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1 Introduction

Level/rank duality is an interesting example of a surprising duality between two different

theories based on two different set of variables. It is sufficiently simple and tractable that

it can be established rigorously, and it seems related to other dualities that are harder

to analyze.

One of the simplest contexts where this duality arises is in the theory of NK complex

chiral fermions in two dimensions [1] (see also [2–5]). This leads to the equivalence of the

chiral algebras

SU(N)K ←→
SU(NK)1
SU(K)N

, (1.1)
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where the notation GL represents the chiral algebra of G with level L and in the right hand

side of (1.1) we have a GKO coset [6]. In the context of the corresponding three-dimensional

Chern-Simons theory (1.1) is represented as the duality between theories based on the two

Lagrangians

LSU(N)K ←→ LSU(NK)1/SU(K)N = L(SU(NK)1×SU(K)−N )/ZK
, (1.2)

where we used the Chern-Simons Lagrangian description of coset models of [7]. (In sec-

tion 4.1 we will present another Lagrangian for this coset theory.)

Other versions of level/rank duality are

SU(N)±K ←→ U(K)∓N,∓N

U(N)K,K±N ←→ U(K)−N,−N∓K ,
(1.3)

where U(N)K,K+NK′ ≡ (SU(N)K ×U(1)N(K+NK′))/ZN (see section 2) and N,K > 0.

Orientation-reversal exchanges the two dualities in the first line of (1.3). The two

dualities in the second line of (1.3) are mapped to themselves under orientation-reversal

(the left hand side and the right hand side of the dualities are exchanged). Three of these

dualities are well known (see e.g. the analysis of the Chern-Simons theory in [8–10] and

in [11] and the discussion of the cohomology of the Grassmannian [12]), but as far as we

know, the fourth duality

U(N)K,K−N ←→ U(K)−N,−N+K (1.4)

is new.

Although the dualities (1.3) are common, they lead to several puzzles.

1. The two-dimensional central charges (and correspondingly the three-dimensional

framing anomaly) do not match between the two sides of these dualities. What

should we add to them in order to fix it?

2. The chiral algebra of a standard two-dimensional rational conformal field theory in-

cludes only integral-dimension operators. This is true in SU(N)K for all K, U(N)K,K

for even K, and U(N)K,K±N for odd K (see section 2). Correspondingly, the three-

dimensional Chern-Simons descriptions of these theories do not depend on the choice

of spin structure. This is not true in the other theories in (1.3). They are spin-Chern-

Simons theories and depend on the choice of spin structure.1 How can a non-spin

Chern-Simons theory be dual to a spin Chern-Simons theory?

1Ordinary, non-spin Chern-Simons theories are independent of a choice of spin structure and the spin

theories depend on that choice. The spin theories include a line with half-integral spin (hence it is nontrivial),

which is transparent, i.e. it has no braiding with all the lines in the theory. This line does not decouple

from the rest of the theory, because it can be obtained by fusing other lines. We can consider such a

transparent line also in the non-spin theories, but it decouples from the rest of the theory. It is intrinsically

gravitational. A useful example to keep in mind is U(1)K Chern-Simons theory with the Lagrangian K
4π

bdb.

For even K this theory is not spin and does not depend on the choice of spin structure. For odd K this is

a spin theory. Quantizing this theory with any K on a Riemann surface leads to Kh states, where h is the

genus. But the expression for the number of independent line observables depends on Kmod2. For even K

there are K lines ein
∮
b with the line eiK

∮
b being trivial. For odd K the line eiK

∮
b is transparent and its

spin is half-integral. Therefore, it is non-trivial and the theory with odd K has 2K distinct lines. For more

details see, e.g. [13, 14].

– 2 –
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3. Consider the cases where the two sides of the duality (1.3) do not depend on the choice

of spin structure, i.e. the first duality with even N and the second duality with odd

N and K. Even here, the two-dimensional conformal weights of the representations

and correspondingly the three-dimensional spins of the line observables do not quite

match between the two sides of the duality. They match only modulo one-half. This

does not occur in (1.2). But it is puzzling in (1.3).

Below we will resolve these puzzles. First, we will add to all the non-spin theories

in (1.3) an almost trivial, purely gravitational sector consisting of a single non-trivial line

observable of spin one-half. This sector was discussed in [14] and will be reviewed in

section 2.3. (In the condensed matter literature this sector is often denoted as {1, f}.) We

can also try to add this sector to the spin theories in (1.3), but since they already include

such a transparent line, this added sector does not change them. After these additions all

the theories in (1.3) are spin theories. We will show that after this modification of (1.3)

the second and third puzzle above are resolved.

Next, we will couple these theories to appropriate background fields. These includes

ordinary U(1) gauge fields B, C, etc. a spinc connection A (see section 2.1) and a metric

g. In order for the dualities (1.3) to be valid with the background fields present one needs

to take into account two facts. First, the map between the background fields in the left

hand side and the right hand side of the duality will be non-trivial. This will account for a

non-trivial map of the line observables. (Because of this non-trivial map one cannot simply

factor out the decoupled sector with the transparent line; the duality map mixes the two

sectors.) Second, as in [15], we will have to add appropriate finite counterterms constructed

out of the background fields. These counterterms will ensure that the theories are mapped

correctly and they will also account for the discrepancy in the framing anomaly mentioned

in the first puzzle above.

Related dualities were found in N = 2 supersymmetric theories in three dimen-

sions [16–19]. These theories contain matter fields coupled to gauge fields with Chern-

Simons terms. There is enormous evidence supporting these dualities, but they cannot be

rigorously derived.2 These theories contain both fermions and bosons and they clearly de-

pend on the choice of spin structure. Therefore, the second question above does not arise.

However, when the matter fields are given masses and are integrated out, these theories

lead to the topological theories (1.3) and we still need to add the appropriate, transparent,

spin one-half line.

One approach to finding non-supersymmetric dualities is to study Chern-Simons the-

ories coupled to matter in the fundamental representation with large N and large K with

fixed N/K. In some cases two different theories, one of them is fermionic and the other

is bosonic were found [20–22] to be dual to the same gravitational Vasiliev theory (see

e.g. [23]). Another approach to finding such non-supersymmetric dualities with finite N

and K is based on starting with a pair of dual supersymmetric theories and turning on a

relevant operator that breaks supersymmetry. If the flow to the infra-red is smooth, we

2The new level/rank duality (1.4) has not been embedded in this context. But our discussion below can

be repeated there and it leads to new supersymmetric dualities enjoying the same nontrivial tests.

– 3 –



J
H
E
P
0
9
(
2
0
1
6
)
0
9
5

should find a non-supersymmetric duality [24, 25]. Motivated by this whole body work

and the map between baryon operators and monopole operators in these theories [26] (see

below) Aharony conjectured [27] three boson/fermion dualities and adding to it a new

duality, which is motivated by (1.4) we will discuss:

Nf scalars with SU(N)K ←→ Nf fermions with U(K)
−N+

Nf

2

Nf scalars with U(N)K ←→ Nf fermions with SU(K)
−N+

Nf

2

Nf scalars with U(N)K,K±N ←→ Nf fermions with U(K)
−N+

Nf

2
,−N∓K+

Nf

2

. (1.5)

Here the matter fields are in the fundamental representation of the gauge group and it

is implicit that the scalars φ are at a |φ|4 fixed point. In addition, we can reverse the

orientation of our manifold (apply time-reversal) and obtain four other dualities, which

differ from (1.5) by an overall sign change of all the subscripts (the levels). Finally, the

N = K = Nf = 1 version of these dualities were analyzed and coupled to appropriate

background fields in [14, 28, 29], thus providing further evidence that they are right.

One of the common tests of a duality is that the theories in the two sides of a duality

must have the same global symmetry. Furthermore, the correlation functions of the currents

of the global symmetry must be the same in the two dual theories. These statements apply

to ordinary continuous global symmetries and to Poincare symmetry, where the associated

current is the energy momentum tensor. A useful tool to study these correlation functions

is based on coupling the system to classical background gauge fields for these symmetries.

This can be done also for discrete global symmetries. Then, the partition functions as a

functionals of these background fields must match in the two dual theories. This matching

guarantees that the correlation functions of the currents both at separated points and at

coincident points are the same in the two dual theories.

It is often the case that a naive way of coupling the dual theories to background

fields does not lead to the same contact terms. In that case, the proper map between the

two dual theories involves also added appropriate counterterms in one side of the duality.

These counterterms should be local, well-defined functionals of the background fields. In

our case these will be Chern-Simons terms in the background fields [15]. And as with all

Chern-Simons terms, their coefficients must be properly quantized.

