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Abstract. Logical inconsistency may often occur throughout the devel-
opment stage of a DL-based ontology. We apply the lexicographic infer-
ence to reason over inconsistent DL-based ontologies without repairing
them first. We address the problem of checking consequences in a SHZQ
ontology that are classically inferred from every consistent (or coherent)
subontology having the highest lezicographic precedence. We propose a
method for compiling a SHZQ ontology to a propositional program so
that the problem can be solved in polynomial calls to a SAT solver. We
prove that this time complexity is worst-case optimal in data complexity.
In order to make the method more scalable, we also present partition-
based techniques to optimize the calling of SAT solvers.

1 Introduction

Ontologies play a core role for the success of the Semantic Web (SW) as they
provide shared vocabularies for different domains. The Web Ontology Language
(OWL) [25] is a standard language for modeling ontologies in the SW, which
is based on Description Logics (DLs) [1]. The quality of ontologies is highly
important for the SW technology. However, in practice it is difficult to construct
an error free or logically consistent DL-based ontology. Logical inconsistency
may often occur in different scenarios, such as ontology modeling, evolution,
migration and merging [30, 11]. For example, if ontologies such as SUMO and
CYC are directly merged into a single ontology, there will be misalignments of
concepts that introduce logical inconsistency [29].

Given an inconsistent ontology, one may want to repair it so as to apply stan-
dard reasoners to access its (implicit) information. To fulfill this requirement,
some methods (e.g. [30, 29, 24, 15, 6]) emerge. They repair inconsistent ontologies
through debugging or diagnosing. Nevertheless, as pointed out by Haase et al.
[11], in some cases consistency cannot be guaranteed at all and inconsistency
cannot be repaired, still one wants to reason over ontologies in order to sup-
port information access and integration of new information. Hence, some other



methods (e.g. [13,20,19]) emerge to fulfill the latter requirement. They tolerate
inconsistency and apply non-standard reasoning methods to obtain meaningful
answers from an inconsistent ontology. Our method given in this paper belongs
to the latter family of methods.

The notion of ordering plays a crucial role in handling inconsistency as it
gives clues to tell which information is more important and should be kept.
The well-known lexicographic ordering is defined for stratified knowledge bases
in propositional logic [3], where a knowledge base, viewed as a set of formulas, is
divided into a set of strata with priorities. A subbase is lexicographically prefer-
able to another one if it contains more formulas in strata with higher priorities. A
lez-mazximal consistent subbase is defined as a subbase that has the highest lex-
icographic precedence. To reason with inconsistency, the lezicographic inference
based on such ordering checks consequences that are classically inferred from
every lex-maximal consistent subbase. Since many advantages of lexicographic
inference have been shown in the literature [3,4], such as the flexibility for uti-
lizing priority information (e.g., priorities of different sources in the situation of
ontology merging) and the conformity to the minimal-change point of view, we
apply lexicographic inference to DLs.

The major challenge in applying lexicographic inference to DLs lies on the
practicality of the computational aspect, because both reasoning in expressive
DLs and lexicographic inference in propositional logic are already computation-
ally hard. To take this challenge, we develop a method that is expected to work
well on SHZQ [12] ontologies with simple terminologies and large ABoxes. The
method checks lez-consistent consequences (resp. lex-coherent consequences) of
a SHZQ ontology that are classically inferred from every lez-mazimal consis-
tent (resp. coherent®) subontology. Basically, the method first compiles the input
SHZQ ontology into a propositional program, then performs the checking over
the propositional program by polynomial calls to a SAT solver. We prove that
this time complexity is worst-case optimal in data complexity, i.e. the complexity
measured in the size of the ABox only. The compilation is based on an extension
of the KAON2 transformation [14,21] in which decision atoms are embedded,
where decision atoms are new nullary atoms one-to-one corresponding to axioms
in the original ontology. In order to make the method more scalable, we further
adapt the partitioning technique in [6] to decompose the compiled propositional
program, and develop a novel algorithm for using the partitioning results to
check lex-consistent consequences. For the problem of checking a lex-coherent
consequence, we first reduce it to the problem of checking a lex-consistent con-
sequence, then solve it in the same way.

By now we have not fully tested the proposed method but a complete imple-
mentation is under way. Some relevant experimental results were reported in [6].
The method given in [6]° similarly applies SAT solvers to compute consistent

4 An ontology is called coherent if all atomic concept in it are satisfiable.

® The method employs the original KAON2 transformation and has a restriction that
the terminology must be fixed and consistent. Such restriction is removed in the
current work.



subontologies with certain maximality, such as those ones having the maximum
number of ABox axiomsS. It was shown [6] that for a SHZQ ontology, even
though the ABox is large (i.e. has over tens of thousands of axioms), as long
as the KAON2 transformation can reduce the terminology to over hundreds of
DATALOG [8] rules within which only a few are disjunctive or with equality,
the subsequent partitioning step yields small propositional subprograms that
can be efficiently handled by SAT solvers. Based on the fact that the extended
KAON2 transformation spends almost all the time on the terminology (it di-
rectly translates atomic ABox axioms to ground clauses), the effectiveness of
the partitioning step in decomposing a large propositional program into much
smaller subprograms, as well as the efficiency of current powerful SAT solvers,
we expect that the proposed method works well on SHZQ ontologies with simple
terminologies and large ABoxes.

The remainder of this paper is organized as follows. Section 2 discusses re-
lated work. Section 3 gives some background on SHZQ and lexicographic in-
ference. Section 4 formally defines lex-consistent and lex-coherent consequences
for lexicographic inference in DLs. Section 5 presents our method for checking
a lex-consistent (or lex-coherent) consequence of a stratified SHZQ ontology.
Section 6 concludes.

2 Related Work

There exist some computational methods for lexicographic inference in DLs. In
the work of Meyer et al. [20], the lexicographic inference and its refined version
are respectively applied to ALC and its extension with cardinality restrictions
on concepts. These inferences are computed through a disjunctive DL knowl-
edge base (DKB for short) compiled from the original ontology. A lex-consistent
consequence of the original ontology amounts to a consequence of the compiled
DKB that is classically inferred from all disjuncts of the compiled DKB, where
each disjunct is a DL-based ontology. In the work of Qi et al. [27], two other
refined versions of lexicographic inference are proposed. The corresponding com-
putational methods are also DKB-based. It should be noted that the DKB-based
methods have a very high computational complexity. First, the compilation of a
DKB needs up to exponential number of DL satisfiability tests wrt the number of
axioms in the original ontology. Note that a satisfiability test in SHZQ is already
NP-complete in data complexity [14]. Second, the checking of a consequence of
a DKB is performed over all its disjuncts. Since the number of disjuncts can
be exponential in the the number of axioms in the original ontology, the check-
ing phase may need another exponential number of DL satisfiability tests. In
contrast, our proposed method performs polynomial number of propositional
satisfiability tests wrt the number of axioms in the original ontology in both

5 They are actually lex-maximal consistent subontologies of a stratified ontology O =
(01, O2), where O1, consisting of all terminological axioms, is the stratum with
higher priority; and O2, consisting of all ABox axioms, is the stratum with lower
priority.



the compiling phase and the checking phase. Each such satisfiability test is also
NP-complete in data complexity and can further be optimized by our proposed
partition-based techniques.

There exist other methods for reasoning over inconsistent DL-based ontolo-
gies [23, 13, 28, 18, 19]. As ours, most of them first specify the preferred consistent
subontologies, then check consequences classically inferred from those subontolo-
gies. The method proposed in [13] first selects a consistent subontology based
on a selection function, which is defined on the syntactic or semantic relevance,
then reasons over the selected subontology. Such selected subontology is not
always maximal, so the inference is less satisfactory from the minimal-change
point of view. The methods given in [28] respectively extend possibilistic and
linear order inferences in DLs by exploiting uncertainty degrees on DL axioms.
Each extended inference selects a consistent subontology that keeps more DL
axioms than the original one does, but the selected subontology is still often not
maximal, so these extended inferences are also less satisfactory from the minimal-
change point of view. The method given in [18] essentially checks consequences
that are classically inferred from every maximal consistent subontology. It does
not consider priority information on DL axioms and has a restriction that the
terminology must be fixed and consistent. The reasoning methods proposed in
[23] and [19] adopt a different idea. To tolerate inconsistency, they weaken an
interpretation from two truth values to four truth values. Thus they result in a
completely different reasoning mechanism for DL-based ontologies.

3 Preliminaries

3.1 SHIZIQ Syntax and Semantics

The SHZQ description logic [12] is highly related to OWL DL [25]. It seman-
tically equals OWL DL without nominals and datatype specifications but with
qualified number restrictions.

Given a set of role names Ng, a role is either some R € Ng or an inverse role
R~ for R € Ni. An RBoz Og is a finite set of transitivity azioms Trans(R) and
role inclusion azioms R T S, for R and S roles. For R € Ng, we set Inv(R) = R~
and Inv(R™) = R, and assume that R C S € Og implies Inv(R) C Inv(S) €
Oxr and Trans(R) € Og implies Trans(Inv(R)) € Og. A role R is called
transitive if Trans(R) € Og; simple if it has not any transitive subrole. Given
a set of concept names N¢, the set of SHZQ concepts is the minimal set such
that each A € N¢ is a SHZQ concept (called an atomic concept) and, for C
and D SHZQ concepts, R a role, S a simple role, and n a positive integer,
T,L,-C,CnD,CuD,dR.C,VYR.C,< n S§.C and > n S.C are also SHZO
concepts. A TBox O is a finite set of concept inclusion axioms C C D, where C
and D are SHZQ concepts. An ABox O 4 is a set of concept membership azioms
C(a), role membership axioms R(a,b), and (in)equality azioms a =~ b,a % b,
where C is a SHZQ concept, R a role, and a and b individuals. The axioms
C(a), R(a,b), a ~ b and a % b are also called ABox azioms; called atomic ABox
azioms if C' is a concept name and R is a role name.



A SHZQ ontology O consists of an RBox Og, a TBox O, and an ABox
O4. Ogr UO7 is also called the terminology of O.

The semantics of a SHZ Q ontology O is given by translating it into first-order
logic by the operator 7 from Table 1. O is consistent/satisfiable iff there exists a
first-order model of 7(©). In this paper, a first-order model M is represented as
a set of ground atoms, where ground atoms in M are interpreted as true; outside
M are interpreted as false. A concept C is satisfiable in O iff there exists a first-
order model of w(Q) that satisfies C'(a) for some individual a. O is coherent iff
all atomic concepts in it are satisfiable.

