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Abstract—1In this paper, we propose a novel codebook design
scheme for orthogonal frequency-division multiplexing with index
modulation (OFDM-IM) to improve system performance. The
optimization process can be implemented efficiently by the lexi-
cographic ordering principle. By applying the proposed codebook
design, all subcarrier activation patterns with a fixed number of
active subcarriers will be explored. Furthermore, as the number
of active subcarriers is fixed, the computational complexity
for estimation at the receiver is reduced and the zero-active
subcarrier dilemma is solved without involving complex higher
layer transmission protocols. It is found that the codebook
design can potentially provide a tradeoff between diversity and
transmission rate. We investigate the diversity mechanism and
formulate three diversity-rate optimization problems for the
proposed OFDM-IM system. Based on the genetic algorithm,
the method of solving these formulated optimization problems
is provided and verified to be effective. Then, we analyze the
average block error rate and bit error rate of the OFDM-IM
systems applying the codebook design. Finally, all analyses are
numerically verified by the Monte Carlo simulations. In addition,
a series of comparisons are provided, by which the superiority
of the codebook design is confirmed.

Index Terms— Orthogonal frequency-division multiplexing
with index modulation (OFDM-IM), diversity-rate optimization,
genetic algorithm, error performance analysis, diversity gain.

I. INTRODUCTION
RTHOGONAL frequency-division multiplexing
(OFDM) has occupied a crucial position in modern
wireless communication networks, since the popularization
of fourth generation (4G) networks [1]. Specifically, OFDM
utilizes a set of subcarriers with different orthogonal
frequencies to split a frequency-selective channel into a
number of frequency-flat subchannels. Because of the
orthogonality of subcarrier frequencies, the subchannels
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can be regarded as independent and the inter-channel
interference (ICI) shall be mitigated or even eliminated [2].
Meanwhile, OFDM has a high spectral efficiency and different
subcarriers can overlap in the frequency domain but still
maintain orthogonality, as long as certain quantitative relations
among their central frequencies can be satisfied. Another
attractive feature of OFDM is that it allows independent and
different processing on each subcarrier, and provides a higher
flexibility for system-level design [3]. From a practical point
of view, OFDM is also easy to be modulated and demodulated
by inverse fast Fourier transform (IFFT) and fast Fourier
transform (FFT) operations, respectively [4]. Based on these
merits, OFDM is also believed to play an indispensable role
in next generation networks and beyond.

Recently, OFDM with index modulation (OFDM-IM), as a
derivative of spatial modulation (SM) for multiple-input and
multiple-output (MIMO) systems, has attracted considerable
attention in both academia and industry [5]-[8]. The primary
principle of OFDM-IM is to extend the modulation dimensions
from two (amplitude and phase) to three (amplitude, phase and
index of subcarrier). By such an extension, the information
conveyed by a transmitted OFDM block is represented by
data symbols as well as the indices of active subcarriers,
on which these data symbols are carried [5]. Therefore, it has
been proven that under certain conditions, OFDM-IM systems
will gain a higher reliability and/or transmission rate than
conventional OFDM systems [9]-[12].

As a modulation scheme, the superiority of OFDM-IM is
highly related to the mapping relation between transmitted bit
sequences and subcarrier activation patterns. In this context,
how to encode the bit sequence to the data symbols carried
on subcarriers as well as the active subcarrier indices becomes
the key question. Some early research dedicated to studying
the mapping relations is published in [13] and [14], which
are either with a low spectral efficiency or rely on forward
error control techniques. These restrictions make them difficult
to use in practical communication networks. A more realistic
design of the mapping relation is proposed in [15], in which
the information is mapped to the indices regarding a set of
a fixed number of subcarriers, instead of the indices of sub-
carriers per se. Although the spectral efficiency of OFDM-IM
has been gradually improved by continuous study, the error
performance and diversity order of OFDM-IM are awaiting
further enhancement.

In this regard, an equiprobable subcarrier activation (ESA)
scheme is adopted for OFDM-IM systems to produce a coding
gain, but without any diversity gain [16]. In [17] and [18],
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two mapping selection schemes with more flexible mapping
relations based on on-off keying (OOK) are presented and
are shown to provide frequency diversity gains. However,
because the number of active subcarriers is a variable, a zero-
active subcarrier dilemma arises and a dual-mode transmission
protocol is necessary. Also, because the modulation is per-
formed on a variable-length bit sequence, the detection and
designs of higher layer protocols at the receiver would be
challenging. Another diversity scheme based on source coding
and redundancy is given in [19], but the resulting system has a
considerable loss of spectral efficiency. Coordinate interleav-
ing is employed in [20]—[22] to enhance the error performance
without loss of spectral efficiency, but the diversity order is
only improved from unity to two. Spatial diversity provided
by relay selections for OFDM-IM systems is also investigated
in [23], which renders a higher system complexity and extra
signaling overheads due to the coordination among multiple
relays.

To provide an easy-to-implement and efficient approach to
enhance system performance, we propose a novel codebook
design scheme for OFDM-IM systems in this paper. The
contributions of this paper are listed as follows:

1) We propose a codebook design scheme for OFDM-IM
based on the lexicographic ordering principle. We utilize
the principle to generate an optimized codebook speci-
fying the mapping relations between bit sequences and
subcarrier activation patterns according to the instanta-
neous channel state information (CSI) and discard some
subcarrier activation patterns that are not appropriate to
use. By such an optimization process, we can achieve
enhanced system performance without loss of spectral
efficiency.

2) We also find that a potential diversity-rate trade-off can
be provided by the codebook design scheme. Following
this, we investigate the diversity mechanism and formu-
late three diversity-rate optimization problems suited for
different application scenarios with solutions based on
the genetic algorithm (GA).

3) We analyze and approximate the average block error
rate (BLER) as well as the average bit error rate (BER)
of the proposed system in closed form, with the help
of the approximation of the Q-function and the union
bound.

4) We verify the superiority of the codebook design
enhanced OFDM-IM over the conventional OFDM-IM
and the OFDM scheme without IM by a series of
numerical simulations.

