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S u m m a r y . -  The cross-section for production of v-~ pairs by high- 
energy leptons in the nuclear Coulomb field is calculated in the standard 
theory, allowing for arbitrary polarization of the incoming lepton beam. 
The differential distributions of the outgoing charged lepton are studied, 
showing that the scattered lepton peaks at low energies and emerges at 
appreciable angles. Incoherent contributions to the cross-section are 
also discussed. 

PACS. 13.60.- Photon and charged-lepton interactions with hadrons. 

1.  - I n t r o d u c t i o n .  

The tr ident product ion of neutrino pairs by  high-energy leptons in the 

nuclear Coulomb field has been studied in the last years as a possible way to 

look for the number  of lepton generations (1-3). I n  general, the nuclear coherent 

process 

(2) ~-(pl) + ~z(P) -~ e-(p~) + ~(p3) + ~(p4) + ~z(F) 

is mediated by  both  neutral-current  and charged-current weak interactions, 

(1) Wu-KI TU:NG: Z. Phys. C, 4, 307 (1980). 
(2) A. PICH and J. BERNAB]~U: Z. Phys. C, 14, 21 (1982). 
(3) V. BARGER, W.Y. KEUNG and R. J. N. PHILLIPS: Phys. Bey. D, 25, 677 (1982). 
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268 x. PICH and J. BERNAB~U 

when v refers to the doublet partner neutrino of the incoming lepton. Using 
the V- -  A character of charged currents, it is immediate to prove the suppres- 
sion, by lepton mass factors, of this contribution for right-handed helicity 
of the incoming negative lepton. Therefore, selecting lepton beams with the 
appropriate helicity~ the process (1) is described by an incoherent sum of neutral- 
current exchanges for each of the neutrino species. 

The total cross-section for right-handed incoming leptons has been studied 
recently (~), in the high-energy limit, obtaining analytical expressions for the 
virtual-photon mass distribution. Numerical estimates of the unpolarized 
cross-section have also been given, by using the equivalent photon approxi- 
mation (3). This method seems to work quite well for incident muons, but 
it does not for electrons by as much as 70 ~/o (4). 

In this paper we perform a detailed study of the process (1) allowing for 
arbitrary polarization of the lepton beam. For left-handed helicity, the charged- 
current contribution can be related to the neutral-current one by a Fierz trans- 
formation. Furthermore, aside of factorized constants, the neutral-current 
contribution comes out to be helicity independent, so the polarization de- 
pendence of the cross-section amounts to a global factor only. We calculate 
the differential leptonie distributions. Our results are similar to the ones pre- 
dicted (6) by the V -- A--with only charged currents--, showing that  the scat- 
tered lepton peaks at low energies and emerges at appreciable angles. These 
features are of importance in order to be able to separate in an actual experiment 
our process from the enormous background. 

Noncoherent nuclear contributions to the cross-section are also discussed. 
While the corrections induced by the quasi-elastic peak show to be of some 
relevance, other possible contributions result negligible. 

2.  - A m p l i t u d e s .  

The lowest-order contributions to process (1) are given by the diagrams 
of fig. 1. Charged-current interactions (diagrams 3)-5)) are only present when 
the final neutrino is the doublet partner of the charged lepton, whereas the 
neutral-current ones (diagrams 1), 2)) give the same contribution for each of 
the neutrino species. 

We study the process in the high-energy limit (E 1 ~ m), and take the contact 
limit for the two weak currents. This is justified by the fact that  the present 
and near-future muon beam energies are still too low for the manifestation 
of boson propagator effects. Diagram 5) is suppressed because it has an extra 

(4) A. PICtt and J. BERNAB]~U: J. Phys. G, 8, L65 (1982). 
(5) K. FUJIKAWA: A~n. Phys. (N. Y.), 68, 102 (1971). 
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Fig. 1. - Feynman diagrams contributing to loptoproduetion of nou~no-antinoutrino 
pairs in the nuclear Coulomb field. 

heavy-boson propagator.  The ~mplitudes are then  given b y  

(2) 

Ze  2 (7 _~(q~) L~t, 
T~-- 2V'~ q~ (t) + P ' ) " N " ( p ~  + q) : - -m~ '  

Ze  ~ (7 F(q: )  

(p~-- q)~-- m ~ , 

Ze  ~ (7 F ( q  ~) 3 ,, Z,,, N'3 
T~ -- V- ~ q ~  (P + P')" (p~ + q)~__ m~ , 

Ze :GP(q:)  ~ " 
T , - -  %/~ q~ (P + P')" (P2-- q):-- m ~' 

whore the m~tr ix  elements of the  loptonic ~mplitudes are 

(3) 