Table 1. Semantics of SHZQ by mapping to first-order logic

Mapping concepts to first-order logic

my(T,2) =1 (i.e., true) my(L,z) = 0 (i.e., false)

my (A, z) = A(z) my(—C,x) = —my(C, x)
7Ty(01 r CQ,ZE) = 7Ty(C1, l’) A TI'y(Cz,x)
ﬂ-y(cl U 02756) = 7T?J(CH? l‘) 4 7T1/(C27'T)

my(IR.C,z) = Ty : R(z,y) ANmy(C,y) 7y (VR.C,z) = Vy: R(z,y) — 7y (C,y)
Ty(<n R.C,x) = Yy1,...,Ynt1 : /\?:11 [R(z,y:) A e (CLys)] — \/:;1;:2‘14-13/1' SR
Ty (>n RCy2) = Fyn, ooy s A (R, y3) A (Coy) | AN iy # s
Mapping axioms to first-order logic
7(CE D) =Vz:7my(C,z) = my(D,z) 7#(RCS)=Vz,y:R(z,y)— S(z,y)
m(Trans(R)) = Vx,y,z : R(z,y) A R(y,z) — R(z,2)
7(C(a)) = my(C,a) 7(R(a,b)) = R(a,b)
mla=b) =a= m(a#b) =a%%b

w(0) = /\ReNR Va,y: R(z,y) < R (y,z) A /\Meo m(ax)

Note: z is a meta variable and is substituted with the actual variable. 7, is obtained
from 7, by simultaneously substituting all y(;) with z(;) respectively, and m, with 7.

3.2 Lexicographic Inference

The lexicographic inference is originally defined for stratified knowledge bases
in propositional logic [3]. A stratified knowledge base S is viewed as a set of

formulas and is divided into a set of strata {Si,...,S,}, where S; is a subset of
formulas in S such that S = J;_, S; and S; NS, = 0 for any j # k. S can be
written as (S1,...,S,). The formulas in S; have the same priority and have a

higher priority than the ones in S;;1. Let |S;)| denote the number of formulas
in S¢;). The lexicographic ordering is a complete preordering between any two
subbases A = (Ay,...,A,) and B = (By,...,By) of S = (S1,...,5,), where
A; C S; and B; C S; for any i, defined as follows: A <'*® B iff there exists i
such that |A4;| < |B;| and |A;| = |B;| for any j < i; A ='** B iff |A;| = |B;] for
any i. By A <'** B we denote A <! B or A =!** B. § is called consistent if it
has a model. A lex-maximal consistent subbase S’ of S is defined as a consistent
subbase of S such that for any consistent subbase S” of S, §" <!** §’_ A formula
1 is called a lez-consistent consequence of S if for any lex-maximal consistent



subbase S’ of S, S’ = 1, i.e., every model of S’ is a model of ©. Given a stratified
knowledge base S and a formula v, the lexicographic inference problem checks
if 4 is a lex-consistent consequence of S.

4 Lexicographic Inference in DLs

In order to apply lexicographic inference to DLs, we view a DL-based ontology
as a set of axioms (i.e. as a syntactic object). This syntactic approach to treating
DL-based ontologies is commonly used in handling inconsistency [11]. From this
point of view, two DL-based ontologies are regarded as the same iff they have
the same set of axioms.

A stratified ontology O is an ontology divided into a set of strata {O1, ..., O},
where O; is a subset of axioms in O such that O = U:-L:l O;and O; N0, =10
for any j # k. O is written as (Oq,...,0,), where the axioms in O; have
the same priority and have a higher priority than the ones in O;11. By [O;)|
we denote the number of azioms in O;). Then the notions of lexicographic or-
dering and lex-mazimal consistent subontology are defined analogously as in
stratified knowledge bases by treating axioms as formulas [20]. Since an inco-
herent ontology cannot deduce nontrivial consequences on the unsatisfiable con-
cepts, one may expect that a lex-maximal subontology is not only consistent but
also coherent. For example, in the following incoherent but consistent ontology
O ={ALC B,ALC -B,B(a)}, we trivially have O }£ A(x) for any individual
because A is unsatisfiable in O. Hence, we introduce the notion of lex-mazimal
coherent subontology. A lex-maximal coherent subontology O of O is defined as
a coherent subontology of O such that for any coherent subontology O” of O,
Q" <ler ' Two sorts of lexicographic consequences in DLs are defined below.

Definition 1. For a stratified ontology O, an axiom ax is called a lex-consistent
consequence (resp. lex-coherent consequence) of O, written O H = ax (resp.

cons

O Fez az), if for any lex-maximal consistent (resp. coherent) subontology O’

of O, O’ k= ax, i.e., every model of O’ is a model of ax.

It should be noted that a lex-maximal coherent subontology is not necessar-
ily a lex-maximal consistent subontology, and vice versa. There is no straight-
forward correspondence between lex-consistent consequences and lex-coherent
consequences, as shown in the following example.

Example 1. Let O = ({AC L1},{A(a)}). Then O’ = (0,{A(a)}) is the unique
lex-maximal coherent subontology of O, but it is not a lex-maximal consistent
subontology of O, because O” = ({A C 1}, 0) is consistent and O’ <!*@ 0. On
the other hand, @” is the unique lex-maximal consistent subontology of O, but
it is not coherent. Hence, O F¢% ~ A(a) but O /1% A(a); O F& A C L but
Oftfler AC 1.

cohe

In this paper we consider checking both sorts of lexicographic consequences,
where the axiom ax in Definition 1 can be a concept membership axiom C(a) or



a concept inclusion axiom C' C D. The following theorem shows a reduction from
the problem of checking a lex-coherent consequence to that of checking a lex-
consistent consequence. So we focus on the problem of checking a lex-consistent
consequence.

Theorem 1. Let O = (O4,...,0,) be a stratified DL-based ontology, and ax
a DL aziom. Then O F% —ax iff O' Fe® ax, where O’ = (A,0,...,0,)
and A = {A(a) | A is an atomic concept in O, and a is a new globally unique

individual not occurring in O and ax}.

Proof. 1t is sufficient to show a bijection between the set of lex-maximal coherent
subontologies of @ and the set of lex-maximal consistent subontologies of O'.

(1) Let S = (S4,...,S5,) be a lex-maximal coherent subontology of O. Then
S' = (A, Si,...,Sy,) is obviously consistent. S’ must be a lex-maximal consistent
subontology of ', otherwise there exists a consistent subontology S” = (S,
Si....,8") of O such that S’ <!*® §” Then S = A and thus (S,...,S”)
is coherent. But then S <! (S},...,S!) contradicts that S is a lex-maximal
coherent subontology of O.

(2) Let S = (S0, S1,-..,5,) be a lex-maximal consistent subontology of
O'. Since {A, 0,...,0} is consistent, we have Sy = A, so 5" = (S1,...,S,) is
coherent. S’ must be a lex-maximal coherent subontology of O, otherwise there
exists a coherent subontology S” = (SY,...,S!) of O such that §' <!z §".
Then (A, SY,...,S") is consistent. But then S <'* (A, S7,...,S!) contradicts
that S is a lex-maximal consistent subontology of O’. a

Ezample 2. Our running example is a stratified ontology O = (01, 02, O3, O,),
where Oy = {A(a), B(b), <1 T.T(a)}, Oy = {T(a,b),T(a,c),b % c}, O3 =
{A C 3R.B, 35.B C —-A} and Oy = {R C S}. It can be checked that there
are three lex-maximal consistent subontologies of O, i.e. O' = ({A(a), B(b),
<1 T.T(a)}, {T(a,b), T(a,c)}, {A EIR.B,3S.B C -A},0), 0% = ({A(a), B(b),
<1 T.T(a)}, {T(a,b), b % c}, {A C 3R.B, 3S.B C —A}, 0) and O3 = ({A(a),
B(b), <1 T.T(a)}, {T(a,c),b# ¢}, {AC 3IR.B, 3S.B C = A}, 0). It can then be
seen that A(a) is a lex-consistent consequence of O, while B(c) is not. O

5 Computing Lexicographic Inference in SHZ Q

The number of lex-maximal consistent subontologies of a stratified SHZQ on-
tology O can be exponential in |O| (even in |O 4|, the number of ABox axioms in
©). Take an ontology OT = (01, ..., O1) for example, where O] = {ANIBC 1}
and O = {A(a;), B(a;)} for 2 < i < n. O has 271 lex-maximal consistent
subontologies. Note also that the time complexity for lexicographic inference in
propositional logic is Ab-complete [5], i.e. exactly in polynomial calls to an NP
oracle. It is not desirable to compute all lex-maximal consistent subontologies be-
fore checking lex-consistent consequences, because such computation needs up to
exponential calls to a SHZ O reasoner, where each call is worst-case NP-complete
in data complexity [14].



To obtain a worst-case optimal method for computing lexicographic inference
in SHZQ, we consider transforming SHZQ to propositional logic. SHZQ is a
subset of first-order logic. The hardness for transforming SHZ Q to propositional
logic lies on handling function symbols. Though the KAON2 transformation [14,
21] can get rid of function symbols and obtain an equisatisfiable DATALOG [g]
program from a SHZQ ontology, it does not maintain the correspondence be-
tween resulting DATALOG rules and original axioms in the input ontology. We
therefore extend the KAON2 transformation to maintain such correspondence
by introducing new nullary atoms one-to-one corresponding to axioms in the
original ontology. Afterwards, we ground the transformed DATALOG" program
and apply current powerful SAT solvers to compute lexicographic inference. In
this way we obtain a worst-case optimal method in data complexity. There re-
mains a practical problem in such method, i.e. SAT solvers lack of scalability for
handling large propositional programs. To tackle this problem, we partition the
transformed propositional program so that we can apply SAT solvers to handle
much smaller subprograms.

