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1 Introduction

The simplest case of Langlands’ functoriality principle asserts the existence of the symmetric powers Sym"™ «
of a cuspidal representation m of GLa(Ap), where F' is a number field. After the publication of Langlands’
conjecture [Lan70], Gelbart and Jacquet [GJ78] proved the existence of Sym? 7. After this, progress was
slow, eventually leading, through the work of Kim and Shahidi, to the existence of Sym?® 7 and Sym®*r
[KS02, Kim03].

*Laurent Clozel is a member of Institut Universitaire de France. During the period this research was conducted, Jack Thorne
served as a Clay Research Fellow.



In this series of papers [CT14, CT15], we revisit this problem using recent progress in the deformation
theory of modular Galois representations. As a consequence, our methods apply only to 7 associated to
classical modular forms on a totally real number field (in fact, forms of weight at least 2 in each variable,
and constant parity). (In this introduction only, we say “z is classical” for short. In fact, the assumption on
parity can be removed; see §7 below.) We assume that 7 is not of CM type, i.e. not obtained by automorphic
induction from an algebraic Hecke character of a CM extension of F. We will say that the n'" symmetric
power Sym™ 7 exists if there is a regular algebraic cuspidal automorphic representation IT of GL,11(AF)
such that, for any prime [,

Sym™ ry(m) = (1)

where 7(7) : Gp = Gal(F/F) — GL2(Q,) is the l-adic representation associated to 7 (for some embedding
of its field of coefficients into @;) and ry(II) is similarly defined. Note that this is independent of the
apparent choices, by well-known properties of the set of such cuspidal representations under conjugation of
the coeflicients.

Theorem 1.1 (Theorem 6.1). 1. Assume that F is linearly disjoint from Q((s). Then Sym® 7 eists.
2. Assume that F is linearly disjoint from Q(Cr7). Then Sym® 7 exists.

Under similar restrictions on F and m, Sym® 7 and Sym’ 7 were constructed in [CT15]. As a
consequence, one now knows:

Corollary 1.2. Assume F linearly disjoint from Q((ss5), and 7 classical. Then Sym" 7 exists for n < 8.

We recall that the “potential” existence of II, i.e. the existence of some unspecified Galois base
change of II, was obtained by Barnet-Lamb, Gee, and Geraghty [BLGG11], following earlier work of Clozel,
Harris, Taylor, and Shepherd-Barron [Tay08, Har09, CHT08, HSBT10]. Therefore the new content of our
work is the existence of II itself, on its proper ground field. In particular this implies:

Corollary 1.3 (Assumptions of Corollary 1.2). The L-function L(s,Sym" w) is holomorphic in the whole
plane, with the expected functional equation.

We now give some indications on the proof, concentrating for definiteness on the more difficult case,
n = 8. Fix | = 7, and consider the reduction mod I, 7, of r;(7). The representation theory of GLo(F7)
implies, up to semi-simplification, an isomorphism

Sym® 7 ~ (°7 @ F) © X Sym* 7. (1.1)

Here y is the determinant of r, and ¢ is the Frobenius endomorphism acting on the coefficients. Since, as
we saw, ¥T is automorphic, both summands of (1.1) are; they are irreducible if the image of 7 is sufficiently
large.

Keeping to the real field F, we see that Sym®7 is of the type considered by Arthur in [Art], i.e.
the sum of two essentially orthogonal representations of degrees 4, 5. After some arguments involving, in
particular, known results about change of weight, we see that this semi-simple residual representation is
associated to an automorphic, cohomological representation ¥ of the split group Spg over F' occurring in the
discrete spectrum, an “endoscopic” representation. Our arguments could probably be given in this context,
but we would need to transfer ¥ to a form of Spg compact at the real primes. This is delicate, and is not
completed in [Art, Ch. 9]. We take a different route. We choose a suitable CM extension E of F’; after base
change to E we are given two “regular algebraic, essentially conjugate self-dual, cuspidal” representations
74,5 of GLy(Ag) and GL5(Ag). The representation (1.1) becomes a “Schur representation” of unitary type
R:Gg — GLg(F7) in the sense of [CHTO08], [Thol5]. One of us (J.T.) has recently proved that deformation
theory can be applied in this context, provided that one knows the existence of an initial, automorphic
(cuspidal) lifting R : Gg — GLg(Z7) corresponding to a representation of GLg(Ag) that is Steinberg at
some finite prime. The problem of automorphy of the symmetric power Sym® ri(m) is thus reduced to the
problem of the existence of this Steinberg lifting. It is this problem of “level-raising” that occupies us for
most of this paper.



This level-raising is done by extending arguments introduced in [CT15]. In §2, we introduce some
representations of the odd-dimensional unitary group associated to a ramified quadratic extension of p-adic
fields, and study their integral structures. The interplay between these integral structures and the endoscopic
decomposition of global spaces of automorphic forms plays a key role in the main level-raising argument.
These representations are Iwahori-spherical and are constructed from a certain Langlands parameter using
the work of Kazhdan and Lusztig [KL87].

In §3 we construct our initial “endoscopic” representation (with residual representation isomorphic
to R, as described above) as an automorphic representation of a definite unitary group G. We also study
the local theory and identify the representations constructed in §2 as being members of a common L-packet
by verifying directly the necessary trace identities (see §3.5).

We should justify the necessity (in our approach) of the complicated interplay of §2 and §3. The
L-packets described in Theorem 3.2 are perfectly specified by Moeglin and Mok, by two identities of (twisted)
traces. However it is crucial for us to understand the Jacquet modules of their elements. The results of Mok
and Moeglin are not sufficient for this purpose.

In §4, we carry out the automorphic part of the level-raising argument, using algebraic modular
forms on G. In contrast to the situation of [CT15], although this argument does produce a new automorphic
representation that is ‘more ramified’ than the initial one, we can no longer guarantee that this representation
is Steinberg locally (the possibilities are enumerated in Proposition 4.1). Moreover, the level-raising argument
succeeds only for | = 5,7, whereas the identity corresponding to (1.1), for Sym'™!, holds for an arbitrary
prime [. The reason for this failure is given after Lemma 4.4. This is also in contrast to [CT15], where we
were able to establish a result for any prime [ > 3.

We are therefore led in §5 to prove another level-raising result, which uses deformation theory to
move from the representation constructed in §4 to one which is indeed Steinberg locally. We note that
an argument of Taylor (see [Tay08], [Geell]) allows one to construct automorphic liftings of an irreducible
residual Galois representation with essentially any prescribed local behaviour (for example, with Steinberg
type ramification). The key difficulty for us is that we must work with a reducible residual Galois represen-
tation (as necessitated e.g. by the equation (1.1)). However, it turns out that the ideas pertaining to the
deformation of reducible residual representations introduced in [Thol5] are strong enough to allow one to
produce a Steinberg lifting, the key point being that the initial automorphic lift (provided by the work done
in §4) does have a place where the local representation is incompatible with the global Galois representation
being globally reducible (see especially Lemma 5.3).

Having constructed this automorphic lifting of R, Steinberg at some finite place, we can apply the
automorphy lifting theorem of [Thol5], much as in our previous paper, to obtain the automorphy of the
symmetric power Sym® ri(m), and we carry this out in §6. In fact, we phrase things slightly differently by
stating a new automorphy lifting theorem (Theorem 5.7) and applying it to the datum constructed in §4.
We hope that this automorphy lifting theorem will have applications elsewhere. Finally, in §7 we show
how to reduce the existence of symmetric power liftings of representations of GLo(A ) which are essentially
square-integrable at infinity to the corresponding problem for those which are regular algebraic up to twist
(and which is solved in some cases in §6).

We note that as in our earlier paper [CT15], our proofs rely on the work of Mok [Mok15], extending
Arthur’s results to unitary groups; and that in turn Mok’s results are conditional on the stabilisation of the
twisted trace formula. This has now been announced in preprint form by Maeglin and Waldspurger [MW].
Finally, we again thank Moeglin, here for providing a proof of Proposition 3.7. We also thank all the referees
for corrections and criticisms which, we hope, have substantially improved the exposition.

1.1 Notation

We refer to [CT14, §2] for basic notations relating to automorphic representations, including in particular
the local Langlands correspondences recp, and reca for GL,,; the definition of RACSDC, RAESDC, RACSD
automorphic representations of GL,, (A r); the notion of an t-ordinary automorphic representation; the weight
A and infinity type a of a regular algebraic, cuspidal automorphic representation; and the existence of Galois
representations r,(7), and what it means for a Galois representation p to be automorphic.



If F is a field, then we write G for its absolute Galois group. If F' is a number field and v is a
finite place of v, then we will write G, for a choice of decomposition group at the place v; it is endowed
with a homomorphism G, — Gp, determined up to Gp-conjugacy. We write g, = #k(v) for the size of
the residue field at v. If F' is a number field and S is a finite set of finite places of F', we write Gr,g for
the Galois group of the maximal extension of F' unramified outside S. If v ¢ S is a finite place of F, then
we write Frob, € GF g for a (geometric) Frobenius element, uniquely determined up to G g-conjugacy. If
l is a prime and p : Gp — GL, (@l) is a continuous representation, then after conjugation we can assume
that p takes values in GL,(Z;). The semi-simplification of the composite Gr — GL,(Z;) — GL,(F;) is
independent of this choice, up to isomorphism, and will be denoted by p.

If G is a reductive group over a non-Archimedean local field F', P is a parabolic subgroup of G, and
o is an admissible representation of P, then we write n—Indg o for the normalized (unitary) induction of o,
an admissible representation of G. If N is the unipotent radical of P and 7 is an admissible representation
of G, then we write mji?"™ for the normalized Jacquet module of m. We will write Stg for the Steinberg
representation of G. If G = GL,,(F') then we will write St,,  for the Steinberg representation.

2 Admissible representations of a ramified p-adic unitary group

In this section, which is similar in nature to [CT15, §2], we study the representations of ramified p-adic
unitary groups which play a key role in the ‘automorphic part’ of the level-raising arguments in §4. As in
[CT15], these arguments will rely on fine properties of the local L-packet containing these representations.
The reason for considering ramified groups is that only for those can we obtain the crucial Proposition 2.9;
for unramified groups this multiplicity-one property fails.

The representations we consider are all Iwahori-spherical. We therefore begin by studying a certain
Hecke algebra for the ramified unitary group U,. We then construct certain representations of this group
(see Theorem 2.5) using the theory of Kazhdan—Lusztig [KL87], and study their integral structures (see
Proposition 2.6) using the theory of Reeder [Ree00]. Ultimately, the representations we construct will be
shown to be the Iwahori-spherical members of a certain L-packet; we state this result as Theorem 2.3, which
will however be proved only in §3.5.

2.1 A unitary group Hecke algebra

Let p be an odd prime, F' a finite extension of Q,, and E a ramified quadratic extension of F. If t € E, we
will write ¢© or  to denote the image of ¢ under the non-trivial element of Gal(E/F'). We write kp for the
residue field of F, and ¢ = #kp. Fix a uniformizer w of F such that @w? € F, and let v : EX — Z denote
the valuation with v(w) = 3. Let n = 2k +1 > 1 be an odd integer. Let I = {£1,...,+k}, and identify
E™ with the set of vectors (z1,...,2k, To, T—k,...,2_1) with entries z; € E. There is, up to isomorphism, a
unique outer form of GL,, over F' which is split by E. One choice is as follows. Define the n x n matrix

1

and let U,, denote the smooth affine group scheme over O whose R-points are
Un(R) = {g € GL,(R @0, OF) | '9Jg° = J}.

Let U, denote the F-fiber of U,, a reductive group over F. Its derived group is SU,, the subgroup of
matrices with determinant 1, which is simply connected. We will begin by describing the building #(U,, F')
of the group U, following [Tit79]. A maximal F-split torus of U, is the subgroup S C U, given by the
matrices

diag(tl, cey e, Lt g, ,t_l), t; € F‘X7 tit—; = 1.



This is also a maximal F-split torus of SU,,. We define cocharacters eq,...,e; : G,, — S by the formulae
ei(t)=(1,...,t,...,t7 1 ... 1),

where t sits in the i-entry and ¢t~! in the (—i)-entry; these cocharacters form a basis of the free Z-module
X.(S). We write ay, ..., aj for the dual basis of X*(S). If 1 <4 <k, then we also define a_; = —a; € X*(5).
We write ® = ®(U,, S) for the root system of S. If we define a;; = a; + a; € X*(S) for i,j € I,
then we have
P = {aij ‘ 1,7 € 1,1 7é :i:j}U{ai,2ai | i€ I}

This is a non-reduced root system of type BCy. We write Wy for its Weyl group. Viewing BCj, as the union
of its subsystems By and Cj,, Wy = {£1}* x &, may be identified with the Weyl group of either one of these
subsystems. There is a natural action of Wy on the set I U {0}. Let Z = Zy, (S). This is a maximal torus
of U, consisting of the matrices

diag(t1, ... bk, tos bk, .-y to1), t; € EX, 4;t°, =1 for each i =0, ..., k.

We let Z. C Z denote the maximal compact subgroup, and set A = Z/Z, = Z™, a basis being given by the
elements
e =diag(l,...,w,...,—1/w,...,1), 1 <i <k,
where @ occupies the i-entry. The group X*(Z) = Homp(Z,G,,) embeds as a finite index subgroup of
X*(S) (via restriction), and there is a natural embedding v : A — V = X, (5) ®z R which is characterized
by the formula x(v(z)) = —v(x(2)) (z € Z,x € X*(Z)). We let N = Ny, (Z), and W = N/Z, the extended
affine Weyl group of U,, with respect to S; it is an extension of A by N/Z = W,.
The standard apartment A(U,, S, F') consists of the following data (see [Tit79, 1.2]):

e An affine space A = A(U,, S, F) under the real vector space V = X, (S) ®z R, equipped with an action
of the group W = N/Z. which extends the translation action of A via v.

e A collection @5 = Due(U,,, S, F) of affine functions A — R and a mapping a — X, which assigns to
each a € ®,¢ a subgroup X, of U,. The elements of ®,¢ are called the affine roots of U,, with respect
to S.

These data satisfy some additional conditions that we do not describe here. Having defined the standard
apartment, the building B = B(U,, F) is the unique U,-set up to isomorphism satisfying the following
conditions (see [Tit79, 2.1]):

e A contains A, and is the union of its U, -translates.
e The group N C U, stabilizes A and its action coincides the given one.
e For each affine root a € @4, the group X, fixes the half-apartment A, = a~!([0, 00)) pointwise.

If Q C Z is a subset, then we write US! for the subgroup fixing Q pointwise. If @ C A, then U can be
described explicitly in terms of the affine root system (see [Tit79, 3.1]).

We now describe the standard apartment for the group U,. The case of the special unitary group
SU,, C U, is treated in detail in [Tit79, 1.15], and is very similar. We can identify A = V = R", with basis
e1,...,ex. The group N consists of matrices n(o,ai,...,a_1) = (grs), grs = Oro(s)as (0 is the Kronecker
delta), for all o € Wy and a; € E such that a;a®,;, =1 for all i = 0,...,k. The action of N on V is given by

the formula
k k
n(0'7a'17"'7a—1) <Z$161> :Zyiei7
i=1 i=1

where y,(;y = x; +v(a_;) and we define y_; = —y;. The affine roots are the functions (i, € I)

1 1 1
{aij+m|i7éij,me5Z}U{m+m|m€§Z}U{2ai+§+m|m€Z}.



We recall that the chambers of A are by definition the connected components of the complement of the
vanishing hyperplanes of the affine roots o € ®,¢. A chamber is given in this case by the series of inequalities

1
C:0<aqp<ap1<---<a; <-.

4
The corresponding root basis is {«, ...,ar} = {2a_1+ %, a1,-2,02,—3, - .-, Gx—1,—k, Gk }. Since every element
of the quotient W = N/Z, can be represented by an element of the group N N SU,, and SU, is simply
connected, we see that W is generated by the corresponding set {so,...,si} of simple reflections [Tit79,

1.13]. The affine reflection sg € W corresponding to the simple affine root cg = 2a_1 + % is, by definition,
the unique reflection in A = V' with vector part s,_, and fixed hyperplane 2a_; + % = 0. For later use, we
note the expression (for >, z;e; € V):

k k
1
So (Z xiei> = Zaziei + (5 —x1)ey. (2.1)
i=1 i=2

The point 0 of A is a special vertex [Tit79, 1.9], and there is an induced semi-direct product decomposition
W = Wy x A, where we identify Wy = (s1,...,s5) C W. The corresponding group scheme of this special
vertex ([Tit79, 3.4]) is canonically identified with U,,. In particular, the group K = U, (OF) is a special
subgroup of U,,. It follows from [Tit79, 3.1] that the group B = U¢ is the pre-image in K under the canonical
reduction map U, (Or) — U, (kr) — O(J)(kr) of the upper-triangular subgroup of O(J)(kr). (Here O(J)
denotes the orthogonal group of the symmetric bilinear form defined by J.) The group B contains an Iwahori
subgroup with index 2 (pre-image of the upper-triangular subgroup of SO, (kr) C U, (kr) = O, (kr), see
[Tit79, 3.7]).
We define B = U7, where F is the subset of A defined by the conditions

1

]—":O:ak<ak_1<---<a1<1.

By [Tit79, 3.1], it is identified with the pre-image in K under the canonical reduction map U,(Op) —

Un(kp) — O(J)(kp) of the matrices in O(J)(kr) which are block upper-triangular, with blocks of size

14--4+14+3+14---+1. We see from the definitions that [ : B] = ¢+ 1 (observe that U, is residually
split).

We let B denote the upper-triangular Borel subgroup of U,,, and P the parabolic subgroup generated
by B and the root subgroup corresponding to a_;. We write B = TNy and P = MNp for the Levi
decompositions of B and P with respect to S; thus T'= Z and the derived subgroup of M is isomorphic to
SUs.

Lemma 2.1. Let m be an admissible C[U,]-module. Then there are canonical isomorphisms 7% = ﬂfi) and

¥ = ﬂ%:m, where the subscript indicates unnormalized Jacquet module.
Proof. The first isomorphism is [Cas80, Proposition 2.4]. The second follows from the first in the same way
as in [CT15, Proposition 2.1]. O

We write Hy for the convolution algebra of B-biinvariant functions f : U,, — Z, the Haar measure
on G being normalized so that B has measure 1. Thus Hy is a free Z-module, a basis being given by the
double cosets [BgB] for g € G; [B] is the unit element. If R is a ring then we define Hy p = Hy @7z R.
As the extended affine Weyl group of U,, equals the affine Weyl group, it follows from [Tit79, 3.1.1] that the
triple (U,, B, N) is a Tits system (or BN-pair). Consequently, the Hecke algebra Hys admits the following
explicit description [Mat64, Théoreme 4].

The affine Weyl group W is generated by the set ¥ = {sq,..., sk} in the simple affine roots, and
the pair (W, X) is an affine Coxeter group of type Bj. There is a natural length function { : W — N, which
takes a Weyl element w € W to the length of the shortest word in the elements of ¥ representing w. For
each w € W, the index q, = #BwB/B equals ¢"(*) (see [Tit79, 3.3.1]). The associated braid group By
is defined as the quotient of the free group in the elements T,,, w € W, by the relations T, = TwTy if



l(ww'") = l(w) + I(w"). The Hecke algebra Hgy is isomorphic to the quotient of the algebra Z[By/| by the
relations (Ts — 1)(7Ts + ¢) = 0, s € X, the isomorphism being given by the formula [BwB] — T,,.

As in [CT15, §2], we now study the algebra Hy by identifying it with the Iwahori-Hecke algebra of
a split reductive group over F. Let Sp,, denote the symplectic group over F' in 2k = n — 1 variables over F,
defined by the form

JI

-1

and let S’ C Sp,;, denote the maximal F-split torus consisting of matrices
(tl,...,tk,t,kw.‘,t,l)ﬂfi € Fx,tit,i =1 for each i = ].,...,k.

Then S’ is also a maximal torus of Spy,. Let S, C S’ denote the maximal compact subgroup, and let
N = 8'/S!. Then A’ = ZF, a basis being given by the elements

eh=(1,..., 0% . . w2 ... 1),
where w? occupies the i-entry. We identify A = A’ via the isomorphism which sends ¢; to €; for each
i=1,...,k.