N "  = ~(p , )~ ,~ (1  + ~,5)v(p3) , 

z ~  = ~(p4)?o(1 + y5)(1~1 + q ) ? ~ , u ( p l ) ,  

L~,~ = ~(P2)Y~,(P~ - -  q)7o( 1 + 75)v(p3), 

iV~ = ~(p~)y°(1 + ~,~)v(p~) , 

N~ ---- ~(p,)y"(1 + ys)u(p,). 
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q~ -- (P - - / ) ' )~  is the virtual-photon momenta, E(q 2) is the nuclear form factor 
and v is the vector coupling of the Z ° boson to the charged lepton. We have 
assumed the nucleus to be spin.less in order to write the matrix element of the 
nuclear current, 

With vertices of vector character there is conservation of helieity for Ez >> m, 
so the charged currents axe suppressed for right-handed helicity incoming leptons. 
For left-h~uded helieity, it is possible to rel~te the charged currents with the 

neutral currents by a Fierz transformation. We obtain (see appendix A) 

(4) 

2 ~tT ~ ] ~  3 ~ _ _ ~ Z 1  

2 Lt4z 14  ~ ~tTa ~2  
_ _  - -  . ~ v  # a  A - - - ½  • 

As a consequence, neutral-current and charged-current amplitudes are related by 

(5) ~: ~,-½ (~t,t' T 
T o . _  1 - - v  "°' 

where I and l' refer to the incoming lepton and the charged partner of the 

outgoing neutrinos, respectively. 
The neutral-current contribution to the cross-section, To  = / ' 1  + T~, gives 

the following result: 

(6) IT~o] ~ = 16(v + 2A)~ (ze~ G~ ~ I~(q~)] 2 (p + p,)~(p + p,),  A~eB~,,~ ~ 

where the tensor A Ge arises from the product of neutrino currents, given by 

(7) = PsP~ + PgP~ - -  g"Q(P3 "P4) + ie~qP4~P3~, 

whereas B~,~ e is a sum of three terms: 

U(1) /2(2) 
#vaQ ~ # r a Q  

(8) B . , ~ o =  ((pl + q ) 2  m,)~ + ((P2 - q)~-- m~) ~ + 

+ ((pl + q)'--  ~2) ( ( p 2 -  q )~ -  n2) 

obtained from the electromagnetic and neutral weak current vertices of the 

charged lepton. The three terms of eq. (8) are associated with the amplitudes 

T1, T2 and their interference. 
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3. - Cross-section. 

The cross-section of process (1) can be wri t ten as 

(Z~G) ' -  . 
(9) a ( t -Z  --> ~-Zvt,Ot') = Ca,t, 2 ~ E ~ 6  slnt0w • 

" f  d~P'2E' [F(q~)l~(q~)~ (P q- .P')u (.P ~ P')~Mu,, (p~, q), 

where M~,,(pl, q) plays the role of the  leptonic electromagnetic tensor 

= ( d3P~ d~ps d3p4 
M~(p~, q) _ ]  2E2 2E8 2E4 (~(Pl -~ q--P~--pa--p~)A~qB~,~ (10) 

and 

(11) 
/ 1 _+ 2($t,t,~ 2 

Q t '  = ~1 - -  ~ , _ ~  
2 sin ~ 0w ] " 

To proceed with the evaluation of Mu~, we introduce ~ set of invar iant  
variables 

(12) 
x~ = - -  q2 , x2 = ( p t "  q) , x3 = (p~" q ) ,  

x~ = (p~.p~)  , x ,  ---- ( p ~ . p , )  , x ,  = ( p ~ . P )  , 

x4 = (P4" q) , 

in terms of which we write the invariant  integrands. 
Since the neutr ino pair  is not  detected experimental ly,  it  is convenient  to 

s tar t  with the integrat ion over the four-momenta  p~ unrip4. The only dependence 
on these variables is through the tensor A "Q, and it  is obvious tha t  these integ- 
rations can only depend on the Z ° four -momentum k~'= (p~ ~-q--p2)t,~ so 
we have 

(13) I~Q ~ - f  d3pa d3p4 2E~ 2E 4 (~(P3 + :P4-- k) A(~ = alg ~° -~ a~k°k ~ 9 

whore al and a: are invariants.  :Note tha t  Pq is symmetric .  The piece of M,~ 
relevant  in eq. (9) is its symmetr ic  part .  In  the three terms of B ~ e ,  the sym- 

metric par t  under  # +-~ v exchange has an helicity dependence which is anti- 
symmetr ic  under  a+-~ ~ exchange. Under  contract ion with F 0, we conclude 
tha t  the symmetr ic  pa r t  of the  electromagnetic tensor M,~ becomes helicity 
independent.  - - - -  
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To evaluate the coefficients al,2 it  is necessary to calculate only certain 
combinations of the I "Q components~ i.e. 