These added background fields with their proper counterterms also allow us find new

dualities. More explicitly, we denote a duality between theories described by the La-

grangians L1[B] and L2[B] that depend on the same background fields B (and include

appropriate counterterms) as

L1[B] ←→ L2[B] . (1.6)

We can transform the Lagrangians to new Lagrangians that describe new theories L′
1[C]

and L′
2[C] and maintain the duality

L′
1[C] ←→ L′

2[C] . (1.7)
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These operations include [30]

T : L[B] → L′[B] = L[B] +
1

4π
BdB

S : L[B] → L′[C] = L[b]−
1

2π
bdC ,

(1.8)

where T adds a counterterm for the background field B and S promotes B to a dynamical

field b and couples it to a new classical background field C. These satisfy S2 = (ST )3 = C,

where C acts as charge conjugation B → −B. On a spinc manifold odd powers of T -

operation require a spinc connection (more in section 2.1). We can also perform orientation-

reversal on the two sides of the duality and we can use other known dualities. Perform-

ing a sequence of such operations on a given duality (1.6) we can generate many new

dualities (1.7).

One of the main points of this note will be to couple the dualities (1.1)–(1.5) to

background fields with appropriate counterterms. This will allow us to resolve the puzzles

mentioned above. It will also allow us to use the rigorously derived duality (1.1), (1.2) to

derive a more precise version of the dualities (1.3), to relate the dualities (1.5), and to find

new Chern-Simons matter dualities.

We should mention our notations. We will use an equal sign between two Lagrangians

L1 = L2 when they are the same as functionals of the fields and we will use an arrow

L1 ←→ L2 when as functionals they are different (they might even be functionals of a

different number of fields), but the theories described by the two Lagrangians are dual;

i.e. L1 and L2 lead to the same physics. All our background fields (except the metric g)

will be denoted by upper case letters and all dynamical fields by lowercase letters. A

will denote a background spinc connection (see below) and all other gauge fields will be

standard gauge fields.

In section 2 we will review and extend some preliminary background material. We will

review the notion of a spinc connection and some facts about U(N) Chern-Simons theories

and in particular the almost trivial theory U(N)1. We will also discuss SU(N)K and will

show how to couple it to background fields.

Sections 3–6 will present various dualities with increasing level of complexity and

decreasing level of an explicit map between them.

Section 3 will discuss a number of dualities, which can be derived by an explicit and

elementary change of variables. Section 4 will be devoted to the dualities (1.1) and (1.3).

The first of them is rigorously established, but there is no known explicit change of vari-

ables between the two dual theories. Then, given (1.1) we will derive a more precise

version of (1.3).

Section 5 addresses the conjectural boson/fermion dualities (1.5) and section 6 will

present several boson/boson and fermion/fermion dualities obtained from the conjectural

boson/fermion dualities in section 5. Among other things we will use our conjectured

dualities to find a derivation of the self-duality of QED with two fermions [31]. That

duality is closely related to the mirror symmetry of the N = 4 supersymmetric version

of that theory [32] and it has many generalizations and extensions including to certain

N = 2 dualities [33].

For convenience we collect many of the equations we use often in an appendix.

– 5 –
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2 Preliminaries

2.1 A brief summary of spinc for Chern-Simons theory

A spinc-connection A is characterized by
∫

γ2

dA

2π
=

1

2

∫

γ2

w2(M) mod Z, (2.1)

for any 2-cycle γ2. In particular 2A always has integral period and thus is a U(1) gauge field.

For more details about the application of spinc connections to this problem, see e.g. [13, 34].

There it was also related to the spin/charge relation of condensed matter physics.

We will use the gravitational Chern-Simons term
∫

M=∂X
CSgrav = π

∫

X
Â(R) =

1

192π

∫

X
trR ∧R , (2.2)

where X is a bulk four-manifold, whose boundary is our spacetime M . For a given M

different non-spin X can lead to different
∫
M CSgrav, which differ by πZ/8 and therefore

only exp(16i
∫
M CSgrav) is meaningful.

The framing anomaly of CSgrav will be important for matching the framing anomaly

in the dualities we discussed later. If the framing of spacetime is changed by n units,∫
M CSgrav changes by nπ/24.

Consider background U(1) gauge fields B,C, a background spinc-connection A, and a

background metric. Integrals over linear combinations with integer coefficients of the terms

of the following form are well-defined on a spinc manifold:

1

2π
BdC

1

4π
BdB +

1

2π
BdA

I[g,A] ≡
1

4π
AdA+ 2CSgrav

16CSgrav

(2.3)

and therefore they are valid counterterms.3 Finally, the relation to the Atiyah-Patodi-

Singer η-invariant is η[g,A] =
(
1
π

∫
I[g,A]

)
mod2Z.

Although we will often couple our theories to a background spinc connection A, in

many cases the resulting theory will not depend on the details of A; we will be able to

absorb a shift A → A′ by a U(1) field A′ − A in an appropriate shift of other dynamical

or background fields. The explicit coupling to A will serve as a reminder that our theory

does not depend on a choice of spin structure and will allow us to transform correctly line

operators in dual theories (see below).

3In fact, all these terms can be expressed as linear combinations of I[g,A] with appropriate values

of A [13]

1

4π
BdB +

1

2π
BdA = I[g,A+B]− I[g,A] + d(. . .)

1

2π
BdC = I[g,A+B + C]− I[g,A+B]− I[g,A+ C] + I[g,A] + d(. . .)

16CSgrav = 9I[g,A]− I[g, 3A] .

(2.4)

– 6 –
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2.2 Some facts about U(N)K,L

Throughout this section the integer N will be positive, but the integers K and K ′ can be

positive or negative.

Define U(N)K,L as

U(N)K,K+NK′ =
SU(N)K ×U(1)N(K+NK′)

ZN
, (2.5)

which is consistent only for K,K ′ ∈ Z. This is manifest when we write the corresponding

Chern-Simons Lagrangian

K

4π
Tr

[
bdb−

2i

3
b3
]
+

K ′

4π
(Tr b)d(Tr b) , (2.6)

where b is a U(N) gauge field. From here it is also clear that the U(N)K,K+NK′ Chern-

Simons theory depends on the spin structure, if and only if K +K ′ is odd.

We will be mostly interested in U(N)K,K (K ′ = 0), which we will abbreviate as U(N)K
and U(N)K,K±N (K ′ = ±1).

Next, we couple these theories to background fields in such a way that they do not

depend on the spin structure. Specifically, we couple the non-spin theories to a background

U(1) gauge field C and the spin theories to a background spinc-connection A. For U(N)K
we have

LU(N)K [b;C] ≡
K

4π
Tr

[
bdb−

2i

3
b3
]
+

1

2π
(Tr b)dC for even K

LU(N)K [b;A] ≡
K

4π
Tr

[
bdb−

2i

3
b3
]
+

1

2π
(Tr b)dA for odd K .

(2.7)

These can be combined as

LU(N)K [b;C +KA] ≡
K

4π
Tr

[
bdb−

2i

3
b3
]
+

1

2π
(Tr b)d (C +KA) , (2.8)

where the background field C + KA is U(1) for even K and a spinc connection for odd

K. It is important to stress the difference between the two expressions in (2.7), which is

not manifest in (2.8). The even K theory in (2.7) is non-spin, while the odd K theory is

a spin theory. Correspondingly, the odd K theory has a transparent line observable with

spin one-half. Below we will also turn the even K theory into a spin theory by adding to

it a decoupled transparent line with spin one-half.

An important example is the special case of N = 1

LU(1)K [b;C +KA] ≡
K

4π
bdb+

1

2π
bd (C +KA) . (2.9)

It will be useful below that changing the orientation is the same as K → −K with

C → −C, A → A. (If we view A as the electromagnetic field, then our definition of

orientation change is what is normally called CT ; i.e. time-reversal combined with charge

conjugation.)

– 7 –
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Similarly, for U(N)K,K±N

LU(N)K,K±N
[b;C] ≡

K

4π
Tr

[
bdb−

2i

3
b3
]
±

1

4π
(Tr b)d(Tr b) +

1

2π
(Tr b)dC for odd K

LU(N)K,K±N
[b;A] ≡

K

4π
Tr

[
bdb−

2i

3
b3
]
±

1

4π
(Tr b)d(Tr b) +

1

2π
(Tr b)dA for even K .

(2.10)

These can be combined as

LU(N)K,K±N
[b;C + (K ± 1)A] ≡

K

4π
Tr

[
bdb−

2i

3
b3
]
±

1

4π
(Tr b)d(Tr b)

+
1

2π
(Tr b)d (C + (K ± 1)A) ,

(2.11)

where the background field C + (K ± 1)A is spinc for even K and U(1) for odd K. In the

special case N = 1 this coincides with (2.9) with K → K ± 1. Note that (2.7)–(2.11) are

consistent with (2.3).

