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The lepton-flavour nonconservation is studied in the left-right symmetric gauge theory 

with both Majorana and Dirac mass terms of neutrinos. The tree graphs with physical Higgs 

scalar exchange and the one-loop graphs with light (left-handed) and heavy (right-handed) 

gauge boson exchange contributing to /1~ er and /1~ eee are evaluated. The one-loop graphs 
with intermediate heavy Majorana neutrinos are shown to give more important effects than 

those with light Majorana neutrinos. The latter contributions to the rare decay rates are 

negligibly small, independently of the value of 7J == M~jM~R' because of the strong suppression 

by powers of light neutrino masses mvL. The former contributions are not directly related to 

mvL but depend on 7J. They can lead to relatively large values of the rare decay rates, unless 

7J is inhibitingly small. The predictions for the rates of lepton-flavour changing processes /1~ 

er, /1~eee, Z~/1e, /1N~eN, KL~/1e and K+~J[+/1e- in the present gauge model are com

pared with similar predictions in other types of gauge models with different types of neutrino 

masses. 

§ 1. Introduction 

The SU(2hx U(l) gauge modeP) appears to have been established experi

mentally as the theory of electroweak interactions at low energies. However, we 

do not know much about physics at higher energies. It is therefore natural to 

look for (gauge) theories which depart from the standard model at energy scales 

much larger than the weak-boson mass, but reduce to it at low energies. At low 

energies, the properties of such theories can be prob~d by studying rare processes, 

such as baryon number nonconserving processes. In particular, if neutrinos have 

nonvanishing masses, they induce lepton-flavour changing processes which are 

absent in the standard model. 

In the gauge theories with left-right symmetry, neutrinos naturally have 

masses, because of the presence of right-handed neutrinos. The question will 

then be raised as to why neutrinos are so light, if they are not exactly massless. 

A possible answer has recently been suggested to this question. 2
) Since neutrinos 

are electrically neutral, they may have Majorana masses besides ordinary Dirac 

masses. In gauge theories with such generalized mass terms for neutrinos, the 

small neutrino masses follow naturally from large Majorana masses of conjec

tured right-handed neutrinos l/R, through the formula 

(1°1) 

where mD is the typical value of possible Dirac masses of neutrinos. 
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1570 c. S. Lim and T. Inami 

In this paper we shall study lepton-flavour changing processes in the left-right 

symmetric gauge theory with both Majorana and Dirac masses of neutrinos. We 

take the minimal model with 5U(3)c x 5U(2h x 5U(2h x U(l)s-L symmetry.3) 

However, our results hold in a more general class of left-right symmetric gauge 

models, including the 50(10) model. 4
) 

In the left-right symmetric model the small masses of light neutrinos are 

related to the large energy scale at which spontaneous breakdown of the left-right 

symmetry occurs. 3) Roughly speaking, defining the hierarchy of symmetry 

breaking by 7J=(MwL/MwR)2, we have 

(1·2) 

where w's are the ratios of the Yukawa couplings to the gauge couplings, WD= 

(mD/Mwd2 and WM = (mJlR/MwR )2. Therefore, the examination of lepton-flavour 

changing processes should provide an important clue to the "physics" at energy 

scale much larger than that of the breakdown of 5U(2hx U(1) symmetry. 

Heavy neutrinos decouple from low energy processes at the tree level, as is 

the case in neutrinoless double p-decays. It will be shown that in lepton-flavour 

changing processes such as fJ-> er, fJ-> eee, KL -> fJe, which are induced by one

loop graphs involving massive neutrinos, heavy Majorana neutrinos cannot be 

neglected as being decoupled from light particle processes. In fact they give 

more important contributions than light neutrinos. 

The predicted decay rates for such processes turn out to be very different 

depending on the type of neutrino masses (pure Dirac, or Majorana plus Dirac). 

In models with only Dirac masses of neutrinos the rates are suppressed by powers 

of light neutrino masses mJlL, and are expected to be outrageously small. In our 

model with both Majorana and Dirac masses of neutrinos, the decay rates are 

sensitive to the value of 7J and are not necessarily very small (even if we set mvL 

to be very small, e.g., mJlL::::: 100 e V). This prediction is derived from general 

properties of gauge models independently of their details, and should provide a 

useful test of the mass type for neutrinos. 

Lepton-flavour changing processes were previously discussed by several 

authors. 5
) In particular, Mohapatra and Senjanovic6

) have recently studied the 

same subject in the same type of model as we consider here. However, the 

estimate of the effect of heavy Majorana neutrinos in the rare processes, which is 

the main purpose of the present paper, has not previously been possible because 

of the following two reasons: i) Previously the approximation mJl<f:..MwL was 

used in the computation of one-loop graphs. In the model with heavy Majorana 

neutrinos, it is necessary to evaluate the graphs for arbitrary values of inter

mediate fermion masses. ii) As a consequence of including Majorana mass 

terms, the theory possesses its characteristic interactions, such as lepton number 

violating (LlL =1= 0) interactions and lepton-flavour nonconserving Yukawa coupl-
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Lepton-Flavour Nonconservation and the Type of Neutrino Masses 157l 

ings and neutral currents. Processes induced by these interactions also play 

important roles in the lepton-flavour changing processes and have to be evalu

ated. 

The organization of this paper is as follows. In § 2 we describe the SU(2)L 

x SU(2h X U(1)B.L gauge theory with both Majorana and Dirac masses of 

neutrinos. The interaction vertices of scalar bosons as well as those of gauge 

bosons, which were not constructed in the previous works, are worked out here. 

We refer the readers to Ref. 6) for other details of the model. In the subsequent 

two sections we study phenomenological consequences of this model. In § 3 we 

consider purely leptonic processes J-L-> er and J-L-> eee. Section 4 deals with 

other lepton-flavour changing processes Z->J-Le, J-LN->eN, KL->J-Le and K+-> 

7[+ J-L e. In § § 3 and 4, we compare the predictions of our model with those of other 

models with different types of neutrino masses. Finally we summarize our work 

in § 5. In Appendix A we construct the Higgs potential. The minimization of 

the potential and the diagonalization of the mass matrices of scalar fields are also 

performed. In Appendices B, C and D we present the results of our calculation 

of the one-loop graphs contributing to the effective Lagrangian for lepton-flavour 

changing processes, i.e., the induced J-Ler, J-LeZ and J-LeZ' vertices and the box type 

graphs. The calculation is made by taking the limit ';->0 (unitary gauge limit) 

in R~ gauge after the loop integration. 7
) 

§ 2. SU(2)LXSU(2hx U(1)B.L gauge theory 

2.1. Hierarchy of symmetry breaking 

The theory contains the following minimum set of fields: gauge bosons wi", 
wj" and B" with gauge coupling constants gL= gR= 9 and gB.L; n generations of 

leptons, 

(
1I0i) 

(jJ;L= and 
lOi L 

(
1I0i) 

rPiR= lOi R' 
(i=l, "', n) (2·1) 

three multiplets of scalar fields, 

[(~, ~,o)l 

L1 _(8t.R/viz 
L,R- 8 0 

L,R 

[0,0,2)]. 
(0,1,2) 

(2·2) 

The quark sector will not be considered in this section. In Eq. (2·1) the lower 

index 0 refers to the weak-current eigenstates. 