Let W denote the Weyl group of S’, and let N’ = Ngp,, (S"), W' = N'/S!. Let B’ denote the open
compact subgroup of Spy;, consisting of matrices with integral entries which are upper-triangular modulo the
maximal ideal of Op. Then B’ is an Iwahori subgroup of Spy;, and we write Hg for its associated Hecke
algebra. We write K’ C Spy, for the subgroup of matrices with integral entries; it is a hyperspecial maximal
compact subgroup of Sp,,, and there is a corresponding semi-direct product decomposition W’ = W x A’.

Proposition 2.2. There is an isomorphism Hy = Hws of Hecke algebras sending [Be;B] to [B'e;B'] for
eachi=1,... k.

Proof. Using the identifications W = Wy x A, W' = Wj x A’, we can extend the isomorphisms A = A/
Wo = W) to an isomorphism W = W’. We must check that this isomorphism sends ¥ C W to a set of
simple reflections ¥’ C W’ corresponding to a choice of basis of affine roots. Indeed, the triple (Spoyy,B’, N')
is a Tits system (because Sp,, is simply connected). Appealing again to [Mat64], we then see that the
isomorphism f : W = W’ then determines an isomorphism By = By of braid groups which gives, by
passage to quotient, an isomorphism Hy & Heg/, which sends [BwB] to [B'f(w)B’].

To do this check, we note that 98B’ acts trivially on a unique chamber C” in the standard apartment
A(Spsy, S, F). This apartment admits a simple description, because Spy, is split (see [Tit79, 1.1]), and it is
easy to check that the isomorphism W = W' sends {so, ..., i} to the set of simple reflections corresponding
to the basis of affine roots corresponding to C’. (The main point is that sy is mapped to the simple reflection
in W’ — W{, and this follows from the formula sy = s, - €1, consequence of (2.1).) O

We now identify Wy = W} and A = A’ and introduce the Bernstein presentation of the algebra
Hy ¢ = Hoy ¢, following Lusztig [Lus89, §3]. It is defined in terms of a based root datum (X,Y, R, R,II).
We take X = A, Y = Hom(A, Z). We take R to be the set of roots
{teite; |1<i<j<kyU{te|1<i<k},

and R to be the set of coroots



where f1,..., fr is the basis of Y dual to the basis €1,...,¢e; of X. We choose the set II of simple roots to
consist of the elements
Bi:ei—ei+1,1 Sigk‘—l, andﬂk:ek.

This is the based root datum of the group SOsx41(C), the Langlands dual of the simply connected group
Spok- In terms of this data, Lusztig defines in [Lus89, §3.2] a Hecke algebra H, which is the quotient of the
group algebra C[v, v~!][By] by the relations (T + 1)(Ts — v?) (s € X). It follows from the above discussion
that this algebra becomes canonically identified with Hep ¢ after specializing to the value v = q'/2. The
analysis in [Lus89] therefore applies to our Hecke algebra of interest.

This analysis gives rise to an isomorphism, the Bernstein presentation, of the algebra Hoy ¢ with the
twisted tensor product

Hy ¢ = Hy®cC[X],

where Hy C Hsp ¢ is the subalgebra spanned by the elements T,,, w € Wy (abstractly isomorphic to the group
algebra C[W]) and C[X] is the co-ordinate ring of the complex algebraic torus Hom(A, C*). The twisted
tensor product is the usual tensor product as complex vector spaces, with algebra structure being determined
by the following commutation relation. If 8 € II is a simple root and s = sg € W) is the corresponding
simple reflection, then Ts € Hy, hence B; = Ts — q € Hy. If 8 € C[X], then the following relation holds:

0Bs = Bs60° + (0° — 0)(3,

where (5 = (¢ —eg)/(1 —eg) if B is a long root, and (g = (¢ — eg)(1 + eg)/(1 — e2p) otherwise. (Here we
write ey € C[X] for the basis element corresponding to A € A, and Wy acts on C[X] via its natural right
action.)

2.2 Functoriality and base change for the group U,

We continue with the notation of the previous section. We now recall some elements of the theory of the
Langlands parameterization; we will take these ideas up again in §3.1 below, in a more general context. If
G is a reductive F-group, we write II(G) for the set of isomorphism classes of irreducible admissible C[G]-
modules, and e, (G) for the subset of isomorphism classes of tempered modules. We recall that thanks
to the work of Moeglin [Moeg07] and Mok [Mok15] there is a decomposition of Iiemp, (Uy) as a disjoint union
of sets I, as ¢ ranges over conjugacy classes of Langlands parameters

W x SU3(R) — LU,.

Restriction to the subgroup Wg x SU3(R) induces a bijection between the set of these conjugacy classes,
and the set of conjugacy classes of parameters

which are conjugate orthogonal; see [Mok15, Lemma 2.2.1]. In particular, there is a map Iiemp(Un) —
Iemp(GLy,, ), with image given by those representations corresponding to conjugate orthogonal parameters.
We say that such a representation 7 of GL,, g is in the image of the stable base change map. The fibres of
the map Iiemp(Upn) = iemp(GLy, g) are the L-packets II,.

We are interested in a particular L-packet. Suppose that n > 7, and let [y = St,,_4 5 B Sts g B St; g,
a tempered representation of GL,, g. Let ¢ denote the corresponding parameter. It extends uniquely to a
parameter ¢ of the previous type. Recall that there is a correspondence fr ~ f between smooth, compactly
supported functions fg on U,(F) and f on U,, associated to stable base change. In the statement of the
following theorem, we write [my,...,my] for the character |- ™ @ |- | @ - ® |- |™ ® 1 of the group
EX x oo x BX X (E”)Ng,p=1, the F-points of the maximal torus T' = Zy, (S) C U,. We will call such
a character (generally occurring in a Jacquet module) an exponent. We write (?)‘}Voorm for the normalized
Jacquet module with respect to the unipotent radical of the upper-triangular Borel subgroup of U,.

Theorem 2.3. 1. Suppose that n = 7. Then I1, contains evactly two elements X, Y, which are uniquely
characterized by the following properties:



(a) (tr X +trY, f) = (trIIg X Iy, fr), where Iy : I1g =2 11$, is the Whittaker-normalized intertwining
operator.

(b) dim X* = dim X® =1 and dimY™® = 7.
(¢) Xzorm = [1,0,~1] and (Y™} = [1,0, 1] +2[1,0,1] + 4[1,1,0].

2. Suppose that n = 9. Then 11, is a discrete L-packet and contains ezactly four elements X, Y, Z, W,
which are uniquely characterized by the following properties:

(a) trX+trY +tr Z+tr W, f) = (trlg x Iy, fr), where Iy : I = 11, is the Whittaker-normalized
intertwining operator.

(b) dim X¥ = dim X® =1, dimY® =11, dim Z¥ = 2, and dim W?® = 0.

(¢c) We have
le\l/'sz = [27 la Oa _1]
(Y]Ggrm)ss = [2,1,0,-1]+2[2,1,0,1) +4[2,1,1,0] + [1,0,2,1] + [1,2,0,1] + 2[1,2, 1,0]
(Zym™s = [1,0,2,1] +[1,2,0,1].

3. Suppose that n = 2k +1 > 11. Then 11, is a discrete L-packet and contains ezactly four elements Xy,
Yk, Z, Wi, which are uniquely characterized by the following (inductively defined) properties:

(a) (tr Xp+trYi+tr Zp+tr Wy, f) = (tr g xIy, fr), where Iy : Iy = 11, is the Whittaker-normalized
intertwining operator.

(b) diInX;j3 =dimX? =1,dimY® =dimY,® | +k, dim Z? = dim ZF |, +(k—2), and dim W;* = 0.
(c) The exponents of the Jacquet modules of these representations are as follows.

i Xpom = [k =2,k —3,...,0,—1].

ii. (Y'3™)* is the sum of the exponents [1,k — 2,k —3,...,1] with 0 inserted as the i entry for
i=2,...,k—1, the exponent 2[1,k—2,k—3,...,0], together with the exponents of (Y;*°{"y, )**
with k — 2 inserted as the first entry.

ii. (ZpNet)* is the sum of the exponents [1,k — 2,k —3,...,1] with 0 inserted as the i entry for

0

1 =2,...,k —1, together with the exponents of (ng??}vo)ss with k — 2 inserted as the first
entry.

The proof of Theorem 2.3 will be given in several stages. Kazhdan and Lusztig have proved [KL87]
for certain groups what they call the Deligne-Langlands conjecture, which includes as a special case Theorem
2.4 below. We first apply their construction to obtain Theorem 2.5, which asserts the existence of semi—stable
admissible C[U,]-modules X, Y and (if n > 9) Z, defined in terms of the Langlands parameter ¢ g, and with
Jacquet modules as described by Theorem 2.3 above. It seems reasonable to guess that these modules are
the semi—stable modules in the L-packet corresponding to the Langlands parameter. However, this requires
proof, and does not follow immediately from the construction of Kazhdan-Lusztig. (Indeed, our L-packets
are characterized by an identity of stable traces; since the construction of Kazhdan-Lusztig yields only the
representations in the packet with non-zero Iwahori invariants, some further argument must be required.)

In §3 we will describe, following [Mok15], the endoscopic classification of representations of the group
U,, and describe in more detail the L-packets of representations corresponding under this classification to
the parameter pp. We will then verify in §3.5 that the representations constructed in Theorem 2.5 do indeed
appear in this L-packet, and thus deduce Theorem 2.3.

Theorem 2.4. Let G be a split reductive group over F, with connected center, and let 3 C G be an Iwahori
subgroup. Then the following two sets are in natural bijection:

1. The set of representations 7 € Wiemy(G) such that ©° # 0.

2. The set of @—conjugacy classes of triples (s,u, p), where:



(a) s € Gisa semi-simple element contained in a mazximal compact subgroup of é((C)

1

(b) we G is a unipotent element such that sus™* = u.

(c) Let B be the variety of Borel subgroups B C G such that s € B and v € B. Let M(u,s) =
10((Za(s) N Zgz(u))/Zg). Then p is an irreducible representation of M (u, s) such that

HomC[M(u,s)] (pa H, (stu C)) 7é 0.

Proof. The existence of the bijection is [KL87, Theorem 7.12]; its particular properties in the tempered
case are contained in [KL87, Theorem 8.2]. The relevant Hecke-modules are defined in terms of equivariant
K-homology, but can be recovered as complex vector spaces as the usual singular homology with complex
coefficients, cf. [Ree94, §2]. For a description of these modules directly in terms of (Borel-Moore) homology,
see [CG10, Ch. 8]. O

Theorem 2.5. 1. Suppose that n = 7. Then there exist irreducible admissible C[U,]-modules X, Y with
the following properties.

(a) dim X* = dim X® =1 and dimY™® = 7.
(b) Xgerm =[1,0,—1] and (Y2orm)s = [1,0,—1] + 2[1,0,1] +4[1,1,0].

2. Suppose that n = 9. Then there exist irreducible admissible C[U,]-modules X, Y, and Z with the
following properties:

(a) dim X* = dim X® =1, dimY™® = 11, and dim Z% = 2.

(b) We have
Xlr\l/'sz = [27 la Oa 71]
(Yﬁgrm)ss = [2,1,0,-1]+2[2,1,0,1) +4[2,1,1,0] + [1,0,2,1] + [1,2,0,1] + 2[1,2, 1,0]
(Zym™= = [1,0,2,1] +[1,2,0,1].

3. Suppose that n =2k +1 > 11. Then there exist irreducible admissible C[U,|-modules Xy, Yy, and Zy,
with the following properties:

(a) ding3 =dimX? =1, dmY,® =dimY;®, +k, and dim Z? = dim ZF | + (k — 2).
(b) The exponents of the Jacquet modules of these representations are as follows.
i Xpat=1k—2,k—3,...,0,—1].

ii. (Y'30™)* is the sum of the exponents [1,k — 2,k —3,..., 1] with 0 inserted as the i entry for
i=2,...,k—1, the exponent 2[1,k—2,k—3,...,0], together with the exponents of (Y;°{"y, )**
with k — 2 inserted as the first entry.

141, (Zﬁ,UNT;”)SS is the sum of the exponents [1,k — 2,k —3,...,1] with 0 inserted as the i entry for
i=2,...,k— 1, together with the exponents of ( ,?ET”NO)SS with k — 2 inserted as the first
entry.

Proof. All the representations we construct will have non-zero B-invariant vectors. Since we have identified
(in Proposition 2.2) the Hecke algebra Hey ¢ with the Iwahori-Hecke algebra of a split group Spoy(F), we
can construct the desired C[U,]-modules by constructing representations of Spo; (F') with non-zero Iwahori-
fixed vectors. We will in fact apply Theorem 2.4 to construct irreducible representations of PSp (F') with
irreducible pullback to Spy,(F). We fix a maximal torus T' C PSpy,(F), and identify the dual group
of Spyy(F) as SOg;4+1(C). To construct the data (s,u), note that for each odd integer ¢ there is, up to
isomorphism, a unique irreducible representation V(i) of SLy(C) of dimension 4, which is orthogonal. We fix
a choice of symmetric bilinear form on V(). Given a partition of n = 2k+1 = ny +- - - +n, into odd integers,
there is a homomorphism SLo(C) — SOsgp41(C), well-defined up to conjugacy in the latter group, giving the
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action of SLy(C) on V(ny)®--- @V (n,). This lifts uniquely to a homomorphism ¢ : SLy(C) — Sping,, ;(C).
We associate to the partition the pair (s, u) where

vz 11
s@(qo q_1/2>andu<p(0 1>.

We now split into cases, as in the statement of the theorem.

1. The relevant partition is 7 = 3 + 3 + 1. The variety B} can be identified with the variety of isotropic
flags F'* = (0 C F' € F? C F3) in C” such that s(F?) C F* and u(F') C F? for each i = 1,2,3.
The group M (u,s) has two elements. Indeed, if we write S = SLs(C) and Bs C S for its standard
upper-triangular Borel subgroup, then for any (algebraic) representation of S on a finite-dimensional
C-vector space V, we have H°(S,V) = H°(Bg,V) and Endg(V) = Endp,(V). On the other hand,

the elements
(¢ 0 (11
o=l o gz ) T o 1

generate a Zariski dense subgroup of Bg. It follows that the groups M(u,s) and M (u,s) can be
computed in terms of the centralizer of the parameter ¢, giving M (u, s) = {+1}.

The variety BS is isomorphic to the disjoint union of varieties X;, X, X3 on which M(u,s) acts.
According to [KL87, §7.6], we can associate a character e, of the maximal torus S’ of Spy;,(F) to each
M (u, s)-orbit B of connected components of BS. The semi-simplification of the Jacquet module of
the representation associated to a triple (u, s, p) is then @4 dime Homgz, ) (p, Hi(B*,C)) - €q. The

varieties X; and their associated exponents are as follows:

(a) X is a union of two points which are interchanged by M(u,s). The associated exponent is
[1,0,—1].

(b) X5 = P!. The associated exponent is [1,0, 1].
(c) X3 = P! x P!, The associated exponent is [1,1,0].

In general, calculating explicitly the varieties B2 is a difficult problem; see [DCLP88]. We now describe
how one can obtain the above description in this case. Let D C G = Sping;(C) denote the image

under ¢ of the diagonal torus in SLs, and let T' C G denote the connected centralizer of the image of
¢. Then T is a rank 1 torus, and D x T' is regular, in the sense that its centralizer in G is a maximal
torus. In particular, the eigenspaces of D x T in the standard n-dimensional representation of G are
1-dimensional.

Let B, C B denote the variety of Borel subgroups containing the unipotent element u. Let BY C B,
denote the D-fixed subvariety, and B2+ the D x T-fixed subvariety. Then B2 is smooth and projective,
for general reasons; see [DCLPS8S, §3.6]. On the other hand, we have BY = BS, hence BS is smooth
and projective.

We now apply the theorem of Bialynicki-Birula (cf. [CG10, Theorem 2.4.3]) to the action of the torus
T on the smooth, projective variety BY. Tt is easy to show that BP:T is a finite set, containing 8
elements. Indeed, if F* € B2T| then each F* must be a sum of D x T-eigenspaces. It follows that
BP has a paving by affine spaces X,,, indexed by elements w € B2T. This immediately implies that
H,.(B;,C) is 8-dimensional, and that the exponents of the Jacquet module of X 4+ Y, taken with their
multiplicities, are as claimed in the theorem. One can now compute the cells X,, explicitly, together
with the action of the group M (u, s); this gives the varieties described above.

2. The relevant partition is 9 = 5+ 3 4+ 1. The group M (u, s) is isomorphic to {£1} x {#1}. We can
choose distinct non-trivial characters ex, €z of this group so that the variety B;, is isomorphic to a
union of varieties Xy, ..., X on which the group M (u, s) acts, and having the following properties:

(a) X; and X, are each a union of two points, which are interchanged by the quotient of M (u, s) by
ker ez. The associated exponents are, respectively, [1,0,2, 1] and [1, 2,0, 1].

11



(b) X3 is isomorphic to P'. The associated exponent is [1,2,1,0].

(c) X4 is a union of two points, which are interchanged by the quotient of M (u,s) by kerex. The
associated exponent is [2,1,0, —1].

(d) X5 is isomorphic to P'. The associated exponent is [2, 1,0, 1].

(e) Xg is isomorphic to P* x PL. The associated exponent is [2,1,1,0].

This description of the variety B: can be obtained by applying the inductive procedure of [Ree94, pp.
485-486] and [DCLP88, §3.8].

3. The relevant partition is n = (n —4) + 3 + 1. The group M (u, s) is isomorphic to {#1} x {£1}. We
can choose distinct non-trivial characters ex, ez of this group so that the variety B;, is isomorphic to
a union of varieties X1, ..., Xj-1 and B;(k — 1) (i.e. the variety associated to the group PSpy,_1))
and having the following properties.

(a) The varieties X7, .., Xj—2 are each isomorphic to a union of two points, which are interchanged
by the quotient of M (u, s) by kerez. The associated exponent of X; is [1,k—2,k—3,...,1], with
an extra 0 inserted as the i + 1 entry.

(b) The variety Xj_; is isomorphic to P!. The associated exponent is [1,k — 2,k —3,...,1,0].

(¢) The action on B:(k — 1) is the one constructed by induction. The associated exponents are those
of the variety BS(k — 1), with k — 2 inserted as the first entry. (Compare the statement of the
theorem.)

This description of the variety BS can be obtained by applying the inductive procedure of [Ree94, pp.
485-486] and [DCLPS88, §3.8].

Finally, we have to check that dim X¥* = 1. By Lemma 2.1, this follows from the computation
of XR?™™ and the fact that the representation of U(3) induced from the character [—1] has the trivial
representation as its unique submodule. O

2.3 Integral structures in semi-stable Hecke modules

Let us now suppose that [ = n — 2 is prime, and fix an isomorphism ¢ : Q; = C. Let K C Q, be a finite
extension of Q; over which all the representations . ~' X, . ='Y, v =1 Z, . ='W (if the latter two exist) may be
defined. (We recall that if V is an irreducible admissible Q,;[U,,]-module, then V*® is an irreducible H%‘@l—

module; we can therefore find a finite extension K/Q; and a Huyg c-module M C V® such that the natural
map M @ Q; — V® is an isomorphism. The procedure of [BH06, 4.3, Proposition] then gives a model of
V' which is defined over K.) We assume that K contains a square root of ¢q. We write X, Yx etc. for a
choice of K[U,]-modules realizing this descent.

Let O denote the ring of integers of K, A C O the maximal ideal, K = O/\ the residue field. As
explained in the introduction, the proofs of our main theorems are restricted to the cases [ =5 and | = 7.
Therefore, the following computations have been completed only in these cases.

Proposition 2.6. 1. Suppose that n = 7, and that q is a primitive root modulo . Then there exist
Hy o-submodules X3 C X2 and YF C Y2 which are finite O-modules, and such that the natural
maps

XZ @0 K — XE and Y3 @0 K — Y2

are isomorphisms, and Xg Ro k and YO% ®o k have no Jordan-Hélder factors as Hs -modules in
common.