Our approach is outlined as follows. Let O be a (possibly inconsistent) strati-
fied SHZ Q ontology. We first consider the basic case, i.e. checking if O F¢® = A(a)
for A(a) an atomic concept membership axiom, then consider the checking of
other consequences. The basic case is addressed in two phases. In phase 1 (subsec-
tion 5.1), we compute a DATALOGY program R(O), called the repair program
of O, by using the extended KAON2 transformation. In phase 2 (subsection
5.2), we first ground R(O) to GR(O), then treat the problem of deciding if
O Flez A(a) as a set of satisfiability problems over GR(Q) and solve them by
polynomial calls to a SAT solver; in this phase we also exploit partition-based
optimizations (subsection 5.3). The problem of checking other consequences is
first reduced to the basic case, then solved in the same way (subsection 5.4).

5.1 Computing the Repair Program

To compute lexicographic inference in SHZQ, we associate each axiom az € O
with a new nullary decision atom hg,., such that the truth value of f,, determines
the existence of ax in O. It should be noted that S C R and Inv(S) C Inv(R)
(resp. Trans(R) and Trans(Inv(R))) are treated as the same axiom and thus
associated with the same decision atom, because they are assumed present or ab-
sent together (see this assumption in Preliminaries). Let X be the set of decision
atoms wrt O, i.e., X = {fig, | ax € O}. We extend the KAON2 transformation
[14,21] to compile a DATALOGY program R(O) (called the repair program of
0), such that for any truth assignment ¢x on X, the reduction of O wrt ¢x
(i.e. O | ¢x, see Definition 2) is satisfiable iff the reduction of R(O) wrt ¢x
(i.e. R(O) | ¢x, see Definition 3) is satisfiable. Simply speaking, R(O) | ¢x is
a DATALOGY program without atoms in X. The relationship between O | ¢x
and R(O) | ¢x implies a correspondence between lex-maximal consistent sub-
ontologies of O and certain optimal models of R(O), where the optimality is
defined over X.



Definition 2. Let O be a SHZQ ontology and ¢x a truth assignment on the
set X of decision atoms. The reduction of O w.r.t. ¢x, written O | ¢x, is a
subontology obtained from O by deleting each axiom ax such that ¢x (fa.) = 1.

Definition 3. Let P be a logic program, i.e. a set of rules (or clauses), X be a
set of ground atoms that only occur in rule heads (or only occur positively) in
P, and ¢x be a truth assignment on X. The reduction of P w.r.t. ¢x, written
P | ¢x, is a subprogram obtained from P by deleting each rule (or clause) in
P that has a head atom (or positive atom) o € X such that ¢x(a) =1, and by
removing any ground atom « € X from remaining rules (or clauses).

The main steps for computing the repair program include converting SHZ Q
to ALCHIQ (i.e. SHIQ without transitive roles), clausifying axioms, embed-
ding decision atoms into the initial clause set, and appending to the clause set
all nonredundant consequences.

Simplifying the Elimination of Transitivity Axioms In the original KAON2
transformation, a SHZQ ontology O is initially converted to an equisatisfiable
ALCHIQ ontology 2(0), by eliminating all transitivity axioms, and by adding
the axiom VR.C' C VS5.(VS.C) for each concept VR.C € clos(O) and each role S
such that S C* R and Trans(S) € O, where clos(O) is the concept closure of
O (see Definition 4). To correctly embed decision atoms into the clauses trans-
formed from axioms, we remove some redundant axioms from 2(O). By 2~ (O)
we denote the ALCHZQ ontology converted from O by eliminating all transi-
tivity axioms, and by adding the axiom VS.C' C VS.(VS.C) for each concept
VR.C € clos(O) and role S such that S C* R and Trans(S) € O. It can be
shown in Lemma 1 that O and 27 (O) are equisatisfiable.

Definition 4 (Definition 5.2.2 [21]). For a SHZQ ontology O, the con-
cept closure of O, written clos(Q), is the smallest set of concepts satisfying the
following conditions (where NNF(C') denotes the negation normal form of C):

— If C C D € Or, then NNF(=-C 1 D) € clos(O);

— If C(a) € O4, then NNF(C) € clos(0);

If C € clos(O) and D occurs in C, then D € clos(O);

If <,, R.C € clos(O), then NNF(=C) € clos(O);

If VR.C € clos(0), S C* R, and Trans(S) € Og, then VS.C € clos(O).

Lemma 1. A SHZQ ontology O is satisfiable iff 27 (O) is satisfiable.

Proof. Obviously, £2~(0) C 2(0). By Theorem 5.2.3 [21], O and §2(O) are
equisatisfiable, so 27 (0) is satisfiable if O is satisfiable. On the other hand, if
27 (0) is satisfiable, there will be a model I of 27 (O). Consider each axiom
VR.C CVS.(VS.C) in 2(0)\ 2~ (0O). For any two individual a and b such that
I = VR.C(a) and I = S(a,b), since I = S C* R, we have I = R(a,b) and
then I = C(b), so I = VR.C C VS.C. In addition, I |= VS.C C VS.(VS.C), so
I =EVR.CCVS.(VS.C). Le., I is also a model of 2(0), so O is satisfiable. O



Embedding Decision Atoms into the Initial Clause Set After a given
SHZQ ontology is converted to an equisatisfiable ALCHZQ ontology 27 (0),
each axiom in 27 (O) can be transformed to a set of clauses via the well-known
structural transformation [26], mapping to first-order formulas, Skolemization
and rewriting into conjunctive normal form. By Cls(ax) we denote the set of
clauses obtained from the axiom ax via the translation process given in Definition
5. For each axiom ax € 27 (0) and each clause ¢l € Cls(ax), by em(cl, ax)
we denote the modified clause of ¢l into which a decision atom about ax is
embedded, defined as follows: if ax € £27(0) \ O, az must be of the form

VS.C' C VS.(¥S.C), then em(cl, az) < el V Bipyams(s); otherwise, em(cl, az) <
cl V hgy. Recall that fig,, is the corresponding decision atom of az. By Z(0O)
we denote Clsy, U, co-(o){em(c,az) | cl € Cls(az)}, where the clause set
Clsny, = {—R(z,y) VR~ (y,2),~R (z,y) V R(y,z) | R € Ng} with z and y
variables is introduced for mapping 2~ (O) to first-order logic (see Table 1).

Definition 5. The result ©(A C C) of applying the structural transformation
to A C C is recursively defined as follows, where A and B are concept names
or T, C,C7 and Cs are arbitrary concepts of the negation normal form, R is a
role, and Qx is X if X is a literal concept or else a new globally unique concept
name for X (note that -—A is treated as A):

O(AC A)=0: O(=ALC —A) =
O(ACB)={ACB}; O(ALC-B)={ALC B}
O(AC Ci1Cy) = O(AT C1)UB(AC Cs):
-~ OACCIUC)={ACQc, UQc,} UB(Qc, E C1)UBO(Qc, E Cs);
O(ACIR.C)={ACIR.Qc}UO(Qc C O);
O(AC VR.C) = {ACVR.Qc} UO(Qe C )
- O(ALC<L, RC)={AC<, R-Qp}UB(Qp C D) for D = NNF(-C).

Let Cls¢, denote the operator for clausifying a first-order formula. Then, for each
axiom az in an ALCHZQ ontology, Cls(ax) is defined as follows (see Table 1 for
the operator 7 which maps axioms to first-order formulas):

— If ax is of the form C C D where C' and D are concepts, then Cls(az) =

UeE@(TENNF(ﬁCuD)) Clspo(Va : my(e, 2));

— If ax is of the form R T S where R and S are roles, then Cls(az) =
{~R(z,y) v S(z,y)};

— If ax is of the form C(a) where C is not a literal concept, then Cls(ax) =
{Qc(a)} UCls(Qc E C), where Q¢ is a new globally unique concept name
for C;

— If ax is of the other forms, i.e., az is of the form (—)A(a), R(a,b), a = b or
a # b, Cls(az) = Clsyp(7(ax)).

Ezample 8 (Example 2 continued). Consider the stratified ontology O in Ex-

ample 2. Let ary = A(a), axes = B(b), axs =<; T.T(a), axy = T(a,b),
ars = T(a,c), axrg = b % ¢, axty = A C IR.B, ars = 35.B C —A and
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axrg = R C S. Then O can be rewritten as ({ax1, axz, axs}, {axy, axs, axe},
{ax7, axg}, {axe}). Z(O) consists of the following clauses. Note that the clauses
on R~ and S~ are removed from =(O), because neither R~ nor S~ occurs in
O and the removal does not affect the satisfiability of =Z(0O) | ¢x for any truth
assignment ¢x on X = {figz,, .-, fazg -

cly: A(a) V hag,.  ca: B(b)Vhgz,. ds: Qi(a)V hgy,.

ca: yp =y VoQi(x) VT (z,y1) VT (z,y2) V g,

cs: T(a,b)Vhgy,. de: T(a,c)Vheg,. cr: a(brxc)V hgy,.

cs: Rz, f(z))V-A@) V hag,. clo: B(f(x))V-A(Z)V hay,.

clip: "A@)VaS(z,y) VB(Y) V hazs.  clin: S(x,y) VR, y)V ez, O

Lemma 2. For a SHIQ ontology O, a set of decision atoms X = {hq, | ax €
O} and a truth assignment ¢px on X, O | ¢x is satisfiable iff Z(O) | ¢x is
satisfiable.

Proof. For any SHZQ ontology O', we define 27 (0’) | ¢x as the subontol-
ogy obtained from 27 (O’) by deleting each axiom ax € 27(0') N O such
that ¢x(har) = 1 and each VS.C C VS.(VS.C) € 27(0) \ O such that
¢x (Prrans(sy) = 1. Note that for any concept C in an axiom of the form
VS.C C VS.(VS.C) with Trans(S) € O | ¢x, C occurs in O if it occurs in
O | ¢x, but not vice versa. So 27(0 | ¢x) C 27(0) | ¢x and the dif-
ference between them consists of axioms of the form VS.C' C VS.(VS.C) with
Trans(S) € O | ¢x.

We show that O | ¢x is satisfiable iff 27(0) | ¢x is satisfiable. (=) If
O | ¢x is satisfiable, there exists a model I of O | ¢x. For each axiom ax €
(27(0) | ¢x)\ O, ax is of the form VS.C C VS.(VS.C), where Trans(S) € O |
¢x. Since I | Trans(S), I | VS.C C VS.(VS.C) for any concept C. So I is
also a model of 27 (0) | ¢x. (<) If 27(0) | ¢x is satisfiable, 27 (O | ¢x) is
satisfiable too. By Lemma 1, O | ¢x is satisfiable.