The vacuum expectation values (VEV's) of the scalar fields 

(2·3) 
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1572 c. S. Lim and T. Inami 

can be shown to satisfy the hierarchy,6),S) 

VL <f:..kl, h<f:.. VR , (2'4) 

(2'5) 

for an appropriate range of the parameters. The first relation means that the 

breakdown 5U(2h x 5U(2hx U(1)B-L---> 5U(2hx U(1) occurs at the mass scale 

VR and 5U(2)L X U(1)---> U(l)e.m. at k=j k1 2+ k22. The second relation follows 

naturally from the first. 6 ),S) Hereafter, to avoid calculational complication we 

shall work in the theory with a simpler form of VEV's, 

VR, kl *0. (2'6) 

In Appendix A it is shown at the tree level that there exists a solution of the form 

(2'6) to the minimum of the effective potential. 
., 

2.2. Fermion maSses 

The Yukawa coupling term of the Lagrangian is given by 

(2'7) 

where ¢ER denotes (¢L,R)C(=(¢C)R,d. The lepton mass terms are written as 

(2'8) 

II: (2'9) 

Here, lOL,R and lIoL,R are n-component column vectors, and 

Hij= klhij/IZ, 

(2'10) 

The n X n matrix H' can be diagonalized as usual with two unitary matrices, 

The charged lepton mass term then becomes 

- lLMllR+h.c. 

(2·11) 

(2'12) 

The 2n X 2n neutrino mass matrix K is symmetric and can be diagonalized 

by a unitary matrix as follows. Set 

(2'13) 
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Lepton-Flavour Nonconservation and the Type 0/ Neutrino Masses 1573 

and define light and heavy Majorana neutrinos Nand N' by 

(2·14) 

Then, the neutrino mass term takes the form 

(2·15) 

where MlI( (MlI)u = mlliou) is composed of two n x n diagonal sub-matrices MN 

and MN'. Note that neutrino masses satisfy the following relation: 

(Det MN)·(Det MN')=IDet H12. (2·16) 

Under the condition of (2·4), it follows from Eq. (2·16) that 

(mD~/Dk) (2·17) 

where /D and /M are typical values of the Yukawa coupling constants hij and gu 

respectively. In this way, the smallness of light neutrino masses, mN<t:.. mD, can be 

understood without assuming unnaturally small Yukawa coupling constants, once 

the iso-doublet dominance in the SU(2h breaking is implemented in the theory.S) 

Write 

(2·18) 

Then, in connection with the hierarchy of the VEV, we have 

(2·19) 

The second equation means that, besides the usual mixing among generations, 

small left-right neutrino mixing lh -+ liRe is brought about. This mixing is one of 

the characteristic features of our model, not shared with other theories with 

different mass types for neutrinos. 

2.3. Gauge boson and scalar masses 

As a result of the hierarchy of symmetry breaking, mass eigenstates of gauge 

bosons separate into three classes: 

(i) photon 

(2·20) 
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1574 c. S. Lim and T. Inami 

(ii) light gauge bosons 

wlp , M~ L ':::::- g2 k2 / 4 , 

(2·21) 

(iii) heavy gauge bosons 

Z~O= -sin cO Z2,.. + cos cO Z~,.., Mi,,:::::- (cos2 Ow/cos 20w)· g2VR2 , (2·22) 

where Ow is the Weinberg angle, sin20w=gt.L/(2glL+g2), and 

Z2,..=(Wi',..-sin OwA,..)/cos Ow, Z~,..=(/cos 20w /cos Ow)Wi,..-tan OwE,... 

(2·23) 

The mixing angle cO is very small, O( k
2 
/VR2). In the simplified case VL = k2 = 0, 

there is no WL± ...... WR± mixing. It can be shown that the WL±<---> WR± mixing can be 

safely neglected in the estimation of the rare decay rates. 

The neutrino masses are related to gauge boson masses as 

(2·24) 

where WD= /D2/g2 and WM= /M2/g2. In the second relation, small neutrino masses 

are easily recognized as a consequence of the large mass scale of the left-right 

symmetry breaking. 3
) 

As for scalar fields, of their 20 degrees of freedom, six become N ambu

Goldstone (N-G) modes XL±, XR±, XO and X'o furnishing the longitudinal com

ponents to WL±, WR±, ZO and Z'O. The remaining 14 become the physical Higgs 

scalars 

h'± , h'O , 

of which only hO is light (~M w) while the rest are heavy (~M wJ. The 

expression of these fields in terms of the shifted scalar fields is given in Appendix 

A. All light particles mentioned above, A, WL±, ZO and hO, coincide with the 

fields of the standard model in the limit VR-->=, where the symmetry of the theory 

reduces to SU(2hx U(1). 

2.4. Interaction vertices 

The interaction vertices can now be expressed in terms of the fields cor

responding to the mass eigenstates obtained above. 

The charged and neutral weak-currents are given by 

fl,..=lf!2g'j[ VLy,..h= -If!2gtLcy,.. VLT:Jl , 

fl,..=lf!2g'j[ VRy,..IR= -If!2g tRcy,.. VRT:Jl , 
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Lepton-Flavour Nonconservation and the Type of Neutrino Masses 1575 

(2-25) 

where L, R=(l+Y5)/2. The 2nXn mixing matrices VL and VR are defined by 

*_(A')_(A) T VL = C' - C UL , 

(2-26) 

Because of the small but non-zero matrices B' and C' due to Vc" VR C mixing, the 

generalized GIM mechanism is not exact in each sector of the left and right

handed neutrinos, 

A't A' + C't C'=1, B't B' + D't D'=l, 

B', C'= O(mN/mD)<f;l. (2-27) 

The 2n X 2n matrices TL,R appearing in the neutral currents for neutrinos are 

(2-28) 

with TL * + TR = 1. They contain tiny off -diagonal (Ni<-> Nj, N/ <--> N/ and Ni<-> 

N/) transition elements, while the diagonal components of AAt and DDt differ 

slightly from unity. All of these effects are caused by VL<-> VR C mixing and are in 

contrast to the case with either pure Dirac or Majorana mass terms of neutrinos, 

where TL and TR take the form 

(2-29) 