The rest of this paper is organized as follows. In Section II,
we introduce the system model as well as the assumptions used
in this paper. Then, we detail the algorithm to generate the
optimized codebook in Section III. Following the codebook
design scheme, we investigate its potential diversity mecha-
nism and formulate three diversity-rate optimization problems
with solutions based on the GA in Section IV. After that,
we analyze and approximate the average BLER and BER in
closed form in Section V, which is subsequently verified by
numerical results generated by Monte Carlo simulations in
Section VI. Finally, Section VII concludes the paper.
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II. SYSTEM MODEL

A. System Framework

In this paper, we consider an OFDM-IM system operat-
ing over a frequency-selective slow Rayleigh fading chan-
nel. Assuming a sufficiently long cyclic prefix (CP) is
inserted, transmissions over N independent subcarriers with-
out inter-carrier interference (ICI) can be enabled by a
N-point IFFT. Then, K out of N subcarriers will be acti-
vated to form a subcarrier activation pattern according to an
equiprobable bit sequence b with fixed length B." To facilitate
the following analysis, we denote the set of all subcarriers
as N. It is apparent that the number of all possible patterns
can be determined by L = (%), where (') is the binomial
coefficient. However, to modulate a sequence of bits, we have
to truncate the number of possible patterns to a power of two.
We can denote the truncated set of patterns as S(c) and the
truncated set is termed a codebook, where ¢ € C is the index of
the codebook and C denotes the set of all possible codebooks.
Seemingly, the number of patterns in S(c¢) can be derived as

S =18(c)| =2l v eec (1)
where |-| represents the floor function. As a consequence,
we can determine the number of codebooks to be C =
IC| = (é) Also, by (1), it is straightforward to see that the
length of the bit sequence mapped to a subcarrier activation
pattern is Bg = logy(S). Assume M-ary phase shift key-
ing (M-PSK) is used for amplitude phase modulation (APM)
of the symbol carried on each active subcarrier.” As there are
always K active subcarriers, we can write the transmission
rate in bits per channel use (bpcu) (i.e. the length B of the
equiprobable bit sequence b) as B = Bg + Bjs, where
By = Klogy (M) represents the length of the segment of
the bit sequence mapped to APM constellation symbols. More
explicitly, we can express B in terms of N, K and M as

B= LlogQ (g)J + K log, (M). @)

From the description above, we can see that the mapping
relation between bit sequence and subcarrier activation pattern
is exactly the same as stipulated in [15], except for the set
truncating process. As a result, the proposed system inherits
the merits of having a fixed number of active subcarriers
and the zero-active subcarrier dilemma (referring to the case
where all subcarriers are switched off in order to represent
an all-zero bit sequence) can be prevented in this scenario
accordingly [17]. Therefore, the forward error control tech-
niques, dual-mode transmission protocol and always-active
control subcarrier employed in [14], [17], and [25] are not
required, which will lead to a simpler system framework and
unified performance analysis.

The bit sequence b also holds other information aside from the bits to be
mapped to the activation pattern.

2t has been proven that PSK, as a constant-envelop APM scheme, outper-
forms other non-constant-envelop APM schemes, e.g. quadrature amplitude
modulation (QAM) [24]. We thereby adopt M -PSK in this paper.
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Fig. 1.  System block diagram of the transmission part of the proposed

OFDM-IM enhanced by the codebook design.

B. Signal Transmission

Now, the bit sequence b with length B can be mapped to the
subcarrier activation pattern consisting of /K active subcarriers
and the K data symbols conveyed on these active subcarriers.
To uniquely express the subcarrier activation pattern, we intro-
duce the activation state vector (ASV) of subcarriers by

V= [U(nl)av(nQ)a"-a'U(nN)] S {051}1XN7 (3)

where v(ng¢) is either ‘0’ or ‘1’ representing whether the
neth ordered subcarrier (more detail of the ordering process
will be introduced in Section III) is inactive or active, respec-
tively. Accordingly, we can express the transmitted OFDM
block as

X(Cv b):[x(mla 1),x(m2,2), e '7x(mNaN)]T€(CNX1a (4)

where (-)7 denotes the matrix transpose operation. The ele-
ment of the block x(c,b) is given by

an&a 1)(715) =1

5
0, v(ng) =0 ©

x(mng ) nf) = {
where X, is a M-ary constellation symbol; m,, € M
and M is the set of indices of constellation symbols when
M-PSK is used; without loss of generality, we can normalize
the constellation symbol by .. sxfnn =1,V m, € M.
For clarity, we illustrate the system block diagram of the
transmission part of our proposed OFDM-IM system in Fig. 1.

C. Signal Propagation and Reception

At the receiver with perfect synchronization, after sampling,
discarding the CP, and performing a FFT, we can express the
received OFDM block as

Y(Ca b) = [y(mla 1)7y(m25 2)7 o 7y(mN7 N)]T
= %Hx(c, b) +w e CV*1, (6)
where w = [w(1),w(2),...,w(N)]T € CVN*! denotes the

vector of N independent complex additive white Gaussian
noise (AWGN) samples on each subcarrier, whose entries
w(n) ~ CN(0,Ny), and Ny is the noise power; H =
diag{h(1),h(2),...,h(N)} € CN*N is a N x N diagonal
channel state matrix (CSM) characterizing the channel quality;
P, is the total transmit power that can be used for data
transmission at the transmitter and we assume it is uniformly
distributed over all K active subcarriers.
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In this paper, we assume all wireless channels to be
frequency-selective slow® Rayleigh fading channels and the
corresponding channel gains to be exponentially independent
and identically distributed (i.i.d.) with mean p. Therefore,
the probability density function (PDF) and the cumulative
distribution function (CDF) of the channel gain G(n) =
|h(n)|?, ¥V n € N are given by [26]

Jo(€) = exp(—€/p) /& Fyle) = 1 —exp (—¢/p). (T)

At the receiver, because of the slow fading model adopted
in this paper, the optimized codebook and CSI, i.e. S(c) and
H are assumed to be known. As a result of this a priori
information, the maximum-likelihood (ML) detection method
can be employed to perform block detection according to the
criterion below:

%(¢c,b) = argmin

v(c,b) — /ZtHx(c, b H , (8
x(c,b)EX (c) ’y( ) K (c,b) F

where HH - denotes the Frobenius norm of the enclosed argu-
ment; ¥ (c, b) denotes the received OFDM block contaminated
by noise; x(c, b) denotes the estimation trial; X' (c) is the set
of all legitimate x(c, b) when the codebook S(¢) is in use and
we can easily see that X = |X(c)| = SM¥X.

Then, we can define the average BLER as

P =E{E{P.(x(c.B)H) } . ©

where [E{-} denotes the expectation of the enclosed; the
conditional BLER when X (¢, b) is transmitted is approximated
by the well-known union bound to be [27]

P(x(c,b)H) < ) Pu(k(e,b) — X(c, b)|H),
%(c,b)#x(c,b)
(10)

and P,(%(c,b) — =%(c¢,b)[H) represents the conditional
probability of the event that the original transmitted block
X(c,b) is erroneously estimated to be X(c,b). The average

BLER P, is used as an important metric in this paper to
evaluate the performance of the proposed OFDM-IM system.

