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LENGTHS OF CIRCULAR TRAJECTORIES ON GEODESIC

SPHERES IN A COMPLEX PROJECTIVE SPACE

Tuya Bao and Toshiaki Adachi

Abstract

We study trajectories for Sasakian magnetic fields which are also circles of positive

geodesic curvature on geodesic spheres in a complex projective space. Investigating

their extrinsic shapes we give a condition for them to be closed. By use of information

on lengths of circles on a complex projective space, we give their lengths, and estimate

the bottom of the length spectrum of circular trajectories.

1. Introduction

Let M be a real hypersurface in a Kähler manifold ~MM with complex
structure J and Riemannian metric h ; i. This hypersurface admits a canonical
almost contact metric structure ðf; x; h; h ; iÞ induced by J. The characteristic
vector field x is given by x ¼ �JN with a unit normal N on M in ~MM, and the
characteristic tensor f is given by fðvÞ ¼ Jv� hv; xiN. Associated with this
structure we have a canonical closed 2-form Ff on M defined by Ffðv;wÞ ¼
hv; fðwÞi. Given a constant k we set Fk ¼ kFf and call it a Sasakian magnetic
field on M (c.f. [10]). The motion of an electric charged particle of unit speed
under this magnetic field is a smooth curve g which is parameterized by its
arclength and satisfies the equation ‘ _gg _gg ¼ kf _gg. We call it a trajectory for
Fk. When k ¼ 0, trajectories are geodesics. We can hence consider trajectories
for Sasakian magnetic fields are generalization of geodesics which are associated
with the almost contact metric structure. But as the characteristic tensor f is not
parallel, trajectories for Sasakian magnetic fields are not simple objects in general
from curve-theoretic point of view.

In this paper, we focus our mind on trajectories which are also circles on
typical homogeneous real hypersurfaces in a complex projective space and study a
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condition for them to be closed. If we consider circles on a standard sphere or
on a Euclidean space, we see they are closed. But the situation is not the same
on geodesic spheres in a complex projective space even if we restrict ourselves
to circular trajectories. We show that there are infinitely many open circular
trajectories and infinitely many closed circular trajectories. The reasons why we
focus our mind on trajectories which are also circles are one is that circles are
simplest curves next to geodesics and the other is that trajectories for Kähler
magnetic fields are always circles. A constant multiple Bk ¼ kBJ of the Kähler
form BJ on a Kähler manifold ð ~MM; JÞ is said to be a Kähler magnetic field. A
trajectory for Bk is a smooth curve which is parameterized by its arclength and
satisfies the equation ‘ _gg _gg ¼ kJ _gg (see [1] and its sequels for more detail). Since
some homogeneous real hypersurfaces in a non-flat complex space form can be
regarded as odd dimensional objects corresponding to complex space forms,
which are called Sasakian space forms, we are interested in some similarity and
di¤erence between Sasakian magnetic fields and Kähler magnetic fields.

In this paper we also study the distribution of lengths of circular trajectories.
It is known that geodesic spheres of su‰ciently large radius in a complex pro-
jective space are examples of ‘‘Berger spheres’’. Borrowing an idea on the study
on lengths of circles given in [4], we give an expression of lengths of closed
circular trajectories and estimate the length of shortest closed circular trajectories.
We here note that every trajectory for our Sasakian magnetic fields is a homoge-
neous curve on a geodesic sphere in a complex projective space, that is, it is an
orbit of a one-parameter subgroup of the isometry group of a geodesic sphere
([5]). Though trajectories for Sasakian magnetic fields essentially are not circles,
from the viewpoint of curve-theory, we may say that our study gives a clue to the
study of homogeneous curves on Sasakian space forms.

The authors are grateful to the referee for valuable suggestions.

2. Main results

A smooth curve g on a Riemannian manifold which is parameterized by its
arclength is called a circle if it satisfies the di¤erential equation ‘ _gg‘ _gg _ggþ k2 _gg ¼ 0
with some nonnegative constant k. This constant k is called the geodesic cur-
vature of a circle. When k ¼ 0 it is a geodesic. We may hence say that circles
of positive geodesic curvature are simplest curves next to geodesics. In this
paper we study trajectories for Sasakian magnetic fields which are also circles of
positive geodesic curvature. We call such a trajectory circular.

A smooth curve g parameterized by its arclength is said to be closed if there
is a positive constant tc satisfying gðtþ tcÞ ¼ gðtÞ for all t. The minimum positive
tc with this property is called the length of g and is denoted by lengthðgÞ. For
a smooth curve which is not closed we say it is open and set lengthðgÞ ¼ y. We
here give our main results. On geodesic spheres in a complex projective space
CPn we find trajectories are closed if and only if their radii and strengths of
Sasakian magnetic fields satisfy a relation.
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Theorem 1. Let g be a circular trajectory for a Sasakian magnetic field Fk

on a geodesic sphere GðrÞ of radius r ð0 < r < p=2Þ in a complex projective space
CPnð4Þ of constant holomorphic sectional curvature 4.

(1) When p=4 < r < p=2 and k2 ¼ ð3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðcot2 rþ 1Þ

p
� 4Þ=2, it is closed and

its length is 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin rð3

ffiffiffi
2

p
� 4 sin rÞ

q
.