The interactions of scalars (including N -G bosons) with leptons are given by 

f' - ~++ 1- eU *(f+ fT)* U t 1 +h 
d..8r- UL L L 2 L L .C., 

1: 8t+ = (g/2MwR.,If=ri)o1i+ tRe VRTMII VR1R+ h.c., 

.£ "'rO = -(g/2MwdcPro tL VLt Mil VR1R+h.c., 

1: ",,0= - i(g/2Mwdif>io tL VLt Mil VR1R+h.c., 
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1576 c. S. Lim and T. Inami 

1: xL+=(g/,/2MwdxL + 'JZ [- Mil VLL+ VLM1R]l+h.c., 

1: XR+ = (g/,/2MWR)xR + 'JZ[ - Mil VRR+ VRM1L]l+h.c. (2'30) 

Here we have restricted ourselves to the couplings which participate in lepton

flavour changing processes to be discussed later. In the or coupling, I is the 

matrix composed of Iii. In the case VL=O, neutrinos get no left-handed 

Majorana masses, and Yukawa coupling constants Iii are left undetermined from 

physical masses and mixings. The Yukawa couplings of ot.t? and ¢~,i are 

flavour-changing and bring about f.1. .... eee decay at the tree level. 

The self-interaction of gauge bosons and the interactions of gauge bosons 

with N -G bosons will also have to be known for the computation of the induced 

f.1.eZ and f.1.eZ' vertices. They are given by 

1: www=ig[Wi'II{(oIlWD,)WL+,,-(oIlW/,,)WD.} 

W. ± .... W ± 

+ (cyc1ic permutation of 0, -, + )]+( LO RO)' 
WL .... WR 

M ~w - HTO + 2 sin ()w M ~TTT- + 
+ g WRY 1 -7j R" VV R"XR -./ 2() g WRY 1 -7j VV R"B"XR +h.c., cos W 

1: wxx = ~ g(O"XL +)xL -( Wi'" + W3,,)+ ~ g7j(O"XR +)xR -( Wi'" + W3,,) 

+ i./ sin ~e g(l-7j )(O"XR +)XR - B" +h.c. 
cos W 

§ 3. p. .... e7 and p. .... eee 

(2·31) 

In this section we consider pure leptonic lepton-flavour changing processes, f.1. 

.... er and f.1. .... eee. 

3.1. Effective Lagrangian and branching ratios 

A. f.1. .... er 

The effective f.1.er vertex is induced by the one-loop graphs illustrated in 

Fig. 1. It is expressed in the following form: 

r,/(q)= (4;)2 e 1iL e[(q2rlt-qltl1 )(rELL+rERR) 

+ im,,(JItAqA(rML L+ r M
RR)]f.1. . (3·1) 

(The coupling constant e should not be confused with the Dirac spinor e.) 

The coefficients r E
L

, r M
L

, etc. are functions of neutrino masses 
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Lepton-Flavour Nonconservation and the Type of Neutrino Masses 1577 

- 2 !M2 Xi=mvi WL, 
- 2 !M2 Yi= mvi WR, (i=I,···,2n) (3·2) 

and lepton mixing angles. The result of our computation is given in Appendix B. 

Only the term rM contributes to the f-l-> ey decay. We have the branching 

ratioS) 

(3·3) 

B. f-l-> eee 

The effective four-Fermi interactions for f-l-> eee get contributions from 

three classes of graphs: 

(a) Z, Z' and y exchanges (Fig. 2) 

The one-loop graphs for the induced f-leZ and f-leZ' vertices are shown in Fig. 3. 

(b) Box graphs with WL± and WR± (and N-G bosons) exchanges (Fig. 4) 

Though the total lepton number is conserved in f-l-> eee, this process involves 

lepton number violating interactions (Figs. 4(e)~(h», the same as those which 

appear in neutrinoless double ,B-decays. 

(c) Tree graphs of physical Higgs exchange (Fig. 5) 

The computation of such graphs is trivial and is not discussed in this sub-section. 

The contribution of Higgs exchange contains a large uncertainty due to that 

of the Higgs masses. Here we consider only the one-loop graphs of gauge boson 

J.1~WC'WR
("XL ,'Xi) 

N ,N' ]) 

e 

Fig. 1. One-loop graphs contributing to the in· 

Fig. 2. The Z, Z' and r·exchange graphs can· 

tributing to fJ.--> eee. The blobs denote the 

induced fJ.eZ, fJ.eZ' and fJ.er vertices. duced fJ.er vertex. 

J.1~N' W-W- ' 1 Z' 
l, R 1 

e 

J.1~~R-

N,NYl,l' 

e 

J.1~WLIWR-

N,N' l l' , 

e 

(a) (b) (c) 

J.1)~:- , , 
N ,N' _,'i"""l,l 

/J.~N' h'-: I ~ l.J 
I , 

I 

e 
e 

(d) (e) (f) 

Fig. 3. The one-loop contribution to the induced fJ.eZ and fJ.eZ' vertices. For (al, (b) and 

(cl, the same type of graphs with WL± and WR± replaced by XL±, XR± respectively also 

contribute. 
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1578 

W-

I1~R e 
N,N' .,. N,N' 

WR 
e e 

(a) 

I1J;IWL-,XL e 

WR+, xit 
e e 

(e) 

wR-xr; 
11 ' e 

U-e~e 
( e) 

11> ° :x,.c o<e 'fr,L( )- ~rJ 
, .. -

e Xp,+ e 

(i) 

c. S. Lim and T. Inami 

I1IJ:
W

L- e 

INt.+ 
e e 

( b) 

Fig. 4. The box graphs for fJ.--> eee. The one

loop graphs involving physical Higgs ex

change, (i) and (i), are needed to cancel out 

the gauge (.;) dependence of graphs (c), (d) 

and (e). For (a), (b), (g) and (h), the same 

type of graphs with WL± and W R± replaced by 

XL± and XR± do not contribute in the limit ';L, 

';R-->O. 

11 >~-- ~-<e L, R 
-~--

e e 

Fig. 5. The tree graphs with physical Higgs 

exchange contributing to fJ.--> eee. 

(and N-G boson) exchange. However, certain types of one-loop graphs involving 

physical Higgs exchange (Figs. 3(d)~(f) and Figs. 4(i), (j) have also to be taken 

into account to cancel out ultraviolet divergences and ~ dependence in R~ gauge. 

They are included in the result presented below. 