Even though the Lagrangians (2.8), (2.11) depend on two background fields A and C,

in fact the dependence is only on a certain linear combination of them. Therefore, for K

even in (2.8) and K odd in (2.11) the Lagrangians depend only on an even multiple of A

and as such the dependence on A can be absorbed in a redefinition of C. For K odd in (2.8)

and K even in (2.11) A cannot be removed. But the dependence on the specific choice of

A can be absorbed in C; the difference between the choices A and A′ can be absorbed in

a shift of C by a multiple of A−A′, which is an ordinary U(1) field. (See the comment at

the end of section 2.1.)

We can define monopole operators in the Chern-Simons theory by removing a point

from spacetime and specifying the flux through a sphere around it. Because of the equations

of motion that flux must be localized at points on the sphere, and we will take it to be

at a single point. Therefore, the monopole operator can be thought of as creating a line

with a trivial holonomy around it. In U(N)K with even K this line has integer spin and

therefore it is completely trivial. We can say that this monopole operator is a trivial

bosonic operator; i.e. it is like the identity operator. In U(N)K with odd K this operator

is fermionic and it creates a transparent line with half-integral spin. This reflects the fact

that the even K theory is non-spin and the odd K theory is a spin Chern-Simons theory.

Correspondingly, the even K theory is coupled to a U(1) background field C and the odd K

theory is coupled to a spinc connection A. The situation with U(N)K,K±N is the opposite.

Therefore the coupling to the background fields is also reversed, as in (2.10). Below we

will couple these Chern-Simons theories to matter fields and then the monopole operators

will be less trivial.

2.3 An almost trivial theory U(N)1

This is a slight generalization of appendix B in [14], where more details can be found.

The special case U(N)1 is almost trivial. When quantizing this topological quantum

field theory on a Riemann surface the Hilbert space consists of a single state and the

– 8 –
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partition function on any three manifold is a phase. So this theory is dual to a classical

field theory

LU(N)1 [A] ←→ −NI[g,A] = −
N

4π
AdA− 2NCSgrav , (2.12)

where the arrow means that the two Lagrangians describe dual theories. This expression

makes manifest the framing anomaly of the theory. When the theory is quantized on a

manifold with a boundary anomaly considerations force us to place degrees of freedom on

the boundary. One choice is placing N chiral Dirac fermions there.

These properties of the theory can be used to show that

LU(M)1 [A] + LU(N)1 [A] ←→ LU(M+N)1 [A] , (2.13)

where we suppressed the dynamical gauge fields. We can extend the range of N and

preserve this property by defining

LU(−N)1 [A] ≡ LU(N)−1
[A]

LU(0)1 [x, y;A] ≡ L0[x, y;A] ≡
1

4π
xdx+

1

2π
xd(y +A) .

(2.14)

Below we will often use the Lagrangian L0, but we will not use U(N) with negative N .

Even though these theories are almost trivial, they do have a non-trivial line observable.

The Wilson line in the fundamental representation of U(N) is a transparent line with spin

one-half.

Because of (2.12) the theory based on the Lagrangian (2.14) is dual to a theory with

vanishing Lagrangian. Yet, we will use L0[A] as a Lagrangian to denote the fact that the

theory includes a transparent line with spin one-half.

2.4 A useful fact

We will often use the fact that the Chern-Simons theory based on

Lcv =
1

2π
cdv (2.15)

(with c and v U(1) gauge fields) is trivial [30].4 Specifically, in many cases we will encounter

a Lagrangian like

L(v, . . .) +
1

2π
cdv (2.17)

with L independent of c. Then, if the theory is non-spin, c acts as a Lagrange multiplier

setting v to a pure gauge, which can be set to zero in L. For example, when L = L
2πvdv +

4This is the special case of N = 1, K = 0 of the Lagrangian for a ZN gauge theory of level K, whose

Lagrangian is [35–37]

L(ZN)
K

[x, y;A] =
K

4π
xdx+

N

2π
xdy +

1

2π
xdA for K odd

L(ZN)
K

[x, y;B] =
K

4π
xdx+

N

2π
xdy +

1

2π
xdB for K even ,

(2.16)

where the theories with even K are non-spin and the theories with odd K are spin.
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1
2πvde (with e a linear combination with integer coefficients of gauge fields), the fact that

the integral over c sets v to zero can be seen explicitly by shifting c → c− Lv − e.

If L describes a spin theory, the situation is not that simple. For example, let L =
1
4πvdv+

1
2πvdA, which is consistent with (2.3). Now we cannot shift c in (2.17) to eliminate

the 1
4πvdv term. Indeed, the theory L + 1

2π cdv is precisely the theory (2.14), which has a

line with spin a half. However, remembering that the theory is a spin theory, we can still

set v to zero, but we should remember that the resulting theory should include that spin a

half line. One way to see that is to add to L the theory L0 (2.14) and replace (2.17) with

L[v, c, x, y;A] =
1

4π
vdv +

1

2π
vdA+

1

2π
cdv +

1

4π
xdx+

1

2π
xd(y +A) . (2.18)

As we explained above, this does not change the theory. Now, we can change variables

L[v, c+ y, x− v, y + v;A] =
1

2π
cdv +

1

4π
xdx+

1

2π
xd(y +A) (2.19)

and see that we find the same answer as with v to zero. This can be generalized to general

spin theory.

2.5 SU(N)K

Using our U(N) theories (2.7), (2.10) with background U(1) field C we can find the La-

grangians for SU(N) theories by promoting C to a dynamical field, which we will denote

by c. These impose the constraint that Tr b is trivial. We can also use this Lagrangians to

couple the SU(N) theory to new U(1) background fields B

LSU(N)K [b, c;B] ≡
K

4π
Tr

[
bdb−

2i

3
b3
]
+

ǫK
4π

(Tr b)d(Tr b) +
1

2π
cd (Tr b+B)

ǫK =





0 K even

1 K odd and positive

−1 K odd and negative.

(2.20)

This Lagrangian remains consistent, if we shift the definition of ǫK by an even (pos-

sibly K dependent) integer 2n. But then we can redefine c → c − n(Tr b − B) to shift ǫK
back to (2.20) and find instead a counterterm n

2πBdB. So the only freedom in the defini-

tion (2.20) is in the choice of this counterterm.5 It is important to stress that c implements

5Here we used (2.7), (2.10) and turned the background C into a dynamical field. What would have

happened if we did the same thing starting with the equations with background A? Gauging it amounts to

replacing A → c+A with c a dynamical U(1) gauge field:

K

4π
Tr

[

bdb−
2i

3
b3
]

+
ǫK + 1

4π
(Tr b)d(Tr b) +

1

2π
cd(Tr b+B) +

1

2π
(Tr b)dA . (2.21)

Unlike (2.20) the theory based on (2.21) is a spin theory. Therefore, we can follow section 2.4 and as in the

discussion around (2.18), (2.19) we can add the Lagrangian L0 (2.14) without affecting the outcome and

use a change of variables like (2.19) (with an appropriate shift of c by B) to find that (2.21) plus L0 is the

same as

LSU(N)K [b, c;B] + L0[x, y;A]−
1

2π
AdB +

1

4π
BdB . (2.22)

Therefore, gauging A in (2.7), (2.10) leads to the same theories as gauging C except that these are spin

theories and we have to add some counterterms.
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the constraint Tr b = −B, but we cannot simply replace the term with ǫK in (2.20) by
ǫK
4πBdB. (See section 2.4.)

Note that with the definition (2.20) the theory with K is related to the theory with

−K by a change of orientation combined with c → −c (without transforming b and B).

For trivial B the Lagrangian (2.20) describes the standard non-spin SU(N)K Chern-

Simons theory. But the coupling of B leads to additional possibilities. If B is topologically

nontrivial, then Tr b is nontrivial and correspondingly, the functional integral can receive

its contribution from a nontrivial SU(N)/ZN bundle. Note that in an SU(N)/ZN theory

we sum over such nontrivial bundles. Here, as our theory is an SU(N) gauge theory, we do

not sum over such bundles. Instead, depending on B we have a given such bundle. We see

that, as emphasized in [37], SU(N)/ZN bundles can appear as observables in the SU(N)

theory. And here we control them using the background field B in (2.20).