(2) Otherwise, g is closed if and only if

ðk2 þ 2Þj2k4 þ 8k2 � 9 cot2 r� 1j
2ðk4 þ 4k2 � 3 cot2 rþ 1Þ3=2

¼ qð9p2 � q2Þ
ð3p2 þ q2Þ3=2

ð2:1Þ

holds with some relatively prime positive integers p, q satisfying
p > q. In this case its length is given as

pdðp; qÞjkj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3p2 þ q2Þ=ðk4 þ 4k2 � 3 cot2 rþ 1Þ

q
,

where dðp; qÞ ¼ 1 when pq is odd and dðp; qÞ ¼ 2 when pq is even.

Though the above theorem shows the explicit formula on lengths of closed
circular trajectories, as the relation between radii and strengths of Sasakian
magnetic fields is given by cubic equations, it is not easy to get how lengths of
circular trajectories are distributed on the real line. We hence consider pro-
perties of the length spectrum. We say two smooth curves g1, g2 on GðrÞ
are congruent to each other if there exist an isometry j of GðrÞ and a con-
stant t0 with g2ðtþ t0Þ ¼ j � g1ðtÞ for all t. We denote by TfðGðrÞÞ the set of
all congruence classes of circular trajectories on GðrÞ in CPnð4Þ. We define
L : TfðGðrÞÞ ! RU fyg by Lð½g�Þ ¼ lengthðgÞ and call it the length spectrum of
circular trajectories. Here ½g� denotes the congruence class containing a circular
trajectory g. We set LSpecfðGðrÞÞ ¼ LðTfðGðrÞÞÞVR and call it also the length
spectrum of circular trajectories.

Theorem 2. The length spectrum LSpecfðGðrÞÞ of circular trajectories on a
geodesic sphere GðrÞ in CPn is not bounded.

With Proposition 1 and Lemma 1 which will be mentioned below, this
theorem guarantees that there exist infinitely many closed circular trajectories.
On the other hand, as the set of all the solutions for (2.1) is a discrete subset
of a real line even if ðp; qÞ runs over all pairs of relatively prime positive
integers satisfying p > q, we find there also exist infinitely many open circular
trajectories.

Corollary 1. On a geodesic sphere GðrÞ in CPn, there exist infinitely many
closed circular trajectories and infinitly many open circular trajectories.

It is known that every trajectory for Kähler magnetic fields on a complex
projective space is closed. From the viewpoint of shapes of trajectories, Sasakian
magnetic fields have di¤erent aspects from Kähler magnetic fields.
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3. Circular trajectories on geodesic spheres

We shall start by reviewing the circular condition on trajectories for Sasakian
magnetic fields on geodesic spheres in a complex projective space CPn. A
smooth curve g parameterized by its arclength on a Riemannian manifold N is
said to be a helix of proper order d if it satisfies the following system of ordinary
di¤erential equations ‘ _ggYj ¼ �kj�1Yj�1 þ kjYjþ1 ð1a ja dÞ with positive con-
stants k1; . . . ; kd�1 and an orthonormal system fY1 ¼ _gg;Y2; . . . ;Ydg of vector
fields along g. Here we put k0 ¼ kd ¼ 0 and choose Y0, Ydþ1 to be null vector
fields along g. We call these constants k1; . . . ; kd�1 and the frame fY1; . . . ;Ydg
the geodesic curvatures and the Frenet frame of g, respectively. A helix of order
1 is a geodesic and a helix of proper order 2 is a circle of positive geodesic
curvature.

For a trajectory g for a Sasakian magnetic field Fk on a geodesic sphere
GðrÞ of radius r in CPn, we define its structure torsion rg by rg ¼ h _gg; xi.
Though the structure torsion of a trajectory is not necessarily constant along this
on general real hypersurfaces, as the shape operator A and f of GðrÞ in CPn are
simultaneously diagonalizable, each trajectory for a Sasakian magnetic field on
GðrÞ in CPn has constant structure torsion (see [9]). For the trivial magnetic field
F0, its trajectories are geodesics. In terms of helices, the feature of trajectories for
non-trivial Sasakian magnetic fields are as follows.

Proposition 1 ([9]). Let g be a trajectory for a non-trivial Sasakian magnetic
field Fk on a geodesic sphere GðrÞ of radius r ð0 < r < p=2Þ in a complex projective
space CPnð4Þ of constant holomorphic sectional curvature 4.

(i) If rg ¼G1, it is a geodesic on GðrÞ.
(ii) If it satisfies krg ¼ cot r, it is a circle of geodesic curvature jkj

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2g

q
.

(iii) Otherwise, it is a helix of proper order 3.
In particular, a trajectory g on GðrÞ is circular if and only if krg ¼ cot r holds.

If the structure torsion of a trajectory g for a Sasakian magnetic field Fk on a
geodesic sphere is equal toG1, its equation turns to ‘ _gg _gg ¼ 0, hence is a geodesic.
Since the length of geodesics on geodesic spheres in CPn are well-known (see for
example [7]), we have the following.

Proposition 2. If a trajectory for a Sasakian magnetic field Fk on GðrÞ in
CPnð4Þ has structure torsion G1, then it is closed of length p sin 2r.

On contrary, as we do not have su‰cient information on circles on geodesic
spheres, we need to study lengths of circular trajectories. Our study also gives a
clue to get properties of circles on geodesic spheres.

4. Extrinsic shapes of circular trajectories on geodesic spheres

It is one of natural ways to study curves on a geodesic sphere GðrÞ in CPn

through an immersion i : GðrÞ ! CPn. For a smooth curve g on GðrÞ we call
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the curve i � g its extrinsic shape in CPn. In order to show our results we
investigate some properties of circular trajectories on GðrÞ by observing their
extrinsic shapes in CPn.