The effective four-Fermi Lagrangian turns out to be of the form 

1eff= (4;)2 JL {g2[C( ey.:Lfl)( ey"Le) 

+ C2( ey"Rfl)( ey" Re) + D1 ( ey"Lfl)( ey" Re) 

+ D2( ey"Rfl)( ey" Le) + S1 ( eLfl)( eRe) 

+S2( eRfl)( eLe)J+e
2
[E1( ey"Lfl) + E2( ey"Rfl) 

+ imp.(qA/q2)(M1( eeJ"ARfl) + M2( eeJ",Lfl»]( ey"e). (3-4) 

Denote the y-exchange, Z-exchange and box graph contributions to the 

coefficients by suffices y, Z and 0 respectively. The result of our lengthy 

computation can be summarized as follows: 

C ~Cz+C D~~[(l+~-Tj-).{' +~-Tj-.{' ]+b(b)+b(f) 
1 ~ 1 1 ~ 4 2 1-Tj j(-),L 2 1-Tj j(-),R , 
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Lepton-Flavour Nonconservation and the Type of Neutrino Masses 1579 

D1 = D1Z+ D1 D = ~ 1 ~ 17 (f(-l.L + f(-),R] + b(h) , 

D2 = D2
Z + D2 D = ~ [( 1 + ~ 1 ~ 17 )f(+),L + ~ 1 ~ 17 f(+),RJ + b(U) , 

E -E 7+E z _ _ l[_l~fi +-17~fi J- L 1 - 1 1 - 2 1 - 17 (-),L 1 - 17 (-),R YE, 

S1=S1 D =b(C) , (3·5) 

where '1, f and b as functions of Xi or Yi are given in Appendices B, C and D 

respectively. The results are ~-independent, as they should be. 

The branching ratio for f-l--> eee is expressed in terms of the coefficients 

appearing in (3·4) as follows: 

2 

B(f-l--> eee)= (47l'f Sw4 [8IC11
2
+4IDd

2
+IS11

2 

+4Sw
4{3I E t!2+(-7+16ln 2,:;JIM112} 

-4 Re(D1 + Sw2E1)S1*+8Sw2 Re(2C + D1)*(E1-2Md 

-48Sw4 Re E1* M1 + (1--> 2)]. (3·6) 

where Sw=sin Ow. 

3.2. Analysis of the branching ratios 

The symmetry breakdown hierarchy of the 5 U (2 h X 5 U (2 h X U (1)s.L model 

is determined by M WL and M WR' In addition, the model contains three typical 

mass scales related to neutrino masses, mN, mD and mN' with mNmN' ~ mD
2 in the 

simplified case VL = O. 

If we regard the SU(2h X SU(2h X U(l)S.L model as a gauge theory for 

quantum flavourdynamics, M WR is an arbitrary parameter of the theory. The 

same is true for partially unified gauge theories such as SU(4)p.s.x SU(2h 

X SU(2h model. 10) The previously derived experimental lower bound on M WR is 

rather weak, M WR< 3M w/ 1
) As for the neutrino mass parameters, the following 
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1580 c. S. Lim and T. Inami 

experimental and theoretical constraints on their orders of magnitudes can be 

used. The experimental upper bounds on mN are known to be12
) 

mNe<60eV, mNp < 0.57 Me V and mNr < 250 Me V . (3'7) 

In addition we have the following bounds from cosmological considerations13
) 

mN<70eV or mN>23MeV. (3·8) 

The allowed range of mNp is therefore mNp < 70 e V . We take two representative 

mass values of charged fermions as the orders of magnitudes of neutrino Dirac 

masses mD 

mD ~ me, mu, md ~ 1 Me V 

or 

(3'9) 

The typical values of mN, mD and mw to be used in the following analysis can be 

summarized as follows: 

mN mD mw 

leV 
1 MeV 1 TeV 

100 MeV 104 TeV 

100eV 
1 MeV 10 GeV 

100 MeV 100 TeV . 

The hierarchy of the mass parameters is thus assumed to be 

mN~mD~MwL~mw-:£;MwR . 

(3'10) 

(3'11) 

We have excluded the possibility of mw~ 10 GeV by assuming M WL~ mw. Under 

this condition of the mass parameters, the orders of magnitudes of B(/-I-> el') and 

B(/-I-> eee) can be analyzed without specifying the values of mN, mD and M WR' 

The rates for the flavour changing processes also depend on the generation 

mixing angles. The mixing angles are related to the Yukawa couplings of the 

Higgs scalar fields and cannot be determined within the present scheme of gauge 

theories. Since the lepton-flavour mixing angles are not constrained either 

theoretically or empirically, the generation mixing factors will be assumed to be 

of the order unity in the following analysis, 

(3·12) 

A. /-1-> el' 

Note the following orders of magnitudes 

Yi= O(mN2/M~IR)~1 
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Lepton-Flavour Nonconservation and the Type of Neutrino Masses 1581 

Xi= O(m~';Ma,d~l, Yi = O( m~' /Ma,R )::S 1 for i:2n+l. (3·13) 

From the result of Appendix B, Eqs. (B·2) and (B·4), we find 

(3·14) 

with 

2n 
r(C)= ~i~~L ( VR t )li( VR)i2g2(Yi), (3·15) 

where g2(X) is a smooth function of x behaving as g2(X) -:::=. + x for x ~1 and g2(X) 

-:::=. + for x ~ 1. 14
),15) We set g2(Yi) = O( m~-/M'ivJ for i:2 n + 1. r(a) is the con

tribution from intermediate light neutrinos. r(b) is the contribution from heavy 

Majorana neutrinos in the WL±-exchange processes, through J.IL<->VRC mixings. 

r(C) is the contribution from heavy Majorana neutrinos in the WR±-exchange 

processes. The orders of the v L <-> V R C mixing factors are 

(VLt)li( Vddi:2n+l)= O(mN
2
/mn

2
), (VRt)li( VR)di~n)= O(mN2/mn2). 

(3·16) 

Thus the orders of magnitudes of r(i) are 

r<a)= O( mN2/Mfird, r(b)= O( mN2 /mn2), 

r(C)= O(MfirLm~';Mt"R). (3·17) 

The contribution from r(a) can be neglected because of the mass hierarchy 

(3·11). Hence we consider the following two cases. 

(i) Dominance of the WR±-exchange term r(C)(WM?:.;a;;;) 

B(f-1--> ey)= O(aMhm"k-/M'tvR) = O(ar/wM2), 

(ii) Dominance of the VL<->VRC mixing term r(b)(WM::S.;a;;;) 

B(f-1--> ey)= O(amN4/mn4) = O(ar/Wn2/WM 2), 

(3·18) 

(3·19) 

where the parameters Tj and W were previously defined to be Tj == (M wjM wY, Wn 

==(mn/M wYand wM==(mN'/M wy· 

Interestingly enough, both r(b) and r(C) terms are the contribution from 

heavy Majorana neutrinos N'. Thus we have obtained the result that heavy 

Majorana neutrinos do not decouple from the low-energy process f-1--> ey, as 

advertised in the Introduction. It should be noticed that the term r(C) is inde

pendent of small masses of light neutrinos, and may yield relatively large B(f-1--> 

ey) with rather small value of M WR' 

The eventual measurement of B(f-1--> ey) in the future will be used to predict, 
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1582 c. S. Lim and T. Inami 

through the relation of Eq. (3·18), the value of M WR' In fact, the presently known 

upper bound 12) 

B(,u""" er) < 1.9 X 10-10 
, (3·20) 

provides 

(3·21) 

We get M wR >10TeV for WM~l. 