We will find it useful to define

L̂SU(N)K [b, c, x, y;B]

≡
K

4π
Tr

[
bdb−

2i

3
b3
]
+

1

2π
(c+KA)d(Tr b+B) + L0[x, y;A] +

ǫK
4π

BdB , (2.23)

where L0[A] is the almost trivial theory (2.14). Note that it is consistent with (2.3). For

even K it is trivially the same as LSU(N)K [B] +L0[A] (simply shift c → c−KA). For odd

K this is not true, but these two theories are still related. To see that, follow the discussion

around (2.19) and write

L̂SU(N)K [b, c, x, y;B] = LSU(N)K

[
b, c+

1

2
(K2 − ǫK)Tr b+

1

2
(K2 + ǫK)B −Ky;B]

+ L0[x+K(Tr b+B), y −K(Tr b+B);A

]
, (2.24)

where the change of variables is valid because K2 ± ǫK are even. This can be written as

the duality

L̂SU(N)K [B] ←→ LSU(N)K [B] + L0[A] , (2.25)

where we suppressed the dynamical fields.

We will often extend (2.23) and use the definitions

L̂SU(N)K [B] ←→ LSU(N)K [B] + L0[A]

L̂U(N)K [B +KA] ≡ LU(N)K [B +KA] + L0[A]

L̂U(N)K,K±N
[B + (K ± 1)A] ≡ LU(N)K,K±N

[B + (K ± 1)A] + L0[A] .

(2.26)

As we said above, L0[A] is dual to a theory with a vanishing Lagrangian, but we will use it

to denote the fact that it has a transparent line with spin one-half. Therefore, our notation

is such that there is a difference between the theory based on LSU(N)K [B], which is not spin

and the theory based on L̂SU(N)K [B], which is spin. The latter theory has twice as many

line observables because it includes also the transparent line of L0[A]. We should remind

the reader that even though the presence of L0[A] leads to the transparent line, the theory

still does not depend on the choice of spin structure.
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For the U(N) theories in (2.26) the situation is different. For K odd U(N)K is a spin

theory and correspondingly, B +KA is a spinc connection and LU(N)K [B +KA] already

includes the transparent line. Therefore, in this case L̂U(N)K [B+KA] ←→ LU(N)K [B+KA].

Similarly, for K even L̂U(N)K,K±N
[B + (K ± 1)A] ←→ LU(N)K,K±N

[B + (K ± 1)A].

3 Simple explicit examples of level/rank duality

Here we discuss three simple dualities, which can be derived by a straightforward change

of variables. They demonstrate several points, which will be essential below.

3.1 A simple Abelian example U(1)2 ←→ U(1)−2

We start with

LU(1)2 [b;B] + LU(1)−1
[c;A] =

2

4π
bdb+

1

2π
bdB −

1

4π
cdc+

1

2π
cdA . (3.1)

A simple change of variables leads to

LU(1)2 [b+ c−B;B] + LU(1)−1
[c+ 2b−B;A]

= LU(1)−2
[b;B + 2A] + LU(1)1 [c;A]−

1

4π
BdB −

1

2π
BdA ,

(3.2)

thus establishing the duality

U(1)2 ×U(1)−1 ←→ U(1)−2 ×U(1)1 , (3.3)

which we can write as

LU(1)2 [B] + LU(1)−1
[A] ←→ LU(1)−2

[B + 2A] + LU(1)1 [A]−
1

4π
BdB −

1

2π
BdA , (3.4)

or, using (2.12) and the definition (2.26), as

L̂U(1)2 [B] ←→ L̂U(1)−2
[B + 2A]−

1

4π
BdB −

1

2π
BdA− 2I[g,A] , (3.5)

where we used L̂U(1)±2
to remind ourselves that the theory includes a transparent line with

spin one-half. As we commented at the end of section 2.1, neither side of the duality depends

on the details of A; changing A → A′ can be absorbed in a redefinition of the dynamical

fields. This duality was derived in [13] and was used in [14]. It had appeared earlier without

the background fields and the essential counterterms in [38], where the theory of L̂U(1)2 [B]

was denoted as U(1)2 × {1, f} and was referred to as the semion/fermion theory.

We would like to make several comments about this duality, which will be useful below.

1. In the change of variables (3.2) the dynamical fields b and c transform as a valid linear

combination of the dynamical fields and the background fields B and A. This change

of variables preserves the fact that they are U(1) fields and therefore the coefficient

of A must be even (it vanishes).
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2. The background fields B and A also transform, but their transformations are inde-

pendent of the dynamical fields. Also, they remain U(1) and spinc fields respectively.

3. The duality involves a nontrivial counterterm of the background fields. These terms

are consistent with (2.3).

4. The form of the duality (3.5) might suggest to write it, up to counterterms, as

U(1)2 ←→ U(1)−2. Below we will often use such shorthand notation, but it should

be emphasized that it is misleading. This duality is valid only when we include a

transparent spin one-half line on both sides of the duality. It couples to A with charge

one. This is manifest in (3.4), (3.5).

5. In the left hand side of (3.5) the background field B couples only to b and the

background field A couples only to the transparent line. This is not true in the right

hand side of the duality, where the dynamical U(1)−2, b̃ field couples to B + 2A.

Explicitly, the line ei
∮
b of U(1)2 carries charge −1

2 under B and is neutral under A.

(This follows from the equation of motion 2db+ dB = 0.) This should be contrasted

with the basic line in the right hand side of the duality

ei
∮
b̃ = ei

∮
(−b+c) , (3.6)

which carries charge 1
2 under B and charge 1 under A. This reflects the change of

variables in (3.2) and the map (3.6). Such a nontrivial mapping of the lines will be

common below and it is accounted for by the nontrivial map of the background fields.

6. It is instructive to see how orientation-reversal (or time-reversal) acts on (3.5). We

let it act on the background fields as A → A and B → −B − 2A and then (3.5) is

mapped to itself (after moving the counterterms to the left hand side).

3.2 A simple non-Abelian example SU(N)1 ←→ U(1)−N

The second simple duality involves non-Abelian fields. Consider (2.23) for K = 1

L̂SU(N)1 [b, c, x, y;B]

=
1

4π
Tr

[
bdb−

2i

3
b3
]
+

1

2π
(c+A)d(Tr b+B) +

1

4π
BdB + L0[x, y;A]

= LU(N)1 [b+ c1I;A] + LU(1)−N
[c;B −NA] +

1

2π
AdB +

1

4π
BdB + L0[x, y;A] , (3.7)

which can be written, using (2.12), as

L̂SU(N)1 [B] ←→ L̂U(1)−N
[B −NA] +

1

2π
AdB +

1

4π
BdB −NI[g,A] . (3.8)

All the comments we made after (3.5) are clearly true also here. (In fact, for N = 2

the known relation SU(2)1 ←→ U(1)2 shows that the dualities (3.5) and (3.8) are the

same.) In particular, the presence of a transparent spin one-half line and the dependence

on A are essential. Below we will often abbreviate this duality in the misleading form
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SU(N)1 ←→ U(1)−N , but we should remember to keep in mind these subtleties. In order

to remind ourselves about that, we prefer to use the notation L̂SU(N)1 [B] as opposed to

simply using LSU(N)1 [B]. We would also like to point out that the two sides of the duality

have a ZN one-form symmetry. In the left hand side it acts on SU(N)1 and in the right

hand side it acts on U(1)−N .

3.3 Gauging the previous example U(N)1,±N+1 ←→ U(1)−N∓1

We start with (3.8) and turn B into a dynamical field, which we denote by e and couple it

to a U(1) background field C in the two sides. This is the operation S in (1.8) [30]. The

left hand side becomes

1

4π
Tr

[
bdb−

2i

3
b3
]
+

1

2π
(c+A)d(Tr b+ e) +

1

4π
ede−

1

2π
edC + L0[x, y;A] . (3.9)

Integrating out c sets e = −Tr b and we have

1

4π
Tr

[
bdb−

2i

3
b3
]
+

1

4π
(Tr b)d(Tr b) +

1

2π
(Tr b)dC + L0[x, y;A]

= LU(N)1,N+1
[b;C] + L0[x, y;A] .

(3.10)

Repeating these operations in the right hand side of (3.8) we find

−
N

4π
udu+

1

2π
ud(e−NA)−

1

2π
edC +

1

2π
edA+

1

4π
ede−NI[g,A]

= LU(1)−N−1
[u;C − (N + 1)A] + LU(1)1 [e+ u;A− C]−NI[g,A] .

(3.11)

This establishes the duality

L̂U(N)1,N+1
[C] ←→ L̂U(1)−N−1

[C − (N + 1)A]−
1

4π
CdC +

1

2π
CdA

− (N + 1)I[g,A] ,
(3.12)

or more briefly U(N)1,N+1 ←→ U(1)−N−1.

