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Abstract. In the present paper, biharmonic Legendre curves with respect to Schouten-
Van Kampen connection have been studied on three-dimensional f-Kenmotsu manifolds.
Locally φ-symmetric Legendre curves on three-dimensional f-Kenmotsu manifolds with
respect to Schouten-Van Kampen Connection have been introduced. Also, slant curves
have been studied on three-dimensional f-Kenmotsu manifolds with respect to Schouten-
Van Kampen connection. Finally, we have constructed an example of a Legendre curve
in a 3-dimensional f-Kenmotsu manifold.
Keywords: Legendre curves; f-Kenmotsu manifold; Locally φ-symmetric Legendre
curves; Schouten-Van Kampen connection; Slant curve.

1. Introduction

In the study of contact manifolds, Legendre curves play an important role, e.g., a
diffeomorphism of a contact manifold is a contact transformation if and only if it
maps Legendre curves to Legendre curves. Legendre curves on contact manifolds
have been studied by C. Baikoussis and D. E. Blair in the paper [2]. Originally, the
notion of Legendre curve was defined for curves in a contact three-manifolds with
the help of a contact form. This notion of Legendre curves can be also extended to
almost contact manifolds [22]. Curves satisfying the properties of Legendre curves
in almost contact metric manifolds are known as almost contact curves [5]. In
[16], A. Sarkar, S. K. Hui and M. Sen have studied Legendre curves on three di-
mensional trans-Saskian manifold. J. Welyzcko [22], studied Legendre curves on a
three-dimensional trans-Sasakian manifolds with respect to Levi-Civita connections.
In [5], the authors have introduced a 1-parameter family of linear connections on
three-dimensional almost contact metric manifolds to study biharmonic curves on
almost contact manifolds. The author has studied some curves on three-dimensional
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trans-Sasakian manifolds with semi-symmetric metric connection [14]. The author
of the present paper has also studied some curves on α-Sasakian manifolds with
indefinite metric [15]. The Schouten-Van Kampen connection is one of the most
natural connections adapted to a pair of complementary distributions on a differen-
tiable manifold endowed with an affine connection [3],[6], [17]. Solov’es investigated
hyperdistributions in Riemannian manifolds using Schouten-Van Kampen connec-
tion [18]. Then Olszak studied the Schouten-Van Kampen connection to an almost
contact metric structure [13]. He characterized some classes of almost contact met-
ric manifolds with Schouten-Van Kampen connection and found certain curvature
properties of this connection of these manifolds. In the present paper, we are inter-
ested to study biharmonic Legendre curves with respect to Schouten-Van Kampen
connection on a three-dimensional f-Kenmotsu manifold. We also introduce locally
φ-symmetric almost contact curves with respect to Schouten-Van Kampen connec-
tions on a three-dimensional f-Kenmotsu manifold.

The present paper is organized as follows: After the introduction, we have given
some required preliminaries in Section 2. In Section 3, we have studied biharmonic
Legendre curves with respect to Schoute-Van Kampen connection. In Section 4,
we have considered locally φ-symmetric Legendre curves on three-dimensional f-
Kenmotsu manifolds with respect to Schouten-Van Kampen connection. In Section
5, we have studied slant curves with respect to Schouten-Van Kampen connection.
In the last section, we have constructed an example of Legendre curve in a three-
dimensional f-Kenmotsu manifold.

2. Preliminaries

LetM be a connected almost contact metric manifold with an almost contact metric
structure (φ, ξ, η, g), that is, φ is an (1, 1) tensor field, ξ is a vector field, η is an
1-form and g is compatible Riemannian metric such that

φ2X = −X + η(X)ξ, η(ξ) = 1, φξ = 0, ηφ = 0,(2.1)

g(φX, φY ) = g(X,Y )− η(X)η(Y ),(2.2)

g(X,φY ) = −g(φX, Y ), g(X, ξ) = η(X),(2.3)

for all X,Y ∈ T (M) [1]. The fundamental 2-form Φ of the manifold is defined by

Φ(X,Y ) = g(X,φY ),(2.4)

for X,Y ∈ T (M). An almost contact metric manifold is normal if [φ, φ](X,Y ) +
2dη(X,Y )ξ = 0.

An almost contact metric structure (φ, ξ, η, g) on a manifold M is called f-
Kenmotsu manifold if this may be expressed by the condition [11]

(∇Xφ)Y = f{g(φX, Y )ξ − η(Y )φX},(2.5)
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where f ∈ C∞(M) such that df ∧ η = 0 and ∇ is Levi-Civita connection on M.