(14) 
al : 1% 4(p~ k) 2 PlGPl@ IG0 , 

1 
a2 - -  (Plk) g PlaPXela°" 

The to3 and P4 integrations are easily computed in the centre-of-mass frame 
of the neutrino pair (k-----0, ~ = ~, /61 e plane (y = 0)) and we obtain 

(15) 

The k"kq te rm can be neglected when contracted with Bv.aQ, because it leads 
to a term proportional to the lepton mass. We then  have 

(lO) f d~p~ Ma.(pl,  q)~---~ ~ (x , - -  2 ( x ~ . x a - -  xs))S~.,~ ~ • 

As pointed out  above, the relevant part  of Mar is holicity independent,  so 
we recover the  results of ref. (z) for the tota l  cross-section and the virtual-photon 
mass distribution. We must  only include the Ca. t, factor of oq. (11) or, if we 
sum over all neutrino families, we just mult iply by  

(17) (~'-~ ~ ' '  (1- _3~_~ .~" 
g(ZY, 2) = 1~ ' G~,I,= (_.~T-- 1)(1  2 ~ O w ]  ± 2 sin2Ow] ' 

where £V is the number of fermionic generations. For  2 = + ½, g(JV, 2) = £V 
as i t  should. The cross-section is thus given by 

(lS) 

where 

(19) 

a ( ~ - +  z - + t - +  z + Z ~ )  = g(h r, 2)aog~E1 • 

1( 1+1 ) 
z(xl) = - 3 5 1 2 4  - (1 + 2m, /x l -  2om41x ,) ) In , 

~o ~-- ~ sin 40w • 27z~ a 
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Fig. 2. - ~ormal ized cross-section (# --~ a/g(.N', 2)) as a function of the incoming energy. 
The different curves correspond to electron over 2°SPb ( - -  ), muon over ~°SPb ( . . . . .  ) 
electron over 5eFe ( - - - )  and muon over ~Fc  ( - - - - - ) .  

The  in t egra ted  cross - sec t ion  has  the  fo l lowing  b e h a v i o u r  w i t h  the  i n c o m i n g  

energy:  

(20) ¢ = g(iV, ~)¢oE~(~ + /~  ]~ (2E,/m)),  

w h e r e  a,  fl depend  on the  targe t  and on the  i n c o m i n g  charged lepton.  W e  h u v e  

e v a l u a t e d  these  cross - sec t ion  coeff ic ients  us ing  the  e x p e r i m e n t a l  nuclear  f o r m  
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factor (6) for ~6Fe and 20sPb and the current values of the weak interaction 

l )a rameters  (7). The  results  are  g iven in t ab le  I for  incoming  electrons and  

muons .  

TABL~ I. --Parameters o] the elastic (o,, fl), quasi-elastic (7, ~) and total cross-section 
(A, B), ]or the di]/erent cases we have considered. All  values are given in GoV. 

7 A ~ v B 

m~, 66Fe -- 563.8 -- 76.7 -- 640.5 106.8 18.2 125.0 
me, 66Fe -- 607.7 --135.2 -- 742.9 106.8 18.2 125.0 
m~, :°spb -- 3947 -- 242 -- 4189 692.6 57.4 750.0 
m~, 2°spb -- 3698 -- 426 -- 4125 692.6 57.4 750.0 

I n  fig. 2 we l)lot t he  ra t io  8 ~ c~/g(N, ,~) for  the  resul t ing  cross-sections as 

func t ions  of t he  incoming  energy.  The  polar iza t ion  effects are  descr ibed ent i re ly  

b y  t he  f ac to r  g(N,  4). F o r  th roe  generat ions ,  we h a v e  

(21) g(3, ½) = 3 ,  g(3, - -  1) : 33 .25 ,  .q(3) = 18.12.  

W e  conclude  tha t ,  if t he  n u m b e r  of genera t ions  is n o t  v e r y  large, t he  chaxged- 

cu r r en t  con t r ibu t ion  is d o m i n a n t  for  l e f t -handed  helici ty.  F o r  unpo la r i zed  

m u o n s  a t  300 GoV, a nd  assuming  three  generat ions ,  t he  cross-section is 6.6- 

• 10 -40 c m  2 for  66Fo a nd  4 . 1 0  - a g c m  2 for  2ospb. 

4. - Energy  spectrum.  

To ex t r ac t  t he  differential  d is t r ibut ions  of the  ou tgo ing  cha rged  lepton,  

we h a v e  to  change  the  s t r a t egy  based  on the  g lobal  proper t ies  of the  electro- 

m a g n e t i c  lel)tonic t ensor  M ~ .  To proceed  wi th  t he  differential  d is t r ibut ions ,  

we s ta r t  f r o m  eq. (16), inser ted  in eq. (9). 
W e  pe r fo rm  the  P2 in tegra t ion  in the  l a b o r a t o r y  f rame,  b u t  choosing an  

sl)ecial o r ien ta t ion  for  the  axis:  P = 0, (Pl  + q)][~, q e l ) l ane  (y = 0). I t  is 

conven ien t  to  change  the  var iab le  x6 b y  the  new one z = xa + x6. One obta ins  