2. Suppose that n = 9, and that q is a primitive root modulo [. Then there exist Hy o-submodules
XZE CXE, YP CY2, and Z5 C ZE which are finite as O-modules and such that the natural maps

XZ oK = XR, Y3 @0 K = Y2 and Z5 @0 K — Z¢

are isomorphisms, and the sets of Jordan-Hélder factors of the representations Xg ®Ro k, Yo% QKo k
and Z% ®o k have pairwise empty intersection.
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Proof. 1. Since X2 is 1-dimensional, we can choose X3 to be any O-sublattice of X 2. To construct Y3,
let us first consider the action of Hy o on M = O7 given by the following matrices:

-1 1 0 0 0 0 0
0 ¢ 00 0 0 0
0 0 -1 1 0 0 0
T,= 0 0 0 ¢ 0 0o o [,
00 0 0 -1 0 0
00 0 0 0 -1 0
00 0 0 0 0 -1
—1 0 0 0 0 0 O
q -1 0 0 1 0 O
2q 0 -1 0 2 0 0
Ts2 = _Qq(q + 1) 2q q -1 0 1 0 )
q(g+1) 0 0 0 g 0 0
—2q(¢* +4¢+1) 29(qg+1) q(g+1) 0 —4¢ q 0
0 0 0 0 0 0 -1
-1 0 1 0 0 0 O
0 -1 0 1 0 0 O
0 0 q 0 0 0 0
T, = 0 0 0 ¢ 0 0 O
0 0 0 0 -1 0 0
0O 0 00 2 11
0 0 0 0 2(¢+1) 0 ¢
and
' 0 0 0 0 0 0
1—q¢ ' ¢! 0 0 0 0 0
0 0 ¢! 0 0 0 0
€ = 0 0 1-g¢ ' ¢! 0 o o |,
0 0 0 0 g 0 0
0 0 0 0 20-q¢Y ¢! o0
0 0 0 0 0 0 ¢!
g ! 0 0 0 0 0 0
—1+4+q¢t ¢! 0 0 0 0 0
0 0 g ! 0 0 0 0
€9 = 0 0 —14gq¢ ' ¢! 0 0o o0 |,
0 0 0 0 1 0 0
0 0 0 0 20¢-1 1 0
0 0 0 0 0 0 1
1 0 0 0 0 0 O
0 1 0 0 0 0 O
20-1) 0 1 0 0 0 0
€5 = 0 24¢-1) 0 1 0 0 0
0 0 00 ¢! 0 0
0 0 0 0 2(-14+q¢Y) ¢t 0
0 0 00 0 0 ¢

(These matrices were calculated using the results of Reeder [Ree00], exactly as in the proof of [CT15,
Proposition 2.9 ].) It follows from Reeder’s construction that they satisfy the defining relations of the
presentation Hey ¢ = Ho®cC[X], so that M is indeed a Hy p-module. The character [1,1,0] of K[X]
visibly appears in M ®¢ K with multiplicity 4; it also has multiplicity 4 in the full representation
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induced from this character of T'. By Frobenius reciprocity, we must therefore have M ®¢ K = YI?, as
both modules are irreducible, and we can take YO% to be the image of M under such an isomorphism.

To prove the claim about Jordan—Hélder factors, we now show that in fact the module M ®¢ k is an
absolutely irreducible Hyg p-module. This will use the assumption that ¢ is a primitive root modulo 5.
Let V.C M ®o k be a simple Hy p-submodule; we will show that V = M ®p k. We can decompose
Vo= Vii,0 @ V01 © Viio,—1) as a sum of generalised k[X]-eigenspaces; if ei,...,e; denotes the
standard basis of k" = M ®¢ k, then we have

Vi =V niey,...,eq), Vipi =V Nies es), and Vi 01 =V N{er).

Since V' is non-zero, at least one of these eigenspaces must be non-zero. We treat each possibility in
turn. If Vj; o _q) # 0, then e7 € V|1 9, _1j. The relations

e = Ts,er —qer, es = Ts,e6 — qeq, €3 = Ts,e4 — qey, €1 = Ts,e3 — qes
show that (e1, es, eq,€6,€7) C V. The relations
e2=(1—¢ ) Herei—q 'e1), es = ¢ (g+1) " (T er+er—ger—2ge3+2q(g+1)es+2q(¢* +4g-+1)es)
then show that V = M ®¢ k.

Now suppose that Vj; 1) # 0. Looking at the action of k[X], we see that that es € V', hence (using
the above relations) (eq,...,eg) C V. Then the relation

er = (2(]((] + 1))71(T83€5 —|— €5 — 2(]86)
shows V = M ®0o k.

Now suppose finally that V{1 1,0) # 0. Looking at the action of k[X], we see that e, € V, hence (using
the above relations) e3 € V, hence eg = (q(q + 1)) ' (Ts,e3 + e3 — ge4) € V, hence Vi1 9.1 # 0. This
shows again V = M ®¢ k.

. We can again choose X3 to be an arbitrary O-lattice of X2. We define an action of Hy o on M = O
via the following matrices:

-1 0 0 0 0 0 0 0 0 0 O
q -1 0 0 0 0 0O 1 0 0 O
0 0 -1 0 0 0 0O 0 0 0 O
0 0 q -1 0 0 0 01 0 O
0 0 0 0 -1 0 0O 0 0 0 O
T, = 0 0 0 0 2q -1 0 0 0 1 O ,

0 0 0 0 0 0O -1 0 0 0 O
g1+q) 0 0 0 0 0 0 ¢ 00 0
0 0 qgl+q) O 0 0 0 0q 0 0
0 0 0 0 2¢(1+¢) 0 0 00 ¢q 0
0 0 0 0 0 0 0 0 0 0 -1

-1 1 0 0 O 0 0 0 0 0 0

0 g 0 0 O 0 0 0 0 0 0

0O 0 -1 1 0 0 0 0 0 0 0

0O 0 0 g¢q O 0 0 0 0 0 0

o 0 0 o0 -1 0 0 0 0 0 0
T,, = o 0 0 o0 o -1 0 0 0 0 0 ’

O 0 O 0 O 0O -1 0 0 0 0

O 0 0 0 O 0 0 -1 0 0 0

0O 0 0 0 O 0 0 0 -1 0 0

0O 0 0 0 O 0 0 0 0 1+g¢ 1

q(1+q+q 2

00 0 00 0 0 0 (rad) o
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Again, by Reeder’s results, these matrices satisfy the necessary relations to give M the structure of an
Hy o-module. Considering again the exponent [2, 1,1, 0], which occurs with multiplicity 4, we deduce
that M ®p K = Y,;2. We define YO% to be the image of M under such an isomorphism. We claim that,
as in the previous case, M ®¢ k is an absolutely irreducible Hg j-module. To this end, let us write
e1,..., ey for the standard basis of M @ k = k'!, and let V C M ®o k be a simple Hsg -submodule.
We have a decomposition

V=Vi2,11,0® V21,01 © V[2,1,0,-1 D V[1,2,1,00 & V]1,2,0,11 © V]1,0,2,1]
into generalized k[X]-eigenspaces, where
Vigai,00 =V (e, ...,eq), Vig101 =V N{(es,es), Vig1,0-1 =V N{er),

Vii2,1,00 = V N{es,e9), Vii201 =V N{ew) Viozy=VnNen).

We will show that V = M ®¢ k. Since V is non-zero, one of these generalized eigenspaces is non-zero;
we treat each case in turn. If Vi3 1 1 o) # 0, then acting by k[X] shows that e4 € V. The relations

ey =Ts,e4 —qeq, €3 =T5,e4 —qeq, €1 =T,e3 — qe3
show that (eq,...,es) C V. The relations
es = (q(q+1)) 7! (Ts,e3—qeates), es = (a(g+1)) ™" (T, e1+e1—ge2—2qes+2q(q+1)ea+2¢(1+4g+¢%)ee)
show that (e1,...,es) C V. The relations
er = (2¢(q +1)) 7' (Ts,e5 + €5 — 2qeq), es = (q(q +1)) 7' (Ts,e1 +e1 — gey),

e9 = (q(q + 1)) (Ts,e3 + €3 — qes), ero = (2q(q + 1)) (Ts, €5 + e5 — 2qeq)
show that (e1,...,e19) C V. Finally, the relation

e = (¢+1)*(q(¢* + ¢+ 1)) (Ts,e10 — (¢ + L)eg)
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shows that in fact V = M ®o k. (Note that ¢*> + ¢+ 1 # 0 in k, because ¢ is assumed to be a primitive
root modulo 7.)

Now suppose instead that Via 10,1 # 0. Then eg € V, hence e4 = Ty,e6 — geg € V. This shows that
Vi2,1,1,00 7 0, hence V = M @0 k.

Now suppose instead that Viz 10,1 # 0, hence ez € V. The relation e = Ts,e7 — gey shows that
Vi2,1,01) # 0, hence V.= M ®0 k.

Now suppose instead that V}; 21,0 # 0. If v € V[1,2,1,0 is non-zero then Ty, v—qv € V31 1 o] is non-zero,
hence V =M ®o k.

Now suppose instead that V|1 20,1) # 0, hence e;gp € V. Then the relation eg = T,e10 — geio shows
that Vi1 21,00 # 0, hence V.= M ®0 k.

Now suppose that V}; .21 # 0, hence e1; € V. The relation e1g = T5,e11 — qz(q + 1)’1e11 shows that
Vi1,2,0,1) # 0, hence V- = M ®0 k. In all cases we therefore have V' = M ®0 k, and this concludes the
proof that M ®oe k is an absolutely irreducible Hss ;-module.

One can construct an integral structure in Z2 in the same way as for Y;2 above; alternatively, it is
easy to show using the algebraic modular forms we consider later that one can find a Hy o-module
N which is finite free as an O-module and such that there exists an injection ZF < N ®¢ K of
Hg g-modules. One can then define Z2 =Nn Z?;. Since the exponents of the Jacquet module of
Zy are distinct, modulo A, from the exponent of X, the assertion about Jordan-Hoélder factors now
follows from the assertion that YOsB ®o k is an absolutely irreducible Hgs -module. This completes the
proof of the proposition.

O

Remark 2.7. The matrices described above can be used to define the module YI? without restriction on the
order of ¢ modulo I. We use the hypothesis that ¢ is a primitive root modulo [ to ensure that they determine
an integral structure Y3' C Y2. This observation will be used in the proof of Proposition 2.9 below.

Corollary 2.8. 1. Suppose that n =7, and let M be a Hy o-module which is finite flat as an O-module,
and such that M @0 K = (X2)*® (Y2)" as Hy x-modules, for some integers a,b > 0. Let Mx C M
denote the intersection of M with the X 2 -isotypic part of M ®0 K, and define My similarly.

Suppose that q is a primitive root modulo I. Then the natural map Mx & My — M is an isomorphism.

2. Suppose that n =9, and let M be a Hy o-module which is finite flat as an O-module, and such that
M®o K2 (X2)a (Y2) @& (Z8)° as Hy, x-modules, for some integers a,b,c > 0. Let Mx C M
denote the intersection of M with the X 2 -isotypic part of M ®o K, and define My, Mz similarly.

Suppose that q is a primitive root modulo l. Then the natural map Mx ® My & My — M is an
isomorphism.

Proof. We prove the second part; see [CT15, Corollary 2.10] for the first part. The map Mx & My &
Mz — M becomes an isomorphism after inverting [, so to prove the result it suffices to show that the map
(Mx® My ®Mz)®0k — M ®0 k is injective. Let L be a simple submodule of the kernel. Being non-zero,
the projection of L to at least one of Mx ®¢ k, My ®@ k, and Mz ®o k must be non-zero. However, the
maps

Mx Qv k—> Mok, My Qo k - M Qo k, and Mz Qo k — M Qo k

are injective by definition. It follows that the projection of L to at least two of Mx ®p k, My ®o k, and
Mz ®o k must be non-zero. However, this implies that these two spaces have a simple submodule in common,
contradicting Proposition 2.6. This completes the proof. O

According to the Bernstein presentation, the algebra Hp o has an abelian subalgebras O[A]. We
let x : O[A] — O denote the character giving the action of O[A] on X%, and let Y : O[A] — k denote its
reduction modulo A. If M is a O[A]-module, then we write M (¥X) for its localization at ker’y. We recall
that the algebra Hoy o has a canonical anti-involution 7 given on double cosets by [BgB] — [Bg~'B]. Thus
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there is another abelian subalgebra jO[A] C Hey o, with a character X7 = X o 7, and we write M () for the
analogous localization.

Proposition 2.9. Suppose that ¢ = —1 mod . Then:
1. Suppose thatn =T. Then Xp = X2 (X) = X2 (X)) and dimg Y;’?QYI’? (%) = dimg Y;’?OY}? (xy) =1.

2. Suppose that n = 9. Then Xp = X2 (X) = X2 (\y), dimg Y;f NYZ(X) = dimg Y;? NYZ(xy) =1
and ZE(X) = 0.

Proof. The assertion that X2 = X2 (¥) = X2 (X7) follows from the fact that Xy is self-dual (as follows
easily from Theorem 3.3) and X2 is 1-dimensional, cf. [CT15, Proposition 2.8]. The assertion in the
second case that Z%(Y) = 0 follows from the earlier calculation of Jacquet modules. The assertion that
dimg Y;? NY2(x) = 1 follows from the observation that if V is an admissible C[U,]-module, v € V*®
and T,,v = qu, then v € V¥, together with the above explicit matrices. (Observe that the operator
ep = B]/(¢+1) = ([B] + [BsrB])/(¢ + 1) is a projector onto the set of P-fixed vectors.)

To show that dimg Y;? NYZ2(x7) = 1, we give another characterization of this subspace. The
representation Yy is self-dual (again, by Theorem 3.3), from which it follows that there exists a perfect
duality (-,-) : Y2 x Y2 — K satisfying (tz,y) = (x,(t)y) for all t € Hyg o0, 7,y € V2.

The space Y2 (X7) can be characterized as the annihilator of the spaces Y2 (%), 7 # X, under the
above duality. The assertion that Y;? NYZ (X)) is of dimension 1 is therefore equivalent to the assertion
that the span of the spaces Y;2 (7)), 7§ # X, together with the annihilator of Y;’f = ecpYI?, is of codimension
1in YI? . Since j(es) = esp, this is itself equivalent to the assertion that the subspace of Y[? spanned by the
subspaces Y2 (1),  # X, together with (1 — eq)Y}?, is of codimension 1. This can again be readily checked
using the matrices appearing in the proof of Proposition 2.6. O

3 Unitary groups and transfer
Recall from the introduction (in the special case of Sym®) the identity (1.1):
Sym®7 = (Y7 ®7) @ X2 Sym* 7,

true for (semi-simplified) representations of GLo(IF7), and therefore for a Galois representation 7 of degree
2 (mod 7). We may, for simplicity, assume that 7 has large image, so the two summands are irreducible.
If 7 arises from a RAESDC automorphic representation of GLa(Ag), F a totally real field, then the two
summands are themselves known to arise from RAESDC representations of GL4(Ar) and GL5(Afr) (these
are known to exist, by the results of Ramakrishnan and Kim-Shahidi).

Starting with these representations Il4, II5, we will construct in this section a “packet” (in the sense
of Arthur and Langlands) of representations of a unitary group G in 9 variables over the totally real field F
G will be compact at the Archimedean places (and quasi-split elsewhere).

If we replace G by its quasi-split form G*, we are reduced to the construction by Mok of endoscopic
L-packets (Theorem 3.5). At the local primes of F' ramified in the (CM) extension E defining G, we obtain,
for suitable carefully chosen initial data Il4, II5, the representations described in §2. In order to understand
these representations, we complete in this section the proof of Theorem 2.3, and state a more precise result
(see Theorem 3.2 and the following paragraph) describing the Arthur—-Mok signs of the representations in
the local L-packets. This requires delicate local computations (§§3.4 — 3.5).

We are then ready to transfer Mok’s representations to the R-anistropic group G. This is done in
§3.6, using the methods in [CHL11]. The results are stated in Theorem 3.8, Theorem 3.10. It is again crucial
that, at the primes ramified in E//F, the local components are controlled by the sign formula.

We should mention that the representation II; directly obtained from our given representation of
GLs is not directly useful, as I1,BII5; does not yield a cohomological representation of G*, and therefore does
not transfer to G. This is easily obviated by a standard weight-changing argument (see [CT15, Proposition
3.10]) which is reviewed in §6.
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3.1 Unitary groups

Let E/F be a quadratic extension of local or global fields. We consider a unitary group G in n variables
associated to this extension. Thus

LG = GL,(C) x W
where W acts through Gal(E/F'), the generator ¢ of Gal(E/F) acting by

-1

g— @,/ g0 @, =

n

(="

In our case, n(=1+ 2, I an odd prime) will be odd. Over E, G becomes isomorphic to GL,, and there is an
L-homomorphism
LG — L(RGSE/F GE)

of L—groups over F', given by
(g,’U.)) — (gang) (’LU € WF)?

W acting on (Resg/p Gg)" = GL,,(C) x GL,(C) through Gal(E/F), ¢ acting by

(g:h) = (LR R, D g7 @),
If F is local, we write ®,qq4(G) for the set of equivalence classes of parameters Ly — G with bounded
restriction to Wg (cf. [CT15, §2.2]), where

Lo Wr F Archimedean
7 Wr x SU(R) F p-adic.

By composing with G — L(ResE/F G) we obtain parameters for GL, (E). Then, n being odd, we have (see
§2.2 and [Mok15, Lemma 2.2.1]):

Lemma 3.1. This map ¢ — ¢|, induces a bijection between P®psqa(G) and the set of parameters in
Dpy4(GL,(E)) that are conjugate orthogonal.

We refer to this map of parameters as the stable base change map. If y: E* — C* is a continuous
character such that pu|px is the character of order two ep,p given by class field theory, then the map
© = ¢|rL, ® p defines a bijection between ®pqq(G) and the set of parameters in ®pqq(GL,,(F)) that are
conjugate symplectic (see [Mok15, Lemma 2.2.1]). In particular, the image of this map is independent of the
choice of u, and we refer to this map on parameters as the unstable base change map.

We now return to the general case (F' local or global) and consider the endoscopic group H for
G, isomorphic to U(n — 4) x U(4), the unitary groups being quasi-split. The group *H admits the same
description, with H = GL»,(C) x GL4(C) and the matrices ®,,, ®4. (We set m = n —4.) There is an
embedding ¢ : 'H — L@ given by the following formulas. We fix a character u of EX (local case), or of
E*\AJ; (global case) whose restriction to F'* (resp. Aj) is the character of order two eg,p given by class
field theory. Then [Minll, p. 404] £ is given by

~

(91,92) X1 +—— (gl 7 > , (91,92) € H

1xw +— (( Lm (w)ls ),w),wEWE

R (O o, )t we)

where w, € Wr — Wg is a representative of c.
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For some computations it is expedient to replace § by the following, conjugate to the previous one
by an element of G. Write

(A B
2=c b
(blocks of size 2), and consider
A B
£:(91,92) — 91
C D
p(w) 1z
1xw 1, aw |, weWg (3.1)
p(w) 1z
®,
1Xw, +— b, O 1w,

3.2 Local L-packets

Assume now that E/F is an extension of p-adic fields. There is a conjugate orthogonal parameter ¢ €
D44 (GL, (E)) associated to the induced representation

Il = St,,L7EHE|S1J37E EHS'CLE .

If I > 5, thus m > 3, this is a discrete parameter in the sense of Moeglin [Moeg07] , thus associated to a
packet of discrete series for G. If [ = 5, IIg is associated to the reducible representation of G :

7 = n-Ind$ (St3, p ©1)
where P is the parabolic subgroup of G with Levi subgroup GL3(FE) x U(1).
Theorem 3.2 (Moeeglin, Mok). The parameter ¢ determines an L-packet I1, of tempered representations
of G.
(1) If m = 3, I1, has two elements X,Y .
(it) If m > 5, I1, has four elements X, Y, Z, W which belong to the discrete series of G.
This follows from Arthur’s formalism; we refer to [Mok15, Theorem 2.5.1]. Let ¢ : Lr — LG be the

parameter deduced from ¢r. We must compute

~

Sy Cent(Imgp, G) ,
Se = mo(9,/{£1}).
(See [GGP12, §4] for the general calculation.) In case (i) S, = O2(C) x {£1}, S, = {£1}. If we assume

g written as sp(3) @ sp(1) @ sp(3), sp(r) denoting the irreducible representation of degree r of SU3(R), the
non-trivial element of S, is represented by

13

(block scalar matrices).
In case (ii) S, is represented by
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(a,b,c = £1) mod {+£1}, the sizes being (1,3, m). We recall that there is a non-degenerate pairing of II,
with Sg. In case (i) we set e(X) = —1 and &(Y) = 1, € being the unique non-trivial character. In case (ii)
we set, €1, €2 being associated with the components a, b:

T | XY Z W
a(m | 1 1 -1 -1
ea(m) | -1 1 -1 1

For the sign € = e1e2, we therefore have e(Y) =¢(Z) =1 and ¢(X) = (W) = —1.