III. CODEBOOK GENERATING ALGORITHM

A. Mathematical Principle of the Codebook
Generating Algorithm

As we specified above, there are L = gN ) available patterns
in total, from which only S = 2ll°g: 5” patterns will be
selected to form a codebook and used for OFDM-IM. In other
words, there are

AN, K)=L-S= @) — gliess (%)) (11)

patterns, which should be discarded. Specifically, denoting
the set of all patterns as £, we need to find S(¢) C L,
by which the corresponding average BLER can be reduced.
However, as we derived above, C' = |C| = (é) will be a large

3The slow fading/quasi-static fading model adopted in this paper means
that the CSM will remain constant for a sufficiently long period of time,
which justifies the codebook design mechanism, as the signaling overhead and
computational resource for performing such an optimization can be maintained
below a reasonable level.
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number for intermediate /N and K, which makes the codebook
design demanding.* Here, to perform the optimization effi-
ciently, we propose a codebook generating algorithm based
on the lexicographic ordering principle [28]. First, according
to the obtained CSI, we rank G(1), G(2),...,G(N) in terms
of their values in ascending order. Then, we have the ordered
channel gains as

Gy(n1) < Gay(ng) <--- < Gvy(nw), (12)

where n¢ denotes the original index of the channel gain ranked
in the &th place in ascending order. For clarity, we term 7,
and ¢ the index and the order in this paper, respectively.

We can generate a list consisting of L ASVs by a cer-
tain order, and each of them represents a unique subcarrier
activation pattern with K active subcarriers. Since multiple
subcarriers are considered in OFDM-IM systems, which all
have impacts on the performance, it would be tough to define
a general criterion to evaluate and order all L patterns in
terms of their quality. Therefore, to facilitate this ordering
process and ease optimality analysis, we only consider the
asymptotic region when the transmit power becomes large.
In the asymptotic region, it has been proven that the error
performance of OFDM systems is dominated by the worst
subarrier (i.e. the one with the lowest channel gain) [29].
In this regard, the patterns in which the worst active subcarriers
have larger gains must be superior to those whose worst
active subcarriers have smaller gains. This provides a hint
for the pattern ordering and we might resort to the reverse
lexicographic order [28]. As a result, we can treat an ASV
as a binary sequence where the most significant digit is on
the left side and convert it to a decimal number, which can be
used as an indicator to characterize the performance of the cor-
responding pattern in the asymptotic region. Mathematically,
for two arbitrary ASVs v; and v;, we define the lexicographic
ordering relation as [30]

Vi <LV o w; < Wwj, (13)

where w; = b2d;(v;) is called an ordering indicator and
b2d;(-) converts a binary vector to a decimal number given
the most significant digit on the left side. With the help of w;,
we can easily enumerate all L ASVs in the lexicographically
ascending order as vi <| vo < --- < Vv, since the reverse
lexicographic order is a well-order relation [31]. As we have
ordered the channel gains in ascending order, patterns with
smaller ordering indicators are superior, and we can simply
select the S lexicographically smallest ASVs to form the
optimized codebook S(c) by

S(e) ={vi1,va,...,vs}. (14)
B. An Simplistic Example of the Codebook
Generating Process

To be clear, we demonstrate a simplistic example of the
codebook generating process by reverse lexicographic order
when N =4 and K = 2 as follows.

4For example, when N = 8 and K = 4, the numbers of available and

N 8
selected patterns are determined by L = (i) =T70and S= 2 Llog> (4)J = 64.
Therefore, C' = ([}) = 131115985.
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TABLE I

MAPPING RELATION BETWEEN THE Bg-BIT SEQUENCE SEGMENT
AND SUBCARRIER ACTIVATION PATTERNS FOR A SIMPLISTIC
EXAMPLE WHEN N =4 AND K = 2

Bg bits ‘ ASVs ‘ Orders ‘ Indices ‘ x(c, b)
[0’0} Vi = [0707 1, 1] {3»4} {2»3} [0» Xm27Xm370]
[07 1} V2 = [07 1,0, 1] {274} {274} [07 Xm2707Xm4]
[1,0] v3=[0,1,1,0] | {2,3} | {3,4} | [0,0,Xms3,Xm4]
[1’1} V4 = [170707 1] {1’4} {1’2} [Xm17Xm2’070]

TABLE 11

RELATION AMONG ORDERS, INDICES OF SUBCARRIERS AND ASVS WHEN
N = 4 AND K = 2 (THE ENTRIES OF ASVS CORRESPONDING
TO THE WORST ACTIVE SUBCARRIERS IN A GIVEN
ACTIVATION PATTERN ARE IN BOLDFACE)

Orders & 1 2 3
Indices ng¢ 1 4 3 2
Vi [0 o0 1 1]
Va2 0o 1 0 1]
V3 [0 1 1 0]
Va4 m o o0 1]
V5 1 o0 1 0]
Ve m 1 0 0]

1) Initialization: For N = 4 and K = 2, it can be calculated
that L = (¥) = (3) = 6 and S = 2lloe2(D)] = 2lloea(0)] = 4,
Also, the length of the segment of bit sequence mapped to
subcarrier activation patterns can be determined by Bg =
log,(S) = log,(4) = 2. Then, we initialize an empty set with
size S to represent S(c).

2) Channel Ordering: Assume all channel gains can be
perfectly estimated and we know that G(1) = 0.2, G(2) = 2.6,
G(3) = 2.5 and G(4) = 0.4. Then, we can rank them in
terms of the value in ascending order and obtain Gy (1) <
G2)(4) < G3)(3) < Gay(2).

3) Generating S(c): It can be easily shown that we have
the following six ASVs in reverse lexicographic order: v =
[0,0,1,1] (w1 = 3), v2 =[0,1,0,1] (w2 = 5), v3 = [0, 1, 1,
(ws = 6), v4 = [1,0,0,1] (wg = 9), v5 = [1,0,1,0] (ws
10) and v¢ = [1,1,0,0] (ws = 12). Then, we can simply
select vy, vg, vg and vy to form the optimized codebook
S(c) = {vi1,v2,vs3,va}. According to the ascending order
G<1>(1) < G<2> (4) < G<2> (3) < G<4> (2) and S(C) as well as
the definition of ASV given in (3), we have the relation among
orders, indices and ASVs presented in Table I. Following
the relation given in Table I, we have the mapping relation
between the Bg-bit stream segment and subcarrier activation
patterns in Table II, by which it is obvious that the activation
frequency of a subcarrier in the optimized codebook S(c) is
related to its channel quality.> The lower ordered subcarriers
are not used as much but the higher ordered subcarriers are
more likely to be employed (e.g. subcarrier 1 (the worst
subcarrier) is only used once in all selected patterns, but
subcarrier 2 (the best subcarrier) is used three times).

SWe intend to list the discarded ASVs vs and vg in order to illustrate
how the worst subcarrier changes after performing the reverse lexicographic
ordering process.
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Fig. 2. Relation among diversity gain d,, N and K.

