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352 Letters to the Editor

hensive lUummation of the problem at hand, one must set up many models,
each of which take into account only certam specific factors m the problem
The results of these model studies have then to be taken together m their en-
tirety, at which pomt one has to weigh the sigmficance of each m relation to
the importance and the accuracy of the formal assumptions on which each
model rests

In this phase one encounters the third of the above-mentioned types of
factors in the problem at hand In the foreseeable future it is not certain
that all the conditions that are sigmficant in evaluating a mihtary situation
can be descnbed quantitatively This is especially true as to conditions con-
cermng human reactions The function of integrating all these elements can
still best be performed by the human intellect, and the goal of operations
analysis is to create such a foundation that these special quahties of intellect
can be put to actual use
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A LINEAR-PROGRAMMING PROBLEM with a large number of mequahties
•^^ and unknowns generally requires a considerable amount of expense and tune
for its solution In fact, a solution may not be obtainable at all if a digital com-
puter IS not available Further, the precise value of the mimmum of the objective
function IS often not required That is to say, lower and upper bounds on this
value may be sufficient to answer many questions as effectively as the complete
solution, and may be obtamed with much less effort

For example, a knowledge of the order of magnitude of the minimum value of
the cost function may permit a decision not to undertake a complete solution
because the nunimum cost will be prohibitively large

Conversely, an approximate solution of the sort enunciated here may show
management that the situation presently prevailmg may be very far from optimum
and a detailed solution is therefore justified

Alternatively when computing facilities are not available, the approximate
solution suggested may be all that is feasible m a reasonable time A justification
of the method follows

It IS clear that increasing the number of constramts m a lmear-programmmg
problem generally entails an mcrease m the minimum value of the objective func-
tion This follows from the fact that the convex hull of the larger set of mequahties
IS contained m the convex hull of the smaller set, and thus would place the objec-
tive function at a greater distance from the origin The approximation problem
IS one of solving lmear-programmmg problems with the same objective function
relative to a subset of the constramts
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From the above statement one has the important relation mm P>max
(min P,)> where the quantity on the left is the rmmmum value of the cost function
for the entire problem and the quantities m parentheses on the right are minima
of the several partition problems solved separately with the original objective
function One also has mm (max P,) >max P

ALGORITHM When minimizing, sobe the linear-programming problems corre-
sponding to subsets (partUions) of the ccnstrainls with the objective function of the
anginal problem For a lower bound to the minimum of the original problem take
the maximum of the minima obtained

•
Note that to obtam the Tnmiirmm value m the case of single partitions the trial

vertices may be obtamed by settmg all the variables but one equal to zero m the
constraint The value of the remaimng vanable is obtamed from the constramt
written as an equahty This gives the mtersection vertices of the constrammg
hyperplane with the coordinate planes The value of the objective function is
ohtamed for each vertex and the TniTumnm of these selected When this is done
for every constramt mdividually taken with the objective function, the maximum
of the several minima provides a simple lower bound to the miTunnim value of the
entire problem This result may be further refined by takmg the constramts two
at a time and solvmg the correspondmg simple hnear-programmmg problems, and
so on

Suppose the dual problem is formulated Then if the problem was one of maxi-
mizing the objective function of the pnmal, it now becomes one of mmimizmg the
objective function of the dual Thus the method of partitions may be apphed to
obtam lower bounds for the minimum of the dual which are m turn lower bounds
for the maximum of the pnmal Using both the problem and its dual provides
upper and lower bounds to the maximum (or minimum) value of the objective
function of the pnmal

Note that if two (or three) mequahties are taken at a time with the cost func-
tion, and the dual formed, it may then be solved geometncally Hence, through
the dual finer upper bounds to the mmimum and lower bounds to the maximum
of the pnmal are readily obtainable

This rapid method of placing a lower and upper bound on the mimmum (maxi-
mum) IS very useful, and it may give sufficient mformation for makmg a decision
as to whether the cost thus obtamed makes feasible the adoption of certain strate-
gies or whether the ofttimes costly solution of the entire problem is warranted
Finally, this may be the only feasible procedure m the absence of a computing
machine
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