We will need information on the Jacquet modules of the components of II(¢g). Recall that an
irreducible semi-stable representation is, by definition, a subquotient of an unramified principal series, i.e.,
a principal series induced from a character of the maximally split torus trivial on its maximal compact
subgroup. Let Py = MyNy be the Borel subgroup, with Levi subgroup (E*)* x U(1). (Thus k = (m+3)/2.)
Let us denote by e = [eq, ..., ex] the character of (E*)¥ x U(1)

(21, 2k, u) —> |21 - |2k . (i€ EX,ueU(1)).

For any semi-stable representation m, the normalized Jacquet module 73" is, after semi-simplification, a

sum of characters (“exponents”) e, with multiplicities.
Theorem 3.3. Suppose that E/F is ramified, and that the residue characteristic of F is odd. Then:
(i) If m =3, X, Y are semi-stable with exponents [1,0,1] and 4[1,1,0] + 2[1,0,1] + [1,0, —1], respectively.

(i) If m=5, X,Y, Z are semi-stable with exponents as follows:

X : [2,1,0,—1]
Y ¢ [2,1,0,—1],2[2,1,0,1],4[2,1,1,0],[1,0,2,1],[1,2,0,1],2[1,2,1,0]
Z : [1,0,2,1],[1,2,0,1]
(i) For m > 5, X, Y, Z are semi-stable and their exponents may be described inductively as follows, k
—1 3
being equal to L = % Write Xy, Yi, Zx. Then (Xp)j2'™ is 1-dimensional of exponent [k — 2,k —

3,...0,—1]. The exponents of Yy, and Zj, comprise the exponents [k — 2,e(Yi—1)], [k — 2,e(Zi—-1)] for all
exponents of Yi_1, Zx—1, with the same multiplicities, together with:

Ve ¢ [1,0,k—2,...1],[1,k=2,0k—3,...,1],...,[1,k—2,k—3,...,0,1],2[1,k - 2,...,1,0]
Zrn o (1,0, k=21, [1,k—2,0,k—3,...1],....[1,k—2,...,0,1]

The proof of Theorem 3.3 will be given in §3.5 below.

3.3 Global L-packets

We now describe the global analogue of this construction, only so far in the quasi-split case. We now assume
E/F is a totally imaginary quadratic extension of a totally real field. Choose, for each Archimedean prime v
of F', a prime w of E above F so E,, = C. If a is a positive integer, then we will write U(a) for the quasi-split
unitary group over F' in a variables, split by F.

Lemma 3.4. There exists a continuous homomorphism p : E*\A}, — C* such that M|A; = ¢eg/r and, for

each Archimedean prime w and z € E, = C, u(z) = (2/2)"/2.

Proof. Let Eo, = []
conditions:

E, = [[,C, and let U C A% be an open subgroup satisfying the following

w|oo

e We have U N EX C O3 (the subgroup of totally positive units of F).
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e We have eg/p|npoex = 1.
F
e The group U is stable under the action of ¢ € Gal(E/F).

Then E* - A% - (U x EX) is an open subgroup of Ay, and E* N (Ag - (U x EX)) C F*. Indeed, if e € E
satisfies e = o+ (U, (2w)wjoo) for @ € Af, u € U, and z, € EJ, then f = e/e® = (u/u, (20 /Zw)w|so) lies in
EXNU C Of". We thus have f = f¢= f~!, hence f2 = 1, hence f = 1 (as f is totally positive).

We can therefore define a homomorphism g : EX - A5 - (U x EX) — C* by the formula e - a -
(s (20)w)oo) > €1/ () T, (2w/Zw)/?. This character is continuous because it is continuous on restriction

to the open subgroup U x EX. The lemma is completed on choosing any extension of y to a homomorphism
A% — C*. O
E

We will consider endoscopic representations 7 of G(A) associated to conjugate self-dual cuspidal
representations I1,,, 114 of GL,,(Ag), GL4(Ag). We assume first that
Iy, = IS, (3.2)

and that for each Archimedean prime w, the Langlands parameter of II,, is given by

m—1 m— 1—-m

2 diag((2/2) "7, (2/2)"7,...,(z/2) 7). (3.3)

Note that this parameter comes, by stable base change, from a parameter for U(m), at least at the
Archimedean primes (cf. Lemma 3.1).
For the other representation we assume that

Iy = 119, (3.4)

and that the Langlands parameter is given, at each Archimedean prime w, by

n—2 n—4 2—n

2 ding(2/2) 7", (2/2)"T", (/)7 (/2)7%). (3.5)

Again, the representation I14 originates from stable base change since n—2 is odd. The representation I1,® p
is then still conjugate self-dual, and originates from unstable base change. Its Archimedean parameters are

n—1 n—3 3—n 1—n

zr—diag((z2/2) =, (2/2) 7, (2/2) =, (2/2) ). (3.6)

We can consider the datum (II,,,, Iy ® p) as an Arthur datum ¢ in the sense of [Art], [Mok15], for
the unitary group G. It defines a global group Sy [Mok15, Definition 2.4.8], isomorphic to {£1} seen as
before as the quotient of the diagonal-scalar matrices (a,b) (a,b = £1) of size (m,4) by Z(G)"r = {+1}.
We write s € S, for the non-trivial element.

For each place v of F, ¢ determines a local (tempered) parameter ¢, : Wr x SU3(R) — LG. If
7y € I, the pairing (s, m,) is well-defined. We now have:

Theorem 3.5 (Mok). Assume given, for each v, a representation m, € I, , with 7, almost everywhere
unramified. Then the representation m = @,m, occurs in L2, (G(F)\G(A)) if and only if [],(s,m) = 1. In
this case, it occurs with multiplicity one.

This is essentially [Mok15, Theorem 2.5.2], taking into account the fact that the sign e, is 1 since
the parameter 1 is tempered. We have added the fact that 7 is cuspidal in our case: this follows from Mok’s
proof, implying that m, is associated by unramified base change, at almost all primes, with the induced
representation II,, BIl4 ® . In particular it is tempered; however, a residual representation is tempered at
no place [Clo93, Proposition 4.10]. In the next sections, we will prove the analogue of this theorem when G
is compact at the Archimedean primes.
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3.4 Transfer factors

In this section we prove lemmas needed to transfer the representation II,, B (II4 ® ) of §3.3 to a compact
unitary group. We will also obtain the local information necessary to prove Theorem 3.3.

Since n is odd, there exists a unitary group G, associated to a Hermitian from on E™, such that
G(F,) is compact for each Archimedean prime and quasi-split at finite primes. We now denote by G* the
quasi-split inner form of G. The other elliptic endoscopic groups are of the form U(a) x U(b) (n = a + b);
we are essentially concerned with H = U(m) x U(4). We follow the arguments of [CT15, §3.4-3.8] to which
we will refer when convenient.

We consider a decomposed, smooth, K.,—finite function f = ®, f, on G(Ag). There are associated
functions fH on H(Ar) where H is any endoscopic group. At finite primes, f, ~ fH is given by the
Whittaker normalization of transfer factors. (Note that since we are considering unitary groups of odd
absolute rank, there is a unique equivalence class of Whittaker data.) As in [CT15, §3.5] one checks that
they are simply the Langlands—Shelstad transfer factors. At the Archimedean primes we have to compare
Kottwitz’s transfer factor used in [Clo11] and the Langlands—Shelstad factor Ag. At each real prime we find,
as in [CT15, §3.5], for our particular H:

AT (7,0) = £80(7,9)

(v € H(F,), 6 € G(Fy)), the sign depending only on the real groups which are the same at all Archimedean
places, and .
AR (7,7) = A% (1) -

If [F : Q)] is even, we conclude that we can use Kottwitz’s factors at infinity and the Langlands—
Shelstad factors at finite primes.

We must next understand the spectral transfer factors, first at the real primes [CT15, §3.6]. Since we
are using Kottwitz’s transfer factors we can use the analysis in [Clo11]. Let ©,, z be the (stable) character
of the L-packet for H(R) associated to the representation of H(C) = GL,,(C) x GL4(C) that is the local
component of (IL,,,II4 ® ) at a place w|v. Let C denote the trivial representation of G(R). Then, the
transfer f, ~ fH being defined by Kottwitz’s factor,

(O, f21) = det(w)(Oc, f)

where w is described in [Clo11, Theorem 3.4]. (This is due to Kottwitz and Shelstad.) In our case det(w) = 1.
Also note that the cocyle a,, there is equal to 1 since G(F,) is compact.

We now come to the geometric transfer factors at the p—adic places. They are the Langlands—Shelstad
factors, but we will need explicit formulas for them on (associated) maximally split tori in G = G(F,) and
H = H(F,). We could use the formulas in [Wall0], but we hope this exposition will clarify the relation with
our parameters. We have Tg = (E*)* x U(1), and

Ty = (B2 xU(1)) x (EX*)> C U(m) x U(4).

Elements of T, Ty can be conjugated by the obvious isomorphisms in GL,, (E), in particular replacing some
entries z; by z{. We write v =ty € Ty, 0 =t € T. Note that in G, a regular stable conjugacy class is
parameterized, modulo conjugacy, by

ker(H'(F,Tg) — H'(F,Q)).

Since det : G — U(1) induces an isomorphism in cohomology, we see that stable conjugacy coincides with
conjugacy. The endoscopic identity then reduces to

Ouy () = Do(tu, )Ou(f)
for associated elements (tg,t). Write

Ao(ta,t) = Ar Arr Aprra Arrr Apy .
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Here Ay = Dg(t)/ Dy (ty), where Dg(t) = | det[(Ad(t) — 1); Lie(G)/ Lie(T¢)]|'/? is a geometric factor that
will occur naturally later and Dy is the analogue for H. If Ts. = T' N SU(n), the previous remark implies
easily that H'(F,Ts.) = {1}; thus A;, Ayrrq are trivial (see [CT15, §3.7] for the relevant references to
Langlands—Shelstad). The factor Ay [LS87, p.243] requires the choice of data a, € E* and y,, a character
of F* or E*, depending on whether « is fixed or not by Gal(E/F), for the (absolute) roots of (G, Ty). We
can take all data equal to 1, giving A;; = 1.

The amusing factor is Ajrr 2, which depends on the embedding of LH in G, and in particular
on the choice of the character . This is described in [LS87, p. 246]. If G is a quasi-split unitary group
and (T, B) is the usual datum of a Borel subgroup and its maximal torus (over F), the construction of the
L-group yields naturally a map &7 : LT — LG, (t,w) —> (t,w) (t € T, w € Wg). (This is associated to
trivial y—data, in the terminology of [LS87].) If G has rank r, we take as usual 7 = (C*)" C GL,(C). This
applies to G and H. Consider now the embedding ¢ : LH — LG. We have two tori Ty, T and the map
Eolr, : Ty — T C Gis Wg —equivariant. It follows that & o &7y (t,w) = a(w)ér(t,w) where a(w) is a
1—cocycle of W for the action of Wr on T.

In order to compute a(w), it is convenient to consider the conjugate embedding given by (3.1). Let
o € W be a representative of Wr —Wg. The cocycle a(w) is the product of a trivial (middle) matrix of size
m and an outer matrix matrix go € GL4(C), which we identify with a(w). This outer component is equal to

1
1
-1
-1
We find, the other component being trivial:
a(w): Wrp — (C*)* C GL4(C)
g — ( ) 7_15 _1)
w  — plw), weWg.

The corresponding component of Ty = T is isomorphic to (E*)2. Thus a(w) defines componentwise two
equal characters of £, with L—group

C* xC*, o(z,w) = (w271

associated to the cocycle
o w o (pw),p(w) (e Wp)
o — ((1,-1),0).

By Langlands’ description of Shapiro’s lemma for L-groups [Lan89)], this is associated to the character u(z)
of z € EX. We have shown:

Lemma 3.6. Assumet € Tg and tgy € Ty C U(m) x U(4) are associated, with tg = (t', 21, 22), (21,22) €
EX x E*X CU(4). Then A(tg,t) = p(z1)m(z2) Arv (te,t).

Note that since u(zZ~!) = u(2), this does not depend on the choice of the representative (z1,z22) for
the second component.

3.5 Proof of Theorem 2.3

Now that the local transfer factors are available to us, we can compare the elements of the local L—packet of
Moeeglin—-Mok (Theorem 3.2) and the representations appearing in Theorem 2.5, thus proving Theorem 2.3
and Theorem 3.3. We recall that E/F is assumed to be ramified, and F' of odd residue characteristic.

We first assume m > 5 and consider the semi—stable modules X, Y, Z of Theorem 2.5, which we now
denote by X', Y’, Z'. With ¢ as in §3.2, let ¢ : Wr — LG be the associated parameter. The computation
of S, shows that ¢ factors through ¢ : 'H — LG and therefore defines a parameter oy for H, which by
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composition yields the parameter associated to Sty g ®(St1,zBSts g) for H(E) = GL,,(E) x GL4(E).
However, ¢ contains, in the component of “H associated to U(4), the character p, so ¢g|L, is, on this
component,

w > 1~ (w)(sp(1) © sp(3)),
sp(#) being the irreducible representation of degree i of SU3(R).

Using Moeglin’s results [Moeg07] we find that the parameter sp(1) @ sp(3) for U(4), originating
from unstable base change, is associated to two discrete series representations TI , 7, of U(4). We want to
understand their Jacquet modules (for the Borel subgroup.) The full representation of GL(4, F), St(3)g B
St(1)g, has a Jacquet module of length 4, with exponents

[1a07 _170]7 [05 1707 _1]7 [17070’ _1](X2)

(We have used the natural notation for exponents on GL(4, E), with maximal split torus (E*)%.) Thus
St(3)p B St(1) g is a submodule of the principal series induced from [1, 0,0, —1], and it is its only irreducible
submodule. This follows for instance from the realisation of the Zelevinsky involution from an involution of
the Iwahori-Hecke algebra, since this representation has a unique quotient and the involution sends it to its
dual; see [Pro98].

Let us denote, for the end of this proof, by 6 the Galois automorphism of GL(4, E') defined by our
unitary group. Then 6 acts naturally on the Jacquet module, the only stable exponent being [1,0,0, —1].
As in [Moeg07], the twisted character of St(3)g B St(1)g on the maximally split torus is associated to the
character of 7,7 @ 7, on same (for U(4)). However, the representation induced from [1,0,0, —1] is induced
from the f-stable parabolic of type (1,2,1), from a 6-stable representation. A standard computation then
gives its twisted character, which does not vanish on the maximally split torus, and contains the exponent
[1,0]. Thus 6 has non-zero trace on the subspace of the Jacquet module associated to [1,0,0,—1]. This
implies that the Jacquet module of 7,7 ® 7, is equal to 2[1,0]. Twisting by u~!, we see that the stable
packet associated to the component of degree 4 of ¢g is therefore composed of two representations 71'2'7 T,
and has Jacquet module

2 i~ (z122) ® [1,0]

with obvious notation.! Of course, the representation of U(m) C H is the Steinberg representation.
Consider now the tempered modules X', Y’ of Theorem 2.5, with a distinguished exponent ey =
[k —2,k—3,...,0,—1]. Each defines, by stable base change, a representation II of GL,,(E) — perhaps not
the same II. Arguing as in [CT15, Lemma 4.3] we find that II is a semi-stable representation of GL,(E)
(i.e, one having Iwahori-fixed vectors) originating from stable base change. Thus the parameter of II is of

the form
P sp(n) @ xi
i

with x;(2¢) = xi(z71), x; unramified, and the usual multiplicity 1 condition — no factor of the form (sp(n) ®
X) @ (sp(n) ® x(27¢) — since X', Y’ are in the discrete series as is immediately seen from their exponents.
Comparing Jacquet modules (twisted for II) we see first that the x; are trivial — thus n; odd since the
parameter is conjugate orthogonal (§2.2).

Moreover the f—stable exponent for GL,,(E) associated to ey,

k—2,...,0,-1,0,1,0,...,2 — k]

must occur in H?v%?%) Since the Jacquet module of II is a sum of &,,-conjugates of the total exponents
determined from the segments [”igl, cey 1*2”"], this implies {n;} = {m,3,1}. Consequently X', Y’ are

contained in the L—packet described in Theorem 3.2. We now use the character identities associated to base
change. Let fg be a smooth, compactly supported function on G(E), f associated to fg on G = G(F), and
[ similarly on H. For 7 € Il let e(m) be the sign associated to H.
The stable identity
> (trace , f) = trace(Tg(fz)1p) ,

™

1We thank, once more, Mceglin for this argument.
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where 7 runs over II, and Iy is the Whittaker-normalized intertwining operator associated to base change,
tells us little because the twisted trace of Iy on the Jacquet module of I1g involves indeterminate signs on the
eigenspaces. (The part of the identity associated to the exponent eg has already been exploited.) Consider
now the identity

Ze(w)(trace 7, f) = (trace 7g, f¥) (3.7)

™

where we write, for simplicity, 7z for the L-packet consisting of St,,, @ 7§ and St,,, @7} ; St,, is the Steinberg
representation of the factor U(m); and the Jacquet module of 7} @ 7 is equal to 2~ (2122) ® [1,0].

We imitate the method of [CT15, §3.7]. For functions f whose orbital integrals are supported on
the regular part of T'= T (notation of §3.4) we have

(trace . ) = | ORT™) (1) Da()Ou)dt. (3.8)

Similarly
(trace 7y, ) = / (N D () Oy ()t
TH

Recall that A™V (tg,t) = Dg(t)/Dg(tg). The transfer factor A(tg,t) contains the character ju(z;22), whose
inverse occurs in mg. Writing ey = ([k — 2,k —1,...,1],[1,0]) for the exponent of (each component of) 7x
corrected by this transfer factor, we now have, with g(ty) = A(tm,t) O, (f7):

(trace . 1) =2 [ cultulalt)dr.

T3

We recall that ty € T is associated to several elements of T, . Neglecting the factor U(1) of both

tori (on which our data can be taken equal to 1), we can pretend that T is parameterized by (z1,...2) :
|21] < |22 < -]z < 1 (2; € EX) and T} by

(21, 2k—2; 21, 2k) © |21] < -+ < |zg—2|, |2k-1] < |2K] < 1.

Thus an element of T;Ir is obtained from an element ¢t € T, g by w € Gy, w increasing on the two
obvious intervals. We see that the alternating sum of exponents given by the left—-hand side of (3.7) is equal
to 2> w([k —2,...,1,1,0]) ; here w runs over the specified elements.

w

Now assume m = 5, thus k = 4. The associated sum is easily seen to be equal to
jyl _ ]X’ _|_ ]Z/

(j = normalized Jacquet module), c¢f. Theorem 2.3. Since the Jacquet modules of X', Y’ Z’ are clearly
independent in the Grothendieck group of T', we deduce that Y =Y/, X = X', X and Y being as in Theorem
3.3, with ¢(Y) =1, (X ) = —1, and that the Jacquet module of +(Z — W) is j(Z') = [1,0,2,1] +[1, 2,0, 1].
However, the expression of j(Z’) implies that

YRS n-Ind(Sto g | - |1/2 ® StU(5)), (3.9)

the induction being unitary, from the Levi subgroup GLo(E)x U(5). The induced representation has a unique
irreducible submodule. (It is an induced representation, the parameter being in the opposite chamber of
that giving a unique Langlands quotient). Since (3.9) is now true for Z or W, we see that one of them is Z’:
it is the representation Z described in Theorem 3.3. Furthermore (Z) = 1.

For m > 5, we can separate the set of increasing elements of Gy, in two sets, those fixing 1 and those
sending 1 to a larger index (thus k — 2 to a smaller power). The inductive description of j(X), j(Yx), 7(Zk)
in Theorem 3.3 is then immediately seen to be compatible with the signs e(X) = —1, ¢(Y) = 1; and the
identification of Z given by the theorem is obtained by the same argument, implying £(Z) = 1. Since ¢ is
a character of the L-packet, we must have e(WW) = —1 (including for m = 5); the computation of Jacquet
modules shows in fact that W is not semi-stable.
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Finally, consider m = 3. Thus the L-packet of Mceglin, Mok has two elements. The exponent [1,0, 1]
in Theorem 3.3 again shows, by the argument given at the beginning of this paragraph, that both X’ and
Y’ belong to the L-packet.

Alternately, it would be easy to show that X’ and Y’ (described in Theorem 2.5) are the two
summands of n-Ind(Sts g ®1) from the GL3(E) x U(1) Levi subgroup of U(7). The endoscopic identity
implies e(Y') = 1, e(X) = —1 since the transfer to H of £(Y') + ¢(X) is a positive sum of representations.