We here give one more terminology. We call a helix on a Riemannian
manifold N Killing if it is generated by some Killing vector field on N.
Being di¤erent from helices on Euclidean spaces, a helix on CPn is not
necessarily Killing. For a helix s of proper order d with Frenet frame
fY1; . . . ;Ydg on CPn, we define its complex torsions tij ð1a i < ja dÞ by
tij ¼ hYi; JYji. According to the result in [12] a helix s on CPn is Killing
if and only if all its complex torsions are constant along s. Since the set of
congruence classes of helices is complicated, we give more classification on
helices. We say a helix of proper order either 2d � 1 or 2d on CPn to be
essential if it lies on some totally geodesic CPd (c.f. [3]). We then have the
following ([11]):

1) A helix of proper order 2 is essential if and only if t12 ¼G1;
2) A helix of proper order 3 with geodesic curvatures k1, k2 is essential and

Killing if and only if its complex torsions satisfy t12 ¼Gk1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
1 þ k2

2

q
,

t13 ¼ 0 and t23 ¼Gk2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
1 þ k2

2

q
, where double signs take the same

signatures.
3) A helix of proper order 4 with geodesic curvatures k1, k2, k3 is essential

and Killing if and only if its complex torsions satisfy either

I) t12 ¼ t34 ¼Gðk1 þ k3Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
2 þ ðk1 þ k3Þ2

q
, t13 ¼ t24 ¼ 0,

t23 ¼ t14 ¼Gk2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
2 þ ðk1 þ k3Þ2

q
,

II) t12 ¼ �t34 ¼Gðk1 � k3Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
2 þ ðk1 � k3Þ2

q
, t13 ¼ t24 ¼ 0,

t23 ¼ �t14 ¼Gk2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
2 þ ðk1 � k3Þ2

q
.

In each of the above conditions double signs take the same sig-
natures.

We now study extrinsic shapes of circular trajectories on a geodesic sphere
GðrÞ of radius r ð0 < r < p=2Þ in CPnð4Þ. Let A denote the shape operator of
GðrÞ with respect to a unit normal N on GðrÞ in CPn. It is known that it has
two distinct principal curvatures. The tangent space splits orthogonally into
TGðrÞ ¼ T 0GðrÞlRx, where T 0GðrÞ is a bundle of principal curvature vectors
associated with the principal curvature cot r and x satisfies Ax ¼ 2 cot 2rx. We
denote by ‘ and ~‘‘ the Riemannian connections on GðrÞ and CPnð4Þ, respecti-
vely. They are related by the Gauss formula ~‘‘XY ¼ ‘XY þ hAX ;YiN and
Weingarten formula ~‘‘XN ¼ �AX for vector fields X , Y tangent to GðrÞ. Ex-
trinsic shapes of circular trajectories on geodesic spheres are as follows.

Proposition 3. Let GðrÞ be a geodesic sphere of radius r in CPnð4Þ.
(1) When p=4 < r < p=2, the extrinsic shape of a circular FG1-trajectory is a

circle of geodesic curvature
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cot2 r

p
and of complex torsion t12 ¼

H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cot2 r

p
.
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(2) Otherwise, the extrinsic shape of circular Fk-trajectory is an essential
Killing helix of proper order 4 which satisfies the condition (II) whose
geodesic curvatures k1, k2, k3 are given as

1

k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k6 þ ð1� 2k2Þ cot2 r

q
;

jk2 � 1j cot r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � cot2 r

p

k2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k6 þ ð1� 2k2Þ cot2 r

p ;
k2 � cot2 rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k6 þ ð1� 2k2Þ cot2 r
p :

Proof. Since a circular Fk-trajectory g satisfies krg ¼ cot r and rg 0G1, we
see

A _gg ¼ ðcot rÞ _gg� ðrg tan rÞx ¼ krg _gg� k�1x;

hence we have hA _gg; _ggi ¼ cot r� r2g tan r ¼ rgðk� k�1Þ: By use of the Gauss
formula we get

~‘‘ _gg _gg ¼ kf _ggþ hA _gg; _ggiN ¼ kJ _gg� rgk
�1N:

Thus we obtain

k1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ð1� r2g Þ þ r2g ðk� k�1Þ2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 2r2g þ k�2r2g

q
ð0 0Þ;

Y2 ¼
1

k1
ðkJ _gg� rgk

�1NÞ:

Continuing calculation by use of Gauss and Weingarten formulas we have

~‘‘ _ggðkJ _gg� rgk
�1NÞ ¼ �k2 _ggþ rgk

�1A _ggþ rgx

¼ �ðk2 � 2r2g þ k�2r2g Þ _ggþ rgðk�2 � 1Þðrg _gg� xÞ:

When k ¼G1, which is the case that p=4 < r < p=2 and r ¼Gcot r because
jrgj < 1, the extrinsic shape of g is a circle of positive geodesic curvature.
Otherwise we have

k2 ¼ k�1
1 jrgðk�2 � 1Þj

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2g

q
; Y3 ¼ ðsgnðrgðk�2 � 1ÞÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2g

q
Þðrg _gg� xÞ;

where sgnðaÞ denotes the signature of a number a. As we have

~‘‘ _ggðrg _gg� xÞ ¼ rgðkJ _gg� rgk
�1NÞ � JA _gg ¼ ð1� r2g Þk�1N

¼ �
rgðk�2 � 1Þð1� r2g Þ

k1
� 1
k1

ðkJ _gg� rgk
�1NÞ

þ
1� r2g

k2
1

f�rgðk� k�1Þf _ggþ kð1� r2g ÞNg;

we obtain

k3 ¼ k�1
1 ð1� r2g Þ ð> 0Þ; Y4 ¼

sgnðrgðk�2 � 1ÞÞ

k1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2g

q f�rgðk� k�1Þf _ggþ kð1� r2g ÞNg:
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Since we see