(22) 

d~P~__ z d E  2 d z d ~  
2£~ ~ / ~  2 z  

W = (qO + E ~ ) ~ _  2x~ + x ~ - -  m ~ • 

(6) G. K~Y, H. FRANK, W. $CH~3TZ and H. TH:EIS$:EN: Z. Phys., 265, 401 (1973); 
J. HEIS]~NB~ERG, 1~. HOFSTADTER, J. C. McCARTHY, I. SICK, B. C. CLARK, R. H]ERMAN 
and D. G. RAVENHALL: Phys..Bey. Lett., 23, 1402 (1969). 
(7) I. LI~DE and iVf. Roos:  Nucl. Phys. B, 167, 397 (1980); J. E. KIM, P. LA~GACX~R, 
M. L E v I ~  and H. It. WILLIAMS: Rev. Mod. Phys., 53, 211 (1981). 
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I n  this f rame,  only x~ depends on the  az imuth  ~2, so the  ~ in tegrat ion is im- 

mediate.  
The P '  in tegrat ion is also made  in the l abora to ry  frame~ bu t  with the  ordinary 

axis orientation, i.e. P ~ O, p~]12. We have  

d 3 f  )~ 

(23) 2E'  - -  2MIp~] dx~ dx~ . 

To obtain  the phase-space limits is a very  tedious process~ and it is outlined 

briefly in appendix  B, where the integrat ion limits for x~, x2~ E2 and z are given. 
The k inemat ica l  upper  l imit  for x~ is not  effeetiv% because the  presence of the 

nuclear fo rm factor  in the  v i r tua l -photon  mass distr ibution limits x~ to small 
values. 

I t  is possible to get an ana ly t i c  es t imate  of the  high-energy tai l  of the  energy 
spec t rum for zero-mass leprous. I n  this case, the  in tegrat ion limits reduce to 

(24) z_ ~ x ~ E ~ / E , ,  ~ ~_ x. . ,  x j ~_ i x ~ ,  ~ ~-- E I V ~  

so, for E2 >> m, <xl} ½, we obtain  

a f t  (25) 
dE2 

(4) _~ g(N, ~) ao/3(E1/E 2 -  1)(1 - -  E~/E~), 

where fl is the  coefficient of the logari thmic t e r m  in eq. (20). 
The energy distr ibution is s t rongly peaked  a t  low energies, where  the  esti- 

m a t e  (25) is not  valid. We  have  evalua ted  the  spec t rum numerically~ for in- 
coming muons  and  electrons on 5~Fe. The result ing dis tr ibut ion is p lo t ted  in 
fig. 3 for incoming energies of 100 and 300 GeV. We  have  drawn the  funct ion 

#(E~) ~ (da/dE2)(2)/g(N ~ 2). For  outgoing energies larger than  1 GeV, we find 
a similar behav iour  for muons  and electrons, though with slightly larger values 

in the la t ter  case. I n  this range of energies, eq. (25) is a good approximat ion .  
One sees t ha t  the  m a x i m u m  value of the  distr ibution appears  very  close to 
the  lower l imit  of E2, ~(E2) falling rap id ly  to zero for E2 = m. For  the  two in- 
coming energies considered, the m a x i m u m  for ~(E2) occurs a t  values of E2 

around 600 MeV in the muon  case and  3 MeV in the electron case. 

The mean  values for E2 are given in table  I I .  One notices tha t  the charged 

TABLE II.  - Mean values o] the outgoing energy E2 and the dispersion angle 0~, ]or in- 
coming energies of 100 and 300 GeV. 

<E2> (GoV) @2> (degrees) 

E1 (OeV) rouen electron Inuon electron 
100 12.7 6.2 3.0 13.8 
300 30.7 15.6 2.9 10.7 



276 A. PICH and J. B~RNAB]~U 

10 3 

10; 

I 

tu ~. 
~b 

10 ~ 

10  0 

I i 

\ 

\ \\ 
\ \ 

, , , | I l l  i | . . . . . .  I , , ~  . . . . .  "1 
101 10 2 10 3 

E~/,,, 

/ 

Fig. 3. - Energy distribution of the final charged lepton. The values of #(E~) are 
given in 10 -15 (GeV) -~ for electrons of 100 ( . . . . .  ) and 300 ( ) GeV, and 
10 -le (GeV) -3 for muons of 100 (-- -- --) and 300 ( - - - )  GeV. 

lepton losts a big am oun t  of its energy during the  neutr ino-ant ineutr ino 

radia t ion  process. This fact  helps for the  detect ion of the  process th rough  the  
low-energy outgoing charged lepton, because the  main  background  main ly  

produces energetic charged leptons. 

5. - Angular  distribution. 

To obtain  the  angular  distr ibution of the  final charged lepton we work  in 
the  l abora to ry  frame,  referring the  /~-direction to the  axis defined b y  the  

incoming lepton, i .e. we choose P = 0, pll]~. Taking into account  the  cylinder 
s y m m e t r y  of the  collision process, we have  

d3p~ 
(26) 

2E2 
- -  --> ~lp~l d~= d(cos  0~).  
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The angular dependences come from the invariant xs, given by 

(27) x5 ---- E1E~ - - I P l l  IP2i cos 02. 