We now complete the identification of X,Y,... by the corresponding characters of Sy given after
Theorem 3.2. The reader will easily see that this is not necessary for the proof of our main results, only
€ = g€1&9 being relevant; we will therefore be brief. We need another endoscopic identity. Let us denote, for
this paragraph, by H the endoscopic group of type (1,n — 1), thus associated to the character ;1 in §3.2.
There is an endoscopic embedding & : “H — “G with H = H x Wg, H= GL1(C) x GL,,—1(C), given by
formulas similar to those in 3.1. Here w € Wg is sent to the diagonal matrix (1, p(w)l,—1). Our parameter
¢ (associated to ¢ by stable base change) is equal to £ o py, where @ |su,(r) is conjugate to

s+ (1,Sym? s ® Sym™ ' s)

and
orlwy tw = (1, p(w)  ,_1).

In particular the second component of ¢y defines an unstable discrete L-packet for U(n — 1) with two
elements 71, w9 [Mcoeg07]. The extra identity, cf. (3.7), is

Zel(w)<trace7r,f> = (trace g, fH)

where 7y = 1 ® (71 @ 72).

As in §3.4 we consider orbital integrals on Tg,Ty. The transfer factor is computed in the same
fashion. Note that H, and indeed its factor U(n — 1), has the same rank as G. Assume m =5, k = 4. As
before we are reduced to a computation on ng and TI}“, whose descriptions coincide in this case. Moreover
the character p occurring in the endoscopic functoriality is compensated by the transfer factor, as before.
By the comparison, the module Y e (m)jm (7 = X,Y, Z, W) is effective (i.e., a positive sum). This implies
by Theorem 2.5 £1(Y) = 1, compatibly with the fact that Y is in fact generic. Thus ¢1(X) or (Z) = —1.
The description of € is complete if we show that £1(X) = 1, implying that e1(Z) = (W) = —1. Note that

J(X) +3i(Y) - i(2)

is indeed effective. If e1(X) = —1, the exponent [2,1,0,—1] disappears in the Jacquet module of 7. The
proof is therefore completed by

Proposition 3.7 (Moeglin). The Jacquet module of my contains, with multiplicity 2, the character
N(Z)_1[27 1,0, _1]

of Ty. More generally, assume n = a + b with a,b odd. If w is the L-packet constructed from the datum
(Ste, g B Sty E), then the full Jacquet module contains

b—1 b—-3 l1-a
7 T3 g

(a <Db).

Proof. This follows from the arguments of [Moeg07], just as in [CT15, Appendix A]. The (induced) represen-
tation associated to the datum Stz ;B Sts g ( we neglect the constant twist by u~! in the next arguments)
has a Jacquet module of exponent [1,0, —1] with multiplicity 2. It splits into two summands, each having
a Jacquet module of dimension 1 with this exponent. For Sts g HSts r, we now use Moeglin’s hereditary
formula for Jacquet modules; with her notation, we have:

Jacﬁ2 (St5,E H St37E) e Stg,E H St37E .
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This means here, by the identity between character for U(8) and twisted character, that the exponents of
the full L-packet 7 starting with 2 are those of St p B Sts g with the same multiplicity, whence the result;
the argument in the general case is the same, starting with St, g H Sty £. O

Finally, a similar argument applies for m > 5, using the inductive description of the modules.

3.6 Compact transfer: proofs

Returning to the global situation, we are now able to obtain the analogue of Theorem 3.5 for our R-—
anisotropic group G. We will also need the similar theorem when the datum is a cuspidal representation of
G(Ag). For clarity we assume first that { > 5 (thusn =142 > 7).

We fix a CM extension E/F as before, and places vy, ...,vs of F which are ramified in E and of
odd residue characteristic. We write wy, ..., ws for the places of E dividing v, ...,vs. We assume [F : Q]
even. Assume given o1, 02, two conjugate self-dual, cuspidal representations of GL4(Ag) and GL,,(Ag)
respectively. We will assume that at each Archimedean prime v, the Langlands parameter of o1 H o5 is

n—1

2 v diag ((z/z) : ,(z/z)"f,...,(z/z)lé"), (3.10)

cf. §3.3. (Thus oy is RACSDC, oy is a twist of such by u.) There is then an element w, € &,, conjugating
the Langlands parameter ¢,, ® ¢, to the Langlands parameter associated to (3.10), as in §3.4 and [Clo11,
p.362]. We assume

I det(w,) =1. (3.11)
v|oco
Note that this does not depend on the prime of E dividing v. We assume in addition that all other primes
of ramification of oy, oo are above split primes of F. If w is a place of E ramified over the place v of F,
recall that we have associated to the representation

g, = Stm.g, BSt3 g, BSt1 g,

of GL,,(E,,) the L-packet IL,, and a map ¢, : II,, — {£1}, with
E’U(X’U) = 51}(Wv) =-1, 5U(Yv) = Ev(Zv) =1.

Theorem 3.8. 1. Suppose that o1 and o9 are conjugate self-dual, cuspidal representations of the groups
GL4(Ag) and GL,,(Ag), respectively, which satisfy the following conditions:

(a) o1 B oy is reqular algebraic of infinity type
((+1)/2,(1=1)/2,...,(=1=1)/2)
at every infinite place, and (with notation as above) we have [, det(w,) = 1.

(b) There exist places vy, ...,vs of F, ramified in E and of odd residue characteristic, such that for
eachi=0,...,5, 01w, = St3., BSt1 g, , and 02w, = Sty E

(c) Any other place of E at which o1 8 o9 is ramified is split over F'. Any place v # vy, ...,vs of F
is unramified in E.

v|oo

w; w; ! w;

Then there exist evactly 4571 /2 automorphic representations o of G(Ar) with stable base change © =
o18oa. They each appear with multiplicity one, and are in bijection with the tuples (oy,)i_o € Hf:o IL,,
satisfying [1_q €v; (00;) = 1.
2. Let m be a RACSDC automorphic representation of GL,(Ag) satisfying the following hypotheses:
(a) 7 is reqular algebraic of infinity type

(+1)/2,(1-1)/2,...,(-1-1)/2)

at every infinite place.
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(b) There exist places vy, ...,vs of F, ramified in E and of odd residue characteristic, such that for
eachi=0,...,s, Ty, = Stmei H Stg)Ewi B St w, -

(c) Any other place of E at which w is ramified is split over F. Any place v # vo,...,vs of F is
unramified in E.

Then there are exzactly 4°+t1 automorphic representations o of G(Ar) with stable base change 7, each
appearing with multiplicity one. They are naturally in bijection with tuples (co.,)5_y € [1i— IL,,.

We note that over any finite place of F different from vy, . .., vs E/F is unramified or split, and there
is only one element in the local L-packet for G(F},) associated to o1 B og or m. (In the inert case, note that
there is only, up to conjugacy, one hyperspecial group for G(F3).)

Remark 3.9. The condition []
two assumptions:

det(w,) = 1 in the first part of the theorem is implied by the following

v|oo

1. For every place v of F dividing [, v splits in F and [F, : Q] is even.
2. There exists an isomorphism ¢ : Q; = C such that ¢y B oy is t-ordinary.

Indeed, if 7 : E — C is an embedding inducing the place v of F, then det(w,) depends (by [CT14, Lemma
2.6]) only on the place of F dividing I induced by the embedding :~'7 : E < Q,. Since we are assuming
[F, : Q] to be even, the signs in the product ][, ., det(w,) must cancel, so the condition ][, ., det(w,) =1
holds. We will assume these extra conditions in the applications in §4 below. The same remarks apply to
Theorem 3.10 below.

This can also be seen in terms of Shelstad’s formalism for endoscopy, cf. [She82, Shel0, She], since

I1, )00 det wy, equals [T, x(gusg, '), where:

® g, € G conjugates £ o ¢pr, to a Langlands parameter whose restriction to C* is diagonal and dom-
inant for the upper-triangular Borel, so that the centralizer of Ad(g,) o £ o wm, is the subgroup

diag(£1,...,+1) of G having 2" elements.
e X is the character (=1)(=D/2 (—1)(»+D/2 (_1)(n=1)/2 ) (alternating signs) of this group (x is
trivial on Zgal(F“/F”) = {£1}).
Compare [Mok15, §7.1], in particular Theorem 7.1.1, and the reference to Shelstad’s work there.

The proof of Theorem 3.8 will rely on Theorem 3.5. Consider first the quasi-split group G*. By
Arthur’s stabilization of the trace formula [Art03] (we use Arthur’s formulation in [Art05]) we have, for a
function f, = @ fi,» on G*(Ap):

I (f) =D UG, E)STS, (f) (3.12)
£

where £ runs over the equivalence classes of elliptic endoscopic data, including H. We refer to Arthur for

the precise definitions; here Iﬁ;c denotes the discrete part of the trace formula for G*, while Ssz'sc is a
stabilised form of this expression, for the endoscopic group associated to &£.
Similarly, for f a function on G(Ap):
Too(f) = Igse(f) = D (G, E)STh o (f5) - (3.13)

£

An argument already introduced in [CHL11] implies that the only relevant data, when we consider represen-
tations with base change 7, are (G*, H). The argument is the same as in [CHL11, Lemma 4.2]. By the main
result in [Lab11], each term in STS,_.(f¢) in (3.13) is associated by base change — say, at almost all primes —

to ‘discrete’, cohomological automorphic representations of the group H' (Ag) = GL.(Ag) X GLy(Ag) stable
by the Galois automorphism associated to the unitary group H' deduced from £. The meaning of ’discrete’
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here is precisely explained in [CHL11, p. 486]: they are discrete parameters for descent to the unitary group.
For each block GL, or GL, they are Langlands sums of cuspidal representations, or more generally of Speh
representations. Since our representation 7 is a Langlands sum of two cuspidal representations of GL4 and
GL,,, we see first that the ‘discrete’ representations must be sums of cuspidal representations, and then, by
the disjunction results of Jacquet—Shalika [JS81b, JS81a] that the only possiblities for H' are as indicated.

The functions f and f, coincide at finite primes. In (3.13), f¢ is associated to f, and we take it
of course to be equal to f,. At the Archimedean primes, f, can be taken to be the constant function equal
to 1. Assume 7o, = ®m, is a discrete series representation of G*(Fy,), in the L—packet associated to the
trivial representation. Let f. o be a pseudo-coefficient of mo: thus trace moo(fi oo) = 1. It is well-known
that f. o is associated to the constant function 1 on G(Fx). By our condition on the Weyl element w, we
have, TI(H) being the L-packet of discrete series for H associated to o1u~! B o9:

(trace TI(H), f2) = (trace C, foo) = 1.

By the endoscopic identity for (H,G*) at the Archimedean prime,

(trace TI(H), ffoo) = Z(s, m)(trace T, fi 00),

s

where 7 runs over the L—packet of discrete series representations of G*(F,,) associated to the trivial repre-
sentation of G(Fy ). By assumption this is equal to (s, ) for our chosen representation mu.

Consider now another L-packet IIy (H) transferring to this same L-packet (cf. [Clo11]). Then the
corresponding automorphic representations of H give rise to Galois representations having different Hodge-
Tate weights [Guell, Theorem 2.3] 2. We now introduce the family v of Hecke eigenvalues, at (almost
all) unramified primes, corresponding to 7. By unramified functoriality, it defines such a family for all the
endoscopic groups. They are associated to the corresponding Galois representations. By the Chebotarev
density theorem applied to these representations, we see that their contributions to the traces vanish once
we consider the parts of the trace formulas associated to ¥». We denote these terms by a lower index .

Assuming 7., chosen so that (s, 7o) = 1 we see that fZ can be chosen equal to foo. We now have

Idz;c(f*)w = Tgsc(f)’lﬁ .

Since (s,ms) = 1, Mok’s theorem (here Theorem 3.5) implies that there are 4°!/2 representations of
G*(Ar) in the discrete or cuspidal spectrum with Archimedean component 7., and with stable base change

m. Recall that Iggc contains, in addition to the trace T dG __in the discrete spectrum, terms associated to

i5C
Eisenstein series whose parameters are fixed by certain Weyl groups elements, see [Art05, (21.19)]. However
the family of Hecke eigenvalues for G*, at the unramified primes, determined by o1 B o3, is easily seen to be

distinct from that of any Eisenstein representation. Thus we actually get the identity

Since the groups coincide at the finite primes, and f, is the constant function equal to 1 at the Archimedean
primes, the identity of traces implies the result.

The proof of the second part of Theorem 3.8 is similar. In this case, after separation of Hecke
eigenvalues, only the terms of (3.12) and (3.13) given by G* have to be considered. We take for f, o any
pseudo—coefficient of the L-packet. The global datum being stable, the pairing (s, 7) is, at all primes, the
trivial character. The result follows.

We note that the same arguments imply that the (strong) stable base change of an automorphic
representation o of G(Ap) exists: it is a representation m = H;m; of GL,(Ag) with local components at all
primes predicted by Langlands functoriality, well-defined if the local components of ¢ are tempered. Indeed
recall that there is an n-dimensional semi-simple {-adic representation associated to o [Guell, §2]. We will
only be interested in the case where this representation is irreducible or with irreducible factors (4,m). In
this case it is easy to see that o is associated to such a representation 7 with either 7w cuspidal or two cuspidal

2Guerberoff assumes that E/F is unramified at finite primes. It is easy to see that this assumption is irrelevant here.
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summands ; of sizes (4, m). Consider again the formulas (3.12), (3.13). If 7 is associated to an irreducible
Galois representation, standard arguments [CHL11] show that both sums reduce to the stable trace when we
consider the part relative to the given Hecke eigenvalues almost everywhere. Now the previous arguments
imply that these sums are equal, and this implies that strong, stable base change for G follows from the
analogous result for G* proved by Mok: see [Mok15, Theorem 2.5.2].

Assume the semi-simplification is of type (4,m). Then only the terms relative to G* and H have to
be compared, and we are, as above, reduced to the term relative to H. We must compare the Archimedean
functions f ffoo. The function fZ is defined by

(trace TI(H), f2) = det(w)

for any L-packet II(H) for H such that £ o oy = ¢g, wg being associated to the trivial representation.
Similarly fZ__ is defined by

*,00

(trace 7(H), ffoo> = det(w){awr, $),

cf. [Cloll, p. 366]. Here 7 € Q/Qr = 6,/(6, X G,41) (n = 2r + 1) parameterizes a discrete series
representation for G* in the L-packet of the trivial representation, and f  is, as before, a pseudo-coefficient
of this discrete series. Fix such a o occurring in T, (f), and therefore a sequence of Hecke eigenvalues
at the unramified primes, and assume the corresponding H-term is non-zero. By base change (cf. [Labll,
Theorem 5.1], which has already been used through Guerberoff’s result quoted above) there is a corresponding
representation m of H(Ag), uniquely defined. This determines the infinity type of 7, and therefore the L-
packet II(H), hence w.

Recall that w € Q +— a, is a l-cocycle of Q with values in H'(R,T) where T is the diagonal
anisotropic torus in G* (we refer to [Clo11] for the relevant choices, implicit throughout this paper as in
[CT15]). In particular a,, = 1 if w = 1. If we choose 7 such that {a,,,s) = 1, we deduce that after separation
of the family v of Hecke eigenvalues corresponding to o,

SthzIsc(ffI)w = STdisc(fH)i/)'

Finally we have, for this choice of fs, f« o0t

Tdisc(f)w = Tdisc(f*)w

Note that the f, for finite primes, outside the set specifying 1, are arbitrary. Mok’s results, specifically
[Mok15, Theorem 2.5.2] now applied to base change to G(FE) rather than descent, imply the existence of a
stable base change 7 of o - a RACSD representation of G(Ag) - with local components in the correct L-
packets at all finite primes; at infinite primes 7 is cohomological and its infinitesimal character is associated
to the trivial representation of G(Fs ). Thus 7 is, at all primes, the stable base change of o.

Consider now the case where [ = 5, hence n = 7. The assumptions and data are the same, except
that the L-packet associated to Sts g, HSts g, HSti g, has now two elements X,, Y, (Theorem 3.3). We
define a local sign by the formula €,(X,) = —1, £,(Y,) = 1. Again, the data determine elements w, € &z,
and we assume Hv|oo det(w,) = 1. Exactly the same argument now yields:

Theorem 3.10. 1. Suppose that o1, oo are conjugate self-dual, cuspidal representations of GL4(Ag),
GL3(Ag), respectively satisfying the following hypotheses:

(a) o1 B oy is reqular algebraic of infinity type

at every infinite place, and (with notation as above) we have [, det(w,) = 1.

v|oo

(b) There exist places vy, ...,vs of F, ramified in E and of odd residue characteristic, such that for
eachi=0,...,8, 01w, = St3 g, BSt1E, , and 02, = Stz g, . (Here we write w; for the place
of E above v;.)
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(c) Any other place of E at which o1 8 o9 is ramified is split over F'. Any place v # vy, ...,vs of F
is unramified in E.

Then there exist exactly 2° automorphic representations o of G(Ar) with stable base change m = o1Ho,.
They each appear with multiplicity one, and are in bijection with the tuples (o.,)i_y € [1i_, I,
satisfying [1;_q v, (0v;) = 1.

2. Let m be a RACSDC automorphic representation of GL,,(Ag) satisfying the following hypotheses:

(a) 7 is reqular algebraic, of infinity type

at every infinite place.

(b) There exist places vg,...,vs of F, ramified in E and of odd residue characteristic, such that for
each i = 0, ey Sy T, = St3,Ewi EEStg,Ewi BHStLEw,i'

(¢c) Any other place of E at which m is ramified is split over F. Any place v # vy, ...,vs of F is
unramified in E.

Then there are exzactly 2°+! automorphic representations o of G(Ar) with stable base change T, each
appearing with multiplicity one. They are naturally in bijection with tuples (oy,)5_y € H?:o L, .

Finally, the same arguments as in the previous case show that stable base change obtains for repre-
sentations of G(Ap).

4 Level-raising and algebraic modular forms

This section is devoted to the key level-raising argument. In this introduction we still sketch it in the case
of Sym® and [ = 7.

Assume, at one ramified place v (for E/F), that our given representation of GLa(Ap) (for which we
hope to establish the existence of the symmetric power lifting) is Steinberg. Then the local component at v
of the representation of G(Ap) constructed in §3 will base change to St g, BSt1 g, BSts g, , and therefore
lie in the L-packet of representations which is described by Theorem 2.3.

The flexibility needed in §6 forces us, in fact, to consider a large number vy, ..., vs of such ramified
primes. We also assume ¢,, = —1 mod I. We can define two level subgroups Uy, Uy of G(A); at the places
v; # vg their local factor is the group B considered in §2, which contains an Iwahori subgroup with index 2.
At vy, U, is again this group and Uy is the parahoric subgroup 8 such that dim X* = 1 for the distinguished
module X of §2.

The global L-packet constructed in §3 determines a character of an unramified Hecke algebra that,
considered mod [, defines a maximal ideal m. Let K/Q; be a sufficiently large extension. For A = K, O,k
(integers and residue field of K), we have the (finite) spaces of automorphic forms on G, localized, S(U;, A)m
(i =10,1). There is a natural injection S(Upy) — S(Uy).

The first main result of this section, Proposition 4.1, controls the Jordan decomposition of a local
component ¥, (v = vy, ..., vs) occurring in characteristic 0, so essentially in S(U;, O)n. After base change to
E, it can obviously be of type (1,3, 5); the only other possibilities are (7,1,1) and (9) (the last corresponding
to a twist of Steinberg). This follows from the restrictions on the degeneracy mod [ of Jordan matrices, and
the existence of the Galois representations associated to primes of the Hecke algebra above m.

The second main result — the level-raising result — consists in showing that (at least one of) these
second Jordan decompositions do occur. In other terms, we must rule out the case where all (base changed)
representations associated to m are of type (1,3,5). These are exactly the local representations of the groups
G(F,) studied in §§2 — 3. The argument is based on the following facts:

w )

1. There is a perfect pairing S(Uy, A)m X S(U1, A)mv — A for A= O or A =k. (Here m" is the maximal
ideal associated to the contragredient representation.)
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2. For A = k, this pairing vanishes on S(Up, k)m C S(U1,k)m. This is a direct consequence of our
assumption ¢, = —1 mod [.