In the special case N = 1 we find the U(1)2 ←→ U(1)−2 duality of section 3.1, so this

is a generalization of that duality. All the comments we mentioned after equations (3.5)

about that duality are applicable here.

We can repeat the discussion in this subsection after adding − 1
2πBdB− 1

2πBdC to (3.8).

In terms of (1.8) this is the transformation ST−2. Then, instead of (3.10) the left hand

side becomes

1

4π
Tr

[
bdb−

2i

3
b3
]
−

1

4π
(Tr b)d(Tr b) +

1

2π
(Tr b)dC + L0[x, y;A]

= LU(N)1,−N+1
[b;C] + L0[x, y;A] .

(3.13)

And instead of (3.11) the right hand side becomes

LU(1)−N+1
[u;−C − (N − 1)A] + LU(1)−1

[e− u;A− C]−NI[g,A] . (3.14)
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We derive the duality

L̂U(N)1,−N+1
[C] ←→ L̂U(1)−N+1

[−C − (N − 1)A] +
1

4π
CdC −

1

2π
CdA

− (N − 1)I[g,A] ,
(3.15)

or more briefly U(N)1,−N+1 ←→ U(1)−N+1.

4 Level/rank duality

4.1 The basic non-Abelian level/rank duality

In order to avoid cluttering the equations we take N,K to be positive integers.

The SU(N)K WZW model is known to be equivalent to the GKO coset [6]

SU(N)K ←→
SU(NK)1
SU(K)N

. (4.1)

It was rigorously proven and further discussed in [2–5]. Using the rules of [7] for writing

coset theories in Chern-Simons theory we can write this duality as

SU(N)K ←→
SU(NK)1 × SU(K)−N

ZK
. (4.2)

The Lagrangian for the left hand side is simply LSU(N)K [B]. The Lagrangian for the right

hand side can be written as an SU(NK)1 × SU(K)−N Lagrangian and then mod out the

gauge group by ZK by allowing additional bundles. Instead, we would like to follow our

previous discussion and use U(NK)×U(K) gauge fields b and u.

We write

1

4π
Tr

[
bdb−

2i

3
b3
]
−

N

4π
Tr

[
udu−

2i

3
u3

]
+

1

4π

[
(Tr b)−N(Tru)

]
d
[
(Tr b)−N(Tru)

]

+
1

2π
cd
[
(Tr b)−N(Tru)

]
+

1

2π
(Kc+Tru)dB , (4.3)

where c is a U(1) gauge field. The first two terms are as in the Lagrangians for U(NK)1 and

U(K)−N . The third term, which we will further motivate below, is such the U(NK)×U(K)

gauge theory is not a spin theory. First, let us ignore the term with B. The term with

c correlates the gauge fields of U(1) ⊂ U(NK) and of U(1) ⊂ U(K), thus removing one

degree of freedom. Also, it states that the flux of Tr b is a multiple of N , which is needed for

the identification of this Lagrangian with the right hand side of (4.2). Next, we consider

the term with B. Now, nontrivial B can lead to a shift of the fluxes of b (as in the

SU(N) theory).

The Lagrangian (4.3) was designed such that it is invariant under the one-form gauge

symmetry [37, 39] b → b+ ξ1I, u → u+ ξ1I, c → c− ξ with ξ a U(1) gauge field. (The third

term in (4.3) and the coupling to B were motivated by this invariance.) This one-form

gauge symmetry removes another degree of freedom and establishes that this Lagrangian

describes the right hand side of (4.2).
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The fact that the one-form gauge symmetry removes a degree of freedom can be made

manifest by shifting b → b− c1I and u → u− c1I in (4.3) (or equivalently, fixing the gauge

c = 0) to find

LSU(NK)1
SU(K)N

[B] ≡
1

4π
Tr

[
bdb−

2i

3
b3
]
−

N

4π
Tr

[
udu−

2i

3
u3

]

+
1

4π

[
(Tr b)−N(Tru)

]
d
[
(Tr b)−N(Tru)

]
+

1

2π
(Tru)dB .

(4.4)

As a check that this Lagrangian indeed describes SU(NK)1
SU(K)N

, we can write the gauge group

in (4.4) as U(NK)×U(K) = SU(NK)× SU(K)×U(1)×U(1)/ZNK ×ZK . The two U(1)

factors in the numerator have a k-matrix

k =

(
NK(1 +NK) −(NK)2

−(NK)2 NK(−1 +NK)

)
, (4.5)

whose determinant is −(NK)2. The fact that it is negative shows that these two U(1)

factors do not contribute to the framing anomaly. Also, this value of the determinant

shows that this Abelian sector has (NK)2 representations. Therefore, the number of

representations of this SU(NK)1 × SU(K)−N × U(1) × U(1)/ZNK × ZK theory is the

same as the number of representations of SU(NK)1 × SU(K)−N/ZK .

Next, we would like to determine the coefficient of a BdB counterterm in the duality.

The currents coupled to B in the SU(N)K and the SU(NK)1
SU(K)N

theories are

JSU(N)K =
1

2π
dc =

1

2π

(
K

N
+ ǫK

)
dB

JSU(NK)1
SU(K)N

=
1

2π
dTru =

1

2π

(
K

N
+K2

)
dB ,

(4.6)

where we used the equations of motion to express them in terms of the classical background

dB. Therefore, in order to match them across the duality we should add a Chern-Simons

counterterm and write the duality as

LSU(N)K [B] ←→ LSU(NK)1
SU(K)N

[B] +
ǫK −K2

4π
BdB . (4.7)

We should emphasize that this duality is a duality between two non-spin-Chern-Simons

theories. Neither side of the duality depends on the choice of spin structure and the theories

couple only to a background U(1) gauge field B; there is no need for a coupling to a spinc
connection A.

4.2 SU(N)K ←→ U(K)−N

Next, we would like to add the effect of the gravitational line in the duality (4.2), (4.7) by

adding L0[A] to the two sides. In the left hand side we now have L̂SU(N)K [B] (2.23). And

in the right hand side we have the sum of the Lagrangian (4.4), the counterterm added
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in (4.7) and L0[A]

1

4π
Tr

[
bdb−

2i

3
b3
]
−

N

4π
Tr

[
udu−

2i

3
u3

]
+

1

4π

[
(Tr b)−N(Tru)

]
d
[
(Tr b)−N(Tru)

]

+
1

4π
xdx+

1

2π
xd(y +A) +

1

2π
(Tru)dB +

ǫK −K2

4π
BdB . (4.8)

Substituting here b → b−(x+y−KB)1I, u → u−(x+y−KB)1I, x → −x+Tr b−NTru+KB,

y → y + x− Tr b+NTru−KB it becomes

1

4π
Tr

[
bdb−

2i

3
b3
]
−

N

4π
Tr

[
udu−

2i

3
u3

]
+

1

2π
(Tru)d(B −NA) +

1

2π
(Tr b)dA

−
1

4π
xdx−

1

2π
xd(y +A) +

K

2π
BdA+

ǫK
4π

BdB (4.9)

= LU(NK)1 [A] + LU(K)−N
[B −NA]− L0[A] +

K

2π
BdA+

ǫK
4π

BdB .

We conclude that

L̂SU(N)K [B] ←→ L̂U(K)−N
[B −NA] +

K

2π
BdA+

ǫK
4π

BdB −NKI[g,A] . (4.10)

As a check, note that for K = 1 this agrees with (3.8), which was checked explicitly by

a change of variables. Similarly, for N = 1 the two sides of the duality are almost trivial

theories, where all the dynamical fields can be integrated out. This leads to K+ǫK
4π BdB in

the two sides.

Finally, the orientation-reversal of (4.10) is

L̂SU(N)−K
[B] ←→ L̂U(K)N [−B +NA]−

K

2π
BdA−

ǫK
4π

BdB +NKI[g,A] . (4.11)

(Equivalently, this can be derived by adding to the two sides of (4.10) −K
2πBdA− ǫK

4πBdB−
1
2πCdB, promoting B to a dynamical field e, and then integrating it out. After C → −B,

N ←→ K and some rearrangement we end up with (4.11).)

4.3 U(N)K,N+K ←→ U(K)−N,−(N+K)

Given the duality (4.10) we can derive additional dualities by adding counterterms to

the two sides and turning the background fields to dynamical ones, i.e. using the opera-

tions (1.8). An example of that was mentioned after (4.11).

As another example, we add to the two sides of (4.10) the counterterm 1−ǫK
4π BdB −

1
2πBd(C + (K + 1)A) with another U(1) background field C. Then we turn B into a

dynamical field e. The left hand side of (4.10) becomes

K

4π
Tr

[
bdb−

2i

3
b3
]
+

1

2π
(c+KA)d(Tr b+ e) +

1

4π
ede−

1

2π
ed(C + (K + 1)A)

+ L0[x, y;A] .