~‘‘ _ggf�rgðk� k�1Þf _ggþ kð1� r2g ÞNg ¼ ~‘‘ _ggf�rgðk� k�1ÞJ _ggþ ðk� r2g k
�1ÞNg

¼ �ð1� r2g Þðrg _gg� xÞ;

the extrinsic shape is a helix of proper order 4. In view of the Frenet frame
of the extrinsic shape, we find that it lies on some totally geodesic CP2 and is
essential. Moreover, we have

t12 ¼
1

k1
h _gg;�k _ggþ rgk

�1xi ¼
sgnðkÞ � ðr2g � k2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4 � 2k2r2g þ r2g

q ¼ �sgnðk� k�1Þ � ðk1 � k3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
2 þ ðk1 � k3Þ2

q ;

t34 ¼
1

k1ð1� r2g Þ
hrg _gg� x; rgðk� k�1Þ _gg� ðk� r2g k

�1Þxi ¼
sgnðkÞ � ðk2 � r2g Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4 � 2k2r2g þ r2g

q ;

hence the extrinsic shape satisfies the condition (II) if it is of proper order 4.
r

Remark 1. When p=4 < r < p=2, the extrinsic shape of a circular FG
ffiffiffiffiffiffiffi
cot r

p -
trajectory is a moderate Killing helix. That is, its complex torsions satisfy t12 ¼
t13 ¼ t24 ¼ t34 ¼ 0 and t23 ¼ �t14 ¼ 1.

From the viewpoint of geometry of helices, Proposition 3 gives geometrically
a family of essential Killing helices of proper order 4 on CPn with two parameters.

5. Lengths of circular trajectories on geodesic spheres

In this section, by making use of a Hopf fibration $ : S2nþ1ð1Þ ! CPnð4Þ of
a standard sphere, which connects the geometry of CPn with that of a complex
Euclidean space Cnþ1, we show Theorem 1. For this sake we quickly recall
some properties of circles on CPn (see [6] for detail). For a circle s on CPnð4Þ
we take its horizontal lift ŝs with respect to a Hopf fibration. When the geodesic
curvature of s is 1=

ffiffiffi
2

p
and its complex torsion is t ð0a jtj < 1Þ, its horizontal

lift satisfies the di¤erential equation ŝs 000 þ ð3=2Þŝs 0 �
ffiffiffiffiffiffiffi
�1

p
ðt=

ffiffiffi
2

p
Þŝs ¼ 0 as a curve

in Cnþ1. Its characteristic equation with variable L turns to

Y3 � ð3=2ÞYþ t=
ffiffiffi
2

p
¼ 0ð5:1Þ

if we set Y ¼ �
ffiffiffiffiffiffiffi
�1

p
L. This cubic equation should have three distinct real

solutions. If we denote them by a, b, c ða < b < cÞ, then we see that ŝs is of

the form ŝsðtÞ ¼ Ae
ffiffiffiffiffi
�1

p
at þ Be

ffiffiffiffiffi
�1

p
bt þ Ce

ffiffiffiffiffi
�1

p
ct with some A;B;C A Cnþ1. By this

expression we find that s is closed if and only if one of (hence all of ) the
ratios b=a, c=b, a=c is (are) rational and that the length of s in this case is
2p� L:C:M:fðb� aÞ�1; ðc� bÞ�1g. On the other hand, by a parallel isometric
embedding S1 � Sn�1=@! CPnð4Þ defined in [13], geodesics on S1 � Sn�1=@
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are mapped to circles of geodesic curvature 1=
ffiffiffi
2

p
on CPnð4Þ. This shows a

condition for these circles to be closed and their lengths. As we get these
information by two ways, arithmetically and geometrically, we can combine
them.

Proposition 4 ([6]). Let s be a circle of geodesic curvature k and of complex
torsion t on CPnð4Þ.

(1) If t ¼G1, it is closed of length 2p=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4

p
.

(2) If t ¼ 0, it is closed of length 2p=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 1

p
.

(3) If 0 < jtj < 1, it is closed if and only if

ð3
ffiffiffi
3

p
=2Þktðk2 þ 1Þ�3=2 ¼Gqð9p2 � q2Þð3p2 þ q2Þ�3=2

holds with some relatively prime positive integers p, q ðp > qÞ. In

this case, its length is given as pdðp; qÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3p2 þ q2Þ=3ðk2 þ 1Þ

p
, where

dðp; qÞ ¼ 1 when pq is odd and dðp; qÞ ¼ 2 when pq is even.