If f = α=constant6= 0, then the manifold is an α−Kenmotsu manifold [7]. 1-
Kenmotsu manifold is a Kenmotsu [8]. If f=0, then the manifold is cosymplectic
[7]. An f-Kenmotsu manifold is said to be to be regular if f2 + f ′ 6= 0, where
f ′ = ξ(f).

For an f-Kenmotsu manifold it follows that

∇Xξ = f{X − η(X)ξ},(2.6)

Then using (2.6), we have

(∇Xη)Y = f(g(X,Y )− η(X)η(Y )).(2.7)

The condition df ∧ η = 0 holds if dim M> 5. This does not hold in general if dim
M=3 [12]. In a 3-dimensional f-Kenmotsu manifold M, we have [12]

R(X,Y )Z = (
r

2
+ 2f2 + 2f ′){g(Y, Z)X − g(X,Z)Y }

− (
r

2
+ 3f2 + 3f ′){g(Y, Z)η(X)ξ − g(X,Z)η(Y )ξ

+ η(Y )η(Z)X − η(X)η(Z)Y },(2.8)

S(X,Y ) = (
r

2
+ f2 + f ′)g(X,Y )− (

r

2
+ 3f2 + 3f ′)η(X)η(Y ),(2.9)

QX = (
r

2
+ f2 + f ′)X − (

r

2
+ 3f2 + 3f ′)η(X)ξ,(2.10)

where R denotes the curvature tensor, S is the Ricci tensor of type (0, 2), Q is the
Ricci operator and r is the scalar curvature of the manifold M .

The Schouten-Van Kampen connections [9], [13] ∇̃ and the Levi-Civita connec-
tion ∇ are related by

∇̃XY = ∇XY − η(Y )∇Xξ + (∇Xη)(Y )ξ,(2.11)

for all vector fields X,Y on M. With the help of (2.6) and (2.7), the above equation
takes the form

∇̃XY = ∇XY + f{g(X,Y )ξ − η(Y )X},(2.12)

for an f-Kenmotsu manifold. So, we obtain the following Proposition by using
(2.1)-(2.6) and (2.10):
Proposition 2.1. The Schouten-Van Kampen connections ∇̃ on f-Kenmotsu man-
ifold, we have the following properties ∇̃g = 0, ∇̃η = 0 and ∇̃ξ = 0. Also from
(2.10), the tensor T̃ of the Schouten-Van Kampen connection is [21]

T̃ (X,Y ) = η(X)∇Y ξ − η(Y )∇Xξ + 2dη(X,Y )ξ,(2.13)
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for all fields X, Y on M.

Let ∇̃γ̇ denote the covariant differentiation along γ with respect to Schouten-
Van Kampen connection on M. We shall say that γ is a Frenet curve with respect
to Schouten-Van Kampen connection if one of the following three cases holds:

(a) γ is of osculating order 1, i.e., ∇̃tt = 0 (geodesic).

(b) γ is of osculating order 2, i.e., there exist two orthonormal vector fields
t(= γ̇), n and a non-negative function k̃ (curvature) along γ such that ∇̃tt = k̃n,

∇̃tn = −k̃t.

(c) γ is of osculating order 3, i.e., there exist three orthonormal vectors t(= γ̇),
n, b and two non-negative functions k̃(curvature) and τ̃ (torsion) along γ such that

∇̃tt = k̃n,(2.14)

∇̃tn = −k̃t+ τ̃ b,(2.15)

∇̃tb = −τ̃n.(2.16)

The vector fields t and n along γ in the above equations are related by n = φt

and hence b = ξ along γ. With respect to Schouten-Van Kampen connection, a
Frenet curve of osculating order 3 for which k̃ is a positive constant and τ̃ = 0 is
called a circle in M ; a Frenet curve of osculating order 3 is called a helix in M if k̃
and τ̃ both are positive constants and the curve is called a generalized helix with

respect to Schouten-Van Kampen connection if k̃
τ̃
is a constant.

A Frenet curve γ in an almost contact metric manifold is said to be almost
contact curve if it is an integral curve of the distribution D = kerη. Formally, it is
also said that a Frenet curve γ in an almost contact metric manifold is an almost
contact curve if and only if η(γ̇) = 0 and g(γ̇, γ̇) = 1. For more details we refer
[2], [4], [10], [22]. It is to be mentioned that in the paper [5], curves satisfying the
above properties on almost contact manifolds have been termed as almost contact
curve while Welyczko [22] has termed such curves on almost contact manifolds as
Legendre curves. Henceforth, by Legendre curves on almost contact manifolds we
shall mean almost contact curves.