We have so far considered the 5U(2hx 5U(2h X U(l)8-£ model as a gauge 

theory for QFD. On the other hand, if we assume that the left-right symmetry is 

a subgroup of 50(10) GUT,4) M WR is related to the presently known values of the 

gauge coupling constants by renormalization group method. Assuming the usual 

breaking pattern of 50(10) through 5U(3) X 5U(2) X 5U(2) X U(1) we have 

M WR ~ 1010 GeV for sin2ew~0.23 and as(,u= 10 GeV)~0.1.16) In this case the term 

r(b) dominates the decay rate (case (ii)); the contribution from r(C) to B(,u""" er) 

is bounded by B(,u"""er)::;aT/~1O-34. Through Eq. (3·19) we obtain hopelessly 

small branching ratio. For example, with mN ~ 100 e V and mD ~ 100 Me V we get 

(3·22) 

B. ,u""" eee 

The expression for B(,u""" eee) is quite complicated because of the presence 

of many types of effective couplings. We shall not go into the details of the 

expression but we only estimate the order of magnitude of B(,u""" eee). 

Write the effective four-Fermi couplings as 

(3·23) 

The contribution of the gauge boson exchange graphs, denoted by CG
, can be 

shown to be of the same order as that in ,u""" er. As for the contribution from the 
• 

physical Higgs exchange at the tree level, denoted by CH
, we have 

(3·24) 

where MH is a typical mass scale of Higgs scalars tJt.1l and ¢~.i and W is WM or WD. 

Masses of physical Higgs scalars are undetermined from gauge boson masses. 

We may imagine two typical situations: 

(i) Dominance of the Higgs-exchange term (MH4:..M wI/a) 

B(,u"""3e)= 0(r/WM
2
e),:t>aB(,u""" er), 

where ~=(MwjMH)2~a. 

(ii) Dominance of the WR±-exchange term (MH~MwR/ra) 

(3·25) 
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LePton-Flavour Nonconservation and the Type of Neutrino Masses 1583 

The results obtained above are those for WM ;;:.;0;;;. So long as MH is not 

exceedingly small, the following relation holds 

B(f-L->3e)-:::OB(f-L-> er). (3·27) 

3.3. Dependence of the decay rates on the type of neutrino masses 

In this subsection we study the phenomenological consequences of gauge 

theories with distinct types of neutrino masses, taking the rare process f-L-> er as 

an example. 

We classify gauge models into three types by their types of neutrino masses: 

(A) Majorana plus Dirac (the model considered in this paper) 

(B) pure Majorana, 

(C) pure Dirac. (3·28) 

As for gauge models of type (A), the analysis in the preceding subsection tells 

that B(f-L -> ey) is sensitive to the value of r;, and is not necessarily very small 

(even for the small value of mN). In the case of type (B), the Jh<C-> ])R
C mixing term 

r<b) is absent in Eq. (3·14). Of the remaining two terms in Eq. (3·14), the term 

r<C) may become significant for rather small M WR' while rCa) is always very small. 

As in the case of type (A), the experimental value of B(f-L-> er) is expected to 

provide an important information about the order of M WR. In the case of type 

(C), the branching ratio is obtained by retaining only the contribution from light 

neutrinos rCa) in Eq. (3·14),5) 

(3·29) 

where Xi = (mNdM wYand mNi should be identified with the masses of light Dirac 

neutrinos. We obtain 

(3·30) 

Thus the predicted rate for f-L-> er receives an overwelmingly strong suppression 

by powers of light neutrino masses independently of the value of M WR. We have 

for mN~100eV. 

(3·31) 

It seems appropriate to make a remark on the SU(2)LX U(l) model with 

Majorana neutrinos. In this model, heavy Majorana neutrinos can participate in 

low energy processes only through ]) L <c-> ]) R C mixing induced by Dirac mass terms 

for neutrinos, i.e., the term r<C) is absent in Eq. (3·14). The branching ratio is 

then strongly suppressed by powers of small ]) L <c-> ]) R C mixings (the case of type 
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1584 c. S. Lim and T Inami 

(A» or by powers of light neutrino masses mN
2 (the case of type (B) ).15) 

3.4. Non·decoupling effects of heavy Majorana neutrinos 

We have previously studied the effects of heavy Dirac fermions (quarks and 

charged leptons) in the rare processes KL ---> fiji, K+ ---> 7[+)) i7 and K°+-+ RO. 14) It has 

been demonstrated by explicit computations that heavy Dirac fermions do not 

decouple from such low energy processes, 17) unlike in QED and QCD. 1B
) Fur· 

thermore, the degree of the non·decoupling of heavy fermions is found to be 

different depending on the processes. In particular, in the case of large Dirac 

fermion mass mF-:J> M WL' a heavy Dirac fermion gives an effect proportional to 

mF2 in the induced dsz vertex, while the effect is a constant independent of mF 

(modulo In mF) in the induced dsy vertex. 

One may expect that analogous non·decoupling of heavy Majorana neutrinos 

brings about distinct effects in fi---> ey and fi---> eee, leading to vastly different 

branching ratios B(fi---> eee)M+D-:J> B(fi---> eY)M+D. However, this expectation 

does not hold true, as is seen from Eq. (3'27) of § 3.2.B. 

In gauge theories with only Majorana masses of neutrinos, heavy Majorana 

neutrinos N' =))R + ))RC completely decouple from effective low energy theory 

SU(2hx UO). Contrarily, heavy Majorana neutrinos take part in WL·ex· 

change processes through small ))L<-+))R
C mixing in gauge theories with both 

Majorana and Dirac masses of neutrinos. In the latter case, the terms 

proportional to m'iv, in effective Lagrangian for fi---> eee are suppressed by S4(S: 

))L+-+l/RC mixing), while the constant terms in the induced vertex for fi---> ey are 

suppressed by S2. As a result, the contribution of N' to fi---> ey and fi---> eee are 

of the same order of magnitude, 

(3'32) 

Of course, if we assume the existence of heavy Dirac neutrinos (mv-:J> M wJ 
and that they give dominant contributions to fi---> ey and fi---> eee even after 

suppression by generation mixing angles, we will get B(fi---> eee)-:J> B(fi---> ey). 