Proof of Theorem 1. Let g be a circular trajectory on GðrÞ in CPnð4Þ. We
take a horizontal lift ĝg of the extrinsic shape of g with respect to a Hopf fibra-
tion $ : S2nþ1ð1Þ ! CPnð4Þ. The connections ‘ on Cnþ1 and ~‘‘ on CPnð4Þ are
related as

‘XY ¼ ~‘‘XY � hX ;YiN̂Nþ hX ; JYiJN̂Nð5:2Þ

with a unit normal N̂N of S2nþ1ð1Þ in Cnþ1 and the complex structure J on Cnþ1.
As we studied in Proposition 3, the extrinsic shape of g, which is also denoted by g
for simplicity, is either a circle or an essential Killing helix of proper order 4 on
CPn. We first consider the latter case. As it lies on some totally geodesic CP2,
we find it is determined by the following system of di¤erential equations ([2]):

~‘‘ _gg _gg ¼ k1Y2;

~‘‘ _ggY2 ¼ �k1 _ggþ fðk1 � k3Þ _ggþ sgnðk� k�1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
2 þ ðk1 � k3Þ2

q
JY2g:

8<
:

Regarding ĝg as a curve in Cnþ1, we obtain by use of (5.2) that

‘ _̂gĝgg
_̂gĝgg ¼ k1Y2 � N̂N;

‘ _ggY2 ¼ �k3 _ggþ sgnðk� k�1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
2 þ ðk1 � k3Þ2

q
JY2 þ t12JN̂N:

8<
:

Rewriting this system of di¤erential equations, we find it satisfies the following
di¤erential equation

ĝg 000 �
ffiffiffiffiffiffiffi
�1

p
ðk� k�1Þĝg 00 þ ð2� r2g Þĝg 0 þ

ffiffiffiffiffiffiffi
�1

p
ð1� r2g Þk�1ĝg ¼ 0:ð5:3Þ

If we consider the former case that the extrinsic shape of g is a circle in CPnð4Þ,
by use of (5.2) we find (5.3) holds even in this case.

We now consider the characteristic equation

L3 �
ffiffiffiffiffiffiffi
�1

p
ðk� k�1ÞL2 þ ð2� r2g ÞLþ

ffiffiffiffiffiffiffi
�1

p
ð1� r2g Þk�1 ¼ 0ð5:4Þ
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for the di¤erential equation (5.3) on a horizontal lift of the extrinsic shape of g.
This cubic equation should have three distinct pure imaginary solutions

ffiffiffiffiffiffiffi
�1

p
ak,ffiffiffiffiffiffiffi

�1
p

bk,
ffiffiffiffiffiffiffi
�1

p
ck ðak < bk < ckÞ. By use of these we have ĝgðtÞ ¼ Ake

ffiffiffiffiffi
�1

p
akt þ

Bke
ffiffiffiffiffi
�1

p
bkt þ Cke

ffiffiffiffiffi
�1

p
ckt with some Ak;Bk;Ck A Cnþ1. Therefore we find that g is

closed if and only if there exists a constant d satisfying that all of the ratios
ðak � dÞ=ðbk � dÞ, ðbk � dÞ=ðck � dÞ, ðck � dÞ=ðak � dÞ are rational, and that its
length in this case is 2p� L:C:M:fðbk � akÞ�1; ðck � bkÞ�1g. In order to make
use of the arithmetic information obtained by Proposition 4, we put y ¼
ð�3

ffiffiffiffiffiffiffi
�1

p
L� kþ k�1Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðk2 þ k�2 þ 4� 3r2g Þ

q
. We then find the equation (5.4)

turns to

y3 � 3

2
y�

sgnðkÞ � ðk2 þ 2Þf2k4 þ ð8� 9r2g Þk2 � 1g
2

ffiffiffi
2

p
ðk4 þ 4k2 � 3r2g k

2 þ 1Þ3=2
¼ 0:ð5:5Þ

Comparing two cubic equations (5.5) and (5.1) we put

tðk; rÞ ¼ �
sgnðkÞ � ðk2 þ 2Þf2k4 þ ð8� 9r2g Þk2 � 1g

2ðk4 þ 4k2 � 3r2g k
2 þ 1Þ3=2

:

By direct computation we can check that jtðk; rÞj < 1. By use of the solutions
a, b, c ða < b < cÞ for (5.1) with t ¼ tðk; rÞ, we have

ak ¼ ða
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðk2 þ k�2 þ 4� 3r2g Þ

q
þ k� k�1Þ=3;

and so on for bk and ck. Thus we find g is closed if and only if a circle s of
geodesic curvature 1=

ffiffiffi
2

p
and of complex torsion tðk; rÞ on CPnð4Þ is closed.

Moreover, in this case we obtain lengths of g and s satisfy the relation

lengthðgÞ ¼ 3 lengthðsÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðk2 þ k�2 þ 4� 3r2g Þ

q
:

Since krg ¼ cot r, we have jkj > cot r. Thus we find tðk; rÞ ¼ 0 if and only if

p=4 < r < p=2 and k2 ¼ ð3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðcot2 rþ 1Þ

p
� 4Þ=2. As lengths of circles of geo-

desic curvature 1=
ffiffiffi
2

p
and of complex torsion t ðjtj < 1Þ are given as

length ¼
2

ffiffiffi
6

p
p=3; if t ¼ 0;

ð
ffiffiffi
2

p
=3Þpdðp; qÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3p2 þ q2

p
; if t ¼Gqð9p2 � q2Þð3p2 þ q2Þ�3=2;

y; otherwise;

8><
>:

we get our conclusion. r

Remark 2. On a standard sphere S2n�1ð1Þ in Cn a trajectory for Fk is
circular if and only if krg ¼ 1 ([9]). Since its geodesic curvature is

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 1

p
, we

find that it is closed of length 2p=jkj.