A Frenet curve is called a slant curve if it makes a constant angle with Reeb
vector field ξ. If a curve γ on an almost contact metric manifold is a slant curve
then η(γ̇) = cos θ and g(γ̇, γ̇) = 1 where θ is a constant and is called slant angle. In
particular if the angle is π

2
, the curve becomes a Legendre curve.

3. Biharmonic almost contact curves with respect to Schouten-Van

Kampen connection

In this section we study biharmonic almost contact curves on a three-dimensional
f-Kenmotsu manifold with respect to Schouten-Van Kampen connection.

Definition 3.1. A Legendre curve γ on a three-dimensional f-Kenmotsu man-
ifold is called biharmonic with respect to Schouten-Van Kampen connection if it
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satisfies the equation [5]

∇̃3

t t+ ∇̃tT̃ (∇̃tt, t) + R̃(∇̃tt, t)t = 0,(3.1)

where T̃ is torsion of the Schouten-Van Kampen connection and γ̇ = t is tangent
vector field of the curve.
Let us consider a Legendre curve γ with respect to Schouten-Van Kampen con-
nection on a three-dimensional f-Kenmotsu manifold. We take {t, φt, ξ} as right
handed system when φt = −n, φn = t.
Let R̃ and R be the Riemannian curvature tensor with respect to Schouten-Van
Kampen connection and Levi-civita connection respectively. Then the relation be-
tween R̃ and R is given by [9]

R̃(X,Y )Z = R(X,Y )Z + f2{g(Y, Z)X − g(X,Z)Y }

+ f ′{g(Y, Z)η(X)ξ − g(X,Z)η(Y )ξ + η(Y )η(Z)X − η(X)η(Z)Y }.(3.2)

For a Legendre curve η(t) = 0, η(n) = 0 because we have considered Frenet frame
as {t, φt, ξ} as a right handed system when φt = −n, φn = t. Using this facts in
(3.2) and considering (2.8), we get

R̃(n, t)t = (
r

2
+ 3f2 + 2f ′)n.(3.3)

By Frenet formula (2.15), (2.16), (2.17) and (2.18) we get

∇̃3

t t = −3k̃k̃′t+ (k̃′′ − k̃3 − κ̃τ̃3)n+ (2τ̃ κ̃′ + κ̃τ̃ ′)b,(3.4)

where n = −φt, b = ξ. In view of (2.13)

∇̃tT̃ (∇̃tt, t) = 0.(3.5)

By virtue of (3.3), (3.4) and (3.5) we get

∇̃3

t t+ k̃R̃(n, t)t = −3k̃k̃′t+ {k̃′′ − k̃3 − κ̃τ̃2 + k̃(
r

2
+ 3f2 + 2f ′)}n

+ (2τ̃ κ̃′ + κ̃τ̃ ′)b.(3.6)

By virtue of (3.1) and observing the components of the right hand side of (3.6),
we get κ̃ and τ̃ are constant such that κ̃2 + τ̃2 = r

2
+3f2 +2f ′. Hence we can state

the following theorem
Theorem 3.1. Let γ be a non-geodesic Legendre curve with respect to Schouten-
Van Kampen connection on three-dimensional f-Kenmotsu manifold. Then the
Legendre curve is a helix with respect to the Schouten-Van Kampen connection
such that κ̃2 + τ̃2 = r

2
+ 3f2 + 2f ′. The converse statement is true if the torsion

tensor is constant along γ.
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4. Locally φ-symmetric Legendre curves with respect to Schouten-Van

Kampen connection

The notion of locally φ-symmetric manifolds was introduced by T. Takahashi [19]
in the context of Sasakian geometry. Since every smooth curve is a one-dimensional
differentiable manifold, we may apply the concept of local φ-symmetry on a smooth
curve. In [14], locally φ-symmetric Legendre curves have been studied.

Definition 4.1. With respect to Schouten-Van Kampen connection a three-
dimensional f-Kenmotsu manifold will be called locally φ-symmetric if it satisfies

φ2(∇̃W R̃)(X,Y )Z = 0,(4.1)

for all vector fields X,Y, Z,W orthogonal to ξ.