IV. DIVERSITY MECHANISM AND
DIVERSITY-RATE OPTIMIZATION

A. Diversity Mechanism

The diversity gain of multi-carrier systems can be expressed
by the number of independent sets of subcarrier activation
patterns covering all legitimate x(c,b) [29], [32]. Following
this rationale, it can be deduced that for multi-carrier systems,
the error performance is dominated by the deepest faded
subcarrier (i.e. the subcarrier with the lowest channel gain)
when transmit power becomes large [33]. Therefore, if we
denote the lowest order of the subcarrier taken in S(c)
as &min, the diversity gain can be expressed as d, = &min.
As we order all subcarriers to generate the codebook by
the lexicographic ordering principle, there is the potential to
provide a diversity gain by properly choosing N and K, so that
some inappropriate subcarriers can be completely eliminated
from the generated codebook. From the viewpoint of ordered
subcarrier combinations, we can also express the number of
subcarrier activation patterns L by

N—-—K+1 N—f
L=Q(N,K,N-K+1) = X:(K_J,(m
e=1

where Q(N, K,v) = Zgzl (%j) representing the number of
combinations out of (%) with ones in the v most significant
bits. As a result, we can explicitly give the expression of d,
in terms of N and K as follows:

1, A(N,K) < Q(N,K,1)

d, =
v, Q(N,K,v—1)<A(N,K) < Q(N, K,v)

(16)
which can be plotted in Fig. 2. It can be observed from
Fig. 2 that the relation among diversity gain d,, N and K
is non-monotone and highly complex.

Remark 1: The above explanations as well as the expres-
sion of d, given in (16) might not be straightforward to
understand. To understand them better, we might view it
from the perspective of independent fading replicas. According
to [27], diversity techniques can be understood as the supply
of multiple replicas of the same information-bearing signal.
Hence, as long as the best replica (for example with the largest
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end-to-end channel gain) selected from these multiple replicas
can be successfully decoded at the receiver, the information
intended to be transmitted is retrieved.® It has also been proven
that for M -ary orthogonal signals, the error performance is
governed by the worst pairwise error event,” in which the
worst subcarrier in mapping codebook is activated. Obviously,
without codebook design and subcarrier selection, the worst
subcarrier involved in the codebook will be the worst one
in the full set of subcarriers N, and thereby the diversity
gain d, = 1 for this case. Following this rationale, if we
can have multiple independent subcarrier activation patterns®
to represent the same bit sequence, we can select the best
subcarrier activation pattern so as to raise the order of the
worst subcarrier from 1 to &,i,. This is the essential principle
of the diversity mechanism of the lexicographic codebook
design scheme. More intuitively speaking, the diversity gain
comes from the prevention of using ‘bad’ subcarrier(s) in
the codebook, which can be regarded as a special case
of subcarrier assignment for multi-carrier systems [34]-[36].
Therefore, we resort to the basics of combinatorics to identify
the order of the worst subcarrier contained in the mapping
codebook generated by the lexicographic ordering principle,
which immediately gives (16).

B. Diversity-Rate Optimization

By (2), we can also plot the relation among transmission rate
B, N and K with different APM order M in Fig. 3, from
which it is also evident that the relation between B and K
is non-monotone, especially when M is small. Considering
both diversity and data rate are important performance eval-
vation metrics for wireless communication systems’ relia-
bility and efficiency, we can formulate three diversity-rate
optimization problems as follows, which will cover a wide
range of applications. The first diversity-rate optimization is
for diversity-critical systems, in which reliability is of high
importance, e.g. Internet of Things, vehicular networks and
military wireless sensor networks (WSNs) [37]-[39]. In par-
ticular, there is only a minimum quality of service (QoS)
requirement for transmission rate, say B, and the objective
is to maximize the diversity gain. We can mathematically
formulate this optimization problem infra:

{Iﬁ%{d"}

st.2< N<N, NeN*"
1<K<N-1, KeN"
B>B (17)

where N is the maximum allowed number of subcarriers
in OFDM-IM systems, which is regulated by the spectral

SFor traditional communication systems, independent fading replicas can
be generated either in the time, frequency or space domains, which yields
time, frequency or space diversity, respectively. For OFDM-IM systems,
independent fading replicas could be generated in the index domain [15], and
thereby the so-called index diversity is attainable, which can be regarded as
a special case of frequency diversity.

7This phenomenon is also observed and investigated in [33].

8The independence among subcarrier activation patterns refers to the exclu-
sive use of different worst subcarriers according to different codebooks.
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resource assigned. It would be emphasized that the optimiza-
tion constraint B is a natural number according to (2).

In a similar manner, we have the diversity-rate optimization
for rate-critical systems, which dedicate to reinforcing the
transmission rate, e.g. data networks for multimedia and virtual
reality (VR) applications [40], [41]. In these cases, there is
only a minimum QoS requirement for reliability, denoted
as d,, and the optimization problem can be formulated as

st.2< N<N, NeN*t
1<K<N-1, KeN"

d, > d, (18)

Here, it should also be emphasized that the optimization
constraint d,, is a natural number according to (16).

Both optimization problems formulated for diversity-critical
and rate-critical systems in (17) and (18) belong to the cat-
egory of single-objective optimization problems. In addition,
we can also regard d, and B as a whole and optimize both
together as a multi-objective optimization problem, which pro-
vides a flexibility to trade off the QoS requirements between
diversity and transmission rate and is thereby more suited for
heterogeneous networks (HetNets) [42]. To be specific, as both
d, and B are expected to be maximized, we can simply employ
their product with corresponding powers of weights as a single
utility function

U = d" B2, (19)

where wy € [0,1] and ws € [0, 1] are the weights depending
on the significance of both measures and we also have’
wy + wy = 1. Subsequently, we can formulate the joint
diversity-rate optimization problem as

U} = dvr B2
{I}vl%?}{ J {1333?}{0 J
st.2< N<N, NeN"
I1<K<N-1, KeN* (20)

To provide intuition, the relation among utility U, N and K
with different APM order M is plotted in Fig. 4, given w; =
Wy = 0.5.

C. Solutions to Formulated Optimization Problems
by the Genetic Algorithm

In this subsection, let us focus on solving the formulated
optimization problems in the last subsection. First, we can
characterize the computational complexity by the total number
of combinations of { N, K'} (a.k.a. the size of the search space)
for a given N as

[1]

N-1 1
N) = =_-N(N-1 21
(V) ; n=sNN-1), 2D
which is obviously with a quadratic time complexity when

implementing a brute-force method searching for the optimal
solution over the full set of { N, K'}. As given in (2) and (16),

9The determination of wj and wsy in engineering practice should take
the policy and QoS requirements into consideration and requires domain
knowledge [40]. As this is out of the scope of this paper, we therefore omit
an in-depth discussion regarding relevant issues.
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Fig. 5. A generic structure of the GA employed in this paper to solve the
diversity-rate optimization problems.

we can easily find the optimization problems formulated
in (17), (18) and (20) to be nonlinear integer program-
ming problems [43]. Also, as plotted in Fig. 2 and Fig. 3,
although B can be proven to a discrete concave function of
N and K [44], this is not the case for d,, owing to its zigzag
nature. Therefore, it is not possible to apply convex optimiza-
tion methods to find out the optimal solutions of {N, K}
to the above formulated optimization problems. Alternatively,
in this subsection, we apply the GA to search for the optimal
solutions, by which a combination {N, K} is represented by
a chromosome C. Moreover, it has been rigorously proven
that as long as a sufficiently large operation time is allowed,
the solution generated by the GA will converge to the optimal
solution [45]. A generic structure of the GA to solve the
diversity-rate optimization problems is shown in Fig. 5. Now,
we expatiate each of the functional blocks in this structure
and construct the optimization model based on the GA in the
following steps.