We here rewrite our main result to the case of geodesic spheres in a complex
projective space of constant holomorphic sectional curvature c. For this sake we
consider homothetical changes of metrics. Let g be a trajectory for a Sasakian
magnetic field Fk on a real hypersurface M in a Kähler manifold ~MM. If we
change the metric h ; i on ~MM homothetically to the metric l2h ; i with some
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positive l, then the curve s given as sðtÞ ¼ gðt=lÞ is a curve parameterized by its
arclength with respect to the new induced metric and satisfies ‘s 0s 0 ¼ ðk=lÞfs 0,
hence is a trajectory for Fk=l with respect to the new metric. Under this opera-
tion on metrices, sectional curvatures change l�2-times of the original sectional
curvatures, and lengths of closed curves change l-times of the original lengths.
We can hence get the following:

Theorem 3. Let GðrÞ be a geodesic sphere of radius r ð0 < r < p=
ffiffiffi
c

p
Þ in a

complex projective space CPnðcÞ of constant holomorphic sectional curvature c. A
circular trajectory g for a Sasakian magnetic field Fk on GðrÞ satisfies the following:

(1) When p=2
ffiffiffi
c

p
< r < p=

ffiffiffi
c

p
and k2 ¼ cf3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2fcot2ð

ffiffiffi
c

p
r=2Þ þ 1g

p
� 4g=8, it is

closed and its length is 4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2=cÞ sinð

ffiffiffi
c

p
r=2Þf3

ffiffiffi
2

p
� 4 sinð

ffiffiffi
c

p
r=2Þg

q
.

(2) Otherwise, g is closed if and only if

ð2k2 þ cÞj32k4 þ 32ck2 � c2ð9 cot2ð
ffiffiffi
c

p
r=2Þ þ 1Þj

f16k4 þ 16ck2 � c2ð3 cot2ð
ffiffiffi
c

p
r=2Þ � 1Þg3=2

¼ qð9p2 � q2Þ
ð3p2 þ q2Þ3=2

holds with some relatively prime positive integers p, q satisfying p > q. In
this case its length is given as

4pdðp; qÞjkj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3p2 þ q2Þ=f16k4 þ 16ck2 � c2ð3 cot2ð

ffiffiffi
c

p
r=2Þ � 1Þg

q
;

where dðp; qÞ ¼ 1 when pq is odd and dðp; qÞ ¼ 2 when pq is even.

6. Length spectrum of circular trajectories

In this section we study the length spectrum of circular trajectories on
geodesic spheres in CPn. We first recall the congruence-condition on all trajecto-
ries for Sasakian magnetic fields.

Lemma 1 ([9]). Let gi ði ¼ 1; 2Þ be trajectories for Sasakian magnetic fields
Fki on GðrÞ in CPn. Then they are congruent to each other if and only if one of
the following conditions holds:

i) jrg1 j ¼ jrg2 j ¼ 1,
ii) rg1 ¼ rg2 ¼ 0 and jk1j ¼ jk2j,
iii) 0 < jrg1 j ¼ jrg2 j < 1 and k1rg1 ¼ k2rg2 .

In the rest of this section, we only treat the case c ¼ 4. Since the structure
torsion rg of a circular trajectory g for Fk on GðrÞ in CPnð4Þ satisfies krg ¼ cot r,
we find the moduli space TfðGðrÞÞ of circular trajectories on GðrÞ is set
theoretically identified with the subset ðcot r;yÞ in R.

In order to study the length spectrum of circular trajectories, we shall give
estimates of lengths of closed circular trajectories. We define two functions
f ; g : ½cot2 r;yÞ ! R by

f ðsÞ ¼ ðsþ 2Þð2s2 þ 8s� 9 cot2 r� 1Þ
2ðs2 þ 4s� 3 cot2 rþ 1Þ3=2

; gðsÞ ¼ s

s2 þ 4s� 3 cot2 rþ 1
:
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If we put mðp; qÞ ¼ qð9p2 � q2Þð3p2 þ q2Þ�3=2 for a pair ðp; qÞ of relatively prime
positive integers p, q with p > q, by Theorem 1, we see a circular Fk-trajectory g

is closed of length pdðp; qÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3p2 þ q2Þgðk2Þ

p
if k ð0 0Þ satisfies either f ðk2Þ ¼

mðp; qÞ or f ðk2Þ ¼ �mðp; qÞ. Thus, in order to give estimates of lengths of closed
circular trajectories, we need to study those functions. It is easy to find the
following:

i) The function f is monotone increasing, hence satisfies

1 > f ðsÞ > f ðcot2 rÞ ¼ ðcot2 rþ 2Þð2 cot2 rþ 1Þðcot2 r� 1Þ
2ðcot4 rþ cot2 rþ 1Þ3=2

> �1;

ii) When cot2 rb ð
ffiffiffiffiffi
13

p
� 3Þ=2, the function g is monotone decreasing and

gðsÞ < cot2 r=ðcot4 rþ cot2 rþ 1Þ;
iii) When cot2 r < ð

ffiffiffiffiffi
13

p
� 3Þ=2, the function g is monotone increasing in the

interval ½cot2 r;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3 cot2 r

p
Þ and is monotone decreasing in other part

of its domain, hence gðsÞa 1=ð4þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3 cot2 r

p
Þ.

These show the following estimate on lengths of circular trajectories from above.