Let Clsy,, denote the set of clauses {—R(x,y)VR™ (y,z), "R~ (z,y)VR(y,z) |
R € Ngr}. For each axiom ax in 27(0) | ¢x, {em(cl,azx) | ¢l € Cls(ax)} |
¢x = Cls(azx). For each axiom az in 27(0)\ (27(0) | ¢x), {em(cl,ax) |
c € Cls(az)} | ¢x = 0. So Z(0) | ¢x = Clsng U Uupen-(o)fem(c,az) |
cl € Cls(az)} | ¢x = Clsn, UlUupen- (0165 Cl8(az). Note that the structural
transformation, mapping to first-order formulas (see Table 1), Skolemization and
rewriting into conjunctive normal form do not affect satisfiability, i.e., Clsy, U
Uszen-(0) 165 Cls(az) and £27(0) | ¢x are equisatisfiable, so Z(0) | ¢x and
O | ¢x are equisatisfiable. a

Extending BS},, to BS£ 1+ The KAON2 transformation extends the Basic
Superposition (BS) calculus [2,22] with a decomposition rule, yielding an ex-
tended calculus BS™, and then parameterizes BS™ to BSJB ;, to handle clauses
transformed from DL axioms. The decomposition rule (cf. Definition 5.4.7 [21])
is an additional inference rule that decomposes some conclusions of BS into sim-
pler rules so as to guarantee termination. In order to handle clauses with decision
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atoms, we further extend BS E 5, to BSB 1+ by considering decision atoms in the
term ordering. The extended term ordering is a lexicographic path ordering in-
duced by a total precedence >~ such that f = c¢ >~ P > Qg,s > fiqz = T, for
each function symbol f, constant ¢, predicate P, predicate Qg ¢ (introduced by
the decomposition rule) and decision atom 7,,. The selection function and the
decomposition rule in BSE 1+ are the same as that in BSB I

We define ALCHZ QT -closures (see in Table 2) as ALCHZ Q-closures” in Ta-
ble 5.2 [21] extended with disjunction of decision atoms. Then =(QO) consists
of ALCHIQ-closures; any BSEL+ inference, when applied to ALCHZIQ™-
closures, produces an ALCHZQ™-closure or a redundant closure (Lemma 3).
By size(O) we denote the size of O with numbers coded in unary, i.e., size(<,
S.C) = size(>, S.C) = size(C) + n + 1. Note that in [14,21] |O| denotes the
size of O, while in this paper |O| denotes the number of axioms in O. It can be
shown in Lemma 4 that saturating =Z(0) by BS},, with eager elimination of
redundancy terminates in exponential steps.

Lemma 3. Let Ny, ..., N;U{cl} be a BS},, , -derivation, where Ny = Z(O) and
cl is the conclusion derived from premises in N;. Then cl is either an ACCHI Q™ -
closure or it is redundant in N;.

Proof Sketch. The proof is by considering all BSB .+ inferences on all types of
ALCHI Q" -closures analogously as in Lemma 5.3.6 and Theorem 5.4.8 [21]. O

Lemma 4. For a SHZQ ontology O, saturating =(O) by BSEL+, with eager
application of redundancy elimination rules, terminates in time exponential in
size(O), for unary coding of numbers in input.

Proof Sketch. The proof is by considering the maximum number of each type
of ALCHIZ Q" -closures analogously as in Lemma 5.3.10 and Theorem 5.4.8 [21].
The number of ALCHZ Q" -closures is at most exponential in size(O) for unary
coding of numbers in input. By Lemma 3, each BS'E 1+ inference produces an
ALCHTI QO -closure or a redundant closure. Furthermore, it can be shown that
any saturation derives at most exponentially many redundant closures. Hence,
saturating =(O) by BSg .+ takes at most exponential steps. ad

Computing the Repair Program from = (O) Let Z,,,.(O) denote the set
of ALCHIQ -closures in Z(0) that have variables, and =,,,(0) = Z(0) \
Zvar(0). In a way analogous to the KAON2 transformation, we compute a
DATALOG [8] program from =(0O) through the following steps:

1. Saturating =,,.(0) by BSBL+. Let Iyor = Euar(O) U gen(O), where
gen(O) (cf. Definition 5.4.9 [21]) is the set of clauses of the form —Qrg, ;(z) V

" A closure C - ¢ consists of a skeleton clause C' and a substitution o, and is logically
equivalent to a clause Co. Closures and clauses are called interchangeably in this
paper.
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Table 2. Types of ALCHTZQ"-closures

1| -R(z,y) V Inv(R)(y, x)

2| ~R(z,y) V. 5(x,y) V hax

3| P(x) vV Rz, (f(x))) V Bax

4 (w) R([f(z )]J?)Vhax

5|P1i(z) vV P2((f(z)) vV V{f ))Vhaxforoe{ JF )

6| P1(x )\/Pz([g(x])\/P:;(( \/\/ i)V hax for o € {=, #},
where t; and t; are either of the form f(g ( )]) or of the form z

7| P1(x \/\/ﬂR(x yl)\/Pz nyZ—y]vhax

8 R((a), (b)) V V V(&) o (t;) V hax for o € {=,#},
where t,t; and t are elther some constant b or a function term f;([a])

Conditions:

(i): In any term f(t), the inner term ¢ occurs marked.

(ii): In all positive equality literals with at least one function symbol,
both sizes are marked.

Note: For a term ¢, P(t) denotes a disjunction of the form (=)Py(¢) V...V (=) Py(t).
P(f(z)) denotes a disjunction of the form P1(fi(z)) V...V Pm(fm(x)). hax denotes
a disjunction of the form Aaz, V...V Raxy - (t) denotes that the term ¢ may, but need
not be marked. In all closure types, some of the disjuncts may be empty.

R(z,[f(x)]) that can possibly be introduced by decomposition during the
saturation of =4, (0), i.e., the decomposition rule introduces only new pred-
icates Qr, s occurring in gen(O). As in [14, 21], we append gen(O) to =4, (O)
in advance, before saturation. Let SATg (1,4, ) denote the set of ACCHZQ™-
closures of types 1,2,3,5 and 7, obtained by saturating I',4, by BSDL+.

2. Eliminating function symbols. Let A be an operator that maps constant
a to a, variable x to z, function term f(a) to a fresh globally unique constant
ay, and function term f(z) to a fresh globally unique variable x ¢. Intuitively,
A simulates function terms with new constants or variables. For a clause cl,
A(cl) is obtained from ¢l as follows: each term ¢ in ¢l is replaced with A(¢);
for each fresh variable z; occurring in A(cl), the literal =S¢ (z,x¢) is added
to A(el); for each variable z only occurring in positive literals in ¢/, the literal
-HU (x) is added to A(cl).

For a substitution o, let A(0) denote the substitution obtained from o by
replacing each assignment  — ¢ with z — A(¢). By A\~ we denote the inverse
of A, i.e., A7 (A(a)) = a for any term, closure, or any substitution «. Note
that A is injective, but not surjective, so to make the definition of A~ correct,
we assume that A~ is applicable only to the range of A.

Let FF(O) = FF)(O)UFF gycec(O)UFF iy (O)UEL ., (O) denote the function-
free version of Z(0), where FFy, FFgy.. and FF gy are defined as follows:

FF,(O) = {\(cl)|cl € SATR (I yar)}
FF gucc(O) = {S¢(a,ay)| for each constant a and each function symbol f in =(O)}

FFyu(O) = {HU(a)| for each constant a in Z(O0)} U
{HU(ay)| for each constant ¢ and function symbol f in Z(O)}

13



3.

Eza

Removing irrelevant clauses. Let cly,cls, . . ., cl,, be a sequence of clauses
from FF(O) such that A~ (cl,),..., A" (cl2), A~ (¢ly) is the order in which the
clauses are derived in the saturation of I'y,,.. Let FF(O) = Ny, N1,..., N,
be a sequence of clause sets such that N; = N;_1 if cl; is relevant w.r.t.
N;—1, and N; = N;_1 \ {cl;} if cl; is irrelevant w.rt. N;_1, where ¢l is
irrelevant w.r.t. N if A~ (cl) is derived by a inference rule £ with substitution
o (excluding the decomposition rule) such that each premise p; of £ occurs
in N and each variable occurring in A(p;o) also occurs in cl. FF(O) = N,
is called the relevant subset of FF(O).

Converting to a DATALOG" program. By R(O) we denote the DATALOGY
program that contains the rule R: A; V...V A, <« Bi,...,B,, for each
clause 41 V...VA,V-B1V...V-B,, in FFR(0). head(R) = {41, ..., A}
is called the head of R; body(R) = {Bi,...,Bn} is called the body of R;
R(O) is called the repair program of O.

mple 4 (Example 3 continued). The repair program R(O) is constructed as

follows. First, Z(0O) is separated into =,,,-(0) = {cly, cls, clg, clipo, cl11} and
Eeon(0) = A{cly, cla, cls, cls, clg, clr}. Second, =y, (O) is saturated by BSgLJr,
yielding the following new clauses (the notation R(cl;, cl;) means that a clause
is derived by resolving clauses cl; and cl;).

Cll
Cll
Cll

2t Sz, f(z)) V-AX) V hag, V Rag,- R(cls, cl11)
3 _\A(I) V _\B(f(llf)) V ha:c7 V haxs V haxg- R(Chg, Cllo)
4 _|A(.T) \Y ha$7 V hmjg V huzg. R(Cllg, Clg)

Third, the clauses containing function symbols are mapped to function-free
clauses given below, where each mapped clause is associated with the original
sequence number.

Clg :
Clg :

Cll
Cll

Fou
rem

=Sz, xp)V R(z,xp) V-A(Z) V g,

=Sy(x,xp) V Blxyp) V-A(x) V hag,.

o1 Sp(x,xp) VS(x,xp) VAZ) V haz, V Rag,-

31 2Sf(x,xp)VA(x) VoB(xf) V ez, V Rags V gz,

rth, cl13 and cly2 are in turn detected to be irrelevant and removed. Finally,
aining clauses, together with ground clauses instantiated from S¢(x,xy), are

translated into rules given below.

Rli
Ry :
R5:
Ry :

Ry
Ry
Ry

A(a) V hmjl. Rs: B(b) V hawg- Rs: Q1 (CL) V ha;v3~

Y1 = Y2 \4 hamg — Ql(x)vT(mvyl),T(x7y2)~

T(a,b)V haz,. Re: T(a,c)Vhgp,. Rr: hazs —b=ec.
R(z,x¢)Vhez, — A(x),Sf(x,z¢). Ro: B(xf)Vhes, — A(x), Sf(x, zy).
0: Nags — A(x),S(x,y),B(y). Ri1: S(x,y)V hew, — R(z,y).