(4.12)

Integrating out c sets e = −Tr b and (4.12) becomes

K

4π
Tr

[
bdb−

2i

3
b3
]
+

1

4π
(Tr b)d(Tr b) +

1

2π
(Tr b)d(C + (K + 1)A) + L0[x, y;A]

= LU(N)K,N+K
[b;C + (K + 1)A] + L0[x, y;A] .

(4.13)
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The right hand side of (4.10) becomes

−
N

4π
Tr

[
udu−

2i

3
u3

]
+

1

2π
(Tru)d(e−NA) +

1

4π
ede−

1

2π
ed(C +A)−NKI[g,A]

= LU(K)−N,−N−K
[u;C + (1−N)A] + LU(1)1 [e+Tru;−C −A]−NKI[g,A] . (4.14)

This establishes the duality

L̂U(N)K,N+K
[C + (K + 1)A] ←→ L̂U(K)−N,−N−K

[C + (1−N)A]

−
1

4π
CdC −

1

2π
CdA− (NK + 1)I[g,A] .

(4.15)

As checks, note that it is consistent with (2.3) and that for K = 1 it coincides

with (3.12). Also, under orientation-reversal combined with C → −C − 2A the dual-

ity (4.15) is mapped to itself with N ←→ K.

4.4 U(N)K,K−N ←→ U(K)−N,K−N

Another duality is obtained by adding to the two sides of (4.10) the counterterm

− ǫK+1
4π BdB− 1

2πBd(C + (K − 1)A) with another background field C, and promoting B to

be a dynamical field e. After integrating out c and e the resulting duality is

L̂U(N)K,K−N
[C + (K − 1)A] ←→ L̂U(K)−N,K−N

[−C − (N − 1)A] +
1

4π
CdC

−
1

2π
CdA− (NK − 1)I[g,A] .

(4.16)

We can set K = N in (4.16):

L̂U(N)N,0
[C + (N − 1)A] ←→ L̂U(N)−N,0

[−C − (N − 1)A] +
1

4π
CdC

−
1

2π
CdA− (N2 − 1)I[g,A] .

(4.17)

Since U(N)N,0 = [SU(N)N × U(1)0]/ZN , the U(1) field does not have a quadratic term

in (4.17). Integrating over it constrains the background field C +(N − 1)A.6 This leads to

the duality:7

SU(N)N
ZN

←→
SU(N)−N

ZN
. (4.19)

Finally, as another check of all the dualities (4.10), (4.11), (4.15), (4.16), the coefficient

of I[g,A] accounts for the difference in the framing anomaly between the Chern-Simons

gauge theories in the two sides.

6Unlike the SU(N) theories discussed above, where the background field leads to SU(N)/ZN bundles,

here the partition function includes a sum over such twisted bundles and the background field determines

their relative phases.
7We could have started with (4.2) with N = K and mod it out by its ZN one-form symmetry to find

SU(N)N
ZN

←→
SU(N)−N

ZN

×
SU(N2)1

ZN

. (4.18)

For even N these theories are spin and for odd N they are non-spin. In the latter case SU(N2)1/ZN has

only one representation and its framing anomaly is a multiple of 8. (For example, SU(9)1/Z3 ←→ E(8)1.)

Therefore, for odd N (4.18) can be written as SU(N)N/ZN ←→ SU(N)−N/ZN without the need to add

the transparent line.
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5 Boson/fermion duality in Chern-Simons-matter theories

Our goal in this section is to write a more complete and precise version of (1.5)

Nf scalars with SU(N)K ←→ Nf fermions with U(K)
−N+

Nf

2

Nf scalars with U(N)K ←→ Nf fermions with SU(K)
−N+

Nf

2

Nf scalars with U(N)K,K±N ←→ Nf fermions with U(K)
−N+

Nf

2
,−N∓K+

Nf

2

. (5.1)

Again, we point out that the third duality in (5.1) with the bottom sign is new, as it is

based on the new level/rank duality (1.4). In addition to (5.1) we have four similar dualities

obtained from these by reversing the orientation. These differ from (5.1) by a sign change

of all the levels.

In this section we write the precise Lagrangians of these theories with the background

fields and their necessary counterterms. This will allow us to turn these background fields

into dynamical fields and to derive some consistency conditions (like deriving some of these

dualities from the others), and to find additional dualities.

Before we do that we should review some facts about the fermion determinant in

three dimensions. Consider a three-dimensional fermion coupled to a background spinc
connection A via the Dirac operator /DA

iψ /DAψ . (5.2)

Following [40, 41] the fermion determinant is

Z(A) = | det /DA|e
− iπ

2
η(A) , (5.3)

where the sign in the exponent depends on the regularization and we pick it to be neg-

ative. If we give the fermion a positive mass and integrate it out, the low energy theory

has no induced Chern-Simons term. And if the mass is negative, the low energy theory

includes −I[g,A].

In the literature it is common to refer to the fermion coupled to A with this regu-

larization as U(1)− 1
2
and describe it as having a bare counterterm −I[g,A]/2. We will

follow this terminology and will refer to this theory as U(1)− 1
2
. But we will not add this

improperly quantized Chern-Simons term. In more detail, although

eiπη(A) = eiI[g,A] , (5.4)

we can take the square root of the left had side as the meaningful and gauge invariant

expression eiπη(A)/2 (which appears in (5.3)), but we cannot write the square root of the

right hand side as eiI[g,A]/2, which is not meaningful.

In the various theories the gauge group is either SU(L) or U(L) with L being N in the

scalar theories and K in the fermionic theories. As in section 2.4, we are going to represent

the SU(L) theory in terms of a U(L) theory with a constraint. So our bosonic covariant

derivative D includes a U(N) gauge field and the Dirac operator /D includes A = u + A1I

with u a U(K) gauge field and A a background spinc connection. Also, in the bosonic

side of the duality we include a |φ|4 term to denote the fact that the theory is at the

corresponding Wilson-Fisher fixed point. We will elaborate on this potential momentarily.

– 19 –



J
H
E
P
0
9
(
2
0
1
6
)
0
9
5

We claim that the dualities (5.1) are

|Dφ|2 − |φ|4 + L̂SU(N)K [B] ←→ iψ /Dψ + L̂U(K)Nf−N
[B − (N −Nf )A]

+
K

2π
BdA+

ǫK
4π

BdB − (N −Nf )KI[g,A]

|Dφ|2 − |φ|4 + L̂U(N)K [B +KA] ←→ iψ /Dψ + L̂SU(K)Nf−N
[−B]

−
N −Nf

2π
BdA+

ǫN−Nf

4π
BdB − (N −Nf )KI[g,A]

|Dφ|2 − |φ|4 + L̂U(N)K,K±N
[B + (K ± 1)A]

←→ iψ /Dψ + L̂U(K)Nf−N,Nf−N∓K
[±B + (Nf −N + 1)A]

−
1

2π
BdA∓

1

4π
BdB − ((N −Nf )K ± 1)I[g,A] ,

(5.5)

and their orientation reversed ones are

|Dφ|2 − |φ|4 + L̂SU(N)−K
[B] ←→ iψ /Dψ + L̂U(K)N [−B +NA]

−
K

2π
BdA−

ǫK
4π

BdB +NKI[g,A]

|Dφ|2 − |φ|4 + L̂U(N)−K
[−B −KA] ←→ iψ /Dψ + L̂SU(K)N [−B]

+
N

2π
BdA−

ǫN
4π

BdB +NKI[g,A]

|Dφ|2−|φ|4+L̂U(N)−K,−K∓N
[−B−(K±1)A] ←→ iψ /Dψ

+ L̂U(K)N,N±K
[∓B + (N − 1)A]

+
1

2π
BdA±

1

4π
BdB+(NK±1) I[g,A] .

(5.6)

For Nf = 0 there are no matter fields and the dualities (5.5), (5.6) go over to the four

level/rank dualities (4.10), (4.11), (4.15), (4.16)

L̂SU(N)K [B] ←→ L̂U(K)−N
[B −NA] +

K

2π
BdA+

ǫK
4π

BdB −NKI[g,A]

L̂U(N)K [B +KA] ←→ L̂SU(K)−N
[−B]−

N

2π
BdA+

ǫN
4π

BdB −NKI[g,A]

L̂U(N)K,K±N
[B + (K ± 1)A] ←→ L̂U(K)−N,−N∓K

[±B + (1−N)A]∓
1

4π
BdB

−
1

2π
BdA− (NK ± 1)I[g,A] (5.7)

and their orientation reversed versions. In fact, (5.5) is obtained from (5.7) by substituting

N → N − Nf in the fermionic theory and (5.6) is obtained by simply changing the signs

of the levels.