Recall that the module X has a distinguished exponent e = [2,1,0,—1], which occurs in Xy =X =
this space being one-dimensional. We can refine the localization of S(U;, k) at m by using the action of
Bernstein’s maximal abelian subalgebra of the Iwahori-Hecke algebra, the characters of which are exactly
the exponents. Now, using this decomposition for the semi-stable modules X,Y, Z of §2, we are able to
conclude that the isotropic subspace S(Up, k) (localized at m and e, or rather @ = e mod 1), is too large, by
using Mok’s multiplicity formula. We refer the reader to the end of §4 for the precise argument.

It is worth comparing the work we do here with a theorem of the second-named author [Thol4],
which (loosely speaking) allows one to replace a local Weil-Deligne representation (r, N), where N has two
Jordan blocks, with a Weil-Deligne representation where N has a single Jordan block (and is therefore
regular nilpotent). Unfortunately the methods of [Thol4] require that the residue characteristic ! satisfy
some stringent conditions (in particular, it should be banal for the local group at the prime where level-
raising occurs). Since the strategy of this paper requires us to work with relatively small primes [, these
methods can not be applied here.

We also note that the argument sketched above is not alone sufficient to obtain a representation
which is Steinberg locally, in contrast to the analogous argument in [CT15]; although we show that one of
the possibilities (7,1,1) and (9) does occur, we are not able to decide which, and we need the latter to occur
in order to able to apply the automorphy lifting theorem proved in [Thol5]. We must therefore take up again
the problem of level-raising in the next §5, where we use Galois-theoretic techniques to obtain the necessary
improvements to the results of this section.

4.1 Set-up

Let [ > 5 be a prime, and choose an isomorphism ¢ : Q; = C. Let E be an imaginary CM field with maximal
totally real subfield F', and satisfying the following conditions:

1. Each place v|l of F is split in E, and the local degree [F, : Q] is even.

2. There exist places vg,...,vs of F, ramified in £ and of odd residue characteristic, such that g,, =
—1 mod [ and each ¢,,, ¢ =1,...,s, is a primitive root modulo {. Every other place of F' is unramified
in E. We write wy, ..., w;s for the places of E dividing vy, ...,vs. (We assume s > 1.)

Let n =142, m =1 — 2. In this case there exists a unitary group G in n variables over F', determined
uniquely up to isomorphism by the following conditions:

1. The group G is split by E.
2. G(F ®q R) is compact.
3. G is quasi-split at each finite place.

We suppose given cuspidal, conjugate self-dual automorphic representations 71 and 7o of GL,,(Ag)
and GL4(Ag), respectively, that satisfy the following conditions:

1. For each i =0,...,s, we have 7, = Stm,E’wi and g, = St?),Ewi BHSti E
place of E such that m ,, or mg,, is ramified, then w is split over F.

CIfw # wyp, ..., ws 18 any

w,

2. m = m B 7y is regular algebraic and t-ordinary, of infinity type @ = (a7)rcHom(E,0):

ar = ((n—1)/2,(n —3)/2,...,(1 —n)/2).

The residual representation r,(7) is a direct sum of two absolutely irreducible constituents p; and ps.
We have dimp; = m, dimp, = 4. (We remind the reader that r,(7) is the Galois representation
associated to the regular algebraic automorphic representation m; see §1.1 for our conventions, which
are those of [CT14].)
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3. For each i = 0,...,s, let t,,, € Gg,, denote a generator of tame inertia. Then the element p, (tw,;) €

GL,,(F;) is a regular unipotent element (having a single Jordan block). The element py(t.,,) € GL4(TF))
has Jordan decomposition corresponding to the partition 4 = 3 + 1.

In this case there exists, by the discussion in §3.6, an automorphic representation o of G(Ap) with stable
base change m. We may suppose that, in the notation of §3.6, we have o, = X,, and o,, is semi-stable for
each ¢ =1,...,s; for example, we can choose o,, = X,, and o,, =Y, for each ¢ > 2. In conjunction with
Theorem 2.3, this ensures that we can choose a subgroup Uy satisfying the condition 5 below.

Let K C Q; be a finite extension of Q; with ring of integers O, maximal ideal )\, and residue field
k. IfU =[], U, C G(A¥) is an open compact subgroup, then we can define for any O-algebra A the space
S(U, A) of algebraic modular forms with level U, weight zero, and coefficients in A, as the set of functions
G(F)\G(A¥)/U — A. We choose as in [CT15, §3.3] the following auxiliary data:

1. An integral model for G over Op.
2. If w is a place of E split over the place v of F, an isomorphism ¢, : G(F,) = GL,(E,).
3. For each place v|l of F, a place v of E above it, and a uniformizer wy of O, .

We fix an identification between each group G, and the quasi-split group U, of §2. Having made this
choice, the open compact subgroups B,, C ‘B,, C G(F,,) are defined. We now choose an open compact
subgroup Uy =[], Up,» C G(AY) satisfying the following properties:

1. Up e = P, -
2. Ifi=1,...,s then Up,, =By,.
3. If v is a place of F inert in F, then U, is a hyperspecial maximal compact subgroup of G(F).

4. There exists ¢ > 0 such that Uy, = 5" Iw. (D) for each place v|l, the subgroup Iwg(c) being as in
[CT15, §3.3].

5. cY0 =0 and Uy is sufficiently small (i.e. some Uy, contains no element of finite order).

We define U; = HU Ui, by setting Uy 4, = By, and Uy, = Uy, if v # vg. Then Uy contains U; with index
quo + 1.

The Hecke operators U7 at places v|l, as defined in [CT15, §3.3], act on S(Uy, O) and S(Uy,O).
If U = Uy or Uy we define the Hecke algebra T(U, Q) C Endp(S(U, O)) as the commutative O-subalgebra
generated by the unramified Hecke operators at places v of F split in F such that U, is a maximal compact
subgroup, together with the operators U/ at places v|l. The operators UJ depend on the choice of uniformizer
wy, but the algebra T(U, O) does not.

If ¥ is an automorphic representation of G such that ¥, is the trivial representation, then there
is a canonical embedding (XY — S(U,0) ®p Q, = S(U,Q;). The subspace (~1x:Uord ¢ =1yo0.U g
defined, as in [CT15, §3.3]. If N C S(U, Q) is an O-submodule such that

NN L—leO,U,Ord # 0

inside S(U,Q,), then we say that ¥ contributes to N. In particular, if 3 contributes to S(U, ), then
YU £ 0 and ¥ is -ordinary.

After possibly enlarging K, we can assume that representation o contributes to S(Up, O), in the
above sense, and therefore defines a homomorphism T (U, O) — O, and we write m for the kernel of the
composite homomorphism T(U;, O) — T(Uy, O) — O — k. The dual representation o also contributes to
S(Ug, O), and we write m¥ C T(Uy, Q) for the corresponding maximal ideal.

Proposition 4.1. Suppose that ¥ is an automorphic representation of G(Ap) which contributes to S(Uyr, O)p,.
Let 11 denote the stable base change of ¥ to GL,(Ag), a RACSD automorphic representation. Then II is
t-ordinary, and one of the following holds:
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1. For eachi=0,...,s, we have II,,, = Stm’Ewi H St&Ewi H Stl,Ewi'

2. There exists i € {0,...,s} such that r,(I)(ty,) has Jordan decomposition corresponding either to the
partition n = (n —2) + 1+ 1 or to the trivial partition n = n. Moreover, I is cuspidal.

Proof. Let us choose some i € {0,...,s} and now write w = w; to simplify notation. Then II,, is semi-
stable, just as in [CT15, Lemma 4.3]. [In fact, the proof of [CT15, Lemma 4.3] should be corrected as follows,
starting on line 9 of the proof (notations as in loc. cit.).

Now fix v = v;, w = w; for some i = 0,...,s. Since o9 = ®;_,00,,; is semi-stable, we can take for
J # i the function f,, = [B,,] (the characteristic function of B,,). Letting f, vary, we obtain an identity

ZC(O’)<tI‘ a, fv> = <tr77w x I, wa>a

o

with o running over the representations of G(F,), ¢(o) a positive integer (a multiplicity), and c(og) > 0.

The rest of the argument is correct. Note however that the trace (trm (g, (fe,)™°) should be a
twisted trace. We also point out that it should follow from Mok’s results, completed by Meeglin [Maeg07], that
semi-stable representations are always sent to semi-stable representations by base change.] Since it is in the
image of the stable base change map, there exists by [Mok15, Lemma 2.2.1] a partition n = ny +-- - +n,., the
even parts occurring twice (“parity condition”), and quadratic unramified characters 1, ..., ¢, : E)S — C*
such that IL, = St,, g, (¢¥1) B --- B St,, g, (¥r).

We have r,(II) 2 p; @ Py, by the Chebotarev density theorem. We consider the natural (closure)
ordering on conjugacy classes of nilpotent n x n matrices (see e.g. [Tay08, §2]). If a nilpotent N € M, (O)
specializes to N € M,,(k), we have

dimg ker(N7) < dimy, ker(ﬁj).

We can choose, after possibly enlarging K, a continuous homomorphism r : Gg — GL,(O), together with
an isomorphism r ®p Q, = r,(IT), such that the reduction » mod A is semi-simple. Let N = r(t,,) — 1. The
above inequality shows that (n1,...,n,.) > (m,3,1) in the partial ordering of partitions corresponding to
that of nilpotent conjugacy classes. We see that r < 3; the parity condition implies that r = 1 or r = 3. We
find that the possible partitions of length 3 are (m, 3,1), (m+1,2,1) and (m +2,1,1), the middle one being
impossible by the parity condition. We must show that in the case (m,3,1), the characters 11,1y and 3
are all trivial.

In this case, the natural map (ker N*) ®p k — ker(N® ®p k) is an isomorphism for each i > 0.
Let ¢, € Gg, denote a lift of Frobenius; then ¢, acts on ker N*. Comparing these eigenvalues for the
representations 7 and p; @ Dy, we see that we must have 1719 = 1719y = 1 %p3 = 1 mod A. Since these are
quadratic characters, they must in fact be trivial.

Finally, IT must be cuspidal in case 2 since p;, p, are absolutely irreducible. If IT was not cuspidal,
the associated semi-simple Galois representation r,(II) would be reducible with degrees (m,4) and this is
incompatible with the Jordan decomposition. O

4.2 Raising the level

We now come to the main theorem of this section.

Theorem 4.2. Suppose that | =5 or 1l = 7. Then there exists an automorphic representation ¥ of G(Ap)
falling into case 2 of Proposition 4.1.

The remainder of this section is devoted to the proof of this result. We assume from now on that
I =7, the case | = 5 being similar (and simpler, given what we have done so far). We also now assume, for
contradiction, the following:

(%) There does not exist an automorphic representation ¥ of G(Ap) falling into case 2 of Proposition 4.1.
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In this case, we can partition the representations ¥ contributing to the space S(Uy, O), into two types,
according to Theorem 3.8 and the discussion following it:

1. The base change II of ¥ is not cuspidal. In this case, there are exactly 4°*!/2 automorphic represen-
tations of G(Ar) with base change II, each appearing with multiplicity one.

2. The base change II of X is cuspidal. In this case, there are exactly 4°*! automorphic representations
of G(Ar) with base change II, each appearing with multiplicity one.

Choose for each i = 1,..., s an Iwahori-spherical element R; of the L-packet {X,,, Y., Z,,, Wy, } of represen-
tations of G(F,,) with base change St,, g, HSts g, BSti g, ,so that Hle €y, (Ri) = —1. Let M denote

the intersection, asi =1,..., s, of the R?”—isotypic parts of S(Uy, O)n. By Theorem 3.8 and Corollary 2.8,
M is non-zero and is a direct summand Hsy,, o-submodule of S(U1,0)m.
We define a perfect pairing (-, -) : S(Uy,O) x S(U1,O) — O by the formula

(f,9) = > f(@)g(z).

zEG(F)\G(AF)/Us

w; w w; )

Since the group U; is sufficiently small, the groups G(F) N gU1g~ ! (g € G(A%)), a priori finite, are trivial.
A calculation which is essentially the same as the one in [Tay89, p. 271] then shows that this pairing satisfies
the formula (af,g) = (f,(a)g) for all @ € Hy, o and f,g € S(U1,0), 5 : Hy, 0o — Hwx, o being the
canonical anti-involution.

vQ

Proposition 4.3. 1. The above pairing induces perfect pairings
(+)m : S(U1,0)m x S(U1, O)uv — O.

and
<'7 '>m : S(Ula k)m x S(Uy, k)mv — k.

2. The above pairing vanishes on restriction to the subspace S(Ug, k)m X S(Up, k)mv -

3. The above pairing induces a perfect pairing M x N — O. The induced perfect duality between M Q¢
k x N ®0 k vanishes on restriction to the subspace MY° @0 k x NV @0 k.

Proof. The proof is the same as that of [CT15, Proposition 4.5]. O
Lemma 4.4. With assumptions as above, there are isomorphisms of Hgy, c-modules:

Mo, C2(Xn) @ (Yor) & (Zoo®) 2N ®0, C,

where a >b=c¢ > 0.

Proof. Since the spaces M and A are dual, it is enough to prove the assertion for M. By Theorem 3.8, there
exist finite sets S°UP, 74 of automorphic representations II of GL,,(Ag), finite-dimensional and non-zero
C-vector spaces Vi for each IT € S°%P U §°"d and a decomposition of Hy,, c-modules:

B, B, B, B,
M@0, C=| P Vudc (Xoy® &Y, & Z0,°)| @ | @ Vi Oc Xy
[T Seusp I Send

Moreover, S is non-empty (apply Theorem 3.8 to our initial datum 7y B m,). It follows that we can take
a = rregense M Vi1 + 32 gena dim Vig, and b = ¢ = 3 gensp dim Vi1 O
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We recall that He, o has an abelian subalgebra O[A]. Let x : O[A] — O be the character giving

the action of O[A] on XU%;”O ®c,,-1 Q;, and let X : O[A] — k be its reduction modulo [. There is an induced
perfect duality M(X) x N (5X) — O, where we write, as in §2.3, (?)(X) for the localization at ker Y C O[A].

Let us write My C M and N7 C N for the 9B,,-fixed vectors inside the spaces M(X) and N (jX),
respectively. These are direct summands as O-modules, of rank equal to a + b, by Proposition 2.9. On the
other hand, Theorem 2.5 shows that X, has one exponent congruent mod ! to [2,1,0,—1], Y;, has three,
and Z,, none, since ¢ = —1 mod . Thus M(X) and N (yX) are of rank a + 3b.

Remark 4.5. The reader can check that this argument fails for [ > 7. In particular, the space Z,,(¥) is no
longer trivial.

Since the perfect duality between M(X) ®o k and N (jX) ®e k vanishes on restriction to the subspace
M ®0 k x N1 ®0 k, we must have 2(a +b) < a+ 3b, hence a < b. This contradicts the assertion of Lemma
4.4 that a > b. This contradiction implies that our assumption (%) above must be incorrect, and completes
the proof of Theorem 4.2.

5 Level-raising and Galois theory

In this section, which is essentially self-contained, we prove a level-raising result, using Galois-theoretic argu-
ments. The need for this result is explained at the beginning of §4. We start with a residual representation
D = p1 @ py which is a sum of two irreducible pieces, say of dimensions n1,ns. We accomplish level-raising
when there is an automorphic lift of p which locally has a Weil-Deligne representation (r, N) such that N
has a Jordan block of dimension strictly greater than sup(nq, ne). Any such lift is automatically irreducible.
This tension between lifts which are reducible and lifts which have prescribed ramification locally allows
us to exploit the geometric techniques developed in [Thol5] to pass to another automorphic lift which has
regular nilpotent ramification locally at the given place.

In this way we prove Theorem 5.1. In order to streamline its later application, we then state and
prove Theorem 5.7, which essentially combines Theorem 5.1 with the main result of [Thol5]. This result will
then be applied, together with the work done in §4, to deduce the automorphy of symmetric power Galois
representations in §6.

5.1 A level-raising theorem

Let E be an imaginary CM field with maximal totally real subfield /. Fix a prime [ and an isomorphism
t:@Q; 2 C. Fix an integer n > 2 and a RACSDC automorphic representation I of GL, (Ag) satisfying the
following hypotheses:

1. r,(II) = p; ® Py, where dim p; = n; and the p,; are pairwise non-isomorphic, absolutely irreducible, and

each satisfy p¢ = pYe! =™, We assume that n; > ny and that r,(II) is primitive, i.e. not induced from
a proper extension of F.

2. There exists a place wy of E such that II,,, has an Iwahori-fixed vector and, writing recgwo (ILy,) =

(r,N), N has a Jordan block of length strictly greater than n;. We write vy for the place of F' below
wo.

The purpose of this section is to prove the following theorem.

Theorem 5.1. With notation as above, suppose that the following further hypotheses are in effect:
1. 1II is t-ordinary.
2. 1> 3 andl is coprime to each of ni, ny and n. The product nins is even.

3. Each p; is adequate, and E((;) is not contained in the fized field of adr,(II).

|GE(<Z>
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4. There exists a CM extension Eo/E linearly disjoint from the extension of E((;) cut out by p, and
RAECSDC automorphic representations (71, x1) and (w2, x2) of GL,, (Ag,) and GL,,(Ag,), respec-
tively, such that w1, T2 are t-ordinary, and r,(m;) = p;lGp, fori=1,2.

Then there exists a soluble CM extension FEy of E, linearly disjoint from the extension of E((;) cut out by
r,(I), and a RACSDC automorphic representation Iy of GL,,(Ag,) satisfying the following conditions:

1. I1 is t-ordinary.

2. (L) = r(I]eg, -

3. There exists a place wy of Ey dividing wo such that Il , is an unramified twist of the Steinberg
representation.

The proof will make heavy use of the techniques of the paper [Thol5], to which we make frequent
references. After making a preliminary soluble base change, we can assume that the following further
hypotheses hold:

1. There exists a regular algebraic, conjugate self-dual and (-ordinary automorphic representation IT’ of

GL,,(Ag) which is everywhere unramified, and satisfies r,(II") = r,(II). (II' can be constructed using
an easy generalization of [CHT08, Lemma 4.4.1].)

2. Every place of F dividing ! or above which II is ramified splits in E. For each place v|l of F, the local
degree [F, : Q] is even.

3. The extension E/F is everywhere unramified, and II is everywhere unipotently ramified.
4. If w is a place of F dividing [ or at which II is ramified, then n( NG, is trivial.

5. For each place w|l of E, we have [E,, : Q;] > n(n + 1)/2 + 1. For each place w {1 of E at which II is
ramified, the highest power of [ dividing ¢, — 1 is strictly greater than n.

In this case [F' : Q] is even and there exists a unitary group G in n variables over F' satisfying the following
properties:

1. G is split by E, and is quasi-split at every finite place.
2. G(Fw) is compact.
Choose a finite set Vj of finite places of E with the following properties:

1. If M/FE is a Galois extension of E contained in the extension of E(¢;) cut out by r,(II) and Gal(M/E)
is simple, then there exists a place of Vj which does not split in M.

2. Vg contains no place of ¥ which divides [ or above which II is ramified.

We write .S; for the set of places of F' above [. Let S, denote a finite, non-empty set of places of F, split
in F and coprime to Vj, such that if w is a place of E above an element of S,, then II, is unramified,
ad r,(IT)(Frob,,) is trivial and ¢, # 1 mod [. (Such places exist because of the assumption on adr,(II).)
Let T denote the set of places of F' below a place at which II is ramified, together with S; U S,. Thus by
definition, T" is coprime to Vj and every place of T' splits in E. We choose for each place v € T a place v of
E dividing it, and write T for the set of these places. We define S; = {0 | v € Si} and Sq = {v | v € Sa}.
We say that a soluble CM extension L/FE is good if every place of VU S, is split in L. Given such
an extension, we write L™ for the maximal totally real subfield of L and Si., Sa,r and Ty, for the sets of
places of LT dividing 5, S, and T, respectively. If v € T7, then there is a unique place v of L dividing v

and extending v|p. If S C T}, is any set of places then we define S = {7 | v € S}, as above.

We fix an integral model of the group G over OF exactly as in [CT15, §3.3], as well as identifications
15+ G(F,) & GL,(E3) for each v € T. After base extension to O, L a good extension, we also obtain
identifications 7 : G(L}) = GL,, (L) for any v € T7.
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We fix a finite extension K C Q; of Q;. We write O C K for the ring of integers, A\ C O for the
maximal ideal, and k = O/ for the residue field. If v € T}, we will consider the following local deformation
problems, in the sense of [Thol5, Definition 3.6]:

1. If v € S; 1, then there is the ordinary lifting ring R2 defined in [Thol5, §3.3.2], following Geraghty
[Ger].

2. If v € S, then we consider the unrestricted local deformation problem, represented by the ring RE.
With assumptions as above, RE is formally smooth over O, the universal lifting being unramified.