To p e r f o r m  t h e  P ' - i n t c g r a t i o n  we t a k e  a d i f fe ren t  ax is  o r i e n t a t i o n ,  choos ing  t h e  

f r a m e  P--- -  0, ( p l - - p 2 ) l l ~ ,  P2 ~ p l a n e  (y --~ 0). I t  is c o n v e n i e n t  to  s u b s t i t u t e  

x2 b y  t h e  new v~r i~b le  y = x 2 -  xa, so 

(28) d3~ '  - -  ~ dx~dy dq~q 
2 E '  2 M % / ~  27I ' 

10 3 

E 
u 

.S 
i o 

~b 

10 2 - 

10 I ~ ~ I 
0.985 0.990 0.995 1.00 

cos 0 2 

101 

Fig. 4. - Angular  distr ibution of the  final charged lepton for electrons of 100 ( . . . . .  ) 
and 300 ( ) GeV and muons of 100 (-- - -  --)  and 300 ( - - - )  GeV. 
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where H = (El - -  E~) 2 -t- 2(% - -  m-~). The only ~q-dependenee comes  through 
xa and this integrat ion can be made  analytically.  The phase-space limits are 
given in appendix C. 

B y  performing numerical ly the integrations over Xl, E~ and y, we hav~ 
studied the angular  distribution behaviour  for incoming muons and electrons 
on 56Fe, at  incident energies of 100 and 300 GeV. The results are given in 
fig. 4, showing the quant i ty  ~(0~) ~ (dg/d(cos 02))(~)/g(N, 4). As expected,  
the angular  distribution is s trongly peaked in the forward direction. Never- 
theless, one obtains appreciable mean values for the dispersion angle, as shown 
in table II .  

6.  - Q u a s i - e l a s t i c  c o n t r i b u t i o n .  

The results discussed up to now come f rom the assumed dominance of the  
coherent  nuclear process. There are additional contributions coming from the 
nuclear excitations induced by  the vir tual  photon.  We discuss here the cor- 
rections due to the quasi-elastic peak contribution. This corresponds to the 
incoherent  interact ion of the vir tual  photon with the individual nucleons. One 
needs in the hadronic ve r tex  the mat r ix  element of the  electromagnetic current  

for a spin-½ particle 

(29) (J l , ) -= eu(P ' ) lY#Fl (q2) - - i~ - -F~(q2) |u (P) , \ /  

where the nota t ion is conventional  and M is the nucleon mass. The dominant  
contributions come f rom the vir tual  photons with x l N 0 . 1  (GeV) ~, so the 
xl<<x~ (i~>2) approximation,  used in the calculation of the leptonic tensor, 
remains valid. On the other hand, one cannot  neglect any longer the  virtual- 
pho ton  energy qO --_ _ Xl]2M. We have  used the dipole fit for  the  Sachs form 
factors (s) of the nucleon and the results for the vir tual-photon mass d is t r ibut ion  

are given in fig. 5, as 

(30) x ~ , , ( x i ) - - - - x ~ / g ( ~ , ~ ) ,  

whore the  subindex n refers to the nucleon considered, either pro ton  or neutron.  
As seen, the neu t ron  contr ibut ion is much smaller than  the pro ton  one and we 

can safely neglect it. 
The  contr ibut ion of the nuclear quasi-elastic peak to the cross-section of the 

process is then  

(31) aq~ ~-- Za~ ~_ g(£V, ~)goE~( 7 -]- V in (2E~lm)) . 

(s) M. GoreD!N: Phys. l~ep., 11, 29 (1974). 
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Fig. 5. - Virtual-photon mass distribution of the quasi-elastic process. The different 
curves correspond to incoming electrons of 100 (-- -- --) and 300 ( ) GeV over a 
proton, incoming muons of 100 ( - - - )  and 300 ( . . . . .  ) GeV over a proton, and in- 
coming electrons ( . . . . . . .  ) and muons ( . . . . .  ) of 300 GeV over a neutron. 

The  values of the  coefficients 7, U are given in table  I and  when  c o m p a r e d  wi th  

eq. (20), t he  sum  of coheren t  a nd  incoheren t  cross-sections has  the  same de- 

pendence  wi th  the  i ncoming  energy,  wi th  the  subs t i tu t ion  ~ - +  A = ~ - F  7, 

As expec ted  on phys ica l  grounds ,  the  modi f ica t ion  in t roduced  b y  the  quasi- 

elastic con t r ibu t ion  is more  i m p o r t a n t  for  ~ F e  t h a n  for  2Ospb. I t  is s o m e w h a t  

m o r e  re levan t  in the  muon ic  case t h a n  in the  electronic one. A t  incoming  

energies of 300 GeV, the  quasi-elast ic  cross-section represents  18 % for  muons  

and  iron, 12 % for  electrons and  iron, 1 1 %  for  m u o n s  a n d  lead and  6 % for  
electrons and  lead. 

7 .  - I n e l a s t i c  c o r r e c t i o n s .  