Lemma 2. The length of circular Fk-trajectory g satisfying either f ðk2Þ ¼
mðp; qÞ or f ðk2Þ ¼ �mðp; qÞ is roughly estimated from above as

lengthðgÞ < pdðp:qÞ cot r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3p2 þ q2Þ=ðcot4 rþ cot2 rþ 1Þ

q
;

if cot2 rb
1

2
ð

ffiffiffiffiffi
13

p
� 3Þ;

lengthðgÞ < pdðp:qÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3p2 þ q2Þ=ð4þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3 cot2 r

p
Þ

q
;

if cot2 r <
1

2
ð

ffiffiffiffiffi
13

p
� 3Þ:

We note that f ðcot2 rÞ > 0 when 0 < r < p=4. Next we give an estimate on
lengths of closed circular trajectories from below. We set

aðp; q; rÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f3f2ð1þ cot2 rÞg1=2 � 4gfð3p2 þ q2Þ3=2 � qð9p2 � q2Þg

3ðcot2 rþ 1Þð3p2 þ q2Þ1=2

vuut :

Lemma 3. If f ðk2Þ ¼ mðp; qÞ holds, the length of a circular Fk-trajectory g is
roughly estimated from below as

lengthðgÞ > pdðp:qÞaðp; q; rÞ; if cot2 rb
1

2
ð

ffiffiffiffiffi
13

p
� 3Þ;

lengthðgÞ > pdðp:qÞ

�min aðp; q; rÞ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3p2 þ q2Þ cot2 r
cot4 rþ cot2 rþ 1

s8<
:

9=
;; if cot2 r <

1

2
ð

ffiffiffiffiffi
13

p
� 3Þ:
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Lemma 4. If f ðk2Þ ¼ �mðp; qÞ holds, the length of a circular Fk-trajectory g

is roughly estimated from below as follows: If ð
ffiffiffiffiffi
13

p
� 3Þ=2a cot2 r < 1, we have

lengthðgÞ > pdðp:qÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3p2 þ q2Þf3ð2 cot2 rþ 2Þ1=2 � 4g

3ðcot2 rþ 1Þ

s
;

and if cot2 r < ð
ffiffiffiffiffi
13

p
� 3Þ=2, we have

lengthðgÞ > pdðp:qÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3p2 þ q2

p

�min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2 cot2 rþ 2Þ1=2 � 4

3ðcot2 rþ 1Þ

s
;

cot rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cot4 rþ cot2 rþ 1

p

8<
:

9=
;:

Proof of Lemma 3, 4. For given t with 0 < jtj < 1 we estimate the solution
st of the equation f ðsÞ ¼ t from above. As f is monotone increasing, in the
case ra p=4, we have f ðsÞb f ðcot2 rÞb 0. Thus, when t < 0, we need r > p=4

and 2s2t þ 8st � 9 cot2 r� 1 < 0, hence we see st < ð3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðcot2 rþ 1Þ

p
� 4Þ=2 < 1.

When t > 0, we need 2s2t þ 8st � 9 cot2 r� 1 > 0. In the domain fs j 2s2 þ 8s�
9 cot2 r� 1 > 0gV ðcot2 r;yÞ, we have

f ðsÞ > 2s2 þ 8s� 9 cot2 r� 1

2ðs2 þ 4s� 3 cot2 rþ 1Þ :

If we set ut ¼ �2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð3� 2tÞð1þ cot2 rÞ=f2ð1� tÞg

p
ð> cot2 rÞ, which is

the positive solution of the equation

2s2 þ 8s� 9 cot2 r� 1 ¼ 2tðs2 þ 4s� 3 cot2 rþ 1Þ;
we find f ðutÞ > t. As this function f is monotone increasing, we get st < ut.

We now estimate gðstÞ from below. When cot2 rb ð
ffiffiffiffiffi
13

p
� 3Þ=2, as g is

monotone decreasing, we have

gðstÞ > gðð3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðcot2 rþ 1Þ

q
� 4Þ=2Þ ¼ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðcot2 rþ 1Þ

p
� 4

3ðcot2 rþ 1Þ :

for t < 0, and

gðstÞ > gðutÞ ¼
2ð1� tÞut

3ðcot2 rþ 1Þ >
ð3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ cot2 rÞ

p
� 4Þð1� tÞ

3ðcot2 rþ 1Þ ;

for t > 0. When cot2 r < ð
ffiffiffiffiffi
13

p
� 3Þ=2, we have to consider the influence of

gðcot2 rÞ. As we have ð3p2 þ q2Þð1� mðp; qÞÞ ¼ ð3p2 þ q2Þ�1=2fð3p2 þ q2Þ3=2 �
qð9p2 � q2Þg, we can estimate lengths for the case t ¼ mðp; qÞ and get the
conclusions. r

Proof of Theorem 2. We consider the number

bðp; qÞ ¼ ð3p2 þ q2Þð1� mðp; qÞÞ ¼ 27p2ðp2 � q2Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3p2 þ q2

p
fð3p2 þ q2Þ3=2 þ qð9p2 � q2Þg

:
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One can easily see that limq!y bðqþ 2; qÞ ¼ y. Since we have
limq!y mðqþ 2; qÞ ¼ 1, for su‰ciently large odd q we have k with f ðk2Þ ¼
mðqþ 2; qÞ and with jkj > cot r. Thus Lemma 3 leads us to the conclusion.

r

As was mentioned in section 2, Theorems 1, 2 guarantee that there are
infinitely many open circular trajectories and infinitely many closed circular
trajectories for Sasakian magnetic fields. This property does not depend on
radii of geodesic spheres. It is known that a geodesic sphere Gðp=4Þ in CPnð4Þ
has constant f-sectional curvature 5 hence is a Sasakian space form (see [8] for
example). Thus even if we restrict ourselves on circular trajectories, properties of
trajectories for Sasakian magnetic fields and those of Kähler magnetic fields on a
complex projective space are di¤erent: On CPnð4Þ every trajectory for a Kähler
magnetic field Bk is closed of length 2p=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4

p
, hence the length spectrum of all

trajectories for Kähler magnetic fields is ð0; pÞ and is a bounded set ([1]).
We call the infimum l0ðGðrÞÞ of the elements of LSpecfðGðrÞÞ the bottom of

the length spectrum. We here give a rough estimate of this bottom.