3. Ifvtl, ¢ =1modl, and xu = (Xv.1,---5Xo,n) I8 & choice of n-tuple of characters x,,; : OZ@ — O*
which are trivial after reduction modulo A, then there is the ring RXv which classifies liftings of
1"L(H)|GL5 whose restriction to inertia has characteristic polynomial []}" (X — x,,), as defined in

[Thol5, §3.3.3]. In the special case that the characters x,; are all trivial, we write RYX* = R..

4. Ifv{l, and ¢, = 1 mod [, then there is the ring R>' classifying unipotently ramified lifts for which a
Frobenius lift has eigenvalues a, q,q, . .., ¢" la for some «, as defined in [Thol5, §3.3.4].

5. If v{l and ¢, = 1 mod [, then we define a new local deformation problem as follows. Let us write m
for a choice of partition n = my + --- + my, m1 > ma--- > my. The local deformation ring R)* is
the maximal O-flat reduced quotient of R} classifying lifts for which a lift of Frob; ! has characteristic
polynomial in the scheme Pol, (m,q,) of [Tay08, §2]. Note that if m is the partition n = n, then
R™ = RS! by definition. (We can specify a local deformation problem by specifying a local deformation
ring, thanks to [BLGHT11, Lemma 3.2].)

Lemma 5.2. Let x € Spec R*[1/1] be a closed point induced by a homomorphism p : G, — GL,(O) such
that p ®o Q; is pure, in the sense of [TY07, Lemma 1.4]. Then Spec RL[1/1] is formally smooth over K
at x, and there is a unique minimal prime Q, of RL in the kernel of the induced homomorphism R. — O.
Moreover, Q, contains the kernel of the homomorphism R. — R™.

Proof. We first note that the underlying reduced ring of R} is O-flat and equidimensional of dimension 1+n?,
cf. [Tay08, Proposition 3.1] and [Thol2, Lemma 3.15]. On the other hand, writing R} for the unrestricted
lifting ring of which R} is a quotient, one knows (cf. [BLGGT14, Lemma 1.3.2]) that Spec RS'[1/]] is
equidimensional of dimension n?, and formally smooth over K at those closed points corresponding to pure
representations. It follows that there is a unique irreducible component of Spec R?[1/l] passing through each
closed point x as in the statement of the lemma, which is formally smooth over K at x.

Let us write Q, C R. for the corresponding minimal prime; it remains to show that @, contains
the kernel of the homomorphism R! — R™. This follows from the proof of [Thol2, Lemma 3.15]. Indeed,
in the notation at the bottom of [Thol2, p. 865], x defines a K-point of M(m) (in fact, of M(m)?) which
is contained in no other irreducible component of M. The inclusion M(m) C M(m) now implies the
result. O

Recall the disconnected group G, over Z classifying representations of unitary type considered in [CHTOS,
§2.1], [Tholb, §3.1]. There exists an extension of r,(II) to a homomorphism 7 : Gp — G,(k), which is
necessarily Schur in the sense of [Thol5, Definition 3.2] and satisfies v o7(c) = —1. After possibly enlarging
K, we can also choose a lift of 7 to a homomorphism 7 : Gr — G,,(O) such that |, ®0Q; = r,(II). Suppose
given a good extension L/F, a finite set R of places of Lt dividing 7'\ (S; U S,,), and for each v € R a local
lifting ring R, of one of the types 3-5 defined above. In terms of the pair D = (L, {R, },cr) we define:

1. The Iwasawa algebra Aj, = @vesuAv, where A, = O[(I1,(1))?*)"].
2. A global deformation problem in the sense of [Thol5, §3.2], S{ Ry }ver) =

(/2% RUSLLU S0, RUSLL U S0, Aps T ™07 1o, IR hues, UL hoes, U TR boen)
3. An open compact subgroup U =[], U, C G(AIL?:’) defined as follows:
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a) For v inert in L, U, C G(L;") is a hyperspecial maximal compact subgroup.

(a)
(b) For v & RUS; 1 US, split in L, Uy = G(Op+).
)
)

(c) For v € Sa.1, Uy = ¢5 " ker(GL,(Or,) — GL,(k(D))).
(d) Forve R, U, = LEIIW(“).

Then for any open compact subgroup U; C G(L; ), U-Uy, is sufficiently small, as the set S, is non-empty.

4. A space of modular forms Sp, which is the space denoted S, (U(I>°), K/O)" in [Thol5, Definition 4.2].
The datum x = {Xu}ver here is taken to consist of the corresponding character x, for those local
deformation problems R, such that R, = RXv, and to be the trivial character otherwise. This is a

finite free Ar-module (as the level is sufficiently small, c¢f. [Thol5, Proposition 4.3]).

5. A Hecke algebra Tp, which is the localization of the algebra denoted TF* (U(1°°), ©) in [Thol5, Defini-
tion 4.2] (with the same choice of x as in the previous point) at the maximal ideal corresponding to a
descent of the representation I’ to G' with non-zero U'-fixed vectors. (This descent exists, by [CT14,
Proposition 2.9], and the maximal ideal is independent of this choice.)

We refer to a pair (L,{R,}ver) satisfying the above conditions as a deformation datum. Associated to
a choice of deformation datum is the global deformation ring Rp = Rg‘(‘ﬂi‘kv}vem (notation as in [Tholb,
Proposition 3.8]) and its subring the universal pseudodeformation ring Pp = Ps({gr,},.) (notation as in
[Thol5, Definition 3.27]). The inclusion Pp C Rp is a finite homomorphism of Noetherian Ap-algebras
([Thol5, Proposition 3.29]). If for each v € R\ (S, U Sa,1), Ry = RX* for some choice of x,, then there
is a surjective homomorphism Pp — Tp of Ap-algebras. (The proof of this assertion follows similar lines to
that of [Thol5, Proposition 4.12].) In this case we write Ip for the kernel of this algebra homomorphism,
and Jp = IpRp. If D is any deformation datum, then we write Rrﬁd for the quotient of Rp which classifies
reducible deformations ([Thol5, Definition 3.31]). Whenever it is defined, Tp is a finite torsion-free Ap-
algebra ([Thol5, Proposition 4.3]). Whenever R, = RX> or RS for each v € R, every minimal prime of Rp
has dimension at least dim A, = 1 + n[L™ : Q] ([Thol5, Proposition 3.9]).

Lemma 5.3. Fiz a partition m with my > ny = dimpy. Let D = (L,{Ry}ver, U {R }ver,) be a defor-
mation datum. Let A denote the Galois group of the mazimal abelian l-extension of L unramified outside
l, and let Ao denote the Galois group of the mazimal abelian l-extension of L unramified outside I in which
every prime of Ry U RC splits completely. Let

d= dile ker(A ®z, Q — Ay Rz, Ql)c:_l.
Then dim RTDEd <1+4n[LT:Q]—d, and R’”Ded is a finite Ap-algebra.

Proof. Tt suffices to show that for each minimal prime @ C Ri$¢, we have dim Ri5%/Q < 1+ n[LT : Q] —
and R”gd /@ is a finite Ap-algebra. Let us now fix such a prime and write C = R”gd /Q. We may write T as
a sum of homomorphisms 7; : Gr — Gy, (k), as in [Thol5, §3.5]. For i = 1,2, we define A; 1, = ®yes, , Aiw
and A;, = O[Ir,(1)™]. We introduce the auxiliary deformation problems

S, = (L/Ltsu USar URyURy, S, US,URyURy,

Al,L7717 El_néZ/L+7 {R’UA}’UESI,L U {RE}UESQ U {qu;}UEROUR1> )

Sy = (L/L+,SZ7L U Sa,L URyU R17§Z,L U ga,L @] EO U El,
Aor,T2, €' 787 o, (R Yoes, U {Ry}ves, U {Ril;}veRouRl) :
(We have abused notation slightly here by writing R%", RD R} also for the local lifting rings corresponding

to the local representations 71|g ., and Tal|a L, of dlmenslonb ny and no, respectively.) Arguing as in the
proof of [Thol5, Theorem 7.1], one can show the following:
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1. Let T%Sd mod Q =1 D re: Gp+ — G, (C) denote the reduction mod @ of the universal deformation.
Then for each v € 5,1 there exists an isomorphism Ay ®oA2 1 = Ap such that, with the induced
structures on C of A r- and Ag r-algebra, r; is a deformation of type S; and ry is a deformation of
type Ss.

2. For each i = 1,2, the universal deformation ring Rg?i" is finite over A; j, of dimension 1+ n;[LT : Q).
3. The induced map RgﬁliV@oR‘gj" — C' is surjective.

(This is where we use the assumption in Theorem 5.1 that each of py, py are potentially ordinarily au-
tomorphic.) It follows that C is a finite Ap-algebra. We now bound the dimension of C. For each
1= 1,2, let ¥; : G, — O be the Teichmiiller lift of det7;|g,. Write Rgnll\lll for the quotient of Rg‘;i"
classifying deformations with determinant v¢;. According to [Thol5, Lemma 3.36], there are isomorphisms

RV = R 00[A/(c+ 1)], and hence
REVRoREY /N 2 REY AL REY, /ASk[A/(c + 1)]@xk[A/(c+ 1)].

Let
Uy, Wy Af(c+ 1) = (K[A/(c+ 1D)]@k[A/(c + 1])

denote the universal characters valued in this ring. With the above identification, the universal deformation
has the form (r}é’;‘%l ®\I/1)@(7’§2%2 ®%Ps). (Recall that ny and ng are coprime to l.) Let A = Rg?in;l@ORggmzv
with maximal ideal m4. We have (by [Mat89, Theorem 15.1]) dim C' < dim A +dim C/m4C, and C/m4C is
a quotient of B = k[A/(c+ 1)]@rk[A/(c+ 1)]. In fact, we have dim C/maC < dim B/.J, where B/.J is the
quotient of B classifying pairs ¥y, Uy such that [(F1 ® 1) ® (F2 ® Us)]|g, is of type R for each v € R;.
We now show that dim B/.J < dim B — d, which will complete the proof. :

Let P C B be a prime such that [(T1@U1)®(F2®¥2)]|¢,. mod P is of type R}*, for each v € R;. Let
¢, be a Frobenius lift at ¥. Then [(T1 ® U1) ® (T2 @ ¥2)]|(¢,) has ‘an eigenvalue of multiplicity m; > ni > no;
since its eigenvalues are visibly either distinct of multiplicities n; + ny = n or equal, we must be in the
latter case, and so ¥y(¢,) = Ua(¢p,). Since P was arbitrary, we see that ¥;(Froby) = ¥s(Froby) modulo
the nilradical of J, for each v € R;. The result now follows from the definition of d. O

Lemma 5.4. Let D = (L,{RX"}ycr, U{RP}ver,) be a deformation datum, where m is the partition of
n corresponding to the Jordan decomposition of N, rec%wo (Ily,) = (r,N), and Ry consists of places of L™
dividing vo. Let Dy = (L, {RX"}yer, U{RL}ver,). (Thus there is a surjection Rp, — Rp of Noetherian
Ap-algebras.) Then dim Rp/Jp,Rp = dim Aj,.

Proof. We use the properties of the Hecke algebra described in the paragraph preceding Lemma 5.3. The ring
Rp,/Jp,Rp, is a finite Tp,-algebra, hence a finite Ap-algebra. It follows that dim Rp/Jp,Rp < dim Ap.
To prove the lemma, we must therefore show that dim Rp/Jp,Rp > dim Ay. The existence of the base
change Iy, implies the existence of a homomorphism (after possibly enlarging K) Rp — O whose kernel
contains Jp,Rp. Let r : G+ — G,(O) denote a representative of the corresponding deformation. (Thus we
have r|g, ®0 Q; = r,(I11).)

For each v € Ry, let J, = ker(R) — R™), and let @, denote the unique minimal prime in the kernel
of the homomorphism R! — O induced by T|GL5’ cf. Lemma 5.2. Thus J, C Q,. Let Qo C Tp, denote
a minimal prime in the kernel of the map Tp, — O induced by ¢'II5°, and let Q C Rp, be a prime of
dimension dim Ay, = dim Tp,/Qo, minimal over Qo Rp,, and contained in the kernel of the map Rp, — O.

We show that () contains the kernel of the surjective homomorphism Rp, — Rp. Since this kernel
is generated by the ideals J,,v € Ry, it suffices to show that for each v € R;, we have J, C @ or even
Qv C Q. However, if Q) C R} is a minimal prime in the kernel of the homomorphism R} — Rp,/Q then it
is contained in the kernel of the homomorphism R} — Rp, — O, hence equal to Q,. The result follows. [

Lemma 5.5. Let DY = (Lo, { RX* },er) be a deformation datum. Suppose that for each v € R, the characters
Xv,15- -5 Xv,n Gre patrwise distinct. Let L be a good extension containing Lo and such that for each place
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w of L dividing a place v of Ly, v € R, the restriction Xy |1, s trivial. Let D = (L,0). Then there is a
commutative diagram

RD P, D TD
nil nil
Ryt Pp Tpy.

(Here we write A" for the quotient of A by its nilradical, the superscript A™® already being reserved for
reducible deformations.)

Proof. 1t is easy to see that the morphism Rp — R%ﬂx exists provided that for each v € R and each place
0

w of L dividing v, the universal lifting p : Gr,, — GL,,(RX>"!) becomes unramified on restriction to
Gr,. Since RX*"lis a domain ([Thol2, Proposition 3.16]), this can be checked after extending scalars to
K = Frac(RX»"!), a field of characteristic zero. Let o € Gr,, denote a generator of tame inertia. The
element p(c) € GL,(K) is regular semi-simple, because its characteristic polynomial []}"_; (X — x,(c)) has
distinct roots, by hypothesis. If N > 1 is an integer such that p(c?) is unipotent, it must therefore be
trivial. The existence of the left hand commutative square above is now immediate.

For the right hand square, we must construct the arrow Tp — Topy. (We remark that these Hecke
algebras are reduced.) As in the proof of [Thol5, Proposition 4.18], this can be reduced to the existence of
soluble base change and descent for the unitary group G, in the guise of [CT14, Proposition 2.9]. Our appeal
to loc. cit. is the reason for our assumption at the beginning of this section that n; and ny are distinct, and
that nins is even. O

Lemma 5.6. Suppose there exists a deformation datum D = (L,0) and a prime p C Rp of dimension 1 and
characteristic | satisfying the following conditions:

1. Let A denote the normalization of the quotient ring Rp/p. Then the induced representation ry, : G —
GL,, (Frac A) is absolutely irreducible.

2. For each v € Sy 1, the characters ¥7,... 02 : I, — A* induced by the homomorphism Ap, — A are
pairwise distinct.

3. There ezists a place v € S, and an element o € Ir_ such that the eigenvalues of ry(c) satisfy no
non-trivial Z-linear relation.

4. The prime p contains Jp.
5. There exists a place u € T, \ (Si,0 U Sa,1.) such that ry|q,  is trivial.
Then there exists a RACSDC automorphic representation I1; of GL,,(AL) satisfying the following conditions:

1. Iy is t-ordinary.

2. r,(I) 2 r,(ID)|g, -
3. 111 3 is an unramified twist of the Steinberg representation.

Proof. We can assume that if ¢ = Pp Np, then Frac(Rp/p) = Frac(Pp/q); otherwise, replace p by a suitable
twist as in [Thol5, Corollary 4.14].

We introduce the auxiliary deformation data D' = (L, {RL}) and DS* = (L, {R5'}). Thus Rps: is
naturally a quotient of Rpi. To prove the lemma, it suffices to show that there is a minimal prime ) C Rpst
such that Rps:/Q is a finite Ap-algebra, and Jpi Rpst C Q. Indeed, we also have dim Rps:/Q > dim A,
(see the paragraph before Lemma 5.3), so @ lies above a minimal prime of Az, and then a classicality result
in Hida theory (e.g. [Ger, Lemma 2.6.4]) implies the existence of a characteristic zero point of Rps: which
arises from an automorphic representation with the desired properties.
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To show the existence of such a minimal prime, we appeal to an R = T theorem proved in [Thol5].
Let Q C Rps: be a minimal prime inside p, and let Q' C Rp: be minimal inside Q. Then [Tho15, Corollary
4.20] implies that Jp1 C Q' and Rp1/Q! is a finite Az-algebra of dimension dim Ay. It follows that the
natural map Rp1/Q' — Rps:/Q is an isomorphism.

To complete the proof it remains to justify the application of [Thol5, Corollary 4.20], or in other
words to check that the hypotheses (1)—(5) of [Thol5, Theorem 4.19] hold. In the notation there, we take
R = {u} and S(B) = 0. By [Thol5, Corollary 5.7], hypothesis (1) of [Thol5, Theorem 4.19] is satisfied
when the conditions enumerated at the beginning of [Thol5, §5.2] are satisfied. It is easy to see that these
conditions hold in the case considered here. Hypothesis (2) of [Thol5, Theorem 4.19] is satisfied here by
assumption. Hypotheses (3) and (4) are satisfied because of the preliminary reductions immediately after
the statement of Theorem 5.1. Hypothesis (5) is satisfied by the first paragraph of the current proof. We
note that it is assumed in the proof of [Thol5, Theorem 4.19] that the set S(B) is non-empty; however, this
assumption plays no role in the proof. O

We can now complete the proof of Theorem 5.1. By Lemma 5.6, it suffices to find a deformation
datum D = (L,0) and a prime p C Rp satisfying the hypotheses of Lemma 5.6. Arguing as in the proof
of [Tholb, Theorem 7.1], we can find a deformation datum Dy = (Lo, { R }ver) satisfying the following
conditions:

e R consists of the set of places of L(T dividing vy and m is the partition of n corresponding to the Jordan

decomposition of N, where recrjgﬂ0 (Ilg,) = (r, N).

e For cach place v|l of L, [L{, : Q] > n?.

e The integer d = dp, of Lemma 5.3 satisfies d > n? + 1.

We introduce also the deformation datum DF = (Lo, { RX" },er). Lemma 5.3 then implies that dim R%’g/)\ <
n[L : Q] — n2.

Let u be a place of Ly above vg. By Lemma 5.4, RDO/JD}) Rp, is a finite Ay -algebra of dimension
dimAz, = 1+ n[L{ : Q], hence dim Rp, /(Jp1,A) = n[L¢ : Q], hence dim Rp, /(Jp1, A, mp1) > n[L§ :
Q] —n? > dim Ri5?/A. We can therefore choose a dimension 1 prime pg C Rp, / (Jp1, A, mpy ) which does not
come from Rwd /A, and this prime will satisfy conditions 1, 4, and 5 of Lemma 5.6. Conditions 2 and 3 can be
ensured by choosing po also to avoid countably many quotients of Rp,/ (JD%) s A, MpL ) which have dimension
bounded above by Supv”(n[Lar : Q] — [L{, : Q) < n[Lg : Q] — n?. The possibility of finding a dimension
1 prime missing these countably many quotients is guaranteed by [Thol5, Lemma 1.9]. These quotients are
described explicitly in [Thol5, p. 861, Proof of Theorem 6.1], where [Thol5, Lemma 1.9] is employed for
the same purpose. Having chosen a prime pg satisfying conditions 1-5 of the lemma, we identify it with its
pullback to a prime of RD1

The rings RDx /A are canonically identified as y varies. Similarly, the modules SDx /A are canonically
identified as x varies; of. [Ger, Lemma 2.2.6]. It follows that a prime pX C Rpx /A contains Jpx if and only if
the corresponding prime p! C Rp1 /) contains Jpy- Fixa choice of x such that for each v € R, the characters
Xuv,1,- -+ Xo,n are pairwise distinct, and let pX C RDac/)\ be the prime corresponding in this way to po.

By Lemma 5.5, we can find a good extension L and a deformation datum D = (L, () such that L
contains Ly, the places in gl, 1 all split in Ly, and there exists a commutative diagram

RD P, D TD
Ry PRy Tpy-

We let p = ker(Rp — RDg /pX) C Rp. The existence of the above diagram implies that Jp C p, so that
hypothesis 4 of Lemma 5.6 holds. The representation r, = rp,|¢, is irreducible because 7y, is primitive and
ryp is multiplicity-free (because of the existence of o), so hypothesis 1 holds. The other hypotheses hold by
construction. This completes the proof.
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5.2 An automorphy lifting theorem

We now use Theorem 5.1 to improve the main theorem of [Thol5]. Let E be an imaginary CM field with
maximal totally real subfield F'. Fix a prime [ and an isomorphism ¢ : Q; = C.