I t  is k n o w n  t h a t  the  deep inelastic con t r ibu t ion  to  the  process unde r  s t u d y  

is negligible (~), b u t  there  are  o ther  in te rmed ia te  regions which  are w o r t h  to  

consider.  W e  s t u d y  the  region of small  x 1 vMues n o t  inc luded in the  quasi- 

elastic peak,  for  which  the  nuclear  exc i ta t ion  energies v - ~ -  (_Pq)= - - M q O =  

Me) axe no t  Hnked to  xl. 

I n  this  region one can  use the  r e t a rded  dipole approx ima t ion ,  re la t ing  the  
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hadronic s t ructure functions to the photoabsorpt ion cross-section 

,p2 ,p 

(32) WI(xl, ~) ~-- - ~ x l  W~(x,, v) __ (2~)~  a4~)lF(xl)l* 

The form factor  E(Xl) is needed to cut  the contribution of large x~ values~ for 
which the  unre tarded approximat ion would not  be appropriate.  In  our case, 
it  suffices to take  

a 
(33) .F(x~) - - - ,  

a -~-X 1 

where a is related to the nuclear radius a = 6<r~> -1.  In  the inelastic contribu- 
tion, the two variables of the photon xl and co are relevant,  and it  is impor tan t  
the  comparison of their  effective values against the new scale a. 

For  the muonic case, the restriction x~ ~< a leads to consider the approxima- 
t ion x~<< m ~ as appropriate.  This simplifies notably  the leptonic tensor. Our 
aim is to write the cross-section of the process as a sum rule over the different 
energies co, with an explicit function ](w, a) weighting the photon  cross-section 
av(w ). After  a lengthy calculation we get 

3(re £ 
(34) a ~ g(N~ A) ,-m-:;-,. .El a|dco /(w~ a) av(co) , 

tz~) 2 a j 

where the function ](co, a) is p lot ted in fig. 6 for an incoming energy E~ = 
---- 100 GeV and a = 2.4.10 -~ (GeV) ~, as corresponds to the  ~oaPb target.  The 
limits of ](co~ a) for (wz/a)<< 1 and (co2/a) >>1 axe also given in the figure~ and 

they  correspond to the analytic  expressions 

/(e~, a) ~ l< -- 60) 

(35) 1(o~, a) ~ l>  = 

a /11 4 37 

As we see, for all the  co values one has the inequali ty ]< > ](w, a) > 1>, 
so 1< can be used to obtain an overestimate of this inelastic contr ibution to the 

to ta l  cross-section. The result is 

(36) < (2B1 w/m ) - 25/s) 

where ~-1 corresponds to the energy-weighted sum rule 

(37) a_, ---- ~ -  gv(co). 
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Fig .  6. - V a l u e s  of  ](~o, a) ), ]< ( . . . . .  ) a n d  ]>  ( - - - ) ,  as  a f u n c t i o n  of  w, fo r  
E l =  100 G e V  a n d  a ~ 2 . 4 . 1 0  -a (GeV) 2. 

For  heavy  nuclei (A ~ 100), o_i is well fit ted (9) by  a_l ---- (0.20i0.02)A-~ rob, 
which can be used to evaluate expression (36). At  the incoming energy E~ ---- 
z 100 GeV, and for ~osPb, we get g < 2.10-44g(iV, 4) cm% which is about  four 

orders of magni tude smaller than  the coherent contribution.  So we conclude 
that the region of nuclear excitations at low x~ is also negligible. 

(9) 0 .  BOmGAS:  Proceedings o] the International Con]erence on Theory and Applications 
o] Moments Methods in Many-I;ermion Systems, Iowa, 1979 ( P l e n u m  P r e s s ,  N e w  Y o r k ,  
1~. Y. ,  1980). 

19 - II Nuovo Gimento A. 
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8.  - C o n c l u s i o n .  

We have considered the production of neutrino pairs by high-energy 
charged leptons. The main contribution results from the coherent nuclear 
Coulombic source. Corrections coming from the quasi-elastic peak are ap- 
preciable, whereas other inelastic nuclear excitations are negligible. 

Allowing for an arbitrary polarization of the lepton beam, there are con- 
tributions to the process for both charged-current and neutral-current weak 
interactions. The dependence on the number of generations and on the helicity 
of the incoming lepton amounts to a global factor g(N, 2) given by eq. (17) 
which reproduces g(N, + ½) = N .  Unless N is very large, the charged-current 
contribution is dominant for left-handed hehcity. 

The energy spectrum of the outgoing charged lepton is peaked at low 
energies, with a maximum around six times its mass. There is, however, a tail 
of the distribution which produces a mean value of the energy somewhat higher 
and given in table II. In any case, we observe that  the charged lepton loses 
most of its energy in the process of radiating the neutrino pair. 

The angular distribution of the outgoing charged lepton is strongly peaked 
in the forward direction. Nevertheless, one obtains appreciable mean values 
of the dispersion angle as indicated in table II. 