§ 4. Other processes 

The reaction rates for other lepton· flavour changing processes can be esti

mated by using the result of our computation of the (one-loop) graphs for fi---> 

eee; no essentially new types of graphs are involved. Here we shall briefly 

discuss the rates for the following four processes, ignoring the details which 

depend on the spin structure of the interactions: 

(b) fi+(A, Z)---> e+(A, Z), 

(4'1) 
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Lepton-Flavour Nonconservation and the Type of Neutrino Masses 1585 

where (b) is "f-I-e conversion" process. Quark-flavour also changes in processes 

(c) and (d), to which only the box type graphs contribute (physical Higgs-ex

change processes at the tree level are not considered here for simplicity). 

Let us write the effective couplings for these processes (including those for f-I 

-> er and f-I-> eee for later comparison) as follows: 

(a) 

f-I-> er 
3 . I< 

r, r -~ zmpq "yiJ" AI< 
eff - (4J1Y MTv, "T".I< , 

(4'2) 

with Jil<, Ji and !J the appropriate types of current composed of f-I, e or quarks. 

Here i;'s are functions of Xi (or Yi) and represent how strongly the induced 

interactions are suppressed compared with the ordinary Fermi interaction. We 

shall not give their explicit forms, which can be obtained without too much 

difficulty from our computations in the preceding section. Instead, we shall give 

in Table I the predicted orders of magnitudes for i;(the largest one of i;i or i;ii) 

in each of three types of gauge models mentioned previously (recall (3' 28». As 

for gauge models of types (B) and (C), it seems appropriate to classify them 

further by their gauge symmetries (SV(2hx V(l) or left-right symmetric). The 

predictions of the left-right symmetric models of types (B) and (C) are those for 

"small" M WH' Cahn and Harari have recently made an analysis of the reaction 

Table I. The predicted orders of magnitudes for t, in each type of gauge theories of Eq. (3,28). As 

for the gauge theories of type (A), we have supposed three cases; (a) WM ~ WD, (b) WD ~ WM ~rw;; 

and (c) rw;; :SwM:Sl. 

~ 
5U(2)L x UO) left-right symmetric 

experiment 
process B,C A B C 

f.1-> er < 1 x 10-' 

f.1-> eee (;N) <2xIO-3 

WL 

Z->f.1e (::r ,(a).(b) ( ;~mN'r (e) ( M;~mN'r 
f.1+N-> (~r WR WR 

<2X 10-' 
e+N MWL 

mNmD 

KL->f.1e (~r,(a) (~r (b).(e) 

M2 

( ~;mDr 
WR 

<IX 10-3 

K+-> 
<2XIO- 2 

7[+f.1e 
MWL MWR WR 
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1586 c. S. Lim and T. Inami 

rates of various rare processes assuming the V - A type effective couplings for 

simplicity and deduced experimental upper bounds for s. 19} We have not re

peated the same type of analysis but quote the upper bound obtained in Ref. 19) 

for comparison with our prediction. 

As is seen in Table I, in the case of pure Dirac mass (type (C)), the predicted 

values of S are always insignificant. In gauge theories of type (A) or (B), the 

predicted S can be relatively large for rather small M WR. It is worth noticing 

that predicted rates for the first two processes (a) and (b) in Eq. (4·1) are larger 

than those for the latter two (c) and (d). 

At present the most stringent experimental bounds on S appear to come from 

the rates for f.1-> er and f.1+ N -> e+ N. However, uncertainty present in the 

theoretical analysis of the f.1-e conversion process due to strong interaction effects 

and complicated structure of nuclei will have to be reduced before an eventual 

accurate measurement of this process may give an important clue to neutrino 

masses. 

§ 5. Summary 

We have investigated the lepton-flavour nonconservation in gauge theories 

with heavy (right-handed) neutrinos, taking the 5U(2h x 5U(2)R x U(1)S-L 

gauge model as a model for quantum flavour-dynamics. The value of M WR is 

considered to be an arbitrary parameter of the theory. 

The rates for lepton-flavour changing processes are shown to depend crucial

lyon the type of neutrino masses; pure Dirac, pure Majorana or Majorana plus 

Dirac. Only light neutrinos appear in the intermediate states of one-loop graphs 

in the model with pure Dirac masses. Hence the rates are strongly suppressed by 

powers of light neutrino masses mN and are hopelessly small, e.g., B(f.1-> er)"" 

0(10- 38
). In the model with Majorana plus Dirac masses, on the other hand, the 

loop graphs with heavy Majorana neutrinos in the intermediate states are shown 

to give dominant contributions. The rates are suppressed by powers of r; = 

M~r)MtvR instead of powers of mN, and hence are not necessarily outrageously 

small, e.g., B(f.1-> er)"" 0(10-14
) for M WR= 0(100 TeV). It appears possible that 

leptonflavour nonconservation occurs at a rate of experimentally detectable level 

in the future if the breakdown of the left-right symmetry occurs at a relatively 

small mass scale. 

If the left-right gauge symmetry is to be grand unified as dictated by the 

50(10) model, the parameter M WR is no longer free but receives a constraint that 

M w/M WR "" 0(10-8
) to be consistent with the value sin2 Bw ""0.23 at low energies. 

Though the dominance of heavy Majorana neutrinos in lepton-flavour noncon

serving processes still holds, the rates are uninterestingly small, e.g., B(f.1-> er)"" 

0(10-26
). 
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Lepton-Flavour Nonconservation and the Type of Neutrino Masses 1587 

The value of M WR has recently been discussed from a somewhat different 

viewpoint, i.e., in relation to the baryon number nonconservation. It has been 

argued that the mass scale of the breakdown of left-right symmetry is bounded 

(order of magnitude wise) from below to be able to explain the cosmological 

baryon number20) and the stability of nucleus against n- n oscillation.21) 

However, the analyses are model dependent and it has not been settled yet 

how small M WR can be. 

Acknowledgements 

We are grateful to Susumu Sakakibara for reading the manuscript and for 

valuable suggestions. We also thank Kazuo Fujikawa and Ken Kawarabayashi 

for discussions and useful suggestions. 

Appendix A 

-- Higgs Potential--

Here we consider a simplified case of the potential term V possessing the left

right symmetry (Lh ...... Lh and <f; ...... (p+) and the discrete symmetry22) for 

Lh ...... -L1R , (A·I) 

We shall show that the potential has the minimum for the scalar fields of the form 

1 (kl 0) 
<<f;)= /2 0 O· (A·2) 

The general form of V consistent with the symmetries mentioned above is 

given by 

V= - ,£L1 2 Tr <f; t <f;+;\I(Tr <f;t <f; )2+;\2 Tr <f; t <f;<f; t <f; 

+ ~;\3(Tr<f;ti+Tr it <f;)2+ ~;\4(Tr<f;ti-Tr it<f;)2 

+;\5 Tr <f; t <f;i t i + ~ ;\6( Tr <f; t i<f; t i + h.c.) 