ForNf = 1 there is a single flavor ofN scalars φi (with i = 1, . . . , N) andK fermions ψI

(with I = 1, . . . ,K) and the |φ|4 interaction is |
∑

i φiφ
i|2. The dualities refer to (assumed)
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nontrivial IR theories, where the coefficient of the mass terms
∑

I ψIψ
I in the fermionic

side and
∑

i φiφ
i in the bosonic side are tuned to the fixed point. We denote this fine-tuned

value of the mass by zero.

For Nf > 1 the scalars and the fermions also have a flavor index φia and ψIa (with

a = 1, . . . , Nf ).
8 Starting the bosonic theory at a free UV fixed point, the SU(Nf )-invariant

scalar potential can be a linear combination of TrM , TrM2, and (TrM)2 with M b
a =∑

i φaiφ
ib. We assume that this theory has a nontrivial IR fixed point with SU(Nf ) global

symmetry with a single SU(Nf )-invariant relevant operator
∑

Ia ψaIψ
Ia ←→ TrM . The

fixed point is achieved when the coefficient of this relevant operator is fine-tuned. Again,

the duality refers to this IR theory.

In section 4 we related the dualities (5.7) by starting with one of them, adding countert-

erms and promoting background fields to dynamical fields. Exactly the same manipulations

can be performed in (5.5). In particular, assuming one of these dualities, say the first one,

we can derive the others.

In the special case N = Nf = K = 1 these dualities go over to the dualities studied

in [14]. The bottom sign in the last duality in (5.5) is our new duality, which becomes in

this case

|Dφ|2 − |φ|4 + L̂U(1)0 [B] ←→ iψ /Dψ + L̂U(1)1 [−B +A] + I[g,A−B] . (5.8)

As a check, it can be derived from gauging B in equation (2.10) in [14]. Note that the

left hand side is manifestly orientation-reversal invariant but the right hand is not. Its

orientation-reversal invariance will be one of the fermion/fermion dualities in section 6.

Assuming any of these dualities with fixed values of the integers (Nf , N,K) we can

deform the theory by a mass term for one of the flavors to derive a duality with fewer flavors.

We turn on a mass term
∑

I ψNf I
ψINf in the fermionic side and M

Nf

Nf
=

∑
i φNf i

φiNf in

the bosonic side. Unlike the similar supersymmetric dualities, here we still need to fine

tune an SU(Nf − 1) invariant mass term in order to hit a nontrivial IR fixed point. In the

fermionic side it is
∑

aI ψaIψ
Ia and in the bosonic side it is TrM =

∑
ai φaiφ

ia.

In the bosonic side for one sign of the mass square the scalar becomes massive and we

flow to the theory with (Nf − 1, N,K). For the other sign of the mass square the gauge

group is Higgsed and we flow to the theory with (Nf −1, N−1,K). In the fermionic side of

the duality these two flows correspond to different signs of the fermion mass. For positive

mass there is no induced Chern-Simons term and for negative mass the Chern-Simons terms

are shifted by −LU(K)1 [u;A]−KI[g,A] (recall that the fermion couples to u+A1I with u

a U(K) gauge field). This has the effect of shifting the level of the existing Chern-Simons

terms in the fermionic side. The dualities (5.5) are consistent with these flows.

This discussion shows that the duality (5.1) might be problematic for Nf > N . In that

case we can turn on masses and flow to N = 0. Now the left hand side of the duality is an

empty gapped theory, while the theory in the right hand side seems like it is non-trivial.

It is instructive to understand the physical interpretation of the currents that the

background fields B and A couple to in (5.5). The SU(L) theories are described in terms of

8We thank O. Aharony and S. Minwalla for a useful discussion on the following points.
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U(L) fields u with a Lagrange multiplier that sets Tru = −B. Therefore, in these theories

B couples to the baryon number current. More precisely, in the fermionic SU(K) theory

(the right hand side of the second duality in (5.5)) the baryon current couples to B+KA,

which is a background U(1) field for even K and a spinc connection for odd K. Indeed,

the baryons in this theory are bosons for even K and they are fermions for odd K. In the

various U(L) theories in (5.5) there is no baryon number symmetry and B couples to the

monopole charge. Depending on the levels of the U(L) Chern-Simons theory it is or is not

a spin theory. (Recall that even when it is a spin theory, because of the coupling to A it

is independent of the spin structure.) When it is a spin theory, its monopole operator is

a fermion and it couples to a background spinc connection, and when it is not spin the

monopole operator couples to a background U(1) field. It is straightforward to check that

the levels in (5.5) and the couplings to A and B are such that the monopole and baryon

operators are mapped correctly between the two sides of the duality. This was studied

in [26] and was one of the motivations of [27].

6 New boson/boson and fermion/fermion dualities

Our goal in this section is to use the conjectured boson/fermion dualities (5.5), (5.6) to

derive new boson/boson and fermion/fermion dualities. We will mainly limit ourselves to

Nf = 1 and only discuss an example of Nf = 2 in section 6.3.

6.1 Boson/boson dualities

We set K = 1 in the second duality of (5.5) and the second duality of (5.6) to find a triality

iψ /DAψ ←→ |Dφ|2 − |φ|4 + L̂U(N)1 [A] + (N − 1)I[g,A]

←→ |Dφ|2 − |φ|4 + L̂U(N)−1
[−A]−NI[g,A] ,

(6.1)

where the φ in the different Lagrangians are different fields. We see that all the interacting

bosonic theories on the right hand side are dual to a theory of a single free fermion.

Surprisingly, although their Lagrangians depend on N , their physics is independent of N .

This amounts to an infinite set of dualities relating interacting bosonic theories.

The special case of N = 1 leads to

|Dφ|2 − |φ|4 + L̂U(1)1 [A] ←→ |Dφ|2 − |φ|4 + L̂U(1)−1
[−A]− I[g,A] , (6.2)

which agrees with equation (2.6) of [14].

Given these dualities we can act on them with T and S of (1.8) and find new dualities.

These are infinitely many purely bosonic theories, which are dual to a single fermion coupled

to dynamical gauge fields, which in general have some Chern-Simons couplings.

For example, starting with the duality between the first bosonic theory in (6.1) with

general N and the second bosonic theory in (6.1) with N = 1 we can add to the two sides

of the duality the counterterms 1
2πCdA + 1

4πCdC + (1 − N)I[g,A] and then gauge A by
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substituting A → A+ u to find

|Dφ|2−|φ|4+L̂SU(N)1 [C] ←→ |Dbφ|
2 − |φ|4 −

(
1

4π
bdb+

1

2π
bdu+

N

4π
udu

)
(6.3)

−
1

2π
bdA+

1

2π
ud (C−NA)+

1

4π
CdC+

1

2π
CdA−NI[g,A].

In the special case N = 1 we can integrate out u and (6.3) becomes the well-known particle-

vortex duality.

6.2 Fermion/fermion dualities

Next we look for fermion/fermion dualities. Set N = 1 in the first duality of (5.5) and the

first duality of (5.6) to find the triality

|D−Bφ|
2 − |φ|4 + L0[A] ←→ iψ /Dψ + L̂U(K)0 [B]−

K

4π
BdB +

K

2π
BdA (6.4)

←→ iψ /Dψ + L̂U(K)1 [−B +A] +
K

4π
BdB −

K

2π
BdA+KI[g,A] .

As in the previous subsection the fields ψ in these different dual Lagrangians are different

fields. This leads to an infinite number of fermion/fermion dualities. The duality between

the two fermionic theories with K = 1 in (6.4) agrees with equation (2.16) of [14] (up to a

trivial use of charge conjugation).

Again, as in the previous section we consider the duality between the first fermionic

Lagrangian in (6.4) with K = 1 and the second one with arbitrary K. We add to the two

sides the counterterms −K
4πBdB + 1

2πBd(−C + KA) + 1
4πCdC + 1

2πCdA − KI[g,A] and

gauge B by denoting it by u to find

iψ /Dψ + L̂SU(K)1 [C] ←→ iψ /Db+Aψ +
1

2π
bdu−

K + 1

4π
udu+

1

2π
ud (−C + (K + 1)A)

+
1

4π
CdC +

1

2π
CdA−KI[g,A] . (6.5)

In the special case K = 1 the duality (6.5) becomes after a trivial change of variables the

fermion/fermion duality in equation (2.14) of [14]

iψ /DAψ ←→ iψ /Db+Aψ +
1

2π
bdu−

2

4π
udu+

2

2π
udA− I[g,A] . (6.6)

6.3 Self-duality of QED with two fermions

In this section we are going to use the previous dualities to derive a fermion/fermion duality

similar to that of [31]. Our derivation can be easily extended to lead to many other dualities.