1) Initialization and Input Parameters: In this initial stage,
all required parameters for all other stages should be specified
and relevant operations are stipulated (i.e. the meta-data and
meta-rules). For generating the initial population, we have to
specify the size of population V,, and the rule of generating the
initial V,, chromosomes (i.e. V,, combinations C = {N, K'}).
For fitness evaluation, we need to input the optimization
objective and constraints, which serve as criteria to evaluate
each chromosome and assign a corresponding fitness metric.
Then, we should explicitly regulate the termination condition,
i.e. when this optimization process should be terminated and
how the best chromosome in the last generation can be selected
as the output combination. If the termination conditions are not
satisfied, we then carry out the selection process and thereby
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we should tell the optimizer how to perform the selection
when initializing. Having selected new parental chromosomes
by a certain rule, we then perform crossover processing
to exchange genes between two parental chromosomes and
produce two offspring chromosomes for the next generation
of V,, chromosomes. The random process of crossover should
also be stipulated with relevant parameters, e.g. the crossover
probability P.. To avoid being trapped in a local optimum,
we mutate over the new generation of chromosomes to explore
a larger search space and the rule as well as the mutation
probability P,,, are thus required to be defined.

2) Generating Initial Population: To start the optimization
process by the GA, we have to generate the first population
consisting of V,, chromosomes. We can easily do so by two
steps. In the first step, we randomly select an integer for N
from set [2, N] with a uniform probability (allowing repeti-
tions). Then, for an arbitrary integer N, we randomly select
an integer K from set [1, N — 1] to complete a chromosome
structure C = {N, K'}. Then, we repeat this process V,, times
and obtain the initial population of V,, chromosomes.

3) Fitness Evaluation: In this stage, we can check
the fitnesses of V, chromosomes by the objective given
in (17), (18) or (20). Then, for each C; = {N;, K;}, i =
1,2,...,Vp, we will have a measurement M;, which could
be the diversity, data rate or combined utility. It is worth
noting that if any of optimization constraints are violated by
a chromosome, its measurement will be set to zero.!° Then,
we normalize the measurement M; by

C My Mo My

; (22)

m;
P

which is defined as the fitness of the corresponding chromo-
some and equals the survival probability used for the survivor
selection.

4) Termination Conditions: After obtaining the fitnesses of
all chromosomes in the present generation, we then exam-
ine the termination conditions. To simplify the optimization
process, we can simply assume a fixed number of genera-
tions G, which is sufficiently large to reach an appropriate
average fitness level. Then, if the current generation has not
reached G yet, we carry on the optimization process and
increase the current generation G by one increment. Otherwise,
we terminate the process and give the index of the optimized
combination and finally have the optimized combination as

iopt = argmax{m;}
i

Ciopt = {Niolat ) Kiopt }

(23)

5) Survivor Selection: As the fitness we defined above has
been a normalized value ranging between 0 and 1, we can
directly apply them to the standard roulette wheel selection
process as the survival probabilities [46]. Then, we conduct

101 the case where the measurements of all chromosomes are set to zero,
the chromosome selection cannot be performed. To mitigate this problem,
we stipulate that the measurements are equal to 1/V;, when the optimization
constraints have been violated by all V;, chromosomes.
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the standard roulette wheel selection process V,, times!! to
select V,, parental chromosomes prepared for mating to repro-
duce the next generation chromosomes.

6) Crossover: Crossover is an efficient approach to explore
the search space. In terms of the parity of V,,, we define two
modes to perform crossover: 1) if V,, is even, the crossover
process might be performed between two adjacent parental
chromosomes with probability P., as long as both offspring
chromosomes do not violate the optimization constraints;
2) if V), is odd, the crossover process might be performed
between two adjacent parental chromosomes with probabil-
ity P., as long as both offspring chromosomes do not vio-
late the optimization constraints, but the last single parental
chromosome will remain the same without crossover. After
performing the crossover process, we will have V,, offspring
chromosomes.

7) Mutation: To avoid being trapped in a local optimum,
we resort to mutation to provide a larger exploration of the
search space. Considering the chromosome structure C =
{N, K} in this optimization process, we design a joint muta-
tion process here. In the joint mutation process, both N and K
will be mutated together with probability P,, or remain the
same with probability 1 — P,,. Specifically, Once mutation
occurs, N in the chromosome C = {N, K} is mutated to N,
which is randomly chosen from the set [2, N]\{N}. Then,
K in the chromosome C = {N, K'} is mutated to K, which
is randomly chosen from the set [1, N —1]\{K}. In this way,
we can avoid violating the constraint between N and K after
performing mutation, so that the convergence rate of GA will
be improved.

By the detailed descriptions of all functional blocks,
we have the pseudocode of the GA-based optimization in
Algorithm 1. From Algorithm 1, it can be found that
the computational complexity of the proposed optimization
algorithm based on the GA is O(GV,,) regardless of the search
space, while the computational complexity of the brute-force
method is O(N?) as the search space is given by (21), where
O(+) is the big O notation.'?

V. ERROR PERFORMANCE ANALYSIS

In this section, we analyze the error performance of
OFDM-IM systems assuming the optimal values of N and K
are attained via the GA described above. In this paper, we uti-
lize average BLER to characterize the error performance.
To calculate the average BLER, we first need to investigate
the order statistics of the channel gain, as the channel ordering
algorithm is involved in the reverse lexicographic ordering
process. According to (7), we can write the PDF of the
&th order statistic of the channel gain among N subcarriers

"'This is because in this paper we need to guarantee the same sample
numbers of chromosomes in all generations. Although a shrinking/variable
number of chromosomes in the next generation is also possible, we do not
adopt this setting for simplicity.