- ,£L22(Tr L1L t L1L +Tr L1R t L1 R )+ PI [(Tr L1L t L1d2+ (Tr L1R t L1R )2] 

+ P2(Tr L1L t L1LL1L t L1L +Tr L1R t L1RL1R t L1R) 

+p3(Tr L1Lt L1d(Tr L1Rt L1R) 

+ al Tr <f; t <f;(Tr L1L t L1L + Tr L1R t L1R) + a2(Tr L1R t <f; t <f;L1R 

+Tr L1Lt <f;<f;t L1d+az'(Tr L1Rt it iL1R+Tr L1Lt iit L1d. (A·3) 
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1588 c. S. Lim and T. Inami 

The VEV's of the scalar fields which minimize the potential preserving U(l)e.rn. 

symmetry are written as 

1 (0 0) 
<Lh> = 12 VL 0' 

1 (0 0) 
(,:h> = 12 VR 0' 

1 (kl 0) 
<1;>= 12 0 k2 . 

We obtain the following conditions for the extremum 

X VL +2(Pl +P2)VL3=0, 

aav = [-2.u/+P3vL2+al(k/+ k22)+(a2k/+ a/ k/)] 
VR 

~r = [-2.u1
2
+2(AI + 16A3+A5+As)k/+(al + a/) 

x (VR2+ VL2)]kl +2(,11 +A2)kI3=0, 

~~ = [-2.u/+2(Al + 16A3+A5+As)kI
2
+(al + a2) 

X (VR2+ VL2)]k2+2(AI +A2)k23=0. 

(A·4) 

(A·5) 

We easily see that these extremum conditions are met by the VEV of the form 

(A·2) with VR and kl satisfying the simpler equations, 

2.u12=(al +a2')vR2+2(AI +A2)kI2 , 

(A·6) 

We shall next show that the solution to these conditions actually gives a 

minimum by demonstrating that the mass-squared matrix of scalar fields is 

positive definite for certain ranges of potential parameters. 

(i) Doubly charged scalars 

The physical Higgs scalars 8t+, 8J?+ have the masses 

where L1a=(a2-a2')/2. 

(ii) Charged scalars 

The mass-squared matrix for charged scalars is given by 

(A·7) 
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¢2 + 0 0 0 0 

ih+ 0 (~ P3-PI-P2)VR
2
+ ~ (Lla)kI

2 0 0 

1 
¢l+ 0 0 (Lla) VR 2 /2(Lla)klvR 

1 
~ (Lla )k1

2 OR+ 0 0 /2 (Lld)kl VR 

The diagonalization of this matrix gives two charged Higgs scalars 

h+=OL+, M;+=( ~P3-PI-P2)VR2+ ~(Lla)kI2, 

h'+=f M
1
wR (/2VR¢I++kIOR+), M;·+= ~ (Lla)(kI 2+2vR2). 

(A-8) 

(A-9) 

and two N -G bosons XL +, XR + furnishing longitudinal components to WL +, WR + 

respectively, 

XL+=¢2+ , (A -10) 

(iii) Neutral scalars 

The mass-squared matrix for the real components of shifted neutral scalar 

fields ofr, O~r, ¢fr and ¢~r is 

where 

¢~r A 0 0 0 

ofr 0 B 0 0 

¢fr 0 0 2(il l +i(2)kI2 (al +a2')klvR 

O~r 0 0 (al+a2')klvR 2(PI +P2)VR
2 

A=( -il2+4il3+il5+ ilS)kI 2+(Lla)vR2 , 

B=(P3-2PI-2p2)VR
2
/2. 

We have then four physical Higgs scalars 

where 

, (A -11) 

(A -12) 

(A -13) 
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1590 c. S. Lim and T. Inami 

(A-l4) 

The mass-squared matrix for the imaginary components at, a~i, ¢Pi and ¢~i 

is 

where 

~ ~ ~) 
° ° ° ' 
° ° ° 

We obtain two physical Higgs scalars 

and two N -G bosons X
O and x'o corresponding to ZO, Z'o respectively 

where 

0_ kl -1,0 

XL - J2Cw 'l'li , 

and the ZL+-> ZR mixing angle cO is 

with Cw=cos Ow and C2W=COS 20w. 

(A -IS) 

(A -16) 

(A -17) 

(A -18) 

(A -19) 

(A -20) 

Summarizing the above result, the condition of minimum is found to be 

a2-a2'>0, P2<0, PI+P2>0, P3-2(PI+P2»0, 

-,h+4,h+A5+A6>0, -..12-4..14 +..1 5 -..16 >0, 

4(..1 1 +A2)(PI +p2)-(al +a2')2 >0. (A -21) 

There indeed exists a range of parameters for which the above constraints are 

satisfied. 
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Appendix B 

-- Induced f-Ier Vertex--

The coefficients r appearing in the induced f-Ier vertex (3'1) can be obtained 

with some modification from similar quantities for dsr vertex computed 

previously.14) To this end, express r's as 

(B'1) 

where ~L, ~R are gauge parameters associated with WL, WR respectively, and r's 

are given by 

rM
R= ~ (VL t )li( Vdi2g2(xd, rM

L= ~ 7]( VR
t
)li( VR)i2g2(y;). (B'2) 

Here the functions gl(X) and g2(X) are defined by 

1 1 ] 2 (x-1)4 xlnx, 

(B'3) 

(B'4) 

The contribution of the r-exchange graph to the effective four-Fermi Lag

rangian for f-I-> eee is easily found to be 

(B'5) 

Appendix C 

-- Induced f-IeZ and f-IeZ' Vertices--

Here we calculate the induced f-IeWLo, f-IeWRo vertices instead of the induced 

f-IeZ, f-IeZ' vertices. The effective four-Fermi interaction for f-I-> eee induced by 

Z, Z' -exchange can then be found by the use of the method of Georgi and 

Weinberg. 23
) 
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1592 c. S. Lim and T Inami 

Write the induced neutral currents coupled to Wi'" and wt" as follows: 

r _lL_1_- [ 1-rs l+rs] 
LIC - 2 (471Y erIC F(-J.L 2 + F(+J.L 2 J1 , 

r _lL_1_- [ 1-rs l+rs] 
RIC - 2 (4Jr)2 erIC F(-J.R 2 + F(+J.R 2 J1 . (C·1) 

We give below the result of our calculation (in the limit ~ --> 0 as stated before) of 

Fw'L and F(Cf:.l.R (i=a ~f), the contribution of graphs (a)~(f) in Fig. 3 to F(±J.L and 

F(±J.R. 