We start by substituting A → A+X in (6.6) and A → A−X in its orientation reversed

duality

iψ /DX+Aψ ←→ iχ /Daχ+
1

2π
adu−

2

4π
udu+

1

2π
ud(A+X)− I[g,A+X]

iψ /D−X+Aψ ←→ iχ /Daχ+
1

4π
ada−

1

2π
adu+

2

4π
udu−

1

2π
ud(A−X) + 2CSgrav , (6.7)

where a, appearing as b + A in (6.6), is a dynamical spinc connection. (Note the parity

anomaly.) We denoted the fermions in the right hand side by χ to highlight that they are

different than the fermions in the left hand side ψ.
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The direct product of the theories (6.7) is described by the sum of their Lagrangians

iψ1 /DA+Xψ1 + iψ2 /DA−Xψ2 ←→ iχ1 /Da1χ
1 + iχ2 /Da2χ

2 +
1

4π
a2da2 −

2

4π
u1du1

+
2

4π
u2du2 +

1

2π
(a1du1 − a2du2) +

1

2π
(u1 − u2)dA

+
1

2π
(u1 + u2)dX −

1

4π
(A+X)d(A+X) , (6.8)

where the indices 1 and 2 label the two sectors.

Next we gauge A by adding the counterterms 1
2πAdY − 1

4πY dY + I[g,A] with Y is a

background U(1) field (note that it is consistent with (2.3)) and then promoting A to a

dynamical spinc connection a. This gauging couples the two sectors labeled by 1 and 2.

In the right hand side we integrate out most of the gauge fields and are left with a single

dynamical spinc connection ã

iψ1 /Da+Xψ1 + iψ2 /Da−Xψ2 +
1

4π
ada+

1

2π
adY −

1

4π
Y dY + 2CSgrav

←→ iχ1 /Dã−Y χ
1 + iχ2 /Dã+Y χ

2 +
1

4π
ãdã+

1

2π
ãdX −

1

4π
XdX + 2CSgrav . (6.9)

The theory on the left hand side is QED coupled to two fermions ψ1 and ψ2. The

Chern-Simons term 1
4πada arises from our conventions of the fermion determinant (see the

discussion around (5.2)–(5.4)). We will return to it below. This theory has a manifest

SU(2)X × U(1)Y global symmetry. X couples to the Cartan generator of SU(2)X and Y

couples to the global U(1)Y symmetry associated with the connection a.

The theory on the right hand side is also QED coupled to two fermions χ1 and χ2. It

also has a manifest SU(2)Y × U(1)X global symmetry. But here Y couples to the Cartan

generator of SU(2)Y and X couples to the global U(1)X associated with the connection ã.

This means that the theory at the fixed point must have a global SU(2)X × SU(2)Y =

Spin(4) symmetry. Each dual description makes manifest only an SU(2)× U(1) subgroup

of it, but these are different subgroups. Equivalently, each of the Lagrangians in (6.9) has

a classical SU(2) × U(1) symmetry, but the quantum theory has an enhanced quantum

SU(2)× SU(2) = Spin(4) symmetry.

The way the classical global U(1) symmetry is enhanced to a global SU(2) quantum

symmetry is common in supersymmetric dualities [32, 33], and in fact, this particular

enhancement occurs in the N = 4 supersymmetric version of this theory [32]. (See also [42]

for a recent related discussion.)

Let us deform the theory on the left hand side of (6.9) by an SU(2) invariant mass

term mψiψ
i and find the low-energy theory

1

4π
ada+

1

2π
adY −

1

4π
Y dY + 2CSgrav ←→ −

2

4π
Y dY for m > 0

−
1

4π
ada+

1

2π
adY −

1

4π
Y dY −

2

4π
XdX − 2CSgrav ←→ −

2

4π
XdX for m < 0 . (6.10)

We find the same low-energy theories when we deform the theory on the right hand side

of (6.9) by −mχiχ
i. This means that the operators are mapped as ψiψ

i ←→ −χiχ
i.

We claim that our theory has a global SU(2)X ×SU(2)Y global symmetry and here we

coupled background fields only to the Cartan generators. As a check of our claims we note
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that the Lagrangians in (6.10) are normalized such that we can extend them by adding the

other background fields for SU(2)X × SU(2)Y

U(1)Y−2 −→ SU(2)Y−1 for m > 0

U(1)X−2 −→ SU(2)X−1 for m < 0 .
(6.11)

(In this particular case if X and Y become dynamical fields, there is no need to add degrees

of freedom when moving from the left to the right as these theories are dual to each other.)

Next, we would like to compare our result (6.9) with [31]. In addition to fitting this

duality into a large web of dualities, i.e. deriving it by assuming other, well-motivated

dualities, our analysis has three key differences relative to [31].

1. We have formulated the theory with spinc connections such that our formulation of

the theory does not depend on a choice of spin structure. In particular, our a and ã

are dynamical spinc connections and X and Y are background U(1) fields, which in

the quantum theory can be extended to SU(2) fields.

2. We are more precise about the definition of the fermion determinant (see the dis-

cussion around (5.2)–(5.4)). To relate to [31] we imprecisely describe each of our

fermions that couples to some A as having an improperly quantized Chern-Simons

term − 1
8πAdA− CSgrav. This means that in order to compare with [31] we need to

add in the left hand side of the duality − 1
4πada−

1
4πXdX−2CSgrav and to add in the

right hand side of the duality − 1
4π ãdã−

1
4πY dY − 2CSgrav. After doing that (6.9) is

almost the same as the duality in [31]. To make them identical we also need to add

to the two sides of the duality the counterterms 1
4π (XdX + Y dY ).

3. The counterterms 1
4π (XdX + Y dY ) that we have to add to (6.9) in order to match

with [31] are incompatible with (2.3). But what is worse is that if we add these

counterterms and then deform the theory with fermion masses, the low-energy theory

is U(1)X±1 × U(1)Y∓1 (see equation (5) in [31]), which unlike (6.10), (6.11) cannot be

extended to SU(2)X × SU(2)Y .

Finally, we have also established the Spin(4) global symmetry of the model, thus

clarifying the relation to [31, 43] (once some counterterms are added). Note that we argued

that the long distance behavior of the system is a non-trivial fixed point with a Spin(4)

global symmetry. But that fixed point cannot be described by the strong coupling limit

of a continuum Lagrangian based on a non-linear sigma model, whose target space is S3.

Such a continuum theory is non-renormalizable.
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A Often used equations

In this appendix we collect some useful equations.

The following terms are valid counterterms on spinc three-manifold (with B,C being

U(1) gauge fields and A a spinc connection):

1

2π
BdC

1

4π
BdB +

1

2π
BdA

I[g,A] ≡
1

4π
AdA+ 2CSgrav

16CSgrav.

(A.1)

U(N)1 is dual to a classical field theory

LU(N)1 [b;A] =
1

4π
Tr

[
bdb−

2i

3
b3
]
+

1

2π
(Tr b)dA ←→ −NI[g,A] . (A.2)

The Lagrangians for U(N) and SU(N) are

LU(N)K [b;C +KA] ≡
K

4π
Tr

[
bdb−

2i

3
b3
]
+

1

2π
(Tr b)d (C +KA)

LU(N)K,K±N
[b;C + (K ± 1)A] ≡

K

4π
Tr

[
bdb−

2i

3
b3
]
±

1

4π
(Tr b)d(Tr b)

+
1

2π
(Tr b)d (C + (K ± 1)A)

LSU(N)K [b, c;B] ≡
K

4π
Tr

[
bdb−

2i

3
b3
]
+

ǫK
4π

(Tr b)d(Tr b) +
1

2π
cd (Tr b+B)

ǫK =





0 K even

1 K odd and positive

−1 K odd and negative.

(A.3)

And if we add to them the “trivial” theory, which includes the purely gravitational spin

one-half line

L0[x, y;A] ≡
1

4π
xdx+

1

2π
xd(y +A) (A.4)

we have

L̂SU(N)K [B] ≡
K

4π
Tr

[
bdb−

2i

3
b3
]
+

1

2π
(c+KA)d(Tr b+B)+L0[A]+

ǫK
4π

BdB

←→ LSU(N)K [B] + L0[A]

L̂U(N)K [B +KA] ≡ LU(N)K [B +KA] + L0[A]

L̂U(N)K,K±N
[B+(K±1)A] ≡ LU(N)K,K±N

[B + (K ± 1)A] + L0[A] . (A.5)
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