Theorem 5.7. Let p: Gg — GL,(Q,) be a continuous representation satisfying the following hypotheses.

cr~ V 1—n

1. p°=pYe

2. p is ramified at only finitely many places.

3. p is ordinary of weight X\, for some \ € (Zi)Hom(E’@l), in the sense of [Thol5, Definition 2.5].
4. 1> 3 and E(() is not contained in the extension of E cut out by ad p.

5. P = Py © Py, where the PG, are adequate, in the sense of [Thol2, §2]. Writing n; = dimp;, we
have ny # ng, ning is even, and l does not divide nina(ny + na). The representation p is primitive.

6. There exists a place wy of E, prime to l, such that p|Z§E > @l et for some unramified character
wo
—X
w . GEwO — Ql .
7. There exists a RACSDC automorphic representation I of GL,,(Ag) such that:

(a) I is t-ordinary.

(b) r.(I) = p.

(c) Let recgw(J (Ily,) = (r,N). Then N has a Jordan block of length strictly greater than max(ni,ns).

8. There exists a CM extension Eo/E linearly disjoint from the extension of E((;) cut out by p, and
RAECSDC automorphic representations (m1,x1) and (w2, x2) of GLy, (Ag,) and GL,,(Ag,), respec-

tively, such that w1, mo are t-ordinary, and r,(m;) = p;|Gy, fori=1,2.
Then p is automorphic: there exists a RACSDC automorphic representation m of GL,,(Ag) such that p =
r,(m).

Proof. There exists a soluble extension L/E such that the hypotheses of Theorem 5.1 apply to ITy; thus we
can find a further soluble extension E;/F, disjoint from the extension of E((;) cut out by p, and a RACSDC
automorphic representation IT; of GL, (Ag,) satisfying the hypotheses of [Thol5, Theorem 7.1] with respect
to p|g,. This implies that p|g, is automorphic, and irreducible by property (3) in Theorem 5.1. It follows
by soluble descent that p is itself automorphic. O

6 Symmetric power functoriality

In this section we use what we have done so far to draw consequences for the existence of symmetric power
functoriality for GLy(Ap).

Theorem 6.1. Let F' be a totally real field, and let (m,x) be a RAESDC automorphic representation of
GL2(AF) which is not automorphically induced from a quadratic CM extension. Then:

1. Suppose that FNQ((s) = Q. Then the 6™ symmetric power lifting of & exists, as a cuspidal automorphic
representation of GL7(Afp).

2. Suppose that FNQ(¢7) = Q. Then the 8" symmetric power lifting of m exists, as a cuspidal automorphic
representation of GLg(Af).

By a series of reductions which are essentially the same as those of [CT15, §6], it is enough to prove
the following result.
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Theorem 6.2. Let | € {5,7}, and let F be a totally real number field. Fiz an isomorphism ¢ : Q, = C.
Let (m, x) be a RAESDC automorphic representation of GL2(AF), and suppose that the following hypotheses
hold:

1. 7w is t-ordinary of weight zero, i.e. at every infinite place 7 : F — R, the infinity type of 7 is a, =

(1/2,-1/2).

2. Let p=r,(7). Then the residual representation p : Gr — GLo(IF;) is irreducible, and its image contains
a conjugate of SLa(Fia) for some a > 1. Moreover, writing p € Gal(Q,;/Q;) for a lift of the arithmetic

Frobenius, the representations (¥p @ p)|cy,) and (Sym'™® PlGe, are adequate.

3. There exists a place ug of F, coprime to 2, such that m,, is an unramified twist of the Steinberg
representation and q,, s a primitive root mod l. Moreover, p is ramified at ug.

Then SymH'1 p s automorphic.

Proof. Let L/F be the extension of F((;) cut out by p, and let S be a finite set of finite places of F' with
the property that for any intermediate extension L/Lg/F which is Galois over F' with simple Galois group,
there exists a place of S which is not split in Ly. We assume moreover that S is disjoint from the set of
places of F' which divide [ or at which p is ramified.

Let Fy/F be an S-split totally real quadratic extension in which ug is inert, and let wg, /p : Gp — @lx
denote the corresponding quadratic character. Let E/F be a CM imaginary quadratic extension which is
S-split, ramified at ug, and in which every place of F dividing [ splits. By [CHT08, Lemma 4.1.4], we can
find a finite order character ¢ : Gg — @lx, unramified above ug, such that ¥1°¢ = r,(x)|c-

Let F1/F be a soluble totally real extension satisfying the following conditions:

1. F1 is Su {uo}—split.
2. For each place v|l of F, the local degree [Fy , : Q] is even.
3. The extension Fj - Fy/Fy is everywhere unramified.

4. Let E; = E- Fy. Then if w t ug is a place of E; at which g, or 1/)|GE1 is ramified, then w is split over
Fy. The extension F;/F) is unramified away from the places dividing ug.

Let m = 7, ® b~ g,, a RACSDC automorphic representation of GLy(Ag, ) which is t-ordinary of weight
zero. (It is cuspidal because of the assumption that 7, is an unramified twist of the Steinberg representation;
this property is preserved under base change.) After possibly replacing 71 by ™1 ® wr, /rlc 5, » We can assume
that 7y, = Stg g, , for each place w|ug of Ej.

Let yo, . . .,7 ys denote the places of F; dividing ug, and let zg, ..., z; denote the places of F; dividing
Yo, - - - » Ys, respectively. We observe that, by construction, g,, is a primitive root modulo [/ for each ¢ = 0, ..., s.
Let b denote the least integer such that qzo = —1 mod I, and choose a cyclic totally real extension Fy/F; of
degree b which is S-split and in which yg is inert and each place y1, ..., ys splits. Let Fs = F5 - Fp, and let
T = T1,E,-

Let po = r,(m2), and let xo = det pa. We have an isomorphism of residual representations

(Sym'™'7) = (95, @ 7y) © X3 Sym' .

By [CT15, Proposition 3.10] and base change for U,, we can find a RACSDC automorphic representation 7
of GLa(Ag,) with the following properties:

1. 7} is t-ordinary and for every embedding 7 : Ey < Q;, we have HT, (r,(75)) = {(1 —1)/2, (1 +1)/2}.

2. Foreachi=0,...,s, m , =Sty p, . @w, where w denotes the Teichmiiller lift of =172,

3. r(mh) =2 el=V/2 @ 5,.
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4. If 7}, is ramified at a place w t ug of Fa, then w is split over Fb.

By [Ram00, Theorem M], there exists a RAECSDC automorphic representation (I}, ]| -|?>7!) of GL4(Ag,)
such that 7, (IT}) = ¢r,(75) ® €1=D/2 @ r,(75). There also exists a RACSDC automorphic representation I
of GL;_5(Ap,) such that r,(IT}) = Sym'™ p,, by [GJ78] (if I = 5) and by [Kim03] (if [ = 7).
We define I} = IT} @ |-|=2)/2 and T = I, @ t(ex2)?. Then IT; BII, is a conjugate self-dual, regular

algebraic automorphic representation of GL;12(Ag,) of weight A = 0, and satisfies the following conditions:

L r,(IL BI,) 2 (p, ® py) © X3 Sym'™ > py.

2. II; B1I; is t-ordinary (by [CT14, Lemma 2.6]).

3. Foreach i =0,...,s, 1w, = St3 B, ,,, (w) H St1,Es ., (w).

4. Foreach i =0,...,s, I3, = Sti—2.p, . -

In particular, the hypotheses of §4 apply to (Il ® wr, /|Gy, )B1la. Let IT denote the RACSDC automorphic
representation of GL;2(Ag,) whose existence is asserted by Theorem 4.2. Let Ey = Es - Fy, and let IIp =
g,. We have r,(IIy) = (Sym'*t! 5,)®, and Theorem 5.7 now implies that Sym'™! p2lGr, is automorphic.

The desired result now follows by soluble descent, which applies since the representation SymH‘1 pg\GEO is
irreducible. 0

7 Complements: the mixed-parity case

In this section, we show how to extend our results to those cuspidal automorphic representations associated
to Hilbert modular forms whose weights are not of constant parity. Recall that if F' is a totally real field
and 7 is a cuspidal automorphic representation of GLy(Afr) such that 7, is essentially square-integrable,
then 7 is associated to Hilbert modular forms of weights k, > 2 at every place v|oo of F. Conversely, every
such 7 arises in this fashion. The representation 7 is algebraic (up to twist) if and only if it is associated to
a Hilbert modular form of weights k, of parity independent of v|co. This condition is vacuous if F' = Q, but
non-trivial over every other totally real field F', as follows from well-known density results (see for example
[Clo&6]).

Our proofs in this section rely on the observation (which goes back at least to the work of Blasius—
Rogawski [BR93]) that a representation 7 which does not satisfy this parity condition does in fact become
algebraic up to twist after base change to an imaginary CM extension.

Theorem 7.1. Let F be a totally real field, and let r > 1 be an integer. Suppose that for every RAESDC
automorphic representation (m,x) of GLa(Ar) which is not automorphically induced from a quadratic CM
extension, there exists a RAESDC automorphic representation (II,E) of GL,1(Ar) such that

Sym" recp, m, & recp, I,

for all places v { co of F. (Equivalently, for all primes | and for all isomorphisms v : Q, = C, we have
Sym" 7, () 2 r, (I1).)

Then for every cuspidal automorphic representation m of GLa(Ap) such that mo is essentially square
integrable and w is not automorphically induced from a quadratic CM extension, there exists a cuspidal
automorphic representation IT of GL,1(AF) such that

Sym" recp, m, = recp, I1,

for all places vt oo of F. In particular, L(Sym" m,s) = L(II, s) has an analytic continuation to the entire
complex plane, and satisfies the expected functional equation.

Corollary 7.2. Let F be a totally real field, and let v > 1 be an integer. Let m be a cuspidal automorphic
representation of GLa(Ap) such that o is essentially square-integrable. Suppose furthermore that 7 is
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not automorphically induced from a quadratic CM extension. Then there exists a cuspidal automorphic
representation 11 of GL,11(AF) satisfying

Sym" recp, m, = recp, I,
for all places v 1 oo in each of the following cases:
1. F arbitrary and 1 < r < 4.
2. FNQ(¢) =Q and r € {5,6}.
3. FNQ(¢s5)=Q andr=7.

4. FNQ(¢r) =Q and r = 8.

Proof. The first point is implied by known cases of symmetric power functoriality [GJ78], [KS02], [Kim03].
The remaining points follow on combining Theorem 7.1 with Theorem 6.1 (case r = 6,8) and [CT15, Theorem
1.2] (case r = 5,7). O

The remainder of this section is devoted to the proof of Theorem 7.1. We begin with some preliminary
results.

Theorem 7.3. 1. Let F be a number field, and 7 a cuspidal automorphic representation of GLo(AFp).
Then Sym? ©r exists, and the following are equivalent:

(a) Sym? 7 is cuspidal.
(b) m is not automorphically induced from a quadratic extension of F.

(¢) For all non-trivial Hecke characters n: F*\A; — C*, we have 7 2% m ®1).

2. Let F be a number field, and m a cuspidal automorphic representation of GLa(Ap). Let E/F be a
quadratic extension. Suppose that Sym?> 7 is cuspidal. Then the representations T and Sym® ng are
also cuspidal.

Proof. 1. Immediate from [GJ78].

2. Immediate from [AC89, Theorem 3.4.2]. (Note that as Sym? 7 is a cuspidal automorphic representation
of GL3(AF), it cannot be automorphically induced from a quadratic extension.)
O

Lemma 7.4. Let F be a totally real field, and let m be a cuspidal automorphic representation of GLa(Afp)
such that mo 1is essentially square-integrable. Let E/F be an imaginary CM extension such that wg is
cuspidal. (Such a field always exists; for example, one can choose E to be ramified at a place where 7 is
unramified.) Then there exists a continuous character x : EX\A} — C* such that 7p ® x is RACSDC.

Proof. Let ¢ : F*\A} — C* denote the central character of . Using the fact, due to Chevalley, that the
arithmetic subgroups of the unit group of F are congruence subgroups, we can assume (after passing to
a twist) that ¢ is of finite order. In particular, 7 is unitary. If v|oo is a place of F, then the Langlands

parameter recp, m, is equal to the induction Indg/f” @, where ¢(z) = (z/|z|)P» for some p, € Z~o. We have
Py (—1) = (=1)Pv+1. (We write |2 = (22)1/2 = |Z|<1c/2 for the usual absolute value on C.) If y : E*\A} — C*
is a continuous unitary character of infinity type

X-(2) = (z/]])™,
and 7 : E < C is an embedding inducing the place v of F', then the Langlands parameter 7~ !orecg, (7 ® X)

is given by the formula:
o (Gl
0 (z/|zl)7Petme )
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Thus g ® x is regular algebraic if for each 7: F — C as above, p, + m, is an odd integer; while 75 ® x is
conjugate self-dual if and only if yx*=v"'o Ng/p.

To prove the lemma, we must therefore show the existence of a character satisfying these two
conditions. Choose for each place v|oco of F' an embedding 7, : F < C inducing the place v of F, and define
My, =Py + 1, Mmre = —(py +1). Choose a character xo : EX\Aj — C* with infinity type

Xo,r(2) = (z/]2])™"
for each embedding 7 : E < C. Then the character xox§ is of finite order; let A = X0|FX\AI>§’ so that

XoX5 = Ao Ng/p. The character A : F*\Aj} — C* is continuous and of finite order, and we have for each
place v|oo

Ao(=1) = Xo,7, (=1) = (1)
In particular, the quantity (¢,A,)(—1) =1 is independent of the choice of v|co. By [CHT08, Lemma 4.1.4],
then, there exists a character x; : EX\AY — C* of finite order such that yix§ = (¥ *A71) o Ng/p =
(¥t oNg/p)(xox§) " The character x = xox1 now has the desired properties.

Lemma 7.5. Let E be an imaginary CM field, and # a RACSDC' automorphic representation of GLa(Ag).
Suppose that Sym? 7 is cuspidal. Then there exists a set L of rational primes of Dirichlet density 1 such that
for all 1 € L and for all isomorphisms 1 : Q; = C, the representation 7,(r) : Gg — GLo(F;) is irreducible,
and its image contains a conjugate of SLa(TF;).

Proof. By [BLGGT14, Theorem 5.5.2], there exists a set £ of rational primes of Dirichlet density 1 such
that for all [ € £ and for all isomorphisms ¢ : Q; = C, the representations r,(7) : Gg — GL2(Q;) and
Sym? r,(7) : Gg — GL3(Q,) are irreducible. Applying [BLGGT14, Proposition 5.3.2] and possibly shrinking
L, we can further assume that the representations 7,(7) and Sym?7, () are irreducible. Casting out finitely
many elements of £, we can also assume that for each | € £, m and E are unramified above [.

To prove the lemma, it therefore suffices (by the classification of finite subgroups of PGLy(TF;)) to
show that for all but finitely many choices of I € L, the projective image of 7,(7) contains an element of
order strictly greater than 5. (Note that the image cannot be contained in the normalizer of a quadratic
torus, since Sym? 7,(m) is, by hypothesis, irreducible.) To show this, let A = (A;1,Ar2)r.gwc denote the
weight of m. Let k = 1 + |sup, A1 — inf. A 2|. If |l is a place of E, let S, denote the set of embeddings
E, = Q. If teS,, letw,: I, - EX denote the corresponding fundamental character. If | > k+ 2 is a
prime and ¢ : Q; = C is an isomorphism, then for each place v|l of E there exists a partition S, = J; [[ Jo
such that (7,(m)|7,)®® is a sum of two characters oy, aa, given by the formulae

Oél(.'l})_l = H wT(:I;)AL*IT,l'Fl H wT(x)AL*17,27

TEJ1 TEJ
as() ™ = [ welw et T] wrla)sorea,
TEJ2 TEJL

Indeed, this follows from the fact that r, () is crystalline with Hodge-Tate weights HT (7, (7)) = {\,~1,1 +
1,A,-1, 2}, together with the results of Fontaine-Laffaille [FL82, §84 — 5]. To prove the lemma, it is therefore
enough to show that for [ sufficiently large, and for all isomorphisms ¢ : Q; = C, there exists v|l such that
the character /v has order strictly greater than 5.

This character is given by the formula

A =1, F1=X -1 —(A —1, =N m1 )
a2/a1 _ H Wit 7,1 =12 H wy 7,1 2l
TEJ1 TEJ2

Let f, denote the absolute residue degree of E,, and fix an embedding 7y : E, — Q;. Writing ¢ € Gal(E,/Q;)
for the arithmetic Frobenius, this allows us to identify S, = {79, 0 79,..., /" Lor} ={0,1,..., f, — 1},
so that the order of the character aa/«y is equal to the order of the image of the integer

Z li(AL*17,1 +1- >‘L*17',2) - Z li(AL*17,1 +1- >‘L*17',2)
i€y i€Js
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in the group Z/(1¥» —1)Z. This integer is not zero (since it is not even zero modulo 1), so to prove the lemma
it is enough to show that for [ sufficiently large, we have

513 Fipn 1= Airn) = Y P iy 1= M) <=1
i€Jy i€Ja

However, the left hand side here is less than or equal to

f’u_l
5Y  F(Airg+ 1= A1) SBRI —1)/(1-1),
=0

o it is enough to take [ > 5k + 1. O

Proposition 7.6. Let r > 1 be an integer. Let E/F be an imaginary CM quadratic extension of a totally
real field, and suppose that for every RAESDC automorphic representation (mw,x) of GLa(Ap) such that
is not automorphically induced from a CM extension, the r'* symmetric power Sym” r () is automorphic.

Then for every RACSDC automorphic representation I of GLa(Ag) which is not automorphically
induced from a quadratic extension, the ' symmetric power Sym” r,(II) is automorphic.

Proof. By Lemma 7.5 we can find a prime [ > 2(r +2) and an isomorphism ¢ : Q; = C such that the residual
representation r,(II) is irreducible and its image contains a conjugate of SLo(IF;). We can further assume
that E and 7 are unramified above [, and that for each embedding 7 : E — Q,, the elements of the set
HT,(Sym" r,(II)) lie in an interval of length at most | — 2, and that [ is split in E.

There exists a continuous character ¢ : Gg — EX such that (r,(II) ® )¢ = r,(II) ® . In particular,
the representation (r,(I1) ® ¢) extends to a homomorphism R : G — GLy(F;), which is odd (cf. the proof
of [Thol5, Theorem 8.1]). Applying [BLGGT14, Theorem 4.4.1] and a standard extension of this result to
a totally real base field, we can construct a lift R : Gp — GL2(Z;) which is potentially diagonalizable in
the sense of [BLGGT14, §1.4], and unramified almost everywhere. The representations R|g, and r,(II) are
potentially diagonalizable by [BLGGT14, Lemma 1.4.3], and it now follows from [BLGGT14, Theorem 4.2.1]
and soluble descent that R itself is automorphic. -

By assumption, the representation Sym” R is automorphic, hence Sym” r,(II) is (in the terminology
of [BLGGT14]) residually potentially diagonalizably automorphic. Applying [BLGGT14, Theorem 4.2.1]
once more, we deduce that Sym” r,(II) is automorphic. O

Proof of Theorem 7.1. Let F be a totally real field. Let m be a cuspidal automorphic representation of
GLy(AFp) such that 7 is essentially square integrable and Sym? 7 is cuspidal. We must show that the
symmetric power lifting of 7 exists.

Choose an imaginary CM quadratic extension F/F. By Lemma 7.4, there exists a Hecke character
X : EX\AY — C* such that 7p ® x is RACSDC. Combining our hypothesis with Proposition 7.6, we
deduce that the r*" symmetric power lifting of 75 ® Y exists, as a cuspidal automorphic representation of
GL,+1(Ag). The representation Sym” 7g thus exists and descends to a cuspidal automorphic representation
II of GLT+1(AF).

It remains to show that for each place v 1 oo of F, IL, has the correct form. Let v be a finite
place of F', and let Ey be a quadratic imaginary CM extension of F' in which v splits. Applying Lemma 7.4
once more, we can find a Hecke character xo : Eg'\Afp — C* such that 75, ® xo is RACSDC. Applying
local-global compatibility for Sym"(7g, ® xo0), a twist of Ilg,, we deduce that

Sym" recp, m, = recp, IL,.

Since v was arbitrary, this completes the proof. O
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