2t Nazy V Raze V gz, — A).

3 Sf((L(lf). R14: Sf([Lbf). R15: Sf(QCf).

Hence, R(O) ={Ry,...,Ri5}. O
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The following theorem shows the equisatisfiability between O | ¢x and
R(O) | ¢x for an arbitrary truth assignment ¢x on X. Note that when O
is a stratified ontology, R(Q) is not stratified according to the stratification of
O. Instead, we associate the stratification of O with the stratification of decision
atoms (see Theorem 3).

Theorem 2. Let O be a SHIQ ontology and X the set of decision atoms.

1. (i) If O\ D is satisfiable for some set D of axioms, then R(QO) has a model
M such that M N X = {hazlax € D}; (ii) If R(O) has a model M, then
O\{azxlhe, € M N X} is satisfiable;

2. The number of atoms in each rule in R(Q) is at most polynomial, the number
of rules in R(O) is at most exponential, and R(O) can be computed in time
exponential in size(Q), for unary coding of numbers in input.

Proof Sketch. (1) We can show by (a) to (e) given below and Lemma 2 that, for
any truth assignment ¢x on X, O | ¢x is unsatisfiable iff R(O) | ¢x is un-
satisfiable. Hence (i) and (ii) can be proved as follows: (i) If O\ D is satisfiable
for some set D of axioms, O | ¢x is satisfiable for the truth assignment ¢x on
X, such that for each axiom ax € O, ¢x (fiqz) = 1 iff ax € D. So R(O) | ¢x
is satisfiable and thus has a model M. Then, M’ = M U {ly|lax € D} is a
model of R(O) such that M’ N X = {hg,|ax € D}. (ii) If R(O) has a model M,
R(O) | ¢x is satisfiable for the truth assignment ¢x on X, such that for each
axiom azx € O, ¢x (hay) = 1iff hyr € MNX. So O | ¢x is satisfiable. It follows
that O\ {azx|hq € M N X} is satisfiable.

(a) Z(0) | ¢x is unsatisfiable iff (Iygr UZcon(0)) | ¢x is unsatisfiable, because
the predicates Qg s do not occur in =Z(0) | ¢x.

(b) Let SAT(I,,) denote a saturated set of I, by BSE .. For any BSE,
inference from closures in SAT(4) | ¢x with conclusion cl, there must exist
a BSE 1+ inference from closures in SAT(I,,,) with conclusion cl’ such that cl’
is redundant and cl’ is of the form ¢l V figg, V ...V gy, With ¢x (igs,) = 0
for i = 1,...,m. Note that the set S of closures in SAT(I%,-) making cl’ re-
dundant contains no decision atoms not occurring in cl’. So S’ = S | ¢x is
actually the set of closures obtained from S by deleting all decision atoms. It
follows that S C SAT(Iyar) | ¢x makes ¢l redundant. Hence, SAT (Iyar) | dx
is a saturated set of Iy, | ¢x by BST ;. Since BS},; is sound and complete,
(Fyar U Zcon(0)) | ¢x is unsatisfiable iff (SAT (Iyar) U Eeon(O)) | ¢x is unsat-
isfiable.

(c) Since SAT(Iyar) | dx already contains all nonground consequences of (Iq,U
Zeon(0)) | ¢x, according to the syntactic form of ALCHZQ-closures, only
ground closures of type 8 are derived in the saturation of (I'yer U Zeon(0)) | dx
by BSE 1,- Furthermore, closures of types 4 and 6 cannot participate in any BS g I
inference with a ground closure, so they can be removed from SAT(I,4,) | ¢x
without affecting the satisfiability of (SAT(Iyar) U Eeon(O)) | ¢x. Recall that
SATR (L var) | éx is obtained from SAT(I..) | ¢x by deleting ALCHZ Q-
closures of types 4 and 6. So (SAT(Iyer) U Zeon(O)) | ¢dx is unsatisfiable iff
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(SATR(Lvar) U Zcon(0)) | ¢x is unsatisfiable.

(d) By considering all inferences of BS},; analogously as in Lemma 7.2.4 [21],
we can see that for each closure ¢l derived in the saturation of (SATR(Iyqr) U
Zeon(0)) | éx, A(cl) can be derived from FF(O) | ¢x. Hence, if the empty
closure is derived by saturating (SATR(Iyar) U Zeon(O)) | ¢x by BSJBL, it
can also be derived by saturating FF(O) | ¢x by BS},,. In a similar way we
can show that if a closure ¢l is derivable by saturating FF(O) | ¢x by BSE L
the closure A~ (cl) can be derived from (SATR(Lvar) U Econ(O)) | ¢x. Hence,
(SATR (Iyar) U Econ(0)) | ¢x is unsatisfiable iff FF(O) | ¢x is unsatisfiable.

(e) We show that FF(O) | ¢x is unsatisfiable iff FFr(O) | ¢x is unsatisfiable.
The (<) direction is trivial, because FFg(O) C FF(O). For the (=) direction,
let Ny = FF(O), Ny,...,N, = FFr(O) be a sequence of clause sets obtained
in course of deleting irrelevant clauses, and cl be the irrelevant clause w.r.t.
N;_1 | ¢x such that A= (cl) is derived from premises py,...,pg in N;—1 | ¢x
by an inference ¢ with a substitution o. We show that if N; | ¢x has a model
M, M is also a model of N;_1 | ¢x. Then by induction on i, Ny | ¢x is satis-
fiable if N,, | ¢x is satisfiable. Consider each ground substitute 7 of ¢l. Clauses
p1,---, Pk can be of type 1,2,3,5 or 7, so ¢ can contain only mappings of the form
z— ', x— f(z'), or y; — f(a'). The set of variables in A(p;o) and A(p;)A(0)
obviously coincide. Since ¢l is irrelevant, all variables occurring in each A(p;o)
occur in ¢l as well, so T instantiates all variables in each A(p;)A(o). Further-
more, A(p;)A(o)T C A(pjo)7 for any j. If the inclusion is strict, then the latter
clause contains literals of the form —Sy(a,as) that do not occur in the former
one, because ¢ instantiates a variable from p; to a term f(z’) which comes from
another premise p;. Then, A(p;) contains the literal —S¢(z’,2), so A(p)A(o)7
contains =S¢ (a, ay). Hence, {\(p;)A(0)T} <<k can participate in a ground in-
ference corresponding to £ whose conclusion is ¢l 7. Since A(p1), ..., A(px) occur
in N; | ox, Mp1)Ao)T,..., AM(pr)A(o)T are satisfied by M, so ¢l 7 is satisfied
by M too. It follows that M is a model of N;_1 | ¢x.

(2) By the proof of Lemma 4, for each clause ¢l € SATR (I yq4r), the number
of literals in ¢l is at most polynomial in size(Q), and the number of clauses
|[SATR(Iyqr)| is at most exponential in size(©). The number of constants ay
added to R(O) equals c- f, where ¢ is the number of constants and f the number
of function symbols occurring in Z(0). Under the assumption that numbers are
coded in unary, both ¢ and f are polynomial in size(Q), so is the number of
constants ay. By Lemma 4, SATR (Iqr) can be computed in time exponential
in size(O). In addition, computing FF(O) and its relevant subset FFr(O) from
SATR ([ yar) can be performed in polynomial time in |SATR(yer)| + size(O).
Hence, the number of atoms in each rule in R(O) is at most polynomial, the
number of rules in R(O) is at most exponential, and R(O) can be computed in
time exponential in size(O). O
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5.2 Checking the Basic Consequences

To decide if O F¢2 = A(a) for an atomic concept membership axiom A(a), we
establish, by Claim 1 of Theorem 2, a correspondence between X-lex-minimal
models of the repair program R(0O) and lex-maximal consistent subontologies of
O (see Theorem 3). This correspondence implies that the problem of deciding
if O ez = A(a) can be reduced to a certain problem of cautious reasoning over

R(O) (see Theorem 4), solved by a set of satisfiability tests (see Theorem 5).

Definition 6. For a logic program P and a stratification X = (X1,...,X,)
of some ground atoms occurring in P, a model M of P is called an X-lex-
minimal model of P if for any model M’ of P, (M N X1,...,M N X,,) <l**
(M'NXy,....M'NX,).

Theorem 3. Let O = (O4,...,0,) be a stratified SHIQ ontology, and X =
(X1, ..., X,) be the corresponding stratification of decision atoms in R(O),
i, Xy = {hgs | ax € O;} fori=1,...,n. Then: (1) If M is an X -lex-minimal
model of R(O), then O\ {azx | hoe € M N X} is a lez-mazimal consistent
subontology of O; (2) If O = (0f,...,0)) is a lex-mazimal consistent subon-
tology of O, then R(O) has an X -lex-minimal model M such that for each i,
MNnX; = {haw | ar € 01\02}

Proof. (1) Let M be an X-lex-minimal model of R(O). By Theorem 2, O’ = O\
{ax | hqr € M N X} is satisfiable. Suppose O’ is not lex-maximal consistent, i.e.,
there exists a consistent subontology O” = (OY,...,O!) such that O’ <! 0",
By Theorem 2, R(O) has a model M’ such that M’ N X; = {figz|az € O; \ O}
for each i. But (M'NXy,...,M'NnX,) <'** (MNXy,..., MNX,), contradicting
that M is an X-lex-minimal model of R(O). So O’ is a lex-maximal consistent
subontology of O.

(2) Let O = (04, ...,0),) be a lex-maximal consistent subontology of O. By
Theorem 2, R(O) has a model M such that M N X; = {hgz|az € O; \ O}} for
each ¢. Suppose M is not an X-lex-minimal model of R(0O), i.e., there exists a
model M’ of R(O) such that (M'NXy,...,M'NX,) <'** (MNXy,...,MNX,).
By Theorem 2, 0" = O\ {az | har € M’ N X} is satisfiable. But O’ <'** 0",
contradicting that O’ is lex-maximal consistent. So M is an X-lex-minimal model
of R(O). O
Theorem 4. O F2 - A(a) iff A(a) is in all X -lex-minimal models of R(O).

cons

Proof. Suppose O = (Oq,...,0,). We assume that the constant a occurs in O,
otherwise this theorem trivially holds.

