < ml*(A) + || Bl pa.
(3.4.5) If || Bl pe < ml¢/*(A), then A, A+ B € ®(X) and i(A) = (A+B).
(3.4.6) If || Al pe < mieTt(I), then I — A € ®(X) and i(I — A) =
(3.4.7) If |A™||po < mift(I) for some n > 1, then I — A € <I>(X) and
i(I—A)=
(3.4.8) If AB — BA € P(®(X)) and

re(B) < Tm (mif*(A")r,

then A, A+ B € ®;(X) and i(A+ B) = i(A).
(3.4.9) sleft(A) > Tim (mle/t(A™))w

Proof. (3.4.1): Clearly, since ®;(X) is open.

(3.4.2): (=) Suppose that m!*/t(A+B) = ml¢*(A) for each A € B(X).
If A€ ®(X), then mlef*(A) > 0 by (3.4.1), and so ml’* (A + B) > 0. Tt
follows that A + B € ®;(X). Therefore, B € P(®;(X)) = P(®(X)).

(<) Let B € P(®(X)) = P(®;(X)). Then —B € P(®;(X)) and we
have that C' € ®;(X) if and only if C'+ B € ®;(X). Thus, C € B(X)\®;(X)
if and only if C € —B + B(X)\®;(X). Consequently,

me T (A) = inf{[|A — || : C € B(X)\®i(X)}
=inf{||[A— (=B + Ci| : C1 € B(X)\®;(X)}
= inf{[|(A+ B) — C1]| : C1 € B(X)\®;(X)}
ml (A + B).

(3.4.3): Clearly.
(3.4.4): Let P € P(®(X)). According to (3.4.2) and (3.4.3) we have

mi (A + B) = ml"(A+ B+ P) < mfT'(A) + || B+ P,

which implies m!l*f*(A + B) < m*/*(A) +inf{||B+ P| : P € P(®(X))} =
il (4) + | B pa.

(3.4.5): Suppose that || B||ps < m!¢ft(A) and let A € [0,1]. From (3.4.4)
it follows that

mlTt(A) = mlSY(A+ AB 4 (=AB)) < ml’* (A + AB) + || — AB||ps
=m(A+AB) + A|Bllpe < m¢TH (A + AB) + mTt (A),
and so ml¢’t (A + AB) > 0. It follows that A + AB € ®;(X), and hence
A, A+ B € &;(X). Since the index is locally constant, we obtain (A + B) =
i(A).
(3.4.6): Let || Al pe < mi/t(I). From (3.4.5) we get [ — A € ®;(X) and
i(I—A)=1i()=0. Thus, I — A € o(X).
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(3.4.7): Let ||A"|| pe < mleft(I) for some n > 1 and let A € [0,1]. Then
[AA)"||po = A*||A™||pe < ||A™|pe < mi/t(I) and from (3.4.6) it follows
that I — (AA)™ € ®(X). Since

— (A" =T =N+ XA+  + A tar
=T +XA+ | +ATAH (T - NA),
we conclude I — AA € ®(X). Consequently, I — A € ®(X) and i(I — A) =
i(I) =0.

(3.4.8): Suppose that AB—BA € P(®(X)) and ro(B) < Tim (mlft(Am))=
Let € be such that r.(B) < e < Tim (mlf*(A™))w . Since ro(B) = lim (||B"||ps)*
it follows that lim (||B"||pe)* < € < lim ( left(Am))w. Thus there is an

odd n € N such that (|B"||ps)" < € < ( left(Am))%, and so | B"||pe <

mleft(A™). By (3.4.5) we get A"+B"™ € ®;(X). Since P(®(X)) two-sided ideal
of B(X), from AB— BA € P(®(X)) it follows that A"+ B" = C(A+B)+P
where C = A"~ '~ BA""24 4+ B" tand P € P(®(X)). Thus, C(A+B) €
®;(X) and so A+ B € ®;(X). Let us remark that the proof above shows that
A+ AB € &;(X) for 0 < A <1, which implies that i(A + B) = i(A).
(3.4.9): Suppose that Iim (mlft(A™))w >0. For AeC, |A| < Iim ( left(An))w
and B = AL it follows that re(B) = || < Iim (m left(Am))a. Since AB —
BA, from (3.4.8) we get \I—A € &;(X). Hence sleft(A) > Tim (mleft(Am))=
(]

The next theorem is a dual part of Theorem 3.4.

Theorem 3.5. Let A, B € B(X). Then

(3.5.1) ml9ht(A) > 0 <= A € ®,.(X),

(3.5.2) ml9ht(A + B) = ml9ht(A) for each A € B(X) <= B € P(®(X)),
(3.5.3) 9 (A + B) < mr(4) + B,

(3.5.4) m9" (A + B) <m0 (4) + | Bllpa.

(3.5.5) If || Bl pe < m59"(A), then A, A+ B € ®,.(X) andi(A) = i(A+B).
(3.5.6) If || Al ps < mL9ht(I), then I — A € ®(X) and i(I — A) =0

(

3.5.7) If ||A"||p¢, < ml9" (1) for some n > 1, then I — A € ®(X) and
i(I—A)=

(3.5.8) If AB — BA € P(®(X)) and
re(B) < Tim (m{"0"*(A™)",

then A, A+ B € ®&,.(X) and i(A+ B) =i(A).
(3.5.9) sLi9"t(A) > Tim (m[i9"(A™))x.
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Theorem 3.6. Let A, B € B(X).
(3.6.1) If
1A = Bllpe < mgT*(A) + me(B),
then A, B € ®;(X) and i(A) = i(B).
(3.6.2) If
1A = Bllpa < my'?"(A) +mg " (B),
then A, B € ®,.(X) and i(A) = i(B).