The results presented in this paper for the distributions of the outgoing 
charged lepton correspond to incoming energies up to 300 GeV, as the ones 
of muon beams at present facilities. In case that  future facilities will provide 
lepton beams at higher energies, the corresponding distributions can be obtained 
from the authors. 
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A P P E N D I X  A 

F i e r z  t r a n s f o r m a t i o n .  

We restrict ourselves to left-handed helicity and zero-mass fermions, so 
we can eliminate the Y5 matrices in eq. (3) by using the fact that  spinors 
are eigenvectors of the Y5 operator, i.e. 

( A . 1 )  ~ou(2=--½)=u(~=--½).  
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We introduce the  set of 16 Dirac matrices 

(A.2) P~ --= (I, 7~, 7 ~', 7~ 7 ~', a~) 

and their  corresponding inverses F~ ~ (F0 -~. Insert ing the ident i ty  (~o) 

(A.3) 

in the product  of weak currents t ha t  appears in the charged amplitudes,  we 
can write 

(A.4) 

where 

(A.5) 

For  zero-mass particles, the fermionic current  preserves or changes the 
helicity according to the odd or even number  of gamma matrices it  contains; 
so, only the even operators,  [ ,  7~ and a~, will contr ibute  to eqs. (A.4). The 7a 
matrices can be el iminated by  using again ident i ty  (A.1). For  the terms contain- 
ing the a ~  operator  we make  the expansion 

(A.6) X = 1 Tr (XF~)F~ ,  

obtaining 

(~.7) 

N Zo~ _ 2(g(p2)T~,u(p~))(~(p~)y~v(p~)) + 

4q 4 N L.~ ~_ 2(g(p2)~'s, ou(p~)) (g(pd)7~v(p3)) -k 

+ 1 T r ( 2 . 0 ~ F ~ )  T r ( y ~ F j ) ( g ( p 2 ) F ~ u ( p ~ ) ) ( g ( p d ) F ~ v ( p 3 ) ) .  

The helicity argument  indicates now tha t  the only contributions come from 
the odd operators 7~ and 757~. Eliminat ing the Y5 matrices,  we can write 

(A.8) 
~ . _  (~(p,l~v(p3)) 2(~(p2lf~u(p3) + 8g°(~(p2)rou(pl) , 

( ) _.~r,~_,o _~ (~(p~)~,~v(p~)) 2 ( ~ ( p 2 ) ~ u ( p , ) )  + 5~ to (~(p~)~,~(p,)) , 

o~ and ~" where s, t ,  are combinations of gamma traces. We get after  some algebra 

~ - -  48 Tr(T%7o(7  ~ -  1) ) ,  Q"-- (A.9) s ,  - -  t ,  - -  48 T r ( T ~ 7 ~ ( 7 5 -  1)) . 

(10) C. ITZYKSON and_ J. B. ZUBER: Quantum Eield Theory (McGraw-Hill, New York, 
N.Y., 1980), p. 161. 
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To compare with the neutral-current amplitudes, we make the expansion (A.6) 
in Z ~  and Z ~  and use again the helieity argument,  obtaining 

(A.10) 

1 
- Tr(Ta~ F,) (g(P2) r ' u (p , ) )  _~ 

v - - 1  - - 4  

1 
_~ ~ Tr (T~?o(1 --  73)) ( u ( P 2 ) 7 ° u ( P , ) ) ,  

v - - 1  - - 4  

~ -~ Tr ( 2 , ,  r~ (1 --  r,)) (~(P2) 7 '  u(pl)) 
- - 4  * 

Comparing now eqs. (A.8), (A.9) and (A.10), we have the desired result (4). 

APPENDIX B 

Phase space for the energy distribution. 

The squared invariant  mass of the ~ pair, k 2, is related to the variable z 
through the equation 

(B.1) : X 2 -  ½ X  1 "-~ m 2 -  l k 2  , 

so, the kinematical  limits on k 2 impose z ~ < z < z 3 ,  where 

(B.2) Z l = X 2 - - ½ x l + m 2 - - ½ ( E l + q ° - - E 2 )  2 , z a = w . 2 - - 1 X l - } - m  2 . 

Another set of boundaries come from the - - 1  < cos02 < 1  condition, which 
imposes z2 < z < z4, where 

One easily checks tha t  z2>~zl,  so z = z2. To obtain the upper z limit is 
not  trivial a t  all, because there are several cuts among zs, z4 and z2. These 
boundaries restrict also the allowed x~ values, because of the existence of regions 
where z2 > zs, so the x~ limits do not  always take the values given in ref. (2). 
We obtain 

: ~z~, if (x2> ~+A~2< "r_A q > Q), 
I. z3, in the other cases; 

(B.4) x2 = $_, 
{ ~ ,  if E2~<v+, 

• ~2 = ~+,  if E2 ~> v+ ,  
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where ~ are the  x2-vaaues for which zs cuts to z~ or z~ 

(B.5) ~± = ½Xl + (E, + qO--E~)(E~ ± Ip~l). 

is the  upper  l imit  of x.~ obta ined  f rom the  c o s 0 ~ > - - 1  condit ion 

(B.6) ~ ~ lp~l(x ~ + qO~)~ + ~ q O .  