(=) Suppose O F¢¥ = A(a) and there exists an X-lex-minimal model M of
R(O) such that A(a) ¢ M. Then M is also an X-lex-minimal model of R(O)U{—
A(a)}. Let Ocpr = ({0A(a)},01,...,0,) and Xeor = ({Aoa@) ) X1, Xn)-
Then M is an X ;¢-lex-minimal model of R(Oczt) = R(O) U {h-a(a) + A(a)}.
By Theorem 3, O, = Oyt \ {az | fiuz € M N X} is a lex-maximal consistent
subontology of Ocyi. Let O = (0L, N O1,...,0L,, N O,). Then O is a lex-

maximal consistent subontology of O, otherwise by Theorem 2, M cannot be an

17



X-lex-minimal model of R(O). Since O.,, is consistent and —A(a) € O, we

have O’ [~ A(a), contradicting that O % = A(a).

(«=) Suppose A(a) is in all X-lex-minimal models of R(O) and there exists
a lex-maximal consistent subontology O’ = (Of,...,0}) of O such that O" [~
A(a) Let Oeajt = ({ﬁA(CI,)}, 017 ey On) and Xe:vt = ({hﬂA(a)}, Xl, N 7Xn)
Then O, = ({-A(a)}, O}, ...,0),) is a lex-maximal consistent subontology of
Ocyt- By Theorem 3, there exists an X, ,;-lex-minimal model M of R(Og,:) such
that i g(q) € M and MNX; = {hae|ax € O;\O;} for each i > 0. Then M is also
an X-lex-minimal model of R(O), otherwise by Theorem 2, O’ cannot be lex-
maximal consistent. Since i (o) € M and R(Oeet) = R(O)U{h-a(q) < A(a)},
M is also an X-lex-minimal model of R(O) U {— A(a)}. But then A(a) ¢ M
contracts that A(a) is in all X-lex-minimal models of R(O). O

Suppose X = (X1,...,Xy). It is easy to see that (|M N X1|,...,|M N X,|)
is the same for every X-lex-minimal model M of R(O). By lmw(R(O),X) =
(IM NXq|,....,IMnNX,|) we denote the unique lex-minimal weight vector of
every X-lex-minimal model M of R(O), and by lmw;(R(O), X) we denote the
ith element |M N X;| in Imw(R(O), X). Note that an interpretation is an X-
lex-minimal model of R(O) iff it is a model of R(O) U{>_; . assign(fia,) <
lmw;(R(0),X) | 1 <i < n}, where assign(a) denotes the 0-1 truth value of «.
So Theorem 4 can be reformulated into the following theorem.

Theorem 5. O ¢ A(a) if RIO)U{D s, ex, assign(fgs) < lmw;(R(O), X) |

cons

1 <i<n}U{— A(a)} is unsatisfiable. O

In order to apply Theorem 5 to check if O F&%  A(a), we need to com-

pute Imw(R(O), X). By Definition 6, it can be seen that lmw;(R(O), X) is the
minimum number v such that P;(v) is satisfiable, where

P() =RO)U{ 3 assign(fia,) < mw;(R(0), X) | 1<j<i}U (1)
R €X

{ Z assign(fig) < v} U {assign(fige) =0 | gy € U X;}
hax€X; J=i+1

Le., Imw;(R(0O), X) is defined based on Imw;(R(0O), X) for all j < 4, and can
be computed one by one from i =1 to n.

In order to check the satisfiability of a logic program of the form in The-
orem 5 or Formula (1), we need to handle Pseudo-Boolean constraints (PB-
constraints) of the form ). ¢; - assign(z;) < d with constants ¢;,d € Z and
variables x; € {0,1}, where Z denotes the integer domain. There has been well
study on handling PB-constraints; especially, powerful SAT solvers that support
PB-constraints competed each other in an annual competition®. A satisfiability
problem with PB-constraints can be either solved by standard SAT solvers after
translating PB-constraints to SAT clauses [7], or solved by extended SAT solvers
that support PB-constraints natively, such as PUEBLO [31].

8 http://www.cril.univ-artois.fr/PB07/
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There are some issues for applying SAT solvers that support PB-constraints:
they work on propositional programs only and do not distinguish equational
atoms (of the form a & b) from other atoms. To treat the equality predicate =,
which is interpreted as a congruence relation in SHZ Q, as an ordinary predicate,
we use a well-known transformation from [10]. For a DATALOG" program P,
let P denote the logic program consisting of the rules stating that the equal-
ity predicate is reflexive, symmetric and transitive, as well as the replacement
rules of the form “T(Xy,...,Y;, ..., X,) « T(Xy,..., Xi,..., X)), X = Y7,
instantiated for each predicate T' in P (excluding ~) and each position i. Then,
appending P~ to P allows to treat =~ as an ordinary predicate. It should be
noted that the reflexive rule is not safe, so it is instead represented as a set of
ground facts of the form a ~ a, instantiated for each constant a in P.

To ground R(O) UR(O)x~, we apply the disk-based grounding (DBG) tech-
nique proposed in [6]. The DBG technique extends the well-known intelligent
grounding technique [9] for DATALOGV programs by pruning instantiated rules
that are trivially satisfied by every minimal model. Basically, the DBG tech-
nique iteratively instantiates each rule in the input program by using deriv-
able ground atoms (i.e. ground atoms occurring in the input program or head
atoms in instantiated rules), until there is no more ground atom that can be
derived. Note that if some head atom of an instantiated rule r is in the unique
minimal model Mg.s of the definite fragment of the input program (i.e. the
set of rules with single head atoms), r will be pruned and its head atoms
that are not previously derived are not used to instantiate rules. In this work,
Maes = FFgucc(O) UFFRpy(O) U{a = a | a occurs in R(O)}. In the DBG
technique, derivable ground atoms are maintained in a SQL database and new
ground instances of rules are retrieved via SQL queries. By GR'(O) we denote the
program grounded from R(O)UR(O)x by using the DBG technique. Then M is
a minimal model of GR'(O) iff M U My, is a minimal model of R(O) UR(O)x.

We assume that there is a total ordering > on all constants occurring in
GR/(0). By GR(O) we denote the program obtained from GR’(Q) by rewriting
each equality atom a = b such that b > a into b = a and then deleting all
rewritten rules that are duplicate or of the form a =~ b < a = b. Obviously, there
exists a bijection between the set of minimal models of GR'(O) and the set of
minimal models of GR(O); the difference between two corresponding minimal
models consists of equality atoms a = b such that b > a. The following corollary
is an immediate consequence that follows from Theorem 4 and Theorem 5, where
lmw,; (GR(0), X) = lmw,;(R(0O), X) for each i.

Corollary 1. O Fez = A(a) iff A(a) is in all X -lex-minimal models of GR(O),

i.e., GR(O)U{Y . cx, assign(faz) < Imw;(GR(O), X) | 1 <i <n}u{- A(a)}
s unsatisfiable.

Proof. Tt is sufficient to show that A(a) is in all X-lex-minimal models of R(O)U
R(O)x iff A(a) is in all X-lex-minimal models of GR'(Q), where the equality
predicate = is treated as an ordinary predicate in both logic programs.

(=) Let M is an arbitrary X-lex-minimal model of GR/(O). Then there
exits a minimal model M’ of GR'(O) such that M’ C M and M' N X = M N
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X, ie., M’ is also an X-lex-minimal model of GR'(O). Since M’ U M.¢ is a
minimal model of R(O) UR(O)x, M’ U Mgey must be an X-lex-minimal model
of R(O)UR(O)x, otherwise there exits a minimal model M"” of R(O) UR(O)x~
such that (M'UMgf)NX <ler MO X. M\ Mgy is also a minimal model of
GR/(0), contradicting that M’ is an X-lex-minimal model of GR’(O). Hence,
M’ U Mgy is an X-lex-minimal model of R(O) U R(O)x and thus A(a) € M.
Since M’ C M, we have A(a) € M and thus A(a) is in all X-lex-minimal models
of GR/'(0).

(<) The proof is the same as above by exchanging the places of GR'(Q) and
R(O)UR(O)x. O

Ezample 5 (Example 4 continued). The unique minimal model of the definite
fragment of R(O) UR(O)x is Maey = {S(0,0f) |o=1a, b, c;U{o~o0]|0=a,
b, ¢, af, by, ¢s}. The initial set of ground atoms used to instantiate rules is
Mger U{A(a), B(b), Qi(a), T(a,b), T(a,c), b = c}. By iteratively instantiating
rules using the DBG technique and then rewriting equality atoms, R(O)UR(O)~
is grounded to GR(O) = {r1,...,r16} given below, assuming a total ordering on

constants a = b >~ c = ay = by > cy.

r1: Ala)Vhay,. 12 BO) Ve, 713: Q1(a)V hag,-

rg: T(a,0)Vihge,. 15: T(a,¢)Vhge,. 76: hang — b= c.

r7: bR cVheg, — Qi(a),T(a,b),T(a,c). rs: R(a,ar)V hog, — A(a).
rg: Blaf)V heg, — A(a). 7110: S(a,af)V haz, — R(a,ay).

T11 ¢ Rags < A(a),S(a,ar), Blay). 712t Rag, V oz V ez, — A(a).
ri3: T(a,c) «— T(a,b),bx~c. riy: T(a,b) — T(a,c),brc.

ri5: B(c) — B(b),b~c. rig: B(b) — Blc),b=c.

It can be computed by Formula (1), where R(O) is replaced with GR(O),
that Imw(GR(0O), X) = (0,1,0,1). Consider deciding if O % A(a). The
satisfiability of IT = GR(O) U {assign(fiey, ) + assign(fas,) + assign(feg,) < 0,
assign(fag, ) + assign(fag, ) + assign(faq,) < 1, assign(fgq, ) + assign(faq,) < 0,
assign(faz,) < 1} U{— A(a)} is tested. It is easy to see that IT is unsatisfiable,
so O Fez - A(a). O

cons

Consider the time complexity for checking if O F¢% = A(a) in terms of data

complezity, i.e. the complexity measured as a function of |O 4. Since saturat-
ing the clause set =(0) is only performed over the subset transformed from
terminological axioms, by viewing the considering ontology in Claim 2 of The-
orem 2 as the terminology of O only, the saturation of =(0) is accomplished
in constant time and the number of rules in R(O) is polynomial in |O 4|. For
every rule R € R(O), the number of variables in R is bounded by a constant, so
there are at most polynomial ground instances of R in GR(O). It follows that
the number of rules in GR(O) is polynomial in |O4|. In addition, the compu-
tation of Imw(GR(O), X) needs at most |X| satisfiability tests, so checking if
O ez - A(a) is accomplished in |X| + 1 satisfiability tests over GR(O). Since

the satisfiability problem with PB-constraints is NP-complete, the problem of
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deciding if O F%  A(a) is thus in A} in data complexity. Note that the ad-
dressing problem is also Ab-hard (see the following theorem), so our proposed

method is worst-case optimal in data complexity.