2For two arbitrary functions f(z) and g(z), let £ — X where \ can
be either a real number, infinity or infinitesimal. It is defined that f(z) =
O(g(z)), if limA{f(:t)/g(x)} is bounded.

xr—
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Algorithm 1 Proposed GA for Solving Optimization Problems

for OFDM-IM Systems Applying the Lexicographic Codebook

Design Scheme

1: BEGIN

2: -Initialization

3: Input: V,,, G, P¢, P,,, N and M as well as objective and
constraints;

4. G+ 1;

5: -Generate initial population

6: for i =1:V, do

) —

8

9

N; < Random{2,3,...,N};
K; «— Random{1,2,...,N; — 1};
: Cz = {Nz, K,L'};

10 m; =1/Vp;

11: end for

12: -Check termination conditions

13: while G < G do

14:  -Survivor selection

15:  Perform the roulette wheel selection process with inputs
{C;} and {m;} (for details refer to [46]) and obtain new
V,, parental chromosomes;

16:  -Crossover

17: if V,, is even then

18: Perform crossover mode 1) with probability P_;
19: else

20: Perform crossover mode 2) with probability P;
21:  end if

22:  -Mutation

23:  Generating one random variable Rj; in the interval
(0,1).

24: fori=1:V, do

25: if Ry < P, then

26: N, — N = Random{2,3,..., N}\{N;};

27: K; — K =Random{1,2, ..., N; — 1}\{K;};
28: end if

29:  end for

30: -Fitness evaluation
31: fori=1:V, do

32: if constraints held then

33: M; <« Objective(N;, K;);
34: else

35: M; < 0;

36: end if

37: end for

38 if Zyzpl M; == 0 then
39: fori=1:V, do

40: M; — 1/Vyp;
41: end for
42:  end if

43:  Obtain {m,} for all chromosomes by (22);
4: G—G+1;
45: end while

46: iopy = argmax{m;};
i

47: return C; = {N; .. K, }3
48: END
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as [47]

N (Fy(€))s (1 = Fy(e))N ¢ f,(e)
(€ — 1IN —¢)! ’

which can be used to average the conditional BLER after per-
forming the codebook design over all channel states. For now,
we temporarily neglect the codebook design process. We focus
on the basic element of the average BLER, i.e. the conditional
probablhty of the event that the original transmitted block

%(c,b) is erroneously estimated to be X(c, b), which can be
P.(x(c,b) — ﬁ(c b)H)

expressed as [27]
N2
o3 [ (e s

:Q ZG |£L’ My, N )_‘%(mn;n)P , (25)

Pey(e) = (24)

KNO

KNO

whert'a Qzx) = \/Lz_w fxoo exp (—u?/2) du is the Gz%ussian tail
function (a.k.a. the Q-function). Because of the difficulty of
processing the Q-function, to provide an insightful expres-
sion of the final result, we adopt the approximation of the
Q-function by the sum of two linear transformations of the
exponential function [15]:

1 x2 N 1 22
Lo (—ZY o Yoo (2227
2P\ 1P\ T3 )

which becomes increasingly accurate for a large x. By such an
approximation, we can approximate P, (%(c, b) — %(c, b)|H)
as follows.

Q(x) ~ (26)

P, (%(c,b) — %(c,b

szlnexp<

b)H)
nth

G (n)|i (v, ) — :z(mn,n)IQ),
(27
where {p1, p2} = {1—127 i} and {n1,n2} = {%v %}

To ease the analysis with codebook design, we need to
rearrange x(c,b) by the orders of subcarriers instead of
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TABLE III

REARRANGING PROCESS FROM TRANSMITTED OFDM BLOCK TO
PERMUTED OFDM BLOCK WHEN N = 4 AND K = 2

x(c,b) \ ASV \ z(b)
[0» Xm27Xm370] V1 = [0:07 1’1} [0:0’ sz’Xmg]
[0, Xm2, 0, Xmy] =1[0,1,0,1] [0, Xms, 0, Xmy]
0,0, Xm3zs Xm4] | va=10,1,1,0] | [0, xm3,Xmy,0]
[X’muX’mz’OvO] V4 = [1:07 0, 1} [Xmuo: 0, X’mz]

the indices. Then, we can obtain the permuted OFDM block'?

z(b) = [z(m1,1), 2(m2,2), ..., z(my, N)]T € CV*1 (28)
according to the incoming bit stream b, which will not
change with the channel states. Specifically, z(b) is formed
by replacing the ‘1’s of an ASV with the data symbols in the
corresponding x(c, b) in sequence. We illustrate an example
of this rearranging process in Table III, which follows the case
shown in Table II. With the help of the concept of the permuted
OFDM block, we can modify (27) to be (29), shown at the
bottom of this page.

We can remove the conditions on the channel state H in (29)
and obtain P.(x(c,b) — %(c,b)) by the calculation given
in (30), shown at the bottom of this page, where I'(z) =
Jo~ u*exp(—u)du denotes the gamma function. After this,
we can resort to the interchangeability between integral and
summation operations to approximate the unconditional BLER

by its union bound as follows:

>

%(c,b)#x(c,b)

P.(x(c,b)) < P.(x(c,b) — x(¢,b)).  (31)

Finally, as all bits are equiprobable, all subcarrier activation
patterns will be used with a uniform probability. As a conse-
quence of this uniformity, we can average P.(%(c,b)) over
all legitimate transmitted OFDM blocks and determine the
average BLER to be

_ 1
Po=2 Y R(eb),

x(c,b)eX(c)

(32)

13Note that, the concept of permuted OFDM block introduced here is just
used to facilitate the performance analysis and will do nothing to the actual
transmission at OFDM-IM transmitters.

P.(%(c,b) — %(¢, b)[H) ~ szHexp<

P.(%(c,b) — %(c, b)) szH/ exp(

N'F(N—§+1+

2L G (0] 2(rng ) — <mn£,ng>|2)

(29)

B Gty (ne) 20 ) — (o) ) 616 (Gey (ne))dC gy (me)

niPtMZ'(mn& ,ng)fé(mni,ng)F
KNy

2 N
N i Z(1p, ng)—Z2(Mn, ,ne)|? (30)
; ];[ N g)'F (N + 1 + 1i Py ] 2( ne Ki\)lo ( g e)l )
_ 1 . A . )
h=%p 2 ST P(eb) — (e, b)i(x(e, b) — x(c, b)) o)

%x(c,b)eX () \X(c,b)#x(c,b)
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Fig. 6. Average diversity gain after performing the optimization based on the GA vs. the number of generations: (a) with different V,, € {10, 20, 50, 100},
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Fig. 7. Average data rate after performing the optimization based on the GA vs. the number of generations: (a) with different V,, € {10, 20, 50, 100}, given
P. = 0.7 and P;;, = 0.02; (b) with different P. € {0.2,0.4,0.7,0.9}, given V, = 50 and P, = 0.02; (c) with different P,,, € {0.005,0.01,0.02,0.05},

given V, = 50 and P, = 0.7.

which is the most simplified and general form that we can
achieve for the proposed OFDM-IM system applying lexico-
graphic codebook design, since the different components of the
summation operation depend on the distribution of the ordered
subchannels.