Definition 4.2. With respect to Schoutn-Van Kampen connection a Legen-
dre curve γ on a three-dimensional f-Kenmotsu manifold will be called locally φ-
symmetric if it satisfies

φ2(∇̃tR̃)(∇̃tt, t)t = 0,(4.2)

where t = γ̇. Here we shall establish the following:
Theorem 4.1. A necessary and sufficient condition for a non-geodesic Legendre
curve on a three-dimensional f-Kenmotsu manifold with constant structure function
to be locally φ−symmetric with respect to the Schouten-Van Kampen connection is
r = −6f2, where r is the scalar curvature of the manifold with respect to Levi-Civita
connection.

By definition of covariant differentiation of the Riemannian curvature tensor R
of type (1, 3) we obtain

(∇̃tR̃)(∇̃tt, t)t = ∇̃tR̃(∇̃tt, t)t− R̃(∇̃2

t t, t)t− R̃(∇̃tt, ∇̃tt)t− R̃(∇̃tt, t)∇̃tt.

Using Serret-Frenet formula, from the above equation we get

(∇̃tR̃)(∇̃tt, t)t = ∇̃tR̃(∇̃tt, t)t+ k̃2R̃(t, t)t− k̃τ̃ R̃(b, t)t

− k̃′R̃(n, t)t− k̃2R̃(n, n)t− k̃2R̃(n, t)n.(4.3)

After some straightforward calculation, the above equation together with (3.3)
and (2.18) we have

(∇̃tR̃)(∇̃tt, t)t = k̃(
r

2
+ 3f2 + 2f ′)′n+ k̃τ̃ (

r

2
+ 3f2 + 2f ′)ξ.(4.4)

Applying φ2 in both sides of the above equation, we have

φ2(∇̃tR̃)(∇̃tt, t)t = −k̃(
r

2
+ 3f2 + 2f ′)′n− k̃τ̃ (

r

2
+ 3f2 + 2f ′)ξ.(4.5)

By virtue of (4.2) and the above relation, the theorem follows.
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5. Slant curves in a three-dimensional f-Kenmotsu manifold with

respect to Schouten-Van Kampen connection

Definition 5.1. A unit speed curve γ in an almost contact metric manifold
M(φ, ξ, η, g) is said to be slant if its tangent vector field makes constant angle
θ with ξ i.e., η(γ̇) = cosθ is constant along γ. By definition, slant curves with
constant angle π

2
are called Legendre curves or almost contact curves. Slant curves

in 3-dimensional Kenmotsu manifolds with respect to semi-symmetric metric con-
nection have been studied by W. Tang, P. Majhi, P. Zhao and U.C. De [20]. In
this section, we are interested to study slant curves on 3-dimensional f-Kenmotsu
manifolds with respect to Schouten-Van Kampen connection. Let us consider a unit
speed curve γ on a f-Kenmotsu manifold, by virtue of (2.12) we get

∇̃tt = ∇tt+ f(ξ − η(t)t),(5.1)

where ∇ is Levi-Civita connection. Now if γ is a Legendre curve in M and
{t,n,b} the Frenet frame along γ, then the tangent vector field t can be defined by
t=γ̇. Then from (5.1) we get

∇̃tt = ∇tt+ fξ.(5.2)

Then from above equation we have:
Proposition 5.1. The curvature vector field ∇tt coincides with the ∇̃tt if and only
if the manifold is cosymplectic.

Let γ be a non-geodesic Frenet curve in three-dimensional f-Kenmotsu manifold
with Schouten-Van Kampen connection.

Differentiating the equation g(t, ξ) = cos θ with respect to t along γ we get

∇̃tg(t, ξ)− g(∇̃tt, ξ)− g(t, ∇̃tξ) = 0.(5.3)

Using (2.12) in the above equation we get,

κ̃η(n) = − sin θ.θ′,(5.4)

where {t, n, b} is Frenet frame with t = γ̇. If γ is slant curve, then above equation
reduces to

κ̃η(n) = 0.(5.5)

Therefore, from the above equation we can state the following proposition:
Proposition 5.2. A non-geodesic curve γ in a three-dimensional f-Kenmotsu
manifold with Schouten-Van Kampen connection is slant if and only if it satis-
fies η(n) = 0.
Hence the reeb vector field ξ can be written as follows ξ = cos θt∓sin θb. This means
that the reeb vector field is in the plane spanned by t and b, namely g(ξ, n) = 0. On
the other hand, with respect to an adapted local orthonormal frame fields X , φX,



364 A. Mondal

ξ of M such that η(X) = 0 we have the following equalities of the Frenet vector
fields t, n, b for some function λ(s),

t = sin θ{cosλX + sinλφX}+ cos θξ,

n = − sinλX + cosλφX,

b = ∓ cos θ cosλX ∓ cos θ sinλφX ± co sec θξ.