(i) F(-J.L 

R'!l.L = Tl L(X) + ( VL t )li( Vdi2Xi In ~L , 

R!!.l.L= T3
L
(X )-( VL t )li( Vdi2Xi[ ~ d(Mwd+ ~ In ~L l 

R"-l.L= T4
L
(X)+( VL

t
)li( Vd i2X{ ~ d(Mwd+ln ~Ll 

(ii) F(+J.R 

R't-l.R = Tl R(y) - ~ ( VR t )li( TR * )ij( VR )j2! YiYj d(MwR) 

+( VR t )li( VR)i2Yi In ~R, 

(C·2) 

F(~l.R= T3 R(y)-( VR t )li( VR)i2Yi[ _1 ~r; + ~ d(MwR)+( ~+ 1)ln ~R l 
R'f-l.R= T4 R(y)+( VR

t
)li( VRbYi[ ~ d(MwR)+ln ~RJ. 

Fl~;:-lJ=[ ~ (VR t )li( TR*)ij( VR)jdYiYj - ~ (1-r;)( VRt )li( VR)i2Yi]d(MwR), 

(iii) F(-J.R 

R'!l.R= TlR(x)+ ~ (VLthi( Vdi2Xid(Mwd, 

R!!.l.R= -( VLt )li( VL)i2Xi[ ~ + ~ d(Mwd+ ! In ~Ll 

R"-l.R=O, 

(C·3) 

(C·4) 
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(iv) F(+),L 

F(;!,L=O, 

F(~i:-l) = [- ~ ( VR t )li( Tdij( VR )]2\/ YiYj + ; ( VR t )li( VR )i2Yi ] d(MwR), (C· 5) 

where the ultraviolet divergent term d(M) is 

1 1 1 11M2 
d(M)= 4-n -ZYE+Zln47r+4 - z lny, (C·6) 

in the dimensional method, and the functions Ti are defined by 

r A( )--~(v:t) '(T)"(V:)'[ .. lnxi-Inxj_( .+ .)xilnxi-xjlnxj] 
1 x - 2 A I. A!J A)2 X.X) x. x) 

Xi-Xj Xi-Xj 

T: AB(X)=~(v:t) '(T*)"(V:)' [ .. lnxi-Inxj _( .+ .)XilnXi-XjlnXj] 
2 2 A l! B.) A)2 x.x) x. x) 

Xi-Xj Xi-Xj 

-! ( VA t )li( TB )ij( VA)j2 ~ [(1 +31! xJXi In Xi - (Xi -> Xj) J. 
(C·?) 

As remarked in the text, the ultraviolet divergences present in the gauge boson 

exchange graphs are cancelled out by the contribution from the Higgs exchange 

graphs, F(~)X 

Performing the summation of graphs (a)~(f), we obtain 

F(-),L = /(-),L + ! ( VL t )li( Vdi2X i In ~ L , 

F(+),R = /(+),R + ( ~ - ~)( VR t )li( VR )i2Yi In ~ R , 
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1594 c. S. Lim and T. Inami 

(C·8) 

Here ';-independent (in the limit ';--->0) terms are given by 

x [ 1 + 3{ 1 ! x i + ( I! Xi + (1 _Ix i )2 )X i In Xi} J, 

fi+).R= TIR(y)+ ! (VR
t )li( VR)i2Yi 

(C·9) 

Extending the method of Georgi and Weinberg23
) to neutral current processes 

induced by one-loop effective vertices, we find that the contribution of Z and Z' 

exchange graphs to fJ.---> eee is 

z_ 1 [( ~_r;) ~_r; ] 
D2 -4 1 + 2 1 - r; fi+).L + 2 1 - r; fi+).R , 

(C·I0) 
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Appendix D 

~- Box Type Graphs~-

There are many types of box graphs as shown in Fig. 4. The computation 

of the graphs (c), (d), (e) and (f) involves some technical complication because of 

the presence of gauge dependent terms. These terms are found to be cancelled 

out by the contribution from one-loop graphs with physical Higgs exchange (of 

the types (i) and (j) in Fig. 4). Such contributions from physical Higgs exchange 

graphs are taken into account in the result presented below. 

Denote the contribution from each graph in Fig. 4 by B(i). Then the box 

graph contribution to the effective Lagrangian for /1-> eee is found to be 

DID = B(h) , SID=B(C) , S2
D

=B(d) . 

The result of our calculation of B(i) is summarized as follows: 

b(a)- _l A(a)] ( ) 
- 47}Llij 1 Yi, Yj , 

b(b)- _l A (b)] ( ) - 4 LJ.ij 1 Xi, Xi , 

B (C)- b(C)- 1 A (C) mimj T (M M ) - -4LIij M;;'R 12 WL, WR, mi, mj , 

B (d)- b(d)-l A (d) mimj T (M M ..) 
- - 4 LIZJ M;;'R 12 WL, WR, m., mJ , 

B
(e)-b(e)-l A(e) ~T( ) - - 8 7} L Iij V YiYj 13 Yi, Yj , 

B (f)- b(f)-l A (f) ~ T ( ) 
~ - 8 .flu\" XiXj.l3 Xi, Xi , 

B
(g)- b(g)-~ A (g)l (M M ) 

- - 16.11ii 4 WL, WR, mi, mj , 

B (h)- b(h)- 1 A (h)l (M M ) 
- -16.1J.U 4 WL, WR, mi, mj , 

where mi == mVi and the mixing factor Aij are given by 

(D'l) 

(D'2) 
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1596 c. S. Lim and T. Inami 

JlW=( VRt)li( VRb( VRt)Jj( VR)jl, Jl ~~)=( VL t )li( Vdi2( VLt)U( Vdjl, 

Jl~~?=( VRt)li( Vdd VLt)U( VR)j1, JlW=( VL t )li( VR)i2( VRt)U( Vdjl, 

Jl W=( VRT)li( VR)d VRt)U( VR*)j1, Jl~)=(VLT)li( Vdd VLt)U( VL*)jl, 

JlW=( VLT)li( VR)d VRt)U( VL*)j1, JlW=(VRT)li( Vdi2( VLthAVR*)jI. 

(D '3) 

The functions Ii are defined by 

, [1 3 1 {I (1 3 1 
Il(x,x )=x 4-4 (l-x)(l-x') + x-x' 4+21-x 

-! (l-~x )2 )x In x+ (x<-?x')} J, 

13 (x, x') = 1 + [ x ~ x' { - 3 1 ~ x - ( 1 + 3 (ll X )2 )x In x } + (x <-? x' ) J, (D, 4) 

I4(M, M', m, m') M'2(;~ m'2) [{ -3(M
2

+ M'2)+ m
2
}ln m

2 
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