Proof. (3.6.1): Suppose that ||A—B| pe < mlet(A)+mle/t(B). Then m/t(A)+
mleft(B) > 0, and so ml¢ft(A) and m!®/*(B) can not be at the same time
equal to zero. If one of them, say m!¢*(B), is equal to zero, then m'*/*(A) > 0.
Now from ||A — Bl|ps < m!éft(A), by (3.4.5) we conclude B € ®;(X), that
is mft(B) > 0, which is a contradiction. Therefore, ml*/*(A) > 0 and

€ €

mleft(B) > 0, and so A, B € ®;(X). There exists P € P(®(X))) such that
|A—B— P| <mll(A) +ml(B).

Let C = B+ P. From (3.4.2) it follows that m*/*(C) = m!¢/*(B), and so we
get
1A = Cll < m* (A) + mE(C).

Therefore, the open ball centered at A with radii m!®/*(A) and the open
ball centered at C' with radii m.®/*(C) have a non-empty intersection. Hence
their union is linearly connected set contained in ®;(X) C &, (X). Since the
index is locally constant, it follows that i(A) = i(C). For A € [0,1] we have
AP € P(®(X)), which implies B + AP € ®;(X). Again from local constancy
of the index we conclude i(B) = i(B + P). Therefore i(A) = i(B). O

Let us remark that P(W;(X)) = P(®(X)) and P(W, (X)) = P(®(X))
and analogous assertions can be formulated for left and right Weyl operators
and the quantities:

migTt(A) = dist(A, B(X)\Wi(X)),
mri9Mt(A) = dist(A, B(X)\W,(X)), A € B(X).
Notice that if m!¢ft(A) > 0 (m79"(A) > 0), i.e. if A € W(X) (A € W, (X)),
then because of local constancy of the index it holds m!¢/t(A) = mle/t(A)
(miy 9" (A) = mgioht(A)).

Moreover, the following more general assertions can be proved analo-
gously.

Theorem 3.7. Let U be an open subset of ®L(X) such that pd C U for every
w#0. For Ae B(X), set

my (A) = dist(4, B(X)\U),
[Allpay = mf{[|A+ P[ : P e PU)},
where P(U) is the perturbation class of U.
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Then, for A, B € B(X), the following hold:
(3.7.1) my(A) >0 AclU;
(3.7.2) my(A+ B) =my(A) for every A € B(X) <= B e P(U);
(3.7.3) my(A+ B) < mu(A) + ||B||;
(3.7.4) my(A+ B) < myu(A) + | Bllpw):
(3.7.5) If | Bl pusy < mu(A), then A, A+ B elU and i(A) =i(A+ B).
(3.7.6) If | Al pwsy < my(I), then I — A € ®(X) and i(I — A) =
(3.7.7) IfHA”Hp(u <my(I) forn>1,thenI — A€ ®(X) andi(I—A) =0.
(3.7.8) If
A = Bllpwy < mu(A) +mu(B),
then A, B €U and i(A) =i(B).

Theorem 3.8. Let U be an open subset of ®4(X) such that
(1) pd C U for every u # 0,
(i) I €U,
(iii) K(X) C PU).
Then

re(4) = lim (JA"|peo) ™. (3.4)

Proof. Let A € C and |A| > (mu(I))_%(HA"Hp(u))% for some n € N. Then

my(I) > ||(A/N)" || pay and by (3.7.7) it follows that AI — A € ®(X). There-
fore 7e(A) < (my (1))~ ( |A”||p(u))% for all n € N. Notice that from I € U

it follows that my(I) > 0. Therefore,
re(A) < Tim (mg ()" lim ([[A"][pey))™ = lim ([[A"]|paq)™

n—oo n—oo

Since K(X) C P(U), it follows that ||A™[|pgy < [|7(A™)] for every n € N.
Thus

. n 1 o 1 . n
re(4) < lim ([|A"|[pag)™ < lim ([A"[|pey)™ < lim ([l7(A")
n— o0 n—00

n—oo

)Tll =71e(A),

which implies (3.4). O

Theorem 3.9. Let U be an open subset of @4 (X) such that
(i) pd C U for every u # 0,
(ii) I e U,
(i) K(X) © P@U),
(iv) GU CU and UG C U,
( ) (VA,Be B(X))(ABeU = AcU) or (VA,Be€ B(X))(ABeclU =
Bel).
Then, for A, B € B(X), the following hold:

(3.9.1) If AB— BA € P(U) and
re(B) < Tim (my(A™))*,

n—oo
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then A, A+ B €U and i(A+ B) = i(A).
(3.9.2) sy(A) > Tim (my(A™))n, where sy(A) = max{e > 0: [\| < e =
A—-XeUu}.

Proof. Follows from Theorem 3.8 and (3.7.5). O

For A € B(X), let
[Allpe, = inf{||A+ P[|: P € P(®4(X))},
[Allpe_ = inf{||A+ P|: P € P(®_(X))},
and
mF(A) = dist(A, B(X)\, (X)),
(A) = dist(A, B(X)\?_(X)).
If we take @ (X) or ®_(X) for U in (3.7.8), we get:

me

Corollary 3.10. Let A, B € B(X). If

|A = Bllpe, <mi(A)+ml(B),
or

A= Blpe_ <mg(A)+m,(B),
then i(A) = i(B).

From Corollary 3.10 we obtain Theorem 4 in [10]:

Let T, S € B(X). If |7(T — S)|| < mI(T) +mt(S) or ||«(T — S)|| <
m_ (T) +m_ (S), then i(T) = i(S).
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