Furthermore, according to the above derivations, we can
also derive the average BER, which is a fundamental metric to
measure the error performance by considering different coding
schemes. The average BER can be determined in (33), shown
at the bottom of the previous page, where 0(x(c,b) —
%(c, b)) represents the number of bit errors for the pairwise
error event, and is determined by the adopted coding scheme
mapping Bj; modulation bits to K data constellation points.

VI. NUMERICAL RESULTS

In this section, we first check the effectiveness of the
solutions to the optimization problems provided by the GA
compared to the optimal results provided by the brute-force
method. Then, we verify the analysis of average BLER and
BER given in Section V by numerical results provided by
Monte Carlo simulations. Also, we provide a series of compar-
isons among the proposed OFDM-IM scheme assisted by the
codebook design and relevant benchmarks, which illustrate the
performance superiority of the proposed OFDM-IM scheme.

A. Verification of the Solutions to Optimization
Problems by the GA

To verify the solutions to the formulated optimization
problems by the GA, we need to check the results for all

three optimization problems formulated in (17), (18) and (20)
for different application scenarios. We set up the simulations
by the parameters given as follows: G = 500, N = 100,
M = 2, i.e. the binary PSK (BPSK) is adopted as the APM
scheme, B = 10 and d, = 2 as well as w; = wy = 0.5.
In addition, to reflect the average performance of the pro-
posed optimization methodology based on the GA and obtain
smoother curves, we average the optimization process over
a thousand trials. We also vary the three key simulation
parameters for the GA, i.e. the size of population V,,, crossover
probability P. and mutation probability P,,, to reflect the
effects of these parameters. The results regarding the diversity
gain, data rate and utility with the number of generations are
plotted in Fig. 6, Fig. 7 and Fig. 8, respectively. Also, we take
the optimal results produced by the brute-force method as
comparison benchmarks.

From these three figures, we can observe that with any
parameter set, the optimized results provided by the GA
gradually approach the optimal solutions to all three for-
mulated optimization problems with an increasing number
of generations, which verifies the effectiveness of the opti-
mization algorithm based on the GA proposed in this paper.
In addition, the convergence rate is affected by the size
of population V,,, crossover probability P. and mutation
probability P,,. First, a larger V, will undoubtedly lead
to a higher convergence rate and is thus able to find out
the optimal solution within fewer generations. However, one
should always keep in mind that a larger V, will on the
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given V, = 50 and P, = 0.7.

other hand yield a higher complexity. Normally, a practical
problem would require a population of several thousands
of chromosomes [48]. Therefore, a performance-complexity
trade-off emerges and should be taken into consideration when
configuring V). One should note that although it is ensured
that the results produced by the GA will approach the optimal
with a sufficiently long operation time, we will never know
whether a specific result is optimal or not, and even have no
idea how far this result is from the optimal without comparison
benchmarks generated by other optimization techniques [48].
This is an intrinsic problem always arising with the GA-based
optimization processes. Second, for such a simple chromo-
some structure only containing two genes (i.e. C = {N, K}),
if there exits an intrinsic restrictive relation between these
two genes (i.e. K < N — 1), the conventional crossover
processing might not be suitable anymore. Therefore, a higher
P. could result in a poorer convergence rate. In addition, for
optimization problems without constraints, i.e. (19), P, will
have little impact on the convergence rate. Third, although
mutation could efficiently explore the search space, one should
always keep in mind that there is a trade-off between the
exploration and exploitation [40]. Hence, the generated per-
formance curves become more variable with a higher P,,,
especially at the beginning.

Meanwhile, it is noteworthy that the results provided by the
GA have been averaged over a thousand trials. As a result
of this averaging process, optimized results are seemingly
far from the optimal by 500 generations. However, for an
individual trial, normally two extreme cases are expected. The
optimizer either finds out the optimal solution quickly within
several thousands of generations, or gets trapped to a poor
solution (we can illustrate this phenomenon by the probability
mass function (PMF)'# of the required generation to achieve
the optimal solution for a variety of cases in Fig. 9). The
difference is caused by different initial populations. In other
words, if the initial population contains several chromosomes
close to the optimum, the optimum will be found quickly.
Otherwise, it will take a large number of generations to reach
the optimal solution by crossover and mutation. This means

“Here, we apply the kernel density estimation (KDE) (ak.a. the
Parzen-Rosenblatt window method) to estimate the PMF [49].

%107

Diversity d(J

= = =RateB
----- Utility U

0.5 1 15 2 25 3 3.5 4 4.5 5
Generation <104

Fig. 9. Estimated PMF for the required number of generations to achieve
the optimal for all three formulated optimization problems, given V;, = 50,
P. = 0.7 and P,, = 0.02.

that the approach to generate the initial population is crucial
for finding out the optimal solution in an efficient manner,
and therefore more effort should be devoted to the design of
the initial population with domain knowledge. However, as an
intuitive optimization approach proposed in this paper, we have
not involved too many details for how to improve the GA itself
and more research regarding these points are necessary before
implementing the GA-based optimization in practice.

B. Verification of Average BLER Analysis

Without loss of generality, we normalize p = 1, Ny = 1
as well as the bandwidth of each subcarrier and simulate the
average BLER as a function of the ratio of transmit power
to noise power P;/Ny for the proposed OFDM-IM system
with BPSK (M = 2) and quadrature PSK (QPSK) (M = 4)
in Fig. 10. The numerical results presented in this figure as
well as other simulation figures in the sequel are averaged
over more than 10° trials. Channel gains regarding all N
subcarriers are exponentially i.i.d. with mean p = 1, which
are produced by setting a sufficiently long length of channel
impulse response. Here, we select S subcarrier activation
patterns out of L total patterns by the lexicographic code-
book design proposed in Section III. We also adopt different
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Fig. 10. Average BLER vs. the ratio of transmit power to noise power P; /Ny with different N and K: (a) BPSK; (b) QPSK.

N and K to observe their effects on the error performance and
verify the diversity mechanism detailed in Section IV-A. From
this figure, first of all, our analysis presented in Section V
has been verified, as analytical curves approach the numerical
curves when P;/Njy becomes large. The difference between
the analytical and numerical results is mainly caused by the
approximation given in (27). In addition, by comparing the
results presented in Fig. 10a and Fig. 10b, it is obvious that
a larger M will present poorer error performance, because
it is more challenging to distinguish between two adjacent
blocks. Furthermore, from this figure, it can be observed that
the increase in N will lead to an uncertain effect (could
be either constructive or destructive) depending on the value
of K. On one hand, when increasing N, the number of
subcarrier activation patterns L = (%) increases and more
suitable patterns could be found accordingly, which will yield
a constructive effect on the error performance. On the other
hand, a larger IV will enlarge the search space for estimation
at the receiver, which makes the system more error-prone.
A similar dilemma can also be deduced for the change of K.
Therefore, it would be unwise to assert whether it is good
or bad to increase or decrease N and K. Instead, both
should be considered as a whole and chosen holistically as
a combination to attain a proper performance level. Most
importantly, the diversity mechanism detailed in Section IV-A
can also be substantiated by the case {N, K} = {6,2} and
a diversity gain of two is achieved, which aligns with the
expectation.