Theorem 4. The bottom l0ðGðrÞÞ of LSpecfðGðrÞÞ on a geodesic sphere GðrÞ
in CPnð4Þ is positive. It is roughly estimated from below as follows:

l0ðGðrÞÞ > 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð49� 10

ffiffiffi
7

p
Þ sin rð3

ffiffiffi
2

p
� 4 sin rÞ=21

q
; if cot2 rb ð

ffiffiffiffiffi
13

p
� 3Þ=2:

l0ðGðrÞÞ > 2p cot r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7=ðcot4 rþ cot2 rþ 1Þ

p
; if cot2 r < ð

ffiffiffiffiffi
13

p
� 3Þ=2:

8<
:
When r > p=4, it is estimated from above as l0ðGðrÞÞa 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin rð3

ffiffiffi
2

p
� 4 sin rÞ

q
.

Proof. We first study the estimate of l0ðGðrÞÞ from below. We use the
same notation as in the proof of Theorem 2. We find that bðpþ 1; qÞ > bðp; qÞ
for arbitrary ðp; qÞ and that bðqþ 1; qÞ is monotone increasing. In the case 0 <
ra p=4, though f ðcot2 rÞ may be larger than mð3; 1Þ, considering the influence
of dðp; qÞ, we can conclude that l0ðGðrÞÞ is estimated from below by the estimate
in Lemma 3 corresponding to mð3; 1Þ. In the case ð

ffiffiffiffiffi
13

p
� 3Þ=2a cot2 r < 1, we

also have to take in account of lengths of circular trajectories satisfying f ðk2Þ ¼
�mðp; qÞ and that of trajectories satisfying f ðk2Þ ¼ 0. We can get the same
estimate as for the case 0 < ra p=4 by Lemma 4. In the case of cot2 r <
ð

ffiffiffiffiffi
13

p
� 3Þ=2, we need to additionally consider pdðp; qÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3p2 þ q2Þgðcot2 rÞ

p
by

Lemmas 3 and 4. Comparing
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7gðcot2 rÞ

p
, which corresponds to the case

ðp; qÞ ¼ ð3; 1Þ, with the estimate in the case ð
ffiffiffiffiffi
13

p
� 3Þ=2a cot2 r < 1, we obtain

our estimate from below.
We next study an estimate of the bottom l0ðGðrÞÞ from above in the case

p=4 < r < p=2. In this case as f ðcot2 rÞ < 0, we have trajectories satisfying
f ðk2Þ ¼ mð3; 1Þ. We hence obtain our estimate by Lemma 2. r

When we consider circular trajectories, we omit geodesic trajectories. This
is because every trajectory for the trivial magnetic field is a geodesic. But it
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might be natural to treat geodesics with structure torsion G1 as ‘‘circular’’
trajectories because they are trajectories for an arbitrary Sasakian magnetic
field. As we mentioned in Proposition 2, their length is p sin 2r. It is known
that the length of trajectories with structure torsion G1 gives the minimal length
of geodesics on this sphere. Since our estimate on l0ðGðrÞÞ is too rough, we
can only conclude that p sin 2r is smaller than l0ðGðrÞÞ in the case cot2 r <
ð

ffiffiffiffiffi
13

p
� 3Þ=2.
Before closing our paper we make mention of another aspect of trajectories

for Sasakian magnetic fields. Let c : CPnðcÞ ! Snðnþ2Þ�1ððnþ 1Þc=ð2nÞÞ denote
the first standard minimal embedding. We then have a parallel isometric embed-
ding c � i : GðrÞ ! Snðnþ2Þ�1ððnþ 1Þc=ð2nÞÞ with the inclusion i : GðrÞ ! CPnðcÞ.
From the viewpoint of submanifold-theory, it is also interesting to consider
shapes of trajectories through i and c � i. According to [2, 11], the extrinsic
shape i � g of a trajectory g for Fk on GðrÞ in CPnð4Þ is a circle of positive
geodesic curvature if and only if either krg ¼ cot r� r2g tan r or k ¼ rg tan r, and
the shape c � i � g is a circle of positive geodesic curvature if and only if the
former condition holds. Thus shapes of circular trajectories through c � i are not
circles of positive geodesic curvature on Snðnþ2Þ�1. We may hence say that our
study on circular trajectories and that on trajectories from the viewpoint of
submanifold-theory give di¤erent clues to the study of homogeneous curves on
Sasakian space forms.

We also mention that we can discuss the similar argument for circular
trajectories on geodesic spheres in a complex hyperbolic space. As these geodesic
spheres are not ‘‘Berger spheres’’ and we have other good example of homo-
geneous submanifolds having two principal curvatures, we shall leave it for the
next occasion.
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