7± are the  outgoing energies a t  which the  cut  ~ = ~± occurs 

(B.7) 
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(E: + qO)( e - -  ½xl + ms) ± (O - -  ½x,) ((El + qO)S_ 2Q + x~--  m:)+ 
7+ ~- 2~ - -  x~ + m s 

and  

(B.8) f2 -- ½x~ + m(E1 + qO_ m).  

The relat ion be tween ~Q and ~ regulates whether  $+ or $_ is the  one which cuts 
in E ~ - -  7_. 

I n  the  high-energy l imit  (E~ >>m, x~), 7~ can be approwimated  b y  

(B.9) 7+ E, - 1  ' ~ 1  , m~xt ( mS- -x~  -~ -~ ~ , ,  7 _ _  ~ ,  + 1 + ~ !  

For  ¢ < Q the  E~ < 7_ region is not  allowed, because ~_ > ¢. This imposes 
a lower l imit  over  x,.  Using (B.9), we obta in  

- -  - - m  ~ , ~  . 

APPENDIX C 

P h a s e  s p a c e  for  t h e  a n g u l a r  d i s t r i b u t i o n .  

Similarly to the  energy phase-space  distr ibution,  we obta in  two sets of 
boundar ies  over  the  var iable  y f rom the  - - 1  < C O S 0 q < l  condition and  the  k 2 
kinemat icM limits. However ,  the s i tuat ion is now simpler and  one obtains 

(C.1) y = x5 @ ½xl - -  m 2 , = qO(E1--B~) + [ql~/+. 

The allowed phase-space region mus t  sat isfy y < ~ .  This restr icts  the  pos- 
sible x5 values to x~<xs<x +, where 

½ xl + m 2 (c.2) x~ ~ + (qo i Iql) (El--  E~ + qo) 
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As x5 depends  on  E 2 a n d  02, t h e  x5 res t r i c t ions  impose  b o u n d a r i e s  over  
these  var iab les .  A lower l im i t  over  Xl is also o b t a i n e d  f rom the  x~ dependence  
of x~. One  ob ta ins  

(C.3) 

{ TP~ ~ 

if cosO2 < l - x~/2 lpx l  ~ , 

if c o s O 2 > ~ l - x , / 2 l P ,  l ~ , 

if  c o s 0 2 < 0 ,  

cos~02), if c o s 0 ~ > 0 ,  

where  

1~ ~ (El + xl)(E,x~ + ½x~ + m 2) + lp~l cosO~(xl(E1 + ~ xl)2-m2Ipll~(X-cos~O~)) ~ 
(~1 + x~)~- [pll ~ eos~0~ 

¢ = (/~-- x|)(E~ x~-- axe-- mS)--[p~[ cosO~(x~(E~-- ½x~)2--m2lP~12(1-- cosmOs)) ~ 
Ip~l ~ c o s ~ 0 ~ - ( E ~ -  xl) ~ 

(c.~) 

• R I A S S U N T 0  (*) 

Si caleola la sezione d 'urto per la produzione di eoppie ~-~ per leptoni ad alta energia 
nel eampo nueleare di Coulomb nella teoria standard, tenendo conto della polarizza- 
zione arbitraria nel fascio leptonieo ineidente. Si studiano le distribuzioni differenziali 
del leptone earico useente, mostrando ehe il leptone diffuso forma un  piceo ad alta energia 
ed emerge per angoli di un'ampiezza notevole. Si discutono anche i contributi  ineoe- 
renti  alia sezione d'urto. 

(*) Trad~z ione  a eura della Redaz ione .  

.JIenTo-poac~eHne Heffrpmnmrx nap a a~epHoM KyJIOHOBCKOM no~e. 

Pe3roMe (*). - -  BBIqHCJI~eTCH HOHepeRHOe ce,~erme pom~eH~H v=~ nap HeHTOHaMH BBICOKHX 
3Heprn~ B ~epHOM KyHOHOBCROM l~oHe B paM~ax CTaH~apTHo~ Teoprm, npe~oRaraz  
npon3BOymnyIo no~ffpaaam~to na~ammero hydra nenTOaOB. HccaenymTc~ nndp~epen- 
Lrnaymrmie pacnpc~eneHa~ BI~I~eTaIOIII171X" 3apmicenm, lx JlenTOHOB. HoKa3J, IBaeTc~, qTO 
cymeCTByIOT ~ 3ap~Drenm, IX JlenTOHOB npH HH3KnX 3aeprn~tx n 3aMeTHIalX yrnax. 
TaroKe 06cyacnamTc~ Hexorcpcarm, m BKna~I B nonepc,moe ce~eHHe. 

(*) Hepeaet)eno pe~)arttue~. 