C. Performance Comparisons

To verify the error performance superiority of the proposed
OFDM-IM scheme with codebook design, we compare the
average BLER of different OFDM schemes in this subsection
by numerical simulations with the same simulation settings
as in Section VI-B. We adopt the conventional OFDM-IM
scheme without codebook design'’ and the traditional OFDM

5In the conventional OFDM-IM scheme, the mapping relation between
incoming bit streams and subcarrier activation patterns are given in an arbitrary
manner without considering the CSI. We follow this configuration for the
benchmark and more relevant details can be found in [15].

107!

2

o

S

@

x

8 102 X g
S —B— Proposed {N,K,M}={6,2,2}
9 —¥— Original {N,K.M}={6,2,2}
o —©— Proposed {N.K,M}={6,3,2}
g Original {N,K,M}={6,3,2}
< 1031 OFDM {N,M}={6,2}

= B = Proposed {N,K,M}={6,2,4}
= % = Original {N,K,M}={6,2,4}
= © = Proposed {N,K,M}=(6.3.4}
= ¥ = Original {N,K,M}={6,3,4}
= € — OFDM {N,M}={6,4}

104 : :
0 5 10 15 20 25 30 35 40
P/No (dB)
Fig. 11.  Comparison of average BLER among the proposed OFDM-IM

scheme enhanced by codebook design, conventional OFDM-IM scheme and
traditional OFDM scheme without IM.

scheme without IM as benchmarks and the numerical results
are presented in Fig. 11. From this figure, first, we can observe
that with the same number of subcarriers and APM order, both
proposed and conventional OFDM-IM outperform the tradi-
tional OFDM scheme without IM in terms of average BLER.
For the case {IV, K} = {6, 3}, a coding gain can be observed
for the proposed OFDM-IM by the codebook design compared
to the conventional OFDM-IM, while an obvious diversity gain
is obtainable for the case { N, K'} = {6, 2}. Meanwhile, as the
same lexicographic coding is used for all proposed cases,
it is expected that such a coding gain also holds for the case
{N,K} = {6,2} when diversity gain is produced. All these
performance gains come from the acquisition and utilization of
instantaneous CSI. These observations confirm the superiority
of the proposed OFDM-IM over the two benchmarks in terms
of error performance. Furthermore, one should note that the
transmission rate of the proposed OFDM-IM scheme with
codebook design is exactly the same as that of the conven-
tional OFDM-IM scheme proposed in [15], which means that
the better error performance of our proposed scheme is not
attained at the expense of transmission rate.
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Fig. 13. Comparison of average BLER among different OFDM-IM schemes
with different subcarrier activation methods.

In this subsection, we also take different subcarrier acti-
vation methods into consideration. In existing literature,
there are mainly three subcarrier activation methods. Except
for the OFDM-IM adopting fixed-number subcarrier activa-
tion method in this paper, we also employ the OFDM-IM
schemes with the OOK subcarrier activation method and
the dual-mode subcarrier activation method as comparison
benchmarks [17], [23]. All other simulation configurations are
the same as specified in Section VI-B. We present the com-
parisons of transmission rate and average BLER among the
aforementioned schemes in Fig. 12 and Fig. 13, respectively.
From Fig. 12, it is shown that when the APM order M
is relatively large, our proposed scheme can easily achieve
the highest transmission rate by adjusting the number of
active subcarriers K. In the meantime, as shown in Fig. 13,
the adjustment of the number of active subcarriers K will
also have an impact on the superiority of average BLER.
To maintain the superiority of average BLER at high SNR
by harvesting an extra diversity gain, we have to abide by the
rule summarized in (16).

D. Verification of Average BER With
Different Coding Schemes

In this subsection, we mainly verify the effectiveness of (33)
and compare the average BER when different coding schemes
are in use. We adopt the same simulation configurations

5 10 15 20 25 30 5 10 15 20 25 30
Number of subcarriers N Number of subcarriers N

Transmission rate comparisons among OFDM-IM schemes with different subcarrier activation methods with M = 2, 4, 8, 16 (from left to right).
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Fig. 14. Average BER vs. the ratio of transmit power to noise power P;/Ng
for Gray coded and binary coded QPSK OFDM-IM systems applying the
lexicographic ordering principle.

as for the verification of BLER specified in Section VI-B.
Also, to facilitate the simulation in the sequel, we adopt
two fundamental coding schemes for the proposed OFDM-IM
system with QPSK, which are Gray code and binary code.
The simulation results are presented in Fig. 14 for both coding
schemes. By the results presented in this figure, we can verify
the effectiveness of (33), as both numerical and analytical
results converge at high SNR. The effects of the parameters
N and K on the average BER share similar trends as on the
average BLER, which are aligned with our expectation. Mean-
while, Gray code outperforms binary code, which is caused by
its unique code design that only allows one bit (binary digit)
to be different between two successive constellation points.
As a result of this unique design, once a block error takes
place, a smaller number of bit error events will concomitantly
occur, which leads to a lower average BER under the same
simulation setting. It can also be easily anticipated that such an
error performance superiority brought by Gray code becomes
significant with an increasing APM order M.

VII. CONCLUSION

In this paper, to enhance system performance, we pro-
posed an OFDM-IM scheme with codebook optimization. The
design process can be easily implemented by the lexicographic
ordering principle. Also, it has been noticed that a diversity
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gain can be attained by such an optimization process. Sub-
sequently, we investigated the diversity mechanism and for-
mulated three diversity-rate optimization problems for the
proposed OFDM-IM system in terms of the numbers of total
subcarriers and active subcarriers N and K. Also, we provided
details of a GA-based approach to carry out the optimization.
With optimal N and K, we analyzed the average BLER and
BER of OFDM-IM systems applying the codebook design and
ML detection. Finally, all analyses were numerically verified
by Monte Carlo simulations. In addition, we also provided a
series of comparisons of the average BLER among the pro-
posed OFDM-IM scheme with codebook design and a variety
of benchmarks, which verifies the superiority of the proposed
OFDM-IM in terms of error performance. Tailoring the con-
ventional GA to fit the optimization scenarios of OFDM-IM
systems would be worth investigating as future work, including
the methods to initialize the first generation chromosomes and
perform crossover as well as set up appropriate crossover and
mutation probabilities. In addition, an in-depth investigation
into coding gain yielded by this codebook optimization would
be a worthwhile future research direction.
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