Differentiating the equation g(ξ, n) = 0 along the slant curve γ of M, it follows that

g(∇̃tn, ξ) + g(n, ∇̃tξ) = 0,

using (2.6) and (2.12) we get

κ cos θ ± τ sin θ = 0.

Hence we can state the following theorem:
Theorem 5.1. If a non-geodesic curve of a three-dimensional f-Kenmotsu manifold
with respect to Schouten-Van Kampen connection is a slant curve, then κ

τ
=constant.

6. An example of a three-dimensional f-Kenmotsu manifold with

respect to Schouten-Van Kampen connection

In this section, we would like to construct an example of a three-dimensional f-
Kenmotsu manifold with respect to Schouten-Van Kampen connection.

We considered a three-dimensional manifold M = {(x, y, z) ∈ R3, z 6= 0}, where
(x, y, z) are the standard coordinates in R3. The vector fields

e1 = z2
∂

∂x
, e2 = z2

∂

∂y
, e3 =

∂

∂z

are linearly independent at each point ofM. Let g be the Riemannian metric defined
by

g(e1, e3) = g(e2, e3) = g(e1, e2) = 0, g(e1, e1) = g(e2, e2) = g(e3, e3) = 1.

Let η be the 1-form defined by η(Z) = g(Z, e3) for any Z ∈ χ(M). Let φ be the
(1,1) tensor field defined by φ(e1) = −e2, φ(e2) = e1, φ(e3) = 0. Then using the
linearity of φ and g we have

η(e3) = 1, φ2Z = −Z + η(Z)e3, g(φZ, φW ) = g(Z,W )− η(Z)η(W ),

for any Z,W ∈ χ(M). Thus for e3 = ξ, (φ, ξ, η, g) defines an almost contact metric
structure on M. Now, by direct computations we obtain

[e1, e2] = 0, [e2, e3] = −
2

z
e2, [e1, e3] = −

2

z
e1.
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By Koszul formula

∇e1e3 = − 2

z
e1, ∇e1e2 = 0, ∇e1e1 = − 2

z
e3,

∇e2e3 = − 2

z
e2, ∇e2e2 = − 2

z
e3, ∇e2e1 = 0,

∇e3e3 = 0, ∇e3e2 = 0, ∇e3e1 = 0.

From above we see that the manifold satisfies∇Xξ = f(X−η(X)ξ) for ξ = e3, where
f = − 2

z
. Hence the manifold is a f-Kenmotsu manifold. Now the Schouten-Van

Kampen connection on the manifold we have

∇̃e1e3 = (− 2

z
− r)e1, ∇̃e1e2 = 0, ∇̃e1e1 = 2

z
(e3 − ξ),

∇̃e2e3 = (− 2

z
− f)e2, ∇̃e2e2 = 2

z
(e3 − ξ), ∇̃e2e1 = 0,

∇̃e3e3 = −f(e3 − ξ), ∇̃e3e2 = 0, ∇̃e3e1 = 0.

From above we see that ∇̃eiej = 0, (0 ≤ i, j ≤ 3) for ξ = e3 and f = − 2

z
. Hence the

manifold is f-Kenmotsu manifold with respect to Schouten-Van Kampen connection.

Example 6.1. Consider a curve γ : I → M defined by γ(s) = (
√

2

3
s,
√

1

3
s, 1).

Hence γ̇1 =
√

2

3
, where γ̇2 =

√

1

3
and γ̇3 = 0, γ(s) = (γ1(s), γ2(s), γ3(s)). Now

η(γ̇) = g(γ̇, e3) = g(γ̇1e1 + γ̇2e2 + γ̇3e3, e3) = 0.

g(γ̇, γ̇) = g(γ̇1e1 + γ̇2e2 + γ̇3e3, γ̇1e1 + γ̇2e2 + γ̇3e3)
= γ̇2

1
+ γ̇2

2
+ γ̇2

3

= γ̇2
1 + γ̇2

2

= 2

3
+ 1

3

= 1.

Hence the curve is Legendre curve.
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