Theorem 6. For a stratified SHZQ ontology O = (O, ...,0,) and an atomic
concept membership aziom A(a), the problem of deciding if O Fl¢® = A(a) is data
complete for Ab.

Proof. The A} membership has been proved by our proposed method. We now
show the AP hardness by a polynomial time reduction from the following AL-
complete problem [17]: “given a satisfiable clause set C = {C4,...,C),} on X =
{z1,...,z,}, decide whether the lexicographically minimum truth assignment
¢% satisfying C fulfills ¢ (z,,) = 17. W.Lo.g., we assume that each C; consists
of three literals. Under such assumption the hardness remains [32].

Given any instance I of the above problem, we transform it to an instance
I' = (O, A(ay,)) of the given problem: We set O; = {A(a;)} foreachi=1,...,n
and OO = {A E VR.Ll, A E VR.LQ, A E VR.Lg, T E AHVS.Ll, T E AHVS.LQ,
TC AUVS.Ly, L1 MLy M Ly C L}. Then, for each clause C; = ;1 V12 Vi3
in C' and each j € {1,2,3}, if [;; = x;, for some k, we append R(ay,c;) to
Oy; otherwise if [; ; = =z, for some k, we append S(ag,c;) to Op. Let O =
{00,01,...,0,}, and r(O, ¢x) denote O\ {A(a;) | 1 <i<n,dx(z;) =1} for
an truth assignment ¢x on X.

We show that for any truth assignment ¢x on X satisfying C, r(O, ¢x)
is consistent. For any truth assignment ¢x on X, there must be an interpre-
tation satisfying all axioms in (O, ¢x) except Ly M Ly M Ly C L. Let ¢px be
a truth assignment that satisfies C' and M a minimal interpretation that sat-
isfies all axioms in (O, ¢x) except Ly M Ly M Ly C L. Suppose M does not
satisfy Ly M Ly M Lg T L. Then there exists some ¢ € {1,...,m} such that
{L1(ci), La(cy), Ld(cl)} C M. Consider each j = 1,2, 3. In case l, ;j = x, for some
k, since {R(ax,c;), L;(c;)} € M, we have A(ax) € M, otherwise M \ {L;(c;)}
satisfies all axioms in r((’) x) except L1 MLsMLg E L, contradicting that M is
minimal. Thus A(ak) € r(0,¢x),ie., ¢x(zr) = 0.In case l; ; = — xy, for some k,
since {S(ax,¢;), Lj(ci)} € M, we have A(ar) € M, otherwise M \ {A(ax)} satis-
fies all axioms in r((’) ¢x) except LiMLaMLg C L, contradicting that M is min-
imal. Thus A(ak) ¢ T(O, (]5X), ie., qSX(xk) = 1. It follows that C; = li)1 \/li’g\/li@
is not satisfied by ¢x, contradicting that C' is satisfied by ¢x. So (O, ¢x) is
satisfiable by M and thus is consistent.

We show that for any consistent subontology O’ of O such that Oy C O,
the truth assignment ¢x on X such that ¢x(z;) = 0 iff A(a;) € O satisfies
C. Let M be a model of O'. Then for each i € {1,...,m}, there exists some j
such that L;(c;) ¢ M. In case l;; = =z, for some k, since R(ag,¢;) € M and
M = AC VR.L;, we have A(ar) ¢ M and thus A(ax) ¢ O, ie., ¢x(z) = L.
In case l; ; = -~y for some k, since S(ag,¢c;) € M and M =T C AUVS.L,,
we have A(ar) € M and thus A(a) € O, ie., ¢x(x) = 0. It follows that C; is
satisfied by ¢x and thus C is satisfied by ¢x.

As aresult, ¢%% is the lexicographically minimum truth assignment satisfying
C iff (O, ¢'%) is the unique lex-maximal consistent subontology of O. It follows
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that ¢%(z,) = 0 iff O Fle® ~ A(ay,), i.e., I is false iff I’ is true. In addition, I’ is
constructed in polynomial time in n and m; the number of terminological axioms
in O is fixed; the number of assertional axioms in O is polynomial in n and m.

So the given problem is Af-hard in data complexity. a

5.3 Partition-Based Optimizations

To make the above method more scalable, we adapt the partitioning technique
in [6] to decompose GR(O) into disjoint subprograms before checking if O Fz
A(a). By that means, the satisfiability test in Corollary 1 can be performed over
a small relevant part of GR(O).

Let atoms(P) denote the set of ground atoms in a propositional program
P. Given GR(O) and the set X of decision atoms occurring in GR(O), the
partitioning algorithm in [6] (i.e. Algorithm 1) decomposes GR(O) into a set
of disjoint subprograms {GR;(O)}1<;<p. The decomposition is through sequen-
tially accessing GR(O) at most min(|GR(O)|, |atoms(GR(O))|) times, where
|GR(O)| denotes the number of rules in GR(O) and |atoms(GR(O))| denotes
the number of atoms in GR(®). The resulting subprograms have the following
properties: (1) GR;(O) and GRy(O) have no common ground atoms for any
Jj # k (by lines 12,13); (2) each GR;(O) is a connected component (by lines
3-13), i.e., for any two ground atoms oy and ay occurring in GR;(O), there
exists a sequence of ground atoms 31 = a1,..., 0, = ag such that [, and B
occur together in some rule in GR;(O) for k = 1,...,n — 1; (3) each GR;(O)
is a certain rule closure (by lines 3-11), i.e., for each rule r € GR(O) such
that § C head(r) \ X C atoms(GR;(O) \ {r}), r € GR;(0); and (4) for each
rule r € GR(O) \ U_; GR;(0), there exists some ground atom a € head(r)
such that a ¢ atoms(|J!_, GR;(0)) U X (by lines 3-11). Such partitioning on
rules also divides X into disjoint subsets. Let X;f denote the subset of decision
atoms that occur in GR;(0O). XZ can be written as (Xll, .. 7XT ) based on the

imn
stratification of O, i.e., Xj’j = XZ-T N{hgz | ax € Oj} for j=1,...,n.

By using the partitioning results, we develop a novel algorithm for checking
if O ez A(a), which is shown in Algorithm 2. GRo(Q) is defined as in the
previous paragraph (line 1). X’ is the set of decision atoms not occurring in

”_, GR;(O) (line 2). GR{(O) is obtained from GR(O) by deleting all decision
atoms in X’ (line 3). MMy(O) is the unique minimal model of the definite
fragment of GR((O) (line 4). GR{(O) is obtained from GRy(O) by deleting
each rule that has at least one head atom in MMy(0O), and by removing all
atoms in MM (O) from the remaining rules (line 5). Then, the satisfiability test
in Corollary 1 can be performed over a subprogram of GR(O), extracted from
GR;(0)1<i<p, GRG(O) or MM (0O), as shown in the following cases (lines 6-18),
where lmwi(GRk((’)),X,i) can be computed over GR;(O) in the same way as
computing lmw;(R(0O), X), cf. Formula (1).

In case A(a) € MMy(O) (line 6), we consider MMy(O) only. Let My =
Urecro (o) head(r) \ (atoms( ”_, GR;(0)) U X). Then by Property (4) of the
partitioning results, My N head(r) # @ for all rules r € GRo(O). For every X-
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Algorithm 1 ([6]). Partition(GR(O), X)
Input: The grounded repair program GR(O) and the set X of decision atoms.
Output: A set of disjoint subprograms of GR(O).

—_

2
3.
4.
5

Set map(a) as 0 for all ground atoms « occurring in GR(O); k := 0;
Move all rules r € GR(O) s.t. head(r) C X in front of other rules in GR(O);
repeat
merged := false;
for each rule r sequentially retrieved from GR(O) s.t. head(r) = 0 or Va €
head(r) \ X : map(a) > 0 do
for each a € head(r) Ubody(r) s.t. map(a) =0 do
k:=k+1; map(a) :=k;
if |map(r)| > 1 then
merged = true; min;qg := min(map(r));
for each a € head(r) Ubody(r) do map(a) := min,g;

. until not merged;
.fori=1,...,k do

II; := {r € GR(O) | V& € head(r) U body(r) : map(a) = i};
return {II; #0 |1 <i < k};

Algorithm 2. AtomicCheck({GR:(O)}i<i<p, X, A(a))
Input: The set of subprograms {GR;(O)}1<i<p returned by Partition(GR(O), X),

the set X of decision atoms and an atomic concept membership axiom A(a) to be
checked.

Output: true if O F%, A(a), false otherwise.

1.

Sl L

GRo(0) := GR(0) \ JY_, GR:(0);
X' := X\ atoms(|J/_, GR:(0));
GRy(0) = {\/ head(r) \ X’ — Abody(r) | r € GRo(O)};
MMy (O) := the unique minimal model of {r € GR((O) | |head(r)| = 1};
GRG(0) = {\Vhead(r) — Abody(r) \ MMo(O) | r € GRy(O),head(r) N
MM, (0) = 0};
if A(a) € MMo(O) then return true;
if A(a) € atoms(GRy(O)) for some k > 0 then
II := GR,(O) U {Zhwexz ) assign(fgs) < 1mwi(GRk(O),X,I) |1<i<n}

if IT U {«< A(a)} is unsatisfiable then return true else return false;
if A(a) € head(r) \ atoms(|J?_, GRi(0O)) for some rule r € GRj(0) then
e :=0; IT := {r € GR{(O) | head(r) C X U{A(a)}};
while [T # II,,. do
e := II;
IT := Iy U {r € GRG(O) | head(r) C atoms(ITpre U J,_, GRi(O))};
Sn = {1 <i < p|atoms(IT) Natoms(GR;(0)) # 0};
I =1u UkESN (GRx(O) U {Zhamexl ) assign(fae) < lmw;(GR(0), X)) |
1<i<n}); ’L
if IT' U {« A(a)} is unsatisfiable then return true else return false;

. return false;
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lex-minimal model M of GR(O), M does not contain any decision atom in X’,
otherwise M’ = (M Natoms(|J!_, GR;(0))) UM, will be a model of GR(O) such
that (M’ N Xy,...,M'NnX,) <" (MnNXy,...,MnX,), contracting that M
is an X-lex-minimal model of GR(O). Hence, M N atoms(GR{(0)) is a model
of GR(0). Tt follows that MM (O) € M and thus A(a) € M. By Corollary 1,
we have O F% = A(a).

In case A(a) € atoms(GRy(0O)) for some k > 0 (lines 7-9), we consider
GR(O) only. In addition, we encode the criterion for X ,Z—lex—minimal mod-
els as PB-constraints, obtaining I (line 8). (a) If IT U {« A(a)} is satisfi-
able, there must be an X,i—lex—minimal model My, of GRg(O) such that M;, C
atoms(GRy(0)) and A(a) ¢ M. Let M; denote an arbitrary X;—lex-minimal
model of GR,;(O) such that M; C atoms(GR,(0O)) for each j > 0 and j # k.
Let Mo = U, cary (o) head(r) \ atoms( "_, GR;(0)). Then My N X = () and
My nhead(r) # 0 for each rule r € GR{(O). Furthermore, for any 0 < i < j < p,
M; N M; = 0; for any 0 < j < p, MMy(O) N M; = 0 and A(a) & M;; A(a) ¢ My
and A(a) ¢ MM (0). So M = MM, (O)UMoUUJ;_; M; is a model of GR(O) such
that A(a) € M. M must be an X-lex-minimal model of GR(O), otherwise by
Theorem 3, there must exist some j > 0 such that M; is not an X;—lex—minimal

model of GR;(0). So by Corollary 1, O /2~ A(a). (b) If IT U {~ A(a)} is

unsatisfiable, A(a) will be in every X z—lex—minimal model of GRy(0O). For every

X-lex-minimal model M of GR(O), since M N atoms(GR(O)) is an X};—lex—
minimal model of GRy(Q), we have A(a) € M, so O F£%  A(a).

In case A(a) € head(r) \ atoms(|J!_, GR;(O)) for some rule r € GRy(O)
(lines 10-17), we consider the union of a subprogram IT iteratively extracted
from GRg(O) (lines 11-14) and every GRy(O) that has some atoms occurring in
IT (lines 15,16). In addition, we encode the criterion for X ,i—lex—minimal models
as PB-constraints, obtaining IT’ (line 16). (a) If II'’ U {« A(a)} is satisfiable,
there must be a model M of I’ such that M C atoms(/I’) and A(a) &€ M.
Obviously, M N atoms(GR(O)) is an X,I—lex—minimal model of GRy(O) for
every k € Sy. Let Mo = U, cary(opn head(r) \ atoms(ITUJ)_, GR;(O)). Then
MonX = 0 and MyNhead(r) # 0 for each rule r € GR{(O)\ II. Moreover, since
A(a) € atoms(IT), we have A(a) € My. So M U My is a model of IT" U GRg(O)
such that A(a) ¢ M U My. Let M; denote an arbitrary X}—lex—minimal model
of GR;(O) such that M; C atoms(GR;(0O)) for each j € {1,...,p} \ Sn. Then
for any j € {1,...,p} \ Sn, M; N (MMo(O) UM U My) = 0 and A(a) & M;.
Furthermore, (M U M) N MM(O) =0, A(a) ¢ M U My and A(a) ¢ MMy (O).
So M" = M U My UMMo(O) UUjecqi,. ppsy M is a model of GR(O) such
that A(a) € M'. M’ must be an X-lex-minimal model of GR(O), otherwise by
Theorem 3, there must exist some k € Sy such that M Natoms(GRx(O)) is not
an X,i—lex—minimal model of GR(O), or some j € {1,...,p}\ Sy such that M;

is not an X;—lex—minimal model of GR;(0). So by Corollary 1, O /% = A(a).
(b) If I’ U{«— A(a)} is unsatisfiable, A(a) will be in every model of II’'. For
every X-lex-minimal model M of GR(QO), since M N atoms(II’) is a model of

II', we have A(a) € M, so O F® ~A(a).

cons
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In other cases (line 18), we can directly get the answer. Let M; denote an
arbitrary X;f -lex-minimal model of GR;(O) such that M; C atoms(GR;(O))
for each i > 0. Let M, = UreGRg(O) head(r) \ atoms(J?_, GR;(0)). It can be

shown analogously as in the second case that, M = MM (O) U My U JY_, M;
is an X-lex-minimal model of GR(O) such that A(a) € M. So by Corollary 1,
O i Ala).

According to the above analyses, we have the following conclusion.

Theorem 7. The above algorithm for checking if O F'¥ . A(a) is correct. O
Ezample 6 (Example 5 continued). By applying Algorithm 1, GR(O) is decom-
posed into GR,(O) = {r1, rs, 9, 710, 711, r12} and GR2(O) = {rs, r4, rs,
r6, T7, 13, T14}. Afterwards, the decomposition is continued to yield in turn
(}Iio(cj) = {TQ,T15,T16}, hdhdo(()) = {lg(b)} and (}I{S(C)) = {13(6) — b= C}.
The decomposition also divides X into X| = ({Raz, }» 0, {Pawys Fazs }> {Paws })
and X; = ({Pazs}> {Pawss Rawss Pazs s 0, 0). It can be computed by Formula
(1), where R(O) and X are replaced with GR;(O) and X respectively, that
Imw(GR1(0), X]) = (0,0,0,1) and Imw(GR4(O), XJ) = (0,1,0,0).

Consider deciding if O ¢ =~ A(a). Since A(a) € atoms(GR;(0)), the satis-
fiability of IT is tested, where IT = GR;1(O) U {assign(fiae, ) < 0, assign(fge,) +
assign(fazs) < 0, assign(figz,) < 1}. Since IT U {«— A(a)} is unsatisfiable, we
have O ez =~ A(a).

cons

Consider deciding if O F¢ = B(c). Since B(c) € head(r) \ atoms(GR;(O) U

cons

GR2(0)) for the unique rule r € GR((O), the satisfiability of II' U {— B(c)}
is tested, where II' = GRy(O) U GR1(O) U {assign(figz,) < 0, assign(fige,) +
assign(faz, ) + assign(fgz,) < 1}. Since II' U {« B(c)} is satisfiable (e.g., the
set {Q1(a),T(a,b), haz, } is a model), we have O €% _ B(c).

Consider deciding if O F¢® = B(b). Since B(b) € MM (O), we have O Fer

cons cons

B(b). Consider deciding if O % = B(a). Since B(a) ¢ MM (O)Uatoms(GR{(O)U

cons

GR;(0) UGR2(0)), we have O /%  B(a). O

cons

5.4 Checking Other Consequences

First of all, we consider deciding if O F°* A C B for O = (0y,...,0,) and A

cohe

and B atomic concepts. We assume that the extension of O given in Theorem 1,
ie. O =(A,0q,...,0,), has been fully compiled: GR(O’) has been constructed
and decomposed, yielding GR;(0")1<i<p, MM (O’) and GR{(O’); moreover, for
each 7, lImw(GR,;(0’), X;r) has been computed. Let A(a) be the axiom over A
in A. Then A(a) must be in every lex-maximal consistent subontology of @’. So
O Flez A C Biff O Fle  B(a). By Theorem 1, we have O I—ffogfm ALC Biff
O’ IHez  B(a), where the latter can be checked by one call to a SAT solver using
the method given in the previous subsection.

To decide if O Fl¢ = C(a) for O = (Oy,...,0,) and C a general concept,

we consider a new ontology @' = ({C C Q},04,...,0,), where @ is a new
concept name. Since the axiom C' C @ must be in every lex-maximal consistent
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subontology of O', we have O ¢ C(a) iff O’ Fi¢% Q(a), where the latter can
be checked using the proposed method, as Q(a) is an atomic concept membership

axiom.
To decide if O Fl¢® C T D for C and D general concepts, we consider

the axiom (=C' U D)(a) for a a new globally unique individual. Since C C D is
equivalent to T = -C U D and O Fl¢z2 (T C -C U D) iff O ez (-C U D)(a),
we have O Fl¢ O C D iff O Hr  (=CUD)(a), where the latter can be checked

using the method just given above.
To decide if O F¥ C(a) or decide if O ¥ C C D for C and D gen-

cohe cohe
eral concepts, we first reduce the problem to checking the corresponding lex-
consistent consequence by Theorem 1, then solve it in the same way. Note that
the above problems are hard to be solved as efficiently as checking if O F¢% = A(a)
for A an atomic concept, in the sense that they necessitate computations from

scratch even when O is fully compiled.

6 Conclusion and Future Work

In this paper, we applied the lexicographic inference to reason over inconsis-
tent DL-based ontologies and addressed the problem of checking lex-consistent
(or lex-coherent) consequences of a SHZQ ontology. Basically, our proposed
method compiles the input SHZQ ontology to a propositional program, so that
the addressing problem is solved in polynomial calls to current powerful SAT
solvers. The method is the first worst-case optimal one (in data complexity)
for checking lex-consistent consequences of a SHZQ ontology. It performs the
checking without computing any lex-maximal consistent subontology. It can also
be applied to check lex-coherence consequences by first reducing the problem to
that of checking lex-consistent consequences. In order to make the method more
scalable, we also gave partition-based techniques to optimize the calling of SAT
solvers.

For future work, we plan to conduct a thorough evaluation for the proposed
method and extend the method to handle OWL DL ontologies. The extension for
datatypes is trivial because datatypes have been handled in the KAON2 trans-
formation. The extension for nominals is feasible in theory due to the existence
of a resolution-based decision procedure for SHOZ Q [16], which can be extended
analogously by embedding decision atoms. Hence, the problem of checking a lex-
consistent consequence of an OWL DL ontology can also be treated as a set of
satisfiability problems, solved by the extended decision procedure after all PB-
constraints on decision atoms are translated to SAT clauses. However, the time
complexity of the decision procedure for SHOZQ is up to triply exponential
[16], so we still need to develop practical methods to